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Abstract

This paper presents a case study in which conoscopic, non-invasive, photoelastic techniques
and the associated model are applied for the first time to investigate the internal stress state
of the PbWO4 (PWO) uniaxial crystal, cut normal to the crystallographic a-c plane and with

non-uniform thickness.

As a matter of facts indeed, in the mass production of crystals it is rather probable to have
specimen of non-constant thickness. In addition, the crystal cut, normal to the a-c plane, lead
to a complex fringes structure and modeling. This can affect the fringe patterns interpretation,
and in turn the interpretation of the stress state within the sample. In this paper we analyze
the dependence of some model parameters on the thickness, and the relative interpretation
of the fringe pattern in order to obtain a reliable measure of the stress for observations normal
to the a-c plane. This procedure can speed up the crystal analysis whatever the thickness of

the crystal is.



1. Introduction

Scintillating crystals are materials that have the capacity to convert the high-energy radiation
interacting with them into visible light [1], [2]. This characteristic makes them excellent
sensors: they are key components in many measurement systems and diagnostic devices in

fields like medicine, aerospace, security, and high-energy physics [1], [3]-[5].

In order to better exploit these properties, It is mandatory to develop more precise and
accurate crystal structural quality control methods [6]: moreover, crystals, due to their own
characteristics (they are both dense and brittle and many of them exhibit strong anisotropy),
are very sensitive to stress, internal defects and structural problems, both in the production
phase and in use [5], [7]-[10]; all these aspect can alter both functionality and durability,

obtaining in both cases a poor performance or a damage of the material [5], [6].

The residual stress could be considered as an indicator of the quality of the crystal, because
they could influence the crystal capacity of scintillating [10], [11]. In particular, since the stress
modifies the refraction indices, they can also influence the light propagation within the
crystal. Indeed the structural and mechanical properties of the crystal are related to the

optical properties [6], [11]-[14].

Non-destructive measurement techniques are the best choice in this case, since they allow
for the knowledge of the residual stress and whole quality state while preserving the crystal

integrity [5], [9], [10], [15].

One of the photoelastic techniques in particular, the laser Conoscopy, is very effective for the
sample inspection [4], [16].In this technique, the crystals are observed in polarized light and

in whatever stress condition they are it is possible to observe a fringe pattern [4], [8], [10].

In recent works we developed a model (mainly focussed on the uniaxial PoWQ4, PWO) that
allows the description of those fringe patterns as function of the stress tensor and the

geometry of the crystal, to get a stress map for the crystal sample [10]

This paper proposes a step forward to the application of the model in the case in which the

sample is observed in direction orthogonal to the a-c plane [9], [10]



In the model we assume as a leading parameter the fringe order N: this parameter is
determined thanks to an image processing method and fringe pattern analysis, which are
included in the model, and it is function of both thickness and stress state [8]-[10]. Other
important parameters are the smallest mutual distances between the pair of fringes, named
Ay e Az (as explained in the next section), that are alike a function of both the thickness and

the stress state [9].

In some cases, when the analyzed sample has no uniform thickness d, such a condition
modifies the parameters Ay e Az and N [9]. This situation makes difficult to asses the stress

state within the sample.

By the means of the proposed model [9], it is possible to obtain, observing the crystal in a
direction orthogonal to the a-c plane, the Ay and Az functional dependence on the thickness

d, for a fixed value of fringe orders N and of the semi-angle of the optic axes .

The appropriate fringe order selection can make the interpretation of the fringes easier and
non-ambiguous with a consequent speed-up of the experiments and stress evaluation even

for non-uniform thickness samples and complex residual stress states.

In this paper we studied the quality and stress distribution in a PWO crystal provided by INFN
(Istituto Nazionale di Fisica Nucleare) Ferrara (I). The sample appears defective with a
macroscopic scratch. Moreover the photoelastic study is possible only in direction normal to
the a-c plane, but in this direction the thickness it is not constant being a function of the

position.

