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Abstract: We study boundary value problems associated with singular, strongly nonlinear differential equa-
tions with functional terms of type

(@K(6) X' (1)) + f(t, 5x(O) p(t, X' () = 0,

on a compact interval [a, b]. These equations are quite general due to the presence of a strictly increasing
homeomorphism @, the so-called @-Laplace operator, of a non-negative function k, which may vanish on a
set of null measure, and moreover of a functional term Gx. We look for solutions, in a suitable weak sense,
which belong to the Sobolev space W1([a, b]). Under the assumptions of the existence of a well-ordered
pair of upper and lower solutions and of a suitable Nagumo-type growth condition, we prove an existence
result by means of fixed point arguments.

Keywords: boundary-value problems; singular ODEs; ®-Laplace operator; functional ODEs; upper/lower so-
lutions
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1 Introduction

Boundary value problems for highly nonlinear differential equations in the whole real line, even governed by
nonlinear differential operators, have been widely investigated in the last decade. Such problems are involved
in many applications in several fields, such as non-Newtonian fluid theory, diffusion of flows in porous media,
nonlinear elasticity, theory of capillary surfaces and, more recently, the modeling of glaciology (see, e.g.,
[9, 20, 24]). Starting from the simplest types of ODEs governed by the p-Laplace operator ®p(z) := |z|Pz,
that is,

(@p(x)) = f(t, x,x),

many authors have proposed generalizations in various directions, in particular considering a more general
nonlinear differential operator, a @-Laplacian type operator, which can be a generic homeomorphism, a sin-
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gular or a non-surjective operator (see, e.g., [2-4, 12-14, 19]). We also refer the reader to the survey [11] and
to the references therein included. Let us also mention equations with mixed differential operators, that is,

(a(t, )@ = f(t, x,x), (1)
where a is a continuous positive function (see, e.g., [5, 8, 15, 18]). In the autonomous case, namely,
a(t, x) = a(x),

equation (1.1) also arises in some models, e.g. reaction-diffusion equations with non-constant diffusivity and
porous media equations.

In some models intervening in the aforementioned applications, the dynamics may also depend an a
functional argument, since it may present a delay or a non-local term (such as a convolution integral). For
instance, in reaction-diffusion models, the reactive term may involve the whole domain. As far as we know,
equations involving both the @-Laplacian operator and functional terms are less studied and understood due
to technical difficulties, see [1, 21]. So, the main aim of this paper is to provide a quite general approach in
order to treat functional differential equations governed by general nonlinear differential operators, cover-
ing various types of functional dependences (e.g., delayed ODEs and non local equations). We also allow a
functional dependence of boundary conditions.

More in detail, in this paper we study the solvability (in a suitable sense) of the following general bound-
ary value problem (BVP, in short):

(tD(k(t) x’(t)))/ +f(t, Sx(0) p(t, x'(t)) =0 a.e.onl :=[a, b],
x(a) = Halx], x(b) = Hp[x].

(1.2)

where @ : R — R, the so-called @-Laplacian operator, is a strictly increasing homeomorphism, k : I — R is
a bounded non-negative function satisfying

1/k € LY (D),

f and p are Carathéodory functions, and Sx, Hq4, 3}, are functional terms, i.e.,
e G : WYH(I) — L=(I) is a continuous operator which verifies suitable boundedness and monotonicity
conditions;
o Hq, Hy: WL1(I) — R are continuous and increasing operators.
The proposed framework is very general, since it contains, as particular cases, delayed and non-local differ-
ential equations; moreover, we point out that the function k(t) inside the differential operator may vanish on
a set having zero Lebesgue measure. As a consequence, the differential equation in BVP (1.2) may be singu-
lar, and this requires an accurate choice of the space of the solutions (since they present a low regularity). In
particular, we look for solutions in the Sobolev space W'1(I), and this justifies the choice of W1(I) as the
domain of the involved functional operators. However, as we show in our existence result, a possible higher
regularity of the solutions is related to the rate of integrability of the function 1/k. More precisely, we shall
prove that when 1/k € LY (with 1 < @ < o), then there exists a solution belonging to W?(1); in particular,
when 1/k is continuous, we find C!-solutions. Hence, from this point of view, our main result concerns both
the existence and the regularity of the solutions.

In this framework, a typical approach to get existence results is given by the combination of fixed point
techniques and the method of upper and lower solutions. A crucial tool which gives a priori bounds for the
derivatives of the solutions is a Nagumo-type growth condition on the nonlinearity. Recently, in the paper [23]
the authors obtained an existence result assuming a weak form of Wintner-Nagumo growth condition. The
approach of [23] has been fruitfully extended to the context of singular equations: see [5-8, 17]. In our main
result (see Theorem 2.6 below) we assume the following weak Nagumo growth condition:

&, 2p(t, )| < (DO - (0 + (Oly|*7 ),
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where u e LI(I) (for some g > 1), ¢ € L*(I) and ¢ : (0, e0) — (0, o) satisfies

+oo

ds

w—hao

1

This assumption allows to consider a very general operator @.
While we refer to Section 4 for some concrete examples illustrating the applicability of our results, here
we limit ourselves to point out that our approach allows us to prove the solvability of, e.g.,

(Dp (| sin(t)| /% x’(t)))’ +x: )X (@®))°=0 ae.onl0,2n],

x(0) = ¥/x(n), xQm) = L [77(x(s) +2)ds

where @p(z) = |z|P~2z is the usual p-Laplace operator, J, § are positive constants and the functional term
Gx = x¢ is of delay-type, that is,

x(t-1), fortel0,2n], t=1,
XT(t) = .
x(0), otherwise

A brief plan of the paper is now in order.

¢ InSection 2 we fix some preliminary definitions and we state our main existence result, namely Theorem
2.6.

o In Section 3 we provide the proof of Theorem 2.6, which articulates into two steps: first, we perform a
truncation argument and we introduce an auxiliary BVP to which suitable existence results do apply;
then, we show that any solution of the ‘truncated’ problem is a solution of the original BVP. In doing
this, we use in a crucial way the assumption of the existence of a well-ordered pair of lower and upper
solutions of our problem.

¢ In Section 4 we present some examples to which our Theorem 2.6 applies.

Finally, we close the paper with an Appendix containing the explicit proof of a technical Lemma, which
in some previous papers was missing, and in other papers was either not complete or not correct.

