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Abstract
We give an exhaustive presentation of the concept of topological orientation for Fredholm
maps of index zero between real Banach manifolds introduced by the first and third authors
during the last three years of the twentieth century. An application of this orientation to the
construction of the degree introduced by the same two authors will be given at the end of the
paper.
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1 Introduction

The main purpose of this work is an exhaustive exposition of the concept of topological
orientation (top-orientation, for short) for Fredholmmaps of index zero between real Banach
manifolds whose origins date back to the published works [2, 6, 7]. This concept is based on
the purely algebraic notion of companion (a kind of “guardian angel”) of any Fredholm linear
operator of index zero between vector spaces (hereafter called a �0-operator), as well as on
the concept of algebraic orientation (alg-orientation for short) of such an operator. As we
shall see, any �0-operator, invertible or non-invertible, admits exactly two alg-orientations.
Roughly speaking, a top-orientation of a Fredholmmap of index zero, f : M → N , between
two manifolds, is a continuous assignment, with respect to p ∈ M, of an alg-orientation to
the differential d f p .

In this section we report the main phases of the construction of the two notions of orien-
tation (algebraic and topological). The exposition is necessarily approximate, but hopefully
sufficiently understandable. Details and rigor will be found in subsequent sections.

Let E and F be two real vector spaces and denote by L(E,F) the space of linear operators
from E into F. We shall possibly write L(E) instead of L(E,E).

Recall that L ∈ L(E,F) is a Fredholm linear operator (also called �-operator, for short)
if

indL := dim(KerL) − dim(F/L(E))

is a well defined integer, called index of L . The set of Fredholm operators between E and
F will be denoted by �L(E,F) and, given n ∈ Z, �nL(E,F) stands for its subset of the
operators with index n (the �n-operators).

Given L ∈ �0L(E,F), a companion of L (also called L-companion) is an operator
A ∈ L(E,F) with finite dimensional image such that L + A is an isomorphism. One can
check that the set C(L) of the L-companions is always nonempty, regardless of whether L is
invertible or not.

There exists an equivalence relation in C(L) with exactly two equivalence classes; the
choice of any of these classes is an alg-orientation of L; so that, L admits two alg-orientations,
considered opposite to each other. As we shall see, some special �0-operators have an alg-
orientationwhich ismore relevant than the other. This is the case, for example, of the invertible
linear operators, or of the endomorphisms of a finite dimensional real vector space.

Assume that E and F are, in addition, Banach spaces. By abuse of notation, the set of
bounded linear operators from E to F will still be denoted by L(E,F), while �L(E,F)

is its subset of the Fredholm operators. It is known that, if L ∈ �L(E,F), then its image,
ImgL := L(E), is closed in F (see e.g. [26, Chapter IV, Theorem 13.2]). Moreover, given any
n ∈ Z,�nL(E,F) is open in the Banach spaceL(E,F). This implies that, if L ∈ �0L(E,F),
then a companion of L is still a companion of any operator in a neighborhood of L . As we
shall see, this kind of stability is a prelude of the concept of top-orientation of a given subset
of �0L(E,F).

Let f : U → F be a Fredholm map of index zero defined on an open set of E. Recall
that, by definition, such a map is C1 and, at any x ∈ U , its Fréchet differential d fx is a
�0-operator. The set of these maps will be denoted by �0(U ,F).

A pre-orientation of a map f ∈ �0(U ,F) is a function that to any x ∈ U assigns an
alg-orientation or, equivalently, a companion of d fx . In this “flat case”, a pre-orientation is
a top-orientation if, locally, the assignment could be given by only one companion. Thus,
locally, f admits exactly two top-orientations, opposite to each other. In this way one gets a
two-fold covering space over the open set U , and f is top-orientable if and only if over U
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Fredholmmaps of index zero between real Banach... 121

one has two disjoint sheets. Each of these sheets is a top-orientation of f . As we shall see,
as a consequence of the covering space theory, one gets important properties of the concept
of topological orientation for Fredholm maps of index zero in the flat case.

Less trivial is the situation for a Fredholm map of index zero f : M → N acting between
two real Banach manifolds (in this case we shall write f ∈ �0(M,N )), meaning that f is a
C1-map such that, given any x ∈ M, the differential d fx between the tangent spaces TxM
and T f (x)N is a �0-operator. Even in this non-flat case, the alg-orientation of a differential
d fx induces, by a sort of continuity, a top-orientation of the restriction of f to a convenient
neighborhood of x inM. In fact, the appropriate use of charts reduces a local problem to the
flat case.

Even in this less trivial case, the theory of covering spaces helps us to deduce important
properties of the concept of top-orientation. For instance, one can easily find examples of
not top-orientable maps. A simple one is when M and N have the same finite dimension,
f is a constant map and M is compact and non-orientable (as the Klein bottle or the two-
dimensional projective space). Still by applying the covering space theory, one gets that, if
the domain M of a map f ∈ �0(M,N ) is simply connected, then f is top-orientable and,
taking into account that a simply connected space is assumed to be connected, f admits
exactly two top-orientations.

Although the definitions of alg-orientation and top-orientation go back to the papers [6,
7], in these works just the term “orientability” is present. The new terminology has been
introduced for the first time in the recent paper [4] and shed a new light on the subject. For
this reason in the present paper we are able to provide a more systematic exposition of the
notions of orientability and orientation and we are able to give more precise statements.

We wish to point out that other authors proposed different notions of orientability and
orientation in the context of Fredholm maps of index zero between real Banach manifolds.
Among them we cite the work of Elworthy and Tromba (see [12, 13]) and of Fitzpatrick,
Pejsachowicz and Rabier (see [14, 23]); see also [7, 27] and references therein. However, we
stress that these notions of orientability differ in a significant way. For example, concerning
those in [6, 14, 23], we observe that such concepts are not equivalent in the non-flat framework
of Banach manifolds, even if, as shown in [22] by J.Pejsachowicz, they agree in Banach
spaces. However, regarding the orientation (and not merely the orientability), the concepts
are not equivalent even in the flat case. For more details, we refer the interested reader to
Sect. 5 of [7] where the different notions of orientability are compared in an exhaustive way.

The paper is structured as follows. In Sect. 2 we collect some useful notation, while Sect. 3
contains both algebraic preliminaries and topological preliminaries. In Sect. 4 we introduce
the notion of alg-orientation of �0-operators between real vector spaces. In Sect. 5, the
concept of top-orientation in the flat case is introduced, first for �0-operators and then for
�0-maps, and also discussed by means of the covering space theory. Section 6 deals with
the top-orientation in the non-flat case. As already pointed out, the theory of covering spaces
plays a crucial role in this setting too.

Section 7 is devoted to the application of the top-orientation theory to the concept of
topological degree for �0-maps between real Banach manifolds, introduced by the first and
the third authors in [2, 6–8]. In particular we show that, under appropriate assumptions, such
a degree extends both the Brouwer degree for maps between oriented manifolds of the same
finite dimension, and the Leray–Schauder degree for compact vector fields. We close the
paper with Sect. 8 in which we summarize some concluding remarks.
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122 P. Benevieri et al.

2 Some useful symbols

There are many mathematical symbols commonly used in literature, here are a few that we
report just for the sake of clarity.

The closure of a subset X of a topological space is denoted by X and its boundary by ∂X .
If f is a function whose domain contains X , then f |X denotes its restriction to X . Regarding
a self-function of a given set, unless otherwise specified, the symbol I represents the identity
function. Given a vector v in a normed space, if not differently preferable, its norm is denoted
by ‖v‖.

Given two sets X and Y , by X ⊂ Y we mean that X is strictly contained into Y , while the
notation X ⊆ Y implies that either X ⊂ Y or X = Y .

Moreover, we tacitly assume that any simply connected topological space is connected.
As in Sect. 1, E and F are real vector spaces and L(E,F) denotes the space of the linear

operators from E into F.
For simplicity, when E and F have, in addition, a normable topology, we will still use

the symbol L(E,F) to indicate the space of the linear operators from E into F which are
additionally continuous (hence, bounded, if the topology is Banachable).

If a pair of the same set appears in a symbol, this pair could be simply represented without
repetition. For example, we could possibly write L(E) instead of L(E,E).

By a manifold we shall always mean a boundaryless real differentiable Banach manifold
and, hereafter,M andN will always denote nontrivial manifolds. Possibly, a manifold could
be flat; meaning that it is a nonempty open subset of a real Banach space.

Given a point p ∈ M, the symbol TpM denotes the (Banachable) tangent space ofM at
p. Thus, if M is an open subset of E, then TpM can be identified with E.

Given M and N , we consider the following set of triples:

L+(M,N ) = {
(p, q, L) : p ∈ M, q ∈ N , L ∈ L(TpM, TqN )

}
.

So that, when M ⊆ E and N ⊆ F are open sets, we can identify L+(M,N ) with the flat
subset M×N ×L(E,F) of the Banachable space G = E×F×L(E,F).

Any alphanumeric prefix in front of L(E,F) or L+(M,N ) identifies a specific subset of
the corresponding set L(E,F) or L+(M,N ). For example, LSL(E) will stand for the affine
subspace of L(E) made up of the compact linear perturbations of the identity of E (the prefix
LS is in honor of J. Leray and J. Schauder).

When neither L nor L+ appears before a pair, then any other prefix identifies a set of
functions between the two elements of the pair.

