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✼✳✸ ❆♣♣❡♥❞✐① ❈✿ ❆♥❛❧②%✐❝❛❧ ❚.❡❛%♠❡♥% ♦♥ ❇❡♥❝❤♠❛.❦ ▼♦❞❡❧

❖♣%✐♠✐③❛%✐♦♥✲❊①♦❣❡♥♦✉- T.❡❢❡.❡♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✶

✼✳✹ ❆♣♣❡♥❞✐① ❉✿ ❆♥❛❧②%✐❝❛❧ ❚.❡❛%♠❡♥% ♦♥ %❤❡ ●❡♥❡.❛❧✐③❡❞ ❖♣✲

%✐♠✐③❛%✐♦♥ T.♦❜❧❡♠✲❊♥❞♦❣❡♥♦✉- T.❡❢❡.❡♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✸

✽ ❇✐❜❧✐♦❣1❛♣❤② ✶✹✼
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✶ ❆❜#$%❛❝$

❚❤✐# ❞✐##❡&'❛'✐♦♥ ❝♦♥#✐#'# ♦❢ ❢♦✉& &❡❧❛'❡❞ ❡##❛②# ♦♥ ❤❡❛❧'❤ ♣♦❧✐❝② ❛♥❛❧②#✐#✳

▼♦&❡ ♣&❡❝✐#❡❧②✱ '❤✐# ❞✐##❡&'❛'✐♦♥ ❢♦❝✉#❡# ♦♥ '❤&❡❡ ♠♦#' #'&✐❦✐♥❣ ❤❡❛❧'❤ &❡✲

❧❛'❡❞ ✐##✉❡# ✐♥ ❈❤✐♥❛✿ ❤❡❛❧'❤ ❝❛&❡ #②#'❡♠ &❡❢♦&♠✱ ♣♦❧❧✉'✐♦♥✲✐♥❞✉❝❡❞ ❤❡❛❧'❤

❞❡❣&❛❞❛'✐♦♥✱ ❛♥❞ ❝✉❧'✉&❡ ❡✛❡❝' ♦♥ '❤❡ ❡✈❛❧✉❛'✐♦♥ ♦❢ ❤❡❛❧'❤ ♣♦❧✐❝②✳

❚❤❡ ✜&#' ❡##❛② ❣✐✈❡# ❛ =✉❛❧✐'❛'✐✈❡ #'✉❞② ♦♥ '❤❡ ❡✈♦❧✉'✐♦♥ ♦❢ ❈❤✐♥❛✬# ❤❡❛❧'❤

❝❛&❡ #②#'❡♠ ✇✐'❤ ❤✐❣❤❧✐❣❤' ♦♥ '❤❡ &❡❢♦&♠ ♣♦❧✐❝✐❡#✳ ❲❡ ♣&♦✈✐❞❡ ♣♦❧✐❝② ✐♠♣❧✐✲

❝❛'✐♦♥# ❜② #'❛'✐#'✐❝❛❧ ❛♥❛❧②#✐# '♦ ✈❛&✐♦✉# ❈❤✐♥❡#❡ ❤❡❛❧'❤ ❞❛'❛ ♦♥ ♠♦&'❛❧✐'②

&❛'❡✱ ❧✐❢❡ ❡①♣❡❝'❛♥❝②✱ ❤❡❛❧'❤ ❝❛&❡ ❡①♣❡♥❞✐'✉&❡ ❛♥❞ ❤❡❛❧'❤ ❝❛&❡ ♣&♦✈✐❞❡&#✳

C♦❧✐❝② ✐♥#✐❣❤'# ❢♦& '❤❡ ❢✉&'❤❡& ❤❡❛❧'❤ ❝❛&❡ &❡❢♦&♠ ❛&❡ '♦ ❡①♣❛♥❞ '❤❡ ❤❡❛❧'❤

✐♥#✉&❛♥❝❡ ❝♦✈❡&❛❣❡✱ ❧♦✇❡& ❝♦♣❛② ♦& ❞❡❞✉❝'✐❜❧❡✱ ❛♥❞ ♣❛&'✐❝✉❧❛&❧②✱ ✐♥'❡❣&❛'❡

❞✐✈❡&#❡ ♠❡❞✐❝❛❧ ✐♥#✉&❛♥❝❡ #②#'❡♠# ✐♥'♦ ❛ ✉♥✐✜❡❞ ❛♥❞ #'❛♥❞❛&❞✐③❡❞ #②#'❡♠

♥❛'✐♦♥✇✐❞❡✳ ❚❤✐# ❡##❛② ❤✐❣❤❧✐❣❤'# '❤❡ ♥❡❡❞ ❢♦& ❞✐♠✐♥✐#❤✐♥❣ '❤❡ ✉&❜❛♥✲

&✉&❛❧ ❤❡❛❧'❤ ❝❛&❡ ✐♥❡=✉❛❧✐'✐❡#✱ ♣&♦♠♦'✐♥❣ ❞✐✈❡&#❡ ♠❡❞✐❝❛❧ ❝❛&❡ ♣&♦✈✐❞❡&#

✭❡✳❣✳ ♣&✐✈❛'❡ ❤♦#♣✐'❛❧✮ ❛♥❞ ♣&♦✈✐❞✐♥❣ ❜❛#✐❝ ♠❡❞✐❝❛❧ ❝❛&❡ ❛##✐#'❛♥❝❡ ❢♦& ❡①✲

'&❡♠❡ ♣♦♦& ♣❡♦♣❧❡ ✇✐'❤♦✉' ✐♥#✉&❛♥❝❡✳ ■♥ ❛❞❞✐'✐♦♥✱ ✇❡ ❞✐#❝✉## ❚&❛❞✐'✐♦♥❛❧

❈❤✐♥❡#❡ ▼❡❞✐❝✐♥❡ ✭❚❈▼✮ ❛♥❞ ✐'# &♦❧❡ ✐♥ ❈❤✐♥❛✬# ❤❡❛❧'❤ ❝❛&❡ #②#'❡♠✳

❚❤❡ #❡❝♦♥❞ ❡##❛② ♣&❡#❡♥'# ❛ '❤❡♦&❡'✐❝❛❧ ❢&❛♠❡✇♦&❦ '♦ #'✉❞② ❡❝♦♥♦♠✐❝ ♣♦❧✐❝②

#✉❜❥❡❝' '♦ ❤❡❛❧'❤ ❛♥❞ ♣&♦❞✉❝'✐♦♥ ✢✉❝'✉❛'✐♦♥#✳ ❚❤❡ ♣&♦♣♦#❡❞ ♠♦❞❡❧ ❤❛# '❤❡

❛❞✈❛♥'❛❣❡ ♦❢ ❜❡✐♥❣ ❛♥❛❧②'✐❝❛❧❧② '&❛❝'❛❜❧❡ ✇✐'❤ ❝❧♦#❡❞✲❢♦&♠ #♦❧✉'✐♦♥# ❢♦& '❤❡

♦♣'✐♠❛❧ ❛❜❛'❡♠❡♥' ♣♦❧✐❝② ❛♥❞ ❡❝♦♥♦♠✐❝ ❣&♦✇'❤ &❛'❡✳ ■' ❛❧#♦ ❞❡♠♦♥#'&❛'❡#

'❤❛' '❤❡ &❡❧❛'✐♦♥#❤✐♣ ❜❡'✇❡❡♥ ♠✐'✐❣❛'✐♦♥ ♣♦❧✐❝② ❛♥❞ ❡❝♦♥♦♠✐❝ ❣&♦✇'❤ &❛'❡ ✐#

✐♥✈❡&'❡❞✲❯ #❤❛♣❡❞✳ ❖✉& ♥✉♠❡&✐❝❛❧ #'✉❞② #❤♦✇# '❤❛' '❤❡ ♦♣'✐♠❛❧ ❛❜❛'❡♠❡♥'

♣♦❧✐❝② &❡❛❝'# #❡♥#✐'✐✈❡❧② '♦ '❤❡ ❤❡❛❧'❤ ♣❛&❛♠❡'❡& ❛♥❞ ✉♥❝❡&'❛✐♥'② ♣❛&❛♠✲

❡'❡&#✳ ❲❡ ✜♥❞ '❤❛' '❤❡ ❛❜❛'❡♠❡♥' ♣♦❧✐❝② #❤♦✉❧❞ ❜❡ ✵✳✹✻✪✱ ✐♥❞✐❝❛'✐♥❣ ✸✸

❯✳❙✳ ❞♦❧❧❛& ♣❡& '♦♥ ❝♦❛❧✱ ♦& ✵✳✻✾✪✱ ✐♥❞✐❝❛'✐♥❣ ✺✵ ❯✳❙✳ ❞♦❧❧❛& ♣❡& '♦♥ ❝♦❛❧✱ ✐❢

'❤❡ ❛❜❛'❡♠❡♥' '❡❝❤♥♦❧♦❣② ✐♠♣&♦✈❡♠❡♥' ✐# ✈✐❡✇❡❞ ✐♥ ❛ ❧❡## ♦♣'✐♠✐#'✐❝ ✇❛②✳

❇♦'❤ ♥✉♠❜❡&# ❛&❡ ❝♦♠♣❛&❛❜❧❡ ❜✉' ❤✐❣❤❡& '❤❛♥ ❡①✐#'✐♥❣ ❧✐'❡&❛'✉&❡✳ ❚❤✉#✱

✇❡ #✉❣❣❡#' '✐❣❤' ❡♥✈✐&♦♥♠❡♥'❛❧ ♣♦❧✐❝② ✇❤❡♥ ♣♦❧❧✉'✐♦♥ ✐♥❞✉❝❡❞ ✉♥❝❡&'❛✐♥'②

✐# ❝♦♥#✐❞❡&❡❞✳

❚❤❡ '❤✐&❞ ❡##❛② ❛✐♠# '♦ ❡①'❡♥❞ '❤❡ #'♦❝❤❛#'✐❝ ❤❡❛❧'❤ ❞❡♠❛♥❞ ♠♦❞❡❧ ❜②

✼
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✐♥"#♦❞✉❝✐♥❣ "✇♦ ❦✐♥❞+ ♦❢ ❝❛"❛+"#♦♣❤✐❝ +❤♦❝❦✿ ♥❛"✉#❡ ❞✐+❛+"❡# ❛♥❞ ❡♣✐❞❡♠✐❝✳

❚❤❡ ❝❧♦+❡❞✲❢#♦♠ +♦❧✉"✐♦♥ ❢♦# ❛❜❛"❡♠❡♥" ♣♦❧✐❝② ❛♥❞ ❡❝♦♥♦♠✐❝ ❣#♦✇"❤ ❛#❡ ❞❡✲

#✐✈❡❞✳ ■♥ ❛❞❞✐"✐♦♥✱ ✇❡ ♣#♦✈✐❞❡ "❤❡ ♥❡❝❡++❛#② ❛♥❞ +✉✣❝✐❡♥" ❝♦♥❞✐"✐♦♥ ❢♦# "❤❡

❡①✐+"❡♥❝❡ ❛♥❞ ✉♥✐>✉❡♥❡++ ♦❢ "❤❡ ❡>✉✐❧✐❜#✐✉♠✳ ❚❤❡ ✐♥♥♦✈❛"✐✈❡ ♠❡++❛❣❡ ❢#♦♠

♦✉# >✉❛♥"✐"❛"✐✈❡ ❛♥❛❧②+✐+ ✐+ "❤❛" ♦♣"✐♠❛❧ ❛❜❛"❡♠❡♥" ♣♦❧✐❝② #❡❛❝"+ +❡♥+✐"✐✈❡❧②

"♦ "❤❡ ♣❛#❛♠❡"❡#+ ♦❢ ❤❡❛❧"❤ ❛♥❞ ❝❛"❛+"#♦♣❤❡ ✐♥"❡♥+✐"②✳ ❖✉# ❝❛❧✐❜#❛"✐♦♥ +✉❣✲

❣❡+"+ ❤✐❣❤❡# ❝❛#❜♦♥ "❛① ❛♥❞ ♠♦#❡ +"#✐♥❣❡♥" ❝❧✐♠❛"❡ ♣♦❧✐❝②✿ ❛ "❛①❛"✐♦♥ ♦❢

✶✵✸ ❯✳❙✳ ❞♦❧❧❛# ♣❡# "♦♥ ❝♦❛❧ ♦# ✺✻ ❯✳❙✳ ❞♦❧❧❛# ♣❡# "♦♥ ❝♦❛❧ ✇❤❡♥ "❤❡ ❞❡✈❡❧♦♣✲

♠❡♥" ♦❢ "❤❡ ❛❜❛"❡♠❡♥" "❡❝❤♥♦❧♦❣② ✐+ ✈✐❡✇❡❞ ✐♥ ❛♥ ♦♣"✐♠✐+"✐❝ ✇❛②✳ ■♥❞❡❡❞✱

"❤❡ ❡♠✐++✐♦♥✲✐♥❞✉❝❡❞ ❡①"#❡♠❡ ❡✈❡♥"+ ❛#❡ ✉♥❞❡#❡+"✐♠❛"❡❞ ✇❤❡♥ "❤❡ +♦❝✐❛❧

❝♦+" ♦❢ ❝❛#❜♦♥ ✐+ ❝❛❧❝✉❧❛"❡❞ ✐♥ ❝♦♥✈❡♥"✐♦♥❛❧ ❛♣♣#♦❛❝❤✳

❚❤❡ ❢♦✉#"❤ ❡++❛② ❞❡♠♦♥+"#❛"❡+ "❤❛"✱ ✐♥ ❛♥ ♦♥❡✲♣❡#✐♦❞ "✇♦✲+"❛❣❡ ♠♦❞❡❧✱ "❤❡

#❡❧❛"✐♦♥+❤✐♣ ❜❡"✇❡❡♥ ♠❡❞✐❝❛❧ ❞❡♠❛♥❞ ♦❢ ❚❈▼ ❛♥❞ ❲▼ ❞❡♣❡♥❞+ ♦♥ ❜♦"❤

❤❡❛❧"❤ ♣♦❧✐❝② ❛♥❞ ❝✉❧"✉#❡ ❡✛❡❝"✳ ❲❡ ❞❡✈❡❧♦♣ ❛ "❤❡♦#❡"✐❝❛❧ ❤❡❛❧"❤ ❞❡♠❛♥❞

♠♦❞❡❧ ❢♦❧❧♦✇✐♥❣ ❡①♣❡❝"❡❞ ✉"✐❧✐"② ❢#❛♠❡✇♦#❦ "♦ ✐❧❧✉+"#❛"❡ ❝✉❧"✉#❡ ❡✛❡❝" ✐♥

✐♥❞✐✈✐❞✉❛❧✬+ ❤❡❛❧"❤ ❞❡❝✐+✐♦♥✱ ❛♥❞ "❤❡ ✐♠♣❛❝" ♦❢ ❚❈▼ ✐♥ ❈❤✐♥❛✬+ ❤❡❛❧"❤ ❝❛#❡

+②+"❡♠✳ ❲❡ ❞❡♠♦♥+"#❛"❡ "❤❛" "❤❡ ♠❛#❣✐♥❛❧ ❡✛❡❝" ♦❢ ❝♦♣❛② #❛"❡ ❛♥❞ ✐♥+✉#✲

❛♥❝❡ ♣♦❧✐❝② ❛#❡ ✐♥✈❡#" #❡❧❛"❡❞✳ ▼♦#❡♦✈❡#✱ "❤❡ #❡❧❛"✐♦♥+❤✐♣ ❜❡"✇❡❡♥ ❝♦♣❛②

#❛"❡ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ ✇❡❧❢❛#❡ ✐+ ✐♥✈❡#"❡❞✲❯ +❤❛♣❡❞✱ ❛♥❞ ❤❡♥❝❡ ❛ +♠❛❧❧❡# ❝♦♣❛②

#❛"❡ ♠❛② ❡♥❤❛♥❝❡ ♠❡❞✐❝❛❧ ❞❡♠❛♥❞ ✇❤✐❧❡ #❡❞✉❝✐♥❣ +"❡❛❞②✲+"❛"❡ ✐♥❞✐✈✐❞✉❛❧

✇❡❧❢❛#❡✳ ❋✐♥❛❧❧②✱ ✇❡ ❣❡♥❡#❛❧✐③❡ "❤❡ ❜❡♥❝❤♠❛#❦ ♠♦❞❡❧ "♦ +"✉❞② ❤♦✇ "❤❡ ❛❣❡

❡✛❡❝" ✐♥✢✉❡♥❝❡ ✐♥❞✐✈✐❞✉❛❧✬+ ♠❡❞✐❝❛❧ ❞❡♠❛♥❞ ❜❡"✇❡❡♥ ❚❈▼ ❛♥❞ ❲▼✳
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✷ ▼♦#✐✈❛#✐♦♥ ❛♥❞ ❘❡+❡❛,❝❤

❇❛❝❦❣,♦✉♥❞

❍❡❛❧$❤ ✐' ✏❛ '$❛$❡ ♦❢ ❝♦♠♣❧❡$❡ ♣❤②'✐❝❛❧✱ ♠❡♥$❛❧ ❛♥❞ '♦❝✐❛❧ ✇❡❧❧✲❜❡✐♥❣ ❛♥❞

♥♦$ ♠❡6❡❧② $❤❡ ❛❜'❡♥❝❡ ♦❢ ❞✐'❡❛'❡ ♦6 ✐♥✜6♠✐$✑✭❲❍❖✱ ✶✾✻✹✮

✶

✳ ❍❡❛❧$❤ $♦

❡✈❡6②♦♥❡ ✐' $❤❡ ♠♦'$ ❜❛'✐❝ ❛♥❞ ❡''❡♥$✐❛❧ ❛''❡$✱ ✇❤✐❝❤ ❡♥$❛✐❧' ✐♥❞✐✈✐❞✉❛❧ $♦

❞❡✈❡❧♦♣ $♦ $❤❡✐6 ♣♦$❡♥$✐❛❧' ❢♦6 ❛ ❧✐❢❡ ✐♥ ❞✐❣♥✐$②✳ ●♦♦❞ ❤❡❛❧$❤ ✐' ❛ ❝6✐$✐❝❛❧ ❡❧❡✲

♠❡♥$ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❛♥❞ '♦❝✐❡$❛❧ ✇❡❧❧✲❜❡✐♥❣✱ ✐♥ ❧✐❣❤$ ♦❢ $❤❡ ❢❛❝$ $❤❛$ ❛❝❤✐❡✈✐♥❣

$❤❡ ❤✐❣❤❡'$ ❛$$❛✐♥❛❜❧❡ '$❛♥❞❛6❞ ♦❢ ❤❡❛❧$❤ 6❡E✉❡'$' ❢♦6 ❛ '❡$ ♦❢ '♦❝✐❛❧ ❤❡❛❧$❤

❛66❛♥❣❡♠❡♥$' ✇❤✐❝❤ ✐' ❝♦♥❞✉❝✐✈❡ $♦ $❤❡ ❤❡❛❧$❤ ♦❢ ❛❧❧ ♣❡♦♣❧❡✳ ❚❤✐' ✐♠♣❧✐❡'

$❤❛$ ❤❡❛❧$❤ '❡6✈✐❝❡'✱ ❣♦♦❞' ❛♥❞ ❢❛❝✐❧✐$✐❡' '❤♦✉❧❞ ❜❡ ❛✈❛✐❧❛❜❧❡ ✐♥ '✉✣❝✐❡♥$

E✉❛♥$✐$②✱ ♣❤②'✐❝❛❧❧② ❛♥❞ ❡❝♦♥♦♠✐❝❛❧❧② ❛❝❝❡''✐❜❧❡✱ ♠❡❞✐❝❛❧❧② ❛♥❞ ❝✉❧$✉6❛❧❧②

❛❝❝❡♣$❛❜❧❡✱ ❛♥❞ ♣6♦✈✐❞❡❞ ✐♥ ❣♦♦❞ E✉❛❧✐$② ❛♥❞ ✇✐$❤♦✉$ ❛♥② ❞✐'❝6✐♠✐♥❛$✐♦♥✳

▼♦6❡♦✈❡6✱ ❛' ❛ ❢✉♥❞❛♠❡♥$❛❧ ♣❛6$ ♦❢ ❤✉♠❛♥ 6✐❣❤$'✱ ❣♦♦❞ ❤❡❛❧$❤ ✐' ❝❧♦'❡❧②

6❡❧❛$❡❞ $♦ $❤❡ ❛❝❝♦♠♣❧✐'❤♠❡♥$ ♦❢ ♦$❤❡6 ❤✉♠❛♥ 6✐❣❤$'✱ ✐♥❝❧✉❞✐♥❣ '❛❢❡ ❢♦♦❞

❛♥❞ ✇❛$❡6✱ ❛❞❡E✉❛$❡ ❤♦✉'✐♥❣ ❛♥❞ '❛♥✐$❛$✐♦♥✱ ❤❡❛❧$❤② ✇♦6❦✐♥❣ ❛♥❞ ❡♥✈✐6♦♥✲

♠❡♥$❛❧ ❝♦♥❞✐$✐♦♥'✱ ❛♥❞ ❤❡❛❧$❤✲6❡❧❛$❡❞ ❡❞✉❝❛$✐♦♥ ❛♥❞ ✐♥❢♦6♠❛$✐♦♥ ✭❯♥✐$❡❞

◆❛$✐♦♥'✱ ✷✵✵✽✮✳ ❚❛❦✐♥❣ $❤❡ ❛♥❣❧❡ ♦❢ ❤❡❛❧$❤✱ $❤✐' ❞✐''❡6$❛$✐♦♥ ✐' ♠♦$✐✈❛$❡❞

❢6♦♠ $❤6❡❡ '$6✐❦✐♥❣ ♣❤❡♥♦♠❡♥❛ ✐♥ ❈❤✐♥❛✿ ❤❡❛❧$❤ ✐♥❡E✉❛❧✐$②✱ 6❛♣✐❞ ♣♦♣✉❧❛✲

$✐♦♥ ❛❣❡✐♥❣ ❛♥❞ '❡✈❡6❡ ❞❡$6✐♠❡♥$❛❧ ✐♠♣❛❝$ ♦❢ ❡♥✈✐6♦♥♠❡♥$❛❧ ♣♦❧❧✉$✐♦♥ ♦♥

❤❡❛❧$❤✳

❍❡❛❧$❤ ❡♥❤❛♥❝❡♠❡♥$ ✐' ✉'✉❛❧❧② ❛''♦❝✐❛$❡❞ ✇✐$❤ $❤❡ ❡❝♦♥♦♠✐❝ ❣6♦✇$❤✳ ❊♠✲

♣✐6✐❝❛❧ '$✉❞✐❡' '✉❣❣❡'$ ❛ '$6♦♥❣ 6❡❧❛$✐♦♥'❤✐♣ ❜❡$✇❡❡♥ ❤❡❛❧$❤ ❛♥❞ ❡❝♦♥♦♠✐❝

❣6♦✇$❤ ✭❋♦❣❡❧✱ ✶✾✾✹❀ ❇❛66♦✱ ✶✾✾✽❀ ❇❧♦♦♠✱ ❈❛♥♥✐♥❣✱ ❛♥❞ ❙❡✈✐❧❧❛✱ ✷✵✵✹✮✳ ■♥✲

❞❡❡❞✱ ❈❤✐♥❛ ❤❛' ❜❡❡♥ '✉❝❝❡''❢✉❧ ✐♥ ✐♠♣6♦✈✐♥❣ ♣♦♣✉❧❛$✐♦♥ ❤❡❛❧$❤ ❛' ✇❡❧❧ ❛'

✐♥❝6❡❛'✐♥❣ ♣❡6 ❝❛♣✐$❛ ✐♥❝♦♠❡ ✭❲♦6❧❞ ❇❛♥❦✱ ✷✵✶✸✮✳ ◆❡✈❡6$❤❡❧❡''✱ ❞❡'♣✐$❡

$❤❡ ✉♥♣6❡❝❡❞❡♥$❡❞ ❡❝♦♥♦♠✐❝ ❣6♦✇$❤✱ 6❡♠❛6❦❛❜❧❡ ♣6♦❣6❡'' ✐♥ ❤❡❛❧$❤ '$❛$✉'

❛♥❞ ❧✐❢❡ ❡①♣❡❝$❛♥❝② ❣❛✐♥❡❞ ♦✈❡6 $❤❡ ♣❛'$ ❞❡❝❛❞❡'✱ $❤❡6❡ 6❡♠❛✐♥ '✐❣♥✐✜❝❛♥$

✐♥❡E✉❛❧✐$✐❡' ❛❝6♦'' ♣♦♣✉❧❛$✐♦♥ ❣6♦✉♣' ✇✐$❤ ❞✐✛❡6❡♥$ '♦❝✐♦❡❝♦♥♦♠✐❝ '$❛$✉'

❜❡$✇❡❡♥ ✉6❜❛♥ ❛♥❞ 6✉6❛❧ ❛6❡❛'✱ ❛♥❞ ❞✐✛❡6❡♥$ 6❡❣✐♦♥' ✐♥ ❈❤✐♥❛✳ ❋❛❝✐♥❣ ♣✉❜✲

❧✐❝ ❞✐'❝♦♥$❡♥$✱ ❈❤✐♥❡'❡ ❣♦✈❡6♥♠❡♥$ ❤❛' ❧❛✉♥❝❤❡❞ '❡✈❡6❛❧ 6♦✉♥❞' ♦❢ ❤❡❛❧$❤

❝❛6❡ 6❡❢♦6♠' '✐♥❝❡ ✶✾✽✵ ✐♥ $❤❡ ♣✉6♣♦'❡ $♦ ♣6♦✈✐❞❡ ✉♥✐✈❡6'❛❧ ❤❡❛❧$❤ ❝♦✈❡6❛❣❡

✶

❉❡✜♥❡❞ ✐♥ ✶✾✹✻ ❈♦♥,-✐-✉-✐♦♥ ♦❢ ❲♦1❧❞ ❍❡❛❧-❤ ❖1❣❛♥✐③❛-✐♦♥✳

✾



✷✳ ▼♦$✐✈❛$✐♦♥

♥❛"✐♦♥✇✐❞❡✳ ❇❡✐♥❣ ❛ +❡❧❢✲♣0♦❝❧❛✐♠❡❞ +♦❝✐❛❧✐+" ❝♦✉♥"0②✱ ✇❤② ❈❤✐♥❛✬+ ❤❡❛❧"❤

❝❛0❡ +②+"❡♠ ❜❡❝♦♠❡ ♦♥❡ ♦❢ "❤❡ ❧❡❛+" ✧+♦❝✐❛❧✐+"✧ ✇♦0❧❞✇✐❞❡❄ ❲❤❛" ❝❛✉+❡+

"❤❡ ❞✐+♣❛0✐"✐❡+ ✐♥ ❤❡❛❧"❤ ♣0♦✈✐+✐♦♥ ❛❝0♦++ "❤❡ ♥❛"✐♦♥❄ ■+ ❈❤✐♥❛ ♦♥ "❤❡ ♣❛"❤

♦❢ ❛❝❤✐❡✈✐♥❣ "❤❡ ❣♦❛❧ ♦❢ ✉♥✐✈❡0+❛❧ ❤❡❛❧"❤ ❝♦✈❡0❛❣❡❄ ❚❤❡ ✜0+" ❡++❛② A✉❛❧✐"❛✲

"✐✈❡❧② ❞✐+❝✉++❡+ "❤❡ ❡✈♦❧✉"✐♦♥ ♦❢ ❈❤✐♥❛✬+ ❤❡❛❧"❤ ❝❛0❡ +②+"❡♠✱ ✇✐"❤ ❡♠♣❤❛+✐+

♦♥ 0❡❢♦0♠ ♣♦❧✐❝② +"0❛"❡❣✐❡+ "♦ ❛❞❞0❡++ "❤❡ ✐++✉❡ ♦❢ ✐♥❡A✉❛❧✐"②✳

❘❛♣✐❞ ❡❝♦♥♦♠✐❝ ❣0♦✇"❤✱ ❤♦✇❡✈❡0✱ ❣❡♥❡0❛"❡+ ❛❞✈❡0+❡ ❡✛❡❝" "♦ ❡♥✈✐0♦♥♠❡♥"✱

+✉❝❤ ❛+ ♣♦❧❧✉"✐♦♥✱ CO2 ❡♠✐++✐♦♥+ ❛♥❞ ✐♥"❡♥+✐✜❡❞ +❡✈❡0✐"② ♦❢ ❝❛"❛+"0♦♣❤❡+✳

❆✐0 ♣♦❧❧✉"✐♦♥ ✭❡✳❣✳ ❤❛③❡✮ ✐+ ♣0♦❜❛❜❧② ❛ ✈❡0② +❡0✐♦✉+ ❝♦♥❝❡0♥ ✐♥ ♠♦+" ❡♠❡0❣✲

✐♥❣ ❡❝♦♥♦♠✐❡+✱ ❧✐❦❡ ❈❤✐♥❛✳ ❲♦0❧❞ ❍❡❛❧"❤ ❖0❣❛♥✐③❛"✐♦♥ ✭✷✵✶✻✮ 0❡♣♦0"+ "❤❛"

♦✉"❞♦♦0 ❛✐0 ♣♦❧❧✉"✐♦♥ ❝❛✉+❡+ ♠♦0❡ "❤❛♥ ✶ ♠✐❧❧✐♦♥ ❞❡❛"❤ ✐♥ ❈❤✐♥❛ ✐♥ ✷✵✶✷✱

❛❝❝♦✉♥"✐♥❣ ❢♦0 ♦♥❡ "❤✐0❞ ♦❢ "♦"❛❧ ❣❧♦❜❛❧ ❞❡❛"❤+✳ ❚❤❡ ❡♥✈✐0♦♥♠❡♥"❛❧ ❞❡❣0❛✲

❞❛"✐♦♥ ❧❡❛❞+ "♦ +✐❣♥✐✜❝❛♥" ❤❡❛❧"❤ ❛♥❞ ❡❝♦♥♦♠✐❝ ❧♦++❡+ ❛♥❞ "❤❡ ❝❤❛♥❣❡ ♦❢ ✐♥✲

❞✐✈✐❞✉❛❧ ❝♦♥+✉♠♣"✐♦♥ ❛♥❞ +❛✈✐♥❣ ❞❡❝✐+✐♦♥+✱ ✇❤✐❝❤✱ ✐♥ "✉0♥✱ ❛✛❡❝"+ ❡❝♦♥♦♠✐❝

❣0♦✇"❤✳ ❍❡♥❝❡✱ ✐" 0❛♥❦+ ✐♥ "❤❡ "♦♣ ❛❣❡♥❞❛ ♦❢ ♣♦❧✐❝② ♠❛❦❡0 "♦ ❛♣♣0♦♣0✐❛"❡❧②

❜❛❧❛♥❝❡ "❤❡ ♣0♦❞✉❝"✐♦♥✱ ❝♦♥+✉♠♣"✐♦♥ ✭♦♥ ❤❡❛❧"❤✮ ❛♥❞ 0❡❞✉❝"✐♦♥ ♦❢ ❡♠✐+✲

+✐♦♥+ "♦ ♠❛①✐♠✐③❡ "❤❡ +♦❝✐❡"② ✇❡❧❧✲❜❡✐♥❣✳ ❍♦✇ "♦ ❞❡"❡0♠✐♥❡ "❤❡ ♦♣"✐♠❛❧

❛❜❛"❡♠❡♥" ❛♥❞ ♠✐"✐❣❛"✐♦♥ ♣♦❧✐❝② ❛♥❞ ❣0♦✇"❤ 0❛"❡✱ ❣✐✈❡♥ "❤❡ ✉♥❝❡0"❛✐♥"② ♦❢

"❤❡ ❞❡"0✐♠❡♥"❛❧ ✐♠♣❛❝" ♦❢ ♣♦❧❧✉"❛♥"+ ❛♥❞ ❡♠✐++✐♦♥+ ♦♥ ❤❡❛❧"❤❄ ■+ ✐" ✇♦0"❤ "♦
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❈❛1❡ ❙②.&❡♠ ❋1♦♠ 6♦❧✐❝②

6❡1.♣❡❝&✐✈❡✿ ❊✛♦1&. ❚♦✇❛1❞

❊>✉❛❧✐&②

✸✳✶ ■♥%&♦❞✉❝%✐♦♥

❖✈❡# $❤❡ ♣❛($ ✜✈❡ ❞❡❝❛❞❡(✱ ❈❤✐♥❛✬( ❤❡❛❧$❤ ❝❛#❡ (②($❡♠ ❤❛( ✉♥❞❡#❣♦♥❡ ❛

#♦❧❧❡#✲❝♦❛($❡# #✐❞❡✳ ■♥ $❤❡ ❆❧♠❛✲❆$❛ ♠❡❡$✐♥❣ ✐♥ ✶✾✼✽✱ ❲❍❖ ❛❝❦♥♦✇❧❡❞❣❡❞

$❤❡ ❤❡❛❧$❤ ❛❝❤✐❡✈❡♠❡♥$( ❣❛✐♥❡❞ ✐♥ ❈❤✐♥❛✱ ❡(♣❡❝✐❛❧❧② ✐♥ ✈❛($ #✉#❛❧ ❛#❡❛( ✇✐$❤

$❤❡ ♠♦❞❡❧ ♦❢ ❘✉#❛❧ ❈♦♦♣❡#❛$✐✈❡ ▼❡❞✐❝❛❧ ❙❝❤❡♠❡ ❛♥❞ $❤❡ ✇♦#❦ ♦❢ ✈✐❧❧❛❣❡

❞♦❝$♦#( ✭❦♥♦✇♥ ❛( ✧❜❛#❡❢♦♦$ ❞♦❝$♦#(✧✮✱ ✇❤✐❝❤ ✐♥(♣✐#❡❞ $❤❡ ❤❡❛❧$❤ ❝❛#❡ ❞❡✲

(✐❣♥ ✐♥ $❤✐#❞✲✇♦#❧❞ ❝♦✉♥$#✐❡( ✭❲❍❖✱ ✷✵✵✽✮✳ ■#♦♥✐❝❛❧❧②✱ ✐$ ✇❛( ✐♥ $❤❡ (❛♠❡

②❡❛# $❤❛$ $❤❡ ❣♦✈❡#♥♠❡♥$ ($❛#$❡❞ $♦ ❛❜❛♥❞♦♥ $❤❡ #✉#❛❧ ♠❡❞✐❝❛❧ ❝❛#❡ (②($❡♠✳

❇❡✐♥❣ ❛ (❡❧❢✲♣#♦❝❧❛✐♠❡❞ (♦❝✐❛❧✐($ ❝♦✉♥$#②✱ ✇❤② ❈❤✐♥❛✬( ❤❡❛❧$❤ ❝❛#❡ (②($❡♠

❜❡❝♦♠❡ ♦♥❡ ♦❢ $❤❡ ❧❡❛($ ✧(♦❝✐❛❧✐($✧ ✇♦#❧❞✇✐❞❡❄ ❲❤❛$ ❝❛✉(❡❞ $❤❡ ❞✐(♣❛#✐$✐❡(

✐♥ ❤❡❛❧$❤ ❝❛#❡ ❛❝#♦(( $❤❡ ♥❛$✐♦♥❄ ❈❤✐♥❡(❡ ❣♦✈❡#♥♠❡♥$ ❤❛( ❧❛✉♥❝❤❡❞ (❡✈❡#❛❧

#♦✉♥❞( ♦❢ ❤❡❛❧$❤ ❝❛#❡ (②($❡♠ #❡❢♦#♠( ✐♥ #❡❝❡♥$ ✸✵ ②❡❛#( ✐♥ ❢❛❝✐♥❣ $❤❡ ♣✉❜❧✐❝

❞✐(❝♦♥$❡♥$ ($❡♠♠✐♥❣ ❢#♦♠ $❤❡ ❣#♦✇✐♥❣ ✐♥❡P✉❛❧✐$② ❛♠♦♥❣ ♣♦♣✉❧❛$✐♦♥ ❣#♦✉♣(

✇✐$❤ ❞✐✛❡#❡♥$ (♦❝✐♦❡❝♦♥♦♠✐❝ ($❛$✉( ❛❝#♦(( ❞✐✛❡#❡♥$ #❡❣✐♦♥(✱ ❛♥❞ ❜❡$✇❡❡♥

✉#❜❛♥ ❛♥❞ #✉#❛❧ ❛#❡❛(✳ ■( ❈❤✐♥❛ ♦♥ $❤❡ ♣❛$❤ ♦❢ ❛❝❤✐❡✈✐♥❣ $❤❡ ❣♦❛❧ ♦❢ ✉♥✐✈❡#✲

(❛❧ ❤❡❛❧$❤ ❝♦✈❡#❛❣❡❄ ❲❤❛$ ❛#❡ $❤❡ ♣♦❧✐❝② ($#❛$❡❣✐❡( ❛♥❞ ♣#✐♦#✐$✐❡( ♦❢ $❤❡(❡

#❡❢♦#♠( ✐♥ ♦#❞❡# $♦ (✉($❛✐♥ $❤❡ ❛❝❤✐❡✈❡♠❡♥$( ✐♥ $❤❡ ♥❡①$ ❞❡❝❛❞❡(❄ ❚❤✐( (❡❝✲

$✐♦♥ ♣#♦✈✐❞❡( ❛ ❜❛❝❦❣#♦✉♥❞ ✐♥✈❡($✐❣❛$✐♦♥ ♦❢ $❤❡ ❡✈♦❧✉$✐♦♥ ♦❢ ❈❤✐♥❛✬( ❤❡❛❧$❤

❝❛#❡ (②($❡♠✱ ✇✐$❤ ❡♠♣❤❛(✐( ♦♥ #❡❢♦#♠ ♣♦❧✐❝✐❡( ❛♥❞ ($#❛$❡❣✐❡( $♦ ❛❞❞#❡((

✐((✉❡ ♦❢ ✐♥❡P✉❛❧✐$②✳
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♦❢ 4❡♦♣❧❡✬& ❘❡♣✉❜❧✐❝ ♦❢ ❈❤✐♥❛ ✐♥ ✶✾✹✾✳ ❚❤❡ ❞❡&✐❣♥ ♦❢ ♥❛'✐♦♥❛❧ ❤❡❛❧'❤ ❝❛,❡