2 Preliminaries and main results

Leta, b € R satisfy a < b, and let I := [a, b]. As mentioned in the Introduction, throughout this paper we
shall be concerned with BVPs of the following form

(@) X' (D)) +f(t, Sx(O) p(t, X' (D) =0 a.e.onl,
x(a) = Halx], x(b) = 3px],

(2.1)

where @ : R — R is a strictly increasing homeomorphism, f, p : I x R — R are Carathéodory functions, and
k, G, Ha, Hp satisfy the following assumptions:
(H1) k: I — Risanonnegative function satisfying

keL=(l) and 1/kec L*(D). (2.2)

(H2) G : WHi(I) — L=(I) is continuous (with respect to the usual norms) and bounded when W'(I) is
thought of as a subspace of L*°(I); this means, precisely, that for every r > O there exists n > 0 such that

I9xlL=y <M forany x € WH(D) with [|x]|j~() < 1. (2.3)
(H3) There exists a constant k = O such that

f(t, Gx(8)) + kx(t) < f(¢t, Gy(t) + ky(t) a.e.on I

(2.4)
for every x, y € Wh1(I) such that x < y a.e. on I.
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(H4) Hq, H;, : WHE(I) — R are continuous (with respect to the usual topologies) and monotone increasing,
that is,

Halx] < Hply] and  Fp[x] < 34yl 25)
for every x,y € W-1(I) such that x < y a.e.on I. .

Remark 2.1. We point out, for a future reference, that the continuity of § from W1(I) into L*(I) is ensured

if § maps continuously W*1(I) into some Banach space (X, ||+ ||x) which is continuously embedded into L*(I).
This is the case, e.g., of the following functional spaces:

(1) X = WYP(I) (with p = 1 and the usual norm);

(2) X =C"(I,R) (with n € N and the usual norm).

Moreover, we also notice that the monotonicity assumption (H3) seems very natural to get existence results
for problem (2.1). We point out that a similar monotonicity assumption has already been considered by the
authors in a different context in the paper [16].

Remark 2.2. We explicitly notice that, in view of assumption (H1), the function k can vanish onaset E C R
of zero Lebesgue measure (in particular, E could be infinite). As a consequence, the ODE appearing in (2.1)
may be singular.

The aim of this paper is to study the solvability of (2.1) in a weak sense, according to the following definition.

Definition 2.3. We say that a function x € W'1(I) is a solution of problem (2.1) if it satisfies the following
two properties:
(1) the map t — @(k(t) x'(t)) is in WH(I) and

(@) X' () +f(t, SO p(t, X () =0  forae.tel;
(2 x(a) = Hqlx] and x(b) = H, [x].

If x satisfies only property (1), we say that x is a solution of the ODE
(D(K(6) X' (1)) + f(t, S(0) p(t, X'(£)) = 0. 2.6)

A fundamental notion for our investigation of the solvability of (2.1) is that of lower/upper solution, which is
contained in the next definition.

Definition 2.4. We say thata function x € WY1 (I) is a lower [resp. upper] solution of problem (2.1) if it satisfies
the following two properties:
(1) the map t — ®(k(t) x'(t)) is in WH(I) and

(@O X' (0)) +f(t, Sx(O)p(t, X' () =[] 0 forae.tel;
(2) x(a) < [2] Halx] and x(b) < [2] Hp[x].

If the function x satisfies only property (1), we say that it is a lower [resp. upper] solution of the ODE (2.6).

Remark 2.5. If u ¢ W'1(I) is any function such that
t— Okt u'(t) € Wh(D)

(this is the case, e.g., of any lower/upper solution of (2.6)), the continuity of @1 implies the existence of a
(unique) continuous function X, such that

Ku(t) = k(t)u'(t) forae.t €I and @ oKy € WHL(D).

In particular, this is true if u is a solution of (2.6).
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We are now ready to state the main result of the paper.

Theorem 2.6. Let the structural assumptions (H1)-to-(H4) be in force. Moreover, let us suppose that the follow-
ing additional hypotheses are satisfied:
(H5) there exist a lower solution a« and an upper solution f of problem (2.1) which are well-ordered on I, that
is, a(t) < B(t) forevery t € I;
(H6) forevery R > 0 and every non-negative function y € L*(I) there exists a non-negative function h = hg,y €
LY(I) such that
If(t, 2) p(t, y())] < hg,, ()

fora.e.t eI, everyz ¢ Rwith |z| < R @.7)
and every y € L'(I) such that |y(s)| < y(s) fora.e.s € I.

(H7) forevery R > Othere exist a constant H = Hg > 0, a non-negative function u = ug € L(I) (with1 < q < o0),
a non-negative function I = Iz € L'(I) and a measurable function i = 1y : (0, o) — (0, oo) such that

. L 0o [ 1 4w
() 1/ € L0, and / 5 4t == 2.8)
vy FEDPEN] <Y (RN - (1O + O 17 ); 09)
forae.t € I,any z € [-R, R] and any y € R with |k(t)y| = H.
Then, there exists a solution x, € W1(I) of problem (2.1), further satisfying
a(t) < xo(t) < B(t) foreverytel. (2.10)

Moreover, the following higher-regularity properties hold:
(1) if1/k € L9(I) for some 1 < 9 < oo, one also has that xo € W-9(1);
(2) ifk € C(I,R) and k > 0 on I, one also has that xo € C*(I, R).

Finally, if M > 0 is any real number such that ||a|| =), [|Bll=~a) < M, there exists a constant Ly > 0, only
depending on M, such that
HXOHL‘”(I) <M and ||ﬂ<x0 HLN(I) < LM. (211)

Remark 2.7. It is worth highlighting that the existence of a well-ordered pair of lower and upper solutions
a, B for (2.1) is far from being obvious (see, e.g., [11, 22] and the reference therein for general results on this
topic). Here, we limit ourselves to observe that, if p(t, 0) = O for every t € I, then any constant function is both
a lower and an upper solution for the ODE (2.6).

As a positive counterpart of the previous comment, we shall present in the next Section 4 a couple of
examples of BVPs to which Theorem 2.6 applies.

3 Proof of Theorem 2.6

The proof of Theorem 2.6 is rather technical and long; for this reason, after having introduced some constants
and parameters used throughout, we shall proceed by establishing several claims. Roughly put, our approach
consists of two steps.

STEP I: As a first step, by crucially exploiting the existence of a well-ordered pair of lower and upper
solutions a, f for (2.1) (see, precisely, assumption (H5)), we perform a truncation argument and we introduce
a new problem, say (P)r, to which some abstract results do apply.

STEP II: Then, we show that any solution of (P); is actually a solution of (2.1). In doing this, we use again
in a crucial way the fact that « and B are, respectively, a lower and an upper solution for (2.1).
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We then begin by fixing some quantities which shall be used all over the proof.