Here are some examples:C1(E,F) is the set of theC1-functions fromE into F;C(M,N )

is the set of the continuous functions from M into N ; given n ∈ N, Cn(M) is the set of
the self-maps of M of class Cn ; LS(E) is the set of the compact vector fields defined on E;
given an open subset U of E, C1LS(U ,E) is the set of the compact vector fields of class C1

defined on U .
Observe that, if f ∈ C1LS(U ,E), then the differential d f of f is a continuous map from

U into LSL(E). In fact, denoting by k the compact C1-map perturbing I , and given any
x ∈ U , the differential dkx ∈ L(E) is a compact operator (see, for example, [11, Sect. 8]).

We admit two exceptions to our rule. They regard the following well known symbols:
Iso(E,F) and GL(E), representing, respectively, the subsets of the invertible operators of
L(E,F) and of L(E). Obviously, for the sake of coherence, we could write, respectively,
IsoL(E,F) and GLL(E), but we won’t do that.

A notation that we shall frequently use is �0(M,N ), which is the set of the Fredholm
maps of index zero from M into N (see Definition 3.6 below). It should not be confused
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with �0L+(M,N ), which is the subset of L+(M,N ) consisting of the triples (p, q, L),
where L : TpM → TqN is a �0-operator.

Other symbols will be introduced in Sect. 3. Some of them are FL(E,F), AL(E),
�L(E,F), �nL(E,F), �0(M).

3 Preliminaries

In this sectionwe recall some important notions present in the literature and add some notation
that we will need later.

For the convenience of the reader, the topics in this section are divided into two subsections:
Algebraic preliminaries and Topological preliminaries.

3.1 Algebraic preliminaries

In this subsection E and F are two real vector spaces, no additional structure being required.
The following notion is of basic importance (see, for example, [10, 26]).

Definition 3.1 (Fredholm operator) A linear operator L ∈ L(E,F) is said to be Fredholm,
or a �-operator, if its kernel and cokernel are finite dimensional, where the cokernel of L
(written coKerL) is the quotient space F/L(E). The index of L is the integer

indL := dim(KerL) − dim(coKerL).

A �-operator of index n ∈ Z is called a �n-operator.

Observe that, if E and F have finite dimension, then any L ∈ L(E,F) is a Fredholm
operator of index n = dimE − dim F.

The notations �L(E,F) and �nL(E,F) represent, respectively, the subsets of L(E,F) of
the �-operators and the �n-operators.

Here are two fundamental algebraic properties of the Fredholm operators.

Proposition 3.2 (Algebraic properties of �-operators) Concerning the Fredholm operators
between vector spaces we have the following properties:

1. The composition of Fredholm operators is still Fredholm and its index is the sum of the
indices of the composite operators;

2. If L ∈ �nL(E,F) and A ∈ L(E,F) has finite dimensional image, then L + A ∈
�nL(E,F).

Notice that, if k is a positive integer and E1 is a k-codimensional subspace of E, then
the inclusion operator E1 ↪→ E is Fredholm of index −k. Consequently, from Property 1 of
Proposition 3.2 one gets that, if L ∈ �nL(E,F), then the restriction of L to E1 belongs to
�n−kL(E1,F). Analogously, given L as above, if its image is contained in an s-codimensional
subspace F1 of F, then the restriction of L to the same domain and codomain F1 is an element
of �n+sL(E,F1).

Hereafter, by FL(E,F) we mean the subspace of L(E,F) of the operators with finite
dimensional image.

Any L ∈ L(E) such that I − L ∈ FL(E) is said to be admissible for the determinant,
or det-admissible for short. The symbol AL(E) denotes the affine subspace of L(E) of the
det-admissible endomorphisms. Obviously, if E is finite dimensional, then AL(E) = L(E).
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Since the identity of E, as any isomorphism, is Fredholm of index 0, from Property 2 of
Proposition 3.2 one gets AL(E) ⊆ �0L(E).

In [18], the extended determinant of any L ∈ AL(E) is defined as the number det(L|E1),
where L|E1 is the restriction of L , both as domain and codomain, to any finite dimensional
subspaceE1 ofE containing the image of I−L; with the usual convention that the determinant
of the unique endomorphism acting on the trivial vector space is 1.

Hereafter, for the sake of clarity, the extended determinant will be denoted by dete, while
the classical notation “det” will be reserved exclusively for the finite dimensional case. So
that, dete(L) = det(L) only when L acts on a finite dimensional vector space.

Here are three basic properties of the extended determinant, whose proof can be easily
deduced from the analogous ones in the finite dimensional case. See, for example, [9] for a
discussion about other properties.

Proposition 3.3 (Fundamental properties of the extended determinant) Let L, L1, L2 ∈
AL(E) be given. Then,

1. dete(L) �= 0 if and only if L is invertible;
2. R ∈ Iso(E,F) implies RLR−1 ∈ AL(F) and dete(RLR−1) = dete(L);
3. L2L1 ∈ AL(E) and dete(L2L1) = dete(L2)dete(L1).

The following remark is a consequence of the definition of extended determinant.

Remark 3.4 Let E1 ⊕ E2 be a splitting of E with dimE1 < ∞. Suppose that, according to
this splitting, L ∈ L(E) can be represented in a block matrix form as

L =
(
L11 L12

0 I22

)

,

where I22 is the identity operator onE2. Then (I−L)(E) ⊆ E1 and, consequently, dete(L) =
det(L11).

3.2 Topological preliminaries

In this subsection, any vector space has the additional property of being Banach (or, more
generally, Banachable). Recall that, in this case, any operator in L(E,F) is assumed to be
bounded.

Proposition 3.5 below collects some important properties of the Fredholm operators
between Banach spaces (see [10, 26]). Recall that a continuous map between metric spaces
is said to be proper if the pre-image of any compact set is a compact set. It can be verified
that such a map is closed, meaning that the image of any closed set is a closed set.

Proposition 3.5 (Topological properties of �L(E,F)) In the context of Banach spaces one
has the following properties:

1. if L ∈ �L(E,F), then its image is closed in F;
2. if L ∈ �nL(E,F) and K ∈ L(E,F) is compact, then L + K ∈ �nL(E,F);
3. for any n ∈ Z, the set �nL(E,F) is open in L(E,F);
4. if L ∈ �L(E,F), then it is proper on any bounded and closed subset of E.

The following notion of Fredholm map between manifolds is of basic importance for us
(see [25]).
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Definition 3.6 (Fredholm maps) A C1-map f : M → N is said to be Fredholm of index
n ∈ Z (or a �n-map, for short) if, for any p ∈ M, the differential of f at p, d f p : TpM →
T f (p)N , is a Fredholm operator of index n. The map f is Fredholm (or a �-map) if it is
Fredholm of index n for some n.

The symbol �(M,N ) denotes the set of the Fredholm maps from M into N , while
�n(M,N ) is its subset of the �n-maps. Special flat cases are �(E,F) and �n(E,F), not
to be confused with �L(E,F) and �nL(E,F), which are open subsets of the Banach space
L(E,F).

Theorems 3.7 and 3.8 below are two important results in covering space theory that we
will need later. A comprehensible exposition of this theory can be found, for example, in [15,
16].

We recall (see e.g. [16, Chapter 1]) that a covering space of a topological space Y is a
topological space Ŷ together with a continuous map P : Ŷ → Y , satisfying the following
condition: every point in Y has an open neighborhoodU such thatP−1(U ) is a disjoint union
of open sets in Ŷ and each of these sets is mapped homeomorphically onto U by P . In the
sequel, for the sake of simplicity, we will also call covering space the map P .

Theorem 3.7 (Lifting property) Let P : Ŷ → Y be a covering space and let � : X → Y be a
continuous map defined on a connected topological space. Then, given two lifts of �, either
they coincide or they have disjoint images. Moreover, if X is simply connected and locally
path connected, then, given x0 in X and ŷ0 in the fiber P−1(�(x0)), � admits a lift �̂ such
that �̂(x0) = ŷ0.

Theorem 3.8 (Homotopy lifting) Let P : Ŷ → Y be a covering space and let X be a topo-
logical space. Consider a continuous map � : X → Y which admits a lift �̂. Then, given a
homotopy H : X ×[0, 1] → Y with H(·, 0) = �, there exists a unique lift Ĥ of H such that
Ĥ(·, 0) = �̂.

4 Algebraic orientation of80-operators

This section is dedicated to the notion of algebraic orientation of Fredholm operators of index
zero between real vector spaces, as well as to some consequences of such a notion (see [6,
7]). Here, no additional property of E and F is needed.

Let L ∈ �0L(E,F). In [6] an operator A ∈ FL(E,F) was called a corrector of L if
L + A ∈ Iso(E,F). Since in the case when L is an isomorphism the word “corrector” could
be misleading as L needs not to be corrected to become invertible, here we will use the more
appropriate expression companion of L or, briefly, L-companion.

Observe that any L ∈ Iso(E,F) has a natural companion: the zero element of the space
FL(E,F). This fact was of fundamental importance for the concept of orientation of L
introduced in [6]: it was shown that any L ∈ �0L(E,F) admits exactly two orientations,
hereafter called algebraic orientations or, simply, alg-orientations.

Given L ∈ �0L(E,F), denote by C(L) the set of L-companions. One can check that,
whatever is L , invertible or not, such a set is nonempty.

If A and B are two L-companions, then the automorphism (L + B)−1(L + A) of L(E) is
det-admissible. In fact, one has

(L + B)−1(L + A) = (L + B)−1(L + B + A − B) = I − (L + B)−1(B − A).