&②&'❡♠ ✐& ♠❛✐♥❧② ❡♠❜♦❞✐❡❞ ✐♥ '❤,❡❡ &✉❜✲&②&'❡♠& ♦❢ ❤❡❛❧'❤ ✐♥&✉,❛♥❝❡✳

❋✐,&'✱ ▲❛❜♦, ■♥&✉,❛♥❝❡ ❙②&'❡♠✳ ■' ❝❛♠❡ '♦ ❡①✐&'❡♥❝❡ ✐♥ ✶✾✺✶ ✉♥❞❡, '❤❡

✐&&✉❡ ♦❢ '❤❡ ▲❛❜♦$ ■♥'✉$❛♥❝❡ ❘❡❣✉❧❛.✐♦♥ ♦❢ 1❡♦♣❧❡✬' ❘❡♣✉❜❧✐❝ ♦❢ ❈❤✐♥❛ ❜②

❙'❛'❡ ❈♦✉♥❝✐❧✱ ❛♥❞ ❢✉,'❤❡, ❞❡✈❡❧♦♣❡❞ ❛❝❝♦,❞✐♥❣ ✇✐'❤ '❤❡ ❆♠❡♥❞♠❡♥. ♦♥

❘✉❧❡' ♦❢ ■♠♣❧❡♠❡♥.❛.✐♦♥ ♦❢ ▲❛❜♦$ ■♥'✉$❛♥❝❡ ❘❡❣✉❧❛.✐♦♥ ❜② ▼✐♥✐&',② ♦❢ ▲❛✲

❜♦, ✐♥ ✶✾✺✸✳ ■' ✇❛& ❛ ✇♦,❦✲✉♥✐' ❜❛&❡❞ ❤❡❛❧'❤ ✐♥&✉,❛♥❝❡ &②&'❡♠✱ ❝♦✈❡,✐♥❣

♣❡♦♣❧❡ ✇❤♦ ✇♦,❦❡❞ ✐♥ &'❛'❡✲♦✇♥❡❞ ❡♥'❡,♣,✐&❡& ❛♥❞ ❝♦❧❧❡❝'✐✈❡❧②✲♦✇♥❡❞ ❡♥'❡,✲

♣,✐&❡&✱ ❛& ✇❡❧❧ ❛& '❤❡✐, ✐♠♠❡❞✐❛'❡ ❢❛♠✐❧② ♠❡♠❜❡,& ✭♣❛,❡♥'& ❛♥❞ ❝❤✐❧❞,❡♥✮✱
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❛♥❞ ❡✈❡♥ ,❛❝/✐✜❝❡❞ ❛❣/✐❝✉❧ ✉/❛❧ ❞❡✈❡❧♦♣♠❡♥ ❛, ✇❡❧❧ ❛, /✉/❛❧ ✇❡❧❢❛/❡✳ ■ ✐,

✇♦/ ❤  ♦ ♥♦ ❡ ❤❡/❡  ❤❛  ❤❡ ✉/❜❛♥✲/✉/❛❧ ❞✉❛❧ ,♦❝✐❛❧ , /✉❝ ✉/❡ ✐, ♥♦ ♠❛/❦❡❞

❜② ✇❤❡ ❤❡/ ❛ ♣❡/,♦♥ ✐, ❧✐✈✐♥❣ ✐♥ ❝✐ ② ♦/ ❝♦✉♥ /②,✐❞❡✱ ♦/ ❞♦✐♥❣ ❢❛/♠✐♥❣ ♦/

♥♦♥✲❢❛/♠✐♥❣ ✇♦/❦✱ ❜✉ ❜② ❤❡/ ♦✣❝✐❛❧❧② /❡❣✐, ❡/❡❞ ♣❡/♠❛♥❡♥ /❡,✐❞❡♥ ✐❛❧

, ❛ ✉, ✭❍✉ ❑♦✉✱ ✐♥ ❈❤✐♥❡,❡✮✳ ■❢ ♦♥❡ ✐, /❡❣✐, ❡/❡❞ ♦✣❝✐❛❧❧② ❛, ❛ /✉/❛❧ /❡,✐✲

❞❡♥ ✱ ,❤❡ ✐, /❡❝♦❣♥✐③❡❞ ❛, ❛ ❢❛/♠❡/✱ ♥♦ ♠❛  ❡/ ✐♥ ❢❛❝ ✇❤❛ ,❤❡ ❞♦❡, ❛♥❞

✇❤❡/❡ ,❤❡ ❧✐✈❡✳ ❚❤✐, ,②, ❡♠ ,❡✈❡/❡❧② /❡, /✐❝ , ♣♦♣✉❧❛ ✐♦♥ ♠♦❜✐❧✐ ② ♥❛ ✐♦♥✲

✇✐❞❡✱ ❡,♣❡❝✐❛❧❧② ❢/♦♠ /✉/❛❧  ♦ ✉/❜❛♥ ❛/❡❛,✳ ▼♦/❡♦✈❡/✱  ❤✐, ✉/❜❛♥✲/✉/❛❧ ❞✉❛❧

, /✉❝ ✉/❡ ❤❛, ,✐❣♥✐✜❝❛♥ ✐♠♣❛❝ ♦♥ ✐♥❞✐✈✐❞✉❛❧✬, ❡♥ ✐/❡ ❧✐✈❡❧✐❤♦♦❞✱ ❜❡❝❛✉,❡

✉/❜❛♥ ❛♥❞ /✉/❛❧ /❡,✐❞❡♥ , ❛/❡ ♣/♦✈✐❞❡❞ ❞✐✛❡/❡♥ ♣❛❝❦❛❣❡, ♦❢ ,♦❝✐❛❧ ✇❡❧❢❛/❡

❜② ❣♦✈❡/♥♠❡♥ ✱ ,✉❝❤ ❛, ❣/❛✐♥✱ ❣♦✈❡/♥♠❡♥ ✲❛,,✐❣♥❡❞ ❥♦❜,✱ ❤♦✉,✐♥❣✱ ❡❞✉❝❛✲

 ✐♦♥✱ ♠❡❞✐❝❛❧ ❝❛/❡✱ ♣❡♥,✐♦♥,✱ ❛♥❞ ,♦ ♦♥✳ ❈♦♠♣❛/❡❞ ✇✐ ❤ ✉/❜❛♥ /❡,✐❞❡♥ ,✱

/✉/❛❧ /❡,✐❞❡♥ , ❤❛✈❡ ✈❡/② ❧✐♠✐ ❡❞ ,♦❝✐❛❧ ✇❡❧❢❛/❡ ❣✉❛/❛♥ ❡❡❞ ❜② ❣♦✈❡/♥♠❡♥✱

❤❡♥❝❡  ❤❡② ❤❛✈❡  ♦ ♠❛✐♥❧② /❡❧② ♦♥  ❤❡♠,❡❧✈❡, ❛♥❞  ❤❡ ❢❛♠✐❧✐❡,✳

❖✈❡/❛❧❧✱ ♥❛ ✐♦♥❛❧ ❤❡❛❧ ❤ ❝❛/❡ ✐, ♣/♦✈✐❞❡❞ ❛  ❤/❡❡  ✐❡/,✳ H/✐♠❛/② ❝❛/❡ ✐,

❞❡❧✐✈❡/❡❞ ❜② ❜❛/❡❢♦♦ ❞♦❝ ♦/, ❛♥❞ ✇♦/❦♣❧❛❝❡ ❝❧✐♥✐❝,✱ ,❡❝♦♥❞❛/② ❝❛/❡ ❜② /✉✲

/❛❧  ♦✇♥,❤✐♣ ❛♥❞ ✉/❜❛♥ ❞✐, /✐❝ ❤♦,♣✐ ❛❧,✱ ❛♥❞  ❡/ ✐❛/② ❝❛/❡ ❜② ❝♦✉♥ ② ❛♥❞

❝✐ ② ❤♦,♣✐ ❛❧, ✭❇❛/❜❡/ ❛♥❞ ❨❛♦✱ ✷✵✶✵✮✳ ❍♦,♣✐ ❛❧,✱ ❛❧❧ ♣✉❜❧✐❝✱ ❝❤❛/❣❡ ❢♦/

♠❡❞✐❝❛❧ ❝❛/❡ ❛♥❞ ❞/✉❣,✱ ❜✉  ❤❡ ♣/✐❝❡ ✐, ❦❡♣ ❜❡❧♦✇  ❤❡ ❝♦, , ✉♥❞❡/ ❣♦✈✲

❡/♥♠❡♥ ♣/✐❝❡ ❝♦♥ /♦❧✳ ▼❡❛♥✇❤✐❧❡✱  ❤❡② /❡❝❡✐✈❡ ✜♥❛♥❝✐❛❧ ,✉❜,✐❞✐❡, ❢/♦♠

❣♦✈❡/♥♠❡♥ ✱ ❛♠♦✉♥ ✐♥❣  ♦ ✺✵✪  ♦ ✻✵✪ ♦❢  ♦ ❛❧ ❝♦, , ✭❨✐♣✱ ✷✵✶✵✮✳ ❚❤❡/❡❜②✱

✉/❜❛♥ ♣♦♣✉❧❛ ✐♦♥ ✐, ❧❛/❣❡❧② ❝♦✈❡/❡❞ ❜②  ❤❡ ✇♦/❦✲✉♥✐ ❜❛,❡❞ ▲❛❜♦/ ■♥,✉/✲

❛♥❝❡ ❙②, ❡♠ ❛♥❞ ●♦✈❡/♥♠❡♥ ■♥,✉/❛♥❝❡ ❙②, ❡♠✱ ✇✐ ❤ ,♦♠❡ ❞✐✛❡/❡♥❝❡, ✐♥

 ❤❡ ❧❡✈❡❧ ♦❢ ❜❡♥❡✜ , ❛♠♦♥❣ ❞✐✛❡/❡♥  ②♣❡, ♦❢ ✇♦/❦ ✉♥✐ ,✳ ❚❤❡ ✈❛, /✉/❛❧

♣♦♣✉❧❛ ✐♦♥ ❤❛, ❛❝❝❡,,  ♦ ❜❛,✐❝ ♠❡❞✐❝❛❧ ,❡/✈✐❝❡,  ❤/♦✉❣❤ ❘✉/❛❧ ❈♦♦♣❡/❛ ✐✈❡

▼❡❞✐❝❛❧ ❙❝❤❡♠❡  ❤❛ ❝♦✈❡/✐♥❣ ✾✵✪ ♦❢ ❛❞♠✐♥✐, /❛ ✐✈❡ ✈✐❧❧❛❣❡, ✐♥ ✶✾✼✽✳

❉✉/✐♥❣  ❤✐, ♣❡/✐♦❞✱  ❤❡ ❣♦✈❡/♥♠❡♥ ❤❛, ❛❝❤✐❡✈❡❞ ✐ , ❛✐♠ ♦❢ ❜✉✐❧❞✐♥❣ ✉♣ ✉♥✐✲

✈❡/,❛❧ ❤❡❛❧ ❤ ❝❛/❡ ❜② ♣/♦✈✐❞✐♥❣ ❜❛,✐❝ ♣✉❜❧✐❝ ♠❡❞✐❝❛❧ ,❡/✈✐❝❡ ✇✐ ❤ ❡♠♣❤❛,✐,

♦♥ ♣/❡✈❡♥ ✐✈❡ ❛♥❞ ♣/✐♠❛/② ❝❛/❡✳ H♦♣✉❧❛ ✐♦♥ ❤❡❛❧ ❤ ❤❛, ❜❡❡♥ /❡♠❛/❦❛❜❧②

✐♠♣/♦✈❡❞ ✇✐ ❤ ❧❛/❣❡ ❡①♣❛♥,✐♦♥ ♦❢ ❤❡❛❧ ❤ ✐♥,✉/❛♥❝❡ ❛♥❞ ❛❝❝❡,,✐❜✐❧✐ ② ♦❢ ❜❛✲

,✐❝ ❤❡❛❧ ❤ ,❡/✈✐❝❡,✱ ❛, ✇❡❧❧ ❛,  ❤❡ ✇✐❞❡,♣/❡❛❞ ♦❢ ♣✉❜❧✐❝ ❤❡❛❧ ❤ ✐♥ ❡/✈❡♥ ✐♦♥,✱

❞❡,♣✐ ❡  ❤❡ ✈❡/② ❧✐♠✐ ❡❞ ❛♠♦✉♥ ♦❢  ❡❝❤♥✐❝❛❧ ❛♥❞ ✜♥❛♥❝✐❛❧ /❡,♦✉/❝❡, ✭❍,✐❛♦✱

✶✾✾✺❀ ❊❣❣❧❡, ♦♥✱ ✷✵✶✷✮✳ ❆❝❝♦/❞✐♥❣  ♦ , ❛ ✐, ✐❝,✱ ❛  ❤❡ ❡♥❞ ♦❢ ✶✾✹✾✱  ❤❡  ♦ ❛❧

♣♦♣✉❧❛ ✐♦♥ ✇❛, ✺✹✶✳✻✼ ♠✐❧❧✐♦♥✳ ❚❤❡ ❜✐/ ❤ /❛ ❡ ✇❛, ✸✻ ✪✘✱ ❛♥❞  ❤❡ ♠♦/ ❛❧✲

✐ ② /❛ ❡ ✇❛, ✷✵ ✪✘✳ ❯♥ ✐❧ ✶✾✼✾✱ ❜✐/ ❤ /❛ ❡ ❛♥❞ ♠♦/ ❛❧✐ ② /❛ ❡ ❞❡❝/❡❛,❡❞  ♦

✶✼✳✺✷ ✪✘❛♥❞ ✻✳✷✶ ✪✘/❡,♣❡❝ ✐✈❡❧②✱ ✇❤✐❧❡  ♦ ❛❧ ♣♦♣✉❧❛ ✐♦♥ ✐♥❝/❡❛,❡❞  ♦ ✾✼✺✳✹✷
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*✐✈❡ ✐♥ %❤❡ ✇♦&❧❞

✶✻

✳ ❚❤❡ ✈♦❧✉♠❡ ♦❢ %❤❡ ✧✢♦❛%✐♥❣ ♣♦♣✉❧❛%✐♦♥✧✱ ✐✳❡✳ ♠✐❣&❛♥%*

✇✐%❤♦✉% ❧♦❝❛❧ ❤♦✉*❡❤♦❧❞ &❡❣✐*%&❛%✐♦♥ *%❛%✉*✱ ❛&&✐✈❡❞ ❛% ✷✶✶ ♠✐❧❧✐♦♥ %✐❧❧ ✷✵✵✾✱

✶✹

❙♦✉#❝❡✿ ❈❤✐♥❛ ❙,❛,✐-,✐❝❛❧ ❨❡❛#❜♦♦❦ ✷✵✶✷✳

✶✺

❈❤✐♥❡-❡ 6♦♣✉❧❛,✐♦♥ ❈❡♥-✉- ✐♥ ✶✾✺✸✱ ✶✾✽✷ ❛♥❞ ✷✵✶✵✳ ◆❛,✐♦♥❛❧ ❇✉#❡❛✉ ♦❢ ❙,❛,✐-,✐❝-

♦❢ ❈❤✐♥❛✳

✶✻

▲❛❜♦# ♠✐❣#❛,✐♦♥ ✐♥ ❈❤✐♥❛ ❛♥❞ ▼♦♥❣♦❧✐❛✳ ■♥,❡#♥❛,✐♦♥❛❧ ▲❛❜♦# ❖#❣❛♥✐③❛,✐♦♥✳ ❆✈❛✐❧✲

❛❜❧❡

♦♥❧✐♥❡✿ ❤,,♣✿✴✴✇✇✇✳✐❧♦✳✐♥,✴❜❡✐❥✐♥❣✴❛#❡❛-✲♦❢✲✇♦#❦✴❧❛❜♦✉#✲♠✐❣#❛,✐♦♥✴❧❛♥❣✕❡♥✴✐♥❞❡①✳❤,♠

✶✾



✸✳ ❈❤❛♣&❡( ✸

✼✽✳✼✪ ♦❢ ✇❤✐❝❤ ✇❡+❡ +❡❣✐-.❡+❡❞ ❛- +✉+❛❧ ❤♦✉-❡❤♦❧❞

✶✼

✳ ❚❤❡-❡ ❞+❛♠❛.✐❝ ❞❡✲

♠♦❣+❛♣❤✐❝ ❝❤❛♥❣❡- ❡①♣♦-❡❞ .❤❡ ❤❡❛❧.❤ ❝❛+❡ -②-.❡♠ ✐♥.♦ ❜✐❣ ❝❤❛❧❧❡♥❣❡-✳

❋✐+-.✱ ✐♥ ✉+❜❛♥ ❛+❡❛-✱ ✇✐.❤ .❤❡ ❢❛-. +✐-✐♥❣ ✉+❜❛♥ ♣♦♣✉❧❛.✐♦♥✱ ❢+♦♠ ✼✼✳✷✻

♠✐❧❧✐♦♥ ✐♥ ✶✾✺✸✱ ✶✾✶✳✹✵ ♠✐❧❧✐♦♥ ✐♥ ✶✾✽✵✱ .♦ ✻✷✹✳✵✸ ♠✐❧❧✐♦♥ ✐♥ ✷✵✵✽

✶✽

✱ ♦♥ ♦♥❡

❤❛♥❞✱ ▲❛❜♦+ ■♥-✉+❛♥❝❡ ❙②-.❡♠ ❛♥❞ ●♦✈❡+♥♠❡♥. ■♥-✉+❛♥❝❡ ❙②-.❡♠ ❛❧+❡❛❞②

-✉✛❡+❡❞ ❤❡❛✈② ✜♥❛♥❝✐❛❧ ❜✉+❞❡♥ .♦ ❢✉❧✜❧❧ .❤❡✐+ ❝♦♠♠✐.♠❡♥.-✳ ❖♥ .❤❡ ♦.❤❡+

❤❛♥❞✱ .❤❡ .✇♦ -②-.❡♠- ❝♦✉❧❞ ❜❛+❡❧② -❛.✐-❢② .❤❡ ❣+♦✇✐♥❣ ♣✉❜❧✐❝ ❞❡♠❛♥❞-✱

-✐♥❝❡ .❤❡② ♦♥❧② ❝♦✈❡+❡❞ ❛ ❧✐♠✐.❡❞ ❛♠♦✉♥. ♦❢ ♣❡♦♣❧❡✳ ❚❤❡② ♣+♦✈✐❞❡❞ ♥♦

❝♦✈❡+❛❣❡ ❢♦+ ❡♠♣❧♦②❡❡- .❤❛. ♥♦. ✇♦+❦❡❞ ✐♥ ❣♦✈❡+♥♠❡♥. ❛♥❞ ♣✉❜❧✐❝ ♦+❣❛✲

♥✐③❛.✐♦♥-✱ -.❛.❡✲♦✇♥❡❞ ❛♥❞ ❝♦❧❧❡❝.✐✈❡❧②✲♦✇♥❡❞ ❡♥.❡+♣+✐-❡-✱ ❛♥❞ .❤♦-❡ ✇❤♦

✇❡+❡ -❡❧❢✲❡♠♣❧♦②❡❞✱ ♦+ ❝✉++❡♥.❧② ♥♦. ❡♠♣❧♦②❡❞✳ ▼♦+❡♦✈❡+✱ -.❛.❡✲♦✇♥❡❞ ❛♥❞

❝♦❧❧❡❝.✐✈❡❧②✲♦✇♥❡❞ ❡♥.❡+♣+✐-❡- ✇❡+❡ +❡-.+✉❝.✉+❡❞ .♦ ❞♦✇♥-✐③❡❞✱ ✜♥❛♥❝✐❛❧❧②

✐♥❞❡♣❡♥❞❡♥. ❛♥❞✴♦+ ♣+✐✈❛.✐③❛.✐♦♥ ✉♥❞❡+ ❡❝♦♥♦♠✐❝ +❡❢♦+♠-✱ ✇❤✐❝❤ ❢✉+.❤❡+

✇❡❛❦❡♥❡❞ .❤❡✐+ ❛❜✐❧✐.② .♦ ✜♥❛♥❝❡ ❤❡❛❧.❤ ❝❛+❡ -❡+✈✐❝❡✳ ❚❤❡+❡❢♦+❡✱ ❡♠♣❧♦②❡❡-

✇❡+❡ ✉♥❛❜❧❡ .♦ ❤❛✈❡ .❤❡✐+ ♠❡❞✐❝❛❧ ❡①♣❡♥-❡- +❡✐♠❜✉+-❡❞✱ ❛♥❞ ✇❛- ♣+❛❝.✐❝❛❧❧②

✉♥✐♥-✉+❡❞ ✭▲✐✉ ❡. ❛❧✳✱ ✷✵✵✼❀ ❨✐♣✱ ✷✵✶✵✮✳

▼❡❛♥✇❤✐❧❡✱ ✐♥ +✉+❛❧ ❛+❡❛-✱ ❝♦❧❧❡❝.✐✈❡❧②✲✜♥❛♥❝❡❞ ❛♥❞ ♦+❣❛♥✐③❡❞ ✈✐❧❧❛❣❡ ❤❡❛❧.❤

❝❛+❡ -❡+✈✐❝❡ ✉♥❞❡+ ❘✉+❛❧ ❈♦♦♣❡+❛.✐✈❡ ▼❡❞✐❝❛❧ ❙❝❤❡♠❡ ❝♦❧❧❛♣-❡❞ ❢♦❧❧♦✇✐♥❣

✇✐.❤ .❤❡ ❞✐-✐♥.❡❣+❛.✐♦♥ ♦❢ ❛❣+✐❝✉❧.✉+❛❧ ❝♦♠♠✉♥❡-✳ ❚❤❡ ❝♦❧❧❡❝.✐✈❡ ❢❛+♠✲

✐♥❣ ✇❛- +❡♣❧❛❝❡❞ ❜② ✐♥❞✐✈✐❞✉❛❧ ❤♦✉-❡❤♦❧❞ +❡-♣♦♥-✐❜✐❧✐.② -②-.❡♠ ❢+♦♠ ❡❛+❧②

✶✾✽✵-✱ ✇❤✐❝❤ ✇❛- .❤❡ ✜+-. -.❡♣ ♦❢ ❛❣+✐❝✉❧.✉+❛❧ +❡❢♦+♠ ✭❆✉❞✐❜❡+. ❡. ❛❧✳✱ ✷✵✶✸❀

❍-✐❛♦✱ ✶✾✾✺✮✳ ❚❤✐- ♥❡✇ -②-.❡♠ ✉♥❞❡+♠✐♥❡❞ .❤❡ ❡❝♦♥♦♠✐❝ ❢♦✉♥❞❛.✐♦♥ ♦❢ ❛❧❧

❦✐♥❞- ♦❢ ❝♦♦♣❡+❛.✐✈❡ -❡+✈✐❝❡-✱ ✐♥❝❧✉❞✐♥❣ ❤❡❛❧.❤ ❝❛+❡✱ ❛♥❞ ❝♦♥-❡Y✉❡♥.❧② +❡✲

-✉❧.❡❞ ✐♥ ❛ -❤❛+♣ ❞❡❝❧✐♥❡ ✐♥ ❤❡❛❧.❤ ❝❛+❡ ❝♦✈❡+❛❣❡ ❢+♦♠ ✾✵✪ .♦ ♦♥❧② ✹✳✽✪

✭❲❛♥❣✱ ✷✵✵✸✮✳ ▼♦-. ❜❛+❡❢♦♦. ❞♦❝.♦+- ❛❜❛♥❞♦♥❡❞ ♠❡❞✐❝❛❧ ✇♦+❦ ❛♥❞ +❡✲

.✉+♥❡❞ .♦ ❢❛+♠✐♥❣✳ ❍♦✇❡✈❡+✱ .❤❡ ❣♦✈❡+♥♠❡♥. ❞✐❞ ♥♦. .❛❦❡ ❛♥② +❡♠❡❞✐❛❧

❛❝.✐♦♥✱ ❜✉. ❧❡❢. ✐. .♦ .❤❡ ♠❛+❦❡. ✇✐.❤ ❛ ❧❛✐--❡③✲❢❛✐+❡ ♣♦❧✐❝② ❜② ❞❡❢❛✉❧.✱ ✇❤✐❝❤

❧❡❞ .♦ .❤❡ ✈✐+.✉❛❧❧② ♣+✐✈❛.✐③❛.✐♦♥ ♦❢ +✉+❛❧ ❤❡❛❧.❤ ❝❛+❡ ♣+♦✈✐-✐♦♥ ❛- ♠♦-. ♦❢

.❤❡ ✈✐❧❧❛❣❡ ❝❧✐♥✐❝❛❧ -❡+✈✐❝❡ ✇❡+❡ .❤❡♥ ♦✛❡+❡❞ ❜② ❢❡❡✲❢♦+✲-❡+✈✐❝❡ ♣+✐✈❛.❡ ♣+❛❝✲

.✐.✐♦♥❡+- ✭❍-✐❛♦✱ ✶✾✾✺❀ ▲✐✉ ❡. ❛❧✳✱ ✷✵✵✼✮✳ ❆- ❛ ❝♦♥-❡Y✉❡♥.✱ +✉+❛❧ +❡-✐❞❡♥.-

♠✉-. ♣❛② ❞✐+❡❝.❧② ♦✉. ♦❢ ♣♦❝❦❡. ❢♦+ ❛❧❧ ❤❡❛❧.❤ -❡+✈✐❝❡-✳

❋✉+.❤❡+♠♦+❡✱ ♣✉❜❧✐❝ ❤♦-♣✐.❛❧-✱ ❛- ✇❡❧❧ ❛- ♦.❤❡+ ❤❡❛❧.❤ ❝❛+❡ ♦+❣❛♥✐③❛.✐♦♥-✱

✶✼

❘❡♣♦$% ♦♥ ❈❤✐♥❛✬, ▼✐❣$❛♥% /♦♣✉❧❛%✐♦♥ ❉❡✈❡❧♦♣♠❡♥% ✷✵✶✵✳ ❊❞✳ ◆❛%✐♦♥❛❧ ❍❡❛❧%❤

❛♥❞ ❋❛♠✐❧② /❧❛♥♥✐♥❣ ❈♦♠♠✐,,✐♦♥ ♦❢ ❈❤✐♥❛✳ ❈❤✐♥❛ /♦♣✉❧❛%✐♦♥ /✉❜❧✐,❤✐♥❣ ❍♦✉,❡✳ ❏✉♥❡✱

✷✵✶✵✳

✶✽

❈❤✐♥❡,❡ /♦♣✉❧❛%✐♦♥ ❈❡♥,✉, ✐♥ ✶✾✺✸✱ ✶✾✽✷ ❛♥❞ ✷✵✶✵✳ ◆❛%✐♦♥❛❧ ❇✉$❡❛✉ ♦❢ ❙%❛%✐,%✐❝,

♦❢ %❤❡ /❡♦♣❧❡✬, ❘❡♣✉❜❧✐❝ ♦❢ ❈❤✐♥❛✳

✷✵



 ❡❝❡✐✈❡❞ ❞❡❝ ❡❛'✐♥❣ ❣♦✈❡ ♥♠❡♥, '✉❜'✐❞✐❡'✱ ❢❛❧❧✐♥❣ ,♦ ❛ ♠❡ ❡ ✶✵✪ ♦❢ ,❤❡ ♦ ❣❛✲

♥✐③❛,✐♦♥'✬ ,♦,❛❧  ❡✈❡♥✉❡' ❜② ,❤❡ ❡❛ ❧② ✶✾✾✵' ✭❨✐♣ ❛♥❞ ❍'✐❛♦✱ ✷✵✵✽✮✳ ❇❡❝❛✉'❡✱

,❤♦✉❣❤ ♠❛ ❦❡❞ ✇✐,❤ ❛♥ ✉♥♣ ❡❝❡❞❡♥,❡❞ ❡❝♦♥♦♠✐❝ ❣ ♦✇,❤ ❞✉ ✐♥❣ ,❤❛, , ❛♥✲

'✐,✐♦♥ ♣❡ ✐♦❞✱ ,❤❡ ❣♦✈❡ ♥♠❡♥, ❡①♣❡ ✐❡♥❝❡❞ ❛ ❞ ❛',✐❝  ❡❞✉❝,✐♦♥ ✐♥ ✐,'  ❡✈❡♥✉❡

✇❤✐❝❤ ❝ ✐♣♣❧❡❞ ✐,' ❝❛♣❛❝✐,② ,♦ ❢✉♥❞ ❤❡❛❧,❤ ❝❛ ❡✳ ❯♥❞❡ ,❤✐' '✐,✉❛,✐♦♥✱ ✇❤✐❧❡

❛ ', ✐❝, ♣ ✐❝❡ ❝♦♥, ♦❧ ♦♥ ❞❡❧✐✈❡ ✐♥❣ ❜❛'✐❝ ❤❡❛❧,❤ ❝❛ ❡ ❜❡❧♦✇ ❝♦', ',✐❧❧ ❡①✲

✐',❡❞✱ ❤♦'♣✐,❛❧' ✇❡ ❡ ♣❡ ♠✐,,❡❞ ,♦ ❝❤❛ ❣❡ ❛ ♣ ✐❝❡ ❛❜♦✈❡ ,❤❡ ❝♦', ❢♦ ,❤❡ ♥❡✇

❛♥❞ ❤✐❣❤✲,❡❝❤ ❞✐❛❣♥♦',✐❝ '❡ ✈✐❝❡'✱ ❛♥❞ ♠❛❦❡ ❛ ✶✺✪ ♣ ♦✜, ♠❛ ❣✐♥ ♦♥ ❞ ✉❣

'❡❧❧✐♥❣✱ ✐♥ ♦ ❞❡ ,♦ ❜❡ ✜♥❛♥❝✐❛❧❧② '✉ ✈✐✈❛❧✳ ❍♦✇❡✈❡ ✱ ,❤❡'❡ ♠❡❛'✉ ❡' ❣❡♥✲
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❙♦✉#❝❡✿ ❈❤✐♥❛ ❍❡❛❧.❤ ❙.❛.✐/.✐❝❛❧ ❨❡❛#❜♦♦❦ ✷✵✶✺✱ ❛♥❞ ❞❛.❛❜❛/❡ ♦❢ ◆❛.✐♦♥❛❧ ❇✉#❡❛✉

♦❢ ❙.❛.✐/.✐❝/✳ ◆♦.❡✿ ❯❘❇▼■ /.❛#.❡❞ ❢#♦♠ ✷✵✵✼✳

✸✷



❚❛❜❧❡ ✸✳✺ ✕ !"♦❣"❡&& ♦❢ ❯❊❇▼■ ❛♥❞ ❯❘❇▼■ ✷✵✵✺✲✷✵✶✹

✸✹

✳

❚❛❜❧❡ ✸✳✻ ✕ !"♦❣"❡&& ♦❢ ◆❘❈▼❙ ✷✵✵✺✲✷✵✶✹

✸✼

✳

✸✸



✸✳ ❈❤❛♣&❡( ✸

❋✐❣✉$❡ ✸✳✽ ✕ ▼❛❥♦$ ❈♦♠♣♦♥❡♥23 ❛♥❞ 5$♦❝❡33❡3 ♦❢ ◆❘❈▼❙

 ❧❛♥♥✐♥❣ ♦❢ (❤❡ ◆❛(✐♦♥❛❧ ▼❡❞✐❝❛❧ ❛♥❞ ❍❡❛❧(❤ ❙❡1✈✐❝❡3 ❙②3(❡♠ ✭✷✵✶✻✲✷✵✷✵✮

♣✉" ❢♦%✇❛%❞ "❤❡ ❣♦❛❧ ♦❢ ❡-"❛❜❧✐-❤✐♥❣ ❝♦♠♣%❡❤❡♥-✐✈❡ ✉♥✐✈❡%-❛❧ ❜❛-✐❝ ❤❡❛❧"❤

❝❛%❡ -②-"❡♠ ❜② "❤❡ ②❡❛% ♦❢ ✷✵✷✵✳ ■♥ "❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ✷✵✶✻✱ ❛ ❣✉✐❞❡❧✐♥❡ ❞♦❝✲

✉♠❡♥"✱ ❖♣✐♥✐♦♥3 ♦♥ (❤❡ ■♥(❡❣1❛(✐♦♥ ♦❢ ❇❛3✐❝ ▼❡❞✐❝❛❧ ■♥3✉1❛♥❝❡ ❢♦1 ❯1❜❛♥

❛♥❞ ❘✉1❛❧ ❘❡3✐❞❡♥(3✱ ♣%✐♦%✐"✐③❡❞ "❤❡ ❝♦♠❜✐♥❛"✐♦♥ ♦❢ ❯❘❇▼■ ❛♥❞ ◆❘❈▼❙

✐♥"♦ ♦♥❡ -②-"❡♠✱ ✇❤❡%❡ ✐♥-✉%❡❞ ♣❡%-♦♥ ✇✐❧❧ ❡♥❥♦② "❤❡ -❛♠❡ ♣❛②♠❡♥" -"❛♥✲

❞❛%❞- ❛♥❞ -❝♦♣❡ ♦❢ -✉❜-✐❞✐❡-✳ ❆ ✉♥✐✜❡❞ ❛♥❞ -"❛♥❞❛%❞✐③❡❞ ✐♥-✉%❛♥❝❡ ♣%❛❝"✐❝❡

✐- ❡①♣❡❝"❡❞ "♦ ❡♥-✉%❡ ❡I✉❛❧ ♠❡❞✐❝❛❧ "%❡❛"♠❡♥"- ❛♥❞ ❤❡❛❧"❤ ❝❛%❡ ❢♦% "❤♦-❡

✇❤♦ ❛%❡ ✐♥-✉%❡❞✳ ■" ✐- %❡♣♦%"❡❞ "❤❛" ✷✵ ♣%♦✈✐♥❝❡- ❤❛✈❡ ✜♥✐-❤❡❞ ♦% ♦♥ "❤❡

♣%♦❝❡-- ♦❢ "❤❡ ✐♥"❡❣%❛"✐♦♥

✸✽

✳

✸✳✹✳✸ ❖$❣❛♥✐③❛*✐♦♥ ♦❢ ❍❡❛❧*❤ ❈❛$❡ ❉❡❧✐✈❡$②

❍♦-♣✐"❛❧ ♠❛""❡%- -✐❣♥✐✜❝❛♥"❧② ✐♥ ♣%♦✈✐❞✐♥❣ ♠❡❞✐❝❛❧ ❤❡❛❧"❤ ❝❛%❡ -❡%✈✐❝❡✱ ❛-

❞✐-❝✉--❡❞ ✐♥ ♣%❡✈✐♦✉- ♣❛%"✳ ❍❡❛❧"❤ ❝❛%❡ ❞❡❧✐✈❡%② -②-"❡♠ ✐♥ ❈❤✐♥❛ ✐- ♠❛✐♥❧②

❝♦♠♣♦-❡❞ ✇✐"❤ "❤%❡❡ ♣❛%"✐❡-✳ ❚❤❡ ♣%✐♥❝✐♣❛❧ ♦♥❡ ✐- "❤❡ ❤♦-♣✐"❛❧ ❛" ❞✐✛❡%❡♥"

❧❡✈❡❧-✳ ❚❤❡ -❡❝♦♥❞ ✐- "❤❡ ❣%❛--%♦♦"- ♠❡❞✐❝❛❧ ❛♥❞ ❤❡❛❧"❤ ✐♥-"✐"✉"✐♦♥✱ -✉❝❤ ❛-

✈✐❧❧❛❣❡ ❝❧✐♥✐❝-✱ "♦✇♥-❤✐♣ ❤❡❛❧"❤ -❡%✈✐❝❡✱ ❛♥❞ ❝♦♠♠✉♥✐"② ❤❡❛❧"❤ -❡%✈✐❝❡✳ ❚❤❡

❧❛-" ✐- "❤❡ -♣❡❝✐❛❧✐③❡❞ ♣✉❜❧✐❝ ❤❡❛❧"❤ ♦%❣❛♥✐③❛"✐♦♥✱ -✉❝❤ ❛- ❈❤✐♥❡-❡ ❈❡♥"❡%

❢♦% ❉✐-❡❛-❡ ❈♦♥"%♦❧ ❛♥❞ N%❡✈❡♥"✐♦♥

✸✾

✳ ❆♠♦♥❣ ✇❤✐❝❤✱ ❤♦-♣✐"❛❧ ❜❡❛%- "❤❡

♠♦-" ✐♠♣♦%"❛♥" %❡-♣♦♥-✐❜✐❧✐"② ✐♥ ❞❡❧✐✈❡%✐♥❣ ♠❡❞✐❝❛❧ -❡%✈✐❝❡ ✐♥❝❧✉❞✐♥❣ ♦✉"✲

✸✽

❙♦✉#❝❡✿ '#❡(( ❝♦♥❢❡#❡♥❝❡ ♦❢ ▼✐♥✐(-#② ♦❢ ❍✉♠❛♥ ❘❡(♦✉#❝❡ ❛♥❞ ❙♦❝✐❛❧ ❙❡❝✉#✐-② ♦♥

❖❝-♦❜❡# ✷✺✱ ✷✵✶✻✳ ❆✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡✿ ❤--♣✿✴✴✇✇✇✳❣♦✈✳❝♥✴①✐♥✇❡♥✴✷✵✶✻✲✶✵✴✷✺✴❝♦♥-❡♥-✲

✺✶✷✸✾✽✾✳❤-♠

✸✾

❈❤✐♥❛ ❍❡❛❧-❤ ❙-❛-✐(-✐❝❛❧ ❨❡❛#❜♦♦❦ ✷✵✶✺✳

✸✹



♣❛"✐❡♥" ❛♥❞ ✐♥♣❛"✐❡♥"✱ ✇❤✐❝❤ ❛❜,♦.❜✐♥❣ ✷✳✾✪ ♦❢ ●❉7

✹✵

✳ ❍♦,♣✐"❛❧, ❝❛♥ ❜❡

❞✐✈✐❞❡❞ ❛, ♣✉❜❧✐❝ ❛♥❞ ♣.✐✈❛"❡ ❤♦,♣✐"❛❧, ❝♦♥,✐❞❡.✐♥❣ "❤❡ ♦✇♥❡.,❤✐♣✳ ❋.♦♠

"❤❡ "②♣❡ ♦❢ "❤❡ ♠❡❞✐❝❛❧ ,❡.✈✐❝❡ ♣.♦✈✐❞❡❞✱ "❤❡.❡ ❛.❡ ❣❡♥❡.❛❧ ❤♦,♣✐"❛❧ ✭❲❡,"✲

❡.♥ ▼❡❞✐❝✐♥❡ ,"②❧❡✮✱ ❚.❛❞✐"✐♦♥❛❧ ❈❤✐♥❡,❡ ▼❡❞✐❝✐♥❡ ❤♦,♣✐"❛❧✱ ❛♥❞ ,♣❡❝✐❛❧"②

❤♦,♣✐"❛❧✳ ❲❤❛"✬, ♠♦.❡ ✐♠♣♦."❛♥"✱ ❜❛,❡❞ ♦♥ "❤❡ ❝♦♠♣.❡❤❡♥,✐✈❡ ♠❡❞✐❝❛❧

,❡.✈✐❝❡ G✉❛❧✐"②✱ ❝♦♠❜✐♥✐♥❣ ✇✐"❤ "❤❡ ❧❡✈❡❧ ♦❢ ,❡.✈✐❝❡ ♣.♦✈✐,✐♦♥✱ ,✐③❡✱ ♠❡❞✐❝❛❧

❡G✉✐♣♠❡♥" ❛♥❞ "❡❝❤♥♦❧♦❣②✱ ♠❡❞✐❝❛❧ ❡❞✉❝❛"✐♦♥ ❛♥❞ .❡,❡❛.❝❤✱ ❡"❝✱ ❤♦,♣✐"❛❧,

❛.❡ ❞✐✈✐❞❡❞ ✐♥"♦ "❤.❡❡ ❣.❛❞❡,✱ ♣.✐♠❛.②✱ ,❡❝♦♥❞❛.② ❛♥❞ "❡."✐❛.②✳ ❊❛❝❤ ❣.❛❞❡

✐, ❢✉."❤❡. ,✉❜❞✐✈✐❞❡❞ ✐♥"♦ "❤.❡❡ ❝❧❛,,❡,✱ ❆✱ ❇ ❛♥❞ ❈ ✭❏✐❛✱ ❨✐✱ ❛♥❞ ❇✐♥❣✱

✐♥ ❈❤✐♥❡,❡✮✳ ❚❤❡.❡❢♦.❡✱ "♦"❛❧❧② "❤❡.❡ ❛.❡ ♥✐♥❡ ❧❡✈❡❧, ❢♦. ❤♦,♣✐"❛❧ .❛♥❦✐♥❣

✐♥ ❈❤✐♥❛✳ ❋♦. ❡①❛♠♣❧❡✱ "❤❡ ❤✐❣❤❡," ❧❡✈❡❧ ✐, ❧❛❜❡❧❡❞ ❛, ✸❆✳ ❚❤❡ ❤✐❡.❛.❝❤②

,②,"❡♠ ❧❡❛❞, "♦ ✐♠❜❛❧❛♥❝❡ ❞✐,".✐❜✉"✐♦♥ ♦❢ ♠❡❞✐❝❛❧ .❡,♦✉.❝❡ ❛♥❞ ✐♥❡✣❝✐❡♥"

✉"✐❧✐③❛"✐♦♥✳

 ✉❜❧✐❝ ❤♦(♣✐*❛❧

7✉❜❧✐❝ ❤♦,♣✐"❛❧ ❤❛, ❞♦♠✐♥❛"❡❞ "❤❡ ♠❡❞✐❝❛❧ ❛♥❞ ❤❡❛❧"❤ ,❡.✈✐❝❡ ❞❡❧✐✈❡.②✱ ,✐♥❝❡

❈❤✐♥❛ ✐, ❝❤❛.❛❝"❡.✐③❡❞ ✇✐"❤ ,♦❝✐❛❧✐,♠✳ ❆❣❣❧♦♠❡.❛"❡❞ ✇✐"❤ ♠❛❥♦.✐"② ♦❢ ✇❡❧❧✲

".❛✐♥❡❞ ❞♦❝"♦., ❛♥❞ ❣♦✈❡.♥♠❡♥" ❢✉♥❞✐♥❣✱ ♣✉❜❧✐❝ ❤♦,♣✐"❛❧ ♣❧❛②, ❛ ❝.✐"✐❝❛❧ .♦❧❡

✐♥ ❤❡❛❧"❤ ,❡.✈✐❝❡ ♣.♦✈✐,✐♦♥✳ ❯♥❢♦."✉♥❛"❡❧②✱ "❤❡ ❢♦❧❦ ,❧♦❣❛♥ ✧❛❝❝❡,, "♦ ❤❡❛❧"❤

❝❛.❡ ✐, ❡①♣❡♥,✐✈❡ ❛♥❞ ❞✐✣❝✉❧"✧ ✭❑❛♥ ❇✐♥❣ ◆❛♥✱ ❑❛♥ ❇✐♥❣ ●✉✐✱ ✐♥ ❈❤✐♥❡,❡✮

❝❛♣"✉.❡, "❤❡ ❣.❡❛" ♣✉❜❧✐❝ ❝♦♥❝❡.♥✭❊❣❣❧❡,"♦♥✱ ✷✵✶✷✮✳ ❯♥❧✐❦❡ ♠❛♥② ❊❯ ❝♦✉♥✲

".✐❡,✱ "❤❡.❡ ✐, ♥♦ ❣❛"❡ ❦❡❡♣✐♥❣ ,②,"❡♠ ✐♥ ❈❤✐♥❛✳ 7❛"✐❡♥", ❛.❡ ♥♦.♠❛❧❧② ❢.❡❡

"♦ ❝❤♦♦,❡ ❛♥② ,❡.✈✐❝❡ ♣.♦✈✐❞❡.✳ ❍❡♥❝❡✱ ❛ ❧❛.❣❡ ♥✉♠❜❡. ♦❢ ♣.✐♠❛.② ❧❡✈❡❧ ♣❛✲

"✐❡♥", ❞✐.❡❝"❧② ✈✐,✐" "❤❡ ,❡❝♦♥❞❛.② ❛♥❞ "❡."✐❛.② ❤♦,♣✐"❛❧, ✐♥ ❜❡❧✐❡✈✐♥❣ "❤❛"

"❤❡ ❤✐❣❤❡. .❛♥❦✐♥❣ ❤♦,♣✐"❛❧, ♦✛❡. ❞✐❛❣♥♦,✐, ❛♥❞ ".❡❛"♠❡♥" ✐♥ ❛ ♠✉❝❤ ❜❡""❡.