2. Background: the Bertin surfaces

Our studies are focussed on PWO crystals but they can be extended in general to any
tetragonal crystal and, with a certain care, to all the birefringent crystals. The analysis is based
on the permittivity tensor B [11], [15], [17] and the notion of light rays delay due to the
birefringence of crystals which is described by the iso-delay Bertin surfaces [6], [12]—-[14]. In
order to introduce briefly the elasto-optic model needed for our cases, we use three reference
frames: one referred to the geometrical sample frame {x,y,z}, one to the crystallographic
directions {a=b, c} and one intrinsic to the Bertin surfaces named {&, n, C}. In this work we

can consider the physical sample frame {x,y,z} to be coincident with the crystal frame {a,b,c}



[9], [18], [19] as shown in Fig. 1, due to the tetragonal structure and considering the crystal-
cut misalignment negligible. Small errors in crystal cutting will be taken into account in the

model in the sequel.

y=b

Fig. 1: Graphical representation of the three reference frames in our case of study: {x,y,z} referred to the geometrical
sample frame, {§, n, } intrinsic to the Bertin surfaces and the crystallographic directions {a=b, c}. In particular, with {£,
1, £} we have the Bertin surfaces for the case of uniaxial crystal. Bertin surface for three orders N are represented in
green.

The uniaxial optic axis is directed as cin case of stress-free sample, thus in our case we assume
c=z=C [8], [9], [19]; the position of the axis (§, n) is indifferent with respect to the
crystallographic directions (g, b), being the Bertin surfaces symmetric respect to assume c=z=(
axis. An internal stress deforms the Bertin surfaces and more generally can rotate the frame

(€, n, Q) with respect to (x, y, z) [8], [9], [12].

Regarding the more specific case of PWO, it is body centred tetragonal crystal, point group
4/m with a =b=0.54619 nm, ¢ =1.2049 nm (ICDD card n.19-708), where c is the uniaxial optic
axis. The I7and By tensor defines the elasto-optic properties of crystal [12], [15], [17]. The

piezo optic I7tensor, in the frame of Fig. 1, can be written as:

Ty T2 T3 0 0 M6
T2 Tq1 T3 0 0 —T16
M3 M3 33 0 0 0
T=10 0 0 1, mus O (1)
O 0 O _7T45 7T44, 0
7T61 _7T61 O O O 7T66




The permittivity Bo tensor for the unstressed crystal is defined as:

ny? 0 0 B, 0 0
Bo=|0 n;2 0|=|0 B, 0 (2)
0 0 n;? 0 0 B

Where ny, nyand n; are the relative refractive indices. In the PWO tetragonal uniaxial negative
crystals case we have ny=ny=no = 2.234 and n; = ne= 2.163, being n, and ne, respectively the
ordinary and extraordinary indices. A residual stress, caused by a lattice distortion during the

growth process, or an applied load, modifies the B tensor into:
B(T) = B, + I1[T], (3)
where T is the symmetric Cauchy stress tensor.

From Bis possible to calculate the eigenvalues Bj, i=1,2,3, and the corresponding eigenvectors
that span the right-handed cartesian frame {§, n, C}, in order to define shape and direction

of the optic indicatrix [12], [15], [17]-[19] and accordingly the Bertin surfaces.

The Bertin surfaces associated to B(T) can be written in terms of the angle ¢ (the semi-angle
of the optic axes), considering that the eigenvalues and eigenvectors of B(T) determines the

angle ¢ and the frame {&,n,C}, in the following form[6], [12], [15], [17]-[20]:
cos*@&* +n* + sin*pl* + 2cos?@&E*n? + 2sin?@{*n? — 2sin®@cos?pl?E? — N2H?(§%2 + n% + (%) = 0(4)
with:

H=-2 (5)

Ne—No

Where N is an integer number that represent the fringe order and A is the light wavelength of

the observation system.
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Fig. 2: Graphical representation of the reference frame {§, n, C} and the relative Bertin surfaces for the case of biaxial

Crystal, where ¢, named optical bisectrix, is the semi-angle between the optical axes. In the inset, are highlighted the

two observation directions (red lines, that coincide with the illumination direction), studied separately in the following
sections.

