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Abstract

During the last decade, the use of inertial sensors in human motion analysis has occupied a
central role in the biomedical and electronic engineering scientific literature. The portability
and relative low cost of such equipment opened up to a number of domestic, clynical, research
and rehabilitation scenarios, leading to a growing interest in software methodologies to obtain
accurate data from inertial and magnetic information. In the present dissertation a thorough
study is reported regarding a series of common application of inertial sensors in human
motion analysis, considering purely inertial measurements. Regardless of the complexity of
the techniques that may be involved in the compensation of magnetic distorsions, the present
work aims to investigate and assess the accuracy limits of purely inertial setups, in order
to give an estimate of the reliability of such kind of minimal setup when other information
sources are obstacled for relatively long epochs of time (if not for the whole duration of the
measurement session). The present experimental studies concern a comparative study on
Extended and Unscented Kalman filtering for sensor fusion in displacement and orientation
estimation of human center of mass (CoM) during treadmill walking, center of pressure
(CoP) and lower body joint angles estimation during unperturbed posture, pedestrian dead
reckoning. A custom calibration method for navigation and local reference frames alignment
in magnetometer-free setups is also reported. Results present accuracies within 2 deg
(orientation) and 1.5 mm (displacement) for CoM and lower body joints angles estimations,
high correlation between estimated and measured CoP, predictability in dead reckoning error
drift and improvement in 90 deg turns estimation accuracy using a custom methodology.
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Chapter 1

Introduction

Position and attitude tracking of physical bodies in space is of common interest in several
engineering and research contexts. From aerospace, naval and automobilistic guidance
systems [1], to virtual reality, robotics and human motion tracking for clinical and sports
applications, the deterimination of such quantities is at the very basis of systems control
and analysis of motion patterns in support of diagnostics and rehabilitation programs [2].
The variety of existing sensors for both attitude and position estimation, reflects their wide
range of application contexts. Also, the costs and the volume of the employed hardware is
strictly dependent from a series of factors including: required accuracy levels, minimal system
portability, outdoor/indoor applications, budget limits, etc.. Furthermore, the physical
principle the tracking system is based on, critically influences the application context and
expected accuracy. As an example, Global Positioning Systems (GPS) rely on a time
information to be elaborated by the target device, so that body triangulation can be achieved
by the integration of signals coming from multiple satellites: hence the tracking accuracy is
strictly dependent on satellites coverage and weather conditions, and it is obviously restricted
to outdoor usage. Environmental and geographical information blockage in tracking systems
is commonly referred to as shadowing.
The partial or total lack of information for relatively long or short epochs of time in real

time tracking applications, is usually dealt with an increased number of sensors whenever it
is possible to assume that the lack of information from one sensor can be compensated by
the availability of the others. This implies using sensors clusters with different operating
physical principles or arrangements in the measurement environment. Merging information
from an array of sensors to obtain an estimate of a certain physical quantity (e.g. position
and/or orientation of a body in space) is called sensor fusion. Sensor fusion tipically involves
a filtering process to obtain estimates of the desired quantity.
The word filtering has assumed two main meanings throughout the years. At first, the

concept of filtering was strictly connected to the use of analog circuits with frequency selective
behaviors, or tuned circuits, to block unwanted systems behaviors in the frequency domain.
One of the most important examples of this kind of filtering paradigm in the field of electrical
engineering can be ascribed to the wave trap for transmission lines1. Henceforth, tuned filters,
and consequently filter design theory, became more complex in order to satisfy amplitude
and phase response requirements for a wide range of applications including digital filtering
(e.g. Butterworth and Chebyshev filters [3]). In the 1940-50 decade, the work of Wiener and
Kolmogorov [4, 5] introduced to the concept of statistic filtering, where the separation of
wanted and unwanted components of a signal (i.e. noise) was performed on the basis of their
stationary statistical properties. However, this stationarity assumption badly coped with

1A line wave trap example: http://www.steel-sa.com/bzzz/wp-content/uploads/2011/06/ARTECHE_CT_
trfLT_EN.pdf
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Chapter 1 Introduction

applications where nonstationary processes or noises were involved. For this reason, in the
early 1960s the work of Kalman and Bucy [6, 7] introduced a new filtering technique, which
did not required the stationarity assumption of the Weiner and Kolmogorov approaches.
This particular technique soon assumed the name of Kalman filtering.

In this dissertation the term filtering is always referred to its statistical significance.
Henceforth, given a system (stationary or nonstationary) in its discrete-time state-space form,
the concept of filtering in the Kalman conception can be summarized in the minimum-square
error estimation of the state at the discrete time-frame k, given a number l = k of available
observations. At the same time, for l < k the same problem is referred to as prediction, and
for l > k is referred to as smoothing [8–10].
Kalman filtering was a breakthrough in the field of information filters and sensor fusion.

Due to its state-space formulation, it allowed great generalization with respect to the process
model and the observation (measurement) process model involved, so that once the estimation
problem is defined in its state-space form, it is possible to iterate the same algorithm for any
application context. Also, the compact form of the algorithm allowed relatively easily-feasible
solutions (and readaptations, in particular regarding nonlinear and nonstationary processes
and observation functions) from a implementative point of view, both in terms of software
and hardware2. Furthermore, thanks to its versatility, Kalman filtering theory very well suits
the aforementioned problem of sensor fusion: indeed, such applications simply involve the
use of sensor readings into the state propagation model in addition to the array of sensors
readings injected through the measurement process.

As introduced above, the shadowing problem can be compensated through a sensor fusion
software/hardware setup. Fortunately, the use of inertial sensors for orientation and position
estimation overcomes this issue, being immune to shadowing. Indeed, orientation and position
can be ideally estimated through the integration of, respectively, gyroscope and gravity-free
accelerometer information. Nevertheless, direct integration of noisy signals eventually leads
to unbounded drift, so that an accurate estimate can be expected for very short periods
of time (dependently on sensors accuracy and superimposed noise). As a matter of facts,
orientation estimation must be bounded in a sensor fusion process, including accelerometer
gravitational readings in the measurement process to mitigate the drifting behavior induced
by the integration of the gyroscope information during the state propagation [1, 11–14].
Magnetometer measurements as well are usually integrated in magnetic-inertial sensors
setups to improve estimation accuracy. On the other hand, concerning position estimation
through inertial sensing, unless direct observations are added to the position propagation via
gravity-free acceleration integration [15], there is no way to avoid estimation drift without
resorting to zero velocity update methods [16–20]. Such kind of techniques involve the
injection of a pseudo "zero-velocity-measurement" into the measurement process whenever
the inertial sensor is considered to be still. In pedestrian dead-reckoning systems the foot
stance phase, during normal walking, is usually identified and leveraged for this purpose.
In the last two decades, inertial-magnetic sensing, in combination with Kalman filtering

or similar "complementary" techniques (e.g. heuristic optimization-based measurements
integrations like [21]), became quite popular in the field of human motion analysis, due
to the extremely high portability and low costs of inertial systems with respect to gold-
standard optical tracking systems (i.e. stereophotogrammetry). Several works can be found
in literature regarding a wide range of clinical, tracking and monitoring related applications:

2NASA technical memorandum: https://ntrs.nasa.gov/archive/nasa/casi.ntrs.nasa.gov/
19860003843.pdf
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from center of mass motion estimation during walking related tasks [22–27], to pedestrian
dead-reckoning [17, 18, 20, 28–30], posture analysis [31], APA and freezing recognition in
Parkinson patients [32–34] and other medical related instances [35].

In recent times, a common interest among inertial measurement units application studies
has arised, regarding the problem of magnetometer-related disturbances. While accelerometer
gravitational data is included in the measurement process when the linear acceleration is
considered to be null, i.e. body stationarity, the hypothesis made to include magnetometer
readings is related to the assumption of earth magnetic field sensing only and in general on
the assumption of homogeneous magnetic fields [36, 37]. As a consequence, many studies
make efforts to model and estimate magnetic distances in order to remove them from
readings [38–40].

In the present dissertation a thorough study is reported regarding a series of common appli-
cation of inertial sensors in human motion analysis considering purely inertial measurements.
Regardless of the complexity of the techniques that may be involved in the compensation of
magnetic distorsions, the present work aims to investigate and assess the accuracy limits of
purely inertial setups, in order to give an estimate of the reliability of such kind of minimal
setup when other information sources are obstacled for relatively long epochs of time (if not
for the whole duration of the measurement session).
The present work is divided as follows: Chapter 2 provides an introduction to random

variables and probability theory, with a particular attention on the orthogonality principle,
which is the basis for the optimal estimator as reported by Kalman in its first formulation
[6]. The essential aim of this chapter is to define the strong connection between the field of
probability theory and the concept of least-mean-square estimators thanks to the geometrical
properties of the Hilbert spaces of random variables. Indeed, it is possible to observe,
since the first few sections, that the very definition of Bayes’ Theorem constitutes the bone
structure of the a posteriori estimator without the optimality asset, which is allowed by
certain characteristic of the processes involved. Also, it is possible to demonstrate that the
Bayesian recursive estimator is a particular case of univariate linear Kalman filter3. Chapter
3 introduces the concept of stochastic processes and hence the properties of Markov processes
to finally allow the definition of the linear Kalman filter and its well-known nonlinear variants,
the Extended Kalman filter (EKF) and the Unscented Kalman filter (UKF). Pseudocode
is available for each of the aforementioned formulations in the relative sections, and it
matches the actual implementation employed in the following chapter. Chapter 4 reports
the quaternion-state EKF proposed by Sabatini in 2006 [13] alongside with its adaptation
to the lack of magnetometer information and the Unscented transform. A custom-made
calibration procedure is also presented to allow to refer inertial data to an earth-fixed
navigation frame without the earth magnetic north information (transversal plane). The
aforementioned calibration procedure, alongside with the magnetometer-free adaptation
of the quaternion-state KF, played a key role in every experimental application presented
in this manuscript. Finally a series of studies is reported regarding magnetometer-free
approaches to human motion analysis, including center of mass displacement and pelvis
orientation estimation during treadmill walking, center of pressure model-aided estimation
during unperturbed balance mantainment, pedestrian dead-reckoning and lower body joints
angles estimation during perturbed posturography. Each section reports relative state of the
art and introductory subsection, results and discussions. Finally, a summary discussion of
the whole manuscript is reported in chapter 5.

3Labbe R.: https://github.com/rlabbe/Kalman-and-Bayesian-Filters-in-Python
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Chapter 2

Probability, Random Variables and
Optimal Estimators

This first chapter will cover the basis of probability theory. In order to fully comprehend all
the aspects of the filtering problem, and finally to appreciate the proposed solutions, it is
necessary for the reader to have a good grasp on the mathematical aspects of the axiomatic
definition of probability and its geometrical interpretation.
Any filtering problem can be defined as the matter of knowing as closely as possible the

true state of a (dynamic) system of which the measurements (observations) are available.
Indeed, the statement "as closely as possible" in terms of technical and engineering purposes
should be replaced with "short of a small, known error". In the following chapters this will be
proven feasible, and also the state estimation will be proven optimal in a least-mean-square
sense. Further on, all states estimations of a given system and its relative measurements
(observations), will be defined in terms of stochastic processes. Hence, the necessity to define
the concepts of probability spaces and random variables as mathematical tools to build good
(or optimal) observers for the given problem.

2.1 Set theory, axioms of probability, and probability spaces

2.1.1 Set theory
Let us define a set A as a collection of items, such as colours, numbers, experimental outcomes
etc.; those items can be defined as elements ξ of the set so that:

A = {ξ1, ξ2, . . . , ξn}; ⇐⇒ ξi ∈ A ∀i = 1, 2, . . . n (2.1)

All the sets that we consider in this dissertation are subsets of a universe set defined as S.

A ⊆ S (2.2)

Example 1. Considering S as the real numbers axis, then A = N is a subset of S.

Considering the definition of universe set, it is possible to define also the null or empty set

A = {} or A = 0 (2.3)

Of course, it is possible to define certain mathematical operations using the set language:
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Inclusion: we have already seen the inclusion operator in (2.2), so that if every element
of a set B are contained in A, then

B ⊂ A ⇐⇒ B = {ξ1, ξ2, . . . , ξn} with ξi ∈ A, ∀i = 1, 2, . . . , n (2.4)

Sum or Union and Difference: It is possible to define the sum or union operator, so
that the set

A+ B (2.5)

contains all the elements of A or of B or of both. It also is easy to see that

A+ B = B +A (2.6)
(A+ B) + C = A+ (B + C) = A+ B + C (2.7)

A+A = A (2.8)

Similarly, the difference

A− B (2.9)

is a set that consists of elements of A that are not in B.

Product or Intersection: The product or intersection of two sets can be defined as

AB (2.10)

and it is a set that consists of elements that are common to both sets. It is trivial to see that

AB = BA (2.11)
(AB)C = A(BC) = ABC (2.12)

AA = A (2.13)

If two sets have AB = 0 they are said mutually exclusive.

Complement: Finally, the complement of a set can be defined as

A = S −A (2.14)

which is the set of elements that do not belong to A.

With those definitions it comes natural to see that the null and S sets have the following
properties:

10



2.1 Set theory, axioms of probability, and probability spaces

• A+ 0 = A; A− 0 = A; A0 = 0

• A+ S = S; A− S = 0; AS = A

• S = 0

• A+A = S

• AA = 0

S

A

BAB

A+ B

Figure 2.1: Venn diagram representation of the
union and intersection operators.

2.1.2 Axioms of probability
Now that all the fundamental properties of sets have been laid out, it is useful for further
dicussion to define a class of sets called a field (F).

Definition 1 (Field). A field is a non-empty class of sets that has the following properties :

• if A ∈ F then A ∈ F.

• if A ∈ F and B ∈ F then A+ B ∈ F, AB ∈ F and A− B ∈ F.

Furthermore, if the sets A1,A2, . . .An belong to F, and also the sets

• {A1 +A2 + · · ·+An} ∈ F

• {A1A2 . . .An} ∈ F

then the field F is called a Borel Field.

Thanks to this last definition, we have obtained a mathematical object in which sets and
operations between sets are still contained in the same environment and share some useful
properties.
Let us now identify the elements ξ of S as experimental outcomes. Hence, defining

intuitively an experiment as a set of possible outcomes which consitute a set S, it is possible
to state that any subset A ⊂ S as an event. Also, the null and S sets in this context, assume
the respective properties of impossible and certain events.

Example 2. Let us define our experiment as the cast of a six-faced die: then S =
{1, 2, 3, 4, 5, 6}. Hence, the subset of even numbers A = {2, 4, 6} is a possible event of
our experiment.

From the example above, it is possible to notice that the event A has a certain probability
to happen if the die is cast. The concept of probability of an event P (A) can be also defined
as a mathematical object which has certain properties called the axioms of probability:

• P (A) ≥ 0

• P (S) = 1

11
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• P (A+ B) = P (A) + P (B)− P (AB)

with the following corollaries:

• P (0) = 0

• P (A) = 1− P (A) ≤ 1

• P (A+ B) = P (A) + P (B) if the events are mutually exclusive.

Finally, we can formally define the concept of experiment:

Definition 2 (Experiment). An experiment E is the following:

• A set S of elements (outcomes) ξ and it is the certain event.

• A Borel Field consisting of subsets of S called events.

• A number P (A) assigned to every A which satisfies the axioms of probability.

Hence, it is possible to write the experiment as something that is specified by E : (S,F, P )

Probability on the Real Line

The definition of experiment makes it possible to construct a probability space. An important
example of such kind of space is the Real Line. The importance of covering this aspect lies
in the notation used to define such probability space. This will become clearer when the
concept random variable is introduced in section 2.3.

On the real line probability space, the outcomes of an experiment are real numbers. Sums
and products of events are still on the same probability space, making it suitable as a Borel
Field. It is common to assume the positive part of the real line as the a time line, so that
S = R and t ∈ S. Assuming an integrable function of time as

α(t) ≥ 0
∫ ∞

0
α(t)dt = 1 (2.15)

we say that the probability of an event to happen from time t1 to an arbitrary time t2 is

P{t1 ≤ t ≤ t1} =
∫ t2

t1
α(t)dt (2.16)

this is defined as a random call. Notice that the property of the real line alongside with the
form of (2.15) and (2.16) are compliant with the definition of experiment.

2.2 Conditional probability, total probability, Bayes’ theorem
and independent events

2.2.1 Conditional probability
In an experiment E : (S,F, P ) let us assume a non-impossible eventM⊂ S so that

P (M) > 0 (2.17)

12
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we define the Conditional Probability as the "probability of an event A ⊂ S to happen
assuming M" as

P (A|M) = P (AM)
P (M) (2.18)

The probability P (A|M) is obviously zero if the two events are mutually exclusive. Also
if M ⊂ A then P (A|M) = 1. Finally, it is possible to prove that from the experiment
E : (S,F, P (A)) it is possible to create a new experiment E1 : (∗, ∗, P (A|M)) which outcomes
form the same universe and events form the same Borel Field, but has different probabilities.

A

M

AM

S

Figure 2.2: The probability of the event A to happen if the eventM has happened (P (A|M))
is the purple area (AM) divided by the blue dashed one (including the inter-
section).

To clarify this concept, two examples will be given: one of discrete type and one on the
real line.

Example 3. Let us consider the same experimental setup as in example 2, hence S =
{1, 2, 3, 4, 5, 6} and P (ξi) = 1/6 for i = 1, 2, . . . , 6 (fair die). Now let us define two events
which belong to our universe set:

• The die is cast and the outcome is 2: A = {2}.

• The die is cast and the outcome is an even number: M = {2, 4, 6}.

What is the probability that the outcome is a 2 assuming that an even number came out?
The formalization of our problem is the following:

P (A|M) = P (AM)
P (M)

It is easy to see that AM = {2} with P (AM) = 1/6. Similarly, it is easy to see that
P (M) = 1/2. Hence

P (A|M) =
1/6
1/2

= 1
3

Example 4. What is the probability to die between the age of 60 and 70?
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Let us suppose that we were able to build a "mortality" function of time α(t) from long
records such as

α(t) =
{
At2(100− t)2 for 0 ≤ t ≤ 100
0 elsewhere

0 60 70 100t

α(t)

then the probability to die between two time intervals (t1, t2) is defined as (2.16).
Rephrasing the initial question in terms of conditional probability, it is the same as saying

"what is the probability to die between 60 and 70 assuming to have lived to 60?". The
formalization of such question is the following

P (60 ≤ t ≤ 70|t ≥ 60) =
A

∫ 70

60
t2(100− t)2dt

A

∫ 100

60
t2(100− t)2dt

= 0.486

2.2.2 Total probability

We are now going to introduce the concept of Total Probability. Let us now assume we have
n mutually exclusive events {A1,A2, . . . ,An} whose sum equals our universe. Let us have
another event B ⊂ S which intersects all (or a part of the) events Ai, i = 1, 2, . . . , n as in
Fig. 2.3.

B

A1

A2

A3

A4 A5

· · ·

An−1

An

Figure 2.3: The event B intersects some of the events Ai which form the universe set.

From the set theory (see section 2.1, properties of null and S) we know that B = BS,
hence

B = B(A1 +A2 + · · ·+An)
= BA1 + BA2 + · · ·+ BAn (2.19)

which probability, from the third corollary of the axioms of probability (since the events Ai
are mutually exclusive) will result in

P (B) = P (BA1) + · · ·+ P (BAn) (2.20)
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From (2.18) we can hence formalize the theorem of Total Probability:

P (B) = P (B|A1)P (A1) + P (B|A2)P (A2) + · · ·+ P (B|An)P (An) (2.21)

which is still true even if the sum of Ai is not S but is a superset of B. This is an important
theorem since it provides the probability of a subset of mutually exclusive events just from
the conditional probabilities P (B|Ai) and the probabilities of the single events P (Ai).

2.2.3 Bayes’ theorem
Now, from (2.18) we have that

P (AiB) = P (Ai|B)P (B) (2.22)

however, from the properties of the intersection between sets we have that P (AiB) = P (BAi),
hence

P (AiB) = P (B|Ai)P (Ai) (2.23)

Putting (2.22) into (2.23) we obtain

P (Ai|B) = P (B|Ai)P (Ai)
P (B) (2.24)

and inserting (2.21) into the above we can formalize the Bayes’ theorem as follows

P (Ai|B) = P (B|Ai)P (Ai)
P (B|A1)P (A1) + P (B|A2)P (A2) + · · ·+ P (B|An)P (An) (2.25)

Bayes’ Theorem - Discussion

Let us clarify this concept in comparison with the total probability: looking at Fig.2.3, let us
suppose that every set Ai is a box containing both white and/or blue balls. The chance to
pick a blue ball from a box Ai is described by the intersection between that box and the
B set. Notice that not every box contains blue balls, and also there is a chance that some
boxes do not contain white balls at all. Let us pick a random ball from any of the n boxes;
suppose we know the number of balls available for each box and also we know the
rate between blue and white balls for each box, then the two theorems answer the
following questions:

• What is the chance that the extracted ball is blue? (Total Probability)

• Provided that we have extracted a blue ball, what is the chance that it comes from the
ith box? (Bayes’ Theorem)

This last theorem also expresses the concept of an event’s a posteriori probability. This
theorem is a keystone of filtering theory. It is indeed already possible to intuitively deline
the bone structure of a filter by means of the Bayes’ theorem.
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Let us suppose we want to know the real value of a certain process (e.g. position and
velocity of a stone which leaves the hand of a thrower with a certain angle θ and a certain
initial speed v) in real time through a series of measurements (e.g. camera images acquired
during flight) which occur at a certain rate. Employing the Newton’s law to describe the
trajectory of the stone, it would seem a simple deterministic problem, in which the state of
the system can be described for each t by


py(t) = ‖v‖ sin θ · t− 1

2gt
2

px(t) = ‖v‖ cos θ · t
vy(t) = ‖v‖ sin θ − gt
vx(t) = ‖v‖ cos θ

(2.26)

however, our model does not take into account a number of other factors that affect the
actual state of our process, such as wind speed, air viscosity, stone shape, uncertainties on
the initial (v, θ), etc. Hence, we can only guess that the position and velocity of the stone
from t to t+ 1 propagate as we would espect from (2.26). This guess can be translated into a
cloud of possible positions more densely distributed near the center (our model guess) and
more sparsely going outwards as in example 4, so that the probability of our estimation to
be between certain boundaries is described by (2.16). The more accurate the model, the less
sparse away from the center the cloud of points will be. This is called an a priori estimate of
the system state.
After the state propagation, we take a measurement. Similarly to our model guess, the

measurement is affected by uncertainties (e.g. circuit thermal noise). Finally, having our a
priori estimate of the state with a certain probability P (At+1) and a measurement event
with a probability P (B), it is possible to fuse those two information in terms of a posteriori
probability through the Bayes’ theorem. Just like in the example of the blue and white balls,
we can intuitively rephrase our filtering problem as: "assuming we are given a measurement
of the state at time t+1, what is the probability that the true state comes from our a priori
estimate At+1?". Hence our new state estimate will be another cloud of points distributed
around our new guess with a probability P (At+1|B) described by (2.16), with an accuracy
that in the following chapters (section 3.2) will be proven higher than the one of the a priori
estimate and the one of the measurement.

5 8 11.3 13
px

initial state
a priori

measurement
a posteriori

Figure 2.4: Focusing on a single state variable (e.g. px), we suppose our initial estimate of
the state at time t is 5, with the uncertainty of this initial guess represented by
the dashed bell curve. Then we propagate our initial guess through the model,
getting our a priori estimate at t+ 1. Notice that the uncertainty of the model
negatively affects the initial guess. A at t+ 1 we measure 13. The a posteriori
estimate of the state is hence computed (red bell). Notice that this final result
has its central value nearer the "most reliable" guess, which in this case is the
measurement in comparison with the a priori estimate.
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2.3 Random variables

2.2.4 Independent events

Two events A,B ⊂ S are said independent if

P (AB) = P (A)P (B) (2.27)

The independency of the two events implies the following statements:

• P (A|B) = P (A)

• P (B|A) = P (B)

• P (A+ B) = P (A) + P (B)− P (A)P (B)

Independency of n events and independency in pairs

If we have {A1,A2, . . . ,An} independent events, then from (2.27) we can say

P (A1A2 . . .An) = P (A1)P (A2) . . . P (An) (2.28)

However, if those events are independent in pairs

P (AiAj) = P (Ai)P (Aj) for every i 6= j (2.29)

they are not automatically independent (see figure below).

A B

C

ABC

Figure 2.5: The events A,B and C are independent in pairs but not globally independent
because AB = AC = BC = ABC, hence P (ABC) = P (AB) 6= P (A)P (B)P (C).

2.3 Random variables

Considering an experiment E : (S,F, P ) in which ξ ∈ S are outcomes and F is a field of
subsets of S called events, we define a function x which domain is the universe set and the
codomain is the real line R:

x(ξ) : S 7→ R (2.30)

This particular function is called Random Variable (r.v. for short).
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2.3.1 The distribution function and the density function

Considering a number x ∈ R, the set {x ≤ x} represents another set of outcomes ξ such that

x(ξ) ≤ x (2.31)

which is the definition of an event (see section 2.1.2).
Thus, we can define the probability of such event as a number which depends on x

Fx(x) = P{x ≤ x} (2.32)

defined for every x from −∞ to ∞. This is called the Distribution function of the random
variable. For the sake of notation simplicity, the distribution functions of the r.v. x,y, z, . . .
will be referred to F (x), F (y), F (z), . . . without fear of ambiguity.

The distribution function F (x) has the following properties (given without proof):

• F (−∞) = 0, F (+∞) = 1

• F (x1) ≤ F (x2) for x1 ≤ x2 (nondecreasing for x)

• F (x+) = F (x) (continuous from the right)

• P{x1 < x ≤ x2} = F (x2)− F (x1) for x1 < x2.

The derivative of the distribution function is the Density function

f(x) = dF (x)
dx

(2.33)

However, the distribution function may not have a derivative ∀x, hence the following
sections will shorly deal with continuous and discrete r.v.

Continuous type r.v.

Suppose F (x) to be a continuous function of x (and may have a countable number of corners).
Then it follows from the second property of the distribution function that

f(x) ≥ 0 (2.34)

and from the first property ∫ ∞
−∞

f(x)dx = F (∞)− F (−∞) = 1 (2.35)

F (x) =
∫ x

−∞
f(ξ)dξ (2.36)

Hence,

F (x2)− F (x1) =
∫ x2

x1

f(x)dx (2.37)
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which from the fourth property of the distribution function brings to

P{x1 ≤ x ≤ x2} =
∫ x2

x1

f(x)dx (2.38)

Notice that we have finally estabilished a link between the random variables and the
probability on the real line (cfr. 2.15 and 2.38), and that "integrable function of time α(t)"
that we defined previously is nothing else than a density function.