Thus, the following relation in C(L) makes sense.
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Definition 4.1 (Equivalent L-companions) Two companions A and B of an operator L ∈
�0L(E,F) are said to be L-equivalent if dete

(
(L + B)−1(L + A)

)
> 0.

Observe that, given two companions A and B of an operator L ∈ �0L(E,F), Proposition
3.3 implies that the extended determinants of the following four operators are either all
positive or all negative:

(L + B)−1(L + A), (L + A)−1(L + B), (L + A)(L + B)−1, (L + B)(L + A)−1.

Therefore one can deduce the following result.

Lemma 4.2 (L-equivalence relation) Given an operator L ∈ �0L(E,F), the relation in
C(L) introduced in Definition 4.1 is an equivalence relation.

Proof The relation is clearly reflexive. Property 3 of Proposition 3.3 implies that it is as well
symmetric and transitive. 
�

We can now deduce a more exhaustive result.

Proposition 4.3 (Two equivalence classes of the L-equivalence relation) Given any L ∈
�0L(E,F), the relation in C(L) introduced in Definition 4.1 is an equivalence relation with
two equivalence classes.

Proof Because of Lemma 4.2 we need only to show that the equivalence classes of C(L) are
two. In fact, given three companions of L , say A, B1 and B2, Proposition 3.3 implies that, if
both B1 and B2 are not L-equivalent to A, then they are L-equivalent to each other. 
�

Proposition 4.3 allows us to introduce the following concept of algebraic orientation of
an arbitrary operator L ∈ �0L(E,F).

Definition 4.4 (Algebraic orientation of a �0-operator) Let L ∈ �0L(E,F) be given. An
algebraic orientation (or alg-orientation) of L is any of the two equivalence classes of C(L),
also referred as the alg-orienting class of L , whose elements are regarded as the alg-orienting
companions of L .

Formally, an algebraic oriented operator L ∈ �0L(E,F) is a pair (L, α), where α is the
alg-orienting class of L . However, if clarity is preserved without writing any class symbol,
we could informally refer to L as an alg-oriented operator.

Sometimes, the nature of an operator L ∈ �0L(E,F) suggests that one of the two possible
algebraic orientations of L is more appropriate than its opposite. Here we introduce three
significative definitions.

Definition 4.5 (Natural alg-orientation) Any L ∈ Iso(E,F) admits the natural alg-
orientation: given by considering the null operator of FL(E,F) as an orienting companion
of L .

For the next concept of associated orientation we need the classical notion of orientation
of a a finite-dimensional vector space, that we recall here for completeness.

Definition 4.6 An orientation of a finite-dimensional vector space is a choice of one of the
two equivalence classes of ordered bases.

123



Fredholmmaps of index zero between real Banach... 127

Definition 4.7 (Associated alg-orientation) Assume thatE andF have the same finite dimen-
sion and are oriented up to an inversion of both the orientations (or, equivalently, suppose
that E×F is oriented). Then any L ∈ L(E,F) admits the alg-orientation associated to the
orientations of E and F (or to the orientation of E×F): the one given by regarding as an
orienting L-companion any A ∈ C(L) such that L + A is orientation preserving.

Observe that if E is finite dimensional, then E×E has a canonical orientation. Thus,
according to Definition 4.7, the following concept is a special case of the associated alg-
orientation.

Definition 4.8 (Canonical alg-orientation) Let E be finite dimensional. Then any endo-
morphism of E admits the canonical alg-orientation: the one obtained by considering as an
orienting L-companion any A ∈ C(L) such that det(L + A) > 0.

The next definition regards the concept of algebraic orientation of the composition of two
alg-oriented �0-operators (see also [3, Definition 2.9]).

Definition 4.9 (Composition of alg-oriented operators) Let L1 : E1 → E2 and L2 : E2 →
E3 be two alg-oriented �0-operators. Their alg-oriented composition is L2L1 endowed with
the alg-orientation whose orienting companions are the operators of the type

(L2 + A2)(L1 + A1) − L2L1,

where A1 and A2 are alg-orienting companions of L1 and L2, respectively.

One can check that Definition 4.9 is well posed.
The alg-oriented composition is associative. In fact, if L1 ∈ �0L(E1,E2), L2 ∈

�0L(E2,E3), L3 ∈ �0L(E3,E4), and A1, A2 and A3 are, respectively, alg-orienting
companions of L1, L2 and L3, one has

(
(L3 + A3)(L2 + A2)

)
(L1 + A1) −

(
L3L2

)
L1

= (L3 + A3)
(
(L2 + A2)(L1 + A1)

)
− L3

(
L2L1

)
.

From now on, unless otherwise indicated, in a composition of two or more alg-oriented
operators, any isomorphismwill be considered naturally alg-oriented (according toDefinition
4.5).

Recall that, if dimE < ∞ and L ∈ L(E), the (classical) sign of L is simply the sign of
det(L). More generally, if E and F have the same finite dimension and are oriented, the sign
of L is defined as follows (see, for example, [21]):

signL =
⎧
⎨

⎩

0 if L is non-invertible,
+1 if L is orientation preserving,
−1 if L is orientation reversing.

Obviously, whenever it makes sense, the (classical) sign of a composition is the product
of the signs of the composite operators.

As in [2, 6, 7], we have the following concept of sign of an alg-oriented operator, denoted
here signb f to distinguish it from the finite dimensional classical one.

Definition 4.10 (signbf of an alg-oriented operator) The signbf of an algebraic oriented
operator L ∈ �0L(E,F) is

signb f L =
⎧
⎨

⎩

0 if L is non-invertible,
+1 if L is invertible and naturally alg-oriented,
−1 if L is invertible and not naturally alg-oriented.
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As in the classical case, whenever it makes sense, the signb f of a composition is the
product of the signb f of the composite operators.

The easy proof of the following remark is left to the reader.

Remark 4.11 (Classical sign equals signb f ) Assume thatE and F have the same finite dimen-
sion and are oriented, then, given L ∈ L(E,F), one has signL = signb f L , provided that L
has the associated alg-orientation.

FromDefinitions 4.1, 4.5 and 4.10 one gets the following result (see [3] for further details).

Proposition 4.12 (Sign test of an invertible operator) Let L ∈ Iso(E,F) be alg-oriented.
Then, given any alg-orienting companion A of L, one has

signb f L = signdete(I + L−1A).

Proof Denoting by 0 the null operator of FL(E,F), we get

signb f L = signdete
(
(L + 0)−1(L + A))

)
,

which implies the assertion. 
�

5 Flat topological orientation

In this section we collect some results stated in [2, 6, 7] and discussed in subsequent
papers. Moreover, we will present the concept of topological orientation in an exhaustive
way including new proofs.

Assume, from now on, that the spacesE and F are Banach or, more generally, Banachable.
As pointed out in Sect. 3, in this topological context,L(E,F) denotes the Banachable space of
the bounded linear operators from E to F; so that, its subset �0L(E,F) is open (see Property
3 of Proposition 3.5). Furthermore, as the reader can check, if Iso(E,F) is nonempty and
nontrivial, one has the following two inclusions:

Iso(E,F) ⊂ �0L(E,F) ⊆ Iso(E,F).

the second one being an equality if (and only if) E and F are finite dimensional. Thus, we
will tacitly assume that Iso(E,F) is nonempty and nontrivial; so that, some operators of
�0L(E,F) are non-invertible.

We point out that, ifE andF are infinite dimensional, then the vector space FL(E,F) is not
a closed subset of L(E,F). Consequently, in this case, it is simply an incomplete normable
space, but, important for us, contained in a Banach space.

The following result (compare with Lemma 3.1 in [7]) is a prodrome of the concept of
topological orientation for subsets of �0L(E,F) given in Definition 5.4 below. The proof
here takes into account that Iso(E,F) is an open subset of L(E,F).

Lemma 5.1 (Double stability property) Let A∗ ∈ FL(E,F) be a companion of an operator
L∗ ∈ �0L(E,F). Then, there exist two neighborhoods, U of A∗ in FL(E,F) and W of L∗
in �0L(E,F), such that A is an L-companion for any (A, L) ∈ U ×W.

Proof Since the spaces E and F are Banach, the set Iso(E,F) is open in L(E,F). Therefore,
there exists a neighborhood �̂ of (A∗, L∗) in L(E,F)2, such that, for any (A, L) ∈ �̂, L + A
is invertible. Thus,

� = �̂ ∩ (
FL(E,F)×L(E,F)

)
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is a neighborhood of (A∗, L∗) in FL(E,F)×L(E,F).We claim that� is actually contained in
FL(E,F)×�0L(E,F). In fact, take (A, L) ∈ �. Since L+ A is invertible, it is, in particular,
Fredholm of index zero. Thus, Property 2 of Proposition 3.2 implies that (L + A) − A is as
well a �0-operator.

The assumption implies (A∗, L∗) ∈ �, thus there exists a neighborhoodU×W of (A∗, L∗)
such that, for any (A, L) ∈ U ×W , A is an L-companion. 
�

The following property of the sign of the extended determinant holds despite the fact that
the function dete : AL(E) → R is possibly discontinuous (see [9] for an example in the real
Hilbert space �2).

Lemma 5.2 (Sign stability of the extended determinant) The following subsets of AL(E) are
relatively open:

AL(E)+ = {L : dete(L) > 0} and AL(E)− = {L : dete(L) < 0}.
Proof Since E is Banach, the subset GL(E) of L(E) is open. Take L∗ ∈ AL(E)+. This
implies L∗ ∈ GL(E). Hence, there exists an open ball B, centered at L∗ and contained in
GL(E). Consider any L ∈ B. It is enough to prove that dete(L) > 0.

