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Abstract

The paper is concerned with the derivation of a general imperfect inter-
face law in a linear multiphysics framework for a composite, constituted
by two solids, separated by a thin adhesive layer. The analysis is per-
formed by means of the asymptotic expansions technique. After defining
a small parameter €, which will tend to zero, associated with the thickness
and the constitutive coefficients of the intermediate layer, we characterize
three different limit models and their associated limit problems: the soft
interface model, in which the constitutive coefficients depend linearly on
€; the hard interface model, in which the constitutive properties are inde-
pendent of ¢; the rigid interface model, in which they depend on % The
asymptotic expansion method is reviewed by taking into account the ef-
fect of higher order terms and by defining a general multiphysics interface
law which comprises the above aforementioned models.

Keywords. Asymptotic analysis; interfaces; multiphysics materials.

1 Introduction

During the last decades, the interest in bonded structures, obtained by
assembling different parts made of possibly different materials to compose
a unique construction, is strongly increased. The advantages offered by
the modern bonding techniques are numerous; among the others, it can
be mentioned that they allow the assembly to enhance its mechanical



properties, which are designed to be superior to those of the constituent
materials, and to acquire specific requirements of resistance and comfort.
On the other hand, in bonded structures as well as in composites, the bond
between the various parts may generally be imperfect and discontinuities
in physical fields can arise, which significantly change the mechanical and
physical properties of the material. Hence, a correct theoretical modelling
of imperfect bonding plays an important role in engineering design.

A classical theoretical treatment for bonded region is to assume the
existence of a thin interphase between two adjacent parts. With a di-
minishing thickness, the interphase is replaced by a surface, the so-called
imperfect interface, on which some of the physical fields undergo appro-
priately designed jump conditions, simulating the effect of the interphase
layer. Various interface models have been developed throughout the years
by means of classical variational tools and more refined mathematical tech-
niques, spanning from uncoupled phenomena, such as thermal conduction
and elasticity, to multifield and multiphysics theories, such as continua
with microstructure and piezoelectricity.

In the context of uncoupled phenomena, lowly-conducting (LC) (ther-
mal or electrical) interphases give rise to imperfect interfaces exhibiting
a discontinuity in the temperature field but preserving the continuity
of the normal component of the heat flux, the so-called Kapitza's re-
sistance model, see, e.g., [4, 5, 29]. Conversely, at a highly-conducting
(HC) interface, a jump in the normal component of the heat flux is found,
proportional to the surface Laplacian of the interface potential, see e.g.
[38, 39]. A unifying approach of a general imperfect interface model, in-
volving the concurrent jump of both the temperature field and the normal
heat flux, recovering both the LC and HC models, has been proposed by
[26, 28]. In the setting of linear elasticity, many works have been devoted
in the formulation of interface models, first built on engineering-based
and phenomenological observations and then, rigorously justified with di-
verse mathematical tools. Three types of imperfect interface have been
proposed, namely, the spring-layer interface model (SL) (also known as
soft or weak interface), the coherent interface (CI) (also known as rigid
or strong or membrane-type interface) and the general imperfect inter-
face. According to the SL model, the traction vector is continuous across
the interface, while the displacement vector suffers a discontinuity lin-
early proportional to the traction vector. This model represents a clas-
sical theoretical description of an imperfect interface, firstly proposed by
Goland and Reissner [21] and widely used in engineering applications,
see, e.g., [3, 25, 27]. According to the CI model, the displacement vector
field is continuous across the interface, while the traction vector field suf-
fers a jump discontinuity and satisfies a two-dimensional Laplace-Young
equation. This particular model has been firstly developed for contin-
uum theories with surface effects (see, e.g., [24, 40]) and then employed
in nano-sized materials and structures (see, e.g., [51-53]). Finally, in the
general imperfect model, both the displacement and normal traction fields
are discontinuous across the interface [6-8, 27]. Within the framework of
linear multiphysics theories, several works have suggested a generaliza-
tion of the classical LC/SL and HC/CI interface models, including the
effects of other physical interactions, see, for instance, [13, 16, 42, 50].



Moreover, a general multiphysics imperfect interface model, which can be
specialized to electric (or thermal) conduction, elasticity, piezoelectricity
and piezomagnetoelectricity, has been developed and numerically tested
by [22, 23, 49|, adapting the interface models conceived in [6, 7].

The asymptotic analysis represents a powerful mathematical tech-
nique, usually employed in the derivation and justification of classical
thin structures and layered composites models [12, 18, 47, 48, 54]. This
method relies on the definition of a small parameter ¢, being the thickness
of the interphase. Under the assumption that the interphase elastic coef-
ficients rescale like the power of its small thickness, i.e., €, the analysis
allows to characterize different limit behaviors, by letting € tend to zero:
for p = 1, a soft interface model can be recovered, which correspond to
a SL elastic model, see, for instance, [2, 19, 20, 30, 35]; for p = —1, the
membrane-type elastic or rigid interface model has been mathematically
justified by means of strong convergence arguments in [9-11, 36]. Within
the framework of a higher-order theory, assuming the interphase elastic
constants independent of the small thickness (p = 0), the asymptotic anal-
ysis yields to a general stiff imperfect interface condition, prescribing both
the jumps of the displacement and traction vector fields and recovering
as a particular case the perfect contact conditions at the zero-th order
[1, 14, 31, 32, 41, 43]. Using asymptotic analysis and strong convergence
methods, M. Serpilli generalized the soft and rigid interface conditions to
some particular multiphysics and multifield composites, having piezoelec-
tric and magneto-electro-thermo-elastic couplings [44, 45] or presenting
an internal microstructure (micropolar elasticity, [46]).

1.1 Main objectives and contributions of this work

The aim of this work is to provide a general imperfect interface law tak-
ing into account linear coupled multiphysics phenomena. The interface
conditions will be given in terms of the jumps of the multiphysics state
(kinematical variable) and of its conjugated counterpart (a generalized
traction vector), respectively.