Discrete type r.v.

Suppose now F (x) to be a discrete "staircase" type function with discontinuities at every
countable xi. Each jump shall be defined by a probability

P{x = xi} = pi = F (xi)− F (x−i ), i = 1, 2, . . . (2.39)

and the distribution distribution function will be

F (x) =
∑
i

pi = F (∞)− F (−∞) = 1 (2.40)

Example 5. Let us consider a coin tossing experiment: S = {h, t} with the following
probabilities P{h} = p and P{t} = q. Let us suppose an unfair coin with q < p. Now let’s
define the r.v. x by

x(h) = 1, x(t) = 0

0 1

q

1

x

F (x)

0 1

q

p

x

f(x)

Since the experiment itself implies two possible outcomes, the distribution function is a
staircase function. The density function is formed with the probabilities of each outcome as
in (2.40).

2.3.2 Conditional distribution and density

It is now possible to extend the concept of conditional probability to the r.v.
Let us consider an eventM⊂ S, hence the conditional distribution of a r.v. x assuming

M shall be

F (x|M) = P{x ≤ x|M} = P{x ≤ x,M}
P (M) (2.41)

where the set {x ≤ x,M} is the event of all the outcomes that satisfy both conditions

x(ξ) ≤ x and ξ ∈M
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Furthermore, supposing x of continuous type we can define the conditional density function
as

f(x|M) = dF (x|M)
dx

(2.42)

2.3.3 Functions of one r.v.

When we talked about a r.v. x, we defined a function which domain is the universe set, and
its range (codomain) is a set of real numbers Ix ⊂ R. We now define another kind of function
which takes a random variable as argument

y = g(x) (2.43)

by analogy with any other function which takes a real variable x as an argument, it is trivial
to see that the domain of y is still S. Indeed, y is still a r.v.. Its distribution function is
hence defined

F (y) = P{y ≤ y} = P{g(x) ≤ y} (2.44)

and its density function

f(y) = dF (y)
dy

(2.45)

Similarly to x, the range of y so that {g(x) ≤ y} is Iy. Hence we can state that

g(x) ≤ y ⇐⇒ x ∈ Iy (2.46)

so that

F (y) = P{y ≤ y} = P{x ∈ Iy} (2.47)

The following example is useful to fix this concept and also to better appreciate the
implications of the definition of a function of one r.v..

Example 6. Let us consider the experiment of the fair six-faced die as in example 2. Hence
for S = {1, 2, . . . , 6} = {f1, f2, . . . , f6} we have that

P{fi} = 1/6 for i = 1, 2, . . . , 6

Now let us select our r.v. so that x(fi) = i− 3, we hence have

−2 −1 0 1 2 30

1

x

F (x)

−2 −1 0 1 2 3

1/6

x

f(x)

20



2.3 Random variables

If we choose y = x2, the r.v. will take those values {0, 1, 4, 9}

0 1 4 9

1/6

3/6

5/6
1

x

F (x)

0 1 4 9

1/6

2/6

x

f(x)

Notice how, out of the same experiment, the choice of the random variable affects the
distribution and density functions of the outcomes.

Unlike the example above, the determination of a function of one r.v. density is not always
so trivial. This is expecially true when dealing with r.v. of continuous type. Hence, the
following theorem will deal with the determination of f(y). This fundamental theorem can
be applied to any function of one r.v..

Theorem 1. Let us consider a function of one r.v. as

y = g[x]

in order to find f(y) it is necessary to solve

y = g(x)

for each root of x in terms of y, consdering that x1, x2, . . . , xn, . . . are all the its real roots

y = g(x1) = g(x2) = · · · = g(xn) = . . .

Then,

f(y) = f(x)
|g′(x1)| + · · ·+ f(x)

|g′(xn)| + . . . (2.48)

with

g
′
(x) = dg(x)

dx

Also, its conditional density f(y|M) is a simple extension of (2.48) prior the knowledge of
f(x|M) as follows

f(y|M) = f(x|M)
|g′(x1)| + · · ·+ f(x|M)

|g′(xn)| + . . . (2.49)

Proof:
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g(x)

f(x)

y
y + dy

x1 x2 x3
x

Suppose that y = g(x) has three roots x1, x2, x3. For a dy sufficiently small we have

P{y < y < y + dy} = P{y < g(x) < y + dy} = f(y)dy

which is true for (see figure above, blue filled areas in f(x))

x1 < x < x1 + dx1, x2 − dx2 < x < x2, x3 < x < x3 + dx3

so that

P{y < y < y + dy} = P{x1 < x < x1 + dx1}
+ P{x2 − dx2 < x < x2}
+ P{x3 < x < x3 + dx3}

Also, for dxi sufficiently small

P{x1 < x < x1 + dx1} = f(x1)|dx1|
P{x2 − dx2 < x < x2} = f(x2)|dx2|
P{x3 < x < x3 + dx3} = f(x3)|dx3|

Considering that we defined g′(x) = dg(x)/dx = dy/dx we obtain

f(y)dy = f(x1)
|g′(x1)|dy + f(x2)

|g′(x2)|dy + f(x3)
|g′(x3)|dy

2.3.4 Expectation, variance and moments of a r.v.

In this section we introduce the most important parameter in terms of application of
probability theory and r.v.: the Expectation. This single paramter will be extensively used
in most of the following chapters, and its properties and geometrical interpretations are
fundamental to the filtering theory in order to define robust mathematical instruments such
as optimal state observers.
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2.3 Random variables

The Expectation or expected value of a r.v. x is written in the following form

E [x] or ηx or η

and it is defined in its continuous form as

E [x] =
∫ ∞
−∞

xf(x)dx (2.50)

and in its discrete form as

E [x] =
∑
n

xnP{x = xn} =
∑
n

xnpn (2.51)

Example 7. Let us consider once more the six-faced die experiment. The universe set and
the probabilities associated to each outcome have been defined in example 6. However, this
time we define for simplicity the r.v. x(fi) = fi. If we apply the discrete form of the expected
value (2.51) to our experiment we obtain

E [x] =
∑
n

xnpn = 1
6(1 + 2 + 3 + 4 + 5 + 6) = 3.5

which should make more clear why the expectation is also called "mean". More generally, for
experiment with a non-infinite number of trials n, we can define

E [x] ' x1(ξ) + · · ·+ xn(ξ)
n

(2.52)

which is the frequency interpretation of the expectation.
In the figure below we reported the example above performed with 1000 die throws. For

each kth throw the average value of the 1, ..., k − 1, k results is computed. Notice that, for an
increasing number of throws, the average value tends to the expectation, thus confirming the
frequency interpretation. Eventually, the computed average will be equal to the expectation
for n→∞. It comes along that for evenly distributed density functions the expectation, the
median and the most likely outcome are equal to each other.

0 500 1,000

3.5

7

throws

a
v
er
a
g
e

To emphasize the point above, consider the right-skewed distribution f(x) = |x|e−x in the
next figure. Notice how the most likely value, the median and the expectation occupy different
places in the distribution.
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Median
E [x]

Most likely (Mode)

0 xl xm xη
x

f(x)

with the mode defined as the the xl where f(x) is maximum and the median defined as
P{x ≤ xm} = F (xm) = 1/2 or, more explicitly, as the value xm so that∫ xm

0
|x|e−xdx = 1

2

assuming 0 ≤ x <∞.

Conditional Expectation

The conditional expected value of a r.v. assuming an eventM⊂ S is simply given by

E [x|M] =
∫ ∞
−∞

xf(x|M)dx (2.53)

with its discrete form

E [x|M] =
∑
k

xkP{x = xk|M} (2.54)

Expectation of g(x)

Let us consider a function of one r.v. as introduced in section 2.3.3, such as y = g(x). From
the definition of expectation

E [y] =
∫ ∞
−∞

yf(y)dy (2.55)

The following theorem will allow the definition of such expectation in terms of f(x).

Theorem 2. The expecation of g(x) in terms of f(x) is expressed as follows

E [g(x)] =
∫ ∞
−∞

g(x)f(x)dx (2.56)

and its discrete form is

E [g(x)] =
∑
k

g(xk)P{x = xk} (2.57)

Proof: From the proof of Theorem 1 we have

f(y)dy = f(x1)dx1 + f(x2)dx2 + f(x3)dx3
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If we multiply on both sides for y we obtain

yf(y)dy = g(x1)f(x1)dx1 + g(x2)f(x2)dx2 + g(x3)f(x3)dx3

for each element yf(y)dy there is a number of differential elements in g(x)f(x)dx. Since the
two differential dx and dy occupy two orthogonal spaces (see figure in proof of Theorem 1),
they do not overlap. Hence (2.55) and (2.56) are equal.

The above theorem allows to define an important property of the expectation operator.

Additivity

From Theorem 2 we can conclude that for

g(x) = g(x1) + · · ·+ g(xn) (2.58)

then

E [g(x1) + · · ·+ g(xn)] = E [g(x1)] + · · ·+ E [g(xn)] (2.59)

Most importantly

E [ax + b] = aE [x] + b, with a, b ∈ R (2.60)

Variance

The concept of variance gives a notion of how much the possible outcomes x(ξi) are dispersed
around the mean value E [x]. Such quantity is expressed as

σ2 = E [(x− E [x])2] =
∫ ∞
−∞

(x− E [x])2f(x)dx (2.61)

and in its discrete form

σ2 =
∑
n

(xn − E [x])2 · P{x = xn} (2.62)

To clarify this concept, imagine that the function f(x) is a certain non-uniform mass (such
as an oddly shaped stone). Every dx of such mass is a small-at-will portion of it. In this case,
if the expectation value E [x] matches the center of gravity of such object, its variance equals
the moment of intertia of those dx masses, thus defining how those portions are distributed
around the center of gravity.
Thanks to (2.60), we can obtain the following important relationship

σ2 = E [(x− E [x])2]
= E [x2 − 2xE [x] + E 2[x]]
= E [x2]− 2E [x]E [x] + E 2[x]
= E [x2]− E 2[x] (2.63)

The square root of the variance is the standard deviation σ.
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Moments of order k and central moments

Similarly to the definition of variance, we can raise the exponential inside (2.61) to obtain
moments of higher order.

E [(x− E [x])k] =
∫ ∞
−∞

(x− E [x])kf(x)dx (2.64)

where the presence of the mean value on the left side of the equation makes them central
moments.

More generally, we can define the moments and absolute moments respectively as

E [xk] =
∫ ∞
−∞

xkf(x)dx (2.65)

E [|x|k] =
∫ ∞
−∞
|x|kf(x)dx (2.66)

In particular, it is worth mentioning that the 3rd and 4th central moments are called
skewness and kurtosis respectively. Their properties are extensively used in statistics, but
are not covered in this dissertation.

2.3.5 Characteristic function

The characteristic function of a r.v. x can be expressed as the Fourier transform of its
density function f(x) (with a minus sign). This mathematical tool is fundamental to simplify
certain operations that can be done with r.v. and, in the next chapters, with stochastic
processes. This brief section contains a set of definitions and properties of such this particular
mathematical tool.

Definition 3 (Characteristic function). The characteristic function of a r.v. x is

φ(ω) = E [ejωx] (2.67)

where,

ejωx = cos(ωx) + j sin(ωx) (2.68)

and from the definition of expectation,

φ(ω) =
∫ ∞
−∞

ejωxf(x)dx (2.69)

Starting from (2.69), it is possible to obtain the inversion formula that allows to find the
probability density function known the characteristic function of the related r.v.

Definition 4 (Inversion formula).

f(x) = 1
2π

∫ ∞
−∞

φ(ω)e−jωxdω (2.70)
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Proof: Starting from the definition of a delta function as

1
2π

∫ ∞
−∞

e−jωxdω = δ(ω) (2.71)

we can say that

1
2π

∫ ∞
−∞

φ(ω)e−jωxdω = 1
2π

∫ ∞
−∞

e−jωx
∫ ∞
−∞

ejωyf(y)dydω

= 1
2π

∫ ∞
−∞

f(y)
∫ ∞
−∞

ejω(y−x)dωdy

=
∫ ∞
−∞

f(y)δ(x− y)dy = f(x)

Let us now introduce the convolution operator: given to functions f1(x) and f2(x), the
convolution of those two functions is the new function f(x):

f(x) =
∫ ∞
−∞

f1(ξ)f2(x− ξ)dξ =
∫ ∞
−∞

f1(x− ξ)f2(ξ)dξ = f1(x) ∗ f2(x) (2.72)

This concept will be discussed more thoroughly in the following section (Theorem 4), for
now we just formally define it to give the following theorem

Theorem 3 (Convolution theorem for characteristic functions). If φ1(ω) and φ2(ω)
are respectively the characteristic functions of f1(x) and f2(x) then the characteristic function
of their convolution f(x) = f1(x) ∗ f2(x) is

φ(ω) = φ1(ω)φ2(ω) (2.73)

Proof: ∫ ∞
−∞

ejωxf(x)dx =
∫ ∞
−∞

ejωx
∫ ∞
−∞

f1(y)f2(x− y)dydx

=
∫ ∞
−∞

f1(y)
∫ ∞
−∞

ejωxf2(x− y)dxdy

for x− y = τ

∫ ∞
−∞

f1(y)ejωy
∫ ∞
−∞

ejωτf2(τ)dτdy = φ1(ω)φ2(ω)

2.3.6 Two r.v. and functions of two r.v.

This section contains important notions that will be useful to build the concept of optimal
(mean-square) estimators. However, many of the properties of two r.v. and functions of two
r.v. are beyond the aim of this dissertation, hence many concepts are given "as is" and this
section may very well seem dry. For more in-depth analysis please refer to [1] (Chapters 6
and 7).
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Joint distribution and density functions

Let us consider two r.v. x and y. Due to (2.32), each one of these has its own distribution
function F (x) and F (y). Now, let us consider the following set

{x ≤ x}{y ≤ y} = {x ≤ x, y ≤ y} (2.74)

which represents the set of all ξ such that x(ξ) ≤ x and y(ξ) ≤ y are both verified. Hence,
we can define a probability of this event as the joint distribution function

F (x, y) = P{x ≤ x, y ≤ y} (2.75)

As the reader may already expect, since the joint distribution function depends on two
r.v., the joint density function will consist in partial derivatives as follows

f(x, y) = ∂2F (x, y)
∂x∂y

(2.76)

Generally speaking, it is possible to deline the joint statistics of two r.v. rewriting (2.75)
as the set of all outcomes ξ that belong to a region D of the xy plane, such that

F (x, y) = P{(x,y) ∈ D} =
∫∫

D

f(x, y)dxdy (2.77)

which, extended to the whole plane becomes

F (x, y) =
∫ x

−∞

∫ y

−∞
f(ξ, ρ)dξdρ (2.78)

for ξ ≤ x and ρ ≤ y, and ∫ ∞
−∞

∫ ∞
−∞

f(x, y)dxdy = 1 (2.79)

It comes along that the definition of a distribution function of a single r.v. can be expressed
in terms of two r.v. as a marginal distribution

F (x) = F (x,∞) =
∫ ∞
−∞

∫ x

−∞
f(ξ, y)dξdy (2.80)

Differentiating the above with respect to x it is possible to obtain the marginal density

f(x) =
∫ ∞
−∞

f(x, y)dy (2.81)

Joint conditional distribution, density, total probability and Bayes’ theorem

From equation (2.41) we can define the conditional distribution of a r.v. y assuming an event
M.

F (y|M) = P{y ≤ y,M}
P{M}

(2.82)
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Now, let us see the eventM in terms of a r.v. x

F (y|x ≤ x) = P{y ≤ y,x ≤ x}
P{x ≤ x} (2.83)

placing (2.75) into the above we obtain

F (y|x ≤ x) = F (x, y)
F (x) (2.84)

Differentiating the equation above with respect to y and considering (2.78) and (2.80), we
obtain the conditional density function as follows

f(y|x ≤ x) = ∂F (x, y)/∂y
F (x)

=
∫ x
−∞ f(ξ, y)dξ∫∞

−∞
∫ x
−∞ f(ξ, y)dξdy

(2.85)

Considering an event localized on a single outcome such asM = P{x = x}, the equation
above, thanks to (2.81), becomes

f(y|x = x) = f(x, y)∫∞
−∞ f(x, y)dy

= f(x, y)
f(x) (2.86)

From (2.81) and (2.86) we can once more find the total probability

f(y) =
∫ ∞
−∞

f(y|x = x)f(x)dx (2.87)

and the Bayes’ theorem

f(y|x = x) = f(x|y = y)f(y)
f(x) (2.88)

Joint conditional expectation

Let us now define the concept of joint conditional expectation, which is referred to as

E [y|x] = E [y|x = x(ξ)] (2.89)

Considering that the conditional expectation of a r.v. y assuming an event M can be
stated as

E [y|M] =
∫ ∞
−∞

yf(y|M)dy (2.90)
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the joint conditional expectation shall be

E [y|x = x] =
∫ ∞
−∞

yf(y|x)dy (2.91)

which can be intended as the center of gravity of the vertical strips (x, x+ dx) of a function
g(x).

Remark 1. The expectation of E [y|x] satisfies the following equation

E [E [y|x]] = E [y] (2.92)

Proof:

E [E [y|x]] =
∫ ∞
−∞

E [y|x = x]f(x)dx

=
∫ ∞
−∞

∫ ∞
−∞

yf(y|x = x)f(x)dxdy from (2.91)

=
∫ ∞
−∞

∫ ∞
−∞

yf(x, y)dxdy from (2.86)

=
∫ ∞
−∞

yf(y)dy from (2.81)

This fundamental remark implicitly delines the concept of estimator. Let us intuitively
deline this concept: if we consider our system state as the r.v. y and some measurements
relative to that process as another r.v. x, we can see that the expecation of such r.v. is equal
to the expectation of the center of gravity of the vertical strips of a g(x) function which can
be chosen as a particular transformation from the measurement space to the system state
space. In short, the expectation of the center of gravity of the system states yk assuming
the measurements xk is equal to the expectation of the system’s state for each kth time step.
Thus, given a set of measruement related to the system state through g(x), it is possible to
obtain an estimate of the system’s state.

Independent r.v.

Starting from the concept of events independency expressed in (2.27), and also from (2.74)
and (2.75) we obtain the following relationships

P{x ≤ x}{y ≤ y} = P{x ≤ x,y ≤ y} (2.93)
F (x, y) = F (x)F (y) (2.94)
f(x, y) = f(x)f(y) (2.95)

Hence, if x and y are independent, their joint conditional densities will be

f(y|x) = f(y), f(x|y) = f(x) (2.96)

Functions of two r.v.

In this section the concept of function of one r.v. (see section 2.3.3) is extended to two r.v.
Let us define a r.v. z so that
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z = g(x,y) (2.97)

with its distribution function

F (z) = P{z ≤ z} (2.98)

The region of the plane xy in which (2.98) is satisfied is denoted as Dz. Hence the following

F (z) = P{z ≤ z} = P{(x,y) ∈ Dz} =
∫∫

Dz

f(x, y)dxdy (2.99)

defines the relationship between the distribution and density functions of z.
Now, let us define a typical example of function of two r.v.: z = x + y. On the plane xy

we define a region Dz such that

x+ y ≤ z

x+ y = z
Dz

x

y

To find F (z) we have to integrate using suitable strips until we meet the line x+ y = z on
the xy plane (or x = z − y), so that

F (z) =
∫ ∞
−∞

∫ z−y

−∞
f(x, y)dxdy (2.100)

which becomes, if we differentiate with respect to z (from the fundamental theorem of
calculus)

f(z) =
∫ ∞
−∞

f(z − y, y)dy (2.101)

Let us now assume that x and y are independent, hence from (2.95) we have

f(z) =
∫ ∞
−∞

f(z − y, y)dy =
∫ ∞
−∞

f(z − y)f(y)dy (2.102)

This last equation provides a fundamental theorem that will be enunciated here

Theorem 4 (Sum of two r.v.). If the r.v. x and y are independent, then the density of
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their sum z = x + y equals the convolution of their densities

fz(z) =
∫ ∞
−∞

fx(x)fy(z − x)dx =
∫ ∞
−∞

fx(z − y)fy(y)dy (2.103)

Proof: The last term of this equation has been proven through (2.100)-(2.102). The second
term can be proven analogously considering y = z − x instead of x = z − y in (2.100).

The concept of convolution may appear rather obscure from (2.103). The subscripts x,y
and z under each density function have been added to facilitate its comprehension. In its
general form, the convolution is defined as follows

(f ∗ g)(t) =
∫ ∞
−∞

f(τ)g(t− τ)dτ (2.104)

Hence, considering a fixed t, the result is the area underlying the function f(∗)g(∗), where
g(∗) is reversed and shifted by an amount t along the integration axis. By varying t from
−∞ to∞, g(∗) is translated from left to right, and the integral function is computed for each
t. It becomes clear now that, while shifting g(∗), anywhere the domains of the two functions
are not overlapping, the value of the integral will be zero. Otherwise it will be equal to the
area underlying f(τ)g(t− τ). It should also be clear now why the result does not depend on
which function is held fixed and which one is shifted along the integration axis, so that

(f ∗ g)(t) =
∫ ∞
−∞

f(τ)g(t− τ)dτ =
∫ ∞
−∞

f(t− τ)g(τ)dτ (2.105)

Example 8. In a dice-based game, a player is asked to choose to throw either one twelve-
sided die (1d12) or the sum of two six-faced dice (2d6). Suppose the aim of the game is to
obtain the most consistent results over a large number of throws, what is the best choice?
(e.g. in a combat-based tabletop game, if the two dice choices represent the potential damage
of two different weapons, the player may want to choose the strongest one). At first sight one
might say that the best choice is 2d6 since the minimum obtainable result is 2 against 1 of the
1d12 die. This is a good point, and in the end it would lead to the best choice, nonetheless let
us examine it in terms of r.v. to find out if this is really the main advantage of 2d6 over the
1d12. Let us define the probability profiles of the two dice:

1d12 = {1, 2, . . . , 12}, P{ξi} = {1/12} for i = 1, 2, . . . , 12
(2.106)

1 2 3 4 5 6 7 8 9 10 11 120

1

x

F (x)

1 2 3 4 5 6 7 8 9 10 11 12

1/12
x

f(x)

1d6 = {1, 2, . . . , 6}, P{ρi} = {1/6} for i = 1, 2, . . . , 6
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1 2 3 4 5 60

1

x

F (x)

1 2 3 4 5 6

1/6

x

f(x)

Let us now dfine the r.v. relative to our choices

1d12 : w(ξ) = ξ

#1 1d6 : x(ρ) = ρ

#2 1d6 : y(ρ) = ρ

2d6 : z = x + y

Thus, the density function fz(z) must be found accordingly to (2.103). In its discrete form
the convolution is the sum of the product of the overlapping elements of the two discrete
density functions shifting one with respect to the other. Below, the first two steps of this
operation are reported

[1/6, 1/6, 1/6, 1/6, 1/6, 1/6] fx(x)

fy(−5− x)
=⇒ fz(z)[1] = 1/36

[1/6, 1/6, 1/6, 1/6, 1/6, 1/6]

[1/6, 1/6, 1/6, 1/6, 1/6, 1/6] fx(x)

fy(−4− x)
=⇒ fz(z)[2] = 2/36

[1/6, 1/6, 1/6, 1/6, 1/6, 1/6]

etc...
In the end, the result is the new discrete density function fz(z), compared to fw(w).

1 2 3 4 5 6 7 8 9 10 11 12

1/12

1/6

x

It is self evident that the choice of 2d6 over 1d12 allows higher chances to get numbers
ranging from 5 to 9 at the price of lower chances to get the lowest and highest outcomes
possible, hence, in terms of consistency over a large number of throws, the 2d6 seems the
most valuable choice.

Expectation of functions of two r.v.

Let us now apply the same concepts of section 2.3.4 to functions of two r.v.. Hence, starting
from the definition given in (2.97), we can define the expectation of z as follows
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E [z] =
∫ ∞
−∞

zf(z)dz (2.107)

The following theorem allows to evaluate such expectation without the need of previous
knowledge of f(z):

Theorem 5. The expectation of z = g(x,y) can be expressed as

E [g(x,y)] =
∫ ∞
−∞

∫ ∞
−∞

g(x, y)f(x, y)dxdy (2.108)

and in its discrete form (if x and y are of discrete type and P{x = xk,y = yn} = pkn)

E [g(x,y)] =
∑
k,n

g(xk, yn)pkn (2.109)

Proof: The proof is analogous to the one of Theorem 2 but this time the differential elements
are on non-overlapping planes instead of axes.

It comes along that it is possible to extend the concept of additivity of (2.59) to (2.108) so
that

E [g1(x,y), g2(x,y), . . . , gn(x,y)] = E [g1(x,y)] + E [g2(x,y)] + · · ·+ E [gn(x,y)] (2.110)

which allows to define the following fundamental relationships

E [x + y] = E [x] + E [y] (2.111)
E [(x + y)2] = E [x2] + E [y2] + 2E [xy] (2.112)

with, in general

E [xy] 6= E [x]E [y] (2.113)

Joint moments and joint central moments of order n

Similarly to those last paragraph, it is useful to extend the concept of higher order moments
to g(x,y). It follows from (2.65) that

mkr = E [xkyr] =
∫ ∞
−∞

∫ ∞
−∞

xkyrf(x, y)dxdy (2.114)

The order of the moment is denoted as n = k + r, and it follows that

m11 = E [xy], m10 = E [x], m01 = E [y]
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From (2.64) we can define the joint central moments as

µkr = E [(x− E [x])k(y− E [y])r] =
∫ ∞
−∞

∫ ∞
−∞

(x− E [x])k(y − E [y])rf(x, y)dxdy (2.115)

In particular, the second central moment is called covariance

µ11 = E [(x− E [x])(y− E [y])] (2.116)

and due to (2.110)

µ11 = E [(x− E [x])(y− E [y])]
= E [xy]− E [xE [y]]− E [E [x]y] + E [x]E [y]
= E [xy]− E [x]E [y] (2.117)

Also, we define the correlation coefficient r, which will be useful in the following sections
as

r = µ11

σxσy
(2.118)

Notice that, for r 6= 0, the general form (2.113) is satisfied.

2.3.7 Uncorrelation, orthogonality and independency
This brief but fundamental section contains some key definitions and theorems which will
allow us to build linear mean-square estimators.

Definition 5. Two r.v. x and y are uncorrelated if

E [xy] = E [x]E [y] (2.119)

Definition 6. Two r.v. x and y are orthogonal if

E [xy] = 0 (2.120)

Theorem 6. If two r.v. x and y are independent they are also uncorrelated

f(x, y) = f(x)f(y) ⇐⇒ E [xy] = E [x]E [y] (2.121)

Proof: From (2.95) and (2.116) we have

E [xy] =
∫ ∞
−∞

∫ ∞
−∞

xyf(x, y)dxdy

=
∫ ∞
−∞

xf(x)dx
∫ ∞
−∞

yf(y)dy

= E [x]E [y]
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Corollary 1 (Theorem 6). If x and y are uncorrelated, then (x− E [x]) and (y− E [y])
are also orthogonal.