❛♥❞ ❡✛❡❝"✐✈❡ ✇❛②✳ ◆♦" ,✉.♣.✐,✐♥❣❧②✱ "❤❡ ❧❛.❣❡ ❛♥❞ ♣.❡,"✐❣✐♦✉, ✸❆ ❤♦,♣✐"❛❧,

❛.❡ ❛❧✇❛②, ❜✉,② ❢♦. ✈✐,✐"✱ ✇❤✐❧❡ ,♦♠❡ ,♠❛❧❧ ❤♦,♣✐"❛❧, ❛.❡ ❧❡❢" ✐♥ ✐❞❧❡✳

❚❤❡ ❞✐,❝✉,,✐♦♥ ♦♥ ❤♦,♣✐"❛❧ .❡❢♦.♠ ❤❛, ,"❛."❡❞ ❢.♦♠ ❡❛.❧② ✶✾✾✵,✱ ❛♥❞ ❜.♦✲

❦❡♥ ♦✉" ✐♥ ❡❛.❧② ✷✵✵✵,✱ ❡✈♦❧✈✐♥❣ ✇✐"❤ "❤❡ ♠❛.❦❡"✲♦.✐❡♥"❡❞ ❡❝♦♥♦♠✐❝ .❡❢♦.♠✳
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❙♦✉#❝❡✿ ❈❤✐♥❛ ❍❡❛❧.❤ ❙.❛.✐/.✐❝❛❧ ❨❡❛#❜♦♦❦ ✷✵✶✺✱ ❛♥❞ ❞❛.❛❜❛/❡ ♦❢ ◆❛.✐♦♥❛❧ ❇✉#❡❛✉

♦❢ ❙.❛.✐/.✐❝/✳
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✸✳ ❈❤❛♣&❡( ✸

❤❡❛❧$❤ ❝❛&❡ '②'$❡♠✳ ▼♦&❡♦✈❡&✱ ❚❈▼ ✐' ❢✉&$❤❡& ♣&♦♠♦$❡❞ ❜② ❈❤✐♥❡'❡ ❣♦✈❡&♥✲

♠❡♥$ ✐♥ &❡❝❡♥$ ②❡❛&'✳ :&❡'✐❞❡♥$ ❳✐ ❏✐♥❣♣✐♥❣ ❤❛' ❛❞❞&❡''❡❞ $❤❡ '✐❣♥✐✜❝❛♥❝❡

♦❢ ❚❈▼ $♦ $&❛❞✐$✐♦♥❛❧ ❝✉❧$✉&❛❧ &❡♥❛✐''❛♥❝❡ ✐♥ '❡✈❡&❛❧ ✐♠♣♦&$❛♥❝❡ ♦❝❝❛'✐♦♥'✳

❚❤✐' '❡❝$✐♦♥ ❣✐✈❡' ❛♥ ♦✈❡&✈✐❡✇ ♦♥ ❚❈▼ ♣❤✐❧♦'♦♣❤②✱ ♣&❛❝$✐❝❡✱ ❞❡✈❡❧♦♣♠❡♥$

❛♥❞ ✐$' &♦❧❡ ✐♥ ❤❡❛❧$❤ ❝❛&❡ '②'$❡♠✱ ✇❤✐❝❤ ❛❧'♦ ❡♥$❛✐❧' ❜❡$$❡& ✉♥❞❡&'$❛♥❞✐♥❣

♦❢ ❝❤❛♣$❡& ✻✳

✸✳✺✳✶ $❤✐❧♦)♦♣❤② ❛♥❞ ❚0❡❛2♠❡♥2 ♦❢ ❚❈▼

❚❈▼ ✐' ❞✐✛❡&❡♥$ $♦ ❲❡'$❡&♥ ▼❡❞✐❝✐♥❡ ✭❲▼✮ ✐♥ $❤❡♦&② ❛♥❞ ♣&❛❝$✐❝❡✳ ❚❈▼

❝♦♥❝❡&♥' ♦♥ $❤❡ ❤♦❧✐'$✐❝ ✐♥$❡&&❡❧❛$✐♦♥'❤✐♣ ❛♥❞ ❜❛❧❛♥❝❡ ♦❢ ♥❛$✉&❡ ❛♥❞ ❤✉✲

♠❛♥✳ ❊❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ✐' ❛ ♣❛&$ ♦❢ ❛ ❜✐❣❣❡& ❝♦♠♣❧❡①✱ $❤❡ ✉♥✐✈❡&'❡✱ ✇❤❡&❡

$❤❡&❡ ❛&❡ ❧❛✇' $♦ &❡❣✉❧❛$❡ $❤❡ ♥❛$✉&❡ ❛♥❞ ♠❛♥❦✐♥❞✳ ❚❤❡ ❤✉♠❛♥ ❜♦❞② ✐'

❛♥ ♦&❣❛♥✐❝ ♣❛&$ ♦❢ $❤❡ ♥❛$✉&❡ ❛♥❞ ❤❡❛❧$❤ ❞❡♣❡♥❞✐♥❣ ♦♥ $❤❡ ❜❛❧❛♥❝❡❞ ❛♥❞

❤❛&♠♦♥✐❝ ✐♥♥❡& ❛♥❞ ♦✉$❡& ❡♥✈✐&♦♥♠❡♥$✳ ❍❡❛❧✐♥❣ ✐' ❛ ♥❛$✉&❛❧ ♣&♦❝❡'' $❤❛$

❝❛♥ ❜❡ ♣&♦♠♦$❡❞ ❜② ❛♣♣&♦♣&✐❛$❡ ♥✉$&✐$✐♦♥ ❛♥❞ ❧✐❢❡'$②❧❡✳ ❚❈▼ ♣✉&♣♦'❡'

$♦ &❡'$♦&❡ ❛♥❞ ❤❛&♠♦♥✐③❡ ♥♦&♠❛❧ ❜♦❞② ❢✉♥❝$✐♦♥ $❤&♦✉❣❤ '$&❡♥❣$❤❡♥✐♥❣ $❤❡

❜♦❞②✬' ♦✇♥ &❡'✐'$❛♥❝❡ ♦❢ ♥❡✉$&❛❧✐③✐♥❣ ♦& ♠✐♥✐♠✐③✐♥❣ ❛♥② $♦①✐❝✐$② ♦❢ $❤❡ ✐♥❞✐✲

✈✐❞✉❛❧ ❝♦♥'$✐$✉❡♥$' ✭❇❡♥'❦② ❛♥❞ ❇❛&♦❧❡$✱ ✶✾✾✵❀ ❇❡♥'❦② ❛♥❞ ●❛♠❜❧❡✱ ✶✾✾✸✮✳

❆''❡''♠❡♥$ ♦❢ ❚❈▼ ✐' ♦♥ $❤❡ ❜❛'✐' ♦❢ ❛ &❛♥❣❡ ♦❢ ✉♥✐R✉❡ ❞✐❛❣♥♦'$✐❝ ❛♥❞

$&❡❛$♠❡♥$ ♠❡$❤♦❞'✱ ✐♥❝❧✉❞✐♥❣ ♣✉❧'❡ $❛❦✐♥❣✱ ❢❛❝✐❛❧ ❛♥❞ $♦♥❣✉❡ ❞✐❛❣♥♦'✐'✳

❚❤❡② ❛&❡ ❞❡&✐✈❡❞ ❢&♦♠ $✇♦ ❢✉♥❞❛♠❡♥$❛❧ $❤❡♦&✐❡'✱ ❨✐♥ ❨❛♥❣✱ ❛♥❞ ❲✉ ❳✐♥❣

✭♦& ❋✐✈❡ ❊❧❡♠❡♥$'✮✿ ♠❡$❛❧✱ ✇♦♦❞✱ ✇❛$❡&✱ ✜&❡ ❛♥❞ ❡❛&$❤✱ ✇❤✐❝❤ ❛&❡ ❜❡❧✐❡✈❡❞

❜② ❛♥❝✐❡♥$ ❈❤✐♥❡'❡ ♣❡♦♣❧❡ $♦ ❡①♣❧❛✐♥ ❛❧❧ ❝❤❛♥❣❡' ❛♥❞ ♥❛$✉&❛❧ ♣❤❡♥♦♠❡♥❛

✐♥ $❤❡ ✉♥✐✈❡&'❡✱ ❛' ✇❡❧❧ ❛' $❤❡ ❤✉♠❛♥ ❜❡✐♥❣ ✭▲✐ ❛♥❞ ❈❤❡♥❣✱ ✶✾✽✼✮✳ ❨✐♥

❨❛♥❣ $❤❡♦&② ❤♦❧❞' $❤❛$ $❤❡ ✉♥✐✈❡&'❡ ✐' ❛ ✇❤♦❧❡ ✇✐$❤ ❛ ❝♦♠♣♦'✐$✐♦♥ ♦❢ $✇♦

♦♣♣♦'✐$❡'✱ ❨✐♥ ❛♥❞ ❨❛♥❣✳ ❚❤❡② ❛&❡ ✐♥$❡&❞❡♣❡♥❞❡♥$✱ ❛♥❞ ❝❛♥ $&❛♥'❢♦&♠ ✐♥$♦

❡❛❝❤ ♦$❤❡&✳ ❚❤❡✐& ❡R✉✐❧✐❜&✐✉♠ ❡♥'✉&❡' $❤❡ ❤❛&♠♦♥② ♦❢ ♣❤②'✐❝❛❧ ✇♦&❧❞✱ ❛'

✇❡❧❧ ❛' $❤❡ ❤✉♠❛♥ ❜♦❞② ✭▲❛♦✱ ✶✾✾✾✮✳ ❲✉ ❳✐♥❣ $❤❡♦&②✱ ♦& ❋✐✈❡ ❊❧❡♠❡♥$'

$❤❡♦&②✱ ❜❡❧✐❡✈❡' $❤❛$ $❤❡ ✉♥✐✈❡&'❡ ❝♦♥'✐'$' ♦❢ ✜✈❡ ❜❛'✐❝ ❡❧❡♠❡♥$' $❤❛$ ❛&❡

❡❝♦❧♦❣✐❝❛❧❧② &❡❧❛$❡❞ ✇✐$❤ ❡❛❝❤ ♦$❤❡&✳ ■$ ❛✐♠' $♦ ❞❡'❝&✐❜❡ $❤❡ ♣❤✐❧♦'♦♣❤✐✲

❝❛❧ &❡❧❛$✐♦♥'❤✐♣' ❜❡$✇❡❡♥ $❤❡ ❤✉♠❛♥ ❜♦❞② ❛♥❞ $❤❡ ❡①$❡&♥❛❧ ❡♥✈✐&♦♥♠❡♥$✱

$❤❡ ♣❤②'✐♦❧♦❣✐❝❛❧ ❛♥❞ ♣❛$❤♦❧♦❣✐❝❛❧ ✐♥$❡&❛❝$✐♦♥' ❛♠♦♥❣ $❤❡ ✐♥$❡&♥❛❧ ♦&❣❛♥'

✇✐$❤✐♥ ❛ ❤✉♠❛♥ ❜♦❞② ✭▲❛♦ ❡$ ❛❧✳✱ ✷✵✶✷✮✳ ❇❛'❡❞ ♦♥ $❤❡ ♣&✐♥❝✐♣❧❡'✱ ❚❈▼

&❡❣❛&❞' $❤❡ ❤✉♠❛♥ ♣❤②'✐♦❧♦❣✐❝❛❧ ❢✉♥❝$✐♦♥' ❛&❡ ♠❛✐♥$❛✐♥❡❞ ❜② ◗✐✱ ❩❛♥❣ ❋✉

✭♦& ✐♥$❡&♥❛❧ ♦&❣❛♥'✮✱ ❜❧♦♦❞✱ ❜♦❞✐❧② ✢✉✐❞' ❛♥❞ ❏✐♥❣ ▲✉♦ ✭♦& ♠❡&✐❞✐❛♥' ❛♥❞

❝♦❧❧❛$❡&❛❧'✮✳ ◗✐ ❞❡♥♦$❡' $❤❡ ✈✐$❛❧ ❡♥❡&❣②✱ ✇❤✐❝❤ ✐' ❛♥ ❡''❡♥$✐❛❧ '✉❜'$❛♥❝❡ ✐♥
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♠❛✐♥$❛✐♥✐♥❣ $❤❡ ❛❝$✐✈✐$✐❡* ♦❢ ❧✐❢❡✳ ✭▲❛♦ ❡$ ❛❧✳✱ ✷✵✶✷✮✳ ■❢ $❤❡ ♥♦7♠❛❧ ✢♦✇ ♦❢

❡♥❡7❣②✱ ✐✳❡✳ ◗✐✱ $❤7♦✉❣❤ ❛ ♠❡7✐❞✐❛♥ ✐* ♦❜*$7✉❝$❡❞✱ *②♠♣$♦♠* ♦❝❝✉7✳

❲❤❡♥ ✐❧❧♥❡** ♦❝❝✉7*✱ ❛ ❚❈▼ ♣7❛❝$✐$✐♦♥❡7 ❛♥❛❧②③❡* $❤❡ *②♠♣$♦♠* ❜② ✉*✲

✐♥❣ ❢♦✉7 ❞✐❛❣♥♦*$✐❝ ♠❡$❤♦❞* ♦❢ ❚❈▼✿ ✐♥*♣❡❝$✐♦♥✱ ❛✉*❝✉❧$❛$✐♦♥✱ ♦7 ❧✐*$❡♥✐♥❣✱

✐♥G✉✐7✐♥❣✱ ❛♥❞ ♣❛❧♣❛$✐♦♥✳ ❆* ❢♦7 $❤❡7❛♣②✱ ❚❈▼ ✐♥✈♦❧✈❡* ❛ ✇✐❞❡ 7❛♥❣❡ ♦❢

♠♦❞❛❧✐$✐❡* ❛♥❞ $❡❝❤♥✐G✉❡*✳ ❚❤❡ ♠♦*$ ✇❡❧❧✲❦♥♦✇♥ ♣7❛❝$✐❝❡* ♣7♦❜❛❜❧② ❛7❡

❈❤✐♥❡*❡ ❤❡7❜❛❧ ♠❡❞✐❝✐♥❡ ❛♥❞ ❛❝✉♣✉♥❝$✉7❡✳ ❈❤✐♥❡*❡ ❤❡7❜❛❧ ♠❡❞✐❝✐♥❡ ✐♥✲

❝❧✉❞❡* ♣❧❛♥$*✱ ♠✐♥❡7❛❧*✱ ❛♥❞ ❛♥✐♠❛❧ ♣❛7$*✱ ❝❛$❡❣♦7✐③❡❞ ❜② ♥❛$✉7❡✱ ✢❛✈♦7✱

❛♥❞ ❢✉♥❝$✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉*❡❞ ✐♥$❡7♥❛❧ ❛♥❞ ❡①$❡7♥❛❧✳ ❚❤❡7❡ ❛7❡ ❛♣✲

♣7♦①✐♠❛$❡❧② ✻✱✵✵✵ ♣7♦❞✉❝$* ❛✈❛✐❧❛❜❧❡ ❛* *♣❡❝✐✜❡❞ ✐♥ $❤❡ M❤❛7♠❛❝♦♣♦❡✐❛✳

❆❝✉♣✉♥❝$✉7❡ ✐♥✈♦❧✈❡* $❤❡ ✉*❡ ♦❢ ♥❡❡❞❧❡* ✐♥*❡7$✐♥❣ ❛$ *♣❡❝✐✜❝ ❛❝✉♣♦✐♥$* ♦♥

$❤❡ ❜♦❞② ✐♥ ♦7❞❡7 $♦ ♠❛♥✐♣✉❧❛$❡ $❤❡ ✈✐$❛❧ ❡♥❡7❣② ♦7 ◗✐✳ ❖$❤❡7 $❤❡7❛♣✐❡* ❛7❡

❧✐❦❡ ❈❤✐♥❡*❡ ♠❛**❛❣❡ ✭❚✉✐ ◆❛✮✱ ♠♦①✐❜✉*$✐♦♥✱ ❛✉7✐❝✉❧♦$❤❡7❛♣②✱ ❝✉♣♣✐♥❣✱ ●✉❛

❙❤❛ ✭*❝7❛♣♣✐♥❣✮✱ ❉✐❡✲❞❛ ✭❜♦♥❡✲*❡$$✐♥❣✮✱ ◗✐❣♦♥❣ ❛♥❞ ❚❛✐ ❈❤✐✱ ❢♦♦❞ $❤❡7❛♣②✱

$♦ ♦♥❧② ♥❛♠❡ ❛ ❢❡✇✳

✸✳✺✳✷ ❍✐&'♦)✐❝❛❧ ❉❡✈❡❧♦♣♠❡♥' ♦❢ ❚❈▼

❚❈▼ ❤❛* ❡✈♦❧✈❡❞ ♦✈❡7 $❤♦✉*❛♥❞ ♦❢ ②❡❛7* ✇✐$❤ ❛ ❤✉❣❡ ❛♠♦✉♥$ ♦❢ ❤✐*$♦7✐❝❛❧

❧✐$❡7❛$✉7❡ ❡❧❛❜♦7❛$✐♥❣ ✐$* $❤❡♦7✐❡*✳ ❚❤❡ ❡❛7❧✐❡*$ 7❡❝♦7❞* ❝❛♥ ❜❡ $7❛❝❡❞ $♦ $❤❡

❆♥❝✐❡♥$ ♦7 ▲❡❣❡♥❞❛7② M❡7✐♦❞ ✭✷✻✾✼✲✶✶✷✷ ❇✳❈✳✮✱ ✇❤✐❝❤ ✇❡7❡ ❧❛7❣❡❧② ♠②$❤♦✲
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❡❞❣❡ ♦♥ ("❡❛(♠❡♥(, ♦❢ ❝❤"♦♥✐❝ ❞✐,❡❛,❡✱ ✐♥❝❧✉❞✐♥❣ ✈❛"✐♦✉, ♥♦♥✲❞"✉❣ (❤❡"❛♣✐❡,✱

❧✐❦❡ ❛❝✉♣✉♥❝(✉"❡ ♦" ❝✉♣♣✐♥❣✳ ❆ ❧❛"❣❡ ♥✉♠❜❡" ♦❢ ❝❧✐♥✐❝ ♣"❛❝(✐❝❡ ,(✉❞✐❡,✱

✐♥❝❧✉❞✐♥❣ "❛♥❞♦♠✐③❡❞ ❝♦♥("♦❧❧❡❞ ❛♥❞ ,②,(❡♠❛(✐❝ "❡✈✐❡✇,✱ ❤❛✈❡ ♣"♦✈❡❞ ♣♦,✐✲

(✐✈❡ "❡,✉❧( ♦❢ ❚❈▼ ("❡❛(♠❡♥( ♦♥ ❝❤"♦♥✐❝ ❞✐,❡❛,❡, ✭❲❛♥❣✱ ✷✵✵✵❀ ❈♦✈✐♥❣(♦♥✱

✷✵✵✶❀ ◆♦"♠✐❧❡✱ ✷✵✵✸❀ ▲❛♦ ❡( ❛❧✳✱ ✷✵✶✷❀ ❲❛♥❣✱ ✷✵✶✸✮✳ ❚❤✐, ✐, ❡,♣❡❝✐❛❧❧② ✐♠✲

♣♦"(❛♥( ❢♦" ❈❤✐♥❡,❡ ,♦❝✐❛❧ ❛♥❞ ❡❝♦♥♦♠✐❝ ❞❡✈❡❧♦♣♠❡♥( ✐♥ ♥❡①( ❞❡❝❛❞❡,✱ ❛,

❈❤✐♥❛ ✐, "❛♣✐❞❧② ❛❣❡✐♥❣ ✇✐(❤ ♣"❡✈❛❧❡♥❝❡ ♦❢ ❝❤"♦♥✐❝ ❞✐,❡❛,❡✳ ❆❝❝♦"❞✐♥❣ (♦

✷✵✶✵ I♦♣✉❧❛(✐♦♥ ❈❡♥,✉,✱ ♣❡♦♣❧❡ ❛❣❡❞ ✻✵ ♦" ♦✈❡" ♦❝❝✉♣✐❡❞ ✶✸✳✷✻✪ ♦❢ (♦(❛❧

✹✺

❙♦✉#❝❡✿ ❖✉(❧✐♥❡ ❛♥❞ (❤❡ ■♠♣❧❡♠❡♥(❛(✐♦♥ 2❧❛♥ ❢♦# ❉❡❡♣❡♥✐♥❣ (❤❡ ▼❡❞✐❝❛❧ ❛♥❞ ❍❡❛❧(❤

❈❛#❡ ❙②:(❡♠ ❘❡❢♦#♠ ❉✉#✐♥❣ (❤❡ ❚✇❡❧❢(❤ ❋✐✈❡✲❨❡❛# 2❧❛♥✳ ▼❛#❝❤ ✶✹✱ ✷✵✶✷
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♣♦♣✉❧❛%✐♦♥✱ ❛♠♦♥❣ ✇❤✐❝❤✱ ♣❡♦♣❧❡ ❛❣❡❞ ✻✺ ♦2 ♦✈❡2 ❛❝❝♦✉♥%❡❞ ❢♦2 ✽✳✽✼✪

✹✻

✳

❚❤❡ ✜❣✉2❡; 2❡❛❝❤❡❞ %♦ ✶✻✳✶✪ ❛♥❞ ✶✵✳✺✪ 2❡;♣❡❝%✐✈❡❧② ✐♥ ✷✵✶✺
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✳ ❚❤✐; ✐♠✲

♣❧✐❡; %❤❛% ❝❤2♦♥✐❝ ❞✐;❡❛;❡;✱ ♦2 ❢♦2♠❛❧❧② ♥♦♥✲❝♦♠♠✉♥✐❝❛❜❧❡ ❞✐;❡❛;❡; ✭◆❈❉;✮✱

;✉❝❤ ❛; ❤②♣❡2%❡♥;✐♦♥✱ ❞✐❛❜❡%❡;✱ ❝❛2❞✐♦✈❛;❝✉❧❛2 ❞✐;❡❛;❡✱ ❝❛♥❝❡2 ❆❧③❤❡✐♠❡2✬;

❞✐;❡❛;❡ ❛♥❞ ;♦ ♦♥✱ ❤❛✈❡ ❜❡❝♦♠❡ ♣2✐♥❝✐♣❛❧ ♣✉❜❧✐❝ ❤❡❛❧%❤ ❦✐❧❧❡2;✱ ❛♥❞ ❧❡❛❞

%♦ %❤❡ ✐♥❝2❡❛;❡ ✐♥ ❜✉2❞❡♥ ♦❢ ❞✐;❡❛;❡ ✐♥ %❡2♠; ♦❢ ❤✉♠❛♥ ;✉✛❡2✐♥❣✱ ❤❡❛❧%❤

❝❛2❡ ;②;%❡♠✱ ❛♥❞ ;♦❝✐♦❡❝♦♥♦♠✐❝ ❣2♦✇%❤ ✭❙✉❤2❝❦❡ ❡% ❛❧✳✱ ✷✵✵✻✮✳ ❲♦2❧❞ ❇❛♥❦

✭✷✵✶✶✮ 2❡♣♦2%; %❤❛% ◆❈❉; ❝♦♥%2✐❜✉%❡❞ %♦ ✻✽✳✻✪ ♦❢ %❤❡ %♦%❛❧ ❞✐;❡❛;❡ ❜✉2✲

❞❡♥ ♦❢ ❈❤✐♥❛✱ ❛♥❞ ◆❈❉✲2❡❧❛%❡❞ ♠♦2❜✐❞✐%② ❛❝❝♦✉♥%; ❢♦2 ♠♦2❡ %❤❛♥ ✾✵✪ ♦❢

%❤❡ %♦%❛❧ ◆❈❉; ❜✉2❞❡♥✳ ■♥ ❝♦♥%2❛;%✱ 2❡❞✉❝✐♥❣ %❤❡ ❈❱❉ ♠♦2%❛❧✐%②✱ ;❛②✱ ❜②

✶✪ ♣❡2 ②❡❛2 ♦✈❡2 ❛ ✸✵✲②❡❛2 ♣❡2✐♦❞ ✭✷✵✶✵✕✷✵✹✵✮ ✐; ❡;%✐♠❛%❡❞ %♦ ❣❡♥❡2❛%❡ ❛♥

❡❝♦♥♦♠✐❝ ✈❛❧✉❡ ❡U✉✐✈❛❧❡♥% %♦ ✻✽✪ ♦❢ ✐%; 2❡❛❧ ●❉W ✐♥ ✷✵✶✵✱ ♠♦2❡ %❤❛♥ ✶✵✳✼

%2✐❧❧✐♦♥ WWW ❯✳❙✳ ❞♦❧❧❛2✳

✸✳✺✳✹ ❚❈▼✬( )♦+❡♥+✐❛❧ ❆♣♣❧✐❝❛+✐♦♥ ❲♦5❧❞✇✐❞❡

❲❍❖ ❝❧❛✐♠❡❞ %❤❛% ♥♦♥✲❝♦♠♠✉♥✐❝❛❜❧❡ ❞✐;❡❛;❡; ✭◆❈❉;✮ ❤❛✈❡ ❜❡❝♦♠❡ ❛

❣❧♦❜❛❧ %❤2❡❛% ❛♥❞ %❤❡ ♠❛✐♥ ❝❛✉;❡ ♦❢ ❞❡❛%❤ ♦❢ ❛❞✉❧%; ✇♦2❧❞✇✐❞❡✳ ❆❧❧ ❛❣❡

❣2♦✉♣; ✐♥ ❛❧❧ 2❡❣✐♦♥; ❛2❡ ❛✛❡❝%❡❞ ❜② ◆❈❉;✱ ✇❤✐❝❤ ❝❛✉;❡; ❛♥ ✉♥♣2❡❝❡❞❡♥%❡❞

♣✉❜❧✐❝ ❤❡❛❧%❤ ❝2✐;✐; ❛♥❞ ♠❡❞✐❝❛❧ ❝2✐;✐; %❤❛% ❞❛♠❛❣❡ %❤❡ ❞❡✈❡❧♦♣❡❞ ❛♥❞ ❞❡✲

✈❡❧♦♣✐♥❣ ❝♦✉♥%2✐❡; ❧✐❦❡✇✐;❡ ✭❈❤❡♥✱ ✷✵✶✸✮✳

❲❍❖ ✭✷✵✶✹✮ ❞❡♠♦♥;%2❛%❡❞ %❤❛% ✸✽ ♠✐❧❧✐♦♥ ❞❡❛%❤; ♦❢ ❛ %♦%❛❧ ♦❢ ✺✻ ♠✐❧❧✐♦♥

❞❡❛%❤; ✇❡2❡ ❞✉❡ %♦ ◆❈❉; ✇♦2❧❞✇✐❞❡ ✐♥ ✷✵✶✷✳ ❆♠♦♥❣ %❤❡♠✱ ❛♣♣2♦①✐♠❛%❡❧②

✹✷✪ ✭✶✻ ♠✐❧❧✐♦♥✮ ♦❢ ❛❧❧ ◆❈❉; ❞❡❛%❤; ♦❝❝✉22❡❞ ❜❡❢♦2❡ %❤❡ ❛❣❡ ♦❢ ✼✵ ②❡❛2;✱

✇❤✐❝❤ ✐; ❝♦♥;✐❞❡2❡❞ ❛; ♣2❡♠❛%✉2❡ ❞❡❛%❤✳ ❇❡;✐❞❡;✱ %❤❡ ♥✉♠❜❡2 ♦❢ ♥❡✇ ❝❛;❡;

✐; ✐♥❝2❡❛;✐♥❣✳ ❋♦2 ❡①❛♠♣❧❡✱ ❛♥♥✉❛❧ ❝❛♥❝❡2 ❝❛;❡; ❛2❡ ❡①♣❡❝%❡❞ %♦ 2✐;❡ ❢2♦♠

✶✹ ♠✐❧❧✐♦♥ ✐♥ ✷✵✶✷ %♦ ✷✷ ♠✐❧❧✐♦♥ ♦✈❡2 %❤❡ ♥❡①% %✇♦ ❞❡❝❛❞❡;
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✳ ■♥❞✐✈✐❞✉❛❧

❛♥❞ ♥❛%✐♦♥❛❧ ❝♦;%; ♦❢ ❛❞❞2❡;;✐♥❣ ◆❈❉;✱ %♦❣❡%❤❡2 ✇✐%❤ %❤❡ ❧♦;; ♦❢ ✇♦2❦❢♦2❝❡

♣2♦❞✉❝%✐✈✐%② ❞✉❡ %♦ ✇♦2❦❞❛②; ❧♦;% ❛♥❞ ♣2❡♠❛%✉2❡ ❞❡❛%❤✱ ♥♦% ♦♥❧② 2❡;✉❧% ✐♥

❝✉♠✉❧❛%✐✈❡ ❡❝♦♥♦♠✐❝ ❧♦;;❡;✱ ❜✉% ❛❧;♦ ❥❡♦♣❛2❞✐③❡ ;✉;%❛✐♥❛❜❧❡ ❣2♦✇%❤✳ ❚❤❡

❛❝❝✉♠✉❧❛%✐✈❡ ❧♦;;❡; ❛2❡ ❤✐❣❤❡2 ✐♥ ❧❛2❣❡2 ❝♦✉♥%2✐❡;✱ ;✉❝❤ ❛; ❈❤✐♥❛✱ ❘✉;;✐❛♥

❛♥❞ ■♥❞✐❛✳ ❇❡%✇❡❡♥ ✷✵✵✺ ❛♥❞ ✷✵✶✺✱ ❛♥ ❡;%✐♠❛%❡❞ ❛❝❝✉♠✉❧❛%✐✈❡ ❧♦;; ♦❢ ✺✺✽
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❙,❛,✐%,✐❝❛❧ ❈♦♠♠✉♥✐8✉9 ♦❢ ,❤❡ &❡♦♣❧❡✬% ❘❡♣✉❜❧✐❝ ♦❢ ❈❤✐♥❛ ♦♥ ,❤❡ ✷✵✶✺ ◆❛,✐♦♥❛❧

❊❝♦♥♦♠✐❝ ❛♥❞ ❙♦❝✐❛❧ ❉❡✈❡❧♦♣♠❡♥,✳ ◆❛,✐♦♥❛❧ ❇✉3❡❛✉ ♦❢ ❙,❛,✐%,✐❝% ♦❢ ❈❤✐♥❛✳ ❋❡❜3✉❛3②

✷✾✱ ✷✵✶✻✳
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❲♦3❧❞ ❈❛♥❝❡3 ❘❡♣♦3, ✷✵✶✹✳ ❲♦3❧❞ ❍❡❛❧,❤ ❖3❣❛♥✐③❛,✐♦♥✳
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❜✐❧❧✐♦♥ ❯✳❙✳ ❞♦❧❧❛* ♦❝❝✉**❡❞ ✐♥ ❈❤✐♥❛✱ ✸✵✸ ❜✐❧❧✐♦♥ ❯✳❙✳ ❞♦❧❧❛* ✐♥ ❘✉44✐❛✱ ❛♥❞

✷✸✻ ❜✐❧❧✐♦♥ ❯✳❙✳ ❞♦❧❧❛* ✐♥ ■♥❞✐❛ ✭❆*♠❡♥✐♦ ❡; ❛❧✳✱ ✷✵✶✸✮✳

❈♦♥;✐♥✉❛❧❧② *✐4✐♥❣ ♠❡❞✐❝❛❧ ❡①♣❡♥❞✐;✉*❡ ❤❛4 ;*✐❣❣❡*❡❞ ♠❡❞✐❝❛❧ ❝*✐4✐4 ✇♦*❧❞✲

✇✐❞❡✳ ❋♦* ✐♥4;❛♥❝❡✱ ✐♥ ✷✵✶✹ ;❤❡ ❯✳❙✳ ❣♦✈❡*♥♠❡♥; ❤❛4 4♣❡♥; ♥❡❛*❧② ✸ ;*✐❧❧✐♦♥

❯✳❙✳ ❞♦❧❧❛*✱ ✶✼✳✶✪ ♦❢ ✐;4 ●❉L✱ ♦♥ ♠❡❞✐❝❛❧ ❛♥❞ ❤❡❛❧;❤ ❝❛*❡ 4❡*✈✐❝❡4✱ ✇❤❡*❡

❝❤*♦♥✐❝ ❛✐❧♠❡♥;4 ❡①♣❧❛✐♥✐♥❣ ❢♦* ✽✻✪ ♦❢ ;♦;❛❧ ❡①♣❡♥❞✐;✉*❡4✳ ◆❡✈❡*;❤❡❧❡44✱

✶✶✳✼✪ ♦❢ ❯✳❙✳ ♣♦♣✉❧❛;✐♦♥ ✭✸✸ ♠✐❧❧✐♦♥✮ ❤❛✈❡ ♥♦; ②❡; ❝♦✈❡*❡❞ ❜② ❛♥② ❤❡❛❧;❤

✐♥4✉*❛♥❝❡✳
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✳ ❚❤❡ ❯✳❙✳ ✐4 ♥♦; ;❤❡ 4✐♥❣❧❡ ❝❛4❡✳ ❊✈✐❞❡♥❝❡ 4❤♦✇4 ;❤❛; ❤❡❛❧;❤

❡①♣❡♥❞✐;✉*❡ ❤❛4 ❦❡♣; ❣*♦✇✐♥❣ ❛*♦✉♥❞ ;❤❡ ✇♦*❧❞ ✐♥ *❡❝❡♥; ②❡❛*4✳ ❚❛❜❧❡ ✸✳✼
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❝❛!❡ ❛11✐1'❛♥❝❡ ❢♦! ❡①'!❡♠❡ ♣♦♦! ♣❡♦♣❧❡ ✇✐'❤♦✉' ✐♥1✉!❛♥❝❡✳