The equal delay surfaces named from Bertin (4) are shown in Fig.1 for the uniaxial case (@ =0)
and in Fig. 2 for the biaxial case, for some N integer value. Depending on the crystal system,
the biaxial condition surface shape can occur for a biaxial crystal or when a uniaxial crystal
(that is @=0) undergoes to a load. In the following study we consider an uniaxial crystal under
a small stress state, that implies a small variation into the eigenvalues of B and small changes
in the angle ¢@. Considering the crystal reference frames of fig.1, we can start the analysis
along the x axis that correspond to the crystallographic direction a of the PWO lattice. The
photoelastic technique used along x direction integrates the stress terms ogxx Txy Tx; Over the
specimen thickness and, being residual stress, they have zero mean value in this direction.
Under such hypotheses we may safely assume that the plane stress oy, 0z, 1), are the only

measurable residual stress with this technique, and we can obtain by (1) and (2):

OyyTiz + 05,113 0 —Ty,M4s5
1[T] = . OyyTi1 + 02213 Tyz 744 (6)
. . 0OyyT31 + 0,,M33

We can assume that [ 7[T][<<[B-Bg|or, in case of Bj=B), we assume instead
| 11[T]|<<|B(i)[for all the eigenvalues. In order to solve the eigenvalue problem associated
with (2) and (6) we can use the Sirotin approximation [17], obtaining the following solution

to within higher order terms:



Bl = Bx + O'nyl'lz + 0,,113
B, = B, + OyyT11 T 0,13 (7)
B3 = BZ + O'yyn'gl + O-ZZ7T33

Accordingly with Sirotin’s results [21] the rotation of the associated principal directions is
negligible in our case, furthermore for small stress the acute bisector of 2¢ remains the
direction determined by eigenvector B3 [22]. Consequently, we can obtain a relation that links

the angle ¢ to the stress:

. _ iO'ny(n)
Sin ¢(O-Yyi O-ZZ) - AB+O'nyi(n)+0'zzH(n) (8)

Where AB = Bx - BZI D(H) =Tl — T4, G+(n) =Tlqp — 139, G_(n) =Tqq — T3 and

H() = my3 — m33.

Following [20] the angle @ is also defined as:

B, 1—B
cosp = /#_Bz (9)
sing = /2;%_21 (10)

with the condition
Bi,— Bza | < |B1,2 — B; | (11)

The type of load modifies the eigenvalue ordering of B, that in turn influence the sign + in (8).
Taking into account that Bz remains always the higher eigenvalue (accordingly the hypothesis
of small stress), consequently, we have two different cases of study: B3> B,> B; or B3> B1> B;.
From (7) the two cases depend on the sign of g;, (compression, traction) [9], [14], therefore

they are related to the stress direction.

In each case of study, by ordering the eigenvalues and the eigenvectors, a univocal description

of the Bertin surfaces and the angle ¢ in the frame {&,n,C} is given.



3. Description and analysis of the fringe orders.

As analysed in the following section, in one case the observation direction is parallel to the
optic plane (B, > B;), in the other case with (B; > B;), the observation is carried out

orthogonally to the optic plane.

3.1. Case B>>B;

When B, > B, the crystallographic frame {x, y, z} coincides with the frame intrinsic to the
Bertin surfaces (Fig.1) and the optic angle lies in the plane (x, z) = (&, ). Following [9], in order
to get the interference fringes as a section of the Bertin surfaces with the observation plane
normal to £ = x = d, were d is the sample thickness, we set this relation inside the Bertin

equation in the frame {x,y,z}, obtaining:
y* + z4(sin*@) + y?(2cos?pd? — N2H?) + z2(—2sin? pcos?pd? — N?H?) + z2y?(2sin?¢) + cos*pd* — N?H%d? = 0 (12)

Starting from the (12) it is possible to represent two families of interference fringes
considering different values of the fringe order N and a fixed value for the sample thickness

(Fig.3). From [9] it is possible to obtain the relation which discretizes the two families:

cos?®@d
H

N = (13)

With [IVJ and previous fringe orders it is possible to represent the first family of interference
fringes, that are symmetrical respect to the y axis. The fringe order [N | generates the lowest
measurable distance Az described by (14)[9], and the previous fringe orders present a

gradually increasing of this distance (Fig.3a).

VZ|N|H

sinZ¢

Az(p) = \/ZSinz(pcoszgoKz +1—4/1+ 4sen?pK? (14)

where K is defined by:

K = m (15)

Conversely, with [N] and subsequent fringe orders it is possible to represent the second
family of the interference fringes, that are symmetrical respect to the z axis. The fringe order
[N] generates the lowest measurable distance Ay represented by (16)[9], and the subsequent

fringe orders present a gradually increasing of this distance (Fig.3b).