E [(x− E [x])(y− E [y])] = 0, r = 0 (2.122)

Proof: It is sufficient to put (2.119) into (2.117) to prove the corollary.

From the above follows that if x and y are uncorrelated then

E [((x− E [x]) + (y− E [y]))2] = E [(x− E [x])2] + E [(y− E [y])2] (2.123)

hence

σ2
x+y = σ2

x + σ2
y (2.124)

Theorem 7. If x and y are orthogonal then

E [(x + y)2] = E [x2] + E [y2] (2.125)

If x and y are uncorrelated and the mean of at least one of them is zero, then they are
also orthogonal.

Proof: The first statement can be obtained putting the definition of orthogonality into
(2.112). The second statement comes from (2.112) and the concept of uncorrelation as follows

E [(x + y)2] = E [x2] + E [y2] + 2E [xy]
= E [x2] + E [y2] + 2E [x]E [y]
= E [x2] + E [y2] ⇐⇒ ηx = 0 or ηy = 0

Notice how much the concept of uncorrelation is weaker than the concept of orthogonality.
The following chart reports the concepts expressed in this section for the sake of clarity.

Independent
f(x, y) = f(x)f(y)

Orthogonal
E [xy] = 0

Uncorrelated
E [xy] = E [x]E [y]

σ2
x+y = σ2

x + σ2
y

if ηx = 0 or ηy = 0

µ11 = 0, r = 0
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2.4 Mean-square estimation and the orthogonality principle
This section provides the instruments to build a mean-square estimator of a r.v. by the
means of another r.v.. Also, the principle of orthogonality is introduced. Although the
definition of estimator as reported in this section may seem of no practical use, instead it
reflects some fundamental properties of Bayesian and consequently Kalman filters.

2.4.1 Mean-square estimation by a constant
The problem formulation is the following: given x r.v., what is the value of a that minimizes
the following?

E [(x− a)2] =
∫ ∞
−∞

(x− a)2f(x)dx (2.126)

Let us expand the above

E [(x− a)2] = E [x2 − 2ax + a2]
= E [x2]− 2aE [x] + a2 for (2.60)

and compute the partial derivative with respect to a and put it equal to zero to find the
minimum:

∂E [(x− a)2]
∂a

= −2E [x] + 2a = 0 (2.127)

The latter equation is verified for

a = E [x] (2.128)

2.4.2 Nonlinear mean-square estimation
The formulation of this problem is similar to the above, however this time we want to estimate
x using a suitable function of another r.v. y as follows

E [(x− g(y))2] =
∫ ∞
−∞

∫ ∞
−∞

(x− g(y))2f(x, y)dxdy (2.129)

From (2.86) we have that

f(x, y) = f(x|y)f(y)

hence (2.129) becomes

E [(x− g(y))2] =
∫ ∞
−∞

f(y)dy
∫ ∞
−∞

(x− g(y))2f(x|y)dx (2.130)
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where the integral in dx is the second central moment of f(x|y) with respect to g(y) which is
a constant. Hence from (2.128) we have

g(y) = E [x|y] (2.131)

which is hard to estimate if multiple r.v. are involved.
In case x and y are independent, then from (2.96)

g(y) = E [x|y] = E [x] (2.132)

2.4.3 Linear mean-square estimation

Let us now reviewe the formulation of the nonlinear problem above in terms of g(y) = ay + b

linear function of a r.v.. In this case, the aim of the problem is to find both a and b that
minimize

e = E [(x− (ay + b))2] =
∫ ∞
−∞

∫ ∞
−∞

(x− ay − b)2f(x, y)dxdy (2.133)

For any a we can say that e is minimum for

b = x− ay
= E [x− ay]
= E [x]− aE [y]

Consequently, e becomes

E [(x− (ay + b))2] = E [(x− ay− E [x] + aE [y])2]
= E [((x− E [x])− a(y− E [y]))2]
= σ2

x − 2arσxσy + a2σ2
y

Differentiating e with respect to a and putting it to zero we get

∂e

∂a
= −2rσxσy + 2aσ2

y = 0 (2.134)

and the value of a that satisfies the above equation is

a = rσx

σy
= µ11

σ2
y

(2.135)

This is an important result: if we consider x as the r.v. related to the state of our system
and y as the r.v. related to our measurements (with a suitable function g(y)), one of the
two parameters that minimizes e in a linear estimator depends on the covariance of the two
r.v. involved over the variance of the r.v. we are using as measurement. In short, the quality
of the estimation of our system state can be viewed in terms of the joint uncertainties of our
model and our measurement system. Notice that, for extremely high uncertainties of the
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measurements, a tends to zero, implying that our best state estimate does not depend on
y. Hence, the parameter a, to some extent, "weights" the information achieved during the
measurement phase.

Finally the estimation error can be expressed as

em = e(a, b) = σ2
x −

2rσx

σy
· rσyσx + r2σ2

x
σ2

y
· σ2

y

= σ2
x − r2σ2

x

= σ2
x(1− r2) (2.136)

2.4.4 The orthogonality principle

Starting from the linear mean-square estimation, let us assume that we are working with
zero-mean r.v. so that

E [x] = E [y] = 0 =⇒ b = 0

Again, we have to find the value a that minimizes the new e

e = E [(x− ay)2]
= E [x2 − 2axy + a2y]
= E [x2]− 2aE [xy] + a2E [y2] (2.137)

differentiating with respect to a and putting it to zero

∂e

∂a
= −2E [xy] + 2aE [y2] = 0 (2.138)

the value of a that satisfies the above equation is

a = E [xy]
E [y2] (2.139)

and the estimation error em becomes

em = E [x2]− 2E 2[xy]
E [y2] + E 2[xy]

E [y2] · E [y2]

= E [x2]− E 2[xy]
E [y2] (2.140)

Notice now that the same value of a (2.139) that minimizes e is the same value that puts
the following to zero
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E [(x− ay)y] = E [xy− ay2]

= E [xy− E [xy]
E [y2] · y

2]

= E [xy]− E [xy]
E [y2] · E [y2] = 0 (2.141)

Hence, from (2.120) it results that x− ay and y are orthogonal.
This is a fundamental result and must be discussed properly to appreciate its geometrical

implications.

Discussion

The set of r.v. defined on a probability space with the field of real numbers (as from the
definition of r.v.) constitute a vector space V with:

{
z1 = x + y with z1 ∈ V

z2 = ax with z2 ∈ V

Also, the r.v. space with finite second order moments and respectively inner product and
norm

〈x,y〉 = E [xy]
‖x‖2 = 〈x,x〉 = E [x2]

is a complete normed space (infinite-dimensional Hilber space). The proof of this concept
is beyond the aim of this dissertation, please refer to [2] (Chapter 20) for more in-depth
analysis.

y

x

θ

For vector spaces over R, we can write

‖x‖ cos θ = 〈x, y
‖y‖〉 = 1

‖y‖〈x,y〉 (2.142)

so that

‖x‖‖y‖ cos θ = 〈x,y〉 = E [xy] (2.143)

We can write this in a more familiar form as follows
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cos θ = 〈x,y〉
‖x‖‖y‖

= E [xy]√
E [x2]E [y2]

= µ11

σxσy
⇐⇒ ηx = ηy = 0

Hence, from the above equation, we found that for zero mean r.v. the correlation coefficient
r = cos θ. Also, if the two r.v. are also orthogonal, or simply uncorrelated with zero mean
as from Theorem 7, then r = 0, hence θ = ±90◦. In short, two r.v. on a complete normed
space are orthogonal if the angle between them is ±90◦, hence the projection of each one on
the other is zero (null scalar product).
Let us now consider again the assumptions made to get to (2.141). We said that the a

that mininmizes e must be equal to (2.139), hence x− ay and y are orthogonal. Thus, this
is true if the angle between the two r.v. is 90◦ as in the following figure

y

x

θ
ay

x− ay

Finally, it is possible to state that the best estimate x̂ = ax of x is the orthogonal projection
of x onto y. With this statement, we can formally define the orthogonal projection lemma:

Orthogonal Projection Lemma 1. Let X be a normed space, x ∈ X, and let Y be the
subspace of X. Then

min
α∈Y
‖x− α‖2 = ‖x− x̂‖

if and only if,
〈x− x̂, α〉 = 0 ∀α ∈ Y

It is self evident that this estimate is said optimal (in a least-mean-square sense) due to
the uniqueness of the orthogonal projection.

2.5 Sequences of r.v.
This brief section contains some properties of the sequences of r.v. which will extensively
used in the following chapter. The proof the following definitions is beyond the scope of this
dissertation, hence may concepts are given "as is". For further in-depth analysis please refer
to [1] (Chapter 8).
Given a sequence of r.v. x1, . . . ,xn we define their joint distribution as

F (x1, . . . , xn) = P{x1 ≤ x1, . . . ,xn ≤ xn} (2.144)

and the joint density f(x1, . . . , xn) is obtained differentating the latter equation with respect
to x1, . . . , xn.
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The marginal distributions can be found replacing some variables with ∞

F (x1, x4) = F (x1,∞,∞, x4) (2.145)

and the relative marginal densities can be found integrating f(x1, . . . , xn) with respect to
certain variables:

f(x1, x4) =
∫ ∞
−∞

∫ ∞
−∞

f(x1, x2, x3, x4)dx2dx3 (2.146)

Extending the concept of conditional density to many r.v. (more than two), we can proceed
as for (2.86) with

f(x1, . . . , xk|xk+1, . . . , xn) = f(x1, . . . , xk)
f(xk+1, . . . , xn) (2.147)

so that the consitional distribution function F (x1, . . . , xk|xk+1, . . . , xn) can be found inte-
grating for the first k variables, for example

f(x1|x2, x3) = f(x1, x2, x3)
f(x2, x3) =⇒ F (x1|x2, x3) =

∫ x1
−∞ f(ξ1, x2, x3)dx1

f(x2, x3)

From (2.147) we can obtain the following chain rule:

f(x1, x2, . . . , xn) = f(xn|xn−1)f(xn−1|xn−2) . . . f(x2|x1)f(x1) (2.148)

2.5.1 Left and right removal rules
Defining with "left" the xi variables on the left of the conditional symbol "|", and with "right"
the others, we can give the following rules of removal:

1. To remove a left variable from the conditional density, integrate with respect to it.

f(x1|x3) =
∫ ∞
−∞

f(x1, x2|x3)dx2 (2.149)

2. To remove a right variable multiply by the conditional density of the remaining variables
and then integrate.

f(x1|x4) =
∫ ∞
−∞

∫ ∞
−∞

f(x1|x2, x3, x4)f(x2, x3|x4)dx2dx3 (2.150)
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Chapter 3

Stochastic processes, Bayesian filters and
Kalman filters

In the previous chapter, we defined the fundamental properties of r.v. and their applications
in terms of optimal estimators. In this chapter, these concepts will be extended to dynamical
systems by the means of a particular family of r.v.: the stochastic processes. As a consequence,
the concept of estimator will be reviewed in terms of time-dependent experiments with real-
time data flows and time-evolving systems. Finally, the Bayesian filters and an important
subset of those filters named Kalman filters will be introduced. In particular, both filters
will be exposed in their discrete form.

3.1 Stochastic processes
Consider an experiment E : (S,F, P ), where ξ ∈ S are the outcomes and all the events form
a field of subsets F. Let us define a time function for each outcome

x(t, ξ) (3.1)

Each outcome has its own family of time functions. This familiy is called a stochastic
process (s.p. for short).

Considering the definitions given in chapter 2 we can say that x(t, ξ) can be interpreted as
follows:

• t variable, ξ variable: Family of time functions.

• t variable, ξ fixed: Stochastic process.

• t fixed, ξ variable: Random variable.

• t fixed, ξ fixed: Number.

For the sake of brevity, from now on a s.p. will be referred to as x(t), omitting the ξ term
without fear of ambiguity. Also, for any t, x(t) can be viewed as a r.v. in the sense of (2.30).

3.1.1 Distribution and density of s.p.

From the definition of distribution function given in section 2.3.1, we analogously define the
(first order) distribution function of a s.p. as
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F (x; t) = P{x(t) ≤ x} (3.2)

which defines the probability of all the outcomes ξ such that, at time t, the function x(t)
does not exceed x.
Again, we can define the (first order) density function of the s.p. x(t) as

f(x; t) = ∂F (x, t)
∂x

(3.3)

The following definitions are obtained thanks to the properties defined in section 2.5. If
we consider two time instances t1 and t2, the r.v. x(t1) and x(t2) have the following joint
distribution function

F (x1, x2; t1, t2) = P{x(t1) ≤ x1,x(t2) ≤ x2} (3.4)

which is the second order distribution function of the s.p. x(t).
Similarly, the second order (joint) density function can be defined as

f(x1, x2; t1, t2) = ∂2F (x1, x2; t1, t2)
∂x1∂x2

(3.5)

where the marginal densities and distributions of s.p. are

F (x1,∞; t1, t2) = F (x1, t1) (3.6)

f(x1; t1) =
∫ ∞
−∞

f(x1, x2; t1, t2)dx2 (3.7)

Finally, we can define conditional density of s.p.

f(x1, t1|x2(t2) = x2) = f(x1, x2; t1, t2)
f(x2; t2) (3.8)

3.1.2 Expectation, autocorrelation and autocovariance
Similarly to (2.50), we can define the expectation (or mean η(t))for our s.p. x(t) as

E [x(t)] =
∫ ∞
−∞

xf(x; t)dx (3.9)

Considering two time instants t1 and t2, the joint moment of the r.v. x(t1) and x(t2) is
the autocorrelation of the s.p. x(t)

R(t1, t2) = E [x(t1)x(t2)] =
∫ ∞
−∞

x1x2f(x1, x2; t1, t2)dx1dx2 (3.10)
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Similarly, we define the autocovariance as

C(t1, t2) = E [(x(t1)− E [x(t1)])(x(t2)− E [x(t2)])]
= R(t1, t2)− E [x(t1)]E [x(t2)] (3.11)

3.1.3 Uncorrelation, orthogonality and independency
A s.p. is said of uncorrelated or orthogonal or independent increments if each x(ti) −
x(ti+1), i = . . . ,−1, 0, 1, . . . is a sequence of uncorrelated or orthogonal or independent r.v.
with non-overlapping time intervals ti, ti+1. Thus, the properties that relate independency,
uncorrelation and orthogonality for s.p. are the same as in section 2.3.7.
Considering two processes x(t) and y(t), they are uncorrelated if

Rxy(t1, t2) = E [x(t1)]E ∗[y(t2)] ⇐⇒ Cxy(t1, t2) = 0 (3.12)

with the "∗" symbol denoting the complex conjugate.
Also, x(t) is independent of y(t) if the two following groups are independent

x(t1), . . . ,x(tn)

y(t
′

1), . . . ,y(t
′

n)

with t1, . . . , tn, t
′

1, . . . , t
′

n.

3.1.4 Markov sequences
We now introduce a particular and very useful family of s.p. known as Markov processes.
Proceeding gradually, we start from the the definition of Markov sequences of r.v..

Definition 7 (Markov Sequences). A sequence of r.v.

x1,x2, . . . ,xn

is called Markov if, for any n, the following is verified

F (xn|xn−1, xn−2, . . . , x1) = F (xn|xn−1) (3.13)
f(xn|xn−1, xn−2, . . . , x1) = f(xn|xn−1) (3.14)

Furthermore, from (3.13) we can derive the following relationship

E [xn|xn−1, . . . , x1] = E [xn|xn−1] (3.15)

Finally, due to (2.148), we have for tk > tk−1 > tk−2, assuming xk,xk−1,xk−2 independent
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f(xk, xk−2|xk−1) = f(xk, xk−1, xk−2)
f(xk−1) = f(xk|xk−1)f(xk−1|xk−2)f(xk−2)

f(xk−1)

hence,

f(xk, xk−2|xk−1) = f(xk|xk−1)f(xk−2|xk−1) (3.16)

which means that in a Markov sequence the past is independent from the future.
Let us now define the concept of transitional densities through the following equation

Definition 8 (Chapmann-Kolmogoroff equation).

f(xk|xk−2) =
∫ ∞
−∞

f(xk|xk−1)f(xk−1|xk−2)dxk−1 (3.17)

Proof: thanks to the right removal rule (2.150)

f(xk|xk−2) =
∫ ∞
−∞

f(xk|xk−1, xk−2)f(xk−1|xk−2)dxk−1 (3.18)

Hence the Chapmann-Kolmogoroff equation is proven through (3.16).

3.1.5 Markov processes

Let us extend the concept of Markov sequences to s.p.: if a s.p. x(t) verifies the following it
is a Markov process:

P{x(tn) ≤ xn|x(tn−1), . . . ,x(t1)} = P{x(tn) ≤ xn|x(tn−1)} (3.19)

Hence, in a Markov process the past has no influence on the statistics of the future if the
present is known. From (3.19) it follows that

E [x(tn)|x(tn−1), . . . ,x(t1)] = E [x(tn)|x(tn−1)] (3.20)

Furthermore, let us consider a continuous process (where x(t) is a r.v. of continuous type
as in section 2.3.1)

p(x, t;x0, t0) = fx(t)(x|x(t0) = x0) t ≥ t0 (3.21)

then, ∫ ∞
−∞

p(x, t;x0, t0)dx = 1 (3.22)

Thus, we can rewrite the Chapmann-Kolmogoroff equation in its continuous form as
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p(x, t;x0, t0) =
∫ ∞
−∞

p(x, t;x1, t1)p(x1, t1;x0, t0)dx1 (3.23)

3.2 Discrete Bayesian filter
Let us define a dynamical system where the s.p. x(t) represents the state of our system with
a transition function f(x(t)), and the s.p. y(t) represents the observations (measurements)
available with a suitable function h(x(t)). Let us suppose they are Markov processes. Hence,
our discrete system takes form as follows

xk+1 = f(xk, tk+1, tk) + Γ(xk, tk)wk (3.24)
yk = h(xk, tk) + vk (3.25)

where the s.p. w(t) and v(t) represent respectively the system noise and the measurement
noise and the Γ function is our system noise coefficients function. Suppose the statistics of
w(t) and v(t) are known (e.g. zero-mean gaussian processes).

Let us simplify the definition of model and put it in the probabilistic form as in (3.21)

xk = f(xk−1, wk)↔ p(xk|xk−1) (3.26)
yk = h(xk, vk)↔ p(yk|xk) (3.27)

Given a set of available observations Y = {y1, . . . , yl} and suppose we know the initial
state p(x0) then

p(xk, tk|Yk) (3.28)
p(xk, tk|Yl) (3.29)

with l ≤ k respectively provide solutions to the discrete filtering and prediction problems.
Given the previous definitions and statements, we now build a recursive procedure that

integrates both information from the transition function and the available measurement.
This procedure will be referred to as a filter.

To begin with, we define the prediction step, which takes the current state of the system
(given the previous measurements) (3.29) and projects it forward through the transition
function (3.26)

p(xk−1|y1:k−1)→ p(xk|y1:k−1) (3.30)

notice that the right term can be formulated in terms of the continuous Chapmann-
Kolmogoroff equation due to the fact that the left term is known from the previous iteration:

p(xk|y1:k−1) =
∫
p(xk|xk−1)p(xk−1|y1:k−1)dxk−1 (3.31)
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This is defined as the a priori estimation. Notice that p(xk|xk−1) is our system model as
in (3.26).
The second step of our recursive approach would be the a posteriori estimate. Thus, we

have to update the prediction in light of the new data available

p(xk|y1:k−1)→ p(xk|y1:k) (3.32)

Putting together the chain rule of the r.v. sequences, the Bayes’ theorem, the Markov
property and the right removal rule we obtain

p(xk|y1:k) = p(xk|yk, y1:k−1)

= p(yk|xk, y1:k−1)p(xk|y1:k−1)
p(yk|y1:k−1)

= p(yk|xk)p(xk|y1:k−1)
p(yk|y1:k−1)

= p(yk|xk)p(xk|y1:k−1)∫
p(yk|xk)p(xk|y1:k−1)dxk

(3.33)

where p(yk|xk) is the measurement model (3.27), p(xk|y1:k−1) is our a priori estimate.
Summing up, given that for each time frame k an observation is available, one can build an

estimator simply iterating equations (3.31) and (3.33) for each available measurement. Also,
it is worth outlining that the knowledge of p(xk|y1:k−1) enables the computation of optimal
estimates using for example the minimum mean square error introduced in the previous
chapter

xMMSE
k|k = E [xk|y1:k−1] =

∫
xkp(xk|y1:k−1)dxk (3.34)

Finally, a closer look to equations (3.31) and (3.33) reveals that the a priori estimate
is nothing else than the convolution of the previous a posteriori estimate with the density
function that describes the chosen model. At the same time, the a posteriori estimate is the
product between the measurement model density function (also referred to as likelihood) and
the current a priori estimate, normalized by a p(yk|y1:k−1) factor that is also referred to as
the evidence:

a priori = transition function ∗ previous a posteriori (3.35)

a posteriori = likelihood× a priori
evidence (3.36)

with "∗" that symbolizes the convolution (2.104).

Discrete Bayesian filter and Gaussian distributions

Let us now review the considerations made in the previous chapter having every probability
density function modeled with a Gaussian (Normal) distribution N (x, η, σ):
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N (x, η, σ) = 1
σ
√

2π
e
−

(x− η)2

2σ2 (3.37)

η σ−σ
x

Starting from the a priori estimate (3.31), let us see how a convolution operation affects two
gaussian distributed density functions Nf (x, ηf , σf ) (transition function) and Np(ξ, ηp, σp)
(previous a posteriori).

Npr(x, ηpr, σpr) =
∫ ∞
−∞
Nf (x− ξ, ηf , σf )Np(ξ, ηp, σp)dx

Denoting with φf (ω) =
∫∞
−∞ ejωxNf (x)dx and φp(ω) =

∫∞
−∞ ejωξNp(ξ)dξ their respective

characteristic functions (see section 2.3.5), the characteristic function of their convolution
will be

φpr(ω) = φf (ω)φp(ω)

Known that the characteristic function of a normal distribution is

φN (η,σ)(ω) = ejωη−
1
2σ

2ω2
(3.38)

the resulting characteristic function of the convolution will be

φpr(ω) = ejωηf−
1
2σ

2
fω

2
ejωηp−

1
2σ

2
pω

2

= ejω(ηf+ηp)− 1
2 (σ2

f+σ2
p)ω2

(3.39)

Notice that φpr(ω) is the characteristic function of a new normal distribution with

ηpr = ηf + ηp (3.40)
σ2
pr = σ2

f + σ2
p (3.41)

Thus, to obtain the probability distribution of the a priori estimate, it is sufficient to sum
the means and variances of the transition function and of the previous a posteriori estimate.

In order to define the a posteriori estimate for gaussianly distributed measurement model
and a priori estimate, we start from the definition of the Bayes’ theorem applied to (3.33)
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p(Np) = p(Npr|Ny) = p(Ny|Npr)p(Npr)
p(Ny)

∝ p(Ny|Npr)p(Npr)

hence,

p(Npr|Ny) ∝ e
− (x−ηy)2

2σ2
y e

− (x−ηpr)2

2σ2
pr

= 1
2πσprσy

e
−( (x−ηpr)2

2σ2
pr

+ (x−ηy)2

2σ2
y

)
(3.42)

focusing on the term inside the exponential

(x− ηpr)2

2σ2
pr

+ (x− ηy)2

2σ2
y

=
(σ2
pr + σ2

y)x2 − 2(ηprσ2
y + ηyσ

2
pr)x+ η2

prσ
2
y + η2

yσ
2
pr

2σ2
prσ

2
y

=
x2 − 2ηprσ

2
y+ηyσ2

pr

σ2
pr+σ2

y
x+ η2

prσ
2
y+η2

yσ
2
pr

σ2
pr+σ2

y

2 σ2
prσ

2
y

σ2
pr+σ2

y

(3.43)

Finally, looking at (3.33) and (3.37) we see that the new distribution function for the a
posteriori estimate is still a gaussian (normalized by the term

∫
p(yk|xk)p(xk|y1:k−1)dxk)

with the following mean and variance:

ηp =
ηprσ

2
y + ηyσ

2
pr

σ2
pr + σ2

y

(3.44)

σ2
p =

σ2
prσ

2
y

σ2
pr + σ2

y

(3.45)

At this point, it should be clear how the example in the Bayes’ theorem discussion (section
2.2.3) has been built. The a priori estimation, from the dashed blue bell to the light blue bell,
is the result of (3.40) and (3.41). Consequently, the a posteriori estimate is found through
(3.44) and (3.45). Hence, we have proven why the resulting variance σ2

p is smaller than the
variances of the a priori estimate and of the observation.

3.3 Discrete Linear Kalman Filter

In this section the Linear Kalman Filter for discrete-time dynamical systems is introduced.
The formulation of this recursive procedure can be seen as a discrete Bayesian filter designed
for multivariate distribution functions. Hence, the state variables and the observations are
defined as arrays of s.p. and the system transition and measurement functions assume a
matrix form.

In this dissertation, the linear discrete Kalman filter is obtained in terms of minimum mean
square error estimates, where the term x̂ (state estimation) is a linear combination of the a
priori estimate and the measurement, following the formalism of [1] (Chapter 1). However,
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3.3 Discrete Linear Kalman Filter

in the first chapter of the mentioned book, some strong assumptions are made regarding the
orthogonality of the process noise and measurements; thus, up to the determination of the
Kalman Gain, the more thorough approach of [2] (Chapter 7) is followed.

With regards to the notation employed, from this section, on the term

x(t) =
[
x1(t) x2(t) . . . xn(t)

]T
will be used to define an array of s.p.; the time notation can be omitted without the fear of
ambiguity x = x(t). Also, the notation

A,B, . . .

will be used to define matrices.

3.3.1 Problem Definition
Consider a linear, discrete-time dynamical system described as follows:

{
xk+1 = Fk+1,kxk + Γkwk+1

y
k

= Hkxk + vk
(3.46)

Where Fk+1,k is the state transition matrix from k to k + 1 and the process noise wk is
supposed to be additive, white and Gaussian with zero mean and covariance defined as:

E [wiwT
k ] =

{
Qk for i = k

0 for i 6= k
(3.47)

The s.p. array y
k
denotes the observation (measurement) at time k and Hk is the

measurement matrix. The measurement noise vk is assumed to be additive, white and
Gaussian, with zero mean and with covariance defined as:

E [vivTk ] =
{

Rk for i = k

0 for i 6= k
(3.48)

Also the measurement noise and the process noise are assumed uncorrelated, thus:

E [wivTj ] = 0, ∀ (i, j)

Analogously to what we did in section 3.2 we want to use the entire observed data
{y1,y2, . . . ,yk} to find for each k ≥ 1 the minimum mean-square error estimate of
the state xk, see (3.28).