First of all, we choose a real M > 0 in such a way that ||a||;~) < M and ||B]|~(;) < M. Moreover, using
assumption (H2), we let 1757 > O be such that

ISullp~qy <nm forallu € WhH(ID) with [[ul| () < M. (B.1)
With reference to assumption (H7), we then set
Hy :=Hyy,  Myi= Mous In = by Yu = Py
Now, since @ is strictly increasing, we can choose N > 0 such that

@O(N)>0, O(-N)<O0 and

3.2
N > max {HM, % : ||kHL°°(I)}; >
accordingly, owing to (2.8), we fix L = Ly; = N > 0 in such a way that
D(Ly) -@(-Ly)
min{ / ﬁds, / l/)iMds} 63
@(N) -®(-N) .
> iy + IMmll Lo - @7,
and we consider the function y; € LY(I) defined as:
V1O = lh + (0] + B (4)
Following the notation in Appendix A, we also define the truncating operators
T:=7% and D=7V (3.5)
Given any x € W1(I), we then consider the function Fy defined by
Fx(t) := ~f (t, G, (1) p(t, D, () +arctan (x(t) - Tx(t)). (3.6)
Finally, we consider the operators B4, By, : Wh1(I) — R defined as
Bg :=HaoT, By :=HpoT. (3.7

Thanks to all these preliminaries, we can finally introduce the following BVP (which can be thought of as a
truncated version of problem (2.1)):

(DB X' (D))" = Fx(t) a.e.onl,
x(a) = Balx], x(b) = By|x].

(3.8)

We now proceed by following the steps described above.

Step L. In this first step we prove the following result: there exists (at least) one solution u € W*(I) of problem
(3.8); this means, precisely, that
e themap t — @(k(t)u'(t)) is in WH(I) and

(k@O U () = Fu®)  foraetel;

o u(a) = Balu] and u(b) = By[ul.
Furthermore, the following higher-regularity assertions hold:
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(i) if1/k € L9() for some 1 < 9 < oo, one also has that xo € WH9(1);
(i) ifk € CI,R)and k > 0 on I, thenu € C*(I, R).
CLAIM 1. There exists a non-negative function 1 € L(I) such that
|Fx()| <p(t)  fora.e.t € Iandevery x ¢ W-i(I). (39)
First of all, by the choice of M and the very definition of Tx we have
“M<a(t) s Tx(t) < Bt) s M forall x e W"'(I)and any t € I;
as a consequence, owing to the choice of 17, in (3.1), we get
ISq I~y <nm forevery x € WhI(D). (3.10)
Moreover, owing to the very definition of D, we also have
D, ()] < yr(t) forany x € Whl(I) and ae. t € I. (B.a1)

Gathering together (3.10) and (3.11), we deduce from assumption (H6) that there exists a non-negative function
h = hyy,y, € L*(I) such that

F(0)] < |f(t, S, (0) p(t, Doy (O)] + g < Mypyoyu (O) + g (3.12)
and this estimate holds for every x € W(I) and a.e. t € I. Since
Yi=hyyy +7/2 € LY(D),

we conclude at once that Fx € L'(I) for every x € WY1(I) (hence, F maps W*1(I) into L'(I)) and that F
satisfies estimate (3.9).

CLAIM 2. F is continuous from WYL(I) into L*(I).

Let xo € W1(I) be fixed, and let {x,}n C W'1(I) be a sequence converging to xo as n — oo. Moreover, let
{uy := xn, }1 be any sub-sequence of {xn }n.
To demonstrate the continuity of F it suffices to show that, by choosing a further sub-sequence if neces-
sary, one has
lim Fy, = Fy,  inL(I). (3.13)
k—o0

First of all we observe that, since u; — xo in W1(I) as k — oo, we have
]lim u(t) = xo(t) uniformly for t € I; (3.14)
K—r 00

moreover, by Lemma A.1 we also have

lim Ty, = Tx,  in Whi(). (3.15)
k—o0

In particular, since (3.15) implies that 77, — Ty, in LY(I) as k — oo, by possibly choosing a sub-sequence we
can assume that
klim T, (8) = Ty, () fora.e.t 1. (3.16)
—o0

Now, since § is continuous from W*1(I) to L=(I), from (3.15) we get
lim Gq (t) = G () forevery t ¢ I. (3.17)
k—s o0 Uk X0

Moreover, from (3.16) we get that

lim ‘Dg’/ (t) = 'Df:r/ (t) forae.tel. (3.18)
k—>o0 Yk X0
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Gathering together (3.17), (3.18) and (3.14), we then obtain (remind that, by assumptions, f and p are
Carathéodory functions on I x R)

kh_)n:o Fu () = kli_)nio (-f(t, 9‘Tuk(t)) p(t ‘Dg’&k(t)) +arctan (u(t) - Ty, (6))

= ~f(t, 93, (1) p(t, D (1)) +arctan (uo(t) - Tu, (£))
= Fx,(t) fora.e.t c 1.

From this, a standard dominated-convergence based on (3.12) allows us to conclude that F,, — Fy, in LY
as k — oo, which is exactly the desired (3.13).

CLAIM 3. B4 and By, are continuous and bounded (from W*(I) to R).

As regards the continuity, since 34, ), are continuous from W1(I) to R (by assumption (H4)) and since T
is continuous on W'1(I) (by Lemma A.1), we deduce that B4 = H, o T and B, = 3}, o T are continuous.
As regards the boundedness, since 34, H; are monotone increasing (see (2.5)), for every fixed x <
WL1(I) we have
Hala] € HalTx] < HalB] and Hyplal < Hy[Tx] < Hy[B]

(remind that, by definition, a < Tx < f for all x € W'1(I)). From this, we deduce that B,, B, are globally
bounded, and the claim is proved.

Using the results established in the above claims, one can prove the existence of solutions for (3.8) (and the
higher-regularity assertions (i)-(ii)) by arguing essentially as in [17, Lem. 2.1 and Thm. 2.2]. The key points are
the following.
e Thanks to Claim 3, it can be proved that for every x € W'-1(I) there exists a unique real number z = zx € R
such that
b

Bplx] - Balx] = - (Zx + 9'Vx(t)) dt,

1
—— @
k(t)

a
where JFx(t) := jat Fx(s)ds. Moreover, the map x + zy is bounded, i.e.,

|zx| < €o for every x € whi(D,

where ¢j > 0 is a universal constant which is independent of x.
e The solutions of (3.8) are precisely the fixed points (in W'1(I)) of the operator A : WH1(I) — WbH(I)

defined as follows: .

Ax(t) := Balx] + Tz + T(O) At (teD.

1
m ()
a
e Usingall the above claims, it can be proved that A is continuous, bounded and compact on Wwb1(D); thus,
Schauder’s Fixed-Point theorem ensures that A possesses (at least) one fixed point xo € W1(I).
¢ Finally, the higher-regularity assertions (i)-(ii) are straightforward consequences of the following simple
observations:
o  AWLLD) Cc WD) if 1/k € L9(I) (for some 1 < 9 < oo);
o AWYLD) c Cc'(I,R)ifk € C(I,R)and k > Oon I.

We proceed with the second step.

Step II. In this second step we establish the following result: if u € W''1(I) is any solution of (3.8), then u is
also a solution of (2.1).

Cramm 1. a(t) < u(t) < B(t) forevery t € I, so that

Ju=uand G5, =Guonl.
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We argue by contradiction and, to fix ideas, we assume that the (continuous) function v := u — a attains a
strictly negative minimum on I.