❚❤✐1 ❡11❛② ♥♦' ♦♥❧② ❝♦♥❝❧✉❞❡1 '❤❡ ❛❝❤✐❡✈❡♠❡♥' ❛♥❞ ❞!❛✇❜❛❝❦ ♦❢ ❈❤✐♥❛✬1

❤❡❛❧'❤ ❝❛!❡ 1②1'❡♠✱ ❜✉' ❛❧1♦ ❤✐❣❤❧✐❣❤'1 '❤❡ ❝♦♥'❡♠♣♦!❛!② 1'!✐❦✐♥❣ ♣!♦❜❧❡♠✱

1✉❝❤ ❛1 ♣♦♣✉❧❛'✐♦♥ ❛❣❡✐♥❣ ❛♥❞ ❡♥✈✐!♦♥♠❡♥'❛❧ ❞❡❣!❛❞❛'✐♦♥✳ ❋✐♥❛❧❧②✱ ✇❡ ❞✐1✲

❝✉11 ❚!❛❞✐'✐♦♥❛❧ ❈❤✐♥❡1❡ ▼❡❞✐❝✐♥❡ ✭❚❈▼✮ ❛♥❞ ✐'1 ❛♣♣❧✐❝❛'✐♦♥ ✐♥ ❈❤✐♥❛✬1

❤❡❛❧'❤ ❝❛!❡ 1②1'❡♠✳ ●✐✈❡♥ ✐'1 ❛❞✈❛♥'❛❣❡1✱ ✇❡ ❝♦♥1✐❞❡! '❤❛' ❚❈▼ ✇✐❧❧ ♣❧❛②
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✹ ❊♥✈✐%♦♥♠❡♥) ❉❡❣%❛❞❛)✐♦♥✱

❍❡❛❧)❤ ❙❤♦❝❦5✱ ❛♥❞ ❙✉5)❛✐♥❛❜❧❡

❊❝♦♥♦♠✐❝ ●%♦✇)❤

✹✳✶ ■♥%&♦❞✉❝%✐♦♥

✹✳✶✳✶ #✉%♣♦(❡ ❛♥❞ ❙.②❧✐③❡❞ ❋❛❝.(

❚❤❡ ❞❡$%✐♠❡♥$❛❧ ✐♠♣❛❝$ ♦❢ ♣%♦❞✉❝$✐♦♥✲✐♥❞✉❝❡❞ ❡♥✈✐%♦♥♠❡♥$❛❧ ❞❡❣%❛❞❛$✐♦♥✱

4✉❝❤ ❛4 ♣♦❧❧✉$✐♦♥✱ CO2 ❡♠✐44✐♦♥4 ❛♥❞ ✐♥$❡♥4✐✜❡❞ 4❡✈❡%✐$② ♦❢ ❝❛$❛4$%♦♣❤❡4✱

❧❡❛❞4 4✐❣♥✐✜❝❛♥$ ❤❡❛❧$❤ ❛♥❞ ❡❝♦♥♦♠✐❝ ❧♦44❡4 $❤❛$ ❝❤❛♥❣❡4 ♣♦♣✉❧❛$✐♦♥✬4 ❝♦♥✲

4✉♠♣$✐♦♥ ❛♥❞ 4❛✈✐♥❣ ❞❡❝✐4✐♦♥4✱ ❛♥❞ ❛4 ❛ ❝♦♥4❡8✉❡♥❝❡✱ ❡❝♦♥♦♠✐❝ ❣%♦✇$❤✳

❋✐%4$ ♦❢ ❛❧❧✱ ❛ ❣%♦✇✐♥❣ ♥✉♠❜❡% ♦❢ ❡♠♣✐%✐❝❛❧ ❡✈✐❞❡♥❝❡ 4❤♦✇4 $❤❛$ $❤❡ ✐♥✢✉❡♥❝❡

♦❢ ❡♥✈✐%♦♥♠❡♥$❛❧ ♣♦❧❧✉$✐♦♥✱ ❧✐❦❡ ❛✐% ♣♦❧❧✉$✐♦♥ ✭❍❛③❡✮✱ ✇❛$❡% ♣♦❧❧✉$✐♦♥✱ ❛♥❞

❢♦♦❞ ❝♦♥$❛♠✐♥❛$✐♦♥ ❡♥$❛✐❧4 4❡✈❡%❡ ❤✉♠❛♥ ❤❡❛❧$❤ ❞❡❣%❛❞❛$✐♦♥✱ ❢♦% ✐♥4$❛♥❝❡✱

$❤❡ ✐♥❝%❡❛4✐♥❣ ♠♦%❜✐❞✐$② ♦❢ ❝❤%♦♥✐❝ ❞✐4❡❛4❡4 ❛♥❞ $❤❡ ❛44♦❝✐❛$❡❞ ♠♦%$❛❧✐$②

%❛$❡✳ ❙♣❡❝✐❛❧❧②✱ ♣♦❧❧✉$✐♦♥✲✐♥❞✉❝❡❞ ❞✐4❡❛4❡ ❤❛4 ❛ ♠❛❥♦% ❞❡$%✐♠❡♥$❛❧ ✐♠♣❛❝$

✐♥ ✇♦%❦✐♥❣✲❛❣❡ ♣♦♣✉❧❛$✐♦♥✱ ❛♥❞ ❤❡♥❝❡✱ %❡❞✉❝❡4 ❡❝♦♥♦♠✐❝ ❛❝$✐✈✐$② ✐♥ $❡%♠4

♦❢ ❧❛❝❦✐♥❣ ❧❛❜♦✉% ♣%♦❞✉❝$✐✈✐$②✳ ❚❤❡ ❲♦%❧❞ ❍❡❛❧$❤ ❖%❣❛♥✐③❛$✐♦♥ ✭❲❍❖✱

✷✵✵✹✮ %❡♣♦%$4 $❤❛$ ✺✻✪ ♣♦♣✉❧❛$✐♦♥ 4✉✛❡%✐♥❣ ❢%♦♠ ❝❤%♦♥✐❝ ❞✐4❡❛4❡4 ❛%❡ ❛❣❡❞

❜❡$✇❡❡♥ ✶✺ $♦ ✺✾ ✐♥ ❤✐❣❤✲✐♥❝♦♠❡ ❝♦✉♥$%✐❡4✳ ▼♦%❡♦✈❡%✱ ❛♥ ♦✈❡%❛❧❧ ✸ ♠✐❧❧✐♦♥

❞❡❛$❤4 ❛%❡ ❝❛✉4❡❞ ❜② ♦✉$❞♦♦% ❛✐% ♣♦❧❧✉$✐♦♥ ✐♥ ❣❧♦❜❛❧ ❝✐$✐❡4 ❛♥❞ %✉%❛❧ ✐♥

✷✵✶✹✱ ❛♥❞ $❤❡ ✈❛4$ ♠❛❥♦%✐$② ♦❢ $❤♦4❡ ❢♦%♠ ♦❢ ❞❡❛$❤4 ✭✼✵✪✮ ♦❝❝✉%4 ✐♥ ❧♦✇✲

❛♥❞ ♠✐❞❞❧❡✲✐♥❝♦♠❡ ❝♦✉♥$%✐❡4✳

✶

❚❤❡ ❛44♦❝✐❛$❡❞ ❡❝♦♥♦♠✐❝ ❧♦44❡4 ❛%❡ 4$%✐❦✐♥❣✳

■♥ ❯✳❙✳✱ ❛♥ ❛♠♦✉♥$ ♦❢ ✷✼✼ ❜✐❧❧✐♦♥ ❯✳❙✳ ❞♦❧❧❛% ❛♥♥✉❛❧ ❡①♣❡♥❞✐$✉%❡ ✐4 4♣❡♥$

♦♥ $%❡❛$♠❡♥$ $♦ 4❡✈❡♥ ♠♦4$ ❝♦♠♠♦♥ ❝❤%♦♥✐❝ ❞✐4❡❛4❡4✱ ❛♥❞ $❤❡ ♣%♦❞✉❝$✐✈✐$②

❧♦44 ✐4 ❡8✉❛❧ $♦ ✶✳✶ $%✐❧❧✐♦♥ ❯✳❙✳ ❞♦❧❧❛% ♣❡% ②❡❛% ✭❉❡✈♦❧ ❛♥❞ ❇❡❞%♦✉44✐❛♥✱

✷✵✵✼✮✳ ■♥ ❊✉%♦♣❡✱ ❛✐% ♣♦❧❧✉$✐♦♥ ❝❛✉4❡4 ❛♣♣%♦①✐♠❛$❡ ✻ ♠✐❧❧✐♦♥ ♣%❡♠❛$✉%❡

❞❡❛$❤4✱ ❛♥❞ $❤❡ ❛44♦❝✐❛$❡❞ ❡❝♦♥♦♠✐❝ ❧♦44 ✐4 ♥♦ ❧❡44 $❤❛♥ ✶✳✻ $%✐❧❧✐♦♥ ❯✳❙✳

❞♦❧❧❛% ❛ ②❡❛% ✭❲❍❖ ❛♥❞ ❖❊❈❉ ✷✵✶✺✮✳ ❚❤❡ 4✐$✉❛$✐♦♥ ✐4 ❡✈❡♥ ✇♦%4❡ ✐♥

✶

❲❍❖ ♥❡✇&✱ ▼❛*❝❤✱ ✷✺✱ ✷✵✶✹✳ ❆✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡✿ ❤::♣✿✴✴✇✇✇✳✇❤♦✳✐♥:✴♠❡❞✐❛❝❡♥:*❡✴

♥❡✇&✴*❡❧❡❛&❡&✴✷✵✶✹✴❛✐*✲♣♦❧❧✉:✐♦♥✴❡♥✴
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✹✳ ❈❤❛♣&❡( ✹

❡♠❡"❣✐♥❣ ❡❝♦♥♦♠✐❡(✳ ❚❛❦✐♥❣ ❈❤✐♥❛ ❛( ❛♥ ❡①❛♠♣❧❡✱ ❲♦"❧❞ ❇❛♥❦ ✭✷✵✵✼✮ ❡(✲

<✐♠❛<❡( <❤❛< <❤❡ ❤❡❛❧<❤ ❝♦(<( ❞✉❡ <♦ ❛✐" ❛♥❞ ✇❛<❡" ♣♦❧❧✉<✐♦♥ ✐( ❡?✉❛❧ <♦

✹✳✸✪ ♦❢ ✐<( ❛♥♥✉❛❧ ●❉F✳

❈♦♥(❡?✉❡♥<❧②✱ "❡❞✉❝✐♥❣ ♣"♦❞✉❝<✐♦♥ ❡♠✐((✐♦♥( ❤❛( ❜❡❝♦♠❡ ❛♥ ✉"❣❡♥< ❛♥❞

♣"✐♠❛"② ✐((✉❡ ♦❢ ❡♥✈✐"♦♥♠❡♥<❛❧ ❛♥❞ ❤❡❛❧<❤ ♣♦❧✐❝✐❡( ✇♦"❧❞✇✐❞❡✳ ❚❤✐( ❣♦❛❧

❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② <✐❣❤<❡♥✐♥❣ ♠✐<✐❣❛<✐♦♥ ♣♦❧✐❝② ❛♥❞ ❡♥❧❛"❣✐♥❣ ✐♥✈❡(<♠❡♥< ✐♥

❛❜❛<❡♠❡♥< <❡❝❤♥♦❧♦❣✐❡(✱ (✉❝❤ ❛(✱ ❧♦✇ ❝❛"❜♦♥ <"❛♥(♣♦"< (②(<❡♠ ❛♥❞ "❡♥❡✇✲

❛❜❧❡ ❢✉❡❧(✳ ❋"♦♠ ❡❝♦♥♦♠✐❝ ♣♦✐♥< ♦❢ ✈✐❡✇✱ ✇❡ ♠♦<✐✈❛<❡ ♦✉" ❛♥❛❧②(✐( ✇✐<❤ ❛

♥✉♠❜❡" ♦❢ (<②❧✐③❡❞ ❢❛❝<( ♦❢ ♣♦❧❧✉<✐♦♥✲✐♥❞✉❝❡❞ ❤❡❛❧<❤ ❞❡❣"❛❞❛<✐♦♥✱ ♠❛<❝❤❡❞

❜② <❤❡ ❝♦""❡(♣♦♥❞✐♥❣ ♣"♦♣❡"<✐❡( ♦❢ ♦✉" <❤❡♦"❡<✐❝❛❧ ♠♦❞❡❧✱ ❛( ❢♦❧❧♦✇(✿

✭✐✮ ❚❤❡ ♣♦❧❧✉<✐♦♥✲✐♥❞✉❝❡❞ ❤❡❛❧<❤ ❞❡❣"❛❞❛<✐♦♥ ✐( ❝❛✉(❡❞ ❜② ♥❡❣❛<✐✈❡ ❡①✲

<❡"♥❛❧✐<✐❡( ♦❢ ♣"♦❞✉❝<✐♦♥✳ ❆( ❛ ❝♦♥(❡?✉❡♥❝❡✱ <❤❡ ❝♦♥✈❡"(❛<✐♦♥❛❧ ❢"❡❡

♠❛"❦❡< ♦♣<✐♠❛❧ ❛❧❧♦❝❛<✐♦♥( ❛"❡ ♥♦ ❧♦♥❣❡" ❡✣❝✐❡♥< ✇✐<❤♦✉< ❝♦♥(✐❞❡"❛✲

<✐♦♥ ♦❢ ❡♥✈✐"♦♥♠❡♥<❛❧ ♣♦❧✐❝✐❡(✳

✭✐✐✮ ❆( ❛ ❢✉♥❞❛♠❡♥<❛❧ ❝♦♠♣♦♥❡♥< ♦❢ ❧❛❜♦✉" ♣"♦❞✉❝<✐✈✐<②✱ <❤❡ ♣♦♣✉❧❛<✐♦♥✬(

❤❡❛❧<❤ (<❛<✉( <❤✉( ❝♦♥(<✐<✉<❡( ❛♥ ✐♠♣❡"❛<✐✈❡ ♣❛"< ♦❢ (✉(<❛✐♥❛❜❧❡ ❡❝♦✲

♥♦♠✐❝ ❣"♦✇<❤✳

✭✐✐✐✮ ❚❤❡ ❞❡<"✐♠❡♥<❛❧ ✐♠♣❛❝< ♦❢ ♣♦❧❧✉<❛♥<( ❛♥❞ ❡♠✐((✐♦♥( ♦♥ ❤✉♠❛♥ ❤❡❛❧<❤

✐( ✉♥❝❡"<❛✐♥ ❜♦<❤ ❛< <❤❡ ✐♥❞✐✈✐❞✉❛❧ ❧❡✈❡❧ ❛♥❞ <❤❡ ❛❣❣"❡❣❛<❡ ❧❡✈❡❧✱ ②❡<

♣"♦♣♦"<✐♦♥❛❧ <♦ <❤❡ ❧❡✈❡❧ ♦❢ ❡❝♦♥♦♠✐❝ ❣"♦✇<❤✳

●✐✈❡♥ <❤❡ ✉♥❝❡"<❛✐♥ ♥❛<✉"❡ ♦❢ <❤❡ ❞❡<"✐♠❡♥<❛❧ ✐♠♣❛❝< ♦❢ ♣♦❧❧✉<❛♥<( ❛♥❞
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#❛❧ ❛♥❞ ❤❡❛❧#❤ ✉♥❝❡&#❛✐♥#✐❡+ ❛&❡ ❝♦♥+✐❞❡&❡❞✳ ❙♣❡❝✐❛❧❧②✱ ✇❡ +❤♦✇ #❤❛# #❤❡

❣&❡❛#❡& #❤❡ &❡❧❛#✐✈❡ &✐+❦ ❛✈❡&+✐♦♥✱ #❤❡ ♠♦&❡ ❧✐❦❡❧② #❤❛# #❤❡ ❡♥✈✐&♦♥♠❡♥#❛❧

♣♦❧✐❝② ✇✐❧❧ +#✐♠✉❧❛#❡ ❡❝♦♥♦♠✐❝ ❣&♦✇#❤✳ ❋✉&#❤❡&♠♦&❡✱ ✇❡ ♣&♦✈✐❞❡ #❤❡ ♥❡❝❡+✲

+❛&② ❛♥❞ +✉✣❝✐❡♥# ❝♦♥❞✐#✐♦♥ ❢♦& #❤❡ ❡①✐+#❡♥❝❡ ❛♥❞ ✉♥✐@✉❡♥❡++ ♦❢ ❡@✉✐❧✐❜&✐✉♠

❡♠✐++✐♦♥ ❝♦♥❝❡♥#&❛#✐♦♥✳

❋✐♥❛❧❧②✱ ✉+✐♥❣ ♥✉♠❡&✐❝❛❧ ❝❛❧✐❜&❛#✐♦♥✱ ✇❡ +❤♦✇ #❤❛# #❤❡ ♦♣#✐♠❛❧ ❛❜❛#❡♠❡♥#

♣♦❧✐❝② &❡❛❝#+ +❡♥+✐#✐✈❡❧② ♥♦# ♦♥❧② #♦ #❤❡ ✈❛&✐❛#✐♦♥+ ✐♥ ❝♦♥✈❡♥#✐♦♥❛❧ ❡❝♦♥♦♠✐❝

♣❛&❛♠❡#❡&+✱ ❧✐❦❡ ❡♠✐++✐♦♥ ✐♥#❡♥+✐#②✱ ❡✣❝✐❡♥❝② ♦❢ ❛❜❛#❡♠❡♥# #❡❝❤♥♦❧♦❣②✱ ❛♥❞

❚❋B✱ ❜✉# ❛❧+♦ #♦ #❤❡ ❤❡❛❧#❤ ♣❛&❛♠❡#❡& ✭#❤❡ &❡❧❛#✐✈❡ ✐♠♣♦&#❛♥# ♦❢ ❤❡❛❧#❤

&❡+♣❡❝# #♦ ❝♦♥+✉♠♣#✐♦♥✮ ❛♥❞ ✉♥❝❡&#❛✐♥#② ♣❛&❛♠❡#❡&+✱ +✉❝❤ ❛+ #❤❡ +❡♥+✐#✐✈✐✲

#✐❡+ ♦❢ ❤❡❛❧#❤ #♦ ✢✉❝#✉❛#✐♦♥ ❛♥❞ ❞❛♠❛❣❡ ✐♥#❡♥+✐#②✳ ❚❤❡ ❛❜❛#❡♠❡♥# ♣♦❧✐❝② ✐+

❛❧+♦ +❡♥+✐#✐✈❡ #♦ #❤❡ +✐❣♥ ♦❢ ❝♦&&❡❧❛#✐♦♥ ❝♦❡✣❝✐❡♥#✳ ❆♥ ✐♥#❡♥+✐✜❡❞ +❡♥+✐#✐✈✐#②

✐+ ♦❜+❡&✈❡❞ ✇❤❡♥ #❤❡ ♠❡❛+✉&❡ ♦❢ &❡❧❛#✐✈❡ &✐+❦ ❛✈❡&+❡ ❞❡❝&❡❛+❡+✳ ❙♣❡❝✐✜❝❛❧❧②✱

✇❡ ✜♥❞ #❤❛# #❤❡ ♠✐#✐❣❛#✐♦♥ ♣♦❧✐❝② +❤♦✉❧❞ ❜❡ ✵✳✹✻✪✱ ✐♥❞✐❝❛#✐♥❣ ✸✸ ❯✳❙✳ ❞♦❧✲

❧❛& ♣❡& #♦♥ ❝♦❛❧ ✐♥ #❤❡ ❜❡♥❝❤♠❛&❦ ♠♦❞❡❧ +❡##✐♥❣✱ ❛♥❞ ✵✳✻✾✪✱ ✐♠♣❧②✐♥❣ ❛

&❡❧❛#✐✈❡❧② ❤✐❣❤❡& ❝❛&❜♦♥ ♣&✐❝❡ ❡@✉❛❧ #♦ ✺✵ ❯✳❙✳ ❞♦❧❧❛& ♣❡& #♦♥ ❝♦❛❧✱ ✇❤❡♥

#❤❡ ❞❡✈❡❧♦♣♠❡♥# ♦❢ ❛❜❛#❡♠❡♥# #❡❝❤♥♦❧♦❣② ✐+ ✈✐❡✇❡❞ ✐♥ ❛ ❧❡++ ♦♣#✐♠✐+#✐❝ ✇❛②✳

❚❤❡ ❢♦&♠❡& ♥✉♠❜❡& ✐+ ❤✐❣❤❡& ❜✉# ❝♦♠♣❛&❛❜❧❡ #♦ ✵✳✹✷✪ ✇❤✐❝❤ ✐+ ❢♦✉♥❞ ✐♥

◆♦&❞❤❛✉+❡ ✭✷✵✵✽✮✳ ❖✉& ❝❛❧❝✉❧❛#✐♦♥ +✉❣❣❡+#+ ❛ ❤✐❣❤❡& ❝❛&❜♦♥ #❛① ✇❤❡♥ #❤❡

✐♥#❡&❞❡♣❡♥❞❡♥# ✉♥❝❡&#❛✐♥#✐❡+ ✐♥ ❤❡❛❧#❤ ❛♥❞ ❝❛♣✐#❛❧ ❛&❡ #❛❦❡♥ ✐♥#♦ ❛❝❝♦✉♥#✳

❚❤❡ &❡+# ♦❢ #❤❡ ❡++❛② ✐+ ♦&❣❛♥✐③❡❞ ❛+ ❢♦❧❧♦✇+✳ ❙❡❝#✐♦♥ ✷ ✐♥#&♦❞✉❝❡+ #❤❡

❜❡♥❝❤♠❛&❦ ♠♦❞❡❧✳ ❙❡❝#✐♦♥ ✸ ♣&❡+❡♥#+ ❛♥❛❧②#✐❝❛❧ #&❡❛#♠❡♥# ❛♥❞ ❞❡&✐✈❡+

❝❧♦+❡❞✲❢♦&♠ ♦♣#✐♠❛❧ +♦❧✉#✐♦♥+✳ ❙❡❝#✐♦♥ ✹ ✐+ ❛♥ ❛♥❛❧②#✐❝❛❧ ❞✐+❝✉++✐♦♥ ♦❢ ❛♣✲

♣❡❛❧✐♥❣ ❡❝♦♥♦♠✐❝ ♣&♦♣❡&#✐❡+✳ ❙❡❝#✐♦♥ ✺ ♣&❡+❡♥#+ #❤❡ ♥✉♠❡&✐❝❛❧ ❝❛❧✐❜&❛#✐♦♥

#♦ +❤♦✇ #❤❡ ❡✛❡❝#+ ♦❢ ♠♦❞❡❧ ♣❛&❛♠❡#❡&+ ♦♥ ♠✐#✐❣❛#✐♦♥ ♣♦❧✐❝② ❛♥❞ ❣&♦✇#❤

&❛#❡✳ ❙❡❝#✐♦♥ ✻ ✐+ #❤❡ ❝♦♥❝❧✉+✐♦♥✳

✺✺



✹✳ ❈❤❛♣&❡( ✹

✹✳✷ ❊❝♦♥♦♠✐❝ ●*♦✇,❤ ✇✐,❤ ❍❡❛❧,❤ ❛♥❞ ❊♥✈✐*♦♥♠❡♥,

❯♥❝❡*,❛✐♥,✐❡5

❚❤❡ ▼♦❞❡❧

▲❡" ✉$ ❝♦♥$✐❞❡* "❤❡ ❢*❡-✉❡♥"❧② ♦❝❝✉**❡❞ $♠❛❧❧✲$❝❛❧❡ ✢✉❝"✉❛"✐♦♥$✱ ✇❤✐❝❤

♠✐❣❤" ❜❡ ❡♥✈✐*♦♥♠❡♥"❛❧ ♣♦❧❧✉"✐♦♥✱ ❣❧♦❜❛❧ ✇❛*♠✐♥❣ ❞❛♠❛❣❡✱ ♦* $♦♠❡"❤✐♥❣

❡❧$❡✳ ❚❤❡ ❡❝♦♥♦♠✐❝ ❞②♥❛♠✐❝ $②$"❡♠ ♣*♦♣♦$❡❞ ❤❡*❡ ✐$ ✐♥$♣✐*❡❞ ❜② ❇*❡"$❝❤❣❡*

❛♥❞ ❱✐♥♦❣*❛❞♦✈❛ ✭✷✵✶✻✮ ♠♦❞❡❧✳ ❋✐*♠$ ♣*♦❞✉❝❡ ❛ ❝♦♠♣♦$✐"❡ ❝♦♥$✉♠♣"✐♦♥

❣♦♦❞ ✉$✐♥❣ ❜*♦❛❞❧② ❞❡✜♥❡❞ ❝❛♣✐"❛❧ $"♦❝❦✱ ❞❡♥♦"❡❞ Kt ❛$ ✐♥♣✉"✳ ❲❡ ❛$✲

$✉♠❡ "❤❡ ♣*♦❞✉❝"✐♦♥ ❢✉♥❝"✐♦♥ ✐$ ❝♦♥$"❛♥" *❡"✉*♥$ "♦ $❝❛❧❡✱ ✐✳❡✳ Y = At Kt✱

✇❤❡*❡ "♦"❛❧ ❢❛❝"♦* ♣*♦❞✉❝"✐✈✐"② At ✐$ ❛$$✉♠❡❞ "♦ ❜❡ ❝♦♥$"❛♥" ❢♦* $✐♠♣❧✐❝✐"②✿

At ≡ A✳ ■" ✐$ ✇♦*"❤ "♦ *❡♠❛*❦ "❤❛"✱ ❛$ ❛ ❜*♦❛❞❧② ❛❝❝❡♣"❡❞ ♠♦❞❡❧ ✐♥ ❡♥❞♦❣❡✲
♥♦✉$ ❣*♦✇"❤ ❧✐"❡*❛"✉*❡✱ "❤❡ ✐♥♣✉" Kt ✐♥ ❆❑ ♠♦❞❡❧ ✐$ ✐♥"❡*♣*❡"❡❞ ❛$ ❛ ❜*♦❛❞

♠❡❛$✉*❡ ♦❢ ❝❛♣✐"❛❧ ✐♥ "❤❡ ❡❝♦♥♦♠②✱ $✉❝❤ ❛$ ♣❤②$✐❝❛❧ ❝❛♣✐"❛❧✱ ❤✉♠❛♥ ❝❛♣✐"❛❧✱

❦♥♦✇❧❡❞❣❡✱ ❡"❝✳ ❚❤❡ $"♦❝❦ ♦❢ ♣♦❧❧✉"✐♦♥ ✐$ ❞✉❡ "♦ ♣*♦❞✉❝"✐♦♥ "❤❛" *❡❧❡❛$✐♥❣

❞❡"*✐♠❡♥"❛❧ ❡♠✐$$✐♦♥$ "♦ "❤❡ ❛"♠♦$♣❤❡*❡✱ ♠❡❛$✉*❡❞ ❜② φ ✉♥✐"$ ♦❢ ❡♠✐$$✐♦♥$
♣❡* ✉♥✐" ♦❢ ♣*♦❞✉❝"✐♦♥✳ ❋♦❧❧♦✇✐♥❣ ●*♦$$♠❛♥ ✭✶✾✼✷❛✱ ✶✾✼✷❜✮ ❛♥❞ ❈*♦♣♣❡*

✭✶✾✽✶✮✱ ✇❡ ❝♦♥$✐❞❡* "❤❛" ❛ ✈❛*✐❡"② ♦❢ ♣♦❧❧✉"✐♦♥ ❞❡❣*❛❞❡$ ❤❡❛❧"❤ $"❛"✉$✳ ❨❡"✱

"❤❡ ❡①❛❝" ♥❡❣❛"✐✈❡ ✐♠♣❛❝" ♦❢ ♣♦❧❧✉"✐♦♥ ♦♥ ❤❡❛❧"❤ ✐$ ♥♦♥✲❞❡"❡*♠✐♥✐$"✐❝✱ ❛♥❞

"❤❡*❡❢♦*❡ ✐$ ❛$$✉♠❡❞ "♦ ❜❡ ❞*✐✈❡♥ ❜② ❛ $"♦❝❤❛$"✐❝ ♣*♦❝❡$$✿ R(qt)htdZh,t✱

✇❤❡*❡ Zh,t ✐$ "❤❡ $"❛♥❞❛*❞ ❲✐❡♥❡* ♣*♦❝❡$$✱ ❛♥❞ qt ✐$ "❤❡ ❡♠✐$$✐♦♥ ❝♦♥❝❡♥✲
"*❛"✐♦♥ ♣❡* ✉♥✐" ♦❢ ❝❛♣✐"❛❧✳ ❚❤❡ *❡❧❛"✐♦♥$❤✐♣ ❜❡"✇❡❡♥ ♣♦❧❧✉"✐♦♥ ❛♥❞ ❤❡❛❧"❤

$"❛"✉$ ✐$ ❞❡✜♥❡❞ ❛$✿

dht = R(qt)htdZh,t , t , qt ≥ 0 , R(qt) ≤ 0 . ✭✹✳✶✮

R(qt) ✐$ ❛ ❞❡❝*❡❛$✐♥❣ ❢✉♥❝"✐♦♥ ♦❢ ❡♠✐$$✐♦♥$ ❝♦♥❝❡♥"*❛"✐♦♥$✳ ❋♦* $✐♠♣❧✐❝✐"②✱
✇❡ ❛$$✉♠❡ ❛ ❧✐♥❡❛* *❡❧❛"✐♦♥$❤✐♣✿ R(q) = δ qt✱ ✇❤❡*❡ δ ≥ 0 ❞❡♥♦"❡$ "❤❡ $❡♥✲
$✐"✐✈✐"② ♦❢ "❤❡ ❤❡❛❧"❤ $"❛"✉$ "♦ ♣♦❧❧✉"✐♦♥✳ ▼♦*❡♦✈❡*✱ ✇❡ ♠♦❞❡❧ ♣*♦❞✉❝"✐✈✐"②

✢✉❝"✉❛"✐♦♥ ❜② ❛♥♦"❤❡* $"♦❝❤❛$"✐❝ ♣*♦❝❡$$ σKtdZk,t✱ ✇❤❡*❡ Zk,t ✐$ "❤❡ $"❛♥✲

❞❛*❞ ❲✐❡♥❡* ♣*♦❝❡$$✱ ❛♥❞ ✐$ ❛$$✉♠❡❞ "♦ ❜❡ ❝♦**❡❧❛"❡❞ ✇✐"❤ ❤❡❛❧"❤ $❤♦❝❦

Zh,t ❛❝❝♦*❞✐♥❣ "♦

E(dZk,t dZh,t) = ρk,h dt , ρk,h ∈ [−1, 1] , t ≥ 0 . ✭✹✳✷✮

✇❤❡*❡ E(·) ❞❡♥♦"❡$ ❡①♣❡❝"❡❞ ✈❛❧✉❡$ ♦❢ (·) ❛♥❞ ρk,h ✐$ ❝♦**❡❧❛"✐♦♥ ❝♦❡✣❝✐❡♥"✱
✐♥❞✐❝❛"✐♥❣ "❤❡ ♠✉"✉❛❧ ✐♥✢✉❡♥❝❡ ❜❡"✇❡❡♥ ❤❡❛❧"❤ ❛♥❞ ♣*♦❞✉❝"✐✈✐"② ✢✉❝"✉❛✲

"✐♦♥$✳ V❛*❛♠❡"❡* σ ≥ 0 ♠❡❛$✉*❡$ "❤❡ ❛♠♣❧✐"✉❞❡ ♦❢ *❛♥❞♦♠♥❡$$ ❝❛✉$❡❞

❜② ♣♦❧❧✉"✐♦♥ $❤♦❝❦ ❡♥"❡*✐♥❣ "❤❡ ♣*♦❝❡$$ ♦❢ ❝❛♣✐"❛❧ ❛❝❝✉♠✉❧❛"✐♦♥✳ ❚❤❡ ❛❣✲

❣*❡❣❛"❡ ❢♦*♠ ♦❢ ♠✐"✐❣❛"✐♦♥ ✭♦* ❛❜❛"❡♠❡♥"✮ Mt ✐$ ♣*♦✈✐❞❡❞ "♦ ♠✐"✐❣❛"❡ "❤❡

✺✻



❡♠✐##✐♦♥#✱ ✜♥❛♥❝❡❞ ❜② ❛ ❢.❛❝/✐♦♥ ♦❢ ♦✉/♣✉/✱ ❞❡♥♦/❡❞ ❜② mt✳ ❚❤❡ .❡♠❛✐♥✐♥❣

#❤❛.❡ ♦❢ ♦✉/♣✉/ 1 −mt ✐# ❞✐✈✐❞❡❞ ❜❡/✇❡❡♥ ❝♦♥#✉♠♣/✐♦♥ ❛♥❞ ❝❛♣✐/❛❧ ❛❝❝✉✲

♠✉❧❛/✐♦♥✳ ❖❜✈✐♦✉#❧②✱ /❤❡ /♦/❛❧ ♠✐/✐❣❛/✐♦♥ ✐# ❛♥ ✐♥❝.❡❛#✐♥❣ ❢✉♥❝/✐♦♥ ♦❢ /❤❡

❛❜❛/❡♠❡♥/ #♣❡♥❞✐♥❣#✱ ✇❤✐❝❤ ✐# #✐♠♣❧✐✜❡❞ ❛# /❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛. .❡❧❛/✐♦♥✲

#❤✐♣✿ Mt = µmtYt✱ ✇❤❡.❡ µ ≥ 0 ✐# #♦✲❝❛❧❧❡❞ /❤❡ ❡✣❝✐❡♥❝② ♦❢ ♠✐/✐❣❛/✐♦♥ ❛♥❞

❛❜❛/❡♠❡♥/✳ ❚❤❡ ❧❛✇ ♦❢ ♠♦/✐♦♥ ♦❢ /❤❡ #/♦❝❦ ♦❢ ❛❣❣.❡❣❛/❡ ❡♠✐##✐♦♥ ✐# /❤✉#

Qt = (φ− µmt)Yt , φ , µ , t ≥ 0 . ✭✹✳✸✮

✇❤❡.❡ ♣❛.❛♠❡/❡. φ ≥ 0 .❡♣.❡#❡♥/# /❤❡ ❡♠✐##✐♦♥ ✐♥/❡♥#✐/② ♦❢ ♦✉/♣✉/✳ ■/ ✐#

✇♦./❤ ♥♦/❤✐♥❣ /❤❛/ /❤❡ /♦/❛❧ ❡♠✐##✐♦♥ ♥❡❡❞# /♦ ❜❡ ♥♦♥✲♥❡❣❛/✐✈❡✿ Qt ≥ 0✳
❍❡♥❝❡✱ /❤❡ ❡✣❝✐❡♥/ ♠✐/✐❣❛/✐♦♥ ♦❢ ♦✉/♣✉/ ✭✐✳❡✳ µmt✮ ♥❡❡❞# /♦ ❜❡ ❜♦✉♥❞❡❞

❢.♦♠ ❛❜♦✈❡✿ φ ≥ µmt✱ ❣✐✈❡♥ /❤❛/ /❤❡ ❢.❛❝/✐♦♥ ♦❢ ♦✉/♣✉/ ❢♦. ♠✐/✐❣❛/✐♦♥ ❛♥❞

❛❜❛/❡♠❡♥/ mt ∈ (0, 1)✳ ■♥ ❛❞❞✐/✐♦♥✱ ✇❡ ❞❡✜♥❡ /❤❡ ❡♠✐##✐♦♥ ❝♦♥❝❡♥/.❛/✐♦♥#

♣❡. ✉♥✐/ ♦❢ ❝❛♣✐/❛❧ qt = Qt/Kt ❛# ❢♦❧❧♦✇#✳

qt = (φ− µmt)A , φ , µ , t ≥ 0 . ✭✹✳✹✮

❚❤❡ #♦❝✐❛❧ ♣❧❛♥♥❡.✬# ♦❜❥❡❝/✐✈❡ ✐# /♦ ♠❛①✐♠✐③❡ /❤❡ ♦✈❡.❛❧❧ ❡①♣❡❝/❡❞ ❞✐#✲

❝♦✉♥/❡❞ ✇❡❧❢❛.❡ ♦✈❡. ❛♥ ✐♥✜♥✐/❡ ❤♦.✐③♦♥✳ ❖♥ ❛ ❣✐✈❡♥ ❞❛/❡✱ ✇❡❧❢❛.❡ ❞❡♣❡♥❞#

♦♥ /❤❡ ❛♠♦✉♥/ ♦❢ ❝♦♥#✉♠♣/✐♦♥✱ ❞❡♥♦/❡❞ ct✱ ❛♥❞ ❤❡❛❧/❤ #/❛/✉# ht✱ ❛♥❞ ✐#

♠❡❛#✉.❡❞ ❜② ❛ #/❛♥❞❛.❞ ✉/✐❧✐/② ❢✉♥❝/✐♦♥ U(·)✱ ✇❤✐❝❤ ✐# ♣♦#✐/✐✈❡✱ ✐♥❝.❡❛#✐♥❣

❛♥❞ ❝♦♥❝❛✈❡✳ ❋♦. ✐♥#/❛♥❝❡✱ ✇❡ ✉#❡ ❛ #/❛♥❞❛.❞ ❝♦♥#/❛♥/ .❡❧❛/✐✈❡ .✐#❦ ❛✈❡.#✐♦♥

✭❈❘❘❆✮ ✉/✐❧✐/② ❢✉♥❝/✐♦♥

U(ct, ht) =
c1−ǫ

1− ǫ
hβ

✭✹✳✺✮

✇❤❡.❡ /❤❡ ❝♦♥#/❛♥/ ♣❛.❛♠❡/❡.# ǫ , 1−β ∈ (0, 1) .❡♣.❡#❡♥/ ❆..♦✇✲M.❛// ♠❡❛✲

#✉.❡ ♦❢ .❡❧❛/✐✈❡ .✐#❦ ❛✈❡.#✐♦♥ ❛♥❞ /❤❡ ❡❧❛#/✐❝✐/② ♦❢ ♠❛.❣✐♥❛❧ ✉/✐❧✐/② /♦ ❝♦♥✲

#✉♠♣/✐♦♥ ❛♥❞ ❤❡❛❧/❤ .❡#♣❡❝/✐✈❡❧②

✷

✳ M♦♣✉❧❛/✐♦♥ ✐# ❝♦♥#/❛♥/ ❛♥❞ ✉♥✐/✐③❡❞ /♦

✶✳ ❆# ❝♦♠♣❛.❡❞ /♦ /❤❡ ❝❛♣✐/❛❧ ❞②♥❛♠✐❝ ✐♥ ❛ ❞❡/❡.♠✐♥✐#/✐❝ ❑❡②♥❡#✲❘❛♠#❡②

♠♦❞❡❧✱ ✇❡ ❛##✉♠❡ /❤❛/ ♣.♦❞✉❝/✐♦♥ ✐# #✉❜❥❡❝/ /♦ .❛♥❞♦♠ #❤♦❝❦# ✇❤✐❝❤ ♠❛②

❞✉❡ /♦ ♣♦♣✉❧❛/✐♦♥✬# ❤❡❛❧/❤ #❤♦❝❦✳ ▼♦.❡ ♣.❡❝✐#❡❧②✱ ✐♥#♣✐.❡❞ ❜② /❤❡ #/♦❝❤❛#/✐❝

❡❝♦♥♦♠✐❝ ❣.♦✇/❤ ♠♦❞❡❧ ♦❢ ❙/❡❣❡. ✭✷✵✵✺✮✱ ✇❡ ❞❡✜♥❡ /❤❡ ❧❛✇ ♦❢ ♠♦/✐♦♥ ♦❢

❝❛♣✐/❛❧ ❛❝❝✉♠✉❧❛/✐♦♥ ❛# ❢♦❧❧♦✇#✿

dKt =
[
(1−mt)Yt − ct

]
dt+ σKtdZk,t , Kt , ct , t ≥ 0 , K(0) = K0 ❣✐✈❡♥ .✭✹✳✻✮

✷

■♥ ♦#❞❡# &♦ ❣✉❛#❛♥&❡❡ ❝♦♥❝❛✈✐&② ♦❢ U(·) ✐✳❡✳ U ′

h(·) > 0✱ ✇❡ #❡2✉✐#❡ &❤❛& ǫ ∈ (0, 1)✳ ■&

✐4 ✇♦#&❤ ♥♦&❤✐♥❣ &❤❛& ✇❤❡♥ ǫ = 1✱ ✉4✐♥❣ ▲✬❤♦4♣✐&❛❧✬4 #✉❧❡✱ ✇❡ ❤❛✈❡ &❤❡ ❧♦❣❛#✐&❤♠ ✉&✐❧✐&②

❢✉♥❝&✐♦♥✿ U(ct, ht) = ln (c)hβ
✳

✺✼



✹✳ ❈❤❛♣&❡( ✹

✇❤❡#❡ Zk,t ✐% ❛ ❲✐❡♥❡# ♣#♦❝❡%% ♦# ❇#♦✇♥✐❛♥ ♠♦.✐♦♥✱ ❛♥❞ σ ≥ 0 #❡✢❡❝.%
.❤❡ %❡♥%✐.✐✈✐.② ♦❢ .❤❡ ❝❛♣✐.❛❧ .♦ ✢✉❝.✉❛.✐♦♥%✳ ❋✉#.❤❡#♠♦#❡✱ ✐. ✐% ✇♦#.❤ .♦

#❡♠❛#❦ .❤❛. ✐♥ ❆❑ ❡❝♦♥♦♠②✱ ❝♦♥%✉♠♣.✐♦♥ ✐% ♣#♦♣♦#.✐♦♥❛❧ .♦ ❝❛♣✐.❛❧ %.♦❝❦✱

❞❡♥♦.❡❞ c = xk✱ ✇✐.❤ x ❝♦♥%.❛♥.✳ ❚❤❡#❡❢♦#❡✱ ❊>✳✭✹✳✻✮ ❝❛♥ ❜❡ ❡①♣#❡%%❡❞ ❛%
❢♦❧❧♦✇✐♥❣✿

dKt =
[
(1−m)A− x

]
Kdt+ σKtdZk,t , Kt , t ≥ 0 , K(0) = K0 ❣✐✈❡♥ .✭✹✳✼✮

❍❡♥❝❡✱ .❤❡ %.♦❝❤❛%.✐❝ ♣#♦❝❡%% Kt ❢♦❧❧♦✇% ❛ ❣❡♦♠❡.#✐❝ ❇#♦✇♥✐❛♥ ♠♦.✐♦♥

✭●❇▼✮✱ ✇✐.❤ ❞#✐❢. ♣❛#❛♠❡.❡# (1 − m)A − x ❛♥❞ ✈♦❧❛.✐❧✐.② ♣❛#❛♠❡.❡# σ✳
▼♦#❡♦✈❡#✱ ❝♦♠❜✐♥❣ ❊>%✳✭✹✳✶✮✱ ✭✹✳✷✮ ❛♥❞ ✭✹✳✻✮✱ ✇❡ ❞❡✜♥❡ ♦✉# N♦♥.#②❛❣✐♥

♣#♦❜❧❡♠ ❝♦♠♣♦%❡❞ ❜② .✇♦ ❝♦##❡❧❛.❡❞ %.♦❝❤❛%.✐❝ ♣#♦❝❡%%❡%✿ ❝❛♣✐.❛❧ ❛♥❞

❤❡❛❧.❤ ❛% ❢♦❧❧♦✇%✿

max
c,m

E0

{∫ ∞

0

U(ct, ht) e
−ρ t dt

}

✭✹✳✽✮

%✉❜❥❡❝. .♦

dKt =
[
(1−mt)Yt − ct

]
dt+ σKtdZk,t , Kt , ct , t ≥ 0 , K(0) = K0 ❣✐✈❡♥ ,

dht = R(qt)htdZh,t , qt , ht , t ≥ 0 ,

E(dZk,tdZh,t) = ρk,hdt , ρk,h ∈ [0, 1] , t ≥ 0 .