Let E′ be a finite dimensional subspace of E containing both the images of I − L∗ and
I −L . So that, for any t ∈ [0, 1], the (nonzero) extended determinant of	t = t L+(1− t)L∗
coincides with det(	t |E ′), and the assertion follows from the continuity of the classical
determinant. For AL(E)− the argument is the same. 
�

The next result (obtained in [7, Lemma 3.1]) shows that, in the context of Banach spaces,
the L-equivalence relation introduced in Definition 4.1 enjoys a sort of complete stability.
We present here a new proof.

Proposition 5.3 (Triple stability property) Assume that A∗ and B∗ are two equivalent
[non-equivalent] companions of an operator L∗ ∈ �0L(E,F). Then, there exist three neigh-
borhoods, U and V respectively of A∗ and B∗ in FL(E,F), and W of L∗ in �0L(E,F),
such that, for any A ∈ U, B ∈ V and L ∈ W, A and B are equivalent [non-equivalent]
L-companions.

Proof As a consequence of Lemma 5.1 there exist three neighborhoods, U and V of A∗ and
B∗ in FL(E,F), and W of L∗ in �0L(E,F), such that, for any A ∈ U , B ∈ V and L ∈ W ,
the operators L + A and L + B are invertible. Thus, for these operators, (L + B)−1(L + A)

is a well defined det-admissible automorphism of E.
Consequently, although the function dete could be discontinuous, the assertion follows

from Lemma 5.2 regarding the stability of the sign of such a function. 
�
We introduce now the basic notion of topological orientation of a subset of �0L(E,F).

Recall Definition 4.4 for the concept of algebraic orientation.

Definition 5.4 (Pre-orientation and top-orientation of a subset of �0L(E,F)) A pre-
orientation of a subset Y of�0L(E,F) is a function ω that to any L ∈ Y assigns an algebraic
orientation ω(L). Such a function is a topological orientation (or a top-orientation) of Y if,
for any L∗ ∈ Y , there exists A∗ ∈ FL(E,F) which belongs to ω(L) for any L ∈ Y suffi-
ciently close to L∗. The set Y is top-orientable if it admits a top-orientation, and top-oriented
if a top-orientation of Y has been given.

From Lemma 5.1 we get an equivalent notion of top-orientation which, in some sense, is
invariant under diffeomorphisms.
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Remark 5.5 (Alternative notion of top-orientation of a subset of �0L(E,F)) Let ω be a
pre-orientation of a subset Y of �0L(E,F). Such a set-valued function is a top-orientation
of Y if, for any L ∈ Y , ω admits a continuous selection defined on a neighborhood of L .

Observe that, if Y ⊆ �0L(E,F) is top-oriented, then any subset of Y receives an induced
top-orientation.

Given A ∈ FL(E,F), taking into account Lemma 5.1 and the assumption that Iso(E,F)

is nontrivial and nonempty, we get that

D(A) := {
L ∈ L(E,F) : L + A ∈ Iso(E,F)

}

is a nonempty open subset of �0L(E,F), hereafter called operator domain of A.
Notice that a topological orientation of a subsetY of�0L(E,F) can be given by a covering

of Y consisting of operator domains, as long as the covering is consistent; meaning that,
whenever L ∈ Y belongs to the intersection of two operator domains, say D(A) and D(B),
then A and B are L-equivalent.

The following definition regards some relevant top-orientable sets of �0-operators. Their
attributes are inherited from the special algebraic orientations in Definitions 4.5, 4.7 and 4.8.

Definition 5.6 (Three special top-orientations)

(1) Whatever is the (non-zero) dimension of E, the sets GL(E) and Iso(E,F) are top-
orientable and admit the natural top-orientation, obtained by assigning the natural
alg-orientation to any operator (recall Definition 4.5).

(2) If E and F have the same finite dimension, then �0L(E,F), which in this case coincides
with L(E,F), is top-orientable. Indeed, choosing one of the two possible orientations of
E×F, one can assign, according to Definition 4.7, the associated alg-orientation to any
operator of L(E,F). This top-orientation will inherit the attribute of being associated.

(3) Analogously, if E is finite dimensional, then L(E) admits the canonical top-orientation,
inherited from Definition 4.8.

In spite of Definition 5.6, in which it is shown that the nonempty set Iso(E,F) is top-
orientable, this could be untrue for the subset�0L(E,F) of Iso(E,F). In fact, in [7, Theorem
3.15] it is proved that, when GL(E) is connected, the containing set �0L(E) is as well
connected but not top-orientable. Therefore, in the infinite dimensional situation, the closure
in �0L(E) of a top-orientable subset of �0L(E) may not be top-orientable.

The connectedness of GL(E) seems a peculiar situation. However, a surprising result of
N. Kuiper (see [10, 19]) asserts that the subset GL(�2) of the real Hilbert space �2 is not only
connected, but it is actually contractible.

As we shall see, an important convex subset of �0L(E) is top-orientable and admits a
special top-orientation that we call standard (see Definition 5.17 below). It is the Leray–
Schauder set LSL(E) consisting of the compact linear perturbations of the identity (recall
Property 2 of Proposition 3.5).

The following result regards an important property of the function signb f .

Lemma 5.7 (Topological stability of signb f ) If Y is any top-oriented connected subset of
Iso(E,F), then all its operators have the same non-zero signb f .

Proof If Y is open, the statement is a straightforward consequence of Definitions 4.10 and
5.4. Thus, the assertion follows from the fact that the top-orientation of Y can be extended
to a connected open subset of Iso(E,F). 
�
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Observe that Lemma 5.7 implies the following assertion regarding the existence of at least
one non-invertible �0-operator:

• If a connected top-oriented subset of �0L(E,F) has two operators with opposite signb f ,
then it admits at least one non-invertible operator.

To show this, let Y denote the given set and assume that the assertion is false. Thus, Y is
contained in Iso(E,F). Therefore, Lemma 5.7 applies, getting a contradiction.

We proceed in this section with the following three subsections:

(1) Maps into �0L(E,F);
(2) Flat �0-maps;
(3) The two-fold covering space over �0L(E,F) and applications.

The first subsection concerns continuous maps into the open subset �0L(E,F) of the
Banachable space L(E,F). Many concepts of a map of this type will be defined in this
subsection. An important one is the topological orientation.

The second deals with �0-maps of the type f : U → V , where U and V are nonempty
open subsets of E and F, respectively. By definition, the attributes of such a map are those
of the differential d f : U → �0L(E,F), according to the notions introduced in the first
subsection.

The last one is dedicated to the construction of a two-fold covering space over�0L(E,F).
This turns out to be an useful tool for dealing with the top-orientation of the maps contem-
plated in the previous two subsections. As we shall see, an important application is the
homotopic transport of the top-orientation.

5.1 Maps into80L(E,F)

The following basic definition extends the notions of pre-orientation and top-orientation
previously given for subsets of �0L(E,F).

Definition 5.8 (Pre-oriented and top-oriented maps into �0L(E,F)) Given a topological
space X and a continuous map � : X → �0L(E,F), a pre-orientation of � is a function ω

that to any x ∈ X assigns to �(x) an alg-orientation ω(x). Such a set-valued function is a
top-orientation if any x ∈ X admits a neighborhood which is the domain of a continuous
selection of ω.

Observe that a subset Y of �0L(E,F) is top-orientable or top-oriented (according to
the two equivalent Definitions 5.4 and 5.5) if and only if so is the inclusion map Y ↪→
�0L(E,F). Moreover, if Y ⊆ �0L(E,F) is top-orientable, then so is any continuous map
from a topological space into Y . In particular, any constant map � : X → �0L(E,F) is
top-orientable.

We introduce now the concept of homotopy of maps into �0L(E,F).

Definition 5.9 (�0L-homotopy) Given a topological space X , a continuous map H from
X × [0, 1] into �0L(E,F) is called a �0L-homotopy. Given a parameter t ∈ [0, 1], Ht

denotes the partial map H(·, t) : X → �0L(E,F) of H at t . Moreover, if ω is a top-
orientation of H, ωt is the partial top-orientation of H at t (also regarded as the restriction
of ω to the set X ×{t}). Any two partial maps are said to be �0L-homotopic.
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5.2 Flat80-maps

By a flat �0-map we mean a function f ∈ �0(U , V ), whereU and V are open sets of E and
F, respectively.

Since the differential of f is a continuous map into �0L(E,F), the following definition
makes sense.

Definition 5.10 (Pre-orientation and top-orientation of a flat �0-map)
A pre-orientation or a top-orientation of a map f ∈ �0(U , V ) is, respectively, a pre-

orientation or a top-orientation of d f : U → �0L(E,F), according to Definition 5.8.

An important example of a flat �0-map is a compact vector field of class C1 defined on
an open subset U of E. Namely, a C1-map f : U → E with the property that the perturbing
map I − f is compact; meaning that it sends bounded sets inside compact sets. In fact, as
already pointed out in Sect. 2, the differential at one point of a compact map of class C1 is a
compact linear operator. Consequently, d f : U → E is a �0-map, because of Property 2 of
Proposition 3.5.

The following important concept regarding homotopies of flat �0-maps is related to
Definition 5.9.