Since u solves (3.8), a is a lower solution of problem (2.1) and the operators H,, J; are monotone in-
creasing (see assumption (H4)), we get

u(a) = HalTul 2 Halal 2 a(a) and  u(b) = Hp[Tu] = Hyla] = alb)

(remind that, by definition, T, > a on I). As a consequence, it is possible to find three points t1, t,, 6 € int(I),
with ¢t < 6 < t,, such that

@) u(t;) —a(t;))=0fori=1,2;
@) u(t) - a(t) <oforall t € (t1, t2);
(3) u() - a(6) = rpeip(u(t) - a(t)) < 0.

In particular, from (2) we infer that 7, = a on (¢4, t,), and thus
Dy, () = D () = &'(t)  forae.t € (t1, ).

By using once again the fact that u solves (3.8), and since a is a lower solution of problem (2.1), from assump-
tion (H3) we then obtain (for a.e. t € (t1, t;))

(@(k(O) (1)) = ~£(¢, Sor, (D) p(t, &' () + arctan(u(t) - a(t))
<—f(t, §7,(0) p(t, '(£))
= —(f(t, G3,(6)) + x Tu()) p(t, &' (£)) + x Tu(t) p(t, &' (£))
(by (24), since Ty > @onTandp > 0O on R) (3.19)
< = (f(t, Salt) + x a(t)) p(t, &' (6)) + k Tu() p(t, &' (£))
(since Ty = aon (t1, t5))
= —f(t, Sa(®) p(t, &' (1) = (PUk(t) &' (1)) ".
We now consider the sets A;, A, C I defined as follows:
Ap:={te(t,0): 3U' (), a'(Dandu'() <a'(t)}  and
Ay :={te(0,t): JU (1), d(Oandu'(t) > a'(t)}.

Since u, a € WbH(I) and since u < a on (t1, t,), it follows that both A; and A, have positive Lebesgue
measure; as a consequence, there exist 7, € A; and 1, € A, such that (see also Remarks 2.2 and 2.5)

(a) k(t;) >0fori=1,2;
(b) Ku(t;) = k(r)u'(r)) fori =1, 2;
(c) Kalt;) = k() &' (1) fori = 1, 2.

By integrating both sides of (3.19) on [71, 8], and using (b)-(c), we then get
D (Ku(0)) - @ (k(t1) v/ (11)) < @(Ka(6)) - D (k(11) a'(11)).
Since @ is strictly increasing, by (a) and the choice of 7; we obtain
D (Ku(6)) - @(Ka(6)) <O. (3.20)

On the other hand, by integrating both sides of inequality (3.19) on [0, 7,] (and using once again (b)-(c)), we
derive that
D (k(t2) u'(12)) - @(Ku(0)) < @(k(12) &'(12)) - @(Ka(6));
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Since @ is strictly increasing, by (a) and the choice of T, we obtain
@ (Ku(6)) - @(Ka(6)) > 0.

This is clearly in contradiction with (3.20), and thus u(t) - a(t) = 0 for every t € I. By arguing exactly in the
same way one can also prove that u(t) - B(t) < 0 for every t € I, and the claim is completely demonstrated.

CLAIM 2. |u(t)| < M and |Su(t)| < np forevery t € I.

By statement (i) and the choice of M > ||al| (1), [|B]l1=(r)» We get
-M=za(t)su(®)<Bt)sM forevery t c I,

and this proves that |u(t)] < M for all t € I. From this, by taking into account the choice of 1, in (3.1), we
derive that |Gy, (t)| < 1, as desired.

CramMm 3. IfN > O is as in (3.2), then
r?ip |Ku(t)] < N. (3.21)
€

By contradiction, let us assume that (3.21) does not hold; moreover, to fix ideas (and taking into account the
continuity of X,), let us suppose that

Ku(t) >N forevery t e I. (3.22)

By integrating on I both sides of the above inequality, we obtain
b b
N - a) < / 5Cu(0) dt = / KO (O dt = ();
a a

from this, since (3.22) implies that u’(t) > N/k(t) for a.e. t € I, we then get

b
(%) < 1Kl =) / W (6)dt = [k = (u(b) - u(a))

a

(by statement (ii) and the choice of N, see (3.2))
< (ZM) . ||k||L°°(I) < N(b - a).

This is clearly a contradiction, and thus min; Ky < N. By arguing exactly in the same way one can also show
that sup; Ky = —N, and this proves (3.21).

CLAIM 4. |Ky(t)| < Ly forevery t € L.

Arguing again by contradiction, we assume that there exists some point 7 in I such that |Xy(7)| > Ly; more-
over, to fix ideas, we suppose that
Ku(t) > Ly > 0.

Since Ly > N (see (3.3)), by (3.21) (and the continuity of X,) we deduce the existence of two points ¢, t, € I,
with (to fix ideas) t; < t,, such that

(@) Ku(t1) = Nand Ky(t;) = Ly
(b) N<Xyu(t) < Ly forall t € (t1,t) C I.

In particular, from (b), (3.4) and the choice of N in (3.2) we derive that

k(®u'(t) = Hy and 0<u'(f) < % <yi(t) (3.23)
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foralmost every t € (t1, t;). Now, on account of (3.23) and of the very definition of D, we deduce that D,, = v’
on (t1, t;); as a consequence, since u is a solution of (3.8) and 7, = u on I (by Claim 1.), we have (a.e.on
(t1,12))

|(@(9<u(t)))/} = | (@(k(t) u'(t)))'| = |f(t, Su(®)) p(t, u' (1))
(by (2.9), since k(t)u'(t) > Hy and ||Su|| < nu, see (ii))

< Yur (|OKO U O)]) - (L) + Ha(O) ' O1F)
= Yar (I2EKu()]) - (I (O) + O 1O T ).
In particular, since u’ > 0 a.e.on (t1, t,) (see (3.23)) and since
D(Ky(t)) > d(N) >0 forany t € (t1, t)
(by (b), the monotonicity of @ and the choice of N in (3.2)), we obtain
(D))’ | = Y (DEUD)) - (D) + () @ (D) T) (3.24)

for almost every t € (t1, t;). Using this last inequality, we then get (remind that @ o X, is absolutely contin-
uous, see Remark 2.5)

@(Ly) D(Ky(t2))

ty ’
1 1 [ (2Ku(D)
/ o 7 / o & J u (@@ @) at

D(N) D(Ky(t1))

< [ (u©+ (0 @) F ) de

ty

ty
-1
< Myl + / () (W ()T dt

ty

(by Holder’s inequality, since py € LI(I))

g-1
< gy + Nl paqny (u(t2) — ultr)) @

(since [u(t)| < M forall t € I, see Claim 2.)

q-1
< Mmooy + Iumllpay @M) T

This is in contradiction with the choice of Ly, in (3.3), and thus X,(t) < Ly for every t € I. By arguing exactly
in the same way one can also show that X, (t) > —-Lj, for all t € I, and the claim is completely proved.