■. ✐% ✇♦#.❤ .♦ #❡♠❛#❦ .❤❛. ✇❡ ❝♦♥%✐❞❡# .❤❡ ❆❑✲.②♣❡ ❣#♦✇.❤ ♠♦❞❡❧ ✇✐.❤

❝♦♥%.❛♥. ♣♦♣✉❧❛.✐♦♥ %✐③❡ ✉♥✐.✐③❡❞ .♦ ✶ ❢♦# %✐♠♣❧✐❝✐.②✳ ❍❡♥❝❡✱ ❝❛♣✐.❛❧ ♣❡#

❧❛❜♦✉# ❛♥❞ ♦✉.♣✉. ♣❡# ❧❛❜♦✉# ❛#❡ ✐❞❡♥.✐❝❛❧ .♦ ♦✈❡#❛❧❧ ❝❛♣✐.❛❧ ❛♥❞ ♦✉.♣✉.

#❡%♣❡❝.✐✈❡❧②✱ ✐✳❡✳

Yt = AKt , Lt = 1 ⇒ kt ≡
Kt

Lt

= K(t) , yt ≡
Yt

Lt

= Yt ✭✹✳✾✮

✹✳✷✳✶ ❆♥❛❧②)✐❝❛❧ ❚-❡❛)♠❡♥)

❋♦❧❧♦✇✐♥❣ .❤❡ ❛♣♣#♦❛❝❤ ♦❢ ❉✐①✐. ❛♥❞ N✐♥❞②❝❦✱ ✭✶✾✾✹✮✱ ❙.❡❣❡# ✭✷✵✵✺✮✱ ✇❡

✇#✐.❡ ❞♦✇♥ .❤❡ ❍❛♠✐❧.♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ✭❍❏❇✮ ❡>✉❛.✐♦♥ ❢♦# ❊>%✳✭✹✳✷✮ .♦

✭✹✳✽✮ ❛% ❢♦❧❧♦✇%✿

ρV (k, h) = max
c,m

{

U(c, h) +
1

dt
E
[
dV (k, h)

]
}

✭✹✳✶✵✮

✇❤❡#❡ V (k, h) ✐% .❤❡ ✈❛❧✉❡ ❢✉♥❝.✐♦♥ ❛%%♦❝✐❛.❡❞ ✇✐.❤ .❤❡ ♦♣.✐♠❛❧ ❝♦♥.#♦❧
♣#♦❜❧❡♠✳ ■♥ ❆♣♣❡♥❞✐① ❆✱ ❛♣♣❧②✐♥❣ ■.♦✬% ❧❡♠♠❛✱ ✇❡ ♦❜.❛✐♥ ❍❏❇ ✐♥ .❤❡

✺✽



❢♦❧❧♦✇✐♥❣ ❡①♣*❡++✐♦♥✿

ρV (k, h) = max
c,m

{

U(c, h) + Vk(k, h)
[
(1−m)y − c

]
+

1

2

[
Vkk(k, h)σ

2k2 +

Vhh(k, h)R
2(q)h2 + 2ρk,hVkh(k, h)σkR(q)h

]
}

✭✹✳✶✶✮

❋♦* ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ♦♠✐7 7❤❡ 7✐♠❡ +✉❜+❝*✐♣7+ ❛♥❞ ❞❡♥♦7❡ Vk(k, h) ≡ ∂V (k, h)/∂k✱

Vh(k, h) ≡ ∂V (k, h)/∂h✱ Vkk(k, h) ≡ ∂V 2(k, h)/∂k2
✱ Vhh(k, h) ≡ ∂V 2(k, h)/∂h2

✱

❛♥❞ Vkh(k, h) ≡ ∂V 2(k, h)/∂k∂h✳ ❚❤❡ ✜*+7✲♦*❞❡* ❝♦♥❞✐7✐♦♥+ ✭❋❖❈+✮ ♦❢ ❝♦♥✲

7*♦❧ ❛♥❞ +7❛7❡ ✈❛*✐❛❜❧❡+ ❛*❡ ❞❡*✐✈❡❞ ❛+ ❢♦❧❧♦✇+✿

❋♦" ❝♦♥%✉♠♣)✐♦♥ c✿

Uc = Vk ✭✹✳✶✷✮

❋♦" ❛❜❛)❡♠❡♥) ❢"❛❝)✐♦♥ m✿

Vk yt = (−µy′k)
(

VhhR(q)R′(q)h2 + VkhσR
′(q)ρkhkh

)

✭✹✳✶✸✮

❋♦" ❝❛♣✐)❛❧ %)♦❝❦ k✿

ρVk = Vkk[(1−m)y − c] + Vk(1−m)A+
1

2

[

Vkkkσ
2k2 + 2σ2Vkkk +

VhhkR
2(q)h2 + 2ρkhσVkhkR(q)hk + 2σρkhVkhR(q)h

]

✭✹✳✶✹✮

❋♦" ❤❡❛❧)❤ %)❛)✉% h ✿

ρVh = Uh + Vkh[(1−m)y − c] +
1

2

[

Vkkhσ
2k2 + VhhhR

2(q)h2 + 2VhhR
2(q)

+2σρkhVkhhR(q)kh+ 2σρkhVkhR(q)k
]

✭✹✳✶✺✮

❆♣♣❧②✐♥❣ ■7♦✬+ ❧❡♠♠❛ ❛♥❞ +✉❜+7✐7✉7✐♥❣ ❊J✳✭✹✳✶✹✮ ✐♥7♦ ❊J✳✭✹✳✶✷✮✱ ✇❡ ♦❜7❛✐♥

7❤❡ ❢♦❧❧♦✇✐♥❣ ❦❡② ❛♥❛❧②7✐❝❛❧ *❡+✉❧7+ ❢♦* ♦♣7✐♠❛❧ ❣*♦✇7❤ *❛7❡ ♦❢ ❝♦♥+✉♠♣7✐♦♥✱

✇❤❡*❡ 7❤❡ ❞❡7❛✐❧❡❞ ❛♥❛❧②7✐❝❛❧ 7*❡❛7♠❡♥7 ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳

dVk = Vk

{

ρ− (1−m)A−
[

σ2Vkk

Vk

k + σρkh
Vkh

Vk

R(q)h

]}

dt+ σVkkkdZk

+VkhR(q)hdZh . ✭✹✳✶✻✮

■7 ✐+ ✇♦*7❤ ♥♦7❤✐♥❣ 7❤❛7 ❝♦♥+✉♠♣7✐♦♥ ❝❛♥ ❜❡ ❡①♣*❡++❡❞ ❛+ ❛♥ ✐♥✈❡*+❡ ❢✉♥❝✲

7✐♦♥ ♦❢ 7❤❡ ♠❛*❣✐♥❛❧ ✉7✐❧✐7② ❞❡✜♥❡❞ ✐♥ ❊J✳✭✹✳✺✮ ❛+ ❢♦❧❧♦✇+✿

c = (Uc h
β)−

1
ǫ = U

− 1
ǫ

c h
β
ǫ := f c(Uc, h) ✭✹✳✶✼✮

✺✾



✹✳ ❈❤❛♣&❡( ✹

❆♣♣❧②✐♥❣ ■(♦✬+ ❧❡♠♠❛ ❛♥❞ ■(♦✬+ ♠✉❧(✐♣❧✐❝❛(✐♦♥ 2✉❧❡+ (♦ ❊4✳✭✹✳✶✼✮✱ ✇❡ ❤❛✈❡

(❤❡ ❡①♣❡❝(❡❞ ❣2♦✇(❤ 2❛(❡ ♦❢ ❝♦♥+✉♠♣(✐♦♥ ✐✳❡✳ E
(
ċ/c

)
✇✐(❤ ċ = dc/dt (❛❦✐♥❣

(❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦2♠✿

E

(
ċ

c

)

=
1

ǫ

{

(1−m)A− ρ− 1

2
β(1− β)(δq)2 − 1

2
σ2ǫ(1− ǫ) + ρkh

(
1− ǫ

)
βσδq

}

✭✹✳✶✽✮

❙✉❜+(✐(✉(✐♥❣ ❊4✳✭✹✳✹✮ ✐♥(♦ ❊4✳✭✹✳✶✽✮✱ ✇❡ ♦❜(❛✐♥ (❤❡ ❡①♣❡❝(❡❞ ❣2♦✇(❤ 2❛(❡

♦❢ ❝♦♥+✉♠♣(✐♦♥✱ ❞❡♥♦(❡❞ g✱ ❛+ ❢♦❧❧♦✇+✿

g = E

(
ċ

c

)

=
1

ǫ

{

(1−m)A− ρ+∆

}

, ✭✹✳✶✾✮

✇❤❡2❡ (❤❡ ❧❛+( ✐(❡♠ ♦❢ ❘❍❙ ♦❢ ❊4✳✭✹✳✶✾✮✱ ❞❡♥♦(❡❞ ∆✱ 2❡♣2❡+❡♥(+ (❤❡ ❡✛❡❝( ♦❢
✉♥❝❡2(❛✐♥(② ♦♥ (❤❡ ❡①♣❡❝(❡❞ ❣2♦✇(❤ 2❛(❡ ♦❢ ❝♦♥+✉♠♣(✐♦♥✳ ▲❡( ✉+ ❢♦❝✉+ ♦♥ ∆✱
✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦+❡❞ ✐♥(♦ (❤❡ ❢♦❧❧♦✇✐♥❣ (❤2❡❡ ✐(❡♠+✿ ∆ = ∆h+∆k+∆ρ✱

✇✐(❤

∆h = −1

2
β(1− β)(δA)2(φ− µm)2 ≤ 0 , ✭✹✳✷✵✮

∆k = −1

2
σ2ǫ(1− ǫ) ≤ 0 , ✭✹✳✷✶✮

∆ρ = ρkh(1− ǫ)βσδA(φ− µm) . ✭✹✳✷✷✮

✇❤❡2❡ ∆h ,∆k ,∆ρ 2❡♣2❡+❡♥( ✉♥❝❡2(❛✐♥(② ❡✛❡❝( ❞✉❡ (♦ ❤❡❛❧(❤✱ ❝❛♣✐(❛❧ ❛♥❞

(❤❡✐2 ❝♦22❡❧❛(✐♦♥ 2❡+♣❡❝(✐✈❡❧②✳ ■( ✐+ ✇♦2(❤ ♥♦(❤✐♥❣ (❤❛( ∆h ,∆k ❛2❡ ♥❡❣❛✲

(✐✈❡✳ ❚❤❡2❡❢♦2❡✱ (❤❡2❡ ❛2❡ (✇♦ +❝❡♥❛2✐♦+ ❛❜♦✉( ∆✱ ❞❡♣❡♥❞✐♥❣ ♦♥ (❤❡ +✐❣♥ ♦❢
❝♦22❡❧❛(✐♦♥ ♣❛2❛♠❡(❡2 ρk,h✳ ❙♣❡❝✐✜❝❛❧❧②✱ ρk,h < 0 ❧❡❛❞+ (♦ ∆ρ < 0✳ ❍❡♥❝❡ ∆
✐+ ♥❡❣❛(✐✈❡✱ ✐♠♣❧②✐♥❣ (❤❡ ❡✛❡❝( ♦❢ ✉♥❝❡2(❛✐♥(② ♣❧❛②+ ❛ ♥❡❣❛(✐✈❡ ✐♠♣❛❝( ♦♥

(❤❡ ❡①♣❡❝(❡❞ ❣2♦✇(❤ 2❛(❡✱ ❝♦♠♣❛2❡❞ (♦ (❤❡ ❝❛+❡ ✇✐(❤ ♣❡2❢❡❝( ❝❡2(❛✐♥(②✳

■♥❞❡❡❞✱ (❤❡ ❡①♣❡❝(❡❞ ❣2♦✇(❤ 2❛(❡ ♦❢ ❝♦♥+✉♠♣(✐♦♥ ✐+ (❤❡ ❞2✐❢( (❡2♠ ♦❢ (❤❡

+(♦❝❤❛+(✐❝ ♣2♦❝❡++✱ ✇❤✐❝❤ 2❡♣2❡+❡♥(+ (❤❡ ✏(2❡♥❞✑ ♦❢ (❤❡ ❝♦♥+✉♠♣(✐♦♥ ❣2♦✇(❤

♣❛(❤ ✇❤❡♥ (❤❡ ❞❡(2✐♠❡♥(❛❧ ✐♠♣❛❝( ♦❢ ♣♦❧❧✉(✐♦♥ +❤♦❝❦+ (❤❡ ❡❝♦♥♦♠②✳ ❚❤❡

(2❡♥❞ ❞❡♣❡♥❞+ ♥❡❣❛(✐✈❡❧② ♦♥ ♠✐(✐❣❛(✐♦♥ ❛♥❞ ❡♠✐++✐♦♥ ❝♦♥❝❡♥(2❛(✐♦♥✳ ❊4✳✭✹✳✹✮

(❡❧❧+ ✉+ (❤❛( (❤❡ ♠✐(✐❣❛(✐♦♥ ❛♥❞ ❡♠✐++✐♦♥ ❝♦♥❝❡♥(2❛(✐♦♥ ❛2❡ ✐♥✈❡2+❡❧② 2❡❧❛(❡❞✳

❆+ ❛ ❝♦♥+❡4✉❡♥❝❡✱ ✉+✐♥❣ ❛ ❧❛2❣❡2 ♣♦2(✐♦♥ ♦❢ ♦✉(♣✉( mt ❛+ ❛❜❛(❡♠❡♥( ♠❛②

2❡❞✉❝❡ ♣♦❧❧✉(✐♦♥ ❝♦♥❝❡♥(2❛(✐♦♥✱ (❤✉+ ❡♥❤❛♥❝❡ ❡❝♦♥♦♠✐❝ ❣2♦✇(❤✳ ❇❡+✐❞❡+✱ ❛

❧❛2❣❡2 mt ✐♠♣❧✐❡+ +♠❛❧❧❡2 1−mt ✐✳❡✳ +♠❛❧❧❡2 ♣2♦♣♦2(✐♦♥ ❢♦2 ♣2♦❞✉❝(✐♦♥ ❛♥❞

❝♦♥+✉♠♣(✐♦♥✱ ❛♥❞ ❤❡♥❝❡ +❧♦✇+ ❞♦✇♥ (❤❡ ❣2♦✇(❤✳ ■♥ ♣❛2(✐❝✉❧❛2✱ ✇❡ ❤❛✈❡ (❤❡

❢♦❧❧♦✇✐♥❣ ♣2♦♣❡2(②✳

✻✵



 !♦♣♦$✐&✐♦♥ ✹✳✷✳✶✳ ❲❤❡♥ ❡♥❞♦❣❡♥♦✉( ❢*❛❝-✐♦♥( ♦❢ ♦✉-♣✉- ❢♦* ♠✐-✐❣❛-✐♦♥

❛♥❞ ❛❜❛-❡♠❡♥- ✭♦* ♠✐-✐❣❛-✐♦♥ ❢*❛❝-✐♦♥ ✐♥ (❤♦*-✮✱ ❛♥❞ -❤❡ (-♦❝❤❛(-✐❝ ❞❡-*✐✲

♠❡♥-❛❧ ✐♠♣❛❝- ♦❢ ♣♦❧❧✉-✐♦♥ ♦♥ ❤❡❛❧-❤ ❛*❡ -❛❦❡♥ ✐♥-♦ ❛❝❝♦✉♥-✱ ✇❡ ❤❛✈❡ -❤*❡❡

❢♦❧❧♦✇✐♥❣ ♣*♦♣❡*-✐❡(✿

✭✐✮ ❊❛❝❤ ✉♥❝❡*-❛✐♥-② ♦❢ ❝❛♣✐-❛❧ ❛♥❞ ❤❡❛❧-❤ ❞②♥❛♠✐❝( ✐♥ ✐(♦❧❛-✐♦♥ ❤❛( ❛

♥❡❣❛-✐✈❡ ✐♠♣❛❝- ♦♥ ❡①♣❡❝-❡❞ ❣*♦✇-❤ *❛-❡✱ ❝♦♠♣❛*❡❞ -♦ -❤❡ ❝❛(❡ ✇✐-❤

♣❡*❢❡❝- ❝❡*-❛✐♥-②✳

✭✐✐✮ ❈♦**❡❧❛-✐♦♥ (-*✉❝-✉*❡ ❜❡-✇❡❡♥ ❞✐✛❡*❡♥- ✉♥❝❡*-❛✐♥-✐❡( ❝❛♥ ✇♦*(❡♥ ✭♦*

♦✛(❡-✮ -❤❡ ✉♥❝❡*-❛✐♥-②✲✐♥❞✉❝❡❞ ♥❡❣❛-✐✈❡ ✐♠♣❛❝- ♦♥ ❡①♣❡❝-❡❞ ❣*♦✇-❤

*❛-❡✱ ✐❢ ρk,h < 0 (♦* ρk,h > 0)✳

✭✐✐✐✮ ❚❤❡ *❡❧❛-✐♦♥(❤✐♣ ❜❡-✇❡❡♥ -❤❡ ❡①♣❡❝-❡❞ ❣*♦✇-❤ *❛-❡ ❛♥❞ ♠✐-✐❣❛-✐♦♥ ❢*❛❝✲

-✐♦♥ ❤❛( ❛♥ ✐♥✈❡*-❡❞✲❯ (❤❛♣❡✳ ❙♣❡❝✐✜❝❛❧❧②✱ m∗
g =

φ

µ
−1 + (1− ǫ)βρkhµσδ

Aβ(1− β)(µδ)2
✱

✇✐-❤ δ ≥ 0 , β , ǫ ∈ (0, 1] , σ , δ ∈ [0, 1] , ρk,h ∈ [−1, 1]✳ ❲❤❡♥ m < m∗
g

✭♦* m > m∗
g ✮✱ ❛ ❣*❡❛-❡* ♠✐-✐❣❛-✐♦♥ ❢*❛❝-✐♦♥ ✇✐❧❧ *❛✐(❡ ✭♦* ❧♦✇❡*✮ -❤❡

❡①♣❡❝-❡❞ ❣*♦✇-❤ *❛-❡✳

E*♦♦❢✳ ❚❤❡ ♣$♦♣❡$&② ✭✐✮ ❝❛♥ ❜❡ ♣$♦✈❡❞ 1&$❛✐❣❤&❢♦$✇❛$❞ ❢$♦♠ ❊71✳✭✹✳✷✵✮ ❛♥❞

✭✹✳✷✶✮✱ ✇❤❡$❡ ♥❡❣❛&✐✈❡ ✐♠♣❛❝& ♦♥ ❡①♣❡❝&❡❞ ❣$♦✇&❤ $❛&❡ ❞✉❡ &♦ ✢✉❝&✉❛&✐♦♥

∆ ✐♥❝$❡❛1❡1 ✇❤❡♥ ❡✐&❤❡$ ∆h ♦$ ∆k ✐♥❝$❡❛1❡1✳ ■& ✐1 ✇♦$&❤ ♥♦&❤✐♥❣ &❤❛&

∂∆h/∂δ = −β(1 − β)δq2 ≤ 0 ❛♥❞ ∂∆k/∂σ = −σǫ(1 − ǫ) ≤ 0✳ ❊1♣❡❝✐❛❧❧②✱
&❤❡ ❛❜♦✈❡ ❡7✉❛❧✐&✐❡1 ❤♦❧❞ ✇❤❡♥ δ = σ = 0✱ ✇❤✐❝❤ ✐♥❞✐❝❛&❡1 ❛♥ ❡①&$❡♠❡
❝❛1❡ &❤❛& &❤❡ ♥❡❣❛&✐✈❡ ✐♠♣❛❝& ❞✉❡ &♦ ✉♥❝❡$&❛✐♥&② ✈❛♥✐1❤❡1 ✐♥ &❤❡ ♣$❡✈✐♦✉1

♠♦❞❡❧ ✭✐✳❡✳ ∆ = 0✮✳ ❚❤❡ ♣$♦♣❡$&② ✭✐✐✮ ❝❛♥ ❜❡ ♣$♦✈❡❞ ❢$♦♠ ❊7✳✭✹✳✷✷✮ &❤❛&

∂∆/∂ρh,k = ∂∆ρ/∂ρh,k = (1 − ǫ)βσδq ≥ 0✳ ❍❡♥❝❡✱ ✇❤❡♥ ρh,k < 0✱ &❤❡
✉♥❝❡$&❛✐♥&② ✐♠♣❛❝& ♦♥ ❣$♦✇&❤ $❛&❡✱ ❞❡♥♦&❡❞ ∆✱ ❞❡❝$❡❛1❡1 ❛1 &❤❡ ♥❡❣❛&✐✈❡
❝♦$$❡❧❛&✐♦♥ 1&$❡♥❣&❤❡♥1 ✐✳❡✳ ρh,k → −1✳ ■♥ &❤❡ ❝❛1❡ ♦❢ ρh,k > 0✱ ∆ ✐♥❝$❡❛1❡1

❛1 ρh,k ✐♥❝$❡❛1❡1✳ ❚❤❡ ❡7✉❛❧✐&② ❤♦❧❞1 ✇❤❡♥ ρh,k = 0✱ ✐♠♣❧②✐♥❣ &❤❛& &❤❡
1❤♦❝❦1 ♦♥ ❤❡❛❧&❤ ❛♥❞ ❝❛♣✐&❛❧ ❛$❡ ✐♥❞❡♣❡♥❞❡♥&✳ ❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♠✐&✐❣❛&✐♦♥

❢$❛❝&✐♦♥ ♦♥ &❤❡ ❡①♣❡❝&❡❞ ❣$♦✇&❤ $❛&❡ ♦❢ ❝♦♥1✉♠♣&✐♦♥ ✐1 ♣♦1✐&✐✈❡ ✐❢

∂g

∂m
> 0

✐♠♣❧②✐♥❣✿

m <
φ

µ
− 1 + (1− ǫ)βρkhµσδ

Aβ(1− β)(µδ)2
︸ ︷︷ ︸

:=m∗

g

=
φ

µ
− (1− ǫ)

[
1 + βρkhµσδ

]
+ ǫ

Aβ(1− β)(µδ)2
, ✭✹✳✷✸✮

δ ≥ 0 , β , ǫ ∈ (0, 1] , σ , δ ∈ [0, 1] , ρk,h ∈ [−1, 1].

✻✶



✹✳ ❈❤❛♣&❡( ✹

❱✐❝❡ ✈❡%&❡ ✱ m > m∗
g ✐♠♣❧✐❡&

∂g

∂m
< 0✳

■♥ ❊/✳✭✹✳✶✽✮✱ 5❤❡ ✜%&5 5❡%♠ ✐♥ 5❤❡ ❘❍❙ ♦❢ 5❤❡ 5%❡♥❞ %❡♣%❡&❡♥5& 5❤❡ ♥❡❣✲

❛5✐✈❡ ✐♠♣❛❝5 ✐✳❡✳ 5❤❡ &❧♦✇✲❞♦✇♥ ❡✛❡❝5 ♦❢ 5❤❡ ♠✐5✐❣❛5✐♦♥ ❢%❛❝5✐♦♥ ♦♥ 5❤❡

❣%♦✇5❤ %❛5❡ ♦❢ ❝♦♥&✉♠♣5✐♦♥✱ ✇❤✐❝❤ ✐& ♣♦&✐5✐✈❡❧② ❛✛❡❝5❡❞ ❜② 5❤❡ ✢✉❝5✉❛5✐♦♥

5❡%♠ ∆ ✐✳❡✳ 5❤❡ ✉♥❝❡%5❛✐♥5② ❡✛❡❝5✳ ❲❤❡♥ 5❤❡ ♠✐5✐❣❛5✐♦♥ ❢%❛❝5✐♦♥ m = m∗
g✱

5❤❡ &❧♦✇✲❞♦✇♥ ❡✛❡❝5 ❛♥❞ 5❤❡ ✉♥❝❡%5❛✐♥5② ❡✛❡❝5 ❡①❛❝5❧② ♦✛&❡5 ❡❛❝❤ ♦5❤❡%✳

❚❤❡ ❜❛&✐❝ ♠❡❝❤❛♥✐&♠ ✉♥❞❡%❧②✐♥❣ J%♦♣♦&✐5✐♦♥ ✭✹✳✷✳✶✮ ✐& 5❤❛5✱ ♠✐5✐❣❛5✐♦♥

♣♦❧✐❝② ✐♥✢✉❡♥❝❡& 5❤❡ ❡①♣❡❝5❡❞ ❣%♦✇5❤ %❛5❡ 5❤%♦✉❣❤ 5✇♦ ❝❤❛♥♥❡❧&✳ ❋✐%&5❧②✱

♠✐5✐❣❛5✐♦♥ ♣♦❧✐❝②✱ ♦❝❝✉♣②✐♥❣ ❛ &❤❛%❡ ♦❢ ♦✉5♣✉5 ❛& ❛❜❛5❡♠❡♥5✱ %❡❞✉❝❡& ❝♦♥✲

&✉♠♣5✐♦♥ ❛♥❞ &❛✈✐♥❣✳ ■♥ ♦5❤❡% ✇♦%❞&✱ 5❤❡ ♣%♦♣♦%5✐♦♥ 1 − mt ✐♥❞✐❝❛5❡&

❛ ♥❡❣❛5✐✈❡ ✐♠♣❛❝5 ♦❢ mt ♦♥ ❡❝♦♥♦♠✐❝ ❣%♦✇5❤✳ ❙❡❝♦♥❞❧②✱ ♠✐5✐❣❛5✐♦♥ ❝❛♥

❞❛♠♣❡♥ ✢✉❝5✉❛5✐♦♥&✱ ❤❡♥❝❡ %❡❞✉❝✐♥❣ %✐&❦ ♣%❡♠✐✉♠ ❛♥❞ &5✐♠✉❧❛5✐♥❣ ❡❝♦✲

♥♦♠✐❝ ❣%♦✇5❤✳ ❋♦% &✐♠♣❧✐❝✐5②✱ ❧❡5 ✉& ❞❡♥♦5❡ 5❤❡♠ ✏&❧♦✇✲❞♦✇♥✑ ❡✛❡❝5 ❛♥❞

✏✉♥❝❡%5❛✐♥5②✑ ❡✛❡❝5 %❡&♣❡❝5✐✈❡❧②✳ ■♥❞❡❡❞✱ ♠✐5✐❣❛5✐♦♥ %❡♣%❡&❡♥5& ❛ 5%❛♥&♠✐&✲

&✐♦♥ ❜❡5✇❡❡♥ ❝❛♣✐5❛❧ ❛♥❞ ❤❡❛❧5❤✱ ✢✉❝5✉❛5✐♦♥& ❛♥❞ ♣%♦❞✉❝5✐♦♥ ❛❝5✐✈✐5✐❡&✱

✇❤✐❝❤ ❛✛❡❝5& 5❤❡ ❝♦♥&✉♠♣5✐♦♥ &❡❝5♦% ❛& ✇❡❧❧✳

J%♦❞✉❝5✐♦♥✲✐♥❞✉❝❡❞ ♣♦❧❧✉5✐♦♥ ✐♥❝%❡❛&❡& 5❤❡ ✢✉❝5✉❛5✐♦♥ ♦❢ ❤❡❛❧5❤ %❡❣❡♥❡%❛✲

5✐♦♥✳ ❘❡❝❛❧❧✐♥❣ 5❤❛5 ✐♥ ❊/✳✭✹✳✶✮✱ R(q) ✐& ♣%♦♣♦%5✐♦♥❛❧ 5♦ ❡♠✐&&✐♦♥ ❝♦♥❝❡♥✲
5%❛5✐♦♥✳ ❈♦♥&❡/✉❡♥5❧②✱ 5❤❡ ♠✐5✐❣❛5✐♦♥ ❢%❛❝5✐♦♥ %❡❞✉❝❡& 5❤❡ &5♦❝❦ ♦❢ ❡♠✐&✲

&✐♦♥&✱ ❛♥❞ 5❤✉& ❞✐♠✐♥✐&❤❡& 5❤❡ ✉♥❝❡%5❛✐♥5② ✐♥ ❤❡❛❧5❤ %❡❣❡♥❡%❛5✐♦♥✱ ✐♠♣❧②✐♥❣

✐♥❞✐✈✐❞✉❛❧& ❛%❡ ❜❡55❡% ♦✛✳ ●✐✈❡♥ 5❤❡ ❛&&✉♠♣5✐♦♥ ♦❢ ♣♦&✐5✐✈❡ ❝♦%%❡❧❛5✐♦♥

✭ρkh > 0✮ ❜❡5✇❡❡♥ ❤❡❛❧5❤ ❛♥❞ ❝❛♣✐5❛❧ ✢✉❝5✉❛5✐♦♥&✱ 5❤❡ ✉♥❝❡%5❛✐♥5② ❡✛❡❝5
♦♥ ❝❛♣✐5❛❧ ❛❝❝✉♠✉❧❛5✐♦♥ ❞✐♠✐♥✐&❤❡& ❛& ✇❡❧❧✱ ✐♥❞✐❝❛5✐♥❣ ❛ ♣♦&✐5✐✈❡ ✐♠♣❛❝5 ♦♥

❡❝♦♥♦♠✐❝ ❣%♦✇5❤✳ ❋♦% ❛ %✐&❦✲❛✈❡%&❡ %❡♣%❡&❡♥5❛5✐✈❡ ❛❣❡♥5 ✇✐5❤ ♠❡❛&✉%❡ ♦❢

❈❘❘❆ ❜❡5✇❡❡♥ ✵ ❛♥❞ ✶ ✭ǫ ∈ (0, 1)✮ ❞❡✜♥❡❞ ✐♥ ❊/✳✭✹✳✺✮✱ 5❤❡ ✐♠♣❛❝5 ♦❢ ✉♥❝❡%✲
5❛✐♥5② %❡❞✉❝❡& 5❤❡ ❡①♣❡❝5❡❞ ❡❝♦♥♦♠✐❝ ❣%♦✇5❤ %❛5❡ ❛5 ❛ ❞❡5❡%♠✐♥✐&5✐❝ ❧❡✈❡❧✳

❚❤❡ ❡❝♦♥♦♠✐❝ ✐♠♣❧✐❝❛5✐♦♥ ❝❛♥ ❜❡ ✐❧❧✉&5%❛5❡❞ ❜② ❡♠♣❧♦②✐♥❣ 5❤❡ ✇❡❧❧✲❦♥♦✇♥

❝♦♥❝❡♣5 ♦❢ ❝❡%5❛✐♥5② ❡/✉✐✈❛❧❡♥5 %❡5✉%♥ ♦♥ &❛✈✐♥❣ ✭❲❡✐❧✱ ✶✾✾✵✮✳ ❙♣❡❝✐❛❧❧②✱

✇❤❡♥ ǫ = 1✱ 5❤❡ &5♦❝❤❛&5✐❝ ✐♠♣❛❝5 ♦❢ ❝❛♣✐5❛❧ ❛❝❝✉♠✉❧❛5✐♦♥ ♦♥ ❣%♦✇5❤ %❛5❡
❞✐&❛♣♣❡❛%&✳ ■♥ ❛❞❞✐5✐♦♥✱ ✇❡ ❤❛✈❡ ❛ ❤✐❣❤❡% 5❤%❡&❤♦❧❞ ✈❛❧✉❡ ♦❢ ♠✐5✐❣❛5✐♦♥

❢%❛❝5✐♦♥ ✭✐✳❡✳ m∗
g ✐♥❝%❡❛&❡&✮✱ ❛♥❞ ❤❡♥❝❡ 5❤❡ ❞♦♠❛✐♥ ♦❢ ♠✐5✐❣❛5✐♦♥ ❢%❛❝5✐♦♥

5♦ ♣%♦♠♦5❡ ❡❝♦♥♦♠✐❝ ❛❝5✐✈✐5② ❡♥❧❛%❣❡&✳ ❲❤❡♥ 5❤❡ ✉♥❝❡%5❛✐♥5② ❝♦%%❡❧❛5✐♦♥

❝♦❡✣❝✐❡♥5 ✐& ♥❡❣❛5✐✈❡✱ ✐✳❡✳ ρkh < 0✱ 5❤❡ ✢✉❝5✉❛5✐♦♥& ♦❢ ❤❡❛❧5❤ ❛♥❞ ❝❛♣✐5❛❧
♦✛&❡5 ❡❛❝❤ ♦5❤❡%✳ ❆ ♣♦&✐5✐✈❡ &❤♦❝❦ ♦♥ ❝❛♣✐5❛❧ ❣❡♥❡%❛5❡& ❛ ♥❡❣❛5✐✈❡ &❤♦❝❦ ♦♥

❤❡❛❧5❤✳ ❚❤❡ ❡❝♦♥♦♠✐❝ ✐♠♣❧✐❝❛5✐♦♥ ✐&✿ ❛ ❜♦♦♠ ✐♥ ♣%♦❞✉❝5✐♦♥ ✇✐❧❧ ❡♥❤❛♥❝❡

❡♠✐&&✐♦♥✱ ❛♥❞ 5❤✉& ❞❡❣%❛❞❡ ❤❡❛❧5❤✳ ■5 ✐& ✇♦%5❤ 5♦ ♥♦5❡ 5❤❛5✱ ✇❤❡♥ ρh,k = 0✱
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 ❝❡♥❛/✐♦ ♣❛/!✐❝✉❧❛/❧② ♣/♦✈✐❞❡ ✐♥ ✐❣❤! !♦  ♦♠❡ ❡♠❡/❣✐♥❣ ❡❝♦♥♦♠✐❡ ✇❤❡/❡

✇❡ ♦❜ ❡/✈❡  ❡/✐♦✉ ♣♦❧❧✉!✐♦♥ ❜✉! ❧❡  ❡✣❝✐❡♥! ♠✐!✐❣❛!✐♦♥ ♣♦❧✐❝✐❡ ✳ ■♥ ❛❞❞✐✲

!✐♦♥✱ ✐! ✐ ✇♦/!❤ !♦ ♥♦!❡ !❤❛! ❛ ❧❛/❣❡/ ♠❡❛ ✉/❡ ♦❢ /❡❧❛!✐✈❡ ♦❢ /✐ ❦ ❛✈❡/ ✐♦♥✱

ǫ✱ ✇✐❧❧ ❞❡❝/❡❛ ❡ ✭♦/ ✐♥❝/❡❛ ❡✮ m∗
g ✇❤❡♥ ρk,h ✐ ♥❡❣❛!✐✈❡ ✭♦/ ♣♦ ✐!✐✈❡✮ ✐✳❡✳

∂m∗
g

∂ǫ
=

βρkhµσδ

Aβ(1− β)(µδ)2

{

< 0 ✇❤❡♥ ρk,h < 0

> 0 ✇❤❡♥ ρk,h > 0
✭✹✳✷✹✮

❚❤✐ ✐♥❞✐❝❛!❡ ✱ ♦♥❝❡ ❛♥ ❛❣❡♥! ❜❡❝♦♠❡ ♠♦/❡ /✐ ❦ ❛✈❡/ ❡✱ m∗
g ❞❡❝/❡❛ ❡ ✱ ❛♥❞

❤❡♥❝❡ !❤❡ ❞♦♠❛✐♥ ♦❢ ∂g/∂m > 0  ❤/✐♥❦ ✱ ✐♥❞✐❝❛!✐♥❣ !❤❡ ✏ ❧♦✇✲❞♦✇♥✑ ❡✛❡❝!