Ay (@) = \/E[IV]H\/l — 2c0s2pK? + /1 + 4sen?pK?2 (16)
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Fig. 3: Graphical representation of the two distinct families of interference fringes. In a) we have the family of fringes
that are symmetrical respect to the Y axis, produced for the fringe order | N| and the previous integer values. This fringes
produces each one a distance AZ between the two fringe branches, that increase its value for decreasing fringe orders. In

b) we have the other possible family of interference fringes symmetrical respect to the Z axis, produced for the fringe
order [IV] and subsequent integer values. That fringes instead produces a distance AY that is minimal for the fringe order

[IV] and increase its value for the subsequent fringe orders. In c) we have a overall representation of the whole fringe

pattern composed by the two families of interference fringes, with superimposed the parameter N that represent the

separation condition between the two families of interference fringes. This parameter, graphed as a fringe order,
represent the collapse condition of both parameter AZ and AY.

Once fixed the d parameter that represent the sample thickness, in the equations (14) and
(16) the unique variable is defined by the ¢ angle that, from (8) is a function of the stress
state. From [9], in order to have a faster and reliable algorithm for a stress state description

with only one parameter, is introduced the quantity:

R(ayy,0,;) = (Az/Ay)? (17)



Graphing Ay, Az and R as a function of the ¢ angle it is possible to obtain the correlation
between the measuring parameter and the stress magnitude [9]. Considering for instance

d=10mm and variation of ¢ from 0 to 0.5 degrees we obtain the graphs on Fig. 4.

Fringes measurements
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Fig. 4: Numerical simulation of the parameters Ay, 4z and 4y/Az graphed in function of the ¢ angle variation. For this
example, are considered as model parameter a thickness d=10mm and a ¢ variation from 0 to 0.5 degrees.

On the other hand, it is easily possible to find samples with also important non-homogeneity
of the thickness. From (14) and (16) a d variation modifies the Ay and Az parameters, and
from (13) modifies the N parameter. A significant variation of N modify the separation
between the two family of interference fringes, making necessary to use a different fringe
order for the Ay and Az estimation. In the following we will analyze the contribution of
thickness assuming a variation of d from 8.994 to 9.000mm. This particular variation has been
considered in relation to the geometrical condition of the sample analyzed in section 4, which
has 9 mm as nominal value of thickness but also a surface inclination which leads to a
calculated value of 8.994 mm on the opposite edge of the sample. For a fixed ¢ angle of 0.1

degree we can obtain the following fringes variation for Ay (Fig. 5) and Az (Fig. 6) parameters.

10
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Fig. 5: Effect of the thickness variation on the Ay parameter for a fixed value of the ¢ angle. In a) we have imposed the
thickness variation from 8.994mm to 9.000mm for a fixed value of ¢ equal to 0.1 degrees, in order to obtain the graph
that correlates the thickness variation with the Ay parameter value. It is important to remark that the graph present a
point of discontinuity that make difficult to understand the correlation between the two parameters. In b) we have
graphed a representation of a series of fringes related to the correspondents numbered point in a). It is important to
underline that from the points 7 and 8 there is a discontinuity due to the fringe order variation in the model.
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Fig. 6: Numerical simulation of the correlation between the Az parameter and the thickness variation for a fixed value of
the @ angle. In a) we have selected a fixed value of ¢ equal to 0.1 degree and a thickness variation from 8.994mm to
9.000mm, obtaining the correlation between the thickness variation and the Az parameter on the graph. It is important
to note the discontinuity point that make ambiguous the correlation between the two parameters. In b) we have
graphed a representation of a series of fringes related to the correspondents numbered point in a). It is important to
underline that from the points 7 and 8 there is a discontinuity due to the fringe order variation in the model.

The discontinuity condition on both the graphs of fig. 5a and 6a are caused by a variation of

the N (depending on the thickness) parameter such as to modify the values of [N] and [N] in

the simulation. The transition between two fringe orders is represented by the collapse of Ay

and Az (Fig. 7).
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Fig. 7: We have underlined the discontinuity condition on both the graphs for Ay (a) and Az (b). This condition is justified
by the occurrence of the cross condition for a certain combination of sample thickness and ¢. This circumstance
correspond to the simultaneous collapse of Ay and Az parameters, easy to be observed in experimental condition.