3.3.2 Discrete Filter
Let x̂−k be the a priori estimate of the state, which is already available at time k. Thus, we
can express the a posteriori estimate x̂k as a linear combination of the a priori estimate and
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the measurement at time k:

x̂k = G(1)
k x̂−k + Gkyk (3.49)

We can define also a state error vector as the difference between the real one and our a
posteriori estimate:

x̃ = x− x̂ (3.50)

From the Orthogonal projection lemma (see section 2.4.4) the best approximation x̂ is the
orthogonal projection of x into Y, thus:

E [x̃kyTi ] = 0 ∀i (3.51)

In our filtering problem, the observations space is defined by Yk = span(y1,y2, . . . ,yk)
which is a km-dimensional space since we assume the observations to be m-dimensional. Let
the set of m-vectors {u1,u2, . . . ,uk} be an orthonormal basis of Yk, that is,

E [uiuTi ] = I, E [uiuTj ] = 0, i 6= j

From (3.51) and (3.50), we have,

E [(xk − x̂k)uTi ] = 0 ∀i
E [xkuTi ] = E [x̂kuTi ]

Multipying for ui and summing on both sides we obtain,

k∑
i=1

E [xkuTi ]ui =
k∑
i=1

E [x̂kuTi ]ui (3.52)

Since x̂k is the orthogonal projection of xk into Yk, then the latter can be rewrote as

x̂k =
k∑
i=1

Aiui (3.53)

for a set of constant matrices Ai.
It is easy to notice that (3.53) is formally the same as the right hand of (3.52), thus,

x̂k =
k∑
i=1

E [xkuTi ]ui (3.54)

=
k−1∑
i=1

E [xkuTi ]ui + E [xkuTk ]uk (3.55)
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Thanks to (3.46), the latter equation can be rewrote as follows,

x̂k =
k−1∑
i=1

E [(Fk,k−1xk−1 + Γk−1wk)uTi ]ui + E [xkuTk ]uk (3.56)

since wk is independent from Yk−1 and due to (3.54), it follows that,

x̂k = Fk,k−1x̂k−1 + E [xkuTk ]uk (3.57)

Now, we have to find a valid candidate for the second term of the sum in the right hand of
(3.57).

In this case,

y
k
−HkFk,k−1x̂k−1 (3.58)

shows a linear combination of the state which also clearly lies in Yk. Hence, for some matrix
Kk, we have,

E [xkuTk ]uk = Kk[y
k
−HkFk,k−1x̂k−1]

it remains to prove that (3.58) is also orthogonal to Yk−1.

Proof. Again, from the orthogonal projection lemma it follows that,

E [(xk−1 − x̂k−1)yT
i

] = 0, i = 1, . . . , k − 1

E [(xk − Fk,k−1x̂k−1)yT
i

] = 0, multiplying by Fk,k−1 and using (3.46)

E [(y
k
−HkFk,k−1x̂k−1)yT

i
] = 0, multiplying by Hk and using (3.46)

Therefore,

x̂k = Fk,k−1x̂k−1 + Kk(y
k
−HkFk,k−1x̂k−1) (3.59)

from the a priori estimate of the state definition,

x̂k = x̂−k + Kk(y
k
−Hkx̂−k ) (3.60)

from (3.49) it is possible to verify that this is true if,

{
Gk = Kk

G(1)
k = I−GkHk

(3.61)

It is now our concern to find an explicit form of Kk.
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Let ŷ
k
be an estimate of y

k
given the previous measurements {y1, . . . ,yk−1}, so that we

can define the innovation process as

ỹ
k

= y
k
− ŷ

k
(3.62)

= y
k
−Hkx̂−k

= Hkxk + vk −Hkx̂−k
= Hkx̃k + vk (3.63)

Since ŷ
k
lies in Yk, so does ỹ

k
, therefore,

E [(xk − x̂k)ỹT
k

] = 0

E [(xk − x̂−k −Kk(y
k
−Hkx̂−k ))ỹT

k
] = 0 from (3.60)

E [(xk − x̂−k −Kk(Hkxk + vk −Hkx̂−k ))ỹT
k

] = 0 from (3.46)

E [(x̃−k −Kk(Hkx̃−k + vk))ỹT
k

] = 0

E [(x̃−k −Kk(Hkx̃−k + vk))(Hkx̃−k + vk)] = 0 from (3.63)
E [(I−KkHk)x̃−k −Kkvk))(Hkx̃−k + vk)] = 0 reordering (3.64)

(I−KkHk)E [x̃−k x̃−
T

k ]HT
k −KkE [vkvTk ] = 0

In (3.64) all the expected values E [x̃−k vTk ] = 0 due to independency of the measurement
noise and the state. Replacing E [x̃−k x̃−

T

k ] with P−k predicted state error covariance and
E [vkvTk ] with Rk as in (3.48),

(I−KkHk)P−k HT
k = KkRk

P−k HT
k −KkHkP−k HT

k = KkRk

Kk(HkP−k HT
k + Rk) = P−k HT

k

Kk = P−k HT
k (HkP−k HT

k + Rk)−1 Kalman Gain (3.65)

The Kalman Gain computation, from a mathematical point of view, is the most complex
step of the discrete filter due to the presence of a matrix inversion. Further in this document
a numerical technique will be presented to deal with this issue in real time applications
concerning multiple observations at once (large R).

At this point, an explicit form of P−k and Pk needs to be defined. Starting from the a
priori and the a posteriori state error covariance matrices,

P−k = E [x̃−k x̃−
T

k ] = E [(xk − x̂−k )(xk − x̂−k )T ] a priori (3.66)
Pk = E [x̃kx̃Tk ] = E [(xk − x̂k)(xk − x̂k)T ] a posteriori (3.67)

looking at the a posteriori term we can conclude the following,
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Pk = E [(xk − x̂k)(xk − x̂k)T ]
= E [((I−KkHk)x̃−k −Kkvk)((I−KkHk)x̃−k −Kkvk)T ] from (3.64)

= (I−KkHk)E [x̃−k x̃−
T

k ](I−KkHk)T + KkE [vkvTk ]KT
k

= (I−KkHk)P−k (I−KkHk)T + KkRkKT
k (3.68)

It is worth noticing that the a posteriori computation requires the knowledge of the a priori
one. The highlighted portion is the most commonly used formulation of the a posteriori
covariance term due to its relatively easy computation. However, using the full version, as
reported, ensures the following properties:

• Insensitiveness to errors in Kalman Gain computation.

• Definite Positiveness.

thus, to be preferred numerically speaking [2] (Chapter 8, page 270).

It now remains to find an explicit form for P−k : Let us start by re-stating the a priori
estimate of the state in terms of the previous a posteriori estimate,

x̂−k = Fk,k−1x̂k−1 (3.69)

hence, the a priori state error estimate,

x̃−k = xk − x̂−k
= Fk,k−1xk−1 + Γk−1wk − Fk,k−1x̂k−1 from (3.46) and (3.69)
= Fk,k−1x̃k−1 + Γk−1wk (3.70)

In view of (3.70), we can rewrite the a priori state error covariance as,

P−k = E [x̃−k x̃−
T

k ]
= E [(Fk,k−1x̃k−1 + Γk−1wk)(Fk,k−1x̃k−1 + Γk−1wk)T ]
= Fk,k−1E [x̃k−1x̃Tk−1]FTk,k−1 + Γk−1E [wkwT

k ]ΓTk−1

= Fk,k−1Pk−1FTk,k−1 + Γk−1QkΓTk−1 (3.71)

At this point, every step of the filter is defined by the equations (3.69), (3.71), (3.65),
(3.60) and (3.68).
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Algorithm 1 Linear Kalman Filter Pseudocode
procedure Filter initialization

2: set : k = 1
set : x̂0 . initialize state*

4: set : P0 . initialize state covariance matrix*
procedure Main Loop

6: store : (x̂k−1,Pk−1)
compute : x̂−k = Fk,k−1x̂k−1

8: compute : P−k = Fk,k−1Pk−1FTk,k−1 + Q∗∗k
compute : Kk = P−k HT

k (HkP−k HT
k + Rk)−1

10: compute : x̂k = x̂−k + Kk(y
k
−Hkx̂−k )

compute : Pk = (I−KkHk)P−k (I−KkHk)T + KkRkKT
k

12: set : k = k + 1

*: The state and covariance matrix initialization can be made using random values, however
a more conscious choice leads to a faster filter convergence.

Qk**: The term Q∗∗k includes Γk−1QkΓTk−1. The Γ matrices are included in the computa-
tion of Q (see the Piecewise white noise model in the following section).

3.3.3 Numerical Considerations

Multiple observations

Suppose the measurement vector is partitioned as:

y
k

=
∣∣∣y1
k(m1×1)

y2
k(m2×1)

. . . ylk(ml×1)

∣∣∣T
Hence, supposing all the sensors involved to have uncorrelated noises, the respective

measurement noise covariance matrix should look like this,

Rk =


R1
k(m1×m1)

0 . . . 0
0 R2

k(m2×m2)
. . . 0

...
...

...
0 0 . . . Rlk(ml×ml)


It follows that, for large values of l, the Kalman Gain computation step could result

cumbersome in real time applications. Therefore, instead of processing the whole measurement
vector at once, one may equivalently use every yik(mi×1)

separately. This can be accomplished
by iterating steps (6) to (11) l-times with,

F = I; Γ = Q = 0; Rk = Rik; Hk = Hi
k; y

k
= yik; for i = 1, . . . , l

Delayed Readings

The discrete time filter requires the k = ∆t to be defined during the computation of the state
transition matrix. It is common practice to set the time interval equal to the fastest sensor’s
sampling time, so that at every propagation of the state an observation can be processed.
However, it may occur that for some k a sensor may be unavailable. In this case step (9) of
the filter is replaced by Kk = 0.
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Measurement Noise Matrix Design

The R matrix can be defined through the simple application of its definition considering an
array of sensors with uncorrelated noise processes. For instance, imagine a sensor which can
produce a 3-dimensional array of observations ys =

∣∣∣ya yb yc
∣∣∣T , then its noise covariance

matrix should look like this,

Rs =

σ2
a 0 0

0 σ2
b 0

0 0 σ2
c


where each σ2

i is the observation noise variance.

Process Noise Matrix Design

The set up of the Q matrix is maybe the most difficult task in the design of a properly
working Kalman Filter. The fact is that, by modelling Q, we a trying to give a numerical
weight to something we have few information on, that is, how good our model is compared
to the phoenomenon we are trying to observe.
There are many examples, both in literature and around the web, where the Q matrix

is determined empirically by trial and error both in simulation and in real applications.
Although in many setups this approach can result very effective, in this document we propose
two alternative hybrid analytical/empirical methods.

Continuous White Noise Model

In this method we will assume that the model’s highest derivative term dn

dtn
x changes by a

continuous time zero-mean white noise w(t). In other words, we are assuming that the small

changes in dn−1

dtn−1 x average to 0 over time (zero-mean).
Since the noise is changing continuously we will need to integrate to get the discrete noise

for the discretization interval that we have chosen.

Qk =
∆t∫
0

Fk,k−1QcFTk,k−1dt (3.72)

where,

Qc = φs


0 . . . 0
...

. . .
...

0 . . . 1


(n×n)

(3.73)

with φs spectral density of the white noise. This allows to "tune" the filter thorugh a single
variable.
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Piecewise White Noise Model

Differently from the previous method, we assume now the highest derivative term to "jump"
in a discontinuous way at each time frame.
Given a linear, regular and stationary system

{
ẋ(t) = Ax(t) +Bu(t) + Γw(t)
y(t) = Cx(t) +Du(t)

(3.74)

with an added noise term, a solution of the process equation is,

xt = φ(t, t0)xt0 +
t∫

t0

φ(t, τ)Bu(τ)dτ +
t∫

t0

φ(t, τ)Γw(τ)dτ (3.75)

with the state transition matrix obtained through the truncation to the first term of the
Taylor expansion

φ(t, t0) = eF∆t ∼= I + F∆t+ F2

2! ∆t+ . . . (3.76)

Finally, in its discrete form,

xk = Fxk−1 + Bu+ Γw

Hence,

Q = E [Γw(t)w(t)TΓT ] = Γσ2
wΓT (3.77)

with σ2
w process noise covariance. Once again we have a single-variable filter tuning, however

this time the tuning term is of easier interpretation. A rule of thumb is to set σw somewhere
between 1

2∆( d
n

dtn
x) and ∆( d

n

dtn
x).

Dimensionality

Variable Definition Dimension
x̂k State estimate at tk given Yk n× 1
Pk Covariance matrix of the error in x̂k n× n
Fk,k−1 State transition matrix (from tk−1 to tk) n× n
Γk−1 System noise coefficient matrix n× r
Qk System noise covariance matrix r × r
Hk Measurement matrix m× n
Rk Measurement noise covariance matrix m×m
Kk Filter gain matrix at tk n×m
y
k

Measurement at tk m× 1
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3.4 Extension to nonlinear problems

In modeling physical systems it is far more common to come across nonlinear countinuous
processes rather than linear ones. Linearity is often the product of strong simplifications of
the problem and thus mathematical linearization of the equations that describe the physical
phenomenon one wants to observe. Nonetheless, in some cases the resultant inaccuracies
point out the necessity to rely on nonlinear models, thus nonlinear observators. In this section
we are introducing two variants of the linear discrete kalman filter applied to nonlinear
continuous systems and nonlinear discrete observations. The latter is due to the nature of
digital measurements.

3.4.1 The Extended Kalman Filter

Let us consider a system with a nonlinear (continuous) process function:

ẋk = f(xk, tk) + Γkwk+1 (3.78)

where Γ and w are defined as in (3.46).
Let us also define the concept of deviation from reference, with

δxk = x̂k − xk (3.79)

where x̂k is our estimate of the state, and x is the nominal or deterministic trajectory.
Now, putting (3.79) into (3.78) we obtain the system process of the deviation as follows:

δẋk = f(x̂k, tk)− f(xk, tk) + Γkwk+1 (3.80)

From a probabilistic point of view, in the last section we implicitly stated that the estimate
of our state satisfies

xk ∼ N (x̂k,Pk)

hence, by extension, the following is true for (3.80)

δxk ∼ N (x̂k − xk,Pk)

Supposing small deviations (in a least mean square sense), it is possible to apply the Taylor
expansion to (3.80) and obtain

f(x̂k, tk)− f(xk, tk) ∼= F[tk; xk]δxk (3.81)

so that F[tk; xk] is defined as the partial derivatives of f(xk, tk) along the nominal trajectory.
Notice also that F[tk; xk] is dependent on time only, since it is evaluated for some constant
values xk for each tk.
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Applying (3.75) and (3.76) to (3.80), given F [tk; xk], we can discretize the system as
follows

δxk+1 = φ(tk+1, tk)δxk + Γkwk+1 (3.82)

Again, for small deviations, the estimate is comparable with the nominal trajectory, hence
the deviation term can be replaced by the estimate.

Similarly, we can apply the same concepts to a nonlinear measurement function defined as

y
k

= h(xk, tk) + vk (3.83)

so that if the deviation

δy
k

= ŷ
k
− y

k
(3.84)

is small (in a least mean square sense), then

δyk = M[tk; xk]δxk + vk (3.85)

so that M[tk; xk] is defined as the partial derivatives of h(xk, tk) along the nominal trajectory.
Finally, we have all the elements to deline the Extended Kalman filter (EKF) for the

following nonlinear problem:

{
ẋk = f(xk, tk) + Γkwk+1

y
k

= h(xk, tk) + vk
(3.86)

Algorithm 2 Extended (Continuous-Discrete) Kalman Filter Pseudocode
procedure Filter Initialization

2: set : k = 1
set : x̂0 . Initialize state

4: set : P0 . Initialize state covariance matrix
procedure Main Loop

6: store : (x̂k−1,Pk−1)
compute : x̂−k = x̂k−1 +

∫ k+1
k

f(x̂k−1, tk−1)dt
8: compute : P−k = φk,k−1Pk−1φ

T
k,k−1 + Qk

compute : Kk = P−k MT
k (MkP−k MT

k + Rk)−1

10: compute : x̂k = x̂−k + Kk(y
k
− h(x̂−k , tk))

compute : Pk = (I−KkMk)P−k (I−KkMk)T + KkRkKT
k

12: set : k = k + 1

Extended Kalman Filter - Discussion

It is clear from the algorithm representation of the EKF that the linear filter is directly
applicable to the linearized system. The operation on line 7 reports the continuous approach
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to the system state propagation (a priori estimate), however, the choice of how to deal with
the integral term is left to the engineer that designs the filter for the specific application: e.g.
for nonlinear discrete system functions, like in most of sensor fusion applications, the state
propagation is simply x̂−k = f(x̂k−1, tk−1, ∗) where the ∗ symbol can be replaced with any
system input (additional sensor reading at k).

The EKF works under the assuption that the linearized system dynamics represent a good
approximation if Q and Pk=0 are sufficiently small, so that the state deviations remain small
with a high probability [2]. It must be mentioned also that the dimension of the deviations
can depend also from the stability properties of the linearized system [3]. Similarly, we must
expect that the linearized measurement model represents a good approximation if R is large
enough so that the nonlinearities are small compared to the measurement noise [2].

Finally, it is worth noticing that the definitions of M and φ are the Jacobians of the process
and measurement functions respectively, computed with respect to the state vector. It is
easy to see that if the system and measurement function are already linear, the computation
of the Jacobians leads to the definition of the linear Kalman Filter.

3.4.2 The Unscented Kalman Filter

In this section we introduce an alternative to the Extended Kalman Filter: the Unscented
Kalman Filter (UKF). The UKF is often referred to as a derivative free algorithm [4] to
compute appoximate solutions (estimates) to continuous-discrete or discrete filtering problems.
The term derivative free comes from the fact that no direct linearization on neither the
system nor the measurement functions is performed, in fact they are used "as is". The only
transformation that occurs, regards the probability distribution of the state before it is
passed through the nonlinear system and measurement functions: this technique is called
the Unscented Transform.
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Figure 3.1: Graphical representation of the different approaches to nonlinearity in a 2-
dimensional state system. In the image on the left the state with its convariance is
represented with a cloud of points. The whole cloud is passed through a nonlinear
function f(∗), and the new disposition of points highlights the variability of the
new state propagation with respect to the level of nonlinearity involved. The
central image shows the linearized approach (EKF) with A as the Jacobian of the
nonlinear function with respect to the state. The image on the right represents
the Unscented approach, where a set of point is chosen to represent the state
distribution, and the very set is hence passed through f(∗).

The Unscented Transform

The intuition behind this kind of technique is that it is easier to approximate a probability
distribution than it is to appoximate an arbitrary nonlinear function or transformation [5].
A weighted set of sigma points is chosen to capture some properties of the state’s error
covariance distribution. The points order indicates how many features of the distribution
are correctly represented. In this dissertation the use of the sigma points is limited to the
second order, which allows to fully represent the first two moments of the state distribution,
preserving symmetry in the points disposition. A more thorough discussion on the optimal
choice of sigma points can be found in [6]. The chosen set of sigma points is hence passed
through the nonlinear function (Fig. 3.1, right) and the new state and covariance are derived
from the new dispersion of points. The computation of the sigma points is made as follows:

Xk =
[
x̂k, . . . , x̂k

]
+
√
c
[
0(n×1)

√
Pk −

√
Pk

]
(3.87)

Before moving to the choice of
√
c, let us clarify the form of X .

From a careful look to (3.87), it is immediately clear that the new set of points is represented
by a matrix: its number of columns is 2n + 1, where n is the state dimension, and each
column contains the coordinates of each new point. In particular, the first column is exactly
the state x̂, so that the central sigma point matches the estimated state of the system at time
k. The remaining points are chosen from the weighted (

√
c) computation of the square root

of the state error covariance matrix. In particular, the result of
√

P is a new matrix whose
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columns are the eigenvectors of P. As a consequence, each new point is the translation of
the state x̂k along the direction of the principal axes of the state error covariance matrix. It
should be clear now how, in a single operation, the first two moments of the state distribution
result fairly represented and their disposition symmetry is granted.
Regarding

√
c its role is to define how far away the sigma points should be pushed from

the distribution center Xk[:, 0] = x̂k. The choice of
√
c is hence strictly dependent on the

"level of nonlinearity" of the system process and/or measurement function.
The choice of the weights alongside the UKF algorithm are presented in the following

table:

Algorithm 3 Unscented (Continuous-Discrete) Kalman Filter Pseudocode
procedure Filter Initialization

2: set : k = 1
set : x̂0 . Initialize state

4: set : P0 . Initialize state covariance matrix
procedure Weights Computation

6: compute : c = α2(κ+ n); λ = c− n . α, β, κ can be set accordingly to [7]
compute : w

(m)
0 = λ/c; w

(c)
0 = λ/(c+1−α2+β)

8: compute : w
(m)
i = w

(c)
i = λ/(2c); i = 1 . . . 2n

compute : wm =
[
w

(m)
0 w

(m)
1 . . . w

(m)
2n

]T
10: compute : wc =

[
w

(c)
0 w

(c)
1 . . . w

(c)
2n

]T
compute : W = (I−

[
wm . . .wm

]
) · diag(wc) · (I−

[
wm . . .wm

]
)T

12: procedure Main Loop
store : (x̂k−1,Pk−1)

14: compute : Xk−1 =
[
x̂k−1, . . . , x̂k−1

]
+
√
c
[
0(n×1)

√
Pk−1 −

√
Pk−1

]
compute : X−k = Xk−1 +

∫ k+1
k

f(Xk−1, tk−1)dt
16: compute : x̂−k = X−k wm

compute : P−k = X−k WX−
T

k + Qk

18: compute : X̂−k =
[
x̂−k , . . . , x̂

−
k

]
+
√
c
[
0(n×1)

√
P−k −

√
P−k
]

compute : Y−k = h(X̂−k )
20: compute : µk = Y−k wm

compute : Pxy
k = X̂−k WY−

T

k

22: compute : Pyy
k = Y−k WY−

T

k + Rk

compute : Kk = Pxy
k Pyy−1

k

24: compute : x̂k = x̂−k + Kk(y
k
− µk)

compute : Pk = P−k −KkPyy
k KT

k

26: set : k = k + 1
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Chapter 4

Magnetometer-free Sensor Fusion
Applied to Human Motion Analysis

The act of measuring human motion can be viewed as the objective quantification of position,
velocity and acceleration of specific anatomical landmarks during a certain motor task. From
a geometrical point of view, those quantities can be represented as three-dimensional vectors
expressed in an arbitrary reference frame. The collection of this kind of data is usually
approached via optoelectronic instrumentation (OPT), such as infrared stereophotogrammetry,
where the aforementioned anatomical landmarks are tagged with passive reflective markers
and recorded. This technique allows to directly observe the position of those landmarks with
respect to the cameras’ reference frame, so that velocity and acceleration can be derived
mathematically [1]. As a result, also relative orientation between rigid anatomical segments
can be indirectly obtained. In this regard, many protocols have been developed over the
years: going from approaches which leverage precise biomechanical models assumptions to
rely on a relatively small number of markers to obtain accurate joint kinematics [2–4], to
protocols which derive joint angles dynamics from relative rotations of local reference frames
assigned to rigid body-fixed markers clusters [5–7].

Although the OPT approach to human motion analysis is still considered the gold standard
in this field of research, the cost of such instrumentation limits its accessibility to institutions
and facilities with a substantial availability of funds. Furthermore, the necessity for those
systems to be operated in typically indoor environments (e.g. motion analysis laboratories),
makes it very difficult to integrate them in rehabilitation follow-up programs and sport
applications. These are the main reasons behind the recent growth of interest for inertial
measurement units (IMU) as a possible replacement for OPT systems due to their great
portability and affordability.
IMU typically come as self-contained battery-operated devices which integrate tri-axial

accelerometers, gyroscopes and magnetometers. Their size can vary dependently on the
application context. In this dissertation all the treated signals come from wearable devices1.
It is important to notice that, through inertial sensing, no direct observation is made on

position and relative orientation of the rigid body to which the sensor is attached. Hence, those
quantities must be obtained through direct mathematical integration of angular velocity (for
orientation) and acceleration (for velocity and position), also known as strapdown integration.
Ideally speaking, this operation should lead to the exact values of interest. However, one
must take into account measurement errors and noise stochastic additive processes (i.e.
thermal noise) which are eventually integrated with the "real measure", leading to cumulative
error also known as drift. Dirft compensation has rapidly became a central issue in inertial
navigation, and many works have been proposed through the years with regard to this matter.

1NGIMU Inertial Sensor (x-io technologies UK): https://x-io.co.uk/ngimu/
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From an hardware point of view, the design and physical principle on which the sensor is
based on covers a critical role in terms of measurement accuracy and shielding from external
sources of noise. As a matter of facts, in naval and aerospace applications the portability of
the employed inertial sensors is sacrificed in favor of measurement accuracy, such as the case
of laser ring and the more modern fiber optic gyroscopes IMU [8, 9].

From a software point of view, in literature, position and orientation estimation are either
approached as two separate issues or simultaneously. The backbone of strapdown integration
systems in both approaches is a proper orientation estimation of the device, which allows
to properly refer the acceleration data to the navigation reference frame and at the same
time remove the gravitational before the mathematical integration. Historically speaking,
the most used approach for rigid-body attitude estimation in space is the optimal Kalman
Filter discussed in the previous chapters, where the state propagation model is represented
by the integration of angular velocity and such estimate is corrected by the measured earth
gravitational acceleration and magnetic field [10–14]. At this point, position estimation can
be integrated inside the recursive filter alongside the orientation estimation by the means
of an augmented-state filter, however an external direct/indirect measure of the position
must be added in order to limit drift propagation (e.g. cameras information, GPS) [15–18].
Another widely-used option is represented by Zero Velocity Update (ZUPT) algorithms,
where a pseudo measurement of null velocity and acceleration is injected into the estimation
process when the IMU is considered to be still, such as in the case of a foot-strapped IMU
during foot-stand phase in normal walking [19–22].