✐ ❧❡  ❧✐❦❡❧② !♦ ❜❡ ♦✛ ❡! ❜② ✏✉♥❝❡/!❛✐♥!②✑ ❡✛❡❝! ✇❤❡♥ ρkh < 0✳ ❙✐♠✐❧❛/❧②✱

✇❡ ❝❛♥ ♦❜!❛✐♥ !❤❡ ❝♦♥!/❛/② ❝♦♥❝❧✉ ✐♦♥ ✐♥ !❤❡ ❝❛ ❡ ♦❢ ρkh > 0✳

❇❛ ❡❞ ♦♥ ♦✉/ ❈❘❘❆ ✉!✐❧✐!② ❢✉♥❝!✐♦♥ ❞❡✜♥❡❞ ✐♥ ❊2✳✭✹✳✺✮✱ !❤❡ ✈❛❧✉❡ ❢✉♥❝!✐♦♥

❝❛♥ ❜❡ ❞❡/✐✈❡❞ ❡①♣❧✐❝✐!❧② ✐♥ !❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦/♠✿

V (k, h) =
(x k)1−ǫ

1− ǫ
hβ , ǫ , β ∈ (0, 1) . ✭✹✳✷✺✮

❆ ✇❡ /❡♠❛/❦ ❜❡❢♦/❡✱ ✐♥ ❆❑ ♠♦❞❡❧✱ ❝♦♥ ✉♠♣!✐♦♥ ✐ ♣/♦♣♦/!✐♦♥❛❧ !♦ ❝❛♣✐!❛❧

 !♦❝❦ ✐✳❡✳ c = x k✱ ✇❤❡/❡ x ✐ ❛ ♣/♦♣♦/!✐♦♥❛❧ ❝♦❡✣❝✐❡♥!✱ ✇❤♦ ❡ ❝❧♦ ❡✲❢♦/♠

 ♦❧✉!✐♦♥ ✐ ❞❡/✐✈❡❞ ❛ ❢♦❧❧♦✇ ✭❙❡❡ ❞❡!❛✐❧ !/❡❛!♠❡♥! ✐♥ ❊2 ✳✭✼✳✷✾✮✱ ✭✼✳✸✵✮✱

❛♥❞ ✭✼✳✸✶✮ ✐♥ ❆♣♣❡♥❞✐① ❆✮✿

x =
1

ǫ

{

ρ− (1− ǫ)(1−m)A+ Ix

}

, ρ , ǫ ∈ (0, 1) . ✭✹✳✷✻✮

✻✸



✹✳ ❈❤❛♣&❡( ✹

✇❤❡#❡ Ix =
1

2
β(1− β)δ2

[
(φ− µm)A

]2

︸ ︷︷ ︸

Ixh

+(1− ǫ)βσ(−ρkh)δ
[
(φ− µm)A

]

︸ ︷︷ ︸

Ixh,k

+
1

2
ǫ(1− ǫ)σ2

︸ ︷︷ ︸

Ixk

✇✐%❤ φ− µm ≥ 0 , A , δ , σ ≥ 0 , ǫ , β ∈ (0, 1) , ρkh ∈ [−1, 1] ,m ∈ [0, 1)

Ix ≥ 0 #❡♣#❡'❡♥%' %❤❡ ❡✛❡❝% ♦❢ ❡♥✈✐#♦♥♠❡♥%❛❧ ✉♥❝❡#%❛✐♥%②✳ ❊'♣❡❝✐❛❧❧②✱ ✐% ✐'
❝♦♠♣♦'❡❞ ❜② '✐♥❣❧❡ ❡✛❡❝% ♦♥ ❤❡❛❧%❤✱ '✐♥❣❧❡ ❡✛❡❝% ♦♥ ❝❛♣✐%❛❧ ❛♥❞ %❤❡ ❥♦✐♥%

❡✛❡❝% ♦♥ ❜♦%❤✱ ❞❡♥♦%❡❞ ❜② Ixh
≥ 0✱ Ixk

≥ 0 ❛♥❞ Ixρ
R 0 ⇔ ρkh R 0

#❡'♣❡❝%✐✈❡❧②✳ ❙✉❜'%✐%✉%✐♥❣ ❊;'✳✭✹✳✷✺✮ ❛♥❞ ✭✹✳✷✻✮ ✐♥%♦ ❊;✳✭✹✳✶✸✮✱ ✇❡ ❞❡#✐✈❡

%❤❡ ♦♣%✐♠❛❧ ❢#❛❝%✐♦♥ ♦❢ ♦✉%♣✉% ❢♦# ♠✐%✐❣❛%✐♦♥ ❛' ❢♦❧❧♦✇'✿

m∗ =
φ

µ
− (1− ǫ)

[
1 + βρkhµσδ

]

Aβ(1− β)(µδ)2
, ✭✹✳✷✼✮

✇✐%❤ A , δ , σ , ρ , µ ≥ 0 , ǫ , β ∈ (0, 1) , ρkh ∈ [−1, 1].

■♥ ♦#❞❡# %♦ ❡♥'✉#❡ m∗ ∈ [0, 1)✱ %❤❡ ♣❛#❛♠❡%❡#' '❤♦✉❧❞ '❛%✐'❢② %❤❡ ❢♦❧❧♦✇✐♥❣

✐♥❡;✉❛❧✐%②✿

φ

µ
− 1 <

(1− ǫ)
[
1 + βρkhµσδ

]

Aβ(1− β)(µδ)2
≤ φ

µ
✳ ❚❤❡#❡❢♦#❡✱ ✉'✐♥❣ %❤❡

#❡❧❛%✐♦♥'❤✐♣ ❜❡%✇❡❡♥ mt ❛♥❞ qt ✐♥ ❊;✳✭✹✳✹✮✱ ✇❡ ♦❜%❛✐♥ %❤❡ ♦♣%✐♠❛❧ ❡♠✐''✐♦♥
❝♦♥❝❡♥%#❛%✐♦♥ '%#❛✐❣❤%❢♦#✇❛#❞✿

q∗ =
(1− ǫ)

[
1 + βσµρkhδ

]

β(1− β)µδ2
, ✭✹✳✷✽✮

✇✐%❤ A , δ , σ , ρ , µ ≥ 0 , ǫ , β ∈ (0, 1) , ρkh ∈ [−1, 1].

❲❡ #❡;✉✐#❡ −1 ≤ βρkhσµδ ≤ 0 %♦ ❡♥'✉#❡ q∗ ≥ 0✳ ■♥ ♣#❛❝%✐❝❡✱ %❤✐' ❝♦♥❞✐%✐♦♥
❤♦❧❞' '✐♥❝❡ β , µ , δ , σ ∈ (0, 1) ❛♥❞ ρkh ∈ [−1, 1]✳ ❙✉❜'%✐%✉%✐♥❣ ♦♣%✐♠❛❧

♠✐%✐❣❛%✐♦♥ ❢#❛❝%✐♦♥ m∗
❛♥❞ ❡♠✐''✐♦♥ ❝♦♥❝❡♥%#❛%✐♦♥ q∗ ✐♥ ❊;'✳✭✹✳✷✼✮ ❛♥❞

✭✹✳✷✽✮ ✐♥%♦ ❊;✳✭✹✳✶✽✮✱ ✇❡ ♦❜%❛✐♥ ❡①♣❡❝%❡❞ ♦♣%✐♠❛❧ ❣#♦✇%❤ #❛%❡ g∗ ❡①♣#❡''❡❞
✐♥ ❢♦❧❧♦✇✐♥❣ ❢♦#♠✿

g∗ = E

(
ċ

c

)

=
1

ǫ

{(

1− φ

µ

)

A− ρ+ Ig

}

✭✹✳✷✾✮

✇❤❡#❡ Ig #❡♣#❡'❡♥%' ✉♥❝❡#%❛✐♥%② ❡✛❡❝% ♦♥ ♦♣%✐♠❛❧ ❣#♦✇%❤ #❛%❡ ♦❢ ❝♦♥'✉♠♣✲
%✐♦♥ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❞❡❝♦♠♣♦'❡❞ ✐♥%♦ ❤❡❛❧%❤ '❤♦❝❦ Ig,h ❛♥❞ ❝❛♣✐%❛❧ '❤♦❝❦

Ig,k #❡'♣❡❝%✐✈❡❧②✳ Ig =

[
(1− ǫ)(1 + βσδµρkh) + ǫ

]2 − ǫ2

2β(1− β)(µδ)2
− 1

2
ǫ(1− ǫ)σ2

✱ ❛♥❞

✻✹



 ❤❡ ♣❛%❛♠❡ ❡%' ❛%❡ ❞❡✜♥❡❞ ❜❡❢♦%❡✳ ❚❤❡ ❣%♦✇ ❤ %❛ ❡ ✐♥ ❊4✳✭✹✳✷✾✮ ❝❛♥ ❜❡

❞❡❝♦♠♣♦'❡❞ ❛' ❢♦❧❧♦✇'✿

g∗ = E

(
ċ

c

)

=
A− ρ

ǫ
− 1

ǫ

(φ

µ
A− Ig

)

✭✹✳✸✵✮

❚❤❡ ✜%'  ❡%♠ ✐♥ ❊4✳✭✹✳✸✵✮ %❡✢❡❝ '  ❤❡ ' ❛♥❞❛%❞ ❑❡②♥❡'✲❘❛♠'❡② %✉❧❡ ♦❢

♦♣ ✐♠❛❧ ❝♦♥'✉♠♣ ✐♦♥✱ ✇❤✐❝❤ ' ❛ ❡'  ❤❛  ❤❡ ❞✐✛❡%❡♥❝❡ ❜❡ ✇❡❡♥  ❤❡ %✐'❦✲

❢%❡❡ ✐♥ ❡%❡' %❛ ❡ ✭❡4✉❛❧'  ♦ ♠❛%❣✐♥❛❧ ♣%♦❞✉❝ ♦❢ ❝❛♣✐ ❛❧ ✭▼I❑✮ ✐✳❡✳ r = A✮

❧❡''  ❤❡ ♣%❡❢❡%❡♥❝❡ %❛ ❡✱ ❞✐✈✐❞❡❞ ❜②  ❤❡ ❝♦♥' ❛♥ ♠❡❛'✉%❡ ♦❢ %❡❧❛ ✐✈❡ %✐'❦

❛✈❡%'✐♦♥✱ ǫ✳ ❚❤❡ ❧❛'  ❡%♠ ✐♠♣❧✐❡'  ❤❡ ✐♠♣❧✐❝✐ %✐'❦ ♣%❡♠✐✉♠✱ ❛❞❥✉' ❡❞ ❜②

 ❤❡ ❡❧❛' ✐❝✐ ② ♦❢ ✐♥ ❡% ❡♠♣♦%❛❧ '✉❜' ✐ ✉ ✐♦♥ ❢♦% ❝♦♥'✉♠♣ ✐♦♥✱ L ❧❛ ❉♦%❢♠❛♥

✭✶✾✻✾✮✳ ❍❡♥❝❡✱ ✐♥ ♦✉% ♠♦❞❡❧✱  ❤❡ %❡❛❧ ✐♥ ❡%❡' %❛ ❡ ✐' ❝♦♠♣♦'❡❞ ❜② %✐'❦✲❢%❡❡

%❛ ❡ ❧❡''  ❤❡ %✐'❦ ♣%❡♠✐✉♠✳ ■ %❡♣%❡'❡♥ ' ♦♥❡ ♦❢  ❤❡ ♠❛✐♥ ❝❤❛♥♥❡❧'  ❤%♦✉❣❤

✇❤✐❝❤ ✉♥❝❡% ❛✐♥ ② ❛✛❡❝ ' ❡❝♦♥♦♠✐❝ ❣%♦✇ ❤ ✭❉❡ ❍❡❦✱ ✶✾✾✾✮✳ ❙♣❡❝✐✜❝❛❧❧②✱

 ❤✐' ❝❛♥ ❜❡ ✐❧❧✉' %❛ ❡❞ ❜② ❡♥✈✐%♦♥♠❡♥ ❛❧ ♠✐ ✐❣❛ ✐♦♥ ❡✛❡❝ ❛♥❞ ✉♥❝❡% ❛✐♥ ②

❡✛❡❝ ✳ ❚❤❡ ♠✐ ✐❣❛ ✐♦♥ ❡✛❡❝ ✐' ❞❡✜♥❡❞ ❜②  ❤❡ %❛ ✐♦ ♦❢  ❤❡ ❡♠✐''✐♦♥ ✐♥ ❡♥'✐ ②

♦❢ ♦✉ ♣✉  ♦  ❤❡ ❛❜❛ ❡♠❡♥ ❡✣❝✐❡♥❝②✱ ✐✳❡ φ/µ✳ ■♥ ♣❛% ✐❝✉❧❛%✱ ♠✐ ✐❣❛ ✐♦♥

❡✛❡❝ ❤❛' ❛ ♥❡❣❛ ✐✈❡ ✐♠♣❛❝ ♦♥  ❤❡ %❡❛❧ ✐♥ ❡%❡' %❛ ❡ ❜❡❝❛✉'❡ ♣%♦❞✉❝ ✐♦♥✲

✐♥❞✉❝❡❞ ♣♦❧❧✉ ❛♥ ' ❛♥❞ ❡♠✐''✐♦♥' ❤❛✈❡ ❛♥ ✉♥❛♠❜✐❣✉♦✉'❧② ♥❡❣❛ ✐✈❡ ❡✛❡❝ ♦♥

▼I❑✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❛♠♣❡♥❡❞ ❜② ❡✐ ❤❡% %❡❞✉❝✐♥❣  ❤❡ ♣♦❧❧✉ ✐♦♥ ✐♥ ❡♥'✐ ② ♦%

✐♠♣%♦✈✐♥❣  ❤❡ ♠✐ ✐❣❛ ✐♦♥ ❛♥❞ ❛❜❛ ❡♠❡♥ ❡✣❝✐❡♥❝②✳ ❚❤❡ ♦✈❡%❛❧❧ ✉♥❝❡% ❛✐♥ ②

❡✛❡❝ ✱ %❡♣%❡'❡♥ ❡❞ ❜② Ig ✐♥ ❊4✭✹✳✷✾✮✱ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦'❡❞ ✐♥ ♦ ✢✉❝ ✉❛ ✐♦♥'

♦❢ ❤❡❛ ❤✱ ❞❡♥♦ ❡❞ Ig,h✱ ❝❛♣✐ ❛❧✱ ❞❡♥♦ ❡❞ Ig,k ❛♥❞  ❤❡✐% ❝♦%%❡❧❛ ✐♦♥✱ ❞❡♥♦ ❡❞

Ig,ρ ❛' ❢♦❧❧♦✇'✿

Ig =

[
1 + (1− ǫ)βσδµρkh

]2

2β(1− β)(µδ)2
︸ ︷︷ ︸

Ig,ρ

− ǫ2

2β(1− β)(µδ)2
︸ ︷︷ ︸

Ig,h

− 1

2
ǫ(1− ǫ)σ2

︸ ︷︷ ︸

Ig,k

✭✹✳✸✶✮

❚❤✐' ✉♥❝❡% ❛✐♥ ② ❡✛❡❝ ❝♦✉❧❞ ' ✐♠✉❧❛ ❡ ♦% '❧♦✇ ❞♦✇♥  ❤❡ ❡❝♦♥♦♠✐❝ ❣%♦✇ ❤

❞❡♣❡♥❞✐♥❣ ♦♥  ❤❡ '✐❣♥ ♦❢ Ig✳ ❚❤❡ ❡❝♦♥♦♠✐❝ %❡❛'♦♥ ✐' ❜❡' ❞❡'❝%✐❜❡❞ ❜②

❡♠♣❧♦②✐♥❣  ❤❡ ❝♦♥❝❡♣ ♦❢ ❝❡% ❛✐♥ ② ❡4✉✐✈❛❧❡♥ %❡ ✉%♥ ♦♥ '❛✈✐♥❣ ✭'❡❡ ❲❡✐❧

✶✾✾✵ ❛♥❞ ❙ ❡❣❡% ✷✵✵✺✮✳ ❖♥ ♦♥❡ ❤❛♥❞✱  ❤❡ ✐♥ ❡% ❡♠♣♦%❛❧ ✐♥❝♦♠❡ ❡✛❡❝ 

❝❛♥ ❞❡♣%❡'' ❝♦♥ ❡♠♣♦%❛♥❡♦✉' ❝♦♥'✉♠♣ ✐♦♥✱ ✇❤✐❝❤ ✐♥  ✉%♥ ✐♥❞✉❝❡' ♠♦%❡

'❛✈✐♥❣' ❛♥❞ ❢❛' ❡% ❣%♦✇ ❤✳ ❚❤❡ ❧♦❣✐❝ ✐' ❛♥❛❧♦❣♦✉'  ♦  ❤❡ ❧✐ ❡%❛ ✉%❡ ♦♥ ❡❝♦♥✲

♦♠②✬' ♣%♦♣❡♥'✐ ②  ♦ '❛✈❡ ✭I❚❙✮ ✉♥❞❡% ✉♥❝❡% ❛✐♥ ② ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥

❲X❧❞❡ ✭✶✾✾✾✮✱ ❚♦❝❤❡ ✭✷✵✵✶✮✱ ❙ ❡❣❡% ✭✷✵✵✺✮✱ ❇%❡ '❝❤❣❡% ❛♥❞ ❱✐♥♦❣%❛❞♦✈❛

✭✷✵✶✹✮✳ ❚❤❡ ♣❡❝✉❧✐❛%✐ ② ♦❢  ❤❡ ❝✉%%❡♥ '❡  ✐♥❣ ✐'  ❤❛  ❤❡ ❣%♦'' '❛✈✐♥❣'

❛%❡ ❡♥❞♦❣❡♥♦✉'❧② '♣❧✐ ❜❡ ✇❡❡♥  ✇♦ ♣✉%♣♦'❡'✿ ❝❛♣✐ ❛❧ ❛❝❝✉♠✉❧❛ ✐♦♥ ❛♥❞
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❡♠✐##✐♦♥ ❛❜❛(❡♠❡♥(✱ ❜♦(❤ ♦❢ ✇❤✐❝❤ #❡.✈❡ (♦ ♣.♦(❡❝( (❤❡ ❡❝♦♥♦♠② ❛♥❞ ✐♥✲

❞✐✈✐❞✉❛❧ ❢.♦♠ ✢✉❝(✉❛(✐♦♥# ✐♥ ❝❛♣✐(❛❧ #(♦❝❦ ❛♥❞ ❤❡❛❧(❤ #(❛(✉# .❡#♣❡❝(✐✈❡❧②✳

❖❜✈✐♦✉#❧②✱ ❛❜❛(❡♠❡♥( .❡❞✉❝❡# ♣♦❧❧✉(❛♥(# ❛♥❞ ❡♠✐##✐♦♥#✱ ✇❤✐❝❤ ❞❛♠♣❡♥#

(❤❡ ✢✉❝(✉❛(✐♦♥# ♦❢ ❜♦(❤ ❝❛♣✐(❛❧ ❛❝❝✉♠✉❧❛(✐♦♥ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧✬# ❤❡❛❧(❤ .❡✲

❣❡♥❡.❛(✐♦♥✳ ▼♦.❡ ❝❛♣✐(❛❧ ✐♠♣❧✐❡# ♠♦.❡ ♦✉(♣✉(✱ ❛♥❞ ❤❡♥❝❡ ♠♦.❡ ♣♦❧❧✉(❛♥(#

❤❛.♠❢✉❧ (♦ ❤❡❛❧(❤✱ ✐♥❞✐❝❛(✐♥❣ ❛ ♥❡❣❛(✐✈❡ ❝♦..❡❧❛(✐♦♥ ❜❡(✇❡❡♥ ❝❛♣✐(❛❧ ❛♥❞

❤❡❛❧(❤ ✢✉❝(✉❛(✐♦♥# ✐✳❡✳ ρkh < 0✳ ❚❤✐# ✐# ❝♦♥#✐#(❡♥( (♦ (❤❡ .❡#✉❧( ✐♥ ●✉(✐❡.✲

.❡③ ✭✷✵✵✽✮✱ ✇❤♦ #❤♦✇# (❤❛( ❛♥ ✐♥(❡♥#✐✜❡❞ ♣♦#✐(✐✈❡ ❧✐♥❦ ❜❡(✇❡❡♥ ♣♦❧❧✉(✐♦♥

❛♥❞ ❡❝♦♥♦♠✐❝ ❣.♦✇(❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✇❤❡♥ ❤❡❛❧(❤ ❡✛❡❝( ✐# ✐♥❝❧✉❞❡❞✳ ❇❡❝❛✉#❡

♠♦.❡ ♣♦❧❧✉(❛♥(# ❧❡❛❞ (♦ (❤❡ ✢✉❝(✉❛(✐♦♥ ♦❢ ❤❡❛❧(❤ .❡❣❡♥❡.❛(✐♦♥✱ ❛♥❞ ❤❡♥❝❡

♠♦(✐✈❡ ♣.❡❝❛✉(✐♦♥❛.② #❛✈✐♥❣# ❛♥❞ ❝❛♣✐(❛❧ ❛❝❝✉♠✉❧❛(✐♦♥✳

❖♥ (❤❡ ♦(❤❡. ❤❛♥❞✱ (❤❡ ✐♥(❡.(❡♠♣♦.❛❧ #✉❜#(✐(✉(✐♦♥ ❡✛❡❝( ♠❛② ❞♦♠✐♥❛(❡ ✐♥✲

❝♦♠❡ ❡✛❡❝(✱ ✐♠♣❧②✐♥❣ ❛ .✐#❡ ✐♥ ❝♦♥(❡♠♣♦.❛♥❡♦✉# ❝♦♥#✉♠♣(✐♦♥✱ ❛♥❞ ✐♥ (✉.♥✱

❢♦#(❡.# ♣.❡❝❛✉(✐♦♥❛.② ❞✐##❛✈✐♥❣✱ ❛♥❞ ❝♦♥#❡H✉❡♥(❧② #❧♦✇❡. ❣.♦✇(❤✳ ❙✐♠✐✲

❧❛. ❛♥❛❧②#✐# ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ▼J❧❧❡.✲❋J.#(❡♥❜❡.❣❡. ❛♥❞ ❙❝❤✉♠❛❝❤❡. ✭✷✵✶✺✮✱

❇.❡(#❝❤❣❡. ❛♥❞ ❱✐♥♦❣.❛❞♦✈❛ ✭✷✵✶✻✮✳ ▼♦.❡♦✈❡. ✐♥ ♦✉. ♠♦❞❡❧✱ (❤✐# #❝❡♥❛.✐♦

✐♠♣❧✐❡# ρkh > 0✱ ✇❤✐❝❤ ✐♥❞✐❝❛(❡# ❛ ♣♦#✐(✐✈❡ ❧✐♥❦ ❜❡(✇❡❡♥ ♣♦❧❧✉(✐♦♥ ❛♥❞ ❡❝♦✲

♥♦♠✐❝ ❣.♦✇(❤✳

■♥ (❤✐# #❡❝(✐♦♥✱ ♦✉. ♠♦❞❡❧ ♣.❡#❡♥(# (❤❡ ❞②♥❛♠✐❝ ♦❢ (❤❡ ❡❝♦♥♦♠② ❛❝(✐✈✐(②

✇✐(❤ ✐♥(❡.❞❡♣❡♥❞❡♥( ✉♥❝❡.(❛✐♥(✐❡#✱ ❛♥❞ (❤❡ ♦♣(✐♠❛❧ ❡❝♦♥♦♠✐❝ ❣.♦✇(❤ .❛(❡

❞❡❝.❡❛#❡# ✇❤❡♥ (❤❡ ♥✉♠❜❡. ♦❢ (❤❡ ✉♥❝❡.(❛✐♥(② ✐♥❝.❡❛#❡# ❛♥❞ (❤❡✐. ✐♥(❡.❞❡✲

♣❡♥❞❡♥❝❡ ♠❛② ❛♠♣❧✐❢② ♦. ♦✛#❡( (❤✐# ✉♥❝❡.(❛✐♥(② ✐♠♣❛❝(✳ ❆ ❞❡(❛✐❧ ✐❧❧✉#(.❛✲

(✐♦♥ ♦❢ #♦♠❡ ❛((.❛❝(✐✈❡ ♣.♦♣❡.(✐❡# ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ (❤❡ ❢♦❧❧♦✇✐♥❣ #✉❜#❡❝(✐♦♥✳

✹✳✷✳✷ ❆♥ ❛♥❛❧②(✐❝❛❧ ✐❧❧✉,(-❛(✐♦♥

■♥ (❤✐# #✉❜#❡❝(✐♦♥✱ ✇❡ ✐❧❧✉#(.❛(❡ ❞❡(❛✐❧❡❞❧② (❤❡ ❡✛❡❝(# ♦❢ (❤❡ ♠♦❞❡❧ ♣❛.❛♠✲

❡(❡.# ♦♥ (❤❡ ♦♣(✐♠❛❧ ♠✐(✐❣❛(✐♦♥ ♣♦❧✐❝② ❛♥❞ (❤❡ ❡❝♦♥♦♠✐❝ ❣.♦✇(❤ .❛(❡✳ ▲❡(

✉# ✜.#(❧② ❢♦❝✉# ♦♥ (❤❡ ♦♣(✐♠❛❧ ♠✐(✐❣❛(✐♦♥ ♣♦❧✐❝② ❛# ❢♦❧❧♦✇#✿

/-♦♣♦,✐(✐♦♥ ✹✳✷✳✷✳ ❲❤❡♥ $❤❡ ❞②♥❛♠✐❝+ ♦❢ $❤❡ ❡❝♦♥♦♠②✬+ ❝❛♣✐$❛❧ +$♦❝❦

❛♥❞ ❤❡❛❧$❤ ❛2❡ ❛✛❡❝$❡❞ ❜② ♣♦❧❧✉$✐♦♥✲✐♥❞✉❝❡❞ ✉♥❝❡2$❛✐♥$✐❡+ ✭✈✐❛ ❛ ❲✐❡♥❡2

♣2♦❝❡++✮✱ $❤❡ ♦♣$✐♠❛❧ ♠✐$✐❣❛$✐♦♥ ♣♦❧✐❝② ✭❛ ❢2❛❝$✐♦♥ ♦❢ ♦✉$♣✉$ ❢♦2 ❛❜❛$❡♠❡♥$✱

❞❡♥♦$❡❞ ❜② m∗
✮✱ ✐+ ❝♦♥+$❛♥$ ♦✈❡2 $✐♠❡✱ ❛♥❞ ✐+ ❛ ❢✉♥❝$✐♦♥ ♦❢ ♠♦❞❡❧✬+ ♣❛2❛♠✲

❡$❡2+ ✇✐$❤ ❢♦❧❧♦✇✐♥❣ ♣2♦♣❡2$✐❡+✿

✭✐✮ m∗
✐♥❝2❡❛+❡+ ✇❤❡♥ ❡✐$❤❡2 $❤❡ ❢✉♥❝$✐♦♥ ♦❢ $❤❡ $♦$❛❧ ❢❛❝$♦2 ♣2♦❞✉❝$✐✈✐$②

✭❚?❋✮ ✐♥❝2❡❛+❡+✱ ♦2 ♣♦❧❧✉$✐♦♥ ✐♥$❡♥+✐$② ♦❢ ♦✉$♣✉$ ✐♥❝2❡❛+❡+✱ ♦2 $❤❡
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✐♠♣❛❝$ ♦♥ $❤❡ ♠✐$✐❣❛$✐♦♥ ♣♦❧✐❝②✳

✭✐✈✮ m∗
❡✐$❤❡/ ❞❡❝/❡❛ ❡ ♦/ ✐♥❝/❡❛ ❡ ✇❤❡♥ $❤❡ ❛❜❛$❡♠❡♥$ ❡✣❝✐❡♥❝② ✐♠✲

♣/♦✈❡ ✱ ❞❡♣❡♥❞✐♥❣ ♦♥ $❤❡ $❤/❡ ❤♦❧❞ ❧❡✈❡❧ ♦❢ ❛❜❛$❡♠❡♥$ $❡❝❤♥♦❧♦❣②✳

✭✈✮ m∗
❡✐$❤❡/ ❞❡❝/❡❛ ❡ ♦/ ✐♥❝/❡❛ ❡ ✇❤❡♥ $❤❡ $❤❡ ❡❧❛ $✐❝✐$② ♦❢ ♠❛/❣✐♥❛❧

✉$✐❧✐$② ♦❢ ❤❡❛❧$❤ ✐♠♣/♦✈❡ ✱ ❞❡♣❡♥❞✐♥❣ ♦♥ $❤❡ $❤/❡ ❤♦❧❞ ✈❛❧✉❡ ♦❢ ❤❡❛❧$❤

♣❛/❛♠❡$❡/✳

✭✈✐✮ m∗
✐ ❛♥ ✐♥❝/❡❛ ✐♥❣ ❢✉♥❝$✐♦♥ ♦❢ $❤❡ ❡❧❛ $✐❝✐$② ♦❢ ♠❛/❣✐♥❛❧ ✉$✐❧✐$② $♦

❝♦♥ ✉♠♣$✐♦♥✳

?/♦♦❢✳ ●✐✈❡♥ %❤❡ ♦♣%✐♠❛❧ ♣♦❧✐❝② m∗
✐♥ ❊/✳✭✹✳✷✼✮✱ %❤❡ ❛❜♦✈❡ ♣8♦♣❡8%✐❡9 ❝❛♥

❜❡ ❞❡8✐✈❡❞ 9%8❛✐❣❤%❢♦8✇❛8❞ %❤8♦✉❣❤ ♣❛8%✐❛❧ ❞❡8✐✈❛%✐✈❡9 8❡9♣❡❝% %♦ %❤❡ 8❡❧❛%❡❞

♣❛8❛♠❡%❡89 ✐♥ ❊/9✳✭✹✳✸✷✮ %♦ ✭✹✳✹✶✮✳ ■♥ ♣❛8%✐❝✉❧❛8✱ ❊/9✳✭✹✳✸✷✮ %♦ ✭✹✳✸✹✮ ❛8❡

%❤❡ ♣8♦♦❢ ♦❢ ♣8♦♣❡8%② ✭✐✮✱ ❛♥❞ ❊/9✳✭✹✳✸✺✮ %♦ ✭✹✳✸✾✮ ❛8❡ ❝♦88❡9♣♦♥❞✐♥❣ ♣8♦♦❢

♦❢ ♣8♦♣❡8%✐❡9 ✭✐✐✮ %♦ ✭✈✐✮ ❣✐✈❡♥ %❤❡ %❤8❡9❤♦❧❞ ✈❛❧✉❡9 ♦❢ ❛❜❛%❡♠❡♥% ❡✣❝✐❡♥❝②

❛♥❞ ❤❡❛❧%❤ ♣8❡❢❡8❡♥❝❡ ✐♥ ❊/9✳✭✹✳✹✵✮ ❛♥❞ ✭✹✳✹✶✮ 8❡9♣❡❝%✐✈❡❧②✳

∂m∗

∂A
=

(1− ǫ)(1 + βσδµρkh)

A2β(1− β)(µδ)2
> 0 , ✭✹✳✸✷✮

∂m∗

∂φ
=

1

µ
> 0 , ✭✹✳✸✸✮

∂m∗

∂δ
=

2(1− ǫ)
(

1 + 1
2
ρkhβµσδ

)

Aβ(1− β)µ2δ3
> 0 , ✭✹✳✸✹✮

∂m∗

∂σ
= −(1− ǫ)

(
ρkhβµδ

)

Aβ(1− β)(µδ)2

{

≥ 0 ✇❤❡♥ ρkh ≤ 0 ,

< 0 ✇❤❡♥ ρkh > 0 .
✭✹✳✸✺✮

∂m∗

∂ρk,h
= − (1− ǫ)

(
σβµδ

)

Aβ(1− β)(µδ)2
< 0 ✭✹✳✸✻✮

✻✼



✹✳ ❈❤❛♣&❡( ✹

∂m∗

∂µ

{

≥ 0 ✇❤❡♥ 0 < µ ≤ µ∗ ,

< 0 ✇❤❡♥ µ > µ∗ .
✭✹✳✸✼✮

∂m∗

∂β

{

≥ 0 ✇❤❡♥ 0 < β ≤ β∗ ,

< 0 ✇❤❡♥ β∗ < β < 1 .
✭✹✳✸✽✮

∂m∗

∂ǫ
=

1 + βσδµρkh
Aβ(1− β)(µδ)2

> 0 , ✭✹✳✸✾✮

✇✐-❤µ∗ =
2(1− ǫ)

φAβ(1− β)δ2 − (1− ǫ)ρkhβσδ
, ✇❤❡♥ φ >

(1− ǫ)ρkhσ

A(1− β)δ
, ✭✹✳✹✵✮

❛♥❞ β∗ =
1

1 +
√
1− a

, ✇❤❡♥ a := −ρkhµσδ ∈ (−∞, 1) . ✭✹✳✹✶✮

■- ✐3 ✇♦5-❤ -♦ ♥♦-❡ -❤❛- ✇❤❡♥ φ ≤ (1− ǫ)ρkhσ

A(1− β)δ
⇔ µ∗ ≤ 0✱ ❤❡♥❝❡ ♦♥❧② -❤❡

3❡❝♦♥❞ ❝❛3❡ ♦❢ ❊<✳✭✹✳✸✼✮ ❤♦❧❞3✱ ✐✳❡✳

∂m∗

∂µ
< 0✳ ▼♦5❡♦✈❡5✱ ✇❤❡♥ a ≥ 1 ✱ -❤❡

✜53- ❝❛3❡ ♦❢ ❊<✳✭✹✳✸✽✮ ❤♦❧❞3✱ ✐✳❡✳

∂m∗

∂β
≥ 0✳

❚❤❡ ❡❝♦♥♦♠✐❝ ✐♠♣❧✐❝❛-✐♦♥3 ❜❡❤✐♥❞ ♣5♦♣❡5-② ✭✐✮ ❛5❡ 3-5❛✐❣❤-❢♦5✇❛5❞✳ ❆

❤✐❣❤❡5 ❧❡✈❡❧ ♦❢ ❚F❋ ✐♠♣❧✐❡3 ♠♦5❡ ♣5♦❞✉❝-✐♦♥✱ -❤✉3 ♠♦5❡ ❡♠✐33✐♦♥3 ❛♥❞ ♣♦❧✲

❧✉-❛♥-3✳ ❚❤❡5❡❢♦5❡✱ ❜♦-❤ ❛ ❤✐❣❤❡5 ❧❡✈❡❧ ♦❢ ❚F❋ ❛♥❞ ❡♠✐33✐♦♥ ✐♥-❡♥3✐-② ♦❢

♦✉-♣✉- ✇♦53❡♥ -❤❡ ❞❡-5✐♠❡♥-❛❧ ✐♠♣❛❝- ♦❢ ♣5♦❞✉❝-✐♦♥✲✐♥❞✉❝❡❞ ❡♠✐33✐♦♥ ♦♥

❤❡❛❧-❤✱ ✇❤✐❝❤ 5❡<✉✐5❡3 -✐❣❤-❡♥ ♠✐-✐❣❛-✐♦♥ ♣♦❧✐❝② -♦ ♦✛3❡- -❤❡ ❞❡-❡5✐♦5❛-✐♥❣

❡✛❡❝-✳ ■♥-✉✐-✐✈❡❧②✱ ❛ ❣5❡❛-❡5 3❡♥3✐-✐✈✐-② ♦❢ ❤❡❛❧-❤ -♦ ♣♦❧❧✉-❛♥-3 ✐♠♣❧✐❡3 ❛

❤✐❣❤❡5 ❡♥✈✐5♦♥♠❡♥-❛❧ ✐♠♣❛❝- ♦♥ ❤❡❛❧-❤✱ -❤✉3 ❧❛5❣❡5 ❛❜❛-❡♠❡♥- ✐3 ♥❡❡❞❡❞

-♦ ❤❡❞❣❡ -❤✐3 5✐3❦✳ F5♦♣❡5-✐❡3 ✭✐✐✮ ❛♥❞ ✭✐✐✐✮ 5❡✈❡❛❧ -❤❛- -❤❡ 3✐❣♥ ♦❢ -❤❡

❝♦55❡❧❛-✐♦♥ ♠❛② ❛♠♣❧✐❢② ♦5 ♦✛3❡- -❤❡ ❞❡-5✐♠❡♥-❛❧ ✐♠♣❛❝-✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❛