The effect of this kind of thickness variation is difficult to be removed in a sample with also a
variation of ¢ angle. In order to overcome this problem is possible to use two fringe orders
values for Ay and Az that are chosen in a different way from the traditional one described
above. We start considering that we have a linear variation of the sample thickness from the
lower value (dmin=8.994mm) to the higher (dmax=9.000mm). Therefore, for Az we calculate the
fringe order [IVJ obtained using the lowest value of the thickness (dmin) inside (13) and for Ay
the fringe order [N] obtained using the highest value of the thickness (dmax) in (13). Following
this consideration, in the case of Fig.5 and Fig.6, we have for Ay the fringe order 1007 and for
Az the fringe order 1005. It is now possible to obtain the Ay and Az trend as a function of the
thickness d parameter for the new fixed value of fringe orders (1005 and 1007) and ¢ (Fig.8).In
brief, we choose a fringe order that ensures the absence of collapse (the cross shape) in every
point of the sample along the measurement path. This technique allows to eliminate the

discontinuity of Ay and Az permitting an easier stress calculation.
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Fig. 8: For a fixed angle ¢=0.1 degree in a) we have the Az variation as a function of the sample thickness. With the blue

line we have the trend obtained using the classical method, compared with the new analysis technique for a fixed fringe

order N = 1005 in red. This fringe order is the last possible for Az which does not produce discontinuity conditions. In b)

we have the comparison between the Ay parameter obtained with the classical method (blue line), with the innovative

method calculated using a fixed fringe order N = 1007 in red. This fringe order is the first for Ay which does not produce
discontinuity conditions.

Using the obtained Ay and Az values, from (17) it is possible to calculate the R parameter (Fig.

9).

Fringes measurements
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Fig. 9: Representation of the Ay, Az and Ay/Az parameters in function of the sample thickness, for a fixed value of ¢
equal to 0.1 degree. The graphs are obtained using the new analysis method that use for Az the last possible fringe order
which does not produce discontinuity conditions, and for Ay the first possible fringe order which does not produce
discontinuity conditions.
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The behaviour of the ratio Az/Ay appears almost linear and therefore in a sample with a
variation of both thickness and angle ¢, it appear easy to remove the effect of d on the Ay

and Az parameters in (14) and (16).

3.2. Case B:;>B;

Going back to the eigenvalue solution, we study the case when B; > B,. The optic angle
always defined in the plane (&, ) in the intrinsic frame, differently with respect to the
previous case, is located on the crystallographic plane (y, z). Therefore, the two frames

{€&, M, €} and {x, y, z} have the {=z, but the optic plane rotates ofg about the common axis z.

In this condition the two interference family fringes represented in Fig.3 are discretized by

[9]:

~ d
g=t (19)

As in the previous case, considering | N| and [N | we have the interference fringe that describe

the smallest Az and Ay distances given by the equation [9]:

Az = %\/1 — 2s5in2pK? — /1 + 4sen*pK? — 4sen2¢K? (20)
V2[NIH
Ay = cos?g \/1 — 2c0s2pK? + /1 + 4sen*pK? — 4sen2pK? (21)

14
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Considering e.g. d=10mm and a ¢ variation from 0 to 0.5 degrees we obtain the graphs on

Fig. 11.
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Fig. 11: Numerical simulation of the Az parameter (a), Ay parameter (b) and Az/Ay parameter evaluated as a function of

the ¢ angle variation.

As in the previous case, it is important to study the presence of thickness non homogeneity.