Definition 5.11 (�0-homotopy) LetU and V be two open sets of E and F, respectively, and
assume that K : U ×[0, 1] → V is a continuous map which is C1 with respect to the first
variable. Given a parameter t ∈ [0, 1], let Kt denote the partial map K(·, t). The function K
is called a �0-homotopy if its partial differential with respect to the first variable, defined by

∂1K : U ×[0, 1] → L(E,F), (x, t) �→ d(Kt )x ,

is a �0L-homotopy. Any two partial maps of K are said to be �0-homotopic.

Observe that two partial maps of K are �0-homotopic if and only if the corresponding
two partial maps of H := ∂1K are �0L-homotopic.

5.3 Flat two-fold covering space and applications

We need the following straightforward consequence of Proposition 5.3.

Corollary 5.12 (Double local top-orientability of �0L(E,F)) Let A∗ and B∗ be two non-
equivalent companions of an operator L∗ ∈ �0L(E,F). Then, Proposition 5.3 ensures the
existence of a neighborhoodW of L∗ such that, for any L ∈ W, A∗ and B∗ are non-equivalent
L-companions. Therefore, one gets two opposite top-orientations of W: ωa and ωb, having
the property that A∗ ∈ ωa(L) and B∗ ∈ ωb(L), for any L ∈ W.

Remark 5.13 (Alternative double local top-orientability of �0L(E,F)) Notice that, in the
assertion of Corollary 5.12, the L∗-companions A∗ and B∗ may be regarded as non-equivalent
(constant) selections of the set-valued function C|W that to any L ∈ W assigns the set C(L)

of the L-companions. An equivalent and less restrictive assertion, which, in some sense,
is invariant under diffeomorphisms of open sets of �0L(E,F), can again be deduced from
Proposition 5.3 simply replacing A∗ and B∗ with two pointwise non-equivalent continuous
selections of C|W . In this way we get two different orientations of W in the spirit of Remark
5.5.
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Hereafter �̂0L(E,F) denotes the set of the alg-oriented �0-operators of L(E,F). That
is,

�̂0L(E,F) = {
(L, α) : L ∈ �0L(E,F), α is an alg-orientation of L

}
.

Corollary 5.12 implies the following assertion (compare with [7, Section 3] where,
however, a precise statement is not given).

Proposition 5.14 (The two-fold covering space over �0L(E,F))
The set �̂0L(E,F) has a unique topology which makes the natural projection

P : �̂0L(E,F) → �0L(E,F), (L, α) �→ L,

a two-fold covering space.

Thus, a remark follows.

Remark 5.15 (Top-oriented maps into �0L(E,F) by means of the covering space) Given a
topological space X and a continuous map � : X → �0L(E,F), the second component ω

of a lift

x ∈ X �→ �̂(x) = (
�(x), ω(x)

) ∈ �̂0L(E,F)

of � is a top-orientation of � according to Definition 5.8.

The top-orientability criterion below can be deduced from Theorem 3.7 on the theory of
covering spaces. Recall that any simply connected space is assumed to be connected.

Proposition 5.16 (Top-orientability criterion for the maps into �0L(E,F)) If a topological
space X is simply connected and locally path connected, then any continuous map � : X →
�0L(E,F) admits exactly two top-orientations. Moreover, given x ∈ X , if α is any of the
two alg-orientations of �(x), then there exists one and only one top-orientation ω of � such
that ω(x) = α.

For example, the above consequence of the theory of covering spaces can be applied to
the Leray–Schauder set LSL(E) of the compact linear perturbations of the identity. In fact,
this set, being convex (it is actually an affine space), is as well simply connected and locally
path connected. Therefore it is top-orientable and admits exactly two top-orientations. One of
them, according to the following definition, will be considered more relevant than the other.

Definition 5.17 (Standard top-orientation of LSL(E)) The unique topological orientation of
LSL(E), which coincides with the natural algebraic orientation at the identity, will be called
standard. Consequently, an important subset of LSL(E) admits the standard orientation, and
this is AL(E).

Thenext result (see also [4, Proposition 2.13]) regards an important property of the function
signb f on the set of det-admissible linear operators.

Lemma 5.18 (The function signb f on AL(E) with the standard top-orientation) If AL(E)

has the standard top-orientation, then, given any L = I − H ∈ AL(E), one has signb f L =
sign(dete(L)). Therefore, as in the finite dimensional case, if the eigenvalues of the perturbing
operator H are counted with their multiplicity and L is invertible, then its signbf is (−1)ρ

where ρ is the number of the eigenvalues bigger than 1 of the perturbing operator H or,
equivalently, the number of the characteristic values of H in the interval (0, 1).
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Proof The assertions are easy consequences of the analogous ones in the finite dimensional
case, taking into account the definition of extended determinant. 
�

Recalling Definition 5.9, from Theorem 3.8 one can deduce the following result, given in
[7], on the homotopic transport of the top-orientation for maps into �0L(E,F).

Proposition 5.19 (Homotopic transport of the top-orientation for maps into �0L(E,F))
Given a topological space X , let H : X ×[0, 1] → �0L(E,F) be a homotopy. Assume that
a partial map Ht : X → �0L(E,F) of H has a top-orientation α. Then, there exists one
and only one top-orientation ω of H whose partial top-orientation ωt coincides with α.
In particular, if two maps from X into �0L(E,F) are �0L-homotopic, then they are both
top-orientable or both not top-orientable.

Regarding the flat �0-maps, we get some useful results related to the theory of covering
spaces. As before U and V are open subsets of real Banach spaces.

The following result is a consequence of Theorem 3.7 and Definition 5.10.

Theorem 5.20 (Top-orientation of a flat �0-map) If the domain U of a function f ∈
�0(U , V ) is simply connected, then f admits exactly two top-orientations, opposite to each
other.

The next notion makes sense because of Definitions 5.10 and 5.17.

Definition 5.21 (Standard top-orientation of a C1 compact vector field) Given an open
subset U of E and a C1 compact vector field f on U , the standard top-orientation of f is
the one induced on d f : U → LSL(E) by the standard top-orientation of LSL(E).

As a straightforward consequence of Proposition 5.19 we get a result on the homotopic
transport of the top-orientation for flat �0-maps. Recall Definition 5.11 for the notion of
�0-homotopy.

Theorem 5.22 (Homotopic transport of the top-orientation for flat �0-maps) Assume that
a partial map Kt : U → V of a �0-homotopy K has a top-orientation α. Then, there exists
one and only one top-orientation ω of K whose partial top-orientation ωt coincides with
α. In particular, if two flat �0-maps from U into V are �0-homotopic, then they are both
top-orientable or both not top-orientable.

6 Non-flat topological orientation

In this section we present the concept of topological orientation in the non-flat setting (see
[2, 6, 7]).

Given two manifolds M and N , we consider the set of triples

L+(M,N ) = {
(p, q, L) : p ∈ M, q ∈ N , L ∈ L(TpM, TqN )

}
,

that, in some sense, can be regarded as a non-flat extension of the space L(E,F).
This set will be given the structure of real Banach manifold modeled on the Banachable

space G = E×F×L(E,F). In fact, let φ : U → E be a chart of M and ψ : V → F a chart
of N , then the map

(φ, ψ)+ : L+(U , V ) → G, (p, q, L) �→ (
φ(p), ψ(q), dψq L (dφp)

−1),
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is a chart of L+(M,N ). The collection of these maps is an atlas giving L+(M,N ) the
structure of a manifold.

From now on, we will assume that the open subset

�0L+(M,N ) = {
(p, q, L) : p ∈ M, q ∈ N , L ∈ �0L(TpM, TqN )

}

of L+(M,N ), considered in [7], is nonempty. This set may be regarded as the non-flat
analogous of the flat manifold �0L(E,F) previously introduced.

Here is the basic notion of topological orientation of a subset of �0L+(M,N ).

Definition 6.1 (Pre-orientation and top-orientation of a subset of �0L+(M,N )) LetY+ ⊆
�0L+(M,N ). A pre-orientation of Y+ is a function ω that to any r+ = (p, q, L) ∈ Y+
assigns an algebraic orientation ω(r+) of L . Such a set-valued function is, in addition, a
topological orientation (or a top-orientation) of Y+, if any element of Y+ admits a relative
neighborhoodwhich is the domain of a continuous selection ofω. The setY+ is top-orientable
if it admits a top-orientation, and top-oriented if a top-orientation of Y+ has been given.

Hereafter any nonempty open subset of �0L+(M,N ) will be called a patch (of
�0L+(M,N )), so that a patch could be top-oriented or not top-oriented, top-orientable
or not top-orientable. Obviously, any nonempty open subset V+ of a top-oriented patch U+
inherits a top-orientation from U+. Equivalently, we may say that, if V+ is connected, the
top-orientation of V+ is induced by that of U+. A collection of top-oriented patches will
be said compatible if any two patches either are disjoint or induce the same top-orientation
on the intersection. Observe that �0L+(M,N ) is top-orientable if and only if it admits a
compatible covering of top-oriented patches.

Analogously to the above section, also in this one we proceed, for the convenience of the
reader, with three subsections:

(1) Maps into �0L+(M,N );
(2) Non-flat �0-maps;
(3) Non-flat two-fold covering space and applications.

The first concerns continuous maps into the manifold �0L+(M,N ) and the related
notions of pre-orientation and top-orientation for these maps. The most significant results
concerning such maps will be obtained in the last subsection by means of the covering space
theory. An important one is the homotopic transport of the top-orientation.