In this chapter, the core issue and research topic of this Ph.D. three years course is presented:
study of magnetometer-free sensor fusion in human motion analysis. The motivation behind
the choice of this particular topic, lie in the necessity to evaluate the limits of operability and
the accuracies expectation of purely inertial measurement setups in human motion tracking
applications. This kind of evalutation becomes most valuable in situations where fully-fledged
tracking setups are reduced to rely on purely inertial information due to shadowing issues
and high magnetic disturbances, which are common issues in indoor motion laboratiories,
working environments and private dwellings [23, 24]. The chapter is structured as follows: in
the first section the core implementation of the quaternion-state Kalman filter, as proposed
by Sabatini in 2006 [14], is presented. Then the magnetomter-free approach is introduced
alongside with the motivation for this kind of research, the literature background and the
filter adaptation. Furthermore, a custom calibration procedure is introduced to deal with the
lack of absolute information on the sensor heading, and to ensure measurement repeatability
with respect to the definition of an arbitrary navigation reference frame. Finally, a number
of case studies are presented regarding magnetomter-free sensor fusion applied to static and
perturbed posturography (center of pressure and joint kinematic estimation respectively),
human center of mass displacement and pelvis orientation estimation during treadmill walking
and pedestrian dead reckoning.

4.1 Quaternion-state Kalman Filtering for Strapdown
Orientation Estimation

The orientation of a rigid body in space is usually univocally defined by a rotation matrix or
a quaternion, which role is to relate the local system of coordinates of the rigid body (B) to
an absolute reference frame or Navigation Frame (N ).

70



4.1 Quaternion-state Kalman Filtering for Strapdown Orientation Estimation

Thus, any point in space can be defined with respect to B or N where some rotation
matrix A or quaternion q satisfy the following:

pN = ANB · pB (4.1)

pN = qN
−1

B ⊗ pB ⊗ qNB (4.2)

Where (pB, pN ) ∈ R3, ANB is a Direction Cosine Matrix (DCM) [10] and qNB ∈ H is a

unit quaternion defined as q =
[
q0 e

]T
with q0 as its scalar part and e as its vector part or

imaginary part [10, 25]. The inversion applied to the quaternion in (4.2) denotes the inverse
of a unit quaternion, which matches its complex conjugate. Finally, the ⊗ symbol defines
the Hamilton product [25]. Details regarding system reference frames definitions, matrix and
quaternions operations can be found in the Appendix section 6.
The advantages of the quaternion approach over the DCM one can be summarized as

follows:

• Quaternions require the storage of a 4-D vector instead of a (3×3) matrix.

• The rotation representation in H bypasses the gimbal lock issue of Euler angles
parametrization.

• The quaternion approach allows the state-space approach discussed later on in this
section.

Working with inertial sensors, the orientation estimation of the rigid-body onto which the
IMU is applied must be achieved by the means of the available data. In particular, it is
possible to relate the changing rate of a quaternion describing the orientation of the inertial
sensor to the angular velocity measured by the gyroscope as follows:

q̇ = Ω · q (4.3)

Ω = 1
2

[
0 −ωT

ω −[ω×]

]
(4.4)

where ω =
[
ωx ωy ωz

]T
is the rigid body angular velocity expressed in B and [ω×] is a

skew-symmetric matrix [11, 26].
The discrete solution of (4.3) is

qk+1 = Φk+1,k · qk (4.5)
Φk+1,k = exp(Ωk · Ts) (4.6)

where (4.6) represents the state-transition matrix of the homogeneous system, which can be
approximated to the second term of its Taylor series expansion as follows:

Φk+1,k = I(4×4) + Ωk · Ts (4.7)
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However, dealing with real angular velocity data, a simplified model2 of the gyroscope [10,
11] must be taken into account due to the not negligible thermo-electrical noise superimposed
to the measured ω, so that the read signal can be defined as follows:

ω̂ = ω + δω (4.8)

where δω is a vector Brownian process with E {δωδωT } = Q(t)δt [27].
Thus, the quaternion dynamics must be updated consequently

q̇ = (Ω̂− δΩ)q
= Ω̂q − δΩq
= Ω̂q + Γδω (4.9)

with

Γ = −δ(Ωq)
δω

= −1
2

[
−eT

[e×] + q0 · I

]
(4.10)

The stochastic nature of (4.9) requires a filtering process to be involved in the estimation
of q, otherwise any attempt to propagate the state q would result in an unbounded drift
after a certain period of time due to the integration of the noise component. Therefore, the
update phase of the filtering process involves the use of the accelerometer and magnetometer
information to correct the quaternion-gyroscope integration during the prediction phase.
However, since no direct observation on the state is available, the information that binds the
state space with the measurement space must be sought in the read gravitational component
of the acceleration and the measured earth magnetic field. In facts, those quantities, which
are measured in the sensor reference frame, can be related to the estimated sensor orientation
either through (4.1) or, due in the quaternion approach being in analysis, through (4.2).
Let us define for now a generic vector d which can represent either the gravitational

component of the read acceleration or the read earth magnetic field. The relative measurement
function for an observation occuring at time k can be formulated as follows

yk = h(q−k ) + vk
= [q−k ]−1 ⊗ dNq ⊗ q−k + vk (4.11)

where the minus symbol over the state quaternion denotes the prediction from the previous
step; the subscript q denotes the quaternion vector form as dq =

[
0 dT

]T
; the v variable

represents an additive Gaussian noise with v ∼ N(0,Rd) [14, 27].
The above measurement function relates the estimated orientation q−k to the measurement

space by rotating the vector dN . Intuitively, during the residual computation in the Kalman
filter, the difference between yk and h(q−k ) represents how far is the estimated orientation

2In this section the gyroscope, accelerometer and magnetometer sensors models (the latter two are reported
shortly after the model propagation) are considered bias-free: this choice has been made for the sake of
notation simplicity. A more thorough explanation on how to add bias estimation inside an augmented
state filter, and consequently consider biases in sensors models, can be found in the work of Sabatini [14].
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q−k from an accurate representation of the actual reading yk = dBk .
At this point, the vector d must be translated into the form of the actual observation

through the following definition of the following simplified models of accelerometer3 and
magnetometer

â = aBl + gB + va (4.12)
m̂ = mB + vm (4.13)

with va ∼ N(0,Ra) and vm ∼ N(0,Rm); al denotes the linear acceleration of the rigid body
and g denotes the read gravitational component; m represents the read earth magnetic field.
Assuming an inertial magnetic sensor lying flat with the y-axis pointing upwards, the relative
gB and mB should ideally have the following form:

gB =
[
0 g 0

]
mB =

[
hx 0 hz

]
It is clear from (4.12, 4.13) that each sensor involved in the update phase of the Kalman

filter gives an absolute (indirect) information of the sensor orientation with respect to two
orthogonal planes in space. In particular, regarding the accelerometer, this is verified whenever
â = gB + va, or in other words when the sensor is not affected by a linear acceleration al,
implying that the body onto which the sensor is applied is at rest. The same can be stated
for the magnetometer, however the source of error in that case is represented by external
sources of magnetic field which steer the estimation of m̂ away from the read earth magnetic
field. As a consequence of those assumptions, the usability of the given observations during
the KF update phase must be determined by a threshold test before the injection in the
filtering process [14].
The accelerometer threshold test is implemented as follows:

|‖âk‖ − ‖g‖| < εa (4.14)

which simply takes into account the evaluated norm difference between g and the read
acceleration

The magnetometer test also includes a check on the deviation of the earth magnetic field
direction θ̂dip with respect to the current value θdip.

|‖m̂k‖ − ‖m‖| < εm ∩ |θ̂dip − θdip| < εθ (4.15)

with

θ̂dip = arccos
(
h(q−k , âk) · h(q−k , m̂k)

‖âk‖ · ‖âk‖

)
(4.16)

At this point all the elements of the filtering process have been lined out. The form of

3Coriolis, Euler and centripetal accelerations are assumed negligible [28, 29].
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(4.11) underlines the necessity to use a nonlinear filter. A schematic representation of the
described filtering process is reported in Fig. 4.1.

Figure 4.1: The Amplitude test, for both accelerometer and magnetometer, is represented
as a box with an output to another block containing a R matrix, which is the
relative measurement noise covariance matrix for the given sensor. In case of
amplitude test failure such matrix elements are set to ∞. From a filter point
of view, this operation corresponds to forcing the Kalman gain to be set to a
zero-matrix, which is the same as updating the state with the prediction without
considering the observation.

4.2 The Magnetometer-free Approach
Magnetic disturbances represent an unavoidable source of distorsions in the field of magnetic-
inertial sensing [23, 24]. Indoor environments such as laboratories, offices and industrial
working environments offer many sources of magnetic field due to electrical appliances and
metallic forniture. In the setup presented in the previous section, magnetic disturbances are
dealt with a threshold on reading amplitude and heading angular deviation from the current
one. A number of works in literature only relies on the magnetometer information to estimate
the yaw angle (about the axis perpendicular to the ground) [30–32] or to compensate the
yaw estimation error [33]. Other works involve an additional filtering process to estimate
the angular error due to the presence of magnetic disturbances, propagating the magnetic
disturbances with markov-like models [34].

However, those compensation algorithms are intended to work for disturbances limited to
relatively short epochs in time, so that the body of interest passes dynamically through the
disturbance to get to a new "safe zone" where the sensor fusion can be used again at its full
capability.

The present research wants to investigate the performances of purely inertial sensor fusion
in human motion analysis, or in other words to quantify the feasibility of full magnetometer-
free approaches which occur in environments with strong, dynamical and continuous magnetic
disturbances.

4.2.1 Filter Adaptation
The quaternion-state Kalman filter described in section 4.1 must be adapted to the lack of the
magnetometer information. This is simply done by avoiding the magnetometer information
to get into the update phase, as if the magnetometer always fails the amplitude test (4.15).
The schematic representation of this process is reported in Fig. 4.2.
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Figure 4.2: Modified version of the schematic reported in Fig. 4.1. The failure of the
magnetometer amplitude test forces the update phase to close early on the
accelerometer observation.

This particular setup forces the user to rely only on angular velocity integration and
on accelerometer information to estimate the sensor relative orientation. From a practical
point of view, putting the inertial sensor at rest in the worst possible configuration where a
single axis of the tri-axial sensor is pointing upwards and the other two are parallel to the
ground, we expect no useful information regarding the sensor "heading" to be injected into
the filtering process. As a consequence, in this case, any rotation around the axis pointing
upwards would satisfy estimation optimality, so that even the accelerometer would yield
no useful information apart from granting expected stability for "pitch" and "roll" angles
estimation.

This configuration, however, is very unlikely to occur in human motion analysis, since
sensor placement on body parts would suffer from misalignments due to human errors and
mostly from anatomical irregularities. In such cases, supposing the sensor to be at rest,
the gravitational component read by the accelerometer would span with a certain linear
combination on every axis, allowing the sensor to yield information on roll, pitch and yaw
simultaneously. However, the lack of the magnetometer information, as can be expected, is
bound to introduce an unavoidable drifting behavior regarding the quaternion component
related to the heading information.

In this work, the Unscented variant of the Kalman filter was investigated in addition to
the Extended nonlinear filter (see sections 3.4.2 and 3.4.1 respectively). The reason behind
this choice was driven by the necessity to achieve high accuracies in spite of a missing
sensor, following the intuition that the better performances of the UKF over the EKF
[15, 35–38] would compensate the lack of the magnetometer information with a "comparable
level of complexity" [35, 39]. Also, a practical and computational advantage of the UKF
over the EKF approach is represented by the possibility to adopt the nonlinear form of the
measurement function (4.11) "as is", without the need of computing the relative Jacobian for
the propagation of the state error covariance matrix.

For this matter a series of tests was performed to investigate the behavior of the two filters
under the same conditions (same Q and R matrices definition and same data).
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Experimental Setup

The aim of the following experiment was to investigate the quasi-static and dynamic behavior
of the quaternions estimation by the means of the two variants of the nonlinear Kalman
filter, namely EKF and UKF. No validation with an optoelectronic system was made in this
scenario but a direct comparison between the two filtering approaches given the same data.
A single IMU was placed on the ground and let acquire data for about 30 s for sensors

temperature stabilization. A custom calibration procedure, which is introduced in section 4.2.2
was performed and the inertial sensor was placed on the target (on the lower trunk). The
filters were then allowed to converge for about 20 s; after this lapse of time the subject was
allowed to walk freely. This experiment was repeated 24 times.

All trials were executed with a single IMU (NGIMU, x-io Technologies (UK), dimensions
56×39×18 mm, weight 46 g, battery life 4-12 hours, sampling rate 100 Hz, triaxial accelerom-
eter: range ±16 g, resolution 490 µg. Triaxial gyroscope: range ±2000 dps, resolution
0.06 deg/s)

Results and Discussion

Figure 4.3: Capture of a sample window between the 20 s subject rest and the beginning of
motion. The two panels report the quaternion time series respectively from EKF
and UKF computations. The circles are added as a magnification of the areas of
interest.

The performed experiment revealed an interesting aspect in the quaternion computation
during the quasi-static phase before the proper subject motion. As expected, a drifting
behavior is present due to the lack of magnetic information. Indeed, the third quaternion
component (green line), namely the piece of information relative to the yaw angle4 in the chose

4The third component of the quaternion can be intuitively referred to the yaw angle due to the property

76



4.2 The Magnetometer-free Approach

navigation frame5 shows a locally linear growth along the whole subject rest phase (Fig. 4.3).
Nonetheless, this phenomenon seems to be mitigated in the UKF estimation. The results of
the repeated trials are reported in table 4.1 in terms of roll, pitch and yaw angles.

Table 4.1: Angular biases recorded at the end of the 20s rest phase. Angles were computed
through a quaternion to rpy conversion using the Tait-Bryan convention. Results
are reported in the form of mean ± standard deviation of the repeated trials.

Angular biases at the end of the rest phase
Heading (deg) Attitude (deg) Bank (deg)

EKF 13.4± 7.7 1.2± 1.0 3.3± 2.6
UKF 0.8± 0.7 0.5± 0.4 0.2± 0.1

These results highlight the fact that the drifting effect, which is usually ascribed to the
lack of a sensor information, should be also sought in the linearization solution adopted in
the chosen filtering approach. The resulting drift after the given lapse of time is evidently
more accentuated for the angle relative to the missing information (Heading). Furthermore,
the heading drift is characterized by a high variability which suggests that the resulting
behavior can be dependent from the data quality among different trials.

However, the probability distribution approximation in the UT, which is achieved through
the Cholesky factorization [37, 40], makes the UKF barely applicable in real time with an
IMU at a working frequency of 100 Hz. At the same time, due to the choice of excluding the
magnetometer from the sensor fusion, lower sampling frequencies would make the estimation
vulnerable to drift induced by undersampled rapid orientation variations. In this sense, the
choice of UKF over EKF favors accuracy over real-time applicability during quasi-static
phases.
On the other hand, with the biases removed from both EKF and UKF estimations, the

comparison between estimated quaternions during motion (from 20s onward) shows the
negligible differences reported in quaternion form in table 4.2.

Table 4.2: Root mean square errors between EKF and UKF quaternions during motion.
Results are reported in the form of means and standard deviations for each
quaternion element.

Quaternions Root Mean Square Errors
qw qx qy qz

mean 0.002380 0.001565 0.003293 0.003087
std 0.001573 0.000862 0.002585 0.001023

These additional results seem to confirm the contribution of the linearization in the drifting
behavior. This can deduced from the fact that during dynamical tasks, the accelerometer
amplitude test is bound to fail, forcing the filtering process to rely on the gyroscope data only.

of unit quaternions for rotations about a single axis, so that a pure rotation about the y-axis (pointing
upwards in the navigation frame) would be qyaw =

[
cos θ/2 0 sin θ/2 0

]T
.

5The definition of the navigation frame and the calibration procedure followed to obtain those results are
introduced in section 4.2.2.
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In such case, the linearized measurement process is skipped in favor of the next iteration, so
that the EKF and UKF integrate the angular velocity in a similar way (apart from the UT
process for the estimation of the state error covariance matrix in the UKF).

4.2.2 Custom Calibration
As already introduced in this chapter, dealing with the absence of magnetometer leaves the
user without absolute information about the sensor heading. It is true, however, that in the
non-singular configuration of the sensor to have two axes of its local reference frame lying
parallel to the ground, the accelerometer carries also information about the 3D orientation of
the sensor and not only about pitch and roll angles only [33]. As a consequence it is possible to
estimate the relative orientation of the sensor integrating the angular velocity and correcting
the estimation with acclerometer observations. Nonetheless, this estimated orientation is
relative to its initial reference frame (namely at the time frame k = 0) and cannot be referred
to a global navigation frame due to the missing magnetic north information. For this matter
a custom calibration procedure has been developed to overcome this limitation.

Formal Problem Definition and Calibration Algorithm

Figure 4.4: An example of the calibration procedure usage when dealing with systems with
fixed reference frames. As shown in the left panel, the inertial sensor is placed to
fit an optoelectronic system calibration frame. An example of the relationship
between the two different RFs is represented in the right panel. In this example,
the IMU’s RF is rotated of a known 90 deg angle about the OPT system x axis.
The qoffset is hence known.

The filter defined in the previous sections estimates a quaternion which relates the naviga-
tion frame N with B for every kth instant. Keeping the IMU still and allowing the UKF
to converge, for example after i iterations, the resulting estimated quaternion will reflect
the rotation which minimizes the residual in the Kalman filter state update computation.
The result is hence strictly dependent on the choice of gNq . This is however a sub-optimal
estimation, since even if the choice of gNq is compliant with the read gravitational component
in the wanted N , the estimated quaternion is missing an “heading” information, which
is usually obtained through a magnetometer. For example, suppose the IMU is laying
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still on a flat surface with its y-axis pointing upward: choosing gNq =
[
0 0 g 0

]T
any

quaternion qi =
[
cos θ/2 0 sin θ/2 0

]T
; ∀θ ∈ {0, 2π} would satisfy the filter update

step in a least-mean-square sense.
One way to address this issue is to impose the IMU to start the acquisition from a

configuration whose orientation (qoffset) with respect to N is known. The following steps are
proposed to ensure a proper alignment:

1. Both the IMU and the target are equipped with small velcro strips (or any equivalent
means to easily attach it to a host surface).

2. The IMU is placed in the measurement space so that qoffset is known (see example
in Fig. 4.4). A good choice would be to force the initial aligment of the two systems

chosing N so that qoffset =
[
1 0 0 0

]T
.

3. The acquisition starts and the filter is allowed to converge for an arbitrary number
of iterations i. This number may change in accordance to how the gyroscope and
accelerometer variances affect the Q and R matrices and also with the choice of qk=0

and Pk=0.

4. The IMU is hence placed on the target thanks to the velcro strips while it is still
acquiring.

5. From instant i every quaternion is reset to the qoffset as follows:

qk := qoffset ⊗ (q−1
i ⊗ qk); ∀k = i . . . s (4.17)

where s is the number of samples acquired.
The proposed procedure addresses three issues at once when dealing with the absence of

heading information:

• Any rotation of an inertial sensor can be referred to a fixed N . This implies that,
even without heading information, it is still possible to refer IMU rotations to the
true vertical axis. Furthermore, in case of repeated trials in laboratiories and other
environments where a standardized experimental procedure is required, by the means of
a fixed offset IMU position (e.g. a fixed calibration IMU socket) all future measurement
can be always referred to the same N .

• IMU positioning on different body parts in human motion analysis is always prone
to human induced misalignment: this source of biases for repeated trials is fully
compensated by the proposed procedure.

• Measurements, estimations comparisons and sensor fusion with devices of different
nature and manufacturers require a common reference frame to be performed: the
proposed procedure allows to refer any inertial measurement to a common N (Fig. 4.4).

Experimental validation

A straightforward experiment was set up to demonstrate the validity of the proposed
calibration algorithm in a magnetometer-free setup.

Three inertial sensors were set up to share the same qoffset at time zero and were started at
the same time instant. As mentioned in the first two points of the procedure, all IMU were
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allowed to capture data statically to allow the Kalman filter to converge. After that, all of
them were attached to a carton box, each one on a different orthogonal face, with a random
orientation with respect to the cube vertices. The box was then allowed to make a roll, pitch
and yaw rotations about the chosen N axes. Computed quaternions were then converted to
roll-pitch-yaw angles following the ZYX Tait-Bryan convention (4.18) and compared 6 (see
Appendix section 6.3.4 for reference).

Z1Y2X3 =

c1c2 c1s2s3 − c3s1 s1s3 + c1c3s2

c2s1 c1c3 + s1s2s3 c3s1s2 − c1s3

−s2 c2s3 c2c3

 (4.18)

The results are reported in the following figures.

Figure 4.5: Top left panel: relative roll-pitch-yaw angles and quaternions between the first
and the second IMU.
Top right panel: relative roll-pitch-yaw angles and quaternions between the first
and the third IMU.
Bottom panel: roll-pitch-yaw angles computed by each IMU about the N axes.

The top left and right panels of Fig. 4.5 report the relative roll-pitch-yaw angles and
quaternions of the first IMU with respect to the second and the third respectively. As
expected, during the static phase (filters allowed convergence time) the relative quaternions

are equal to qI =
[
1 0 0 0

]T
until the second and third IMU are put in place. From

those instants onwards, around 10 and 13 seconds after the sensors start, the estimated

6A video of this experiment is available at this link → https://youtu.be/Pm32d6PJNIU
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4.2 The Magnetometer-free Approach

relative quaternions remain fixed to the orientation forced by the carton cube and thus are
independent from the its motion.
The bottom panel reports the roll, pitch and yaw angles estimated from each inertial

sensor. The initial time frame was imposed at about 1 second after all the sensors were
placed on the cube. Despite the randomness employed during the sensors placement, allowing
the procedure to operate on the worst case possible of human induced misalignment, the
resulting estimated angles are equal short of estimation errors due to different data quality
from the three sensors. These results highlight the robustness of the procedure with respect
to human errors and irregularities of the surface the sensors are attached to.

Case Study

A number of studies in literature report the use of an inertial sensor to estimate the vertical
displacement of the human body center of mass (CoM) during normal walking [41–43]. In
those studies such measurement is often referred to the "vertical" or "true vertical" axis, which
is part of a "global" reference frame. However, the estimation of the sensor relative orientation
with the "global" reference frame is rather unclear, as also is the definition of the gold standard
reference frame with respect to the "global" one, which in those works is used as validation.
Thanks to the proposed calibration procedure, it was possible to objectively quantify sensor
placement disalignments due to human induced error in a single-IMU application with respect
to a chosen N .
In the present case study, a single inertial sensor is used to estimate orientation and

displacement of CoM during treadmill walking. The IMU is placed on the ground with a
known qoffset with respect to the chosen N . The calibration procedure is performed and
the IMU is attached on the lower back of the subject; this procedure was repeated for 24
trials. The estimated IMU orientation at time tk > tc, where tc represents the end of the
calibration procedure, represents an estimate of the sensor misalignment from the expected
true vertical, medial lateral and anterior posterior axes which define the N . The case study
in analysis, alongside with the N definition, is fully reported in section 4.3.
The misalignments results are reported in the following table (Table 4.3):

Table 4.3: Human induced misalignments on lower-back placed IMU. The reseults are reported
in degrees in the form of mean and standard deviation for the whole number of
trials involved. Bank, attitude and heading errors are referred to the x, y, z axes
of the N defined in section 4.3.

Misalignments, repeated trials
Bank (deg) Attitude (deg) Heading (deg)

3.0± 4.0 0.5± 2.2 6.5± 5.7

The misalignments reported in Table 4.3 are relative to a single subject performing the
sensor positioning on the target. It is worth noticing that even though the sensor placing was
performed by the same expert subject, though small, biases on every angle component were
always recorded. It must be kept in mind that such misalignments, if not correctly estimated
and corrected, are injected in displacement estimation as cosines of such angles, hence they
are bound to negligibly affect the estimation for small, cycical excursions such as in treadmill
walking (e.g. for 10 cm displacements along the vertical axis, the bank misalignment affects the
estimation for cos(3) ' 0.9986, which translates to a 0.0137 cm displacement error). However,
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in case of non-cyclical, small displacements, i.e. linear acceleration integrations for pedestrian
tracking purposes in free-walking conditions, those misalignments represent a non-negligible
bias which is bound to let the estimation drift far away from the real trajectory. Thanks
to the proposed calibration procedure is hence possible to avoid such unwanted biases by
referring directly to the chosen N . Also, in case of displacement estimations, this calibration
procedure allows the computation of medial-lateral and anterior-posterior displacements even
without a direct heading information (i.e. magnetometer-free applications).

4.3 Displacement and Orientation Estimation of CoM
During Treadmill Walking

In the field of gait analysis, the 3-D motion of a subject’s center of mass (CoM) is a valuable
source of information, being a strong indicator of the overall biomechanical performance of
walking [44–47]. Furthermore, CoM displacement has been associated to the evaluation of the
risk of fall and pathological conditions in both adults and children [47–50]. The estimation
of CoM displacement, therefore, represents a central issue in the movement analysis field
and throughout the years a number of different techniques have been proposed in order to
obtain an accurate spatial tracking of human CoM. According to the literature, the majority
of studies relies on three main estimation methods [51, 52]. The first one is the segmental
analysis and is based on the weighted sum of the CoM of single, body segments [51, 53],
requiring an a priori knowledge of their mass distribution and an optoelectronic (OPT)
system for kinematic measurements. The second method, based on force platforms measures,
involves the application of inverse kinematic to estimate the CoM position from the double
integration of ground reaction forces [44, 51, 52]. The third method relies on the assumption
that a single marker placed over the sacrum can represent the CoM [54, 55] and due to
its relatively easy marker setup, it is one of the most frequently used procedures for CoM
estimation during dynamic tasks, and in particular during walking [52, 53]. On the other
hand, despite these aspects, the sacral marker method remains limited in its applicability
to OPT system instrumented environments, making this method barely usable in different
experimental scenarios.
A possible way to overcome this limitation is the replacement of the sacral marker with

a single inertial measurement unit (IMU) [42, 53, 54]. In this regard, the vertical (VT),
medial-lateral (ML) and anterior-posterior (AP) displacement of the CoM can be hence
ideally estimated simply through the double integration of the linear acceleration component
measured by the IMU itself. Incidentally, in addition to the CoM displacement, the use of
an IMU allows also to obtain the orientation of the body segment where the IMU is placed,
i.e. the pelvis [56, 57]. The use of such method adaptation would imply a significant drop
of costs and the enhancement of the measurement setup portability, making it particularly
suitable for home-monitoring applications and in rehabilitation scenarios.