Considering the equations (19) (20) and (21), we have a dependence with the d parameter,

therefore the behavior is similar to the previous case of study. In fact, assuming the same

variation of thickness (from 8.994mm to 9.000mm) for a fixed ¢ angle of 0.1 degree we can

obtain the fringes variation as follow for Ay (Fig. 12) and Az (Fig. 13) parameters [9].
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Fig. 12: Numerical evaluation of the Ay parameter for a fixed value of the ¢ angle and a thickness variation. In a) we
have a thickness variation from 8.994mm to 9.000mm ¢ equal to 0.1 degree, in order to obtain the correlation of the
thickness variation with the Ay parameter value. It is important to remark that the graph present a point of
discontinuity-. In b) we have graphed a representation of a series of fringes related to the correspondents numbered
point in a). It is important to underline that from the points 7 and 8 there is a discontinuity due to the fringe order
variation in the model.
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Fig. 13: Correlation evaluation between the Az parameter and the thickness variation, utilizing a fixed value of the ¢
angle. In a) we have @ equal to 0.1 degree and a thickness variation from 8.994mm to 9.000mm, obtaining the
correlation between the thickness variation and the Az parameter on the graph. It is important to note the discontinuity
point. In b) we have graphed a representation of a series of fringes related to the correspondents numbered point in a).
It is important to underline that from the points 7 and 8 there is a discontinuity due to the fringe order variation in the
model.

The discontinuity condition of both graphs (Fig. 12, Fig. 13) caused by a variation of the N
parameter, as a function of d, such as to modify the values of |[N| and [N] can be overcome
by considering for Az the fringe order [NJ obtained using the lowest value of the thickness d
inside (20) and for Ay the fringe order [IV] obtained using the highest value of the thickness d

in (21), as we made in the previous case. Therefore, it is possible to obtain the Ay and Az
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trends as a function of the thickness d parameter for a fixed value of fringe orders (1005 —

1007 for Az and Ay respectively) and ¢ (Fig.14).
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Fig. 14 Imposing a fixed value for the angle ¢=0.1° in a) we have the Az variation as a function of the sample thickness.
The blue graph represents the trend obtained using the classical method, compared with the new analysis technique for
a fixed fringe order N = 1005 in red. This fringe order is the nearest to the previous one that for Az does not produce
discontinuity conditions. In b) we have compared the Ay parameter obtained using the classical method in blue graph,
with the innovative method calculated using a fixed fringe order N = 1007 in red. This fringe does not produce
discontinuity conditions.

With the obtained values for Ay and Az, from (17) it is possible to calculate the R parameter

asin Fig. 15.
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Fig. 15: Representation, using a fixed value of ¢ equal to 0.1°, of the Ay, Az and Ay/Az parameters in function of the
sample thickness. The graphs are obtained using the new analysis method that use for Az the last possible fringe order
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which does not produce discontinuity conditions, and for Ay the first possible fringe order which does not produce
discontinuity conditions.

Also in this case the behaviour of Az/Ay appears almost linear, therefore the component of d

that influences the Ay and Az parameters in (20) and (21) appear easy to be removed.

4. Laser conoscopy fringe modelling

In this section we show the observations by means of photoelasticity, in direction normal to
the a-c plane, of a sample with variable thickness. When we observe a sample by using laser
light conoscopy [23] in direction orthogonal to the a-c plane [8][9] it is possible to obtain a

fringe pattern as the one in fig. 16.

Fig. 16: Example of fringe pattern obtained with laser conoscopy in direction orthogonal to the a-c plane. This pattern
can be viewed as a section between the Bertin surface with a plane orthogonal to the § or n axis in the Bertin reference
frame.

Once detected the orientation of the { axis it is possible to evaluate the two distances Ay and

Az (Fig. 17).
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Fig. 17: Representation of the parameters Ay and Az obtained as the smallest distance between the fringes branches,
used as starting point for the punctual stress calculation and quality detection.

Using this technique is possible to scan a specified direction of the crystal in order to assess
the stress distribution, that can be obtained by the Ay and Az trends along the scan direction
[8]. The weakness of this fringe analysis system is represented by the two measuring
parameters Ay and Az that are function of the stress distribution but also of the thickness

sample variation (eq. (14) (16) (20) (21)).

We consider a crystal sample with 9 mm nominal thickness and the surface inclination of
0.1510 deg and 0.0110 deg on the two projections (Fig.18). The sample has been provided by
INFN (Italian National Research Centre for Nuclear Physics, section of Ferrara) laboratories,

which have measured the structural and geometrical condition of the sample.

Sample dimensions: 9x30x30mm

Angle: 0.1510£0.0005 deg

b

Line scan

Internalfracture z l

Fig. 18: Geometrical characteristics of the sample in exam, with the indication of the rough position of the internal
fracture and the scanning line used for the conoscopic acquisitions. The thickness d is along the x.