The second deals with �0-maps between manifolds (recall Definition 3.6), whose notion
of top-orientation will be given in this subsection by using charts (see [6]). This simple
approach has the advantage of reducing the problem to the flat case, but the disadvantage of
not utilizing the powerful covering space theory in order to obtain important properties of
the concept of top-orientation that will be discussed in the third subsection.

Finally, in the last subsectionwe apply the covering space theory to get useful results (some
of them obtained in [7]) on the top-orientation and top-orientability of the maps considered
in the previous two subsections.

6.1 Maps into80L+(M,N )

The following is an extension of the concept of topological orientation given in Definition
6.1 for subsets of the manifold �0L+(M,N ).

Definition 6.2 (Pre-orientation and top-orientation of maps into �0L+(M,N )) Let X be
a topological space and �+ : X → �0L+(M,N ) a continuous map. Given any x ∈ X ,
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consider the triple �+(x) = (px , qx , Lx ). A pre-orientation of �+ is a function ω that
for any x ∈ X assigns to Lx an alg-orientation ω(x). Such a set-valued function is a top-
orientation if any x ∈ X admits a neighborhoodwhich is the domain of a continuous selection
of ω.

Similarly to the flat case, a subset Y+ of �0L+(M,N ) is top-orientable or top-oriented,
according to Definition 6.1, if and only if so is the inclusion map Y+ ↪→ �0L+(M,N ).

Here is the notion of homotopy of maps into �0L+(M,N ).

Definition 6.3 (�0L+-homotopy) Given a topological space X , a continuous mapH+ from
X×[0, 1] into �0L+(M,N ) is called a �0L+-homotopy. Given a parameter t ∈ [0, 1],H+

t
denotes the partial map H+(·, t) : X → �0L+(M,N ) of H+ at t . Moreover, if ω is the
top-orientation of H+, ωt denotes the partial top-orientation of H+ at t (also regarded as
the restriction of ω to the set X×{t}). Any two partial maps are said to be �0L+-homotopic.

6.2 Non-flat80-maps

Let f : M → N be a �0-map between manifolds. The following definition regards the
simple notion of pre-orientation of f .

Definition 6.4 (Pre-orientation of a non-flat �0-map) A pre-orientation of f is a function
that to any p ∈ M assigns an alg-orientation to the differential d f p : TpM → T f (p)N .

The notion of pre-oriented composition for �0-maps is as follows.

Definition 6.5 (Pre-oriented composition of two pre-oriented �0-maps) Given two pre-
oriented �0-maps, f : M → N and g : N → O, the pre-orientation of the composite map
g ◦ f is given pointwise; that is, by assigning to any p ∈ M the alg-orientation, according
to Definition 4.9, of the composite operator dgqd f p ∈ L(TpM, TrO), where q = f (p) and
r = g(q).

According to the comment after Definition 4.9, the above composition is associative, so it
makes sense the pre-oriented composition of more than two pre-oriented non-flat �0-maps.

Whenever it makes sense, a pre-orientation of f inherits some additional properties from
the corresponding properties of the alg-orientation of its differential. More precisely, from
Definitions 4.5, 4.7 and 4.8 one gets three particular pre-oriented non-flat �0-maps.

Definition 6.6 (Three special pre-oriented non-flat �0-maps) A pre-orientation of f will
be called natural, associated and canonical if the differential of f has the corresponding
property. In particular, the last one, which is a special case of the associated pre-orientation,
concerns only the case of a self-map of a connected, orientable, finite dimensional manifold.

Unless otherwise specified, in the composition of pre-oriented �0-maps, any diffeomor-
phism will be tacitly considered naturally pre-oriented.

Definition 6.7 (Top-orientation of a non-flat �0-map by means of charts) Let f be a �0-
map between two manifolds M and N . A pre-orientation of f is a top-orientation if, given
any two naturally pre-oriented charts ψ : V → F of N and φ : U → E of M such that
f (U ) ⊆ V , the flat pre-oriented composition

ψ ◦ f ◦ φ−1 : φ(U ) → V

is a top-oriented map, according to Definition 5.10.
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The reader can check that an equivalent notion of top-orientation of a�0-map f : M → N
can be given by considering the map

d f + : M → �0L+(M,N ), defined by p �→ (p, f (p), d f p),

and applying Definition 6.2.
The next definition regards three types of top-orientations for non-flat �0-maps. They

derive from Definition 6.6 and are still called natural, associated and canonical. The latter
is a special case of the associated orientation, and will be considered only if f is a self-map
of a connected, finite dimensional, orientable manifold M. The name “canonical” is due to
the fact that the associated top-orientation of f ∈ �0(M) does not depend on the chosen
orientation of M.

Definition 6.8 (Three special top-oriented �0-maps)
(Natural)A special top-orientation of a non-flat�0-map is the natural one, which makes

sense whenever f : M → N is a diffeomorphism (or, more generally, a local diffeomor-
phism): given any x ∈ M, according to Definition 4.5, one assigns the natural alg-orientation
to the differential d fx .

(Associated) Given a C1 map f : M → N between two finite dimensional oriented
manifolds of the same dimension, one can assign to f the top-orientation which is associated
to the orientations of M and N : to any differential d fx one assigns the alg-orientation
associated to the orientations of TxM and T f (x)N , according to Definition 4.7.

(Canonical) If f is a self-map of a connected, orientable, finite dimensional manifold
M, one can assign to f the canonical top-orientation: the one which is associated to any
orientation of M, provided that it is the same as domain and as codomain of f .

6.3 Non-flat two-fold covering space and applications

In this subsection we define a two-fold covering space whose base space is the manifold
�0L+(M,N ) and the total space the set �̂0L+(M,N ) given by

{
(p, q, L, α) : (p, q, L) ∈ �0L+(M,N ), α is an alg-orientation of L

}
.

We will show that this set is as well a manifold and the natural projection
P+ : (p, q, L, α) �→ (p, q, L) is a two-fold covering space.

For this purpose we need the following non-flat local orientability result, which is a
consequence of Corollary 5.12, taking into account Remark 5.13, Definition 6.1, and the fact
that �0L+(M,N ) is locally diffeomorphic to a flat manifold.

Corollary 6.9 (Double local top-orientability of �0L+(M,N )) Consider the set-valued
map C that to any r+ = (p, q, L) ∈ �0L+(M,N ) assigns the set C(L) of the companions
of L. Then, each r+ ∈ �0L+(M,N ) admits a neighborhood which is the domain of two
pointwise non-equivalent continuous selections of C (in the sense of Remark 5.13).

Corollary 6.9 implies the following assertion (see [7, Section 3]).

Proposition 6.10 (The two-fold covering space over �0L+(M,N ))
The set �̂0L+(M,N ) is a manifold whose corresponding natural projection

P+ : �̂0L+(M,N ) → �0L+(M,N ), (p, q, L, α) �→ (p, q, L)

is a two-fold covering space.
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Because of Proposition 6.10, the following notion of topological orientation for maps into
�0L+(M,N ) makes sense, and is equivalent to the one given in Definition 6.2.

Definition 6.11 (Covering notion of top-orientation for a �+-map) Let �+ be a continuous
map from a topological space X into �0L+(M,N ). A top-orientation of �+ is the second
component ω of a lift �̂+ = (�+, ω) : X → �̂0L+(M,N ). The map �+ is called top-
orientable if it admits a top-orientation, and top-oriented if a top-orientation has been chosen.
A subset Y+ of �0L+(M,N ) is top-orientable or top-oriented if so is the inclusion map
Y+ ↪→ �0L+(M,N ).

The following orientability criterion can be deduced from Theorem 3.7 on the theory of
covering spaces.

Proposition 6.12 (Top-orientability criterion for a �+-map) Let �+ be a map into
�0L+(M,N ) defined on a simply connected and locally path connected topological space.
Then �+ admits exactly two (opposite) top-orientations.

Recalling Definition 6.3, Theorem 3.8 implies the following result on the homotopic
transport of the top-orientation for maps into �0L+(M,N ).

Proposition 6.13 (�0L+-homotopic transport of the top-orientation) Given a topological
space X , consider the homotopy H+ : X ×[0, 1] → �0L+(M,N ). Assume that a partial
map H+

t : X → �0L+(M,N ) of H+ has a top-orientation α. Then, there exists one and
only one top-orientation ω of H+ whose partial top-orientation ωt coincides with α. In
particular, if two maps from X into �0L+(M,N ) are �0L+-homotopic, then they are both
top-orientable or both not top-orientable.

The following notion of top-orientation of a non-flat �0-map is equivalent to Definition
6.7 given by means of charts. However, this alternative point of view turns out to be useful
for deducing important properties based on the theory of covering spaces.

Definition 6.14 (Top-orientation of a non-flat �0-map by means of covering spaces) Let
f : M → N be a �0-map between two manifolds. A top-orientation of f is, according to
Definition 6.11, a top-orientation of the map

d f + : M → �0L+(M,N ), x �→ (x, f (x), d fx ).

As a direct consequence of Proposition 6.12 and Definition 6.14 we get the following
top-orientability criterion for �0-maps between manifolds. Recall that a simply connected
topological space is assumed to be connected.

Proposition 6.15 (Top-orientability criterion for�0-maps betweenmanifolds) Let f : M →
N be a �0-map between two manifolds. If M is simply connected, then f admits exactly
two (opposite) top-orientations.