However, a crucial matter needs to be taken into consideration: the choice of the orientation
estimation algorithm and a proper calibration procedure are both fundamental to refer IMU
measurements (orientation and displacement) to an arbitrarily chosen ground-fixed reference
frame (RF). An accurate orientation estimation is hence necessary to isolate the linear
acceleration which is then used to estimate the IMU displacement, due to the fact that the
gravitational acceleration is included in the readings of the accelerometer. Therefore, it is
clear that the accuracy of the displacement estimation is strictly dependent on the accuracy
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of the orientation estimation.
In the gait analysis field, the instrumented treadmill appears to have widespread employ-

ment, providing a series of advantages over walking on the ground, allowing to perform a series
of repetition of a cyclic function such as gait in a controlled environment, at a repeatable and
stable velocity, with a high number of consecutive steps. Further, a treadmill-based training
has a key role as neuromotor therapeutic tool in promoting residual walking ability, being
also particularly useful for the evaluation of pathological subjects in research and clinical
contexts [47, 58, 59]. However, in motion analysis laboratories, magnetic disturbances are
a common phenomenon that causes distortions in attitude estimation of an IMU [24]. In
our particular scenario, such disturbances are generated by the treadmill electric motor and
metallic structure, which affect the IMU magnetometer signal, leading to a bad computation
of the sensor’s orientation. For all these reasons, the magnetometer-free strapdown approach
introduced in section 4.2 has been employed in this study. Also, the calibration procedure
introduced in 4.2.2 has been also employed in order to refer the magnetometer-free orientation
estimation to a ground-fixed navigation RF. This aspect is required also for validating the
results with respect to an OPT system.
While the orientation estimation problem is commonly addressed through information

filters, as Kalman-based or complementary, the inertial displacement estimation requires the
use of the double integration of acceleration, where the drifting phenomenon can represent
a crucial drawback, if not adequately treated. However, the unreliability of the simple,
straightforward double integration of the signal coming from the accelerometer is well-
acknowledged in the field of inertial sensing and dead-reckoning [19]. Thus, the double
integration requires to be put into a theoretical (model) or experimental (zero-velocity
updates) frame in order to temporally limit the drifting behavior. For this reason, in the field
of human motion analysis, one of the most used approaches, also known as indirect estimation
method, requires a geometrical model of human lower-limb [60, 61], being subject-dependent
due to the need of anthropometric parameters. On the other hand, the methods based on
zero-velocity update require the inertial sensor to be mounted on the foot in order to obtain
the quasi-stationary periods needed for the integration and drift reset [21]. However, the
latter method is mainly used for pedestrian dead-reckoning and cannot be directly employed
for CoM displacement estimation, unless a biomechanical model and a multi-IMU approach
are adopted [54].
The goal of the reported study is hence to present a reliable procedure to estimate the

3-D human body CoM displacement, during treadmill walking, by using a single inertial
sensor without the need for any biomechanical gait model and relying on the cyclic pattern
of walking mechanics. To this aim, the sacral marker method was adopted, where the CoM
trajectory is represented by the sacrum bone movement and the marker was replaced by a
sacrum-worn IMU [42, 53, 54].

The choice of adopting the Unscented variant of the Kalman filter, over the well-established
Extended version (EKF) [14, 62], is discussed in section 4.2.1.

The validity of the reported study has been evaluated by comparing both attitude and
displacement IMU estimations with those obtained through an OPT system.

4.3.1 Experimental Setup and Data Processing
Twelve healthy subjects (6 females and 6 males), age: 23 ± 2, height: 160 ± 10 cm, weight:
60 ± 5 kg were asked to walk on a treadmill for approximately 150 s at a speed of 3, 4 and
5 km/h [63]. Each walking trial was repeated twice for each subject for a total of 72. The
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total number of steps acquired was 13090 (3335 at 3 km/h, 4602 at 4 km/h and 5153 at 5
km/h). Each subject was instrumented with a single NGIMU IMU (sensor specifications are
reported in section 4.2.1). The cluster hosted a total of four markers and was recorded with
a six infrared cameras OPT system (BTS Bioengineering Corp., sampling rate 100 Hz). The
markers cluster and IMU placement has been performed for each subject and trial by the same,
expert examiner. In order to reduce possible over-controlled conditions in the experimental
setup, each subject was instructed to not hold the hands on the handrail, allowing free walking
conditions. Accelerometer and gyroscope raw data were off-line processed through a Python
custom routine. At the beginning of each trial, the procedure described in Section 4.2.2 was
followed.

Figure 4.6: The IMU was attached in corre-
spondence of the sacrum bone and
the rigid markers cluster was fixed
with an elastic strap (A). In panel
(B) are graphically reported the
fixed and navigation RFs.

The evaluation of orientation estimation
was made comparing the rotations obtained
from the two measurement systems. Es-
timated quaternions for the IMU and ro-
tation matrices from the markers cluster
were converted into RPY angles following
the (Z1Y2X3) ground Tait-Bryan convention.
The angles temporal series were compared
in terms of root mean square error (RMSE)
and Pearson correlation coefficient (r). The
evaluation of IMU displacement was made
comparing its peak-to-trough values with the
ones extracted from the cameras-measured
cluster markers displacement.

The choice of the RF of the OPT system,
in relation to the treadmill, was made as fol-
lows: the x axis pointed towards the walking
direction, y axis pointed upwards and z axis
pointed to form a right-handed coordinate
system (Fig. 4.6).

4.3.2 Displacement Estimation

Thanks to the quaternions estimated as de-
fined in the experimental setup section, it
is possible to clean the accelerometer read-
ings from the gravitational component. An
estimate of the linear body acceleration is
hence given by

aNlk ≈ ãNlk = qk ⊗ âkB ⊗ q−1
k − gN ; ∀k (4.19)

where the approximation symbol is due the lack of the noise term v in the given relationship.
The integration of the estimated linear acceleration is carried out via Runge-Kutta 4th-order
method [64], solving the following continuous system for s (speed) and d (displacement):
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ṡNk = ãNlk (4.20)
ḋNk = sNk (4.21)

The proposed integration approach relies on the cyclical pattern of acceleration of a sacrum-
worn IMU during walking, which allows to compensate drift exploiting the cyclic change of
acceleration direction, thus changing the sign of the integration every short temporal interval
(left-right stride cycle). The treadmill walking ensures cyclical pattern of acceleration to
be observed on each motion axis (AP, VT and ML). Obtained displacements are further
processed with a Butterworth bandpass filter with cutoff frequencies ω = [0.1, 5] Hz in order
to smoothen output signals and deal with residual integration drift.

4.3.3 Results

Root mean square errors between RPY angles time-series computed from OPT system and
IMU are reported in Table 4.4 as mean±standard deviation, together with their correlation
coefficients. Peak-to-trough values of the CoM displacement computed from OPT system
and IMU data are reported in Table 4.5, as mean±standard deviation for all the considered
walking speeds. A boxplot representation of Table 4.5 is given in Fig. 4.7.

A 20 s window of the RPY angles time series for OPT system and IMU is reported in
Fig. 4.8 for a representative subject, while a 20 s time window of CoM displacement computed
from OTPS and IMU is reported in Fig. 4.9 for a representative subject.

Table 4.4: Errors and standard deviations between OPT system and IMU estimated Tait-
Bryan (X1 Y2 Z3) angles for all the three considered walking speeds. The third
column represents the Pearson’s correlation coefficients between the angles tempo-
ral series and their statistical significance.

Speed Rotation axis RMSE (deg) SD (deg) r p

3 km/h
Roll x-axis 1.08 0.93 0.96 10−16

Pitch y-axis 0.48 0.43 0.96 10−16

Yaw z-axis 0.64 0.54 0.92 10−16

4 km/h
Roll x-axis 0.95 0.82 0.95 10−15

Pitch y-axis 0.58 0.51 0.96 10−14

Yaw z-axis 0.99 0.92 0.94 10−15

5 km/h
Roll x-axis 1.19 0.43 0.97 10−16

Pitch y-axis 1.43 1.35 0.94 10−15

Yaw z-axis 1.79 1.69 0.95 10−15

4.3.4 Discussion

The adopted experimental setup led to a remarkable correspondence of both the IMU attitude
and displacement estimation when compared to that obtained from the gold-standard (OPT
system). Indeed, orientation estimation errors (Table 4.4) presented values under 1 deg for
both pitch and yaw angles, while the higher errors in the roll angles are due to underestimations
of the IMU with respect to the OPT system (Fig. 4.8). Attitude errors resulted comparable
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Figure 4.7: Boxplot representation of the peak-to-trough estimated from OPT system data
and the proposed IMU-based method for 3 km/h (top left), 4 km/h (top right)
and 5 km/h (bottom center). Red lines inside the boxes represent medians.
The boxes are defined between the 25th (Q1) and 75th (Q3) percentiles. The
whiskers are respectively defined as Q1 − 1.5 · IQR and Q3 + 1.5 · IQR, where
IQR = Q3−Q1 is the inter-quartile range.
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Figure 4.8: A 20 s sample window of sacrum-worn IMU rotations of a representative subject
estimated through the OPT system (solid line) and the IMU (dashed line). RPY
angles (pelvic drop, rotation and anterior tilt respectively as defined by [65]) are
respectively referred to rotations about the x, y and z axes of the RF defined in
4.3.1.

Figure 4.9: A 20 s sample window of CoM displacement of a representative subject measured
with the OPT system (solid line) and with the IMU (dashed line).
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Table 4.5: Comparison between peak-to-trough displacements (mean±SD) measured through
OPT system and estimated by IMU. In the last column, the average (±SD) RMSE
values between CoM displacement trajectories are also reported.
Speed Direction OPT (mm) IMU (mm) RMSE (mm)

3 km/h
AP x-axis 30.3 ± 11.3 29.3 ± 11.2 1.2 ± 0.5
VT y-axis 24.6 ± 7.5 25.0 ± 6.5 1.8 ± 1.1
ML z-axis 32.7 ± 21.6 32.0 ± 22.2 1.6 ± 0.9

4 km/h
AP x-axis 29.2 ± 5.0 30.0 ± 7.0 1.2 ± 0.6
VT y-axis 30.0 ± 6.0 29.3 ± 9.3 2.5 ± 1.1
ML z-axis 45.8 ± 6.9 42.1 ± 8.9 2.2 ± 1.3

5 km/h
AP x-axis 26.1 ± 4.5 27.2 ± 6.0 1.4 ± 0.4
VT y-axis 20.7 ± 5.4 21.8 ± 7.2 2.6 ± 1.3
ML z-axis 42.7 ± 6.6 38.4 ± 8.6 2.1 ± 1.3

Figure 4.10: CoM displacement time-series along the AP, VT and ML directions during a
350 s walking trial of a representative subject. Red line represents the error
between OPT system (solid line) and IMU (dashed line).
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with those reported in [14], when no magnetic disturbances are considered and where a full
sensor fusion was performed, i.e. by using also magnetometer data. However, when magnetic
disturbances were taken into account, attitude biases reported in [14] raised significantly,
resulting higher than those observed for all the walking speeds considered in the present study.
These aspects highlight once more the influence of magnetic disturbances on IMU-based
attitude estimation. On the other hand, they support the importance of developing IMU-
based orientation estimation methods able to avoid the use of magnetic information, as that
proposed in the present case study. Incidentally, the reliability of the present results seems
to be confirmed also considering full sensor fusion approaches used during the same motor
task. Bolink and colleagues [66] proposed an inertial sensor based method for estimating
pelvis orientation during gait, reporting errors with respect to an OPT system not lower
than 2.6 deg for both sagittal and frontal plane, while in the present study the corresponding
angles (yaw and roll) showed a decrease in the RMS errors equal to about 1.5 deg for 3 and
4 km/h and about 1 deg for 5 km/h.

Results in displacement estimations have been evaluated comparing the peak-to-trough
distances computed from the OPT system and IMU time-series. The high similarities between
percentiles of the two sets of measures show that the two systems are measuring the same
quantities (25%, 50% and 75% percentile absolute differences are below 2 mm for each axis
and for each walking speed, Fig. 4.7).
Further, at 3 km/h both the average peak-to-trough and standard deviations numerical

values measured by the two systems resulted in any case below 1 mm (Table 4.5) for each
considered direction. For the other two considered speeds, only the ML direction showed a
limited increase in the errors, not higher than 4 mm, with similar standard deviations. This
indicates that the measurements performed by the proposed IMU-based method and the
OPT system agree not only in terms of average values but also in terms of inter-subject
variability.

In particular, regarding the vertical CoM component, present results showed errors 80%
lower with respect to [67] where the same experimental setup was adopted, but higher speeds
were considered. Considering other works where a full sensor fusion (including magnetometer)
was performed, our estimation accuracy of VT CoM component resulted comparable for all
the gait speeds with that reported in [42], where a lower number of consecutive free walking
cycles was considered (three walks). The accuracy was also higher with respect to [43] (about
2 mm versus an average error over the three speeds of about 0.6 mm), where a 10 m walking
test was performed and two consecutive steps were analyzed and with respect to [41], where
10 s walking trials were analyzed. Incidentally, the accuracy on the VT CoM component
results particularly important, being a valuable source of information about gait mechanics
and one of the most considered features for the latter kind of motor task [47]. Despite
relatively few studies compared the full 3-D CoM trajectory estimation during walking
obtained by a single IMU, for what concerns the AP and VT CoM components, the errors
obtained in the present study resulted not higher than 1 mm for all the considered walking
speeds (Table 4.5), while in [54] errors not lower than 3 mm were reported for the same
directions, with a remarkable drop of the error of about 80% (about 0.5 mm versus 3 mm)
for the VT direction. For the ML component, the errors resulted comparable for trials at 4
and 5 km/h, while for trials at 3 km/h they showed a considerably lower value (about 0.4
mm versus 3 mm). It is worth noticing that in [54] only the subjects’ self-selected speed
was considered and more importantly there was the need for a multi-IMU setup for CoM
estimation, while in the present study a noticeably less obtrusive setup was presented, with
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a single sacrum-worn sensor.
Eventually, another aspect deserves to be briefly discussed. When dealing with strapdown

inertial motion tracking, the drifting issue represents an aspect to be carefully dealt with.
The solutions reported in Section 4.3.2 appear to properly address the drift issue for relatively
long walking trials (150 s) at 3, 4 and 5 km/h. However, the reliability of the proposed
approach has been verified also considering longer epochs. Therefore, each subject performed
three additional walking trials lasting 350 s and the convergence in measure [68] was studied
through the computation of the error curve. As shown in Fig. 4.10, the absence of any
significant drifting effect is verified by the quasi-static value of the average error convergence
to zero.

The proposed CoM estimation method provides promising results in terms of both orienta-
tion and 3-D displacement, also when the walking task was performed at different speeds (3,
4 and 5 km/h). However, it is worth noticing that, taking into account the experimental
setup employed in this study, a direct comparison with one of the most used methods for
CoM estimation, i.e. the segmental analysis, was not performed. Albeit it was beyond the
aim of the study, the latter could be viewed as a partial limitation of this work, deserving to
be carefully investigated in future and focused studies. However, the validity of the present
results with respect to a widely used and accepted CoM estimation method, i.e. the sacral
marker method, seems to suggest the reliability of the proposed procedure also with respect
to different CoM estimation methods. Indeed, for the walking task the sacral marker method
has been reported to be comparable with respect to the segmental analysis [52, 53] and even
better with respect to different methods, such as those based on the double integration of the
ground reaction force [52]. However, all these aspects need to be deepened and investigated
in dedicated studies, also considering larger populations and different gait conditions, such
as ground and slope walking.

Future studies should assess the validity of the proposed CoM estimation procedure with
respect to the segmental analysis method, by using a multi-IMU setup. Further, the 3-D
CoM displacement based on a single IMU should be tested also on level walking, where a
different strapdown procedure is needed for an IMU placed on the sacrum and not on the
foot [19]. The use of the magnetometer information also deserves to be carefully assessed,
in order to better understand the weight of such kind of data in this type of applications.
Eventually, also a stand-alone and generalized version of the proposed algorithm represents a
part of the future developments regarding this case study.

4.4 Center of Pressure Estimation Through Inertial Sensing
Instrumented upright stance evaluation is a widely documented experimental setup, useful
to assess balance disorders and quantify postural strategies elicited by the central nervous
system [69, 70]. The study of the central nervous system role in upright stance mantainance,
in particular, focuses on the assessment of active and passive control of balance by the means
of instrumented unperturbed [69–71] and perturbed posturography [72, 73].
A central role in this kind of analysis is played by the analysis of the center of pressure

(CoP) trajectory during the aforementioned tasks [70, 71]. The CoP is commonly referred
to as a discrete time series which tracks the displacement of the gorund reaction force
vector point of application. Its parametrization allows to reveal and model postural control
strategies in both healty and pathological subjects [69, 74, 75]. The gold-standard for ground
reaction force tracking is represented by dynamometric force plates (DPF), which use is often
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limited to facilities and specialized laboratories both due to their elevated cost and the need
to be operated by expert technicians. Nonetheless, recent studies aimed to validate the use of
low-cost devices (e.g. Nintendo Wii Fit Balance Board7) to achieve the same results [76, 77].

Therefore, this case study aimed to analyze the possibility to compute the CoP displacement
during unperturbed balance maintenance task by using a single IMU. To this purpose, the
single-link inverted pendulum (IP) model has been used, which represents an acknowledged
way to represent the human upright stance [71, 78], establishing a link between CoP and sway
measures which can be directly estimated from inertial sensors, i.e. sway angle and its relative
acceleration. The criterion adopted for validity evaluation was the direct comparison between
the CoP trajectory estimated by the inertial sensor and that measured by a laboratory-grade
DPF.

4.4.1 Modeling Upright Posture

In this case study, upright posture is modeled as a single-link inverted pendulum in both the
anterior-posterior and medial-lateral directions.

Figure 4.11: Single-link inverted pendulum model. Rv is the ground reaction force; W is the
weight force; qx and px represent the CoM and CoP displacements respectively.
The angle φ is defined with respect to the vertical axis both in the anterior-
posterior and in the medial-lateral cases.

The assumptions made in this model are the following:

1. The CoM is concentrated in a single point at the top of the pendulum (see Fig. 4.11).

2. The balance control is exclusively operated by the ankle joint (knee and hip joints are
considered locked).

The sum of the torques acting on the ankle joint can be modeled as follows:

J · φ̈ = Ta −W · qx (4.22)

7https://en.wikipedia.org/wiki/Wii_Balance_Board
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where J is the inverted pendulum moment of inertia, φ̈ is the angular acceleration applied of
the pendulum and Ta is the active torque at the ankle joint.

The value Ta can be rewritten as the ground reaction force multiplied by the lever arm so
that (4.22) becomes

J · φ̈ = Rv · px −W · qx (4.23)

Approximating Rv to W and using the geometrical relationship qx = h · sin(φ), and
approximating φ̈ ' −q̈x/h for small angular variations [71], it is possible to formulate (4.23)
in terms of the CoP:

px = − J

W
· q̈x
h

+ h · sin(φ) (4.24)

The same assumption for small angular variations can be done to approximate h · sin(φ) '
h · φ.

4.4.2 Experimental Setup and Data Processing

Figure 4.12: Inertial sensor on the solid cluster with a representation of sensor B. Passive
markers information was not used in this experimental scenario.

Ten young subjects (5 males, 5 females, age 25 ± 2) were instructed to mantain the upright
stance standing bare-foot on a dynamometric force platform (Bertec H4060). Feet placement
was unconstrained. A single inertial sensor was placed on the sacrum bone attached to a
solid cluster in order to avoid undesired movement artifacts (see Fig. 4.12). Balance was
acquired for 30 s for each trial, each subject was asked to perform one eyes-open (EO) and
one eyes-closed (EC) stance trial.

Both measurement systems were syncronized with a common event and set to acquire at a
sampling frequency of 100 Hz.
Thanks to this setup it was possible to achieve an estimate of the φ angle for both

anterior-posterior and medial-lateral directions simultaneously thanks to the UKF procedure
described in section 4.2.1. Due to the placement of the inertial sensor, and thanks to the
approximation of φ̈ we have a direct measurement on ˜̈qx. However, the model requires q̈x to
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be estimated, which can be achieved through the φ estimation and the following geometrical
constrain:

q̈x = ˜̈qx · cos(φ) (4.25)

The estimated center of pressure (CoPE) and the one measured by the force platform
(CoMM ) were low-pass filtered with a 15 Hz cutoff frequency to smoothen the output and
then compared in terms of root mean square error both in the anterior-posterior (AP) and
medial-lateral (ML) directions. Also the mean distance (MDTOT ) value [74] was computed
and compared between the IMU estimation and the platform measurement:

MDTOT = 1
N

N∑
i

√
(CoPAPi)2 + (CoPMLi)2 (4.26)

where N is the number of acquired samples.

4.4.3 Results

Figure 4.13: COP displacement in the AP (A) and ML (B) directions of a representative
subject. Estimated and measured COP time-series are reported in A and B top
panels and bottom panels, respectively.

In Fig. 4.13 are reported the CoPE and CoPM of a representative subject for both the
AP and ML directions. Table 4.6 reports the RMSE between the estimated and measured
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Figure 4.14: Bland-Altman representation for MDTOT (top panel), MDAP (central panel)
and MDML (bottom panel). On the x- and y-axis the average of the measured
and estimated MD and the difference between the two measures are reported,
respectively.

94



4.4 Center of Pressure Estimation Through Inertial Sensing

CoP time series in both AP and ML directions with the respective Pearson’s correlation
coefficients. Biases and Romberg ratios for the mean distances (TOT, AP only and ML only)
are reported in Table 4.7.

Table 4.6: Root mean square error and Pearson correlation coefficient between the CoP
trajectories computed by the IMU and measured by the force plate for both AP
and ML directions. All values are reported as mean±standard deviation, with the
95% CI.

EYES OPEN EYES CLOSED

RMSE (mm) r RMSE (mm) r

COPAP 1.062±0.525 0.98±0.01 1.117±0.633 0.98±0.01
(0.830, 1.294) (0.975, 0.985) (0.850, 1.384) (0.981, 0.987)

COPML 1.066±0.549 0.98±0.01 1.320±0.736 0.99±0.01
(0.84, 1.29) (0.976, 0.983) (1.02, 1.62) (0.983, 0.988)

Table 4.7: Absolute bias of the mean distance parameter in the two considered sensory
conditions are reported in the first two columns. In the last two columns, the ratio
between MD measure in EC and EO conditions are also indicated. All measures
are reported as mean ± standard deviation, with their 95% CI.

EYES OPEN EYES CLOSED ROMBERG RATIO

Bias (mm) Bias (mm) COPE COPM
MDTOT 1.768±0.943 1.613±1.061 1.24±0.51 1.33±0.55

(1.351, 2.187) (1.165, 2.061) (1.00,1.47) (1.10, 1.58)

MDAP 1.292±0.999 1.321±0.913 1.13±0.50 1.19±0.61
(0.849, 1.735) (0.935, 1.706) (0.90, 1.35) (0.92, 1.47)

MDML 1.557±1.072 1.805±1.206 1.42±0.64 1.56±0.50
(1.069, 2.045) (1.296, 2.314) (1.12, 1.71) (1.33, 1.79)

4.4.4 Discussion
Results of this case study seem to suggest that a single sacrum-worn IMU can provide a valid
estimate of the CoP displacement during upright stance maintenance. CoPE and CoPM
time-series resulted highly correlated in both components (r > 0.90), showing also limited
errors, which are in any case under 1.5 mm (Table 4.6). The latter features outline linearity
and consistency of the measures, further confirmed also by the absolute biases of MD, which
do not exceed 1.8 mm for all the CoP components (Table 4.7).

MD measure biases showed also a random spread distribution around the average difference
(Fig. 4.14) remaining within the 95% limits of agreement for each CoP component. This
characteristic indicates that CoPE measurement error is consistent over the considered
range of MD values, providing MD measures which unlikely can lead to flawed conclusions,
despite being affected by fixed biases. Incidentally, RMSE between CoP time-series and MD
errors showed comparable values in both the considered sensory conditions, i.e. EO and
EC conditions (Table 4.6 and 4.7). This aspect is also highlighted by the similarity of the
Romberg ratio, i.e. the ratio between MD values in EO and EC conditions (Table 4.7), which
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is commonly considered a significant index for describing standing balance and postural
control [74]. This aspect could strengthen the correspondence between measures obtained
from COPE and COPM , further suggesting that beyond their numerical differences, COPE-
related measures can provide an estimation of balance capabilities not significantly different
from that provided by using DFP derived measure.

It should be noted that, albeit both absolute errors (Table 4.7) and fixed biases (Fig. 4.14)
show limited values, COPE appears to constantly underestimate the MD (Fig. 4.14). This
aspect could be related to the use of a theoretical model, i.e. the IP, for the CoP estimation.
Despite the IP represents an acknowledged way to model the human upright stance [71, 78],
it remains a strong approximation where many assumption are made. In particular, the MD
underestimation could be partially related to the implicit assumption that the IP rotation
happens purely on a single plane ((x, y) for the AP direction and (y, z) for the ML direction,
Fig. 4.11). Further, also the IMU rotation was assumed to be about a single axis, normal
with respect to the IP plane of motion. Hence, disregarding actual rotations about other
axes, which likely contribute for a limited but not negligible amount to the whole CoP
displacement, could lead to the observed underestimation of MD for all the CoP components.
However, it is worth noticing that in this study MD has been taken into account as the only
CoP derived parameter, giving a global information about the CoP time-series. i.e. the
average distance from the mean value. Therefore, the above stated considerations can not
be blindly extended to other different CoP parametrization measures, in particular those
providing a punctual rather than a global geometrical description, e.g. the total CoP path
length [74], which necessarily deserve additional focused analyses.

In this study the IP model has been applied for estimating both CoP trajectory components,
i.e. the AP and ML one, following the approach proposed in [71]. Nevertheless, the RMSE
between time-series of COPE and COPM showed higher values for the medial-lateral direction,
in particular in the EC condition (Table 4.6) and the same holds also whether the MD
parameter is considered (Table 4.7). The higher errors for the ML directions in EC with
respect to the EO condition could be partially attributed to the well-known greater body
sway in the former sensory condition (MDML showed an average value of 4.3 mm versus
2.8 mm in EC and EO conditions, respectively). Conversely, the higher absolute errors
(Table 4.7) and fixed biases (Fig. 4.14) for the ML component with respect to the AP one
could mirror a relatively less accuracy of a simple IP model for describing medial-lateral
postural sway. Incidentally, this could be supported also by considering the wide number of
studies devoted to balance analysis where the IP model is employed for AP direction only,
disregarding medial-lateral sway [78–81]. At the same time, an additional partial explanation
for the less accurate COPML estimation could be found taking into account the acknowledged
lower sway velocity on ML direction [74] which can lead to lower acceleration values measured
by the inertial sensor, thus affected by measurement noise to a higher degree with respect
to the AP acceleration. However, in order to be confirmed or denied, the latter hypotheses
would require additional evaluations focused on how noise affect inertial measurements in
the present scenario.