Differently from the approach followed in [6] and extended to linear
multiphysics materials in [22, 23], in which Taylor’s expansions of the
relevant fields are considered, in the present paper the analysis is based
on the asymptotic expansions method. Three different rescaling of the
material parameters for the multiphysics thin interphase are considered
and three limit regimes are analyzed: the soft case, where the material
parameters rescale like the thickness; the hard case, where the material
parameters are independent of the thickness; the rigid case, where the ma-
terial parameters rescale like the inverse of the thickness. For each case,
we compute the governing equations in the adherents and the transmis-
sion conditions on the imperfect interface at order 0 and at higher orders
(order 1) of the asymptotic expansion. The results obtained at higher
orders allow to define non trivial transmission conditions, which better
approximate the linear coupled multifield behavior of the thin interphase.
Afterwards, using an approach already introduced in [41] and based on
matching conditions, we combine the results of the asymptotic analysis
to obtain an original compact general imperfect interface model, which



comprises in itself the three aforementioned limit behaviors. The general
imperfect interface can be then particularized to any linear coupled or
uncoupled multiphysics material. Moreover, the variational formulation
for the general multiphysics interface problem is obtained: this is a key
step to the numerical implementation of the interface conditions and to
study the well-posedness of the limit problem. It is worth mentioning
the unifying character of the general imperfect interface conditions, which
leads to a straight-forward generalization of some previous works by the
authors, see, e.g., [33, 41, 44-46].

Lastly, we must highlight the main difference between our general im-
perfect interface model (cf. eqns. (20)-(21)) and the one proposed, for
instance, in [22, 23|: the present interface model depends just on the con-
stitutive parameters of the interphase layer, whose thickness goes to zero
in the asymptotic process; while concerning the model developed by S.T.
Gu and co-authors [22, 23], which employes Y. Benveniste’s methodology
[6], consisting in the extension of the surrounding bodies to the separation
surface, the interface conditions involve information not only on the thick-
ness of the eliminated interphase, its material properties, but also on the
material properties of the neighbouring media. These additional terms,
depending on the adherents, could lead in some particular situations to
contradictory results (cf. Sect. 6 in [33]).

1.2 Outline of the manuscript

The structure of the present paper is as follows. In Section 2 we give
the preliminary notation and statement the balance equations, with the
rescaling and asymptotic expansions method assumptions. In Section 3,
Section 4 and Section 5, we characterize the three regimes at order 0 and
order 1, namely the soft, hard and rigid cases, respectively. In Section
6, we show that it is possible to group the three limit cases of soft, rigid
and hard interfaces in an unique, implicit, non-local, multifield imper-
fect interface law (cf. eqns. (20)-(21)), which recovers the three cases as
particular cases. In Section 7, a variational formulation for the general
multiphysics interface problem is obtained. In Section 8, we study the
specialization of the general multiphysics imperfect interface equations to
the cases of linear elastic, piezoelectric and thermoelastic material. In Sec-
tion 9, we present an example, referring to the stretching of a piezoelectric
composite. Finally, Section 10 contains some conclusive remarks.

2 Position of the problem

In the sequel, Greek indices range in the set {1,2}, Latin indices range in
the set {1, 2,3}, and the Einstein’s summation convention with respect to
the repeated indices is adopted. Let us consider a three-dimensional Eu-
clidian space identified by R® and such that the three vectors e; form an
orthonormal basis. We also introduce the following notations for, respec-
tively, the scalar product: a-b := a;b;, for all vectors a = (a;) and b =

(bs).-



Figure 1: Initial (a), rescaled (b) and limit (c) configurations of the composite.

Let us define a small parameter 0 < € < 1. We consider the assembly
constituted of two solids Q5 C R3, called the adherents, bonded together
by an intermediate thin layer B° := S x (=5, ) of thickness ¢, called
the adhesive, with cross-section S C R?. In the following B° and S
will be called interphase and interface, respectively. Let S§ be the plane
interfaces between the interphase and the adherents and let Q° := Q5 U
B U Q. denote the composite system comprising the interphase and the
adherents (cf. Figure 1.a).

In the sequel, we denote by || - ||s,o the norm of the Sobolev space
H*(Q;R?), for all d > 1, | - |o.q and (-, -)o.q stand for the norm and the
scalar product in LQ(Q;R"Z)7 respectively. Obviously, the same holds in

%, B, S.

2.1 Constitutive law

We suppose that the composite is constituted of a material which presents
a linear coupled multiphysics behaviour. We assume that the state at
the equilibrium of the multiphysics material is characterized by a col-
lection of order parameters, using the multifield theory jargon (see, e.g.,

[37]): N vector state variables, namely uf,...,u%, and M scalar state
variables, namely ¢i,...,p5,. Let us put together all the unknowns
into a generalized vector field s := (uf,...,u%,¢5,...,9%), the so-

called multiphysics state. With the multiphysics state s°, we associate
its conjugated physical quantity t* = t°(V*s®), where (V°©s%); := s =
(ui;,...,ui: @i, -, ¢0,;) denotes the gradient of s*. The vector field
t° := (o5,...,0%,Djf,...,Dj,) represents a generalized stress field. We
consider the following homogeneous and linear constitutive law:

tE — KEVESE,

where K¢ is a generalized linear constitutive matrix. Component-wise,
one has

{ 05 = eVl + P3, V"¢,
D3 = Rix Vouj + Hi Voei,



with JJ K =1,...,N and I,L = 1,..., M. The constitutive tensor K*
satisfies the classical symmetry and positivity properties.

2.2 Governing equilibrium equation

We assume that the adherents are subject to a generalized system of body
forces F° : Q5 — R3*"*M and surface forces G° : T — R*V*M where
'y C (0925 \ S3) U (09 \ S2). Body and surface forces are neglected
in adhesive layer. On I';, := (995 \ S3) U (992 \ S2) \ I'; homogeneous
boundary conditions are prescribed, so that s°* = 0 on I';;. We assume
that everywhere, near the interphase boundary I'i.: := 9S x (=5, 3),
homogeneous Neumann boundary conditions are applied. The fields of
the external forces are endowed with sufficient regularity to ensure the
existence of equilibrium configuration. It is assumed that the adhesive
and the adherents are perfectly bonded in order to ensure the continuity
of the multiphysics state and generalized stress vector fields across S%.
The differential formulation of the governing equations has the following

structure:
—div t* =F° in Q°,

t°n® = G° on I'g, (1)
€ £
s=0 on I';,
where t°n® := (oin®,...,oc3n®, D] -n°, ..., Dj, - n°) represents the gen-

eralized traction vector on the boundary I'y and n® the outer normal unit
vector to I';. Let us introduce the functional space

V(QF) := {s* € HY(Q%;R3*V*M); s =0 on 'S}

The variational formulation of problem (1) defined on the variable domain
Q° reads as follows:

Find s® € V(Q°) such that @)
AS (s5,1%) + A% (s5,1r°) 4+ A%(s%, 1) = L°(r°),

for all r° := (vi,..., vy, ¥i,...,¥y) € V(Q°), where the bilinear forms
A% (+,+), and A®(-,-) and the linear form L°(-) are defined by
AL (s5,1%) = REVes® - Voride®, A°(s*,r%):= K°Ves® - Vridz®,
Qs Be
LE(rf) = / F°orfde” + [ GT-rfdI”.
Qs re
By virtue of the regularity of the loads, the positivity of the constitutive

matrices and thanks to the Lax-Milgram’s lemma, problem (2) admits one
and only one solution.