Perhaps, the simplest example of a not top-orientable �0-map is a constant self-map f
of the 2-dimensional real projective space P2 (see [7]). This is a consequence of the fact that
even dimensional real projective spaces are not orientable. Observe that, unlike in the flat
case, here the map that to each x ∈ P

2 assigns the differential d fx is not constant.
Now we introduce the concept of �0-homotopy between two manifolds, as well as the

notion of its top-orientation.
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Definition 6.16 (Homotopy of �0-maps between manifolds) Given two manifolds M and
N , a homotopy H : M×[0, 1] → N is a �0-homotopy if it is continuously differentiable
with respect to the first variable, and such that, given any parameter t ∈ [0, 1], the partial
map Ht belongs to �0(M,N ). Any two partial maps of a �0-homotopy are said to be �0-
homotopic. A top-orientation of H is, according to Definition 6.11, a top-orientation of the
map

(∂1H)+ : M×[0, 1] → �0L+(M,N ), (x, t) �→ (x,H(x, t), d(Ht )x ),

where ∂1 denotes the partial differential with respect to the first variable.

Letω be a top-orientation of a�0-homotopyH : M×[0, 1] → N and observe that, given
any parameter t ∈ [0, 1], ωt := ω(·, t) is a top-orientation of the partial map Ht , called the
partial top-orientation of H at t . Conversely, one has the following consequence of Theorem
3.8 on the theory of covering spaces (see [7]).

Proposition 6.17 (Homotopic transport of the top-orientation for �0-maps) Let α be a top-
orientation of a partial map Ht : M → N of a �0-homotopy H. Then, there exists one
and only one top-orientation ω of H whose partial top-orientation ωt coincides with α.
Consequently, if two maps from M into N are �0-homotopic, then they are either both
top-orientable or both not top-orientable.

Recall that the identity map of any manifold is top-orientable. In fact, it admits the natural
top-orientation (see Definition 6.8). Therefore, Proposition 6.17 implies that any self-map
of a manifold which is �0-homotopic to the identity is top-orientable. This property agrees
with a well known fact: if a compact connected manifold is not orientable, then it is not
contractible.

7 Topological degree

Here we present some applications of the concept of top-orientation to a special topological
degree for �0-maps between real Banach manifolds, whose construction goes back to the
articles [6, 7]. Such a degree is an integer-valued function, here called bf-degree to distinguish
it from other degrees, whose domain is a family of triples, called admissible (see Definition
7.1 below).

As in the previous sections, M and N are real Banach manifolds, while E and F are real
Banach spaces, possibly considered as flat manifolds. Obviously, the symbols M and N
are generic: they could represent open subsets of manifolds, or open subsets of real Banach
spaces. As before, we assume that, given any x ∈ M and any y ∈ N , the set Iso(TxM, TyN )

is nonempty.

Definition 7.1 (admissible triples) Given two manifolds M and N , a triple ( f ,U , y) is
admissible (for the bf-degree), if the following conditions are satisfied:

• f is a continuous N -valued map defined on a subset D( f ) of M;
• U is a possibly empty open subset of D( f );
• the restriction of f to U is a top-oriented �0-map;
• y ∈ N is such that U ∩ f −1(y) is a possibly empty compact set.
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7.1 The axiomatic approach

As in the work of Amann–Weiss [1] regarding the uniqueness of the Leray–Schauder degree
(hereafter called LS-degree) satisfying three axioms (Normalization, Additivity and Homo-
topy Invariance), in [8, Section 5] it is shown that as well the bf-degree is the unique integer
valued function, degb f , defined on the class of the admissible triples and satisfying the
following three Fundamental Properties:

• (Normalization) If f : U → N is a naturally top-oriented diffeomorphism onto an open
subset of N , then

degb f ( f ,U , y) = 1, ∀y ∈ f (U ).

• (Additivity) Let ( f ,U , y) be an admissible triple. If U1 and U2 are two disjoint open
subsets of U such that U ∩ f −1(y) ⊆ U1 ∪U2, then

degb f ( f ,U , y) = degb f ( f |U1 ,U1, y) + degb f ( f |U2 ,U2, y).

• (Homotopy Invariance) Suppose thatH : U×[0, 1] → N is a top-oriented�0-homotopy
and γ : [0, 1] → N is a continuous path. If the set

{
(x, t) ∈ U ×[0, 1] : H(x, t) = γ (t)

}

is compact, then degb f (H(·, t),U , γ (t)) does not depend on t ∈ [0, 1].

7.2 Consequences of the axiomatic approach

Let f : M → N be a �0-map. It is folklore to call point any element of the domainM of f
and value any element of the codomain N . A point x is said to be regular if the differential
d fx : TxM → T f (x)N is an isomorphism, and critical otherwise. An element y ∈ N is a
regular value if f −1(y) does not contain critical points, otherwise it is a critical value. The
celebrated Sard’s Lemma [24] implies that, in the finite dimensional case, the set of regular
values of f is dense in N . As pointed out in [6], the same statement can be deduced, by an
appropriate finite dimensional reduction, also in the infinite dimensional situation (see [25]
for some particular infinite dimensional cases).

Here are some useful consequences of the three Fundamental Properties of the bf-degree
(see [8] for details).

• (Localization) If ( f ,U , y) is admissible, then so is ( f |U ,U , y) and

degb f ( f |U ,U , y) = degb f ( f ,U , y).

• (Excision) If ( f ,U , y) is admissible and V is an open subset ofU such thatU∩ f −1(y) ⊆
V , then

degb f ( f , V , y) = degb f ( f ,U , y).

• (Existence) If ( f ,U , y) is admissible and degb f ( f ,U , y) �= 0, then the equation f (x) =
y admits at least one solution in U .

• (Computation Formula) If ( f ,U , y) is admissible and y is a regular value for f on U ,
then the set U ∩ f −1(y) is finite and

degb f ( f ,U , y) =
∑

x∈U∩ f −1(y)

signb f d fx , (7.1)
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with the convention that the sum is zero if U ∩ f −1(y) is empty.

Observe that, if U ∩ f −1(y) = ∅, the above convention regarding the sum agrees with
the following two facts: y is a regular value for f inU ; the integer degb f ( f ,U , y) is zero as
a consequence of the Existence Property.

Sometimes the class of the admissible triples is too broad for some applications. Therefore,
a distinguished subclass is defined as follows. Recall that a propermap betweenmetric spaces
sends closed sets onto closed sets.

Definition 7.2 (Strictly admissible triples) An admissible triple ( f ,U , y) is strictly
admissible if it satisfies the following three additional properties:

• the closure U of U is contained in the domain D( f ) of f ;
• the map f is proper on U ;
• the target value y belongs to the open set N \ f (∂U ).

Observe that, if ( f ,U , y) is strictly admissible, then the compact set U ∩ f −1(y) is
contained in U , therefore the integer degb f ( f ,U , y) is well defined.

For the strictly admissible triples one gets the following straightforward consequence of
the Homotopy Invariance Property.

• (Continuous Dependence) The integer valued function degb f ( f ,U , ·) is constant on any
connected component of the open set N \ f (∂U ).

Moreover, as one can check, for the strictly admissible triples, the Homotopy Invariance
Property admits the following special formulation (recall Definition 6.16).

• (Special Homotopy Invariance) Let U be an open subset ofM and y ∈ N . Assume that
H : U ×[0, 1] → N is a proper map whose restriction to U ×[0, 1] is a top-oriented
�0-homotopy. If

H(x, t) �= y, for all (x, t) ∈ ∂U × [0, 1],
then degb f (H(·, t),U , y) does not depend on t ∈ [0, 1].
As a simple example of an admissible triple which is not strictly admissible consider

(exp,R, y), where the exponential function is canonically top-oriented (recall Definition
6.8) and y ∈ R is arbitrary. Observe that exp is not a proper map and degb f (exp,R, ·) is
discontinuous at 0 ∈ R.

Suppose that an admissible triple ( f ,U , y) satisfies the following properties:

• U = M = N ,
• f is a proper map,
• M is connected.

Then, ( f ,U , y) = ( f ,M, y) is strictly admissible, ∂M = ∅, and the above Continuous
Dependence Property implies that degb f ( f ,M, y) does not depend on y. Therefore, in this
case, the integer degb f ( f ,M, y) could simply be denoted by degb f ( f ). With this notation,
no information is lost, since, formally, a map is a triple: domain, codomain and graph.

A significant example of the above simplified notation is when M is the complex plane
C regarded as R2 and f is a complex polynomial P with positive algebraic degree that,
being P a self map of a connected orientable finite dimensional space, we tacitly assume to
be canonically top-oriented (recall Definition 6.8). In this case we have the following result
whose proof, given in [5, Section 2.6], does not require the Fundamental Theorem ofAlgebra.
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Theorem 7.3 (Equality between the bf-degree and the algebraic degree of a non-constant
polynomial) Let P be a complex polynomial of positive algebraic degree. Then, regarding
C as R2, P is a proper map and degb f (P) is the same as its algebraic degree. Consequently,
because of the existence property of the bf-degree, P has at least one root.

Proof The map P is proper, since lim|z|→∞ |P(z)| = ∞. Hence, degb f (P) is a well defined
integer. Let n > 0 be the algebraic degree of P . Given any z ∈ C, we have P(z) = azn+Q(z),
with a ∈ C different from zero and Q a (possibly null) polynomial of algebraic degree less
than n.