Furthermore, outcomes of this work, and especially the proposed experimental methodology,
could be useful in order to provide a numerical and measure-based quantification of the
suitability of the simple single-link IP for modeling human upright stance maintenance
in further studies. This could be performed considering that all the physical quantities
governing the IP dynamics have been directly measured or estimated by IMU data, i.e. COM
acceleration and sway angle, without any reduction commonly performed when using such
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model for balance evaluations.

4.5 Magnetometer-free Sensor Fusion in Pedestrian
Tracking

Pedestrian positioning systems allow to keep track of the location and trajectory of a person,
making it useful for monitoring the person’s movement in clinical and home environments.
Inertial sensors, usually combined in inertial measurement units, constitute a feasible solution
for position and orientation estimation, due to their portability, low-cost, lightweight and ease
of use [82]. However, inertial sensors based methods are highly sensitive to drift errors which
tend to grow due to the time-integration of the acceleration and angular velocity. In order to
overcome this drawback, zero-velocity update (ZUPT) algorithms have been proposed for
error compensation, based on the detection of the zero velocity periods which happen during
gait, i.e. the stance period of gait cycle [19, 21, 83]. Thus, this kind of technique relies on
the periodicity of the walking motion, which includes zero velocity events and requires the
IMU to be mounted on the foot.
In brief, the normal walking pattern comprises two repeated phases: the swing phase

and the stance phase. During the swing phase the leg moves forward and consequently the
covered distance can be estimated integrating the linear acceleration. The stance phase is
characterized by the foot in contact with the ground, thus including periods of zero foot
velocity, during which velocity and acceleration errors can be reset.

A milestone in terms of stability and reliability regarding the use of a ZUPT approach
in pedestrian dead-reckoning, was proposed by Foxlin in 2005 [19]. The proposed filtering
approach was based on an augmented-state EKF for the orientation and displacement
estimation of a foot-mounted IMU during normal walking. Whenever the sensor was
considered to be "at rest", a pseudo measurement was injected in the filtering process by the
means of a forced zero-velocity reading. Resting phases detection was made using a single
threshold analysis on the accelerometer data. In 2007, Yun et al. [21] proposed an alternative
method which took into account also non-stationary periods to estimate integration drift
and remove it from one resting phase to another. Again zero velocity periods were detected
using accelerometer data. Bao et al. [83] in 2017 added map information for indoor tracking
to correct heading drifts. This time resting phases detection was performed using gyroscope
data.
However, magnetic disturbances are always present, in both indoor and outdoor environ-

ments, affecting the accuracy of the measurements [33, 84]. Therefore, the evaluation of
the possibility to obtain accurate 2D orientation and position tracking results even in the
absence of such kind of information appears to be particularly valuable.
This case study aims to investigate the reliability and limits of a pedestrian positioning

system by using a single IMU mounted on the foot, relying on a tri-axial accelerometer
and a tri-axial gyroscope, and based on a magnetometer-free Kalman-based approach. The
main interest of this study is to quantify the accuracy and accountability of indoor tracking
estimation with as small information as possible, with the addition of custom-made software
procedures to contain drifting behaviors.

For this matter, a custom time series for the identification of the stance phases is proposed
alongside with a double IMU approach to correct heading drift. The intuition behind the
choice of a new time series for foot stance evaluation comes from the necessity to rely not
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only on the accelerometer signal, as in [21], nor on the single information coming from the
gyroscope, as in [83], but on the combination of the two. Hence the idea to rely on the
information coming from the estimated quaternions in the Kalman-based approach, in which
the accelerometer/gyroscope sensor-fusion is already implemented.
Furthermore, a custom heading correction approach based on a chest-mounted IMU to

contain heading drift is discussed in section 4.5.2.

4.5.1 Custom Stance Detection

Figure 4.15: A small time window showing the proposed I-RPY curve (red) and the recognized
foot stances using a 0.3 degrees threshold. The sampling rate shown is 100 Hz.

To evaluate the foot stance instances, a time series which embodies both the information
coming from the accelerometer and the gyroscope was developed. The intuition behind
this choice is that combining the information from the two sensors, the stance recognition
would be less prone to false negatives/positives which happen when approaching binary
classification with only one source of information. In this regard, the already implemented
accelerometer/gyroscope sensor-fusion reported in section 4.2.1 was exploited for this purpose.
In fact, the information from both sensors is included in the estimated quaternions, which
happen to have a dynamic behavior when the foot-mounted IMU is actually in motion.
Hence, as reported in Algorithm 4, for each estimated quaternion (at k frame), its difference
with respect to the previous one (k − 1 frame) is computed as

∆q = q−1
prev ⊗ qi (4.27)

which represent the instantaneous IMU orientation change between frame k − 1 and k.
From the ∆q quaternion is then possible to derive three Roll-Pitch-Yaw angles for each k
instant. We then defined a time series formed by the square root sum of each angles triplet
for every k frame. We named this curve Istantaneous Roll-Pitch-Yaw (I-RPY). Consequently,
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an empirically set threshold has been applied to I-RPY curve to identify foot stance instants
(see Fig. 4.15).

Algorithm 4 Istantaneous Roll-Pitch-Yaw (I-RPY)
qprev = q0

for i← 1, n do . n number of estimated quaternions
∆q := q−1

prev ⊗ qi . istantaneous rotation
compute I-RPYi from ∆q . Euler/Tait-Bryan
qprev := qi

Each time a stance phase is recognized from the I-RPY curve, both linear acceleration
and estimated velocity are set to zero and the drift correction is applied according to [21].

4.5.2 Chest-IMU Heading Correction

x

y

pk

pk+1

θ

φ

Figure 4.16: Schematic representation
of one step heading correc-
tion. pk is the position esti-
mated at the discrete time
frame k. θ is the resulting
walking direction (heading)
of the subject. φ is the
heading angle estimated by
the chest-mounted IMU.

Errors in the stance phase detection can deter-
mine a series of issues in both displacement and
orientation estimation. This is particularly true
when dealing with inertial data coming from a foot-
mounted IMU. Indeed, the heel-strike and toe-off
phases are generally characterized by relatively fast
transitions between foot swing and stance (and
viceversa), resulting in fast amplitude transients of
inertial data (angular velocity and linear accelera-
tion) around those events. The correct assessment
of the stance phase boundaries hence determines
the injection of such data transients inside both
the filtering process for orientation estimation and
the linear acceleration integration to yield velocity
and position. With regards to the first issue, ori-
entation estimation is negatively affected by those
transients, that often reflect the impulse response
of the involved sensors more than the actual angu-
lar velocity and linear acceleration changes during
the stance-swing transition. For this matter, in
order to contain heading drift due to erroneus inte-
gration of IMU data in the orientation estimation
process, a second IMU was placed on the chest to correct such behavior based on the fact
that, due to the kinematic links from foot to trunk, the IMU placement on chest should act
as a low-pass filter for spurious mechanical-driven artifacts, hence allowing such data to be
less prone to estimation errors.
The following approach was hence followed to correct heading information based on

estimated walking forward direction. The following notation refers to Fig. 4.16:

1. θ is computed from position tracking data as:

θ := atan2(pk+1y − pky , pk+1x − pkx) (4.28)
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2. The quaternion that describes the chest-IMU heading estimation is estimated through
an UKF approach as

qchest =
[
cos(φ/2) 0 0 sin(φ/2)

]T
(4.29)

3. The following quaternion is used to rotate pk+1 around pk

qerror =
[
cos((φ+ θ)/2) 0 0 sin((φ+ θ)/2)

]T
(4.30)

4.5.3 Experimental Setup and Data Processing

Figure 4.17: Short and long routes, left and right panel respectively. Red labeled dots
represent the landmarks reported in the results section.

A single IMU was mounted directly on the right foot of 5 subjects (2 females and 3
males, age 25 ± 2). Tri-axial gyroscope and accelerometer data were acquired at a sampling
frequency of 100 Hz. The subjects were asked to perform a series of short and long walking
tasks including:

• indoor short walk (five 90 deg turns)

• indoor long walk (eleven 90 deg turns)

In addition to this, a series of long walking trials on random patterns with a known number
of steps were executed to evaluate the accuracy of the foot stance detection with the proposed
I-RPY time series with respect to the accelerometer time series.
Acquired data was processed following the following steps:

1. The foot placed IMU was calibrated through the procedure described in section 4.2.2
to refer acquired data to a N chosen to match indoor maps to which refer tracked
positions.

2. Quaternions were estimated through the procedure reported in section 4.2.1.

3. Foot resting phases were identified with the procedure reported in section 4.5.1.

4. Gravitational components were removed from accelerometer data through (4.19).
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5. Linear acceleration referred to N was integrated through the procedure described
in 4.3.2. In accordance to [21] the integration was reset putting accelerations and
velocities to zero each time a foot rest was detected; also drift was estimated and
removed between each resting phase and the following.

4.5.4 Results

Figure 4.18: Visual comparison of the tracked short (top panel) and long (bottom panel)
routes before and after chest-IMU correction.

In this section, the results of the experimental procedure described in the previous section
are reported. A visual representation of the position tracking before and after chest-IMU
correction is available in Figure 4.18. Another visual representation of EKF and UKf after
chest-IMU correction for a long route is available in Figure 4.19. In Table 4.8 end-to-start
points errors for short and long indoor walking trials are reported. Regarding this table
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Figure 4.19: Visual comparison of tracking with EKF and UKF after correction.

Table 4.8: End-to-Start errors reported in meters. Results are presented in the mean ±
standard deviation form. Percentage errors are referred to the respective total
covered walking distances. Short trials were approximately 60 m from start to
end. Long trials were approximately 150 m from start to end.

End-Start Errors (mean [m] ± std)
EKF EKF corrected UKF UKF corrected

Short 4.83 ± 2.87 1.58 ± 0.65 5.53 ± 2.65 1.56 ± 0.85
Error % 7.83 % 2.57 % 8.96 % 2.53 %
Long 12.02 ± 6.59 3.18 ± 1.56 14.91 ± 9.47 3.29 ± 2.7
Error % 8.01 % 2.54 % 9.94 % 2.19 %

Table 4.9: Results in the estimation of 90 deg and 180 deg turns reported in the form of
mean ± standard deviantion. The nearest the resulting estimations are to 90 deg
and 180 deg the better. Rows labels refer to the landmarks matching (or nearest
to) the turns.

Short Trial Turns
EKF EKF Corrected UKF UKF Corrected

L1 90.87±5.02 87.42±6.10 87.87±8.65 90.93±4.00
L4 77.25±10.25 88.50±4.92 77.25±8.96 88.86±4.17
After L6 175.62±10.97 180.18±5.10 174.93±6.85 178.56±4.54
Before End 83.87±6.72 86.43±4.89 81.31±10.64 86.56±5.4
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Figure 4.20: Error trend curves for short (top panel) and long trials (bottom panel). Red
data corresponds to tracking estimations errors without chest-IMU correction,
blue data includes the correction. Errors for each landmark are reported in
the boxplot form to condense the whole number of repeated trials involved in
the study; Q1 and Q3 correspond to the 25th and 75th percentiles respectively.
In each sub-panel the R2 values for the fitting curves are reported. Fitting
was performed through cubic polynomials: linear and quadtratic were initially
discarded for lower R2 values.
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Table 4.10: Refer to Table 4.9 for description.
Long Trials Turns

EKF EKF Corrected UKF UKF Corrected
L2 90.16±5.50 90.16±2.47 89.41±6.81 89.50±2.25
L3 89.00±5.80 90.91±2.53 89.41±6.02 90.33±2.68
L4 90.00±5.14 90.50±3.14 90.75±6.36 90.66±2.77
Before L5 84.00±5.53 82.72±9.01 84.58±6.96 83.25±9.59
L5 84.33±4.22 84.58±4.76 90.08±6.77 89.66±5.90
L6 89.08±5.23 91.23±2.96 91.58±4.15 90.25±2.00
After L8 173.83±5.56 176.75±3.29 174.00±2.79 177.08±2.09
Before End 91.91±7.59 90.50±5.04 91.91±5.63 90.75±3.34

Table 4.11: Accuracy of the I-RPY-based stance detection as described in section 4.5.1 over
286 strides. Percentage values refer to detected true positives; comparison was
made with the algorithms reported in [21] and [83] respectively.

Yun et al. Bao et al. I-RPY
96% 84% 99%

and the following ones, each column matches a different filtering method employed. As well,
"Corrected" label refers to the Chest-IMU correction reported in section 4.5.2. The "Error
%" rows report the percentage error with respect to the whole distance covered for each
trial. Tables 4.9 and 4.10 respectively report errors in the 90 deg and 180 deg turns (walking
direction inversions) heading estimations. Each turn is labeled by the matching landmark.
Landmarks positions are available in Figure 4.17. Finally, the two panels in Figure 4.20
report the error trends in position estimation with respect to the landmarks (and thus the
covered distance).

4.5.5 Discussion

The present study was conducted in order to quantify the error expectation, and thus
the degree of feasibility, of a purely-inertial-based pedestrian dead-reckoning setup. The
reported setup should be considered as a possible situation that may occur in a fully-fledged
tracking setup (IMU, GPS, UWB, OPT, etc...), whenever multiple information sources are
affected by shadowing due to external interference, hence leaving the sensor-fusion short
of direct observations but for purely inertial data. In this kind of situation, which could
be circumbscribed by a relatively short or long lapse of time, error estimation becomes a
most valuable information to rely on to understand the limits of operability of the tracking
system. As expected, all reported errors point to an unavoidable drifting behavior in position
estimation. Both EKF and UKF approaches for orientation estimation were studied in this
context, alongside with the employment of the chest-IMU correction procedure introduced in
section 4.5.2 and the I-RPY curve based stance phases detection reported in 4.5.1. Tracking
performances were studied on two different indoor routes featuring a series of 90 deg turns
and walking inversions, which tipically determine a critical circumstance in inertial heading
estimation, in particular lacking transverse plane information from magnetometer data.
End-to-Start errors percentages reported in Table 4.8 show that, generally, the drifting

condition, and thus the expected mis-estimation in closed routes, remains proportional to the
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overall distance traveled, with a (non significative) trend to linear increment. Such trend was
then significantly confirmed by the R2 value for fitting cubic curves for the tracking errors
relative to the landmarks, as shown in Figure 4.20. This suggests the possibility to actually
infer error propagation with respect to the traveled distance and possibly with respect to the
number of 90 deg and 180 deg turn involved in the route.

The "Corrected" approach for both EKF and UKF solutions generally determines smaller
errors in the tracking estimations, as can be inferred by results in Table 4.8 and Figure 4.20.
Most importantly, the chest-IMU correction seems to determine narrower errors variances
with respect to the non-corrected approach for each landmark position estimation. The
chest-IMU correction benefit can also be extended to both short and long trials 90 deg and
180 deg turns heading estimations as shown in Tables 4.9 and 4.10. Concerning tracking
errors around landmarks, the EKF approach seems to show generally lower errors with respect
to the UKF approach. The chest-IMU correction, nevertheless, implies errors trend reduction
for both approaches, allowing comparable estimations independently from the chosen filtering
approach. As shown in Figure 4.20, the UKF approach in long trials shows a comparable
error trend with or without correction, with the exception of lower errors variances around
each landmark. Generally speaking, results show the linearization approach in the EKF
to perform better than the unscented transform for data coming from foot-mounted IMU,
while, with regard to less noisy data coming from chest-mounted IMU, the two approaches
result comparable. This implies that the use of the chest-IMU correction may allow the
employment of the computationally less expensive EKF approach over the UKF one, resulting
in comparable errors and position estimations (see Figure 4.19).

Finally, the I-RPY curve was tested in comparison with the approaches proposed by [21]
and [83] respectively. The choice of relying on the "fused" information of gyroscope and
accelerometer simultaneously, positively affects the static phase detection showing a reduced
number of false negatives with respect to the choice of using the inertial data separately.
Further studies should be carried out in order to investigate stance detection accuracy by
the means of force platforms to assess exact heel strike and toe off instants.

4.6 Lower-Body Joints Angles Estimation During Perturbed
Posturography

As already introduced in section 4.4, failure in upright posture maintenance is a key indicator
of balance impairments caused by neuromotor system’s diseases [69]. However, it has been
observed that a normal postural control in static conditions could conceal pathological
behaviors during various types of perturbations [85]. Hence Perturbed Posturography
(PP) has proven to be a valuable clinical methodology to assess both impairment degrees
and treatments’ efficacy during subjects’ follow-up. This kind of technique can involve a
Stereophotogrammetric system (SP) and a Magnetic-motor controlled Moving Platform
(MMP). Due to the expensiveness of an SP system and the magnetic disturbances often
introduced by MMPs in this case study a novel magnetometer-free sensor-fusion approach
is investigated; this approach is based on multiple Inertial Measurement Units (IMUs) to
estimate ankle, knee and hip angles during PP.
Several works, in literature, report a number of approaches to estimate lower joints

angles during different motor tasks. The majority of them involve complex lower-body
kinematics models, which act as constraints to nonlinear Kalman-based procedures for
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3D angle estimations [86–90]; also external sources of information like ultra-wide-band
localization systems or encoders are presented [91, 92].
The approach proposed in this case study is based on a simplified sagittal model of the

pelvis and lower limbs. The Kalman-based procedure used to estimate the joints angles is
based on the gravitational component estimation in the linear filter proposed by Ligorio
and Sabatini in 2015 [28]. The use of a linear Kalman filter and the use of a simplified
model allowed to achieve very high computational rates, suitable for real-time applications.
Most importantly, the necessity to adopt a magnetomter-free approach in this particular
case study can be ascribed to the high time-varying magnetic distorsions caused by the
metallic force platform used to record ground reaction forces of the subject during this kind
of posturography and by the electric motor used to impart the perturbation to the subject.
The methodological aspects of this work were developed in collaboration with Gabriele

Ligorio 8 and inertial sensors with proprietary raw data acquisition softwares were kindly
lent by Turingsense EU Lab. Forlì.

4.6.1 Inertial-Based Inclinometer

In this section, the implementation of the linear filter from Ligorio and Sabatini 2005 [28] is
briefly reported.

The role of the reported filter is to estimate and discriminate the gravitational and linear
acceleration components read by an accelerometer during dynamical tasks. Starting from
the considerations made in section 4.1, and in particular from the simplified model of the
accelerometer (4.12), it is possible to introduce the state definition of the linear discrete filter
at time frame k as follows:

xk =
[
aBlk gBk

]T
(4.31)

The state propagation is modeled separately for the two compoents. The continuous time
evolution of g can be modeled as a function of the angular velocity ωB:

ġB = −[ωB(t)×] · gB (4.32)

with the simplified model of the gyroscope as defined in (4.8).
With the hypothesis of unvarying angular velocity in the timeframe Ts, (4.32) can be

integrated to yield

gBk = e−[ωBk−1×]·TsgBk−1 = φk−1gBk−1 (4.33)

The prediction error is hence modeled as

∆gBk ≈ −Ts[gBk−1×] · gwk−1 = Γk−1
gwk−1 (4.34)

The linear acceleration is modeled as a Gauss-Markov stochastic process as

8The Biorobotics Institute, Scuola Superiore Sant’Anna
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aBk = ca · I3 · aBk−1 + cb · I3 · gmwk−1 (4.35)

so that the prediction step, in the end, can be modeled as follows

[
gk
alk

]B
=
[
φk−1 O3

O3 ca · I3

]
·

[
gk−1

alk−1

]B
+
[
Gk−1 O3

O3 cb · I3

]
·

[
gwk−1
gmwk−1

]
(4.36)

Finally, the measurement model can be simply deduced from the accelerometer model as

yk =
[
−I3 I3

] [gk
ak

]B
+ avk (4.37)

The equations (4.36) and (4.37) can be iterated in a linear Kalman filter as described in
Algorithm 1.

4.6.2 Experimental Setup and Data Processing

Figure 4.21: Markers and IMU setup. Information coming from each inertial sensor is
processed in a linear KF and scalar products are computed to yield joints angles
estimations on the sagittal plane.

One female subject, age 25, with no history of neurological and orthopedic disorders,
was asked to stand still on top of a MMP and maintain the balance during a series of ten
backward perturbations of 5 cm at 15 cm/s speed. Four IMUs (Pivot IMUs, Turingsense
Inc.) were worn by the subject on the left thigh, left shank and left foot. Moreover, infrared
reflective markers were placed according to the setup reported in [93] to record ground truth
data with a 6-cameras SP system (BTS bioengineering, IT). Both SP and IMU systems were
sampled at 100 sample/s. Every trial lasted approximately 2 seconds. SP data was processed
with a 4th order zero-phase Butterworth low-pass filter at 5 Hz. An initial data window was
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used to virtually align each IMU with the vertical direction while the subject was still and
standing upright. Subsequently, IMU data were processed with the Kalman filter described
in 4.6.1 to get an optimal estimation of the gravity vector in the four body frames. Sagittal
joint angles were then computed through scalar products of the estimated gravity vectors.

4.6.3 Results and Discussion

Table 4.12: Trials Pearson’s correlations statistics are reported in the table on the left.
Its rows report the mean, standard deviation and quartiles of the correlations
computed over the whole number of trials. Root mean square errors statistics
are reported in the table on the right the same way as in the table on the left.

Pearson’s Correlations Statistics
Ankle Knee Hip

mean 0.73 0.75 0.85
std 0.30 0.18 0.15
25% 0.71 0.62 0.77
50% 0.83 0.78 0.92
75% 0.94 0.90 0.97

RMSEs Statistics (deg)
Ankle Knee Hip

mean 0.52 0.49 0.58
std 0.25 0.25 0.45
25% 0.33 0.31 0.25
50% 0.47 0.51 0.43
75% 0.63 0.66 0.64

The results of this case study highlight the feasibility of a lower-body joint angles tracker
in perturbed posturography through a magnetometer-free inertial-based sensors setup. Esti-
mated angles time series were compared with data coming from an optometric system with
the passive markers setup reported in [93]. Correlations between time series and root mean
square errors between the inertial and optical systems are reported in Table 4.12.

Results shown Pearsons’s correlations with the 25% percentile never below 0.78 and root
mean square errors with the 75% percientile never above 0.66 deg.

As can be seen from the the sample windows in Fig. 4.22, the measured angles in this
particular setup are rather small, being the recorded excursions never bigger than 5 degrees.
As a consequence the present results report a good response for low angular ranges, confirming
the suitability of the proposed setup.

Furthermore, as can be seen from Tab. 4.12, and from the table visual boxplot representation
in Fig. 4.22, the quartiles of the knee angles Pearson’s correlations result wider and more
prone to lower values with respect to the Ankle and Hip ones. This can be ascribed to the fact
that during perturbed posturography, the knee joint is less subject to balance compensation
than the other two joints for small perturbations [94]. This behavior becomes more evident
for multiple trials, and in this particular setup this implies that when knee compensations
are very low from an angular range point of view, they translate into small markers relative
motion, such that may fall below optometric systems resolution and measurement noise.
At the same time, employed inertial sensors gyroscopes show a much greater sensibility to
small variations. The result is that, despite the root mean square errors remain low and
not significantly affected by this phenomenon, mainly due to the small observed angular
variations, the correlations between time series can fluctuate significantly.
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Figure 4.22: The top left, top right and bottom panels represent, respectively, sample windows
of ankle, knee and hip joints angles computations. The blue curves are relative to
the optometric system measurement (RIC) and the red curves are the resulting
estimated time series from the inertial sensors (IMU). The reported time series
are expressed in samples with a sampling frequency of 100 Hz, so that 100
samples are equal to 1 s of trial.
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Figure 4.23: Visual boxplot representation of Table 4.12.
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4.7 Chapter Summary

4.7 Chapter Summary

Experiment Dataset IMU Placement Computation Methods Relevant Outcomes

4.2.1 Study on
quasi-static
and dynamic
behavior of
UKF and EKF

- 1 IMU.
- Acc. and Gyro.
- 24 trials.
- 30 s per trial.

Lower trunk
(calibrated)

- Quaternion EKF/UKF
- Tait-Bryan convention

UKF less prone to
drift during
quasi-static phase.

4.2.2 Custom
calibration
procedure

- 3 IMU.
- Acc. and Gyro.
- 10 Trials.
- about 20 s per trial.
- https://youtu.be/Pm32d6PJNIU

- Box-shaped
support
- Lower trunk

- Quaternion UKF/EKF
- Tait-Bryan convention

- Insensibility to
placement errors.
- All measurements
can be referred to a
common external N .
- Guaranteed repeatability
of data acquiring setup.

4.3 Displacement and
orientation
estimation of CoM
during treadmill
walking

- 12 Healthy subjects.
- 1 IMU.
- Acc. and Gyro.
- 6 trials each subject
(3, 4, 5 km/h twice each).
- about 150 s per trial.
- OPT data on lower trunk
placed markers cluster.

- Lower trunk
(calibrated)
- Markers cluster
on lower trunk

- Quaternion EKF/UKF
- Tait-Bryan convention

- 3D displacement estimation.
- Orientation estimation
errors below 2 deg
(roll, pitch, yaw)
- Displacement
estimation errors below 4mm.
- Displacement estimation drift
compensation due to treadmill
walking.

4.4 Center of pressure
estimation
through inertial
sensing

- 10 Healthy subjects.
- 1 IMU.
- Acc. and Gyro.
- 2 trails each subject
(Eyes open, eyes closed).
- 30 s per trial.
- Dynamometric force platform
data for validation.

- Lower trunk
(calibrated)

- Upright posture
single pendulum
mathematical model
- Quaternion UKF
- Tait-Bryan convention

- High correlation between
measured and estimated CoP
both in ML and AP directions.
- Errors below 1.5 mm
- Comparable Prieto parameters
(Mean distance)

4.5 Magnetometer-free
sensor fusion
in pedestrian tracking

- 5 Healthy subjects.
- 2 IMU
- Acc. and Gyro.
- 2 trials each subject
- Indoor short walk (60m)
- Indoor long walk (150m)

- Foot (calibrated)
- Chest (calibrated)

- Quaternion EKF/UKF
- Custom double IMU
correction algorithm
(chest placed).
- Custom foot stance
detection.- Tait-Bryan convention

- Predictable displacement
error trends.
- Chest correction improves
90 turns correct estimation
and end-start errors.
- End-start errors generally
below 2 m for short trials
and 5 m for long trials

4.6 Lower body joints
angles estimation
during perturbed
posturography

- 1 Healthy subject.
- 4 IMU
- Acc. and Gyro.
- 10 trials (backward platform
propagation, 5 and 15 cm/s)
- OPT data on lower body
markers.
- See Fig. 4.21

- Lower trunk
- Thigh
- Ankle
- Foot

(all calibrated)

- Linear KF (Inertial based
inclinometer).
- Scalar product with estimated
g to obtain angles.