CLAIM 5. |u/(¢)| < Ly /k(t) for a.e. t € I, so that
Dy =u' ae.onl

By Claim 4 and the very definition of X, we get

Ku(®] _ Ly
k(t) ~ k()

as a consequence, since Ly/k(t) < y;(t) a.e.on I (see (3.4)), from the very definition of D in (3.5) we conclude
that D, = u’ on L.

[u'(8)] = forae.t e I;

Using the results established in the above claims, we can complete the proof of this step. Indeed, by
Claim 1. we have T, = u and 95, = Gy on I; moreovet, by Claim 5. we know that D, = u’ a.e.on I. Gathering
together all these facts (and since u is a solution of (3.8)), for almost every t € I we get

(@Fu(0))" = ~f(t, S5, (6) p(t, Doy, (1) + arctan (u(t) - Tu(t))
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= ~f(t, Su(®) p(t, u' (1)),
and thus u solves the ODE (2.6). Furthermore, by (3.7) we have
u(a) = Balu] = Ha[Tu] = Halu]  and
u(b) = Bp[ul = Hp[Tul = 3 [ul,

and this proves that u is a solution of the BVP (2.1).

Thanks to the results in Steps I and II, we are finally in a position to conclude the proof of Theorem 2.6. Indeed,
by Step I we know that there exists (at least) one solution x, € W1(I) of the truncated BVP (3.8); on the other
hand, we derive from Step II that x, is actually a solution of (2.1).

To proceed further we observe that, owing to Claim 1. in Step II, we get that x satisfies (2.10); moreover,
the result in Step I ensures that
e if1/k e L) for some 1 < 9 < oo, then xo € WH9(I);
e ifke C(I,R)and k > 0on I, then xo € C'(I, R).
Finally, by combining Claims 2. and 5. in Step II, we conclude that x satisfies the ‘a-priori’ estimate (2.11),
and the proof is complete. O

Remark 3.1. By carefully scrutinizing the proof Theorem 2.6, one can recognize that estimate (2.7) in assump-
tion (H6) has been used only for demonstrating the result in Step I, and with the specific choice

L
R=ny and Y(t)=YL(t)=kM

oM o (O] + B ()]

As a consequence, if we know that
yL € L%\ (for some 9 > 1), (3.25)

assumption (H6) can be replaced by the following weaker one:
(H6)' for every R > 0 and every non-negative function y € L9(I) there exists a non-negative function h =
hg,y € L'(I) such that

f(t, 2) p(t, y(£))| < hg,y(8)

fora.e.t € I, every z € R with |z| < R (3.26)
and every y € L9(I) such that ly(s)| < y(s) fora.e.s € I

Notice that (3.25) is certainly satisfied if 1/k € L9(I) and if the lower/upper solutions a, B in assumption (H5)
can be chosen in W9(1).

4 Some examples

In this last section of the paper we present some ‘model BVPs’ illustrating the applicability of our existence
result in Theorem 2.6.

Example 4.1. Let us consider the following BPVon I = [0, 1]

(sinh (\/t(1 - t)-x’(t)))/ + a((/‘éx3(s)ds) [X())2=0 ae.onl,

x(0) = max {x(1), 1}, x(1) = £ [; x(s)ds,

(4.1)

where a : R — R is a general continuous non-decreasing function and €, g € (0, 1). Problem (4.1) takes the
form (2.1), with
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M k:1—-R, k(t):=/tdl-1);
*)DP:R—-R, @&(z):=sinh(z);
M) f:IxR—=R, f(tz):=a(2);
M p:IxR—=R, plt,y):=y%
() Gx(0) =[5 X*(s)ds (for x € WhL(D));
(*) Holx] := max{x(1), 1} and H; [x] := efol x(s)ds (for x € WL1(D)).
We aim to show that all the assumptions of Theorem 2.6 are satisfied in this case, so that problem (4.1) pos-

sesses (at least) one solution x, € W*1(I). We explicitly point out that, in view of the boundary conditions,
Xo cannot be constant.

To begin with, we observe that assumption (H1) is trivially satisfied, since
1/k e L) forall § € [1, 2). (4.2)

As regards assumptions (H2)-(H3), we first notice that G is a continuous operator mapping Wb(I) into
C'(I, R); as a consequence, owing to Remark 2.1, we know that § is continuous from W*1(I) into L*(I) (with
the usual norms).

Furthermore, if r > 0 is any fixed positive number, we have

1
19x =) < / Ix(@t))Pdt<r’ forall x € W' with ||x||~ <7,
0

and thus (2.3) is satisfied with nj; := r. Finally, since a is non-decreasing and § is increasing (with respect to
the point-wise order), it follows that

t

WEL(I) 5 x s f(£ Ge(8) = a( / B(s) ds)

0

is monotone increasing, so that (2.4) holds with x = 0.

As regards assumption (H4), it is easy to check that Hy, 3, are continuous from WD) to R (remind
that W' 1(I) is continuously embedded into C(I, R)); moreover, if x, y € WY1(I) are such that x < y point-wise
on I, then

Holx] = max {x(1), 1} < max {y(1), 1} = Holy] and
1 1
Hilxl=¢ [ x(s)ds <€ [ y(s)ds = H;lyl,
[

so that H,, H; are also monotone increasing (w.r.t. to the point-wise order).
We now turn to prove the validity of assumptions (H5)-to-(H7).

AssuMPTION (H5). We claim that the constant functions
a(t) :=-1 and B(t) =1

are, respectively, a lower and an upper solution of problem (4.1).
In fact, since p(t,0) = 0 for all t € I, we know from Remark 2.7 that a and f are both lower and upper
solutions of the differential equation

t

(Vta-0-X©®)) + a(/x3(s) ds) IX'(0)]° = 05

0
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moreover, owing to the very definitions of Hy and H; we have
(@) a(0) = -1<1=Hola] and a(1) = -1 < —-& = Hq[a];
(b) B(0) = 1 =3o[B] and B(1) = 1 2 € = 34 [B].

On account of Definition 2.4, from (a)-(b) we get that a is a lower solution and 8 is an upper solution of problem
(4.1).

AssUMPTION (H6). Let R > 0 be fixed and let y be a non-negative function belonging to L(I). Since, by
assumption, a € C(R, R), we have

f(t, 2) p(t, y()] = |a(2)] - [y(O]° < (max, g [a(2)]) - y(O)° =: hg,y(0)
fora.e.t € I, every z € Rwith |z| <R

and every y € L1(I) such that |y(s)| < y(s) fora.e.s € I.

As a consequence, since hg ), € LY(I) (remind that, by assumption, 0 < p < 1), we get that estimate (2.7) is
satisfied.