2.3 Rescaling

In order to study the asymptotic behavior of the solution of problem
(2) when € tends to zero, we rewrite the problem on a fixed domain §2



independent of e. By using the approach of [12], we consider the bijection
7%z e Qa2 e given by

< 7 (x1, 22, 23) = (21, T2, T3 F %(1 —¢)), forall xcQy,
| 7% (x1,x2,23) = (1, T2,E73), for all z € B,

where, after the change of variables, the adherents occupy Q4+ = Q% £
1(1 — €)es and the interphase B = {z € R® : (z1,22) € S, |z3] < 3}
The sets S+ = {z € R® : (w1,22) € S, 23 = £1} denote the interfaces
between B and Q4 and Q = Q4 UQ_ U B is the rescaled configuration of
the composite. Lastly, I'y and I', indicate the images through 7° of I'j

e . o _ b o _ o

and 'y, (cf. Figure 1.b). Consequently, FoE = Boa and 925 = Bay 1 Q4.
o _ _d o _ 1.0

and D25 = Daa and 925 = = a3 in B.

We assume that the constitutive coefficients of 2% are independent of
e, so that K® = K, while the constitutive coefficients of B present the
following dependences on ¢, so that KRe = EPK7 with p € {—1,0,1}. Three
different limit behaviors will be characterized according to the choice of
the exponent p: in the case of p = —1, we derive a model for a rigid
interface; when p = 0, we derive a model for a hard interface; by choosing
p =1, we deduce a model for a soft interface.

Finally, we suppose that the unknowns, test functions and data verify
the following rescaling assumptions:

s°(z°) =s(z) z€Q, r°(zf)=r(x) x € ),
Fe(z°) =F(z) z€Qt, G°(z°)=G(z) zely,

so that L°(r®) = L(r). By virtue of the previous hypothesis, the rescaled
problem can be written in the following form:

Find s® € V(Q), such that
A_(s°,r) + Ap(s®,r) +ePra(s%, r) +ePb(s%,r) + ePTé(s%, r) = L(r),
()
forallr e V(Q2) :={s € HY(Q;R¥XM). g = 0 onT,}, where the bilinear
forms A4(-,-), a(-,-), b(-,-) and é(-,-) are defined by
Ag(s®,r) = RVs® - Vrdz,
Q4

a(s®,r) ::/ Kass% - r3d,
B

b(s,r) := / {]Kg,asfg, ‘Tt Kagsil -r,3} dz,
B
é(s®,r) ::/ Kapss - T adz,
B
and K;; denote the sub-matrices of K, defined by

" Kos Kas ~ T
K N N K :K
[KM o } &) = K0

We can now perform an asymptotic analysis of the rescaled problem (3).
Since the rescaled problem (3) has a polynomial structure with respect to



the small parameter €, we can look for the solution s° of the problem as
a series of powers of &:

s®=s"+est +e2?2 4+ ...,
§° =8+ e8!t +%8% 4 ..., (4)
§° =848t 42824+ ...

where §° = s° o 7° and §° = s® o #°. By substituting (4) into the rescaled
problem (3), and by identifying the terms with identical power of €, we
obtain, as customary, a set of variational problems to be solved in order
to characterize the limit multiphysics state s°, the first order corrector
term s* and their associated limit problem, for p € {—1,0,1}.

Lastly, matching conditions are introduced based on the continuity of
the generalized traction t®es and multiphyisic state s® at the interfaces
S% in the initial configuration and on the continuity of the traction and
state t%es, §°, t%es, & at the interfaces S+ in the rescaled configuration
(see [33, 41]). Using the matching conditions, any transmission condition
obtained in terms of the rescaled fields t®es and s® can be reformulated on
the limit configuration, which is the geometric limit of the initial config-
uration as the thickness of the adhesive interface € tends to zero. This is
possible because the matching conditions provide a link between the fields
evaluated at 23 = 0% and the rescaled fields evaluated at z3 = (£1/2)*.
In particular, following the approach by [33, 41], since the adhesive and
the adherents are perfectly bonded together, the continuity of the multi-
physic state is verified, so that s°(2°, ££) = §°(&,+45) = §°(Z,+3). By
developing in Taylor’s series along x3 and taking into account the asymp-
totic expansions (4)1, we have:

s° (2%, +5) = s°(2%,0%) £ 5=5%(2°,0%) +... =

5
=5s(2%,0%) + es' (2%,0%) £ £8%(2%,0%) + ... )

By substituting (4)2,3 in (5), together with the continuity conditions, we
can compute the following jumps and mean values:

]
J=1[s ;

) = (%), ((s) = (") — 13,
) =

where
(F)(@) = 5(f(@ (1/2)") + f(z,-(1/2)7), &:= (za) €,
[f1(2) = f(z,(1/2)") - f(&,—(1/2)7)
(@) = 3(f(@07) + f(&,07)),
[[F11(@) = f(z,0%) = £(&,07),

denote, respectively, the mean value and the jump functions at the in-
terfaces. Following a similar analysis for the generalized traction vector,



analogous results are obtained:

[t°es]] = [t"es], [[t'es]] = [t'es] -

[t7es]] = [t"es] — e((t3zes)) + ofe),
(t%es)) = (tes), ((t'es)) = (t'

(tes)) = (t%es) — F[[t7ses]] + o(e).

((tises)),
(7)

es) — llt3es]],

3 The soft multiphysics interface model

In this section we derive the limit model for a soft multiphysics interface,
corresponding to an adhesive which is weaker with respect to the adher-
ents. By choosing p = 1 and injecting (4) in (3), we obtain the following
set of variational problems Pg:

Po: A_(s%r)+ A4 (s r) +a(sr) =

P1: /} (s',r) + Ay (st r) +a(st,r) +

Pq: A*( ’ )+A+(qu )+a’(sq )+

Let us consider the variational problem Py. We perform the following
integration by parts:

f/ div fo-rdxf/ K33é?33-rqu:/ (Eoe3 — K33§?3) ‘zg:il rdl’ = L(r),
Q4 B S4 2
(8)

where t° := K+ Vs°. From equation (8), using standard arguments, the
following equilibrium equations are obtained

L(v),
b, 1) =
b(s? )—i—c(sq2 r)=0, ¢ >2.

—divt®=F in Qu,
t'n=G on I'y,
K33§?33 =0 in B, (9)

+ (Eoes — K33§?3)

wg=tl = 0 on S:t.