The specimen presented a small internal fracture about in the middle of its volume; we

concentrated our measurement and analysis on that area, scanning a line along the z direction
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(see Fig. 18) crossing the internal fracture (in the range 0-26 mm starting from the sample
edge see Fig. 25). A series of points on that line have been acquired via Laser Conoscopy with
a step of Imm on the crystal. A 0.064% thickness variation (from 8.952 to 8.958mm)has been
assumed, considering the surface’s angle of misalignment and the comparison with the
simulated values. By this the measurements of the Ay and Az values along the line have been

carried out (Fig. 19).
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Fig. 19: Distribution of the Ay and Az values along the scanning direction performed with laser light conoscopy carried
out in direction from the lowest value of sample thickness to the highest. For each numbered punctual acquisition along
the scanning direction the Ay and Az parameters are valued. It is important to remark the presence of a discontinuity
point that interrupt the graphs regularity.

Accordingly with the numerical simulations represented in Fig.5, 6, 12, 13 on the section
above, the trends of each measuring parameter are strongly influenced by the thickness
variation, which modifies the slope of the curves and introduces discontinuity points (Fig. 18).
Therefore, as explained in the previous paragraph, it is problematic to evaluate the thickness
and the @ angle variation contribution on the Ay and Az measuring parameter, making difficult
to study the parameter R due to its discontinuity (17). These weaknesses on the data analysis
and interpretation are due to the original model that is based on the assumption of constant
thickness [8], [9]. In order to generalize the data analysis, it is important to make the
measurements obtained from a sample with thickness variation easily interpretable. This can
be achieved through an analysis that regards the choice of the fringe to be analyzed avoiding
the fringe discontinuity due to the sample thickness variation. Some considerations about the
fringe choice are mandatory (following the observations made in the previous paragraph):

instead of using the first visible fringe for Ay and Az [9] as in Fig. 17, once performed a scan
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as in Fig. 18, we have to count the number of discontinuities on the graphs for Ay or Az. In our

case we have one case, generated by the collapse of the Ay and Az parameters as in fig. 20.

Fringes measurements

AZ
AY

800

15
Cross condition

Distances value

0 5 10 15 20 25 30
Acquisition number

Fig. 20: Focus (in yellow) on the Ay and Az values along the scanning direction, regarding the critical point. This
condition corresponds to the collapse (the inset) of both distances Ay and Az, named cross condition. The occurrence of
this condition leads to a variation of the fringe orders considered for the analysis.

Therefore, we have to start our considerations from the first image obtained by the scan of
the sample, that corresponds to the acquisition in correspondence of the lowest value of
thickness along the scanning direction. Differently from the traditional fringe selection
method showed in Fig.17, for Ay we have to skip one fringe order (equal to the number of
discontinuities on the Fig.20 graphs) and for Az we maintain the same fringe order (in this

case the two nearest curves), as described in Fig. 21.

AY

Fig. 21: Representation of the fringe orders used for the Ay and Az evaluation. The use of this fringe orders avoid the
presence discontinuity points on the Ay and Az graph distribution along the scanning direction in the case in exam.

Now it is possible to superimpose on the Ay and Az graphs of Fig. 19 the new graphs obtained

using an unigue new fringes order along the all scanning direction (Fig. 22).
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Fig. 22: Superimposition of the graphs obtained with the previous classical technique in blue, with the graphs obtained
using fixed values of fringe orders in red. In a) we have this comparison for Az, in blue are used always the smallest
distance between the fringe branches along the scanning direction. In red is used, for the first acquisition, the same

fringe of the blue case; but in this case we follow this fringe along the whole scanning direction, even when is available

another fringe that present a smaller distance Az. In b) we have in blue the Ay distribution obtained with the traditional
analysis method and in red the results of the new technique that use a fixed fringe for Ay along the whole scanning
direction. This fixed fringe is chosen starting from the fringe used in the classical method, skipping a number of fringes
equal to the number of discontinuities on the Ay distribution along the scanning direction.

In general, we have to calculate the number of discontinuities on graph of Ay along the
scanning direction, using the first visible fringes as in Fig. 17. Then, starting from the image in
correspondence of the lowest value of thickness we have to jump a number of fringe orders
equal to the number of discontinuities on graph of Ay along the scanning direction. For Az we
have to choose the fringe order as described previously, referring to Fig. 17. Following this
two new couple of fringe along the scanning direction, is now possible to obtain a continuous

graph for Ay and Az.