♥❡❣❛-✐✈❡ ❝♦55❡❧❛-✐♦♥ ♠❡❛♥3 -❤❛- ❛♥ ✐♥❝5❡❛3✐♥❣ ♣♦3✐-✐✈❡ ✢✉❝-✉❛-✐♦♥ ♦♥ ❝❛♣✲

✐-❛❧ ❧❡❛❞3 ♠♦5❡ ♣5♦❞✉❝-✐♦♥ ❛♥❞ ❡♠✐33✐♦♥✱ -❤✉3 ❛❝❝❡❧❡5❛-❡3 ❤❡❛❧-❤ ❞❡❣5❛❞❛✲

-✐♦♥✱ ✇❤✐❝❤ 5❡<✉✐5❡3 ♠♦5❡ ❛❜❛-❡♠❡♥-✭✐✳❡✳ ✏♣5♦❞✉❝-✐♦♥✑ ❡✛❡❝-✮✳ ■♥ ❝❛3❡ ♦❢

♣♦3✐-✐✈❡ ❝♦55❡❧❛-✐♦♥✱ ✇❡ ♦❜3❡5✈❡ -❤❛- ❧❛❜♦✉53✬ ❤❡❛❧-❤ ❞❡❣5❛❞❛-✐♦♥ 5❡❞✉❝❡3

❧❛❜♦✉5 ♣5♦❞✉❝-✐✈✐-②✱ ❛♥❞ ❤❡♥❝❡ 3❧♦✇3 ❞♦✇♥ ♣5♦❞✉❝-✐♦♥ ✭✐✳❡✳ ✏❤❡❛❧-❤✑ ❡✛❡❝-✮✳

❲❤❡-❤❡5 ✐- ✐3 ❛ ♥❡❣❛-✐✈❡ ♦5 ♣♦3✐-✐✈❡ ❝♦55❡❧❛-✐♦♥ ❞❡♣❡♥❞3 ♦♥ -❤❡ -5❛❞❡✲♦✛

❜❡-✇❡❡♥ ♣5❡❝❛✉-✐♦♥❛5② 3❛✈✐♥❣ ❛♥❞ ❝♦♥3✉♠♣-✐♦♥ ✉♥❞❡5 ✉♥❝❡5-❛✐♥-②✱ ✇❤✐❝❤ ✐3

❡①♣❧❛✐♥❡❞ ❞❡-❛✐❧❡❞❧② ✐♥ ♣5❡✈✐♦✉3 3✉❜3❡❝-✐♦♥✳ F5♦♣❡5-② ✭✐✈✮ 5❡✈❡❛❧3 -❤❡ ❛♠✲

❜✐❣✉♦✉3 5❡❧❛-✐♦♥3❤✐♣ ❜❡-✇❡❡♥ ❛❜❛-❡♠❡♥- ❢❛❝-✐♦♥ ❛♥❞ -❤❡ 5❡❧❛-❡❞ ❡✣❝✐❡♥❝②✳

❚❤❡ ✜53- -❡5♠ ♦❢ m∗
✱ ❞❡✜♥❡❞ ✐♥ ❊<✳✭✹✳✷✼✮✱ -❡♥❞3 -♦ ❞❡❝5❡❛3❡ ✇❤❡♥ ❛❜❛-❡✲

♠❡♥- ❡✣❝✐❡♥❝② ✐♥❝5❡❛3❡3✱ ✐♠♣❧②✐♥❣ ❛ ♥❡❣❛-✐✈❡ ❡✛❡❝- ♦❢ ❛❜❛-❡♠❡♥- ❡✣❝✐❡♥❝②

♦♥ ♠✐-✐❣❛-✐♦♥ ♣♦❧✐❝②✳ ▼❡❛♥✇❤✐❧❡✱ -❤❡ 3❡❝♦♥❞ -❡5♠ ✇✐❧❧ ❞❡❝5❡❛3❡ ❛3 ✇❡❧❧✱

✻✽



❜❡❝❛✉%❡ ♦❢ ❛♥ ✐♥❝*❡❛%❡❞ ❛❜❛,❡♠❡♥, ❡✣❝✐❡♥❝② ♦✛%❡,,✐♥❣ ❞❡,*✐♠❡♥,❛❧ ✐♠♣❛❝,

♦❢ ✢✉❝,✉❛,✐♦♥ ♦♥ ❤❡❛❧,❤✳ ❖✉* ❝❛❧✐❜*❛,✐♦♥ ✐♥ ♥❡①, %✉❜%❡❝,✐♦♥ %❤♦✇% ,❤❛, ,❤❡

❞❡❝*❡❛%❡ ✐♥ ✜*%, ,❡*♠ ❞♦♠✐♥❛,❡% ,❤❡ %❡❝♦♥❞ ❡①❝❡♣, ✇❤❡♥ ,❤❡ ,❡❝❤♥♦❧♦❣②

✐% *❡❧❛,✐✈❡❧② %❧♦✇✳ ❆♥ ❛❧,❡*♥❛,✐✈❡ ✐❧❧✉%,*❛,✐♦♥ ❝♦✉❧❞ ❜❡ %,*❛✐❣❤,❢♦*✇❛*❞ ❜✉,

♠♦*❡ ✐♥,✉✐,✐✈❡✿ ✇❤❡♥ ❡✣❝✐❡♥❝② ♦❢ ❛❜❛,❡♠❡♥, ,❡❝❤♥♦❧♦❣② ✐% ❧♦✇✱ ❜♦,❤ ❛❜❛,❡✲

♠❡♥, ❡✣❝✐❡♥❝② ❛♥❞ ❛❜❛,❡♠❡♥, ♣♦❧✐❝② ♥❡❡❞ ,♦ ❜❡ %,*❡♥❣,❤❡♥❡❞ ✐♥ ♦*❞❡* ,♦

❞❛♠♣❡♥ ❤❡❛❧,❤ ❞❡❣*❛❞❛,✐♦♥ ✉♥,✐❧ ❛ ❝❡*,❛✐♥ ❧❡✈❡❧ ♦❢ ❛❜❛,❡♠❡♥, ❡✣❝✐❡♥❝② ✐%

*❡❛❝❤❡❞✳ ❆❢,❡*✇❛*❞%✱ ❧❡%% ❛❜❛,❡♠❡♥, ❢*❛❝,✐♦♥ ✐% ♣♦%%✐❜❧❡ ✇❤❡♥ ,❤❡ ❡✣❝✐❡♥❝②

♦❢ ❛❜❛,❡♠❡♥, ,❡❝❤♥♦❧♦❣② ❢✉*,❤❡* ✐♠♣*♦✈❡%✳ @*♦♣❡*,② ✭✈✮ %❤♦✇% ,✇♦ ♦♣♣♦✲

%✐,❡ ❡✛❡❝,% ♦❢ ❤❡❛❧,❤ ♣❛*❛♠❡,❡* β ♦♥ ,❤❡ ♦♣,✐♠❛❧ ❛❜❛,❡♠❡♥, ♣♦❧✐❝②✳ ■♥❞❡❡❞✱

❜❛%❡❞ ♦♥ ✐♥❞✐✈✐❞✉❛❧✬% ✇❡❧❢❛*❡ ❢✉♥❝,✐♦♥ ❞❡✜♥❡❞ ✐♥ ❊F✳✭✹✳✺✮✱ ❛ ❧❛*❣❡* ❤❡❛❧,❤

♣❛*❛♠❡,❡* β ✐♥❞✐❝❛,❡% ❛ ❧❛*❣❡* ✇❡✐❣❤, ♦❢ ❤❡❛❧,❤ *❡❧❛,✐✈❡ ,♦ ❝♦♥%✉♠♣,✐♦♥

✐♥ ✉,✐❧✐,② ❢✉♥❝,✐♦♥ ✭✐✳❡✳ ✏✇❡✐❣❤,✑ ❡✛❡❝,✮✳ ❍❡♥❝❡✱ ❛ ❧❛*❣❡* ❛❜❛,❡♠❡♥, ❢*❛❝✲

,✐♦♥ ✐% ♣*❡❢❡**❡❞ ,♦ ♦✛%❡, ❤❡❛❧,❤ ✢✉❝,✉❛,✐♦♥✳ ▼❡❛♥✇❤✐❧❡✱ 1− β✱ ✐♥❞✐❝❛,✐♥❣
♠❡❛%✉*❡♠❡♥, ♦❢ *✐%❦ ❛✈❡*%✐♦♥ ✇✐,❤ *❡%♣❡❝, ,♦ ❤❡❛❧,❤✱ ✇✐❧❧ ❞❡❝*❡❛%❡ ✇❤❡♥ β
✐♥❝*❡❛%❡% ✭✐✳❡✳ ✏*✐%❦ ❡✛❡❝,✑✮✳ ❚❤❡*❡❢♦*❡✱ ✐♥❞✐✈✐❞✉❛❧ ❜❡❝♦♠❡% ❧❡%% *✐%❦ ❛✈❡*✲

%✐♦♥ ,♦✇❛*❞% ❤❡❛❧,❤✱ ✐♠♣❧②✐♥❣ ❧❡%% %❡♥%✐,✐✈❡ ,♦ ❤❡❛❧,❤ ✢✉❝,✉❛,✐♦♥✱ ❛♥❞ ,❤✉%

*❡F✉✐*❡% %♠❛❧❧❡* ❛❜❛,❡♠❡♥, ❢*❛❝,✐♦♥✳ ❚❤❡*❡ ✐% ❛ ,*❛❞❡✲♦✛ ❜❡,✇❡❡♥ ,❤❡%❡

,✇♦ ❡✛❡❝,%✳ ❙♣❡❝✐✜❝❛❧❧②✱ ,❤❡ ✏✇❡✐❣❤, ❡✛❡❝,✑ ✇✐❧❧ ❞♦♠✐♥❛,❡ ✭♦* ❞♦♠✐♥❛,❡❞

❜②✮ ,❤❡ ✏*✐%❦ ❡✛❡❝,✑ ✇❤❡♥ β ✐% %♠❛❧❧ ✭♦* ❧❛*❣❡*✱ *❡%♣❡❝,✐✈❡❧②✮✳ @*♦♣❡*,② ✭✈✐✮

✐% F✉✐,❡ ✐♥,✉✐,✐✈❡✿ ❛ ❧❛*❣❡* ♠❡❛%✉*❡ ♦❢ *✐%❦ ❛✈❡*%✐♦♥ ✇✐❧❧ ❧❡❛❞ ❛ ,✐❣❤, ♠✐,✐❣❛✲

,✐♦♥ ♣♦❧✐❝②✳ ❋✉*,❤❡*♠♦*❡✱ ❧❡, ✉% %❤♦✇ ,❤❡ ❡✛❡❝,% ♦❢ ♣❛*❛♠❡,❡*% ♦♥ ♦♣,✐♠❛❧

❡❝♦♥♦♠✐❝ ❣*♦✇,❤ *❛,❡ ✐♥  !♦♣♦$✐&✐♦♥ ✹✳✷✳✸✳

 !♦♣♦$✐&✐♦♥ ✹✳✷✳✸✳ ❲❤❡♥ $❤❡ ❡✈♦❧✉$✐♦♥ ♦❢ $❤❡ ❡❝♦♥♦♠②✬/ ❝❛♣✐$❛❧ /$♦❝❦

❛♥❞ ❤❡❛❧$❤ ❛4❡ ❛✛❡❝$❡❞ ❜② ♣♦❧❧✉$✐♦♥✲✐♥❞✉❝❡❞ ✉♥❝❡4$❛✐♥$✐❡/ ✭✈✐❛ ❛ ❲✐❡♥❡4

♣4♦❝❡//✮✱ $❤❡ ♦♣$✐♠❛❧ ❡❝♦♥♦♠✐❝ ❣4♦✇$❤ 4❛$❡✱ ❞❡♥♦$❡❞ ❜② g∗✱ ✐/ ❝♦♥/$❛♥$ ♦✈❡4
$✐♠❡✱ ❛♥❞ ✐/ ❛ ❢✉♥❝$✐♦♥ ♦❢ ♠♦❞❡❧✬/ ♣❛4❛♠❡$❡4/ ✇✐$❤ ❢♦❧❧♦✇✐♥❣ ♣4♦♣❡4$✐❡/✿

✭✐✮ g∗ ✐♥❝4❡❛/❡/ ✇❤❡♥ ❡✐$❤❡4 $❤❡ ❢✉♥❝$✐♦♥ ♦❢ $❤❡ $♦$❛❧ ❢❛❝$♦4 ♣4♦❞✉❝$✐✈✐$②
✭❚?❋✮ ✐♥❝4❡❛/❡/✱ ♦4 ♣♦❧❧✉$✐♦♥ ✐♥$❡♥/✐$② ♦❢ ♦✉$♣✉$ ❞❡❝4❡❛/❡/✱ ♦4 $❤❡

/❡♥/✐$✐✈✐$② ♦❢ $❤❡ ❤❡❛❧$❤ $♦ ♣♦❧❧✉$✐♦♥ ❞❡❝4❡❛/❡/✳

✭✐✐✮ ❲❤❡♥ ♠✉❧$✐♣❧❡ ✢✉❝$✉❛$✐♦♥/ ❛4❡ ❝♦♥/✐❞❡4❡❞✱ $❤❡ ♦♣$✐♠❛❧ ♠✐$✐❣❛$✐♦♥ ♣♦❧✲

✐❝② ♠❛② $✐❣❤$❡♥ ♦4 ❧♦♦/❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ♥❡❣❛$✐✈❡ ♦4 ♣♦/✐$✐✈❡ ❝♦44❡❧❛$✐♦♥✳

✭✐✐✐✮ ❚❤❡ ❝♦44❡❧❛$✐♦♥ ❝♦❡✣❝✐❡♥$ ❜❡$✇❡❡♥ ❞✐✛❡4❡♥$ ✢✉❝$✉❛$✐♦♥/ ❤❛/ ♥❡❣❛$✐✈❡

✐♠♣❛❝$ ♦♥ $❤❡ ♠✐$✐❣❛$✐♦♥ ♣♦❧✐❝②✳

✭✐✈✮ g∗ ❡✐$❤❡4 ❞❡❝4❡❛/❡/ ♦4 ✐♥❝4❡❛/❡/ ✇❤❡♥ $❤❡ ❛❜❛$❡♠❡♥$ ❡✣❝✐❡♥❝② ✐♠✲
♣4♦✈❡/✱ ❞❡♣❡♥❞✐♥❣ ♦♥ $❤❡ $❤4❡/❤♦❧❞ ❧❡✈❡❧ ♦❢ ❛❜❛$❡♠❡♥$ $❡❝❤♥♦❧♦❣②✳

✻✾



✹✳ ❈❤❛♣&❡( ✹

✭✈✮ g∗ ❡✐%❤❡' ❞❡❝'❡❛+❡+ ♦' ✐♥❝'❡❛+❡+ ✇❤❡♥ %❤❡ %❤❡ ❡❧❛+%✐❝✐%② ♦❢ ♠❛'❣✐♥❛❧

✉%✐❧✐%② ♦❢ ❤❡❛❧%❤ ✐♠♣'♦✈❡+✱ ❞❡♣❡♥❞✐♥❣ ♦♥ %❤❡ %❤'❡+❤♦❧❞ ✈❛❧✉❡ ♦❢ ❤❡❛❧%❤

♣❛'❛♠❡%❡'✳

8'♦♦❢✳ ●✐✈❡♥ %❤❡ ♦♣%✐♠❛❧ ❡❝♦♥♦♠✐❝ ❣.♦✇%❤ .❛%❡ g∗ ✐♥ ❊1✳✭✹✳✷✾✮✱ %❤❡ ❛❜♦✈❡
♣.♦♣❡.%✐❡: ❝❛♥ ❜❡ ❞❡.✐✈❡❞ :%.❛✐❣❤%❢♦.✇❛.❞ %❤.♦✉❣❤ ♣❛.%✐❛❧ ❞❡.✐✈❛%✐✈❡: .❡✲

:♣❡❝% %♦ %❤❡ .❡❧❛%❡❞ ♣❛.❛♠❡%❡.: ❛: ❢♦❧❧♦✇:✿

∂g∗

∂A
=

1

ǫ

(

1− φ

µ

)

> 0 , ✭✹✳✹✷✮

∂g∗

∂φ
= −1

ǫ

A

µ
< 0 , ✭✹✳✹✸✮

∂g∗

∂δ
= −(1− ǫ)

(
1 + βρkhµδσ

)
+ ǫ(1− ǫ)

ǫβ(1− β)µ2δ3
< 0 , ✭✹✳✹✹✮

∂g∗

∂σ







< 0 ✐❢

{

−1 ≤ ρkh ≤ 0

{0 ≤ ρkh < ρ∗kh} ∩ {σ > σ∗}
= 0 ✐❢ {0 ≤ ρkh < ρ∗kh} ∩ {σ = σ∗}

> 0 ✐❢

{

{ρ∗kh ≤ ρkh ≤ 1} ∩ {0 ≤ ρ∗kh < 1}
{0 ≤ ρkh < ρ∗kh} ∩ {σ < σ∗}

✭✹✳✹✺✮

∂g∗

∂ρk,h
=

(1− ǫ)σ
[
(1− ǫ)

(
1 + βρkhµδσ

)
+ ǫ

]

ǫ(1− β)δ
> 0 , ✭✹✳✹✻✮

✇✐%❤ ρ∗kh =

√

(1− β)ǫ

β(1− ǫ)
, σ∗ =

ρkh/
(
ǫ(1− β)µδ

)

1−
(
ρkh/ρ∗kh

)2 ✭✹✳✹✼✮

∂g∗

∂µ

{

> 0 ✇❤❡♥µ > µ∗

≤ 0 ✇❤❡♥µ ≤ µ∗
✭✹✳✹✽✮

✇✐%❤ µ∗ =
1− ǫ2

Aφβ(1− β)η2 − (1− ǫ)βρkhδσ
, ✭✹✳✹✾✮

∂g∗

∂β







≤ 0 ✐❢

{

0 ≤ ρkh ≤ 1

{−1 ≤ ρkh < 0} ∩ {0 < β < β∗}
> 0 ✐❢ {−1 ≤ ρkh < 0} ∩ {β∗ < β < 1}

✭✹✳✺✵✮

✇✐%❤

β∗ =







1/

(

1 +

√

2(1 + ρkhµδσ)(2 + ρkhµδσ)

1− ǫ2

)

✐❢ {−1 ≤ ρkh < −2
−µδσ

} ∪ { −1
µδσ

< ρkh < 0}

1 ✐❢ { −2
−µδσ

≤ ρkh ≤ −1
−µδσ

} .

✼✵



❊!"✳✭✹✳✹✷✮ (♦ ✭✹✳✹✹✮ ❛+❡ (❤❡ ♣+♦♦❢" ♦❢ ♣+♦♣❡+(② ✭✐✮✳ ■( ❝❛♥ ❜❡ ✐❧❧✉"(+❛(❡❞ ❜②

(❤❡ ✜+"( (❡+♠ ♦❢ (❤❡ ❡①♣❡❝(❡❞ ❣+♦✇(❤ +❛(❡ ✐♥ ❊!✳✭✹✳✷✾✮✱ ✇❤❡+❡ ✉♥❝❡+(❛✐♥(②

❡✛❡❝( ✐" ♥♦( ❝♦♥"✐❞❡+❡❞✳ ❖❜✈✐♦✉"❧②✱ ❛ ❤✐❣❤❡+ ❧❡✈❡❧ ♦❢ ❚❋E ✐♠♣❧✐❡" ♠♦+❡

♣+♦❞✉❝(✐♦♥✱ (❤✉" ♣+♦♠♦(❡" ❣+♦✇(❤✳ ❍✐❣❤❡+ ❡♠✐""✐♦♥ ✐♥(❡♥"✐(② ❛♥❞ ❣+❡❛(❡+

"❡♥"✐(✐✈✐(② ♦❢ ❤❡❛❧(❤ (♦ ♣♦❧❧✉(❛♥(" ✐♠♣❧② (✐❣❤( ❛❜❛(❡♠❡♥( ❢+❛❝(✐♦♥✱ (❤✉" "❧♦✇"

❞♦✇♥ ❡❝♦♥♦♠✐❝ ❣+♦✇(❤✳ ❊!"✳✭✹✳✹✺✮ (♦ ✭✹✳✺✵✮ ❛+❡ ❝♦++❡"♣♦♥❞✐♥❣ ♣+♦♦❢" (♦

♣+♦♣❡+(✐❡" ✭✐✐✮ (♦ ✭✈✮✳ ❚❤❡ ❛""♦❝✐❛(❡❞ ❛+❣✉♠❡♥(" ❛+❡ "✐♠✐❧❛+ (♦  !♦♣♦$✐✲

'✐♦♥ ✹✳✷✳✷✱ ❜✉# ✇✐#❤ ❝♦♥#*❛*② ❝♦♥❝❧✉.✐♦♥. ❜❡❝❛✉.❡ ✇❡ ❤❛✈❡ m∗ > m∗
g✱ #❤✉.

∂g∗/∂m∗ < 0 ✭.❡❡ ✐♥  !♦♣♦$✐'✐♦♥ ✹✳✷✳✶✮✳

✹✳✷✳✸ ◆✉♠❡!✐❝❛❧ ❆♥❛❧②$✐$ ♦❢ '❤❡ ❊❝♦♥♦♠② ✉♥❞❡! ❍❡❛❧'❤ ❛♥❞ ❊♥✲

✈✐!♦♥♠❡♥'❛❧ ❙❤♦❝❦$

■♥ ♦✉* ❜❡♥❝❤♠❛*❦ ❝❛❧✐❜*❛#✐♦♥✱ ✇❡ ❝❤♦♦.❡ #❤❡ #♦#❛❧ ❢❛❝#♦* ♣*♦❞✉❝#✐✈✐#② ✭❚❋<✮✱

❞❡♥♦#❡❞ A✱ ❡♠✐..✐♦♥ ✐♥#❡♥.✐#②✱ ❞❡♥♦#❡❞ φ✱ ❛♥❞ ❛❜❛#❡♠❡♥# ❡✣❝✐❡♥❝②✱ ❞❡✲

♥♦#❡❞ σ✱ ❡?✉❛❧ #♦ ✺✪✱ ✵✳✹✪✘ ❛♥❞ ✽✪ *❡.♣❡❝#✐✈❡❧②

✸

✳ ■# ✐. ✇♦*#❤ #♦ *❡♠❛*❦

#❤❛# φ = 0.4✪✘ .#❛♥❞. ❢♦* ❛ CO2 ❡♠✐..✐♦♥ ♦❢ ✵✳✹✪✘ #♦♥. ✭✵✳✹ ❦❣✮ ♣❡* ✉♥✐#

♦❢ ●❉< ✐♥ ❯✳❙✳ ❞♦❧❧❛* ❢♦* #❤❡ ✇♦*❧❞ ❛✈❡*❛❣❡ ❞✉*✐♥❣ ✷✵✶✶✲✷✵✶✺✳ µ = 8%
❝♦**❡.♣♦♥❞. #♦ ✶✷✳✺ ❯✳❙✳ ❞♦❧❧❛* ♣❡* #♦♥ ❝♦❛❧ ❜✉*♥❡❞ ✭♦* CO2 ❡♠✐..✐♦♥✮✳ ❋♦*

❝♦♠♣❛*❛#✐✈❡ .#✉❞②✱ ✇❡ ❛❧.♦ .❡# ❜♦#❤ ❛ ❧❛*❣❡* ❚❋< ✭❡✳❣✳ A = 7%✮ ❢*♦♠ ❛♥

♦♣#✐♠✐.#✐❝ ♣♦✐♥# ♦❢ ✈✐❡✇✱ ❛♥❞ ❛ .♠❛❧❧❡* ❚❋< ✭A = 2.1%✮ ❢♦* .♦♠❡ *❡❧❛#✐✈❡❧②

.❧♦✇❡* ❣*♦✇#❤ ❡❝♦♥♦♠②✳ ❲❡ ❛❞♦♣# ❛ ❤✐❣❤❡* ❡♠✐..✐♦♥ ✐♥#❡♥.✐#②✱ φ = 2.1✪✘

❢♦* ❤✐❣❤ CO2 ❡♠✐..✐♦♥ ❝♦✉♥#*✐❡.✱ ❡✳❣✳ ❈❤✐♥❛✳ ❆❧.♦✱ µ = 5% ✐. ❝♦♥.✐❞❡*❡❞

✐♥ ❝❛.❡ ♦❢ #❤❡ #❡❝❤♥♦❧♦❣② ❞❡✈❡❧♦♣♠❡♥# .❧♦✇. ❞♦✇♥✳ ❲❡ .❡# #❤❡ ✈❛❧✉❡ ♦❢

❤❡❛❧#❤ ♣❛*❛♠❡#❡* β = 0.5✱ ❛❝❝♦*❞✐♥❣ #♦ <❛✉#*❡❧ ✭✷✵✶✷✮ ❢♦* #❤❡ ❜❡♥❝❤♠❛*❦

❝❛❧✐❜*❛#✐♦♥✱ ❛♥❞ .#✉❞② #❤❡ .❡♥.✐#✐✈✐#② ♦❢ #❤❡ ❝❤❛♥❣❡ ♦❢ ❤❡❛❧#❤ ♣❛*❛♠❡#❡*

♦♥ ♠✐#✐❣❛#✐♦♥ ♣♦❧✐❝② ❛♥❞ ❡❝♦♥♦♠✐❝ ❣*♦✇#❤ *❛#❡✳ ■♥ ♦*❞❡* #♦ ❣✉❛*❛♥#❡❡ #❤❡

❝♦♥❝❛✈✐#② ♦❢ ✉#✐❧✐#② #♦ ❤❡❛❧#❤✱ ✇❡ *❡?✉✐*❡ #❤❡ ❡❧❛.#✐❝✐#② ♦❢ ♠❛*❣✐♥❛❧ ✉#✐❧✐#②

#♦ ❝♦♥.✉♠♣#✐♦♥ ǫ ✇✐#❤✐♥ ✵ ❛♥❞ ✶✱ ❛♥❞ ❝❤♦♦.❡ ❜❡♥❝❤♠❛*❦ ✈❛❧✉❡ ♦❢ ǫ = 0.9
✭❡✳❣✳ ■♥❞✐❛✮✱ ❛♥❞ ǫ = 0.44 ✭❡✳❣✳ ❏❛♣❛♥✮ ❛. ❝♦♠♣❛*❛#✐✈❡ ❛♥❛❧②.✐.✱ ❛❝❝♦*❞✐♥❣

#♦ ●❛♥❞❡❧♠❛♥ ❛♥❞ ❍❡*♥R♥❞❡③✲▼✉*✐❧❧♦ ✭✷✵✶✹✮✳ ■♥ ❛❞❞✐#✐♦♥✱ ✇❡ ❝❤♦♦.❡ #✐♠❡

❞✐.❝♦✉♥# *❛#❡ ❡?✉❛❧ #♦ ✶✳✺✪ ♣❡* ②❡❛* ❛❝❝♦*❞✐♥❣ #♦ ◆♦*❞❤❛✉. ✭✷✵✵✽✮✳ <❛*❛♠✲

❡#❡*. σ✱ δ ❛♥❞ ρkh ✱ ♠❡❛.✉*✐♥❣ #❤❡ .❡♥.✐#✐✈✐#② ♦❢ #❤❡ ❝❛♣✐#❛❧ ❛♥❞ ❤❡❛❧#❤ #♦

✢✉❝#✉❛#✐♦♥.✱ ❛♥❞ #❤❡✐* ❝♦**❡❧❛#✐♦♥✱ ❛*❡ ❝*✉❝✐❛❧ ✐♥ ❞❡#❡*♠✐♥✐♥❣ ✉♥❝❡*#❛✐♥#②

❡✛❡❝# ♦♥ ♠✐#✐❣❛#✐♦♥ ♣♦❧✐❝② ❛♥❞ ❡❝♦♥♦♠✐❝ ❣*♦✇#❤ *❛#❡✳ ❲❡ ✐♥✈❡.#✐❣❛#❡ #❤❡✐*

✐♠♣❛❝#. ♦♥ ❡❝♦♥♦♠✐❝ ❛❝#✐✈✐#② ❢♦* ❝❛❧✐❜*❛#✐♦♥ ✐♥ ❜♦#❤ #❛❜❧❡ ❛♥❞ ❣*❛♣❤✐❝❛❧

♣*❡.❡♥#✐♥❣✳ ❚❤❡ ❜❡♥❝❤♠❛*❦ ✈❛❧✉❡. ♦❢ #❤❡ ♣❛*❛♠❡#❡*. ❛*❡ .✉♠♠❛*✐③❡❞ ✐♥

✸

❜❛"❡❞ ♦♥ '❤❡ ❲♦*❧❞ ❇❛♥❦ "❡*✐❡" ✷✵✶✻ ✏CO2 ❡♠✐""✐♦♥" ♣❡* ●❉8✧ ❛♥❞ ❡♠♣✐*✐❝❛❧

"'✉❞✐❡" ❜② ❍♦♦❞ ✭✷✵✶✶✮✱ ▼❝❑✐♥"❡② ✭✷✵✵✾✮✱ ❛♥❞ ❇*❡'"❝❤❣❡* ❛♥❞ ❱✐♥♦❣*❛❞♦✈❛ ✭✷✵✶✹✮✳

✼✶



✹✳ ❈❤❛♣&❡( ✹

❚❛❜❧❡ ✹✳✶✿

A  ❤❡  ♦ ❛❧ ❢❛❝ ♦( ♣(♦❞✉❝ ✐✈✐ ② ✺✪

φ ♦✉ ♣✉ ❡♠✐22✐♦♥ ✐♥ ❡♥2✐ ② ✵✳✵✹✪

µ ❛❜❛ ❡♠❡♥ ❡✣❝✐❡♥❝② ✵✳✵✽

ρ  ✐♠❡ ❞✐2❝♦✉♥ (❛ ❡ ✵✳✵✶✺

δ ❤❡❛❧ ❤ 2❡♥2✐ ✐✈✐ ②  ♦ ✢✉❝ ✉❛ ✐♦♥ 1.7 · 103
σ ❝❛♣✐ ❛❧ 2❡♥2✐ ✐✈✐ ②  ♦ ✢✉❝ ✉❛ ✐♦♥ ✵✳✵✵✶

β ❤❡❛❧ ❤ ♣❛(❛♠❡ ❡( ✵✳✺

ǫ ❡❧❛2 ✐❝✐ ② ♦❢ ♠❛(❣✐♥❛❧ ✉ ✐❧✐ ② ✵✳✾

❚❛❜❧❡ ✹✳✶ ✕ !❛#❛♠❡&❡#' ✈❛❧✉❡' ❢♦# &❤❡ ♥✉♠❡#✐❝❛❧ ❡①❛♠♣❧❡

❯♥❞❡, -❤❡ ❜❡♥❝❤♠❛,❦ ❝❛❧✐❜,❛-✐♦♥ ❞❡4❝,✐❜❡❞ ❛❜♦✈❡✱ ✇❡ ♦❜-❛✐♥ -❤❡ ♦♣-✐♠❛❧

4❤❛,❡ ♦❢ ♦✉-♣✉- ❢♦, ❛❜❛-❡♠❡♥- m∗
❡;✉❛❧ -♦ ✵✳✹✺✽✷✪✱ ❛♥❞ -❤❡ ❡❝♦♥♦♠✐❝

❣,♦✇-❤ ,❛-❡ ❡;✉❛❧ -♦ ✸✳✽✻✸✸✸✪✳ ❖✉, ✈❛❧✉❡ ♦❢ m∗
✐4 4❧✐❣❤-❧② ❤✐❣❤❡, -❤❛♥

✵✳✹✷✪ ✐♥ ◆♦,❞❤❛✉4 ✭✷✵✵✽✮✱ ✇❤♦ ❝❛❧❝✉❧❛-❡❞ -❤❡ ❝❛,❜♦♥ -❛① ❛4 ✸✵ ❯✳❙✳❞♦❧❧❛,

♣❡, -♦♥ ❝♦❛❧ ❛- ❛ ②❡❛,❧② ❣❧♦❜❛❧ ♦✉-♣✉- ♦❢ ✼✵ -,✐❧❧✐♦♥ ❯✳❙✳❞♦❧❧❛, ✐♥ ✷✵✶✵✳ ❚❤❡

❞✐✛❡,❡♥❝❡ ✐4 ❞✉❡ -♦ -❤❡ ❢❛❝-♦, ♦❢ ❤❡❛❧-❤ ✢✉❝-✉❛-✐♦♥✳

❚❤❡ ❡♠✐44✐♦♥ ❝♦♥❝❡♥-,❛-✐♦♥ ♣❡, ✉♥✐- ♦❢ ❝❛♣✐-❛❧ qt ✐4 ❞❡✜♥❡❞ ✐♥ ❊;✳✭✹✳✹✮✱
✐♠♣❧②✐♥❣ 0 ≤ qt ≤ φA = 0.4 · 10−3 × 0.05 = 2 · 10−5

✳ ●✐✈❡♥ -❤❡ ♣❛,❛♠❡-❡,

❞❡✜♥❡❞ ✐♥ ❚❛❜❧❡ ✹✳✶✱ ✇❡ ♣,❡4❡♥- -❤❡ ,❡❧❛-✐♦♥4❤✐♣ ❜❡-✇❡❡♥ ❆,,♦✇✲S❡-- ♠❡❛✲

4✉,❡ ♦❢ ,❡❧❛-✐✈❡ ,✐4❦ ❛✈❡,4✐♦♥ ❛♥❞ -❤❡ ♦♣-✐♠❛❧ ❡♠✐44✐♦♥ ❝♦♥❝❡♥-,❛-✐♦♥ ♣❡,

✉♥✐- ♦❢ ❝❛♣✐-❛❧ q∗✱ ❣✐✈❡♥ ✐♥ ✐♥ ❚❛❜❧❡ ✹✳✷✳

❈❘❘❆ ♣❛(❛♠❡ ❡(

ǫ
❖♣ ✐♠❛❧ ❊♠✐22✐♦♥2

q∗ ✭10−5
✮

❖♣ ✐♠❛❧ ❛❜❛ ❡♠❡♥ 

m∗
✭10−3

✮

✶ ✵ ✺

✵✳✾ ✵✳✶✻✼ ✹✳✺✽✷

✵✳✺ ✵✳✽✸✻ ✷✳✾✶✶

✵✳✶ ✶✳✺✵✹ ✶✳✷✹✵

❚❛❜❧❡ ✹✳✷ ✕ ❚❤❡ ❡✛❡❝& ♦❢ ❈❘❘❆ ♠❡❛'✉#❡♠❡♥& ǫ ♦♥ ♦♣&✐♠❛❧ ❡♠✐''✐♦♥

❝♦♥❝❡♥&#❛&✐♦♥ ♣❡# ✉♥✐& ♦❢ ❝❛♣✐&❛❧ q∗ ❛♥❞ ❢#❛❝&✐♦♥ ♦❢ ♦✉&♣✉& ❢♦# ❛❜❛&♠❡♥& m∗
✳

❚❛❜❧❡ ✹✳✸ ❛♥❞ ❚❛❜❧❡ ✹✳✹ 4❤♦✇ -❤❡ ✐♥✢✉❡♥❝❡4 ♦❢ ♠♦❞❡❧ ♣❛,❛♠❡-❡,4 ♦♥ ♠✐-✐❣❛✲

-✐♦♥ ♣♦❧✐❝② ❛♥❞ ❡❝♦♥♦♠✐❝ ❣,♦✇-❤ ,❛-❡ ❢♦, ❛ ❜❡♥❝❤♠❛,❦ ♠❡❛4✉,❡ ♦❢ ,❡❧❛-✐✈❡

,✐4❦ ❛✈❡,4✐♦♥ ǫ = 0.9✳ ■♥ ❛❞❞✐-✐♦♥✱ ✇❡ ❝♦♥4✐❞❡, ✈❛,✐♦✉4 ✈❛❧✉❡4 ♦❢ ❝♦,,❡❧❛-✐♦♥
❝♦❡✣❝✐❡♥-✳ ❚❤❡ ❞②♥❛♠✐❝4 ♦❢ -❤❡ ♣❛,❛♠❡-❡,4 ❛,❡ 4❤♦✇♥ ✐♥ -❤❡ ❢♦❧❧♦✇✐♥❣

✼✷



✜❣✉#❡%✳ ❲❡ ✜♥❞ ❡♠♣✐#✐❝❛❧ ❡✈✐❞❡♥❝❡ 1♦ 3#♦♣♦%✐1✐♦♥% ✭✷✳✷✮ ❛♥❞ ✭✷✳✸✮ ✇❤❡#❡

♣❛#❛♠❡1❡#% ♦❢ ❞✐✛✉%✐♦♥ 1❡#♠% %✐❣♥✐✜❝❛♥1❧② ✐♠♣❛❝1 ❜♦1❤ ♠✐1✐❣❛1✐♦♥ ♣♦❧✐❝②

❛♥❞ ❡❝♦♥♦♠✐❝ ❣#♦✇1❤✳

3❛#❛♠❡1❡#%

❖♣1✐♠❛❧ ▼✐1✐❣❛1✐♦♥ 3♦❧✐❝② ❛♥❞ ●#♦✇1❤ ❘❛1❡

q∗✭10−6
✮ m∗

✭✪✘✮ g∗✭✪✮

AH = 7% ✶✳✻✼✶ ✹✳✼✵✷ ✻✳✵✼✹✹

AL = 5% ✶✳✻✼✶ ✹✳✺✽✷ ✸✳✽✻✸✸

φH = 2.1✪✘ ✶✳✻✼✶ ✷✺✳✽✸✷ ✸✳✼✹✺✸

φL = 0.4✪✘ ✶✳✻✼✶ ✹✳✺✽✷ ✸✳✽✻✸✸

δH = 1.7 · 104 ✵✳✵✶✶✹ ✹✳✾✾✼ ✸✳✽✻✶✶

δL = 1.7 · 103 ✶✳✻✼✶ ✹✳✺✽✷ ✸✳✽✻✸✸

σH = 1% ✶✳✶✹✷ ✹✳✼✶✺ ✸✳✽✻✷✶

σL = 0.1% ✶✳✻✼✶ ✹✳✺✽✷ ✸✳✽✻✸✸

ρHkh = 1 ✶✳✽✹✽ ✹✳✺✸✽ ✸✳✽✻✸✻

ρNH
kh = 0.5 ✶✳✼✽✾ ✹✳✺✺✸ ✸✳✽✻✸✺

ρNH
kh = 0 ✶✳✼✸✵ ✹✳✺✻✼ ✸✳✽✻✸✹

ρLkh = −0.5 ✶✳✻✼✶ ✹✳✺✽✷ ✸✳✽✻✸✸

ρNL
kh = −1 ✶✳✻✶✷ ✹✳✺✾✼ ✸✳✽✻✸✷

βH = 0.9 ✹✳✺✶✷ ✸✳✽✼✷ ✸✳✽✻✼✾

βM = 0.5 ✶✳✻✼✶ ✹✳✺✽✷ ✸✳✽✻✸✺

βL = 0.1 ✹✳✼✼✸ ✸✳✽✵✼ ✸✳✽✻✼✺

µH = 0.08 ✶✳✻✼✶ ✹✳✺✽✷ ✸✳✽✻✸✸

µL = 0.05 ✷✳✼✵✾ ✻✳✾✶✻ ✸✳✽✺✵✷

❚❛❜❧❡ ✹✳✸ ✕ ❚❤❡ ♦♣&✐♠❛❧ ❡♠✐++✐♦♥ ❝♦♥❝❡♥&.❛&✐♦♥✱ ♠✐&✐❣❛&✐♦♥ ❢.❛❝&✐♦♥✱ ❛♥❞

❣.✇♦&❤ .❛&❡ ✇❤❡♥ ǫ = 0.9 , ρkh < 0✳

❚❛❜❧❡ ✹✳✺ ♣#❡%❡♥1% ❛ %♣❡❝✐✜❝ ❝❛%❡ ✇❤❡♥ 1❤❡ ♠❡❛%✉#❡ ♦❢ #❡❧❛1✐✈❡ #✐%❦ ❛✈❡#%✐♦♥

✐% #❡❧❛1✐✈❡❧② %♠❛❧❧✱ ǫ = 0.44 ✭❡✳❣✳ ❏❛♣❛♥✮✳ ■♥ 1❤✐% %❝❡♥❛#✐♦✱ ✇❡ ♦❜%❡#✈❡ 1❤❛1

♣♦❧✐❝② ❛♥❞ ❡❝♦♥♦♠✐❝ ❛❝1✐✈✐1② ❛#❡ ♠♦#❡ %❡♥%✐1✐✈❡ 1♦ 1❤❡ ♣❛#❛♠❡1❡#% ♦❢ ❞✐✛✉✲

%✐♦♥ 1❡#♠% ✇❤♦ ❝❤❛#❛❝1❡#✐③❡ ✉♥❝❡#1❛✐♥1② ❡✛❡❝1✳ ❖✉# ❝❛❧✐❜#❛1✐♦♥ ❤✐❣❤❧✐❣❤1%

1❤❛1 1❤❡ ✐♥1❡#❞❡♣❡♥❞❡♥1 ✉♥❝❡#1❛✐♥1② ❡✛❡❝1% ✐♥ ❜♦1❤ ❤❡❛❧1❤ ❛♥❞ ❝❛♣✐1❛❧ ❞②✲

✼✸



✹✳ ❈❤❛♣&❡( ✹

 ❛"❛♠❡%❡"&

❖♣%✐♠❛❧ ▼✐%✐❣❛%✐♦♥  ♦❧✐❝② ❛♥❞ ●"♦✇%❤ ❘❛%❡

q∗✭10−6
✮ m∗

✪✘ g∗✪

AH = 7% ✶✳✼✽✾ ✹✳✼✻✽ ✻✳✵✼✹✻

AL = 5% ✶✳✼✽✾ ✹✳✺✺✸ ✸✳✽✻✸✺

φH = 2.1✪✘ ✶✳✼✽✾ ✷✺✳✾✷✺ ✸✳✼✹✺✹

φL = 0.4✪✘ ✶✳✼✽✾ ✹✳✺✺✸ ✸✳✽✻✸✺

δH = 2.0 · 103 ✶✳✸✵ ✹✳✻✼✺ ✸✳✽✻✷✽

δL = 1.7 · 103 ✶✳✼✽✾ ✹✳✺✺✸ ✸✳✽✻✸✺

σH = 1% ✷✳✸✶ ✹✳✹✷✵ ✸✳✽✻✸✼

σL = 0.1% ✶✳✼✽✾ ✹✳✺✺✸ ✸✳✽✻✸✺

ρHkh = 1 ✶✳✽✹✽ ✹✳✺✸✽ ✸✳✽✻✸✻

ρLkh = 0.5 ✶✳✼✽✾ ✹✳✺✺✸ ✸✳✽✻✸✺

ρNH
kh = 0 ✶✳✼✸✵ ✹✳✺✻✼ ✸✳✽✻✸✹

ρNH
kh = −0.5 ✶✳✻✼✶ ✹✳✺✽✷ ✸✳✽✻✸✸

ρNL
kh = −1 ✶✳✻✶✷ ✹✳✺✾✼ ✸✳✽✻✸✷

βH = 0.9 ✹✳✵✷ ✸✳✼✷✺ ✸✳✽✻✼✾

βM = 0.5 ✶✳✽✹✽ ✹✳✺✺✸ ✸✳✽✻✸✺

βL = 0.1 ✷✳✾✵ ✸✳✼✾✵ ✸✳✽✻✼✺

µH = 0.08 ✶✳✽✹✽ ✹✳✺✺✸ ✸✳✽✻✸✺

µL = 0.05 ✷✳✽✷✼ ✻✳✽✻✾ ✸✳✽✺✵✹

❚❛❜❧❡ ✹✳✹ ✕ ❚❤❡ ♦♣&✐♠❛❧ ❡♠✐++✐♦♥ ❝♦♥❝❡♥&.❛&✐♦♥✱ ♠✐&✐❣❛&✐♦♥ ❢.❛❝&✐♦♥✱ ❛♥❞

❣.✇♦&❤ .❛&❡ ✇❤❡♥ ǫ = 0.9 , ρkh > 0✳

✼✹
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❚❤❡ ❛✈❡/❛❣❡ ✇♦/❧❞ ●❉N ❣/♦✇-❤ /❛-❡ ✐♥ ❧❛%- ✺✵ ②❡❛/% ✭✶✾✻✶✲✷✵✶✺✮ ✐% ✸✳✽✪