AssuMPTION (H7). Let R > 0 be arbitrarily fixed. Since, by assumption, a € C(R, R), we have the following
estimate

f(t, 2) p(t, y)| = |a(2)| - |y|® < (Illzl‘ggla(Z)l) |y,
holding true for a.e. t € I, every z € [-R, R] and every y € R. As a consequence, we conclude that estimate

(2.9) is satisfied with the choice

1
ggla(z)l), q=-—".

Hp =1, ¢R51, IR(t)EO, MR = (m 1-0o

||

Since all the assumptions of Theorem 2.6 are fulfilled, we can conclude that there exists (at least) one solution
xo € WH1(I) of problem (4.1), further satisfying

-1<xo(t) =1 forevery t € I.
Moreover, from (4.2) we deduce that xo € W9(I) forall 9 € [1, 2).

Example 4.2. Let 99 € (1, oo) be fixed, and let T € (0, 271). Moreover, let p, § € R be two positive real
numbers satisfying the following relation

p-1
8

1<p<9g+1 and 0<é6<p- (4.3)

Finally, let @,(z) := |z|P~2z be usual p-Laplace operator on R. We then consider the following BVP on I =
[0, 27]

(Dp (| sin(t)|"/% x’(t)))' +x: (O X% =0 ae.onl,
(4.4)
x(0) = o/x(m), x2m) = 2 [ (x(s) +2)ds

where x; is the delay-type function defined as

x(t-1), ift<ts<2m,
XT(t) =
x(0), ifost<r.

Problem (4.4) takes the form (2.1), with
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M) k:I—R, k(t):=|sin(t)"%;
M D:R-R, D(2)=Dp(2)=|z]P %z
) f:IxR—=R, f(t,z):=z;
M p:IxR=R, pt,y) =1y’
(*) Gx(8) := x¢ (for x € WHH(D));
(*) Holx] := +/x(7r) and H,,[x] := ~ Ozn(x(s) +2)ds (for x € WL1(D)).
We aim to show that all the assumptions of Theorem 2.6 are satisfied in this case, so that problem (4.4) pos-

sesses (at least) one solution xo € W1(I). We explicitly point out that, in view of the boundary conditions,
Xo cannot be constant.

To begin with, we observe that assumption (H1) is trivially satisfied, since
1/k e L) forall 9 € [1, 9p). (4.5)

As regards assumptions (H2)-(H3), we first notice that G is a well-defined linear operator mapping W1(I)
into L*°(I); as a consequence, since

1Sl i=() < IXlli=(n < CIXllwraqy ~ for every x € Wh1(D),

we get that § is continuous from W1(I) into L>*(R). Furthermore, if r > 0 is any fixed positive number, we
also have
[Gxllz=(p) < Xl s 7 forall x € Wh* with |[x||;~ < r,

and thus (2.3) is satisfied with n, := r. Finally, since § is monotone increasing with respect to the point-wise
order (as it is easy to check) and since f(t, z) = z, one straightforwardly derives that (2.4) holds with x = 0.

As regards assumption (H4), it is easy to check that (o, H, are continuous from W1(I) to R (remind
that W'1(I) is continuously embedded into C(I, R)); moreover, if x, y € WY1(I) are such that x < y point-wise
on I, then

Holx] = v/x(m) < /y(m) = Holyl ~ and

21 21
ol = 5 [05)+ 2)ds = o [ (9) + 2)ds = Fanlyl
0 0

so that Ho, H,, are also monotone increasing (w.r.t. to the point-wise order).
We now turn to prove the validity of assumptions (H5)-to-(H7).

AssuMPTION (H5). We claim that the constant functions
a(t) :=1 and B(t) :=2

are, respectively, a lower and an upper solution of problem (4.1).
In fact, since p(t, 0) = O for all t € I, we know from Remark 2.7 that a and f are both lower and upper
solutions of the differential equation

(@ (Isin(®)]% X' (1)) + x:(6) X (O] = 0
moreover, owing to the very definitions of 3, and H,, we have
(@) a(0) = 1 = Hola] and a(2m) = 1 < 3/2 = Hazlal;
(b) B(0) = 2 > Ho[B] and B(2) = 2 = FH>,[B].

On account of Definition 2.4, from (a)-(b) we get that a is a lower solution and 8 is an upper solution of problem
(4.4).
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AssuMPTION (H6). We first observe that, by (4.3), we have
0<6<8p;

thus, setting 9 := max{1, 6} € [1, o), by (4.5) we have 1/k € L9(I). On the other hand, since a, B are
constant, one has
a, B e WD)

as a consequence, according to Remark 3.1, it suffices to demonstrate that assumption (H6) holds in the
weaker form (H6)’ (with § = max{1, §}).

Let then R > O be fixed and let y be a non-negative function belonging to the space L%(I). Reminding that
f(t, z) = z, we have the following computation

f(t, 2) p(t, y(D)] = |2] - [y(D|° < R y(£)° =: hg,, (D)
fora.e.t € I, every z € Rwith |z| <R
and every y € L1(I) such that |y(s)| < y(s) fora.e.s € I.
From this, since hg ), € LY(I) (remind that, by definition, & < 9), we get that estimate (3.26) is satisfied.

AssuMPTION (H7). Let R > O be arbitrarily fixed. Since k € C(I, R) (and since f(t, z) = z), we have the
following computation

|mﬁmmwhmes§%wmm5
(by (4.3), setting q := p8—01 >1)
-1 R a-1
< IOy (s IKOYI'T)

R a1
= @p (|k(B)y]) - (W) lyl @

holding true for a.e. t € I, every z € [-R, R] and every y € R with |k(t)y| = 1. As a consequence, if we are able

to demonstrate that R

te k(t)6+1/q—1

e Li(I), (4.6)

we conclude that estimate (2.9) is satisfied with the choice

B 3 . _ R 9
Hp=1, lpR(S)—S, Ix(t) =0, “R(t)_W’ q_p—l'

In its turn, the needed (4.6) follows from (4.5) and from the fact that

_ _ 190 p—l_ 80 . _ _
q6+1/q 1)—p_1(6+ 9% 1><p_1 (p-1)=9,.

Since all the assumptions of Theorem 2.6 are fulfilled, we can conclude that there exists (at least) one solution
xo € WH(I) of problem (4.4), further satisfying

1<xo(t) <2 forevery t e I.
Moreover, from (4.2) we deduce that xo € W9(I) forall 9 € [1, 9).