- Fair Pearson’s correlation
values for OPT and IMU
estimated angles.
- High sensibility for
low angular ranges.
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Chapter 5

Final Discussions

In the present chapter, the manuscript conclusive discussions are reported. The following
chapter is divided as follows: at first the motivations behind the drafting of the theoretical
chapters 2 and 3 is reported. Afterwards, the magnetometer-free sensor fusion chapter 4 is
discussed alongside with the results obtained comparing the different linearization techniques
applied to the nonlinear KF variants (EKF and UKF, section 4.2) and the proposed calibration
procedure (section 4.2.2). Furhtermore, the different human motion analysis studies are
individually dicussed (respectively sections 4.3, 4.4, 4.5 and 4.6).
Finally, the conclusions are reported in section 5.2.

5.1 Discussions
In this manuscript a study of optimal filtering applied to inertial sensing in human motion
analysis was presented. A central focus was given to magnetometer-free sensor fusion and its
applicability study in different scenarios regarding normal walking, pedestrian tracking and
postural parameters extraction during both unperturbed and perturbed posturography.
Chapters 2 and 3 of this dissertation regarded some fundamental theoretical aspects of

optimal filtering. The importance of introducing the aforementioned concepts before getting
to the main case studies in chapter 4 was driven by the necessity to have a solid mathematical
reference to the structure of the filters used to achieve optimal orientation estimations from
inertial sensors. This aspect was fundamental to identify the key factors involved in the
optimal estimation, thus allowing to be able to adapt the core implementation aspects to
satisfy the particular experimental necessities. Furthermore, what brought to the drafting of
those theoretical chapters was also the need to realize a technical paper which could bind the
axiomatic properties of probability, and thus of random variables and stochastic processes, to
the world of optimal filtering up to the nonlinear implementations of the well-known Kalman
filter, without neglecting either of each aspects. Hence, in this regard, a report of the most
crucial aspects of the Papoulis book [1] was combined with the linear and extended Kalman
filter implementations (and derivations) from the Jazwinski book [2], and the more recent
unscented variant of the filter proposed by Julier and Uhlmann in 1997 [3] and then revised
and improved by Van der Merwe [4] and Sarkka [5] also for continuous systems.
The experimental aspects of this dissertation were presented in chapter 4. The core

focus of the aforementioned chapter was to study the feasibility of diverse Kalman-based
filtering techniques applied in human motion analysis, considering several different motor
tasks and highly dynamic as well as static conditions, with the use of pure inertial sensors.
The investigation of well-known approaches, such as the quaternion-based EKF proposed
by Sabatini [6], and their adaptation to the lack of magnetometer information is a crucial
aspect for practical use of inertial sensing in specialized laboratories, working environments
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and everyday living monitoring. This is of interest for studies and clinical analysis in highly
magnetically disturbed environments as well as for situations in which, starting from a robust
sensor fusion tracking, integrating magnetical and time information from multiple sources
(such as in outdoor pedestrian tracking [7–9]) the subject in analysis swtiches to geographical
location where only inertial information is available.

In this regard, in section 4.2 a comparison of the two different linearization approaches in
EKF and UKF was made under the same experimental conditions. This study started on
the initial intuition that the lack of first order approximation in the UKF would compensate,
at least in part, the lack of one sensor information. The two filters were set with the same
starting points (x0, P0), the same system and measurement noise covariance matrices (Q,
R) and ran on the same acquired data. As expected, a drift on the quaternion component
relative to the heading information was recorded in both filters. This phenomenon, which
can be blamed on the lack of magnetometer information, brought the orientation information
to a biased information at the start of the dynamical phase (see Fig. 4.3). However, this
effected showed itself to be significantly more mitigated by the use of the unscented approach
(see Table 4.1). This result brought to the conclusion that drifting effects, usually ascribed to
lack of information, should be also attributed to the linearization applied in the measurement
phase of the filter.
Furthermore, a custom calibration procedure was proposed in section 4.2.2 to refer data

measured from purely inertial sensors to an arbitrarily chosen N without absolute magnetic
north reference. The procedure is fully reported in the aforementioned chapter and was tested
with an ad hoc experimental procedure. Three inertial sensors were calibrated with respect
to an arbitrarily chosen N and thus placed on a cubic structure with no care about their
relative orientation with respect to the holder vertices. Estimated roll-pitch-yaw estimation
in N were expected to result the same for each IMU. Results reported in Fig. 4.5 show the
same angles time series estimated for each inertial sensor. Also, a case study of the proposed
calibration procedure usage was presented, in order to objectively quantify sensor placement
disalignments due to human induced error. Recorded errors in sensor placement showed that
the proposed procedure was able to estimate and thus correct human induced biases which
would affect further estimations.

In section 4.3 a magnetometer-free approach to orientation and displacement estimation of
body center of mass during treadmill walking at multiple velocities was presented. Orientation
estimation was pursued by the means of the aforementioned quaternion based UKF due to the
time-varying magnetic distorsions induced by the treadmill metallic frame and electric motor.
Displacement estimation was carried out through a direct integration (Runge-Kutta 4th

order method) of the gravity-free accelerometer information obtained through the quaternion
orientation estimation of the previous step. Results showed the feasibilty of the orientation
estimation thanks to RMS errors comparable with other works which used full sensor fusion
in free walking conditions and magnetically unpolluted experimental conditions. Also, low
errors with respect to the displacement estimations showed that, thanks to the cyclical motion
of CoM during treadmill walking, and thus the cyclical change of linear acceleration signal
amplitude sign, direct integration can be used without ZUPT-like experimental arrangements.
Finally, this CoM motion cyclical characteristic showed to have also an influence in the
orientation estimation, which can be evinced by the study of the convergence in measure
applied to roll-pitch-yaw estimations for long trials (see Fig.4.10).

In section 4.4 a feasibility study on center of pressure estimation through magnetometer-free
inertial sensing and an inverted pendulum model was presented. The interest in this study
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was driven by the necessity to obtain information on a subject unperturbed posture balance
mantainance without the need of expensive dynamometric force plates, thus significantly
improving the portability of this kind of clinical assessment even to home scenarios. Hence, the
magnetometer-free approach was studied to ensure the independency of the proposed setup
from the need of assessing possible sources of magnetic distorsions in the usage environment.
The unperturbed upright stance was modeled on a single-link inverted pendulum [10], and
the CoP estimation was derived from the torques balance. IMU data to be used in the model
were referred to the DFP through the abovementioned calibration procedure. Estimated CoP
time series for both anterior-posterior and medial-lateral directions were compared with a
laboratory DFP. Results showed high correlations and low RMS errors between IMU-estimated
and DFP-measured CoP time series in both eyes-open and eyes-closed configurations (see
Table 4.6). Also biases of the mean distance parameter [11] were never above 3 mm and
the CoP time series showed comparable Romberg ratios (see Table 4.7). The given results
showed that it is possible to obtain satisfying accuracies for unperturbed posture anaylsis
using low-cost inertial sensors, with all the advantages of using such kind of instrumentation.
Also the independency from magnetic information allows to use this particular setup in any
kind of environment.

In section 4.5 a feasibility study on a magnetometer-free sensor fusion setup applied to
pedestrian tracking was presented. This study was aimed to evaluate the limits of this kind
of approach, and utltimately to quantify the error expectation trend with respect to the
walking distance. The interest behind this study was to model a possible situation that may
occur in a fully-fledged sensor-fusion tracking setup whenever multiple information sources
are affected by shadowing due to external interferences, thus leaving the measurement setup
short of direct observations but for purely inertial data. In this kind of situation an estimate
of the limits of operability of the tracking system becomes a most valuable information to
rely on. Furthermore, a chest-mounted-IMU based heading correction and a novel curve for
stance phase detection were presented in order to globally reduce error expectation trends
with respect to the traveled distance. Results showed overall improvement in both position
tracking and 90/180 deg turns heading estimations by the means of the chest-IMU correction,
both in terms of lower errors amplitudes and variances. Error curves show comparable
trends and standard devations when the correction procedure was applied. This implied
the possibility to adopt the fastest EKF over the computationally more expensive UKF for
orientation estimation obtaining comparable results. Percentage start-to-end errors (Table
4.8), alongside with the fitting error curves (Figure 4.20), suggest predictable error trends
with respect to traveled distances. Further studies should investigate also error trends
dependency from the number of critical 90/180 deg turns in the route. In addition, the use
of the I-RPY curve (see section 4.5.1) was compared with two other methods reported in
literature, with resulting high true positive rates thanks to the use of the "fused" information
of gyroscope and accelerometer instead of the two separately.

Finally, in section 4.6 a study on the feasibility of a multi-IMU setup for lower-body joints
angles estimation during perturbed posturography was presented. In this case the relative
orientation estimation between the IMU was achieved through a "natively" magnetometer-free
linear KF-based inclinometer [12]. In this particular setup, the necessity for a magnetometer-
free approach was forced by the high time-varying magnetic distorsions due to the moving
platform used to impart anterior-posterior perturbations to the analyzed subject. Inertial
sensors were placed on foot, lower leg, thigh and lower-back (in corrispondence of the
sacrum bone). Inertial data was compared with information coming from an optoelectronc
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system. The passive-markers setup was chosen accordingly to [13]. The estimated ankle,
knee and hip angles time series, compared to the ones measured by the optoelectronic system,
showed median Pearson’s correlation values not lower than 0.78 and, generally speaking,
low and stable overall RMS errors around 0.5 deg. Hip angle estimation showed remarkably
high correlation values between the time series on multiple trials. Also, the fluctuation of
correlation values regarding the knee angle correlations highlighted the low compensations
(in terms of range of motion), and thus the difficulty of measurement through optical based
instrumentation of the knee joint during small perturbations [14]. Furthermore, the linear
KF approach allows, in general, very low computational overheads, even with the possibility
of embedded implementation, thus opening doors to a possible consumer-side application.

5.2 Conclusions
In the present dissertation, a theoretical background from set theory to optimal nonlinear
filtering is reported, alongside with a series of research studies focused on magnetometer-free
sensor fusion applied to human motion analysis. All reported case studies showed encouraging
results, and in several instances it was proven that, for certain experimental conditions, a
purely-inertial sensors setup is capable of replacing more expensive instrumentation, such
as optometric cameras systems and dynamometric force platforms. This fact opens up to
a series of possibilities regarding working environments and home monitoring other than
tailor-made patients follow-up systems, in particular wherever the conditions of the subject
in analysis do not allow the required degree of mobility to easiliy approach clinical facilities.
Furthermore, the entire number of the described employed techniques have been imple-

mented using an open source programming language architecture (i.e. Python 3.7) as well as
its relative open source based libraries. In this regard, the proposed setups could be seamlessly
packed into a single user-friendly software tool, adaptable to different IMU hardware, with
the final aim to build a standalone portable clinical analysis and home monitoring system
without further costs bound to proprietary languages.

Further studies should be focused to extend the number of case studies to further motion
tasks of clinical interest, applications to pathological subjects and improved sensor fusion
with multiple-IMU approaches. In particular, the study reported in section 4.3 could be
furtherly extended to different motor tasks including free walking, and level walking, in
which cases a ZUPT should be integrated in the displacement computation due to the loss of
cyclical patterns in linear acceleration toward the direction of movement. Furthermore, multi
link models are worth studying in CoP computation reported in section 4.4, to evaluate
performances of more complex mathematical models in addition to a multiple-IMU sensor
fusion.
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Chapter 6

Appendix

6.1 Euler’s Approach

zE
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0
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gE

Figure 6.1: The same g-field is measured from two different reference frames.

The most convenient (and common) way do represent motion and orientation of a rigid
body is to use two related coordinate systems: the earth-fixed (or navigation frame) and
the body-fixed coordinate systems. Those reference frames are respectively specified by
right-handed orthonormal bases E = {e1, e2, e3} and B = {e′1, e

′

2, e
′

3}. Any point in space
can therefore be represented with respect to either bases (see Fig. 6.1):

xE = x1e1 + x2e2 + x3e3 (6.1)

xB = x
′

1e
′

1 + x
′

2e
′

2 + x
′

3e
′

3 (6.2)

Those vectors are related to each other as follows:
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P
e3

e2

e1

e’3

e’2

e’1
xB

xE

d

Figure 6.2: Graphical representation of equations (6.1), (6.2) and (6.3)

xB = RB
E(xE − dE) (6.3)

Where RB
E is a rotation matrix which columns are the representation of the E vectors with

respect to B.

Let us assume for the sake of simplicity, that d = [0 0 0]T (see Fig. 6.2). As shown in
figure 6.3, a rotation about the e3 axis can be expressed as follows:


e
′

1 = e1 cos θ + e2 sin θ
e
′

2 = e1 − sin θ + e2 cos θ
e
′

3 = e3

(6.4)

Equations 6.4 can be expressed in equation 6.3 form:

xB = RB
ExE =

∣∣∣∣∣∣∣
cos θ sin θ 0
− sin θ cos θ 0

0 0 1

∣∣∣∣∣∣∣xE (6.5)

By analogy the rotation matrices which describe rotations about e1 and e2 are respectively:
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6.2 Quaternions

R(e1, θ) =

∣∣∣∣∣∣∣
1 0 0
0 cos θ sin θ
0 − sin θ cos θ

∣∣∣∣∣∣∣ R(e2, θ) =

∣∣∣∣∣∣∣
cos θ 0 − sin θ

0 1 0
sin θ 0 cos θ

∣∣∣∣∣∣∣ (6.6)

The following equations present a more general approach to rotation via the equivalent
Euler’s Formulas. The demonstration to obtain them is not reported since it goes beyond
the purpose of this paper:

{
R(n, θ) = cos θI3 + (1− cos θ)nnT − sin θ[n×]
R(n, θ) = I3 − sin θ[n×] + (1− cos θ)[n×]2

(6.7)

with : [n×] =

∣∣∣∣∣∣∣
0 −n3 n2

n3 0 −n1

−n2 n1 0

∣∣∣∣∣∣∣
Formulas (6.7) describe the rotation matrix about a n-axis through an angle θ. Both

equations described are formally the same. [n×] is the skew-symmetric matrix, which is a
product of the "rot" operator (a× b = [a×]b).

In the light of these last formulations, four concepts about rotation may be underlined:

1. Information about rotation can be stored in a (3× 1) array
(θ = θn) which describes a θ rotation about a n-axis.

2. Rotation can be applied to a coordinate using a (3× 3) R-matrix (6.5).

3. Computation of non-linear elements (cos and sin) is required.

4. Storage of multiple-arrays structures (matrices) is required.

6.2 Quaternions

Body orientation can be described by a unit quaternion q.

q = q0 + iq1 + jq2 + kq3 ∈ H (6.8)

with : ‖q‖ =
√
q2
0 + q2

1 + q2
2 + q2

3 = 1

i2 = j2 = k2 = −1
i 6= j 6= k

H (hyper-complex numbers) is a superset of C that can be used to describe spatial rotation
similarly the way complex numbers describe planar rotations (Fig. 6.4). The constraint on
the ‖q‖ value is due to the "unit quaternion" definition. The numbers i, j and k are three
different square roots of "-1", hence they form a right-handed base of imaginary units.
Let θ = θn be a rotation vector with:
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e3

e2

e1 e’1

e’2

e’3

Figure 6.3: Rotation of the B system about the e3 system coordinate counter-clockwise
through an angle θ

P
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Im
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b

A

P = a + jb = Aej✓

Figure 6.4: A complex number P can be seen as a translation of a point on the plane of
(x=a) and (y=b) but also as a plane rotation through an angle θ of a point
P =| A 0 |T .
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θ =| θ | Angle

n = θ

| θ |
Axis

(6.9)

Then the relative unit quaternion can be computed as:

qθ = [cos ( θ2 ) n sin ( θ2 )]T = [q0 q̄]T (6.10)

Where q0 represents the scalar part of the quaternion, while q̄ represents the vectorial part
of the quaternion1. Any rotation update can be accomplished by the quaternion product or
Hamilton product (Section 6.2.1):

qnew = qold ⊗ qθ (6.11)

Figure 6.3 can be used as an example to apply quaternion rotations in 3D space: let xB
be the coordinates of a generic point in the rotated reference frame, and xE its coordinates
in the global one. The rotation matrix from E to B is defined as RB

E in equation 6.5. Hence,
there must be a quaternion qBE which describes the same rotation. Reference frame change
of x coordinates can be computed as follows:

xqB = qB
−1

E ⊗ xqE ⊗ qBE (6.12)

Where xqE = [0 xE ]T is the Vector Quaternion.

Tip: It is useful to notice that any reference frame change through rotation can be looked at
in two different ways. Let’s take a point p̄E =

∣∣∣1 0 0
∣∣∣T and find its coordinates p̄B in the

"B" reference frame which is rotated through an angle of π/2 about its z-axis with respect to
"E":

p̄B = RB
E · p̄E (6.13)

Replacing RB
E with equation (6.5):

p̄B =

∣∣∣∣∣∣∣
0 1 0
−1 0 0
0 0 1

∣∣∣∣∣∣∣ ·
∣∣∣∣∣∣∣
1
0
0

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
0
−1
0

∣∣∣∣∣∣∣ (6.14)

It can be observed that, as in figure 6.5, the result of this operation can be interpreted in
1Remember that we are defining quaternions in the 4th dimensional space, so it is incorrect to treat the

scalar and the vectorial part separately, like a 3D vector and its magnitude expressed as q0. A quaternion
should be considered as a unique entity in fourth-dimensional space which can represent something in the
third-dimensional space. For example q = [1111] represents a r = 1 sphere in the 3D space.
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two ways: the resulting vector can be seen as the coordinates of p̄E point in "B" reference
frame (p̄B), or as the same point p̄E rotated about "E" system’s center of coordinates through
the same angle, but clock-wise (−π/2).
Therefore, returning to the 4th dimension, the rotation of reference frame applied by

equation (6.12) can be turned to a point’s coordinates rotation, about its reference frame
center through the same angle, by a simple quaternion inversion:

zE

xE

yE

xB

yB

zB

⇡

2

�⇡

2

p̄E =

������

1
0
0

������
⌘ p̄B =

������

0
�1
0

������
= p̄E(�⇡/2)

p̄E(�⇡/2)

p̄E ⌘ p̄B

p̄E(�⇡/2)

p̄E ⌘ p̄B

Figure 6.5: The rotation of reference frame "E" into "B" through an angle of π/2 about
zE-axis can be alternatively seen as a rotation of p̄E into p̄E(−π/2) through an
angle of −π/2 about "E" center of coordinates.

xqE(−π/2)
= qBE ⊗ xqE ⊗ qB−1

E (6.15)

In the light of these last formulations, four concepts about quaternions rotations may be
underlined:

1. Information about rotation can be stored in a (4× 1) array.

2. Rotation can be applied to a point coordinates using a (4× 1) quaternion (6.12).

6.2.1 Hamilton Product

Let p and q be unit quaternions:
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p = [p0 p1 p2 p3]T =

∣∣∣∣∣p0

p̄

∣∣∣∣∣ (6.16)

q = [q0 q1 q2 q3]T =

∣∣∣∣∣q0

q̄

∣∣∣∣∣ (6.17)

Then (see table 6.1 for cross-products):

p⊗ q = (p0 + ip1 + jp2 + kp3)(q0 + iq1 + jq2 + kq3) = · · · (6.18)

· · · = p0q0 + ip0q1 + jp0q2 + kp0q3 + · · ·
· · · − p1q1 + ip1q0 − jp1q3 + kp1q2 + · · ·
· · · − p2q2 + ip2q3 + jp2q0 − kp2q1 + · · ·
· · · − p3q3 − ip3q2 + jp3q1 + kp3q0 = · · ·

· · · =

∣∣∣∣∣∣∣∣∣
p0q0 − p1q1 − p2q2 − p3q3

p0q1 + p1q0 + p2q3 − p3q2

p0q2 + p2q0 − p1q3 + p3q1

p0q3 + p3q0 + p1q2 − p2q1

∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣
p0q0 − p̄T q̄

p0

∣∣∣∣∣∣∣
q1

q2

q3

∣∣∣∣∣∣∣+ q0

∣∣∣∣∣∣∣
p1

p2

p3

∣∣∣∣∣∣∣+ p̄× q̄

∣∣∣∣∣∣∣∣∣ = · · ·

· · · =

∣∣∣∣∣ p0q0 − p̄T q̄
p0q̄ + q0p̄ + p̄× q̄

∣∣∣∣∣
(3×1)

Notice also that the product between two quaternions is not commutative.

* i j k
i -1 k -j
j -k -1 i
k j -i -1

Table 6.1: Imaginary units vectorial products chart.

6.3 Conversions

6.3.1 Quaternion ⇒ Rotation Matrix

Let qNB =
[
q0 q1 q2 q3

]T
be a unit quaternion which defines the rotation between a

navigation frame (N ) and a body reference frame (B); let also vqB =
[
0 a b c

]T
be a

vector quaternion expressed int the body reference frame, then we can define

vN = qN
−1

B ⊗ vqB ⊗ qNB

Expanding the Hamilton products it is possible to obtain
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vN =


aq1 + bq2 + cq3

aq0 + bq3 − cq2

−aq3 + bq0 + cq1

aq2 − bq1 + cq0

⊗

q0

q1

q2

q3



=


0

aq2
0 + aq2

1 − aq2
2 − aq2

3 + 2bq0q3 + 2bq1q2 − 2cq0q2 + 2cq1q3

−2aq0q3 + 2aq1q2 + bq2
0 − bq2

1 + bq2
2 − bq2

3 + 2cq0q1 + 2cq2q3

2aq0q2 + 2aq1q3 − 2bq0q1 + 2bq2q3 + cq2
0 − cq2

1 − cq2
2 + cq2

3


=

q2
0 + q2

1 − q2
2 − q2

3 2q0q3 + 2q1q2 −2q0q2 + 2q1q3

−2q0q3 + 2q1q2 q2
0 − q2

1 + q2
2 − q2

3 2q0q1 + 2q2q3

2q0q2 + 2q1q3 −2q0q1 + 2q2q3 q2
0 − q2

1 − q2
2 + q2

3

 ·
ab
c


= RNB (q) · vB (6.19)

6.3.2 Rotation Matrix ⇒ Quaternion

From (6.19):

R(q) =

q2
0 + q2

1 − q2
2 − q2

3 2q0q3 + 2q1q2 −2q0q2 + 2q1q3

−2q0q3 + 2q1q2 q2
0 − q2

1 + q2
2 − q2

3 2q0q1 + 2q2q3

2q0q2 + 2q1q3 −2q0q1 + 2q2q3 q2
0 − q2

1 − q2
2 + q2

3


The quaternion can be easily derived backward from the above matrix, keeping in mind

the unit quaternions properties:

q0 = ±
√

tr(R(q)) + 1
2

q1 = R[2, 1]−R[1, 2]
4q0

q2 = R[0, 2]−R[2, 0]
4q0

q3 = R[1, 0]−R[0, 1]
4q0

6.3.3 Quaternion ⇔ Rotation Vector

Let q be a unit quaternion:


q = [cos ( θ2 ) n sin θ

2 ]T = [q0 q̄]T

θ =| θ |

n = θ

| θ |

(6.20)
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Then:

q0 = cos θ2 ⇒ θ = 2 arccos (q0)

n sin θ
2 = q̄⇒ n = q̄

sin θ
2

= q̄
sin(arccos (q0))

Thus:

θ = θn = θ · q̄
sin(arccos (q0)) = 2 · q̄ arccos (q0)

sin (arccos (q0))

The inverse operation is trivial from (6.20).

6.3.4 Quaternion ⇒ Roll-Pitch-Yaw

Assuming to start from a unit quaternion q, it is possible to define its relative R(q) as seen
in section 6.3.1. Any orientation can be seen as the composition of three elemental rotations
such as

R(q) = X(roll)Y (pitch)Z(yaw) (6.21)

Considering the order of application from left to right, the above notation can be rewrote
in the following form, where the numbers refer to the rotation angle (and the rotation order)
and the capital letters refer to the axes of the fixed reference frame around which the rotations
are accomplished:

R(q) = X1Y2Z3 (6.22)

A list of all the possible intrinsic and extrinsic rotations sequences, respectively Euler and
Tait-Bryan, is reported in Figure 6.6.

Assuming to adopt a Z1Y2X3 sequence:

Z1Y2X3 =

c1c2 c1s2s3 − c3s1 s1s3 + c1c3s2

c2s1 c1c3 + s1s2s3 c3s1s2 − c1s3

−s2 c2s3 c2c3

 (6.23)

it is possible to derive the roll-pitch-yaw sequence as follows:

c2s1

c1c2
= tan(roll)⇒ roll = atan2(R[0, 1],R[0, 0])

−s2 = − sin(pitch)⇒ pitch = −asin(R[2, 0])
c2s3

c2c3
= tan(yaw)⇒ yaw = atan2(R[2, 1],R[2, 2])

However, when the pitch angle reaches ±π/2, the ZY X rotation matrix loses one degree
of freedom, thus coming across the gimbal lock issue. To solve these two singular points, it is
necessary to freeze an angle to zero and carry on the convertion on the remaining one:
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Figure 6.6: All the possible intrinsic and extrinsic rotations sequences. c and s refer to the
cos and sin functions respectively. Numbers are related to the angles order as is
(6.22).

• If: pitch = π/2→ s2 = 1

Set: yaw = 0

Compute:

s1s2s3 + c1c3
c1s2s3 − c3s1

∣∣∣∣
yaw=0

= s1

c1
= tan(roll)

roll = atan2(R[1, 1],R[0, 1]) (6.24)

• If: pitch = −π/2→ s2 = −1

Set: yaw = 0

Compute:

s1s2s3 + c1c3
c1s2s3 − c3s1

∣∣∣∣
yaw=0

= s1

c1
= tan(roll)

roll = atan2(R[1, 1],R[0, 1]) (6.25)

This procedure must be modified with regard to the chosen rotation sequence.

6.3.5 Roll-Pitch-Yaw ⇒ Quaternion

From the definition of quaternion with respect to a single θ rotation about a n =
[
n1 n2 n3

]T
axis

q = cos(θ/2) + in1 sin(θ/2) + jn2 sin(θ/2) + kn3 sin(θ/2) (6.26)

it is possible to define three elemental rotation as follows:
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6.3 Conversions

qroll = cos(roll/2) + i sin(roll/2) = c1 + is1 (6.27)
qpitch = c2 + js2

qyaw = c3 + ks3

so that a resulting quaternion rotation can be obtained by the combination of those three:

q = qyaw ⊗ qpitch ⊗ qroll

=


c2c3
−s2s3

c3s2

c2s3

⊗

c1
s1

0
0



=


c1c2c3 + s1s2s3

−c1s2s3 + c2c3s1

c1c3s2 + c2s1s3

c1c2s3 − c3s1s2


Using these equations it must be kept in mind that in this case all angles are divided by

two as follows from (6.27).
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