✹

✳

❲❡ ❣/❛♣❤✐❝❛❧❧② ♣/❡%❡♥- -❤❡ ❡✛❡❝- ♦❢ ♠♦❞❡❧✬% ♣❛/❛♠❡-❡/ ♦♥ -❤❡ ♦♣-✐♠❛❧ ♠✐-✲

✐❣❛-✐♦♥ ♣♦❧✐❝② ❛♥❞ ❣/♦✇-❤ /❛-❡ ✐♥ ❋✐❣✳✭✹✳✶✮ ❛♥❞ ❋✐❣✳✭✹✳✷✮✳

N❛/❛♠❡-❡/%

❖♣-✐♠❛❧ ▼✐-✐❣❛-✐♦♥ N♦❧✐❝② ❛♥❞ ●/♦✇-❤ ❘❛-❡

q∗✭10−5
✮ m∗

✪✘ g∗✪

δH = 1.7 · 104 ✵✳✵✶✵✷ ✺✳✵✶✻ ✶✳✸✸✾✽✻

δL = 1.7 · 103 ✶✳✺✶✼ ✹✳✸✹✸ ✶✳✸✺✽✻✹

σH = 1% ✶✳✵✷✸ ✹✳✺✺✶ ✶✳✸✹✽✸✷

σL = 0.1% ✶✳✹✾✼ ✹✳✸✹✸ ✶✳✸✺✽✻✹

ρHkh = 1 ✶✳✻✺✻ ✹✳✷✼✹ ✶✳✸✻✶✹✼

ρNH
kh = 0.5 ✶✳✻✵✸ ✹✳✷✾✼ ✶✳✸✻✵✺✶

ρNH
kh = 0 ✶✳✺✺✵ ✹✳✺✻✼ ✶✳✸✺✾✺✾

ρLkh = −0.5 ✶✳✹✾✼ ✹✳✸✹✸ ✶✳✸✺✽✻✹

ρNL
kh = −1 ✶✳✹✹✺ ✹✳✸✻✼ ✶✳✸✺✼✼✸

βH = 0.9 ✹✳✵✹✸ ✸✳✷✷✽ ✶✳✸✾✵✶✾

βM = 0.5 ✶✳✹✾✼ ✹✳✸✹✸ ✶✳✸✺✽✻✹

βL = 0.1 ✹✳✷✼✼ ✸✳✶✷✺ ✶✳✸✾✹✷✼

❚❛❜❧❡ ✹✳✺ ✕ ❚❤❡ ♦♣&✐♠❛❧ ❡♠✐++✐♦♥ ❝♦♥❝❡♥&.❛&✐♦♥✱ ♠✐&✐❣❛&✐♦♥ ❢.❛❝&✐♦♥✱ ❛♥❞

❣.✇♦&❤ .❛&❡ ✐♥ +♦♠❡ ❞❡✈❡❧♦♣♣❡❞ ❝♦✉♥&.✐❡+ ✭❡✳❣✳ ❏❛♣❛♥✮✱ ✇❤❡♥ ǫ = 0.44, A =
2.1%, φ = 0.04%, δ = 1700, µ = 0.08, δ = 0.001, ρkh = −0.5✳

✹

❇❛"❡❞ ♦♥ ❙♦✉)❝❡✿ ●❧♦❜❛❧ ●)♦✇0❤ ❚)❛❝❦❡) ❚❤❡ ❲♦)❧❞ ❊❝♦♥♦♠②✿ ✺✵ ❨❡❛)" ♦❢ ◆❡❛)

❈♦♥0✐♥✉♦✉" ●)♦✇0❤✱ ❡❞✐0♦)✿ ❉❛)✐❛♥❛ ❚❛♥✐✱ ▼❛)❝❤ ✷✵✶✻✳

✼✺



✹✳ ❈❤❛♣&❡( ✹

3.9

4
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4.2

4.3

4.4

4.5

4.6

4.7
·10−3

β

m∗

m∗(β;A = 5%)
m∗(β;A = 7%)

0.1 0.5 0.9β∗
β∗

✭❛✮ ❚❤❡ ♦♣%✐♠❛❧ ♠✐%✐❣❛%✐♦♥ ♣♦❧✐❝② m∗
❢♦/ ❞✐❢✲

❢❡/❡♥% ✈❛❧✉❡4 ♦❢ ❤❡❛❧%❤ ♣❛/❛♠❡%❡/ β✳

5 · 10−2 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

2

2.5

3

3.5

4

4.5

·10−3

A

m∗

m∗(A; β = 0.5)
m∗(A; β = 0.2)

✭❜✮ ❚❤❡ ♦♣%✐♠❛❧ ♠✐%✐❣❛%✐♦♥ ♣♦❧✐❝②m∗
❢♦/ ❞✐❢✲

❢❡/❡♥% ✈❛❧✉❡4 ♦❢ ❚❋7✱ A✳

3.44

3.46

3.48

3.5

3.52

3.54

3.56

3.58

3.6

3.62

·10−2

µ

E

(
ċ

c

)

g∗(µ)

1 2 10× 10−2µ∗

✭❝✮ ❚❤❡ ♦♣%✐♠❛❧ ❣/♦✇%❤ /❛%❡ g∗ ❢♦/ ❞✐✛❡/❡♥% ✈❛❧✉❡4

♦❢ %❤❡ ❡✣❝✐❡♥❝② ♦❢ ❛❜❛%❡♠❡♥% µ✳

0.5

1

1.5

2

2.5

3

3.5

4

4.5

·10−3

δ

m∗

m∗(δ; β = 0.5)
m∗(δ; β = 0.2)

✭❞✮ ❚❤❡ ♦♣%✐♠❛❧ ♠✐%✐❣❛%✐♦♥ ♣♦❧✐❝②m∗
❢♦/ ❞✐❢✲

❢❡/❡♥% ✈❛❧✉❡4 ♦❢ %❤❡ 4❡♥4✐%✐✈✐%② ♦❢ %❤❡ ❤❡❛❧%❤

4%❛%✉4 %♦ ♣♦❧❧✉%✐♦♥ δ✳

4.4

4.6

4.8

5

5.2

5.4

5.6

5.8

6

·10−3

σ

m∗

m∗(σ; β = 0.5)
m∗(σ; β = 0.2)

✭❡✮ ❚❤❡ ♦♣%✐♠❛❧ ♠✐%✐❣❛%✐♦♥ ♣♦❧✐❝② m∗
❢♦/ ❞✐❢✲

❢❡/❡♥% ✈❛❧✉❡4 ♦❢ %❤❡ ✭♣❡/❝❡♥%❛❣❡✮ ✈♦❛%✐❧✐%② ♣❛✲

/❛♠❡%❡/ ♦❢ ❝❛♣%✐❛❧ σ✳

−1 −0.8 −0.6 −0.4 −0.2 0.2 0.4 0.6 0.8 1

4.32

4.34

4.36

4.38

4.4

4.42

4.44

4.46

4.48

4.5

4.52

4.54

4.56

4.58

·10−3

ρk,h

m∗

m∗(ρk,h; β = 0.5)
m∗(ρk,h; β = 0.2)

✭❢✮ ❚❤❡ ♦♣%✐♠❛❧ ♠✐%✐❣❛%✐♦♥ ♣♦❧✐❝② m∗
❢♦/ ❞✐❢✲

❢❡/❡♥% ✈❛❧✉❡4 ♦❢ %❤❡ ❝♦//❡❧❛%✐♦♥ ❝♦❡✣❝✐❡♥% ρkh✳

❋✐❣✉$❡ ✹✳✶ ✕ ❚❤❡ ❡✛❡❝. ♦❢ ♠♦❞❡❧✬5 ♣❛$❛♠❡.❡$5 ♦♥ .❤❡ ♦♣.✐♠❛❧ ♠✐.✐❣❛.✐♦♥ ♣♦❧✐❝②

m∗
✳
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0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

·10−2

dt

E

(
dc

c

)

g∗(A = 0.05)
g∗(A = 0.07)

✭❛✮ ❚❤❡ ♦♣%✐♠❛❧ ❣+♦✇%❤ +❛%❡ g∗ ❢♦+ ❞✐✛❡+❡♥%

✈❛❧✉❡3 ♦❢ ❚❋5✱ A ♦✈❡+ %✐♠❡✳

β

E

(
ċ

c

)

g∗(β)

0 0.5 1β∗

✭❜✮ ❚❤❡ ♦♣%✐♠❛❧ ❣+♦✇%❤ +❛%❡ g∗ ❢♦+ ❞✐✛❡+❡♥%

✈❛❧✉❡3 ♦❢ ❤❡❛❧%❤ ♣❛+❛♠❡%❡+ β✳

0.2

0.4

0.6

0.8

1

1.2

1.4

·10−2

µ

m∗

m∗(µ; β = 0.5)
m∗(µ; β = 0.2)

0.03 0.1µ∗
µ∗

✭❝✮ ❚❤❡ ♦♣%✐♠❛❧ ♠✐%✐❣❛%✐♦♥ ♣♦❧✐❝② m∗
❢♦+ ❞✐✛❡+❡♥%

✈❛❧✉❡3 ♦❢ %❤❡ ❡✣❝✐❡♥❝② ♦❢ ❛❜❛%❡♠❡♥% µ✳

3.47

3.47

3.47

3.47

3.47

3.47

3.47

3.48

3.48

3.48

3.48

3.48

·10−2

δ

g∗
g∗(δ;φ = 0.4✪✘✮
g∗(δ;φ = 0.5✪✘✮

0.1 0.2 1 2× 104

✭❞✮ ❚❤❡ ♦♣%✐♠❛❧ ❣+♦✇%❤ +❛%❡ g∗ ❢♦+ ❞✐✛❡+❡♥%

✈❛❧✉❡3 ♦❢ %❤❡ 3❡♥3✐%✐✈✐%② ♣❛+❛♠❡%❡+ ♦❢ ❤❡❛❧%❤

3%❛✉%✉3 %♦ ♣♦❧❧✉%✐♦♥ δ✳

3.42

3.43

3.43

3.44

3.44

3.45

3.45

3.46

3.46

3.47

3.47

·10−2

σ

g∗
g∗(σ; ρkh = −1)
g∗(σ; ρkh = −0.5)
g∗(σ; ρkh = 0)

0 1× 10−1

✭❡✮ ❚❤❡ ♦♣%✐♠❛❧ ❣+♦✇%❤ +❛%❡ g∗ ❢♦+ ❞✐✛❡+❡♥%

✈❛❧✉❡3 ♦❢ %❤❡ ✈♦❧❛%✐❧✐%② ♣❛+❛♠❡%❡+ ♦❢ ❝❛♣%✐❛❧ σ

❛♥❞ ❝♦++❡❧❛%✐♦♥ ❝♦❡✣❝✐❡♥% ρkh✳

3.48

3.48

3.48

3.48

3.48

3.48

3.48

3.48

3.48

3.48

3.49

·10−2

m

E

(
ċ

c

)

g∗(ǫ = 0.9)
g∗(ǫ = 0.44)

0 1 3 4 5× 10−3m∗m∗

✭❢✮ ❚❤❡ ♦♣%✐♠❛❧ ❣+♦✇%❤ +❛%❡ g∗ ❢♦+ ❞✐✛❡+❡♥%

✈❛❧✉❡3 ♦❢ %❤❡ ♠✐%✐❣❛%✐♦♥ ♣♦❧✐❝② m✳

❋✐❣✉$❡ ✹✳✷ ✕ ❚❤❡ ❡✛❡❝. ♦❢ ♠♦❞❡❧ ♣❛$❛♠❡.❡$6 ♦♥ ❡❝♦♥♦♠✐❝ ❣$♦✇.❤ $❛.❡ g∗✳
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&❤✉. ❤✐❣❤❡# ❛❜❛&❡♠❡♥& &❡❝❤♥♦❧♦❣② ❝♦.&✳ ❆❧.♦✱ ❛❝❝♦#❞✐♥❣ &♦ ❊◆❊❘❉❆❚❆

✭✷✵✶✹✮✱ ♥❡❛#❧② ✵✳✺✪ ♦❢ ●❉F ✇✐❧❧ ❜❡ ✉.❡❞ &♦ #❡❛❝❤ &❤❡ &❛#❣❡& ♦❢ ❦❡❡♣✐♥❣

&❤❡ ❣❧♦❜❛❧ &❡♠♣❡#❛&✉#❡ ❜❡❧♦✇ ✷

◦
❈✳ ■& ✐. ✇♦#&❤ &♦ ♥♦&❡ &❤❛& &❤❡ ❛❜❛&❡♠❡♥&

❝♦.& ✐. ✈❡#② .❡♥.✐&✐✈❡ &♦ ❢✉❡❧ ❡✣❝✐❡♥❝② ✭❊❦✐♥. ❡& ❛❧✳✱ ✷✵✶✶✮✱ ✇❤❡♥ ✇❡ .❡&

❛ ❧❡.. ♦♣&✐♠✐.&✐❝ ✈❛❧✉❡ ♦❢ ❛❜❛&❡♠❡♥& &❡❝❤♥♦❧♦❣② ✐♠♣#♦✈❡♠❡♥&✱ µ = 0.05✳

❚❤❡ ♦♣&✐♠❛❧ ❛❜❛&❡♠❡♥& ❢#❛❝&✐♦♥ ❞#❛♠❛&✐❝❛❧❧② ✐♥❝#❡❛.❡. &♦ 0.69✪✱ ✐♠♣❧②✐♥❣

❛ #❡❧❛&✐✈❡❧② ❤✐❣❤❡# ❝❛#❜♦♥ ♣#✐❝❡ ❡C✉❛❧ &♦ ✺✵ ❯✳❙✳❞♦❧❧❛# ♣❡# &♦♥ ❝♦❛❧✱ ✇❤✐❝❤

✐. ❝❧♦.❡ &♦ ✺✻ ❯✳❙✳❞♦❧❧❛# ♣❡# &♦♥ ❝♦❛❧ ❝❛❧❝✉❧❛&❡❞ ❜② ●♦❧♦.♦✈ ❡& ❛❧✳ ✭✷✵✶✹✮

✉.✐♥❣ ❛ ❉❙●❊ ❢#❛♠❡✇♦#❦✳

✼✾



✹✳ ❈❤❛♣&❡( ✹

✽✵



✺ ❍❡❛❧%❤ ❙❤♦❝❦ ❛♥❞ ❙%♦❝❤❛-%✐❝

●0♦✇%❤ ❯♥❞❡0 %❤❡ ❚❤0❡❛% ♦❢

❈❛%❛-%0♦♣❤❡

✺✳✶ ■♥%&♦❞✉❝%✐♦♥

 !♦❞✉❝&✐♦♥✲✐♥❞✉❝❡❞ CO2 ❛♥❞ ♦&❤❡! ❣!❡❡♥❤♦✉.❡ ❣❛.❡. ✭●❍●.✮ ❡♠✐..✐♦♥.

❡♥&❛✐❧ ✉♥❢❛✈♦✉!❛❜❧❡ ❝❧✐♠❛&❡ ❝❤❛♥❣❡ ✇♦!❧❞✇✐❞❡✿ ❣❧♦❜❛❧ ✇❛!♠✐♥❣✱ ❤✐❣❤❡! .❡❛

❧❡✈❡❧✱ ❛♥❞ ✐♥&❡♥.✐✜❡❞ ♦❝❝✉!!❡♥❝❡ ❢!❡<✉❡♥❝② ♦❢ ♥❛&✉!❡ ❞✐.❛.&❡!.✱ ✇❤✐❝❤ .✐❣✲

♥✐✜❝❛♥&❧② ❤❛!♠. ❤✉♠❛♥ ❧✐❢❡ ❛♥❞ ❝❛✉.❡. &!❡♠❡♥❞♦✉. ❡❝♦♥♦♠✐❝ ❧♦..❡.✳ ❖♥ ✷✻

❉❡❝❡♠❜❡!✱ ✷✵✵✹✱ ■♥❞✐❛♥ ❖❝❡❛♥ ❡❛!&❤<✉❛❦❡ ❛♥❞ &.✉♥❛♠✐ ❛✛❡❝&❡❞ ✶✵ ❝♦✉♥✲

&!✐❡.✱ !❡.✉❧&✐♥❣ ✐♥ ♠♦!❡ &❤❛♥ ✷✳✷ ♠✐❧❧✐♦♥ ❞❡❛&❤. ❛♥❞ ❡♥♦!♠♦✉. ❡❝♦♥♦♠✐❝

❧♦..❡.✳ ❚❛❦❡ ■♥❞♦♥❡.✐❛ ❢♦! ❡①❛♠♣❧❡✱ ❡❝♦♥♦♠✐❝ ❧♦..❡. ❛❝❝♦✉♥& ✹✱✹✺✶ ♠✐❧❧✐♦♥

❯✳❙✳ ❞♦❧❧❛!

✶

✱ ✇❤✐❝❤ ❡<✉❛❧. &♦ ✶✳✼✸✪ ♦❢ ✐&. ♦✈❡!❛❧❧ ❛♥♥✉❛❧ ●❉ ❛♥❞ ✸✵✳✸✺✪ ♦❢

●❉ ❣!♦✇&❤ !❛&❡✳ ❋♦! ❚❤❛✐❧❛♥❞✱ ❡❝♦♥♦♠✐❝ ❧♦..❡. ❛❝❝♦✉♥& ✷✱✶✾✽ ♠✐❧❧✐♦♥ ❯✳❙✳

❞♦❧❧❛!

✷

✱ ✇❤✐❝❤ ❡<✉❛❧. &♦ ✶✳✸✻✪ ♦❢ ✐&. ♦✈❡!❛❧❧ ❛♥♥✉❛❧ ●❉ ❛♥❞ ✷✾✳✺✻✪ ●❉ 

❣!♦✇&❤ !❛&❡✳ ❖♥ ✷✼ ❋❡❜!✉❛!②✱ ✷✵✶✵✱ &❤❡ ❈❤✐❧❡ ❡❛!&❤<✉❛❦❡ ❛✛❡❝&❡❞ ✽✷✪ ♦❢

&❤❡ ❝♦✉♥&!②✬. ♣♦♣✉❧❛&✐♦♥✳ ❆ ♣!❡❧✐♠✐♥❛!② !❡♣♦!&

✸

❡.&✐♠❛&❡. &❤❡ ✈❛❧✉❡ ♦❢ &♦&❛❧

✐♥❢!❛.&!✉❝&✉!❡ ❧♦..❡. ❛& ✸✵ ❜✐❧❧✐♦♥ ❯✳❙✳ ❞♦❧❧❛!✳ ❇❛.❡❞ ♦♥ ♦✉! ♦❜.❡!✈❛&✐♦♥. ♦❢

♥✉♠❡!♦✉. ❞❡.&!✉❝&✐✈❡ ❡❛!&❤<✉❛❦❡.✱ ✇❡ ❡.&✐♠❛&❡ &❤❛& ❧♦..❡. ♠❛② ❞♦✉❜❧❡ ♦♥❝❡

&❤❡ ❜✉✐❧❞✐♥❣ ❝♦♥&❡♥&.✱ ❝♦♠♠❡!❝✐❛❧ ❛♥❞ ✐♥❞✉.&!✐❛❧ ❜✉.✐♥❡.. ✐♥&❡!!✉♣&✐♦♥. ❛!❡

&❛❦❡♥ ✐♥&♦ ❛❝❝♦✉♥&✳

✹

❚❤❡ ●❧♦❜❛❧ ❈❛&❛.&!♦♣❤❡ ❘❡❝❛♣ ✭✷✵✶✺✮ !❡♣♦!&. &❤❛&

&❤❡ ❡①♣❡❝&❡❞ ❡❝♦♥♦♠✐❝ ❧♦..❡. ✐♥ ✷✵✶✺ ◆❡♣❛❧ ❡❛!&❤<✉❛❦❡ !❡❛❝❤❡. ❛♥❞ ♣♦.✲

✶

❆!✐❛♥ ❉✐!❛!&❡( )(❡♣❛(❡❞♥❡!! ❈❡♥&❡( ✷✵✵✹✳ ❆✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡✿ ❤&&♣✿✴✴❝♠!❞❛&❛✳✐✉❝♥✳

♦(❣✴❞♦✇♥❧♦❛❞!✴!♦❝✐❛❧❴❛♥❞❴❡❝♦♥♦♠✐❝❴✐♠♣❛❝&❴♦❢❴❞❡❝❡♠❜❡(❴✷✵✵✹❴&!✉♥❛♠✐❴❛♣❞❝✳♣❞❢

✷

❆!✐❛♥ ❉✐!❛!&❡( )(❡♣❛(❡❞♥❡!! ❈❡♥&❡( ✷✵✵✹✳ ❆✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡✿ ❤&&♣✿✴✴❝♠!❞❛&❛✳✐✉❝♥✳

♦(❣✴❞♦✇♥❧♦❛❞!✴!♦❝✐❛❧❴❛♥❞❴❡❝♦♥♦♠✐❝❴✐♠♣❛❝&❴♦❢❴❞❡❝❡♠❜❡(❴✷✵✵✹❴&!✉♥❛♠✐❴❛♣❞❝✳♣❞❢

✸

❇❛!❡❞ ♦♥ &❤❡ ▼❡(❝♦)(❡!!✱ ✶✽ ▼❛(❝❤ ✷✵✶✵✳ ❘❡&(✐❡✈❡❞ ❢(♦♠ ❤&&♣✿✴✴❡♥✳♠❡(❝♦♣(❡!!✳

❝♦♠✴✷✵✶✵✴✵✸✴✶✽✴❝❤✐❧❡✲!✲G✉❛❦❡✲❞❡❛&❤✲&♦❧❧✲✼✵✵✲❛♥❞✲❡❝♦♥♦♠✐❝✲❞❛♠❛❣❡✲✶✽✲♦❢✲❣❞♣

✹

❇❛!❡❞ ♦♥ &❤❡ ❲♦(❧❞ ❇❛♥❦ (❡♣♦(&✱ ✷✼ ❋❡❜(✉❛(② ✷✵✶✵✳ ❘❡&(✐❡✈❡❞ ❢(♦♠ ❤&&♣✿✴✴ ❞♦❝✲

✉♠❡♥&!✳✇♦(❧❞❜❛♥❦✳♦(❣✴❝✉(❛&❡❞✴❡♥✼✺✵✺✶✶✹✻✽✷✶✼✹✹✽✼✽✼✴♣❞❢✴✼✵✶✸✽✵❊❙❲✵)✶✷✶✵✵❲❇✵

❘❡♣♦(&✵✜♥❛❧✵✶❊◆✳♣❞❢

✽✶



✺✳ ❈❤❛♣&❡( ✺

 ✐❜❧② ❡①❝❡❡❞ ✺ ❜✐❧❧✐♦♥ ❯✳❙✳ ❞♦❧❧❛0

✺

✱ ✇❤✐❝❤ ✐ ❛ 4✉❛06❡0 ♦❢ 6❤❡ ❝♦✉♥60②✬ ●❉;✳

■♥ 6❤✐ ❡  ❛②✱ ✇❡ ❝♦♥ ✐❞❡0 ❛ ❣❡♥❡0❛❧✐③❡❞ ✈❡0 ✐♦♥ ♦❢  6♦❝❤❛ 6✐❝ ❞②♥❛♠✐❝ ♠♦❞❡❧

✐❧❧✉ 60❛6❡❞ ✐♥ ♣0❡✈✐♦✉ ❝❤❛♣6❡0✳ ❚❤✐ ♠♦❞❡❧ ✐ ❝♦♠♣♦ ❡❞ ❜② ❛ 6✇♦ ❞✐♠❡♥✲

 ✐♦♥❛❧  6♦❝❤❛ 6✐❝ ♣0♦❝❡  ❡ ✿ ❝❛♣✐6❛❧ ❛❝❝✉♠✉❧❛6✐♦♥ ❛♥❞ ❤❡❛❧6❤ 0❡❣❡♥❡0❛6✐♦♥✱

❡①♣❧❛✐♥❡❞ ❜② 6✇♦ 6②♣❡ ♦❢ 0❛♥❞♦♠♥❡  ✐✳❡✳  ♠❛❧❧✲ ❝❛❧❡ ❝♦♥6✐♥✉♦✉ ✢✉❝6✉✲

❛6✐♦♥ ♦❝❝✉00✐♥❣ ♠♦0❡ ❢0❡4✉❡♥6❧②✱ ❛♥❞ ❧❛0❣❡✲ ❝❛❧❡ ❝❛6❛ 60♦♣❤✐❝  ❤♦❝❦ ❧❡  

❢0❡4✉❡♥6❧②✳ ❚❤❡  ♠❛❧❧✲ ❝❛❧❡ ❝❛♣✐6❛❧ ❛♥❞ ❤❡❛❧6❤ ❞✐✛✉ ✐♦♥ ❛0❡ ❞0✐✈❡♥ ❜② 6✇♦

❝♦00❡❧❛6❡❞ ❲✐♥❡0 ♣0♦❝❡  ❡ ✳ ❲❤✐❧❡ 6❤❡ ❝❛6❛ 60♦♣❤✐❝  ❤♦❝❦ ❛0❡ ❞0✐✈❡♥ ❜②

;♦✐  ♦♥ ♣0♦❝❡  ✳ ❍❡0❡ ✇❡ ❡①6❡♥❞ ♦✉0 ♠♦❞❡❧ ❜② ❛♥❛❧② ✐♥❣ 6❤❡ ❡①♣❡❝6❡❞

❣0♦✇6❤ 0❛6❡ ✉♥❞❡0 ❝❛6❛ 60♦♣❤✐❝  ❤♦❝❦ ✳ ❲❡ ♣0♦✈✐❞❡ ❝❧♦ ❡✲❢♦0♠  ♦❧✉6✐♦♥ ♦❢

6❤❡ ♦♣6✐♠❛❧ ♠✐6✐❣❛6✐♦♥ ♣♦❧✐❝② ❛♥❞ ❡①♣❡❝6❡❞ ❣0♦✇6❤ 0❛6❡✳ ❚❤❡ ✐♠♣❛❝6 ♦❢

♣❛0❛♠❡6❡0 ♦♥ ❡❝♦♥♦♠✐❝ ✈❛0✐❛❜❧❡ ❛0❡ ❞❡6❛✐❧❡❞❧② ❞✐ ❝✉  ❡❞ ✇✐6❤ ❝❧❡❛0✲❝✉6

✐♠♣❧✐❝❛6✐♦♥ ❢♦0 ❡♥✈✐0♦♥♠❡♥6❛❧ ♣♦❧✐❝②✳

✺✳✶✳✶ ❖✉%❧✐♥❡ ♦❢ %❤❡ ❘❡.✉❧%.

❖✉0 ♦❜❥❡❝6✐✈❡ ✐ 6♦ ♣0♦♣♦ ❡ ❛ ❞②♥❛♠✐❝  ② 6❡♠ 6❤❛6 ❛❧❧♦✇  ♦❝✐❛❧ ♣❧❛♥♥❡0 6♦

♠❛❦❡ ❞❡❝✐ ✐♦♥ ❜② ❝♦♥ ✐❞❡0✐♥❣ ❡❝♦♥♦♠✐❝ ❣0♦✇6❤✱ ♣♦❧❧✉6❛♥6 ✱ ●❍● ❡♠✐ ✲

 ✐♦♥ ✱ ❡①60❡♠❡ ❡✈❡♥6 ❛♥❞ 6❤❡✐0 ❞❡60✐♠❡♥6❛❧ ✐♠♣❛❝6 ♦♥ ❤✉♠❛♥ ❤❡❛❧6❤✳ ❚❤❡

♣❛06✐❝✉❧❛0✐6② ♦❢ ♦✉0 ♠♦❞❡❧ ✐ 6❤❡ ✐♥60♦❞✉❝6✐♦♥ ♦❢ ❝♦00❡❧❛6✐♦♥ ❜❡6✇❡❡♥ ✉♥✲

❝❡06❛✐♥6✐❡ ✐♥ ❝❛♣✐6❛❧ ❛♥❞ ❤❡❛❧6❤ ❞②♥❛♠✐❝ ✳ ❚❤❡ ❡❝♦♥♦♠② ✐ ❛✛❡❝6❡❞ ❜② 6✇♦

6②♣❡ ♦❢ ✉♥❝❡06❛✐♥6✐❡ ✿  ♠❛❧❧ ✢✉❝6✉❛6✐♦♥ ❛♥❞ ❝❛6❛ 60♦♣❤✐❝  ❤♦❝❦ ✇❤✐❝❤ ❛0❡

❛  ✉♠❡ 6♦ ❢♦❧❧♦✇ ❲✐❡♥❡0 ❛♥❞ ;♦✐  ♦♥ ♣0♦❝❡  ❡ ✱ 0❡ ♣❡❝6✐✈❡❧②✳ ❲❡ ♣0♦✈✐❞❡

❝❧❡❛0✲❝✉6 ❛♥❛❧②6✐❝❛❧❧② 60❛❝6❛❜❧❡  ♦❧✉6✐♦♥ ♦❢ ♦♣6✐♠❛❧ ❣0♦✇6❤ 0❛6❡ ❛♥❞ 6❤❡ ❛♣✲

♣❡❛❧✐♥❣ ✜0 6✲❜❡ 6 ♠✐6✐❣❛6✐♦♥ ♣♦❧✐❝②✳

■♥ ♥✉♠❡0✐❝❛❧ ❡①♣❡0✐♠❡♥6✱ ✇❡  ❤♦✇ 6❤❛6 6❤❡ ♦♣6✐♠❛❧ ❛❜❛6❡♠❡♥6 ♣♦❧✐❝② 0❡❛❝6 

 ❡♥ ✐6✐✈❡❧② ♥♦6 ♦♥❧② 6♦ 6❤❡ ✈❛0✐❛6✐♦♥ ✐♥ ❝♦♥✈❡♥6✐♦♥❛❧ ❡❝♦♥♦♠✐❝ ♣❛0❛♠❡6❡0 ✱

❧✐❦❡ ❡♠✐  ✐♦♥ ✐♥6❡♥ ✐6②✱ ❡✣❝✐❡♥❝② ♦❢ ❛❜❛6❡♠❡♥6 6❡❝❤♥♦❧♦❣②✱ ❛♥❞ ❚❋;✱ ❜✉6

❛❧ ♦ 6♦ 6❤❡ ❤❡❛❧6❤ ♣❛0❛♠❡6❡0 ❛♥❞ ✉♥❝❡06❛✐♥6② ♣❛0❛♠❡6❡0 ✳ ❲❤❡♥ ❝❛6❛ ✲

60♦♣❤✐❝  ❤♦❝❦ ✐ 6❛❦❡♥ ✐♥6♦ ❛❝❝♦✉♥6✱ 6❤❡ ♦♣6✐♠❛❧ ❛❜❛6❡♠❡♥6 ❢0❛❝6✐♦♥ ✇✐❧❧

✐♥❝0❡❛ ❡✱ ✐✳❡✳ m∗ = 1.4✪✱ ✐♥❞✐❝❛6✐♥❣ ❛ ❝❛0❜♦♥ 6❛①❛6✐♦♥ ♦❢ ✶✵✸ ❯✳❙✳ ❞♦❧❧❛0

♣❡0 6♦♥ ❝♦❛❧ ✐♥ ❜❡♥❝❤♠❛0❦ ♠♦❞❡❧✱ ❛♥❞ m∗ = 0.8✪ ✐❢ 6❤❡ ❞❡✈❡❧♦♣♠❡♥6 ♦❢ 6❤❡

❛❜❛6❡♠❡♥6 6❡❝❤♥♦❧♦❣② ✐ ✈✐❡✇❡❞ ✐♥ ❛♥ ♦♣6✐♠✐ 6✐❝ ✇❛②✳ ❚❤❡ ❧❛66❡0 ♥✉♠❜❡0

✐ ✐❞❡♥6✐❝❛❧ 6♦ ●♦❧♦ ♦✈ ❡6 ❛❧✳ ✭✷✵✶✹✮✳ ❖✉0 ❝❛❧❝✉❧❛6✐♦♥  ✉❣❣❡ 6 ❛ ❤✐❣❤❡0

❝❛0❜♦♥ 6❛① ✇❤❡♥ 6❤❡ ❝❛6❛ 60♦♣❤✐❝  ❤♦❝❦ ✐♥ ❤❡❛❧6❤ ❛♥❞ ❝❛♣✐6❛❧ ❛0❡ 6❛❦❡♥

✺

❆♦♥ ❇❡♥✜❡❧❞ ❆♥❛❧②*✐❝- ✲ ■♠♣❛❝* ❋♦3❡❝❛-*✐♥❣✱ ❆♣3✐❧ ✷✵✶✺✳ ❘❡*3✐❡✈❡❞ ❢3♦♠ ❤**♣✿✴✴

*❤♦✉❣❤*❧❡❛❞❡3-❤✐♣✳❛♦♥❜❡♥✜❡❧❞✳❝♦♠✴❉♦❝✉♠❡♥*-✴✷✵✶✺✵✺✵✼✲✐❢✲❛♣3✐❧✲❣❧♦❜❛❧✲3❡❝❛♣✳♣❞❢

✽✷



✐♥"♦ ❛❝❝♦✉♥"✳

❚❤❡ +❡," ♦❢ "❤❡ ❡,,❛② ✐, ♦+❣❛♥✐③❡❞ ❛, ❢♦❧❧♦✇,✳ ❙❡❝"✐♦♥ ✷ ✐♥"+♦❞✉❝❡, "❤❡

♠♦❞❡❧✳ ❙❡❝"✐♦♥ ✸ ♣+❡,❡♥", ❛♥❛❧②"✐❝❛❧ "+❡❛"♠❡♥" ❛♥❞ ❞❡+✐✈❡, ❝❧♦,❡❞✲❢♦+♠ ♦♣✲

"✐♠❛❧ ,♦❧✉"✐♦♥,✳ ❙❡❝"✐♦♥ ✹ ✐, ❛♥ ❛♥❛❧②"✐❝❛❧ ❞✐,❝✉,,✐♦♥ ♦❢ ❛♣♣❡❛❧✐♥❣ ❡❝♦♥♦♠✐❝

♣+♦♣❡+"✐❡,✳ ❙❡❝"✐♦♥ ✺ ♣+❡,❡♥", "❤❡ ♥✉♠❡+✐❝❛❧ ❝❛❧✐❜+❛"✐♦♥ "♦ ,❤♦✇ "❤❡ ❡✛❡❝",

♦❢ ♠♦❞❡❧ ♣❛+❛♠❡"❡+, ♦♥ ♠✐"✐❣❛"✐♦♥ ♣♦❧✐❝② ❛♥❞ ❣+♦✇"❤ +❛"❡✳ ❙❡❝"✐♦♥ ✻ ✐, "❤❡

❝♦♥❝❧✉,✐♦♥✳

✺✳✷ ❍❡❛❧'❤ ❙❤♦❝❦ ❛♥❞ ❙'♦❝❤❛/'✐❝ ●2♦✇'❤ ❯♥❞❡2 '❤❡

❚❤2❡❛' ♦❢ ❈❛'❛/'2♦♣❤❡

✺✳✷✳✶ ❚❤❡ ▼♦❞❡❧

❇❡,✐❞❡, ♣♦❧❧✉"✐♦♥✱ ♣+♦❞✉❝"✐♦♥ ❡♠✐,,✐♦♥, ❝❛✉,❡ ❞❡"❡+✐♦+❛"✐♦♥ ♦❢ "❤❡ ♥❛"✉+❛❧

❡♥✈✐+♦♥♠❡♥" ❛♥❞ ,❡✈❡+❡ ❣❧♦❜❛❧ ✇❛+♠✐♥❣✱ ❧❡❛❞✐♥❣ "♦ ❛ +❛♥❞♦♠ ♦❝❝✉++❡♥❝❡

♦❢ ❝❛"❛,"+♦♣❤✐❝ ❞✐,❛,"❡+✳ ■♥ "❤✐, ,❡❝"✐♦♥✱ ✇❡ ❡①"❡♥❞ "❤❡ ♠♦❞❡❧ ♦❢ ♣+❡✈✐✲

♦✉, ❝❤❛♣"❡+ "♦ ✐♥❝❧✉❞❡ "❤❡ ♣♦,,✐❜✐❧✐"② ♦❢