This type of fringes selection perfectly fit to the model described above. In fact, we start our
analysis with the image that correspond to the conoscopic acquisition for the lowest value of
thickness along the scanning direction, and for Az we consider the first couple of fringes. This
couple of fringes corresponds, on the previous section, to the fringe order |N| calculated for
the lowest value of sample thickness d. Instead for Ay we consider a couple of fringes as
described above, that corresponds to the fringe order [N] calculated for the highest value of
sample thickness d. Or, in our case, it corresponds to the fringe order [N] calculated for the

lowest value of sample thickness d, to which must be added an integer number equal to the

number of jumps of the parameter [N] from the lowest value of thickness to the highest.
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As a consequence, the graphs for Ay and Az are continuous, so it is possible to obtain the R
parameter as in Fig. 23, as a function of the stress distribution along the scanning direction

and the thickness variation

35
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05
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Fig. 23: Superimposition of the Az/Ay parameter calculated using the classical analysis method in blue and with the new
described method of fringe selection in red. It is worth to note the differences between the two shapes. In the red case
we have no discontinuity points, therefore is easier to study the behavior of the sample along the scanning direction

4.1.Data Analysis

Once obtained the R parameter, it is possible to evaluate the stress distribution along the

scanning direction. In fact, from [9], it is possible to use the linearized model that starts from

A , , . . .
the calculated R,, = (ﬁ)z.From this, we obtain the following relation with the stress state

[9]:

Ra(0) = Ro(K) + Run(K) (55 22) a3 (22)
where :

R = K, L2

\/; (23)

and for the case B,>Bi:

1-K2)K*+(K*-1)K?
Ry = —2k3 [ (24)
whereas if B,<Bi:
_ o2 (KZ2-1)?
Ry, = 2K? oy (25)
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By considering that |m,, — ;| difference is known from[19]. In our case of study we have
also a thickness d inhomogeneity that introduces a variation of the Ry, R11, and R, parameters

which can be evaluated once known the spatial distribution of the thickness sample value.

Considering that at our best knowledge |, — ;| = (0,9234 + 0,1548) - 10712Pa™ 1, with
the studied thickness variation from 8.952 to 8.958mm. Applying the model to the case B,>B;
it is possible to obtain the graphs in Fig.2.

Stress state distribution along the scanning direction
30 T T T T T

Ax Min
Ax Max

201

15T

Stress state [MPa]
=

-10 1 1 1 1 1
0 5 10 15 20 25 30

Acquisition number

Fig. 24: Stress state distribution [MPa] along the analyzed area. The blue line denotes the
results using the lowest value for the difference |, — 14|. The red line describes the

results obtained with the highest value of |, — m4].

The two graphs in fig 24, shows a stress peak about the sample center of 20-25 Mpa, the

uncertainity in the calculation is due to the uncertainity in the difference |m,, — ;| = Am.

About the identification of the traction or tension, it depends on the sign of Az, that it is still
unknown at the present stage. The values obtained are close to the fracture value at the

center, accordingly with the sample damage as shown in figure 25.[24]
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(a) (b)

Fig. 25: a) Visible condition of the sample in exam, with the line scan indicated by the red arrow. It is important to
remark that in the center of the crystal there is a damage that is not a superficial scratch but a crack. (b)This crack
spread throughout the sample volume once finished the photoelastic measurements and after some months

5. Conclusions

We measured the stress distribution in PWO, observed in direction normal to the a-c plane,
with variable sample thickness d. By means of the developed method is possible to remove
the problems caused by an inhomogeneity of the crystal thickness in the observation, in order
to extract only the stress contribution from the fringe pattern. This result is important
because usually a crystal sample shows thickness variations between the surfaces. By the new
technique exposed in this paper, it is possible to observe this kind of crystals in direction
orthogonal to the plane a-c in order to study the stress distribution, without the trouble
caused by the non-homogeneity of the sample geometry. This model makes possible to
analyze samples that previously could not be studied with laser conoscopy due to the sample

cut direction and shape. This analysis can easily be extended to other tetragonal crystals.
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