Example 4.3. Let d;, d, € (0, o) be arbitrarily fixed, and let I = [-1, 1]. Denoting by x4 the indicator func-
tion of aset A C R, we define
K(t) = d1 'X[—l,O](t) + dz 'X[O,l](t)' (47)
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We then consider the following BVP:

’ 3\’ 37 106\ 12) _
<(K(t)x (0) ) + (sg[l—af,(t] x(s)) -log (1 + [V/tx'()]*) =0 ae.onl, “s)

x(-1) =0, x(1)=1.
Problem (4.8) takes the form (2.1), with

) k:I—=R, k(t):=x(t) =di-xp_1,0/() + d2 - Xjo,11(O)s
N DP:R-R, @(2):=2%
M) f:IxR—-R, f(tz):=z;
(M) p:IxR—R, plt,y):=log(1+[Vty]);
(*) Gx(t) := maxg_q, 4 x(s) (for x € WH1(D);
(*) H_1[x] := 0 and H4[x] := 1 (for x € WbH1()).
We aim to show that all the assumptions of Theorem 2.6 are satisfied in this case, so that problem (4.8) pos-

sesses (at least) one solution xo € W1(I). We explicitly point out that, in view of the boundary conditions,
Xo cannot be constant.

To begin with, we observe that assumption (H1) is trivially satisfied, since
1/k € L(I) forall 1 < 9 < oo. (4.9)

Asregards assumptions (H2)-(H3), we first notice that G is a well-defined operator mapping W1 (I) into L*°(I);
as a consequence, since we have

19x = Gyll=@y = I1X = Vllz=@) = ClIX = Yllwrr@y,

we immediately derive that § is continuous from W'1(I) into L*°(I) (with the usual norms). Furthermore, if
r > 0 is any fixed positive number, we have

IGxllL=qy < IXll gy s 7 forallx € wh! with ||x||p~ < 1,

and thus (2.3) is satisfied with n, := r. Finally, since G is monotone increasing with respect to the point-wise
order and since f(t, z) = z, by arguing as in Example 4.2 we derive that (2.4) holds with x = 0.

Asregards assumption (H4), since H_1 and HH; are constant, it follows that these operators are continuous
(from WH1(I) to R) and monotone increasing (w.r.t. to the point-wise order).

We now turn to prove the validity of assumptions (H5)-to-(H7).

AssuMPTION (H5). We claim that the constant functions
a(t):=0 and B(t) =1

are, respectively, a lower and an upper solution of problem (4.1).
In fact, since p(t, 0) = O for all t € I, we know from Remark 2.7 that a and f are both lower and upper
solutions of the differential equation

!/
((K(t)x'(t))3) +( max x(s)) -log (1 + \%X'(tﬂz) =0;
se[-1,1]
moreover, since H_; = 0 and H; = 1, we immediately derive that a is a lower solution and f is an upper

solution of problem (4.8).

ASSUMPTION (H6). We first observe that, on account of (4.9), we have (in particular) 1/k € L?(I); more-
over, since a, f§ are constant, one also has
a, B e WH(D);
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As a consequence, according to Remark 3.1, it suffices to demonstrate that assumption (H6) holds in the
weaker form (H6)’ (with 9 = 2).

Let then R > 0 be fixed and let y be a non-negative function belonging to L(I). Since log(1 + 1) < 7 for
every T = 0, we have

If(t,2) p(t, y(O)| = |2| - log (1 + |VEty(8)|*) < R |VEy()]* < Ry(£)* =: hg,y(t)

fora.e.t € I =[-1,1],everyz € Rwith |z] < R
and every y € L1(I) such that |y(s)| < y(s) fora.e.s € I.

As a consequence, since we have hg ), = Ry2 e L'(D (as y € L%(I)), we immediately conclude that estimate
(2.7) is satisfied.

AssuMPTION (H7). Let R > 0 be arbitrarily fixed. Using once again the fact that log(1 + 7) < T forall 7 = 0,
and since z° > 22 if z > 1, we get the estimate

f(t, 2)p(t,y)| = |z| - log (1 + |V/ty|*) <R |Vty|* <R[y
(setting d := min{d;, d>} > 0)
R R
< o+ kOy* < 5 - @ (IKk()y]),

holding true for a.e. t € I, every z € [-R, R] and every y € R with |k(t) y| = 1. As a consequence, we conclude
that estimate (2.9) is satisfied with the choice

R
HR =1, l/JR(S) =S, IR(t) = ﬁ) HR = 0.

Since all the assumptions of Theorem 2.6 are fulfilled, we can conclude that there exists (at least) one solution
xo € WH1(I) of problem (4.8), further satisfying

0<xo(t) <1 foreveryt e I.

Moreover, from (4.9) we deduce that xo € W9(I) for all 9 € [1, oo]. In particular, xo is Lipschitz-continuous
on I, but not of class C! (if d; # d5).

A Continuity of truncating operators

In this Appendix we prove in detail some properties of the truncating operator. Despite these results are prob-
ably very classical, we were not be able to locate a precise reference in the literature; thus, we present here a
complete demonstration for the sake of completeness.

To begin with, we fix a pair of functions w, { € L(I) satisfying the ordering relation w(t) < {(t) a.e.in I,
and we introduce the truncating operator

TOC LMD - L', TN = max { (), min{x(0), {(6)}}.
We then prove the following result.
Lemma A.1. Forevery x,y € L'(I), one has
756 - 7,5 ()] < |x(6) - y(©)]. (A1)

Moreover, if we further assume that w, { ¢ WY1(I), we have
@ Te5(WhD) < whi(D).
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(it) T$ is continuous from W1(I) into itself (with respect to the usual norm).

Proof. We limit ourselves to prove only assertion (ii), since (A.1) is trivial and (i) is an immediate consequence
of (A.1) and the well-known characterization of W1(I) in terms of absolutely continuous functions (see, e.g.,
[10]).

First of all we observe that, if we introduce the operators

M: Wh(D) — WD, M) == max {w(t), x(O)},
(A.2)
m: Whi() — whi(), my(t) := min {{(6), x(6)},

the operator T ¢ is the composition between m and M, that is,
TX(‘”( = (Mom)(x) for all x ¢ Wh1(I).

As a consequence, to prove the lemma it suffices to show that both M and m are continuous on WL1(I). Here
we limit ourselves to demonstrate this fact only for the operator M, since the case of m goes along the same
lines.

Let then xo € WH1(I) be fixed, and let {xn}n C WLL(I) be a sequence converging to xo as n — oo in

WL1(I). Moreover, let {y) := xn, }« be an arbitrary sub-sequence of {x»}n. To prove the continuity of M we
show that, by choosing a further sub-sequence if necessary, one has

lim My, =xo  in W(D). (A3)
k—o0

To ease the readability, we split the demonstration of (A.3) into some steps.

STEP L. In this step we show that

kllm ||M)’k - MXO||L1(I) = 0. (A.4)
—o0

To this end, we first notice that, since y;, — xo in W1(I) as k — oo, we also have that y; converges uniformly
onlIto xg as k — oo (see, e.g., [10, Theorem 8.8]); as a consequence, from the estimate

My, = My, [l=() < 1Yk = XollL=()»
we deduce that My, — My, uniformly on I as k — oo, and (A.4) follows.