Equations (9)1,2 represent the equilibrium equations on the adherents with
the suitable boundary conditions, while from (9)3, we show that K33§?3
is independent of the xs-coordinate. Besides, by virtue of the continu-
ity conditions of the multiphysisic state on S+, we can characterize the
explicit expression of §° as an affine function of zs:

8°(&,x3) = (8°)(2) + 23[8")(%). (10)

From (9)4, we obtain that the generalized traction vector is continuous
through the interphase B and its mean value depends explicitily on [8°]:

[Eoeg] = 0, <E063> = Kgg [50].

Let us consider the variational problem P;. Using the divergence and
Gauss-Green’s theorem, we have:

—/ div ¢ - rdz — / (K33§}33 + (KSa + Ka3)é?3a) rdx
Qyp B

PN rdl’ + K3a§?31/a -rdl’ =0,

:F/ <E1e3 — (K35§713 + Kaiié?a))
sy Ciat
(11)



with (va) the outer unit normal vector to the boundary I'ie:. Equation
(11) yields to the following differential system

—divt' =0 in Q4,

t'n=0 on Iy,

r A 5 5 a0 : (12)
K338753 + (Kza + Ka3)85, =0 in B,

F (Eles — (Kssé,ls + ]Kaiié,oa))

wg=+1 =0 on Sit.

Equations (12)1,2 represent the homogeneous equilibrium equations on the
adherents at order 1. From (12)3, we obtain that

K33§’13 + (KS(X + Ka3)§?a = le(j})a

where 1 (Z) is an arbitrary function independent of x3. Hence, by using
expression (10) and after an integration between —1 and %, we can deter-
mine that (&) = Kss[s'] + (Ksa 4 Ka3)(8°) o. Moreover, from (12), we
obtain the expression of the transmission conditions in terms of the jump
and mean value of the traction vector at order 1:

[Eleg} = 7K3a [50]70“ <E193> = K33[§1] + Ka3<§o>7a.

Remark 1. After the integration by parts (11), an integral on the lat-
eral boundary I'j,: of the intermediate layer arises. This stress term cor-
responds to a non equilibrated load f and likely represents a classical
boundary layer term, usually appearing at the higher orders of asymp-
totic analysis problem (see [34, 41]). The resultant of these boundary
stresses can be considered as a force applied at boundary of interface S,
and it can be evaluated as:

Kgaé?gya~rdr:/ f.rdl,

Tiat Tiat

and, thus,
f= Kgaé?g,l/a = K3a[§o]ya = K3a (Kgg)_l (Eoe3>ya.

The presence of these forces is not directly taken into account by the in-
terface laws. Thus, as in [34], additional terms have to be introduced in
the expansions of the stress or the displacement field.

The transmission problems at order 0 and order 1 can be summarized
as follows:

e Order 0

Governing equations L. L.
Transmission conditions on Si

—divt’=F in Qu, B N
n— G on T 5% = (Kaz) ' (t e3),
0 9 [173063] =0.

s =0 on I'y,

(13)

10



e Order 1

Governing equations .. s
g eq Transmission conditions on S

—divt' =0 in Qu, N _ N

a0 o 5] = (Rsa) ™" ((E'es) ~ Kas(8).a)
n= onlyg, [El ] . 7K [—0}

s'=0 on Ty, 3] = ~HsalS e

(14)

Remark 2. The transmission problems for a soft multiphysics interface at
order 0 and order 1 represent a formal generalization of the soft interface
models obtained by means of the asymptotic methods in linear elasticity
[33, 41] and in other multifield frameworks, such as piezoelectricity [44],
magneto-electro-thermo-elasticity [45] and micropolar elasticity [46]. The
soft interface model presents the same structure at both order 0 and 1 as,
for instance, in linear elastic asymptotic models. At order 0, the inter-
face shows a discontinuity of the multiphysics state and behaves from a
mechanical point of view as a series of linear springs, reacting to the gap
between the top and bottom multiphysics states, while the generalized
traction vector remains continuous. At order 1, we obtain a mixed inter-
face model in which both the multiphysics state and the traction vector
are discontinuous through the interface and they depend on the in-plane
derivatives of the jump and mean values of §°.

4 The hard multiphysics interface model

In this section we derive the limit model for a hard multiphysics interface,
which corresponds to an intermediate layer having the same rigidities of
the top and bottom bodies. Let p = 0, we substitute (4) in (3) and we
obtain the following set of variational problems Pj,:

P_i: a(s%r)=0,

Po:  A_(s%r)+ A (s, r) +a(st,r) + b(s®,r) = L(r),

Pr: A_(s'r)+ Ay (st r) +a(s?r) +b(st,r) +&(s%r) =0,

Pq A_(s7,r) 4+ Ay (s?,r) +a(s?,r) + b(s?,r) + é(s? 1, r) =0, ¢ > 2

Let us consider the variational problem P_;. After an integration by
parts along x3, we get

K33§?33 =0 in B,

A0 .
K335’3|13:i% =0 in Si.

Thus, §8° = §°(%) is independent of the through-the-thickness coordinate
and so, by the continuity on the upper and lower interfaces, one has
[8°] = [§°] = 0 and &8° = (8°) = (3°).

Following the same steps of Section 3, let us apply the Gauss-Green’s
formulae to problem Py. We obtain again the equilibrium equations (9)1,2
and the following additional conditions are recovered:

Ka38ks + (Ksa + Kas)8%, = 0 in B,

> o T Res m S 15
F (toeg — (K33S713 + KaSS?a)) ( )

wp=t1 =0 on Si.

11



Since §° does not depend on 3, equation (15); reduces to é}33 = 0, hence
§'(&,x3) = (8')(Z) + x3[8"](#), where the continuity conditions are taken
into account. Moreover, from (15)2, we obtain

[t%e3] =0, (tes) = Kss[5'] + Kas(s%) -

Let us consider the variational problem P;. By means of the Gauss-Green
fomulae, we get the same equilibrium equations (12)1,2 at order 1, with
the following additional conditions:

K33§,233 + (Rsa + Ka3)§,13a + Kagé’aﬂ =0 in B,

S 5 A 1
T (t1e3 — (Kss82 + Kasé.}a)) 0 onSy. (16)

:cg:i% =

By integrating (14):1 along x3 , we can obtain the following characteriza-
tion, where c is constant with respect to xs:

K338% + Kassla = —23Kap(8%),ap — Ksa((8'),a + z3[8'],a) + .
Its mean value takes the following form:
(K338% + Kassla) = —K3a(8").a +c.
From Eq. (14)2, we can say that
(t'es) = <K33§?3 + Kagé}a> = K3, (8" .0 +c