The same proof showing that P is a proper map can be adapted to the homotopyH : C×
[0, 1] → C, given by H(z, t) = azn + t Q(z). Thus, the Homotopy Invariance Property of
the bf-degree implies degb f (P) = degb f (H(·, 0)). From the Computation Formula (7.1) we
easily get degb f (H(·, 0)) = n. In fact, the equation azn = a has exactly n solutions (the
well-known roots of the monomial zn), each of them being regular and having orientation
preserving differential. Thus, the Computation Formula implies the assertion. 
�

The following result shows that, under appropriate assumptions, the bf-degree for �0-
maps between oriented manifolds of the same finite dimension is the same as the Brouwer
degree (hereafter denoted Br-degree). A key hypothesis is that the top-orientation of the
considered map is the associated one (recall Definition 6.8).

Proposition 7.4 (Equality between the Brouwer degree and the bf-degree) Let M and N
be two oriented real manifolds of the same finite dimension. Assume that f : U → N is a
proper map defined on the closure of an open subset U of M. If f is C1 on U, it has the
associated orientation, and the target value y ∈ N does not belong to the closed set f (∂U ),
then degb f ( f ,U , y) = degBr ( f ,U , y).

Proof The assertion follows easily by comparing theComputation Formulas for the bf-degree
(in Sect. 7.2 above) and for the Br-degree (see, for example, [17, 21]), and by taking into
account the following three facts:

• since f |U has the associated top-orientation, then signb f d fx = signd fx for any x ∈ U
(see Remark 4.11);

• because of Sard’s Lemma, the set of regular values of f |U is dense in N ;
• both degrees are locally constant as functions of the target value.


�

7.3 Comparison of degrees for compact vector fields

Let f be a compact vector field defined on the closure U of an open subset U of E. Assume
that the restriction f |U of f toU is of classC1. Thus, as pointed out in Sect. 2, the differential
d( f |U ) is a continuous map fromU into the affine subspace LSL(E) of L(E). Therefore, in
this case, we shall tacitly assume that f |U inherits the standard top-orientation according to
Definition 5.21.

Suppose, in addition, that f is a proper map and that y ∈ E does not belong to the closed
set f (∂U ). Thus, the triple ( f ,U , y) is strictly admissible and, consequently, degb f ( f ,U , y)
is a well defined integer, depending only on the connected component of the open set E \
f (∂U ) containing y (recall the aboveContinuousDependenceProperty for strictly admissible
triples).
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Obviously, under these assumptions, the open setU may coincide withE, so that ∂U = ∅,
which implies that degb f ( f ,U , y) does not depend on y ∈ E. As already pointed out, in this
case, such an integer could simply be denoted by degb f ( f ), and this includes the situation in
which f is a non-constant complex polynomial regarded as a self-map of R2.

As observed in [7], if U is bounded and the compact vector field f : U → E is C1 on U ,
then the bf-degree is the same as the Leray–Schauder degree (see Theorem 7.7 below). The
proof of such a result requires two preliminary lemmas.

Lemma 7.5 (UniformC1-approximation by finite vector fields) Let f : U → E be a compact
vector field defined on the closure of a bounded open subset of E. Assume that f is C1 on
U. Then, given ε > 0, there exists a compact vector field g : U → E with the following
properties:

• I − g maps U into a finite dimensional subspace of E;
• ‖ f (x) − g(x)‖ ≤ ε for all x ∈ U;
• the restriction of g to U is of class C1.

Proof Put k := I − f and let E be a finite ε-net of the totally bounded subset k(U ) of E. Let
E1 be a finite dimensional subspace of E containing E and consider any closed complement
E2 of E1. So that, we have the splitting E = E1 ⊕ E2 and the associated projections �1 and
�2.

Put h := �1 ◦ k and define g := I − h; so that the first statement of the thesis is satisfied.
To prove the second one, take any x ∈ U and consider the equality

‖ f (x) − g(x)‖ = ‖�1(k(x)) − k(x)‖.
Choosing x1 ∈ E such that ‖k(x) − x1‖ ≤ ε and taking into account that the condition
E ⊂ E1 implies x1 − �1(x1) = 0, we get

‖ f (x) − g(x)‖ = ‖�1(k(x)) − �1(x1) + x1 − k(x)‖ ≤ ε‖�1‖ + ε ≤ 2ε‖�1‖,
and the second statement follows from the arbitrariness of ε. The last statement of the thesis
is a consequence of the fact that �1, as a linear operator, is a C∞-map. 
�

The following result regarding the bf-degree is, in a certain sense, the homologue of what
for the LS-degree is the well-posed definition of degree given by Leray and Schauder in [20]
via finite dimensional approximation.

Lemma 7.6 (Finite dimensional reduction of the bf-degree) Let f and g be as in Lemma 7.5.
Consider a finite dimensional subspace E1 of E containing both y and the image of I − g.
Denote by g1 the restriction of g to U1 := U ∩E1, as domain, and to E1, as codomain. Then,
if g is sufficiently close to f , one has degb f ( f ,U , y) = degBr (g1,U1, y).

Proof If g is sufficiently close to f , the Homotopy Invariance Property of the bf-degree
implies degb f ( f ,U , y) = degb f (g,U , y). Hence, we need to prove that

degb f (g,U , y) = degBr (g1,U1, y).

Because of Proposition 7.4, we get degBr (g1,U1, y) = degb f (g1,U1, y). Therefore, it
remains to show that

degb f (g,U , y) = degb f (g1,U1, y). (7.2)
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Taking into account that the bf-degree is locally constant with respect to the target value y,
we may assume, because of Sard’s Lemma, that y is a regular value for the finite dimensional
map g1 : U1 → E1.

Observe that the set g−1(y) is contained in the finite dimensional space E1 and,
consequently, it coincides with g−1

1 (y), and y is as well a regular value for g.
Finally, the equality (7.2) is a consequence of the Computation Formula for the bf-degree.

In fact, consider any x ∈ g−1(y) = g−1
1 (y). If x is regarded as a point of U , then dgx is a

det-admissible operator and its bf-sign is sign(dete(dgx )). Taking into account the definition
of the extended determinant, we get dete(dgx ) = det(d(g1)x ). Otherwise, if x is regarded as a
point ofU1, then signb f d(g1)x = signdet(d(g1)x ). Hence, signb f dgx = signb f d(g1)x ,∀x ∈
g−1(y) = g−1

1 (y), and this implies the equality (7.2). 
�
We conclude this Section with the following result.

Theorem 7.7 (Equality between the bf-degree and the LS-degree) Let f : U → E be a
compact vector field defined on the closure of a bounded open subset U of E. Assume that
the restriction of f to U is of class C1 and has the standard top-orientation. Then, given any
target value y /∈ f (∂U ), one has

degb f ( f ,U , y) = degLS( f ,U , y).

Proof Let g be an ε-approximation of f as in Lemma 7.5. Consider a finite dimensional
subspace E1 of E containing both the image of I − g and the target value y. Denote by g1
the restriction of g to U1 = U ∩ E1 and regard it as a map with codomain E1. According to
the definition of the Leray–Schauder degree given in [20], if ε is sufficiently small, one has
degLS( f ,U , y) := degBr (g1,U1, y). The assertion now follows from Lemma 7.6. 
�

8 Concluding remarks

As stated in the Introduction, this work is mainly a comprehensive exposition of the concept
of orientation for Fredholm maps of index zero between real Banach manifolds and its
application to the construction of a topological degree, namely, the bf-degree, for this kind
of maps.

This theory was first presented in [6, 7] in the late 1990s. Over the following years, various
aspects were explored and clarified. In [9], new results were obtained on the orientation of
Fredholm linear operators between Banach spaces, while in [8] it was shown that, as for
the Brouwer degree and the Leray-Schauder degree, the bf-degree is unique starting from
three suitable conditions and could be obtained from them axiomatically. Finally, in the three
recent works [3–5], new properties have been observed and discussed, which had not been
dealt with in previous years.

This paper presents in a homogeneous and orderly way the topics of orientation and
degree by putting together results that have appeared over the years in a partial way and not
connected to each other, in some cases re-demonstrated in a clearer and more coherent way.
In this section, we summarize the relationship of this work with the papers cited above and
throughout the previous sections.

First of all, let us say that the use of the terminology algebraic and topological orientation
has been adopted in [4], while the notion of pre-orientation appears in [3].

The concept of algebraic orientation of a Fredholm linear operator between vector spaces
has been presented in [6]. In [3] the not immediate construction of the orientation of a

123



Fredholmmaps of index zero between real Banach... 145

composition of Fredholm operators has been clarified. In the present work, this concept is
exposed with more details.

The flat and non-flat topological orientations for nonlinear Fredholm maps between
Banach spaces or Banach manifolds have been introduced in [6], while in [7] the con-
struction is given by using the covering spaces theory. The approach followed here is in the
general spirit of [7]. However, the alternative notions of topological orientation as the choice
of continuous selections in the multivalued maps of pre-orientations as seen in the previous
sections—Remark 5.5, Definition 5.8, Remark 5.13, Definitions 6.1 and 6.2—is a novelty of
this work. In addition, the results regarding the double and triple stability properties, respec-
tively in Lemma 5.1 and Proposition 5.3, are reformulated here with more careful statements
and proofs than the original versions given in [7].

Finally, concerning the degree, in [7] it is studied the comparison of the bf-degree with
the degree introduced by Fitzpatrick, Pejsachowicz and Rabier as well as with that given
by Elworthy and Tromba. In this paper, we analyze differences and similarities between the
bf-degree and the Brouwer degree as well as the Leray–Schauder degree, recalling the notion
of standard orientation for compact vector fields, introduced in [4, 5].
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