STEP II. In this step we show that, up to a sub-sequence, one has

]lim My, (£) = My, (©) a.e.onl. (A.5)
K—r o0

To this end, we first fix some notation which shall be useful in the sequel. Given any point to € (a, b) and any
p > 0, we set
I(to, p) :=[to - p, to + pl;

moreover, given any function & € W1(I), we define
Ng := {t € (a, b) : {isnot differentiable at ¢ }. (A.6)

Notice that, since ¢ WL1(D), the set Ne has zero Lebesgue measure.

We now start with the proof of (A.5). First of all, since y; — xo in W'1(I) as k — oo, we clearly have that
Vi = X4 in LY(I) (as k — oo); as a consequence, it is possible to find a non-negative function g € L*(I) and a
set Z C I, with vanishing Lebesgue measure, such that (up to a sub-sequence)

(@) yi () = xp(t) as k — oo forevery t € I'\ Z;
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(i) |y, (8)| < g(t) for every k € Nand every t € I'\ Z.

With reference to (A.6), we consider the following set:

N:=JNeu Y Nagy, U Noro U Ny, UNw U 2. (A7)
keN keN

Since it is a countable union of sets with zero Lebesgue measure, the set N has zero Lebesgue measure as
well; thus, to prove (A.5) it suffices to show that

klim My, (t) = My, () forall t € (a, b) \N. (A.8)
—ro0

Let then 6 < (a, b) \ N be arbitrary but fixed. We demonstrate the claimed (A.8) by analyzing separately the
following three possibilities.

(1) x0(6o) < w(Bp). In this case, we let p > 0 be so small that
I(69, p) C (a, b) and x¢ < w on I(6y, p). (A.9)

Owing to the very definition of M in (A.2), we get My, = w on I(6y, p); moreover, since w is differentiable in
6o ¢ Ny, we have
M, (60) = w'(60). (A.10)

Now, since we know from Step I that y; converges uniformly on I to x as k — oo, by (A.9) we can find a natural
number kg such that
V() < w(t) for t € I(6p, p) and every k = ko;

thus, again by definition of M we deduce that My, = w on I(6y, p) for all k > ko. In particular, w being
differentiable at 8, we have
M;, (6o) = w'(60) for every k = k. (A11)

Gathering together (A.10) and (A.11), we then obtain (A.8) in this case.
(2) x0(80) > w(Bo). In this case, we let p > 0 be so small that
I(69, p) C (a, b) and xo > w on I(0g, p). (A.12)

Owing to the very definition of M in (A.2), we get My, = xo on I(6y, p); moreover, since x, is differentiable in
0o ¢ Ny,, we have
My, (60) = x0(60). (A.13)

Now, using (A.12) and arguing again as in (1), we can find k¢ € N such that
My, =y, on (6o, p) for all k = xo;
in particular, y; being differentiable at 6, for all k € N, we have
My, (6o) =y (60) for every k = xo. (A.14)

Since 6 ¢ Z and since yj — xg as k — oo on I\ Z, by combining (A.13) with (A.14) we readily conclude that
(A.8) holds also in this case.

(3) x0(60) = w(By). First of all, since for every k € N the function My, is differentiable at 8y (as 6y ¢ N,
see (A.7)), by the very definition of M we have

M;, (6o) € {w'(60), yi(60)}.

As a consequence, since we know that y; (6o) — x4(6o) as k — oo (as 8y ¢ Z, see (i) at the beginning of this
step), to prove (A.8) it suffices to show that

My, (60) = x0(60) = w’(6o). (A.15)
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To establish (A.15) we need to consider three different sub-cases.

(3)1 60 ¢ 9{x0 > w}. In this case, since O := {xo > w} is open and Oy ¢ O, there exists p > O such that
Xo £ w on I(6p, p); thus, by (A.2) we have

My, = w on I(8g, p).
Since w is differentiable at 6y (as 6y ¢ Ny), we then obtain
My, (60) = w'(6o). (A.16)

On the other hand, since xo — w < 0 on I(fp, p) and x¢(6p) = w(6y), we see that 6 is an interior maximum
point for xo — w on I(8y, p); this function being differentiable at 8y, we then conclude that

x0(60) = w'(60). (A.17)
Gathering together (A.16) and (A.17), we obtain (A.15) in this case.

(3)2 80 € 0{xo < w}. In this case, since O := {xg < w} is open and Oy ¢ O, there exists p € (0, pg) such
that xo = w on I(8y, p); thus, by (A.2) we have

MXO = Xo On 1(90, po)
From this, by arguing exactly as in case (3)1, we obtain (A.15).

(3)3 B0 € 3{x0 < w} N d{xo > w}. In this last case, both the open sets
0" = {x0 > w} and 0" ={x0 <w}

are non-empty and 8y € 0(0*) N 0(07); thus, by crucially exploiting the fact that the functions My, and xq
are differentiable at 6y, we can write
!/ 1 MXo(t) - MXo(GO)
MXO (90) - tlirgo t- 60
tel
(since My, (6o) = X0(60) = w(6o), see (A.2))

- lim My, (£) — x0(60)

t—6o t-0g
teO*

(since xo > w on OF)

. xo(t) = x0(60) _
= lim —/————""" = x5(6)).
tirgo t- 90 XO( O)
teO0*
On the other hand, using the fact that w is differentiable at 8y, we also have

!/ T MXo(t) - MXo (90)
MXO(GO) - tgngo t- 90
tel
i M0 - 0(6))
t—6o t- 00
teo
(since xo < w on O”)

o w®-w@)
= lim =g = @ ().
teO”

Gathering together these two facts, we conclude that

My, (B0) = x0(80) = w'(6o), (A.18)
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which is exactly the desired (A.15).

STEP III. In this step we prove that, up to a sub-sequence, one has
kll)nolo HM;,k - M;(o HLI(I) =0. (A19)

To begin with, by exploiting the results in Step II, we know that there exists a set N C (a, b), with zero
Lebesgue measure, such that (up to a sub-sequence)

(a) y} — xg point-wise on I \\;
(b) |Y§<\ < gon I\ N for a suitable function g € L*(I);
(c) Mj, — M}, point-wise on I \N.

In particular, since for every k € N we have
My, € {o'(8), yi(O)} a.e.onl,
from (b) we obtain the following estimate
My, (8)] < |w'(0)] + g(t) =: &£(8), forae.tel. (A.20)

By combining (A.20) with (c) we can perform a standard dominated-convergence argument, proving the
claimed (A.19).

STEP IV. In this last step we complete the demonstration of the lemma. By combining (A.4) in Step [ with
(A.19) in Step III, we straightforwardly get

kli_{zlo [IMy, — M, |l w11y = kli_{zlo (HM)’k =Myl 1y + HM;/k - MfYoHU(I)) =0,
and this is exactly our starting goal (see (A.3)). This ends the proof. O

Remark A.2. As a matter of fact, in the recent paper [17] it is contained a proof of Lemma A.1; however, it
seems that this proof is not correct. We thus take this occasion to correct the mistake in [17] by giving a new
proof of Lemma A.1.
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