After another integration of Eq. (14); along x3, we can finally characterize
§? and, by imposing the continuity conditions in zs = :I:%, we find an
explicit expression of the constant ¢, as follows

¢ = Ka3[8] + (Ksa + Kasz) (5")

Hence, we can recover the following relations:
[fles] = — (Kw[gl]@ ¥ KQB@O),QB) . (Fles) = Rys[s%) + Ras(5Y) o

The transmission condition related to [t'es] can also be written as follows

[t'es] = —Ksza(Ksz) " (€%€3) 0 — Lap(s°) as;
with ]I:ag = ]Kaﬁ — Kga(Kgg)ilKgg.
Remark 3. The integration by parts of problem Py leads to an integral
on the lateral boundary I';,:, which can be interpreted as a distribution of

stresses along the adhesive boundary. This stress term takes the following
form, for the hard case:

/ (K3a§,13 + Kaﬁ§?g) Ve -rdl = / f rdl,
Tiat

Tiat

£ = (Raadls + Rassh ) ve = (Kaals'] + Kap(s%).5) v =

A N _ . 17
= Kga(K33)71<t063> + La5<§0>75) Vg ( )

12



The presence of these forces is not directly taken into account by the in-
terface laws. Thus, as in [34], additional terms have to be introduced in
the expansions of the stress or the displacement field.

The hard interface transmission problems at order 0 and order 1 can
be summarized as follows:
e Order 0

Governing equations L. L.
Transmission conditions on S+

—divt®=F in Qu, 5] =0
_ s =0,
t°n=G on I'y, {[to I—0
es] = 0.
s =0 on I'y, ’
(18)
e Order 1
Governing equations Transmission conditions on S
. 71 _ . N _ N
SdvE =0 Qe () () (o) — Kas(E).a)
t'n=0 on Iy, - S S~ o
S_0  onry,  \Fler) = (Raols'a+ Kas(s)0n)
(19)

Remark 4. The hard multiphysics interface problems above present the
same structures of the analogous linear elastic hard interface models [31-
33, 41]. Concerning the order 0, the transmission conditions provide a
continuity of the multiphysics state and of its conjugated counterpart,
which is typical for adhesives having the same rigidity properties of the
adherents. In this case, we do not perceive the presence of the thin layer
and the upper and lower bodies a perfectly bonded together. While at
order 1, we encounter a mixed interface model with a jump of the state
and traction vector depending on the values of the multiphysics state and
traction vector at order 0. These order 0 terms are known since they
have been determined in the previous problem and they appear in the
formulation as source terms.

5 The rigid multiphysics interface model
In this section we derive the limit model for a rigid multiphysics interface.

Let p = —1, we substitute (4) in (3) and we obtain the following set of
variational problems Pg:

P_o: a(s’r) =0,

Poi: a(sl,r)+b(s%r) =0,

Po: A(8%0)+ As(s",r) + <s2,r> s, ) o) = Lix),

P1 A_(st)r) + Ap(s',r) +a(s? )+b( r) +é(st,r) =0,

Pq A_(s9,r) + Ay (sY, )+a(sq Lr)+ ( ,T)+ (s r) =0, ¢> 2.

The asymptotic procedure for the rigid case is analogous to the one
adopted in Section 4. All the computations and technical details are

13



described in Appendix A. In what follows, we will present only the char-
acterization of the limit transmission problems at order 0 and order 1 with
the associated interface conditions:

e Order 0

Governing equations L. .
Transmission conditions on S+

j()div t°=F in Qu, & = o,
t'n=G on I'y, 03] i ()
e3] = —Lag(S"),a
=0 on Ty, ’ PAS Joab
e Order 1

Governing equations L. .
Transmission conditions on Si

—divt' =0 in Q, - e
t'tn=0 onI’ [Sl] - 7(K§3) IAKO‘3<SO>’Q .
st=o0 on I‘g7 [t'es] = —Ksa(Ksz) ™ (t%€3),0 — Lap(s') ap-

Remark 5. The rigid multiphysics interface problems show the same
features of the rigid interface asymptotic models obtained in different
frameworks in [9-11, 44-46]. Concerning the order 0 model, we obtain a
continuity of the multiphysics state at the interface level, while the trac-
tion vector is discontinuous and depends on the divergence of a generalized
membrane stress vector (N9 ), defined as follows

N :=L.s(8") 5, [t'es]=—-No,.

The order 1 presents a discontinuity on both the multiphysics state and
traction vector. Analogously to the order 0 model, we obtain a generalized
equilibrium membrane problem defined on the plane of the interface.

6 Implicit form of the interface transmis-
sion conditions

In [41], it has been shown that it is possible to obtain a condensed form of
transmission conditions summarizing both the orders 0 and 1 of the soft
and hard cases in only one couple of equations in terms of the jump of the
displacement field and tractions at the interface. Equivalently, we show
that it is possible to define an implicit general multiphysics interface law
starting from the rigid case, comprising the order 0 and the order 1 of the
soft and hard multiphysics interface models.

To this end, we denote by §° := §° + e8! +£28% and t° := t° +et', two
suitable approximations for §° and t°.

Let us consider the rigid multiphysics interface conditions, as starting
point. After rescaling back the constitutive coefficients K = ¢K® in Be,
we can write [§°] and [t%es], following the results of Section 5. Indeed,

14



one has
57 = [s°) + <[5'] + %% =
= —e(K3s) " Raa(%) 0 + 22 (L(R5s) 7 (Een) — eRis(51),0)) =
= —e(Rs5) ™" (e (6.0 — (Een)) +0(e?),
[faeg] = [t%s] +eft'es] =
= o550 — & (R (Kis) ™ (E5) o+ cLis (%) ) =
= K5, (Kss) 7' (E°€s),0 — eL55(5%) ap + 0(”).
(20)
An alternative expression of the above transmission conditions can be

given in terms of (t°es) and [t°es], which will be useful to write the
variational formulation of the interface multiphysics problem:

(t°es) = 1K53[8°] + K5 (5%) o + 0(e?),
[t°es] = —K5.[8],a — €K5p(8%) a8 + o(e?).
It is now shown that this interface law is general enough to describe
the interface laws at order 0 and order 1 prescribing the multiphysics state
jump and traction jump in the cases of the soft and hard interfaces, after

a suitable rescaling of the matrices K* and up to neglecting higher order
terms in €.

(21)

. IndeAed7 to simulate the case of a soft interface, let us choose matrices
K*® = eK in (20):
5] == [8") + [s'] + o(e?) =
= —(Ras) ™" (Kas((6°) 0 + (' +).a) — (Ees) — e(Eles)) +0(?),
[toes] := [t"es] + c[t'es] =
— —eRaa(Ras) ™ (%) 0 + £(E'ea).0) = 2 Lap(8%) 0 + £(5") ) + 0(e),

By identifying the terms with identical power of € on the right-hand and
left-hand sides of the above relations, we can derive the soft interface
conditions at order 0 and 1, as customary,

Order 0 - {[s§1 = (Kaa) ' (f%0) {[éw = (Rss)™" ((¥'es) - Kas(s).a) -
[tes] =0 [t'es] = —Kza(Kss) ' (t%es) a.

The same procedure can be applied in order to identify the transmis-
sion conditions of the hard interface, by choosing K* = K in (20):

5] == [8") + e[s'] + o(e?) =
= —e(Kaz) " (Raa((8%).0 +£(5'4) ) = (Eea) — e(Ees)) +o(e?),
[t°es] := [t"es] + c[t'es] =
= —eKsa (Kas) 7 ((E%€3),0 + £(t'e3).a) = eLas((8%),ap + £(8").as) + 0(e?),
and, hence, by considering the terms with same power of ¢, we get:
5] = (Rss) ™ ((Ees) — Kas(s) )
[t'es) = —Kaa(Kas) 7' (t%€3).0 — Lap (6% ap-

=0

Order 0: ¢ _
rder {[toeg}:o

Order 1 : {
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The above interface conditions, derived from the rigid case, are formally
equivalent to (13)-(14) and (18)-(19): this proves that the general implicit
multiphysics transmission conditions can also describe the soft and hard
cases at order 0 and order 1 with a good approximation.

7 The variational formulation of the gen-
eral multiphysics interface problem

In order to write the variational formulation of the general multiphysics
interface problem, we will employ the expression of the general transmis-
sion conditions presented in (21). These relations can be transformed into
interface equations defined on S, by making use of the matching relations
(6)-(7), up to higher order terms:

((t°es)) = LK5a[[s°]] + Kas((s%)) ot
e (Rsalls5]] + Koo ((s5)) o) — 5[[t5es])
[[t°es]] = ~Kal[s]].a — eKEs{(s%) ap+
e (—RSallsislla — eRap((%)).an ) — e{(t5e)).
In what follows, for the sake of simplicity, we will neglect the higher order

terms of the interface conditions and omit the indices € on the geometrical
and mechanical quantities. Thus,

((tes)) = LKss[[s]] + Kas((s)).a;

=

[bes]] = —Ksal[sl]0 — cRons ((5)) - (22)

Let us write the variational form of the equilibrium equations on each
sub-domain Q4 and 2_. The sum of the two equations leads to

KVs - Vrdr — /

t(%,0M)n(z,07) - rdl — / t(%,07)n(%,07) - rdl' =
S

Qyp S

:/ F - rdx + G - rdl’,
Q4 Iy

which can be written

RVs - Vrdz + / [[tes - r]]dZ = L(r),

Q4 S

letting e3 = n(%,0”) = —n(&,0") and dT" = di. Then, using the property
[[ad]] = ({a))[[b]] + [[a]]{(b)) and relations (22), we obtain

RVs. Vrds + / @K%usn + Ka3<<s>>,a) (i)

Q4
— [ (Roallshe + eRap () 00) - (005 = L),
After an integration by parts, the variational formulation states as follows

{ Find s € W(Q), such that

A_(5,1) + As(s,1) + A5, 1) = L(1), (23)

16



forallr € W(Q)@vhere W(Q) := {s € H' (G R3N*M) s|g € H(S;R3N*M) s =
0 onT'y}, with Q:=0Q, USUQ_ and

Als,r) = /S <§K33[[5H (] + Kas{(8) o - ()] + Ksal[s]] - ((r)) o+

+ Rap((8).a - (1)) 5 ) d,

L(r) ::/ F-rdx + G rdl' + f-((r))dy,
904 I, as

where f := (K3a[[5]] + EKQ5<<S>>”{3) Vo denotes the load on the lateral

boundary of the interface, which can be evaluated with an analogous
procedure of Section 6, using (17) and (6)-(7). By virtue of the posi-
tivity of the constitutive tensors, a Poincaré-type inequality, the continu-
ity of the linear form and by considering that [s(%,0") £ s(%,07)[5 s =
|s(Z,01)[5.5 + |s(&,07)[3.5 £2(s(%,0"),s(&,07))o,s, there exist two posi-
tive constants c¢; and c2 such that

e {lIslEa, +lsla_ +Is(@ 073 s +1s(@,07)fFs } =
= ci{lsllf .0, + lIslFa_ +Is(#,0%) — s(#,07)[3s + |s(@,0%) +s(#,07)[3s | =
=1 {lIsl e, + lIslEa + IS5 + [((s)IE.s } < A-(s,8) + As(s,8) + Als,8) =

_ o 1/2
= L£(s) S ca {IIslF.0. +lslia_ +1s(@,07)3s +1s(@07)Bs} -

Thus, thanks to the Lax-Milgram lemma, we can infer that the interface
variational problem (23) admits one and only one solution.

Remark 6. It is interesting to notice that the bilinear form A(+, -), related
to the interface energy, takes into account simultaneously two different
behaviours with some coupling terms: the first one, depending on the
jump of the multiphysics state Aspring(s,r) = [ éKgg[[S” - [[r]]dz, is
classically associated with a soft interface, corresponding to spring-type
conditions; the second one, depending on the mean value of the state
Amembrane (s, r) := [ eRap((s)).a - ((r)) sdZ, corresponds to a membrane
interface energy and it appears usually in hard and rigid interface problems
[44-46].

8 Applications to multiphysics materials

8.1 The elastic case

A linear elastic material represents the simplest choice of multiphysics
material in which the only order parameter is given by the displacement
field u, i.e., s = u. The corresponding constitutive law is classically
defined by:

o = Ce(u),

where o = (0y5) and e(u) := SymVu represent, respectively, the Cauchy
stress tensor and the linearized strain tensor, while C = (Cjjk¢) is the
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elasticity tensor. The transmission conditions (22) on S can be written as

follows: )
{ ((oes)) = LCP[[u]] + C**((u)) o
([oes]] = —C**[[u]].a — C*((u)).ap,
where C7* = (C7) = (Cijre).
If we consider a linear elastic isotropic material, with Lamé constants
A and [, the constitutive matrices C7* reduces to

i 0 0 0 0 & 0 0
CB¥=|0 4 0 ,C®%=]10 0 0], C®:=]0 0
0 0 2a+A A0 0 0 A
A 20+X 0 0 A fi 0 0 A 0
c' = 0 i 0|, C*=|0 224+X1 0 |, 012:—[;\
0 0 4 0 0 fi 0

and, hence, the transmission conditions become

((r) = Lallun]] + AVs((us)), with up = (ua),

({o3)) = L(2fr + M[[us]] + A divs((un)),
(7] = —AV.[[us]] — & (ﬂAs<(uH>> + (i + 5\)Vsdivs(<uH>>) ;
[[o3s]] = —adivs[[un]] — eftAs((us)),

where T := (0a3) denotes the shear stress vector, and Vs, divs and A,
represent the two-dimensional gradient, divergence and Laplacian opera-
tors, respectively.

[
[

8.2 The piezoelectric case

A piezoelectric material represents one of the most peculiar multiphysics
material, combining the linear elastic behavior with the electric counter-
part. The piezoeletric state reduces to a pair s = (u, ¢), constituted by the
displacement field u = (u;) and the electric potential ¢. The constitutive
law takes the following form:

o = Ce(u) + PE,
{ D = —(P)"e(u) + HE,

where D = (D;) represent the electric displacement field, E := —Vp
represent the electric field, while C = (Cijie), P = (Pijx) and H =
(H;j;) denote, respectively, the elasticity tensor, the piezoelectric coupling
tensor and the dielectric tensor. The governing equations of the interface
problems become two elasticity and electrostatic equilibrium problems on
Q4 and Q_. By considering the generalized body loads F := (f, o) and
surface loads G := (g, d), where f and g represent the mechanical volume
and surface loads, while g. and d denote the volume and surface charge
densities, one has the following field equations:

(24)

—dive=f in Qu,
div]j:ge in Q4,
on=g on I'y, (25)
D-n=d on Iy,
u=0, ¢=0 onl,.

o™ O

oo™
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The generalized traction vector takes the form tes = (oes, D-es3). Hence,
the transmission conditions (22) on S can be adapted as follows:

((ea)) = L (€ [[ul] + B [[]]) + C**((u)) o + B ((2)).c

(D -es) = 2 (=5 - [[ul] + A llg]) — 5° - ()}, + Has (@) 0

([oes)] = —C**[[ull.a = B**[[¢]l.a — €C™((u)) a5 — D™ ((9)) a5

(D -es]] = 6> - [[u]].a — Hasll¢]].a + D™ - () a5 — eHap((¢)) 0,
where C7¢ = (C}f) = (Cyjre) and pF' = (prh) = (Prij). As we already
proved in Section 6, the above interface conditions contains the soft, hard
and rigid interface conditions and are equivalent to those obtained in
[44], for weak lowly-conducting and strong highly-conducting piezoelectric
interfaces.

Considering, for instance, a transversally isotropic material with poling
axis es, such as PZT-4, the constitutive matrices take the following form:

N Cs5 0 0 . 0 0 Cs5 N 0 0 0
C¥:=| 0 e 0 |,C®%=] 0 0 0|, C®=|0 0 ecs5 |,
0 ¢33 ciz3 0 O 0 c13 O
0 eis 0 es1
pPi=| 0 |, pPi=| 0 |, pPi=|es | D= 0 |,
€33 0 0
0 c11 0 0 6“5512 0 0
P32 .= | esr , cl = 0 f-ciz 0 s Cc2 = 0 ci1 0 R
0 0 0 cs5 0 0 ocs5
. 0 C11;‘312 0 0 A . .
012 = C12 0 0 5 1511 = 0 5 1512 = 07 Hag = 0, H11 = HQQ,
0 0 0 eis

and, hence, the transmission conditions become

() = zess[[unl] + 55 Vs{{us)) + e1sVs((9)),

((o33)) = £ (casl[us]] + ess[l@]]) + 13 divs((um)),

((Da)) =  (—esallusl] + Haalli]]) - eardiva{(un)),

[[7]] = = (c13Vs[[us]] = es1Vs[[]]) = 5 ((c11 — c12) As{(um)) + (e11 + c12) Vidivs ((un)))
[loss]] = —cssdivs[[un]] — & (css As((us)) + e158:(())) ,

(D] = —essdivi[[un]] - & (e (us)) + HinAal(e)))

(26)

8.3 The thermoelastic case

The interface problem can be easily adapted in the case of linear elasticity
with thermal effect. The thermoelastic state is defined by the pair s =
(u,0), constituted by the displacement field u = (u;) and the variation
of temperature 6. The corresponding constitutive law takes the following
form:

o = Ce(u) — X0,
q=-KV9¢,
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where q = (¢;) denotes the thermal flow, X = (Xj;;) and K = (Kj;) rep-
resent, respectively, the thermal expansion tensor and the thermal con-
ductivity tensor. By noting with F := (f, w) and G := (g, h), the thermo-
mechanical volume and surface loads, we obtain the following governing
equations:

—dive=f inQ4,

divgq=w in Qg,
on=g on I'y,
q-n=~h on I'y,

u=0,60=0 only,.

The generalized traction vector takes the form tes = (oes, q - e3).
Hence, the transmission conditions (22) on S can be adapted as follows:
(oes)) = LCP[[u]] + C**((u)).« — X((6))

(q-es)) = LKss[[0]]
[ges]] = —C*[[u]].a — cC*((u)).ap + eX*((6)) o
[

q-es]] = —eKap((6)).as,

where X* = (XF) := (Xix). The same interface problem can be also asso-
ciated to other multiphysics and multifield theories such as poroelasticiy
(in this case € stands for the pore pressure) or elasticity with voids and
microstretch elasticity (in this case 6 represent the microstretch state).

By choosing an isotropic thermoelastic material, one has X,;; = ad;;
and kij = IA€62-]-, with §;; the Kronecker’s tensor. Thus, the transmission
conditions takes the following form:

( ,
(o33)) = £(20+ Nl[ual] + A diva{(um) — a((6)),

((as)) = 2[10]),

(7] = ~AV.[fus]] — & (AAa((um) + (3 + DV ediva((un) +aV.((0))
[losa]) = —adiv. [us]] — s ((ua)),

i

9 A closed-form solution for the stretch-
ing of a piezoelectric composite

Consider a three-dimensional composite body made of two piezoelectric
parallelepipeds, 2_ and €24, called the adherents, having identical lateral
dimensions but different heights, h— and hi respectively. The two ad-
herents are joined by a thin piezoelectric adhesive of thickness &, whose
behavior is described by the transmission conditions (26). The total height
of the composite is defined by H := hy+h_+¢. The whole body is subject
to a tensile load ¢ acting on the upper and lower boundary, denoted I't
and I'_ respectively (cf. Figure 2). The union of the lateral boundaries
of Q_ and Q4 is denoted I';, and I'y = 'y UT;. Moreover, I';, = 0.
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Figure 2: Geometry of the piezoelectric three-layered composite body.

The governing equations are given by the equilibrium equations (25)
with f = 0, oo = 0, g+ := £q e3 on I'xt and d = 0, together with
the constitutive laws (24), specialized for the orthotropic symmetry with
poling axis es, and the transmission conditions (26).

The following choice:

u=gq E?:l C’zxzez + Ugieg in Q4,

¢ = —qCazs + @* in Q, @)
o =q(es ®es) in QrUQ_,

D =0 in Q+ @] Q_,

with the costants C;,i = 1,2, 3,4 given in Appendix B, satisfies the equi-
librium equations (25) and the constitutive laws (24).

Note that the choice (27) corresponds to homogeneous piezoelectric
states (u, ) of the adherents superimposed to jump discontinuities [[u]] =
(ud —uz)es and [[¢]] = (T — ) concentrated at the adhesive interface
S.

By imposing the transmission conditions (26), the first, fourth, fifth
and sixth conditions are identically satisfied, while the second and third
conditions give the following values for the jumps [[us]] and [[¢]]:

H33+(C14+C5)(é31é33—¢13 H33)

([us]] = q¢ &2, + ¢33 Hss ) (28)
[[e]] = qEéser(@l+62)(533§13*613633>
é2.+¢éa3Has ’

The closed-form solution given by (27) and (28) allows to compute the
macroscopic elastic modulus of the composite F, defined as

E = g
T ug(ei,wa,hy+e/2)—ug(e1,aa,—h_—¢/2)
H
o 1
T A Hg3s+(C14Co)(é31é33—¢13Has)
Cy + < Hss HC2)(es: ¢
3T H (é25+¢é33Hs3)
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The difference of electric potential A¢, induced between the upper and
lower surfaces of the composite, can be calculated as

A¢ = (,0(3317 T2, h‘"r + 6/2) - @(1’17 T2, —h- — 6/2)
é33 + (C1 + C2) (83313 — é13833)

= —qCu(hy +h-)+qe —
€2, + ¢33 Hss

10 Summary and conclusion

General imperfect contact conditions have been proposed, simulating the
behavior of a thin interphase undergoing linear coupled multiphysics phe-
nomena. These conditions link the generalized stress vector field and its
jump to the multiphysic state vector field and its jump at the interface,
which is the geometric limit of the interphase as its thickness parameter
€ goes to zero.

The approach used to obtain the transmission conditions is based on
the asymptotic expansions method and on energy minimization. Zero and
higher order interface models have been derived for soft, hard and rigid
interphases, meaning that the multiphysics parameters of the interphase
material rescale as e with the interphase thickness €, and p = 1,0, —1,
respectively. For the three regimes, the asymptotic expansions of the
multiphysic state and generalized stress vector fields are introduced and
the effect of higher ordererms is taken into account.

Using matching conditions, the transmission conditions for the three
regimes at the various orders have been condensed into a single, im-
plicit, non-local formulation, which recovers as particolar cases the cases
of spring-layer and perfect interfaces and are expected to provide a better
approximation of the behavior of the thin interphase. Indeed, consider-
ing the order 1 corrector terms of the asymptotic expansions, summed up
with the leading terms at order 0, we can extend the application of the
general myltiphysics interface law to moderately thick adhesive layers.

A variational formulation of the general multiphysics interface problem
has been presented. The weak formulation represents a key step towards
simulating numerically imperfect interface effects inside composite mate-
rials, exhibiting linear coupled phenomena, and it serves as a basis for
the study of the well-posedness of the mathematical problem. The appli-
cability of the proposed transmission conditions has been illustrated via
a series of examples, the case of linear elasticity, the thermoelastic and
the piezoeletric cases, for which we propose a closed-form solution. Other
cases could be recovered, being the structure of the transmission condi-
tions completely general and applicable to any situation involving linear
coupled multiphysics phenomena.

Appendix A

In the sequel, we briefly present the characterization of the order 0 and
order 1 interface conditions for the rigid case.
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Considering problem P_z, we can infer that §° = §°(&) is independent

of the through-the-thickness coordinate and so, by the continuity on the

upper and lower interfaces, one has [§°] = [§°] = 0 and 8° = (8°) = (8°).

Let us take into account problem P_;. Since §° does not depend on
x3, we obtain that §'(,x3) = (§')(%) + x3[8'](Z), where the continuity
conditions are taken into account. Moreover, one has

[s'] = —(Ks3) 'Kaz (s°) - (29)

Let us consider problem Py and perform an integration by parts along

x3 and the in-plane coordinates x,. Thus, we obtain
K338%3 4+ (Ksa + Kas)sha + Kaﬁé,oaﬁ = in B,

S e T a3 B 30
F (toeg — (K33S?3 + Kags’la)) ‘zg:i% =0 on St. ( )

Integrating (10): in the interval z3 = :I:%7 one can evaluate the following
jump: . . .
[K33é,23 + Ka3§,1a] = —Lap <§D>,a6~
From (10)2 and the above relation, we can compute
[t°es] = [K338% + Kasdla] = —Las(8°).as-

Hence, together with [8°] = 0, the rigid interface conditions at order 0 are
retrieved. Moreover, by characterizing the explicit expression of §2, we
can infer that

K33[§2] = (’Eoes> - Ka3<él>,ay
which will be useful in the sequel. Finally, from problem Pi, by operating
an integration by parts, we get

[Ks3s% + Kass?] = —(Kas("),ap + Ksal5%],a) =
= —(Lap(8') 0 + Ksa(Kss) "' (t%3),0).

Since - A R
[t'es] = [Kss8% + Kass%l,

combined with (29), we can recover the order 1 rigid interface conditions.

Appendix B

The constitutive constants Cj,i = 1,2, 3,4, of the example in Section 9
take the following form:

_ 1 )
C) = ~ (013022H33 + c13€35 + c22€31€33 — 012632633) ,

~ 1
Cy = — 5 (c12c13H33 + cizesiesz + cizesiess — crieszess),
~ 1 (.2 2 2
Cs =% (012H33 — caze31 + 2c12e31€32 — c11(c22 Has + 632)) )
~ 1 2
Ci= % (—013622631 + c12¢13€32 — Ci2€33 + 011022633) )
with
A = cis(caH 3 H 3 3
= ci13(ce2H33 + €32) — c33(c11c22Hss + caze3y + cr1e32)

2

+ciicaseszess — cr1c2e33 + cizesn (2c3zess — cazess)

—613(612023H33 + c23e31€32 — 2c22€31€33 + 2012632633)
2 2

+cia(c33Hss + e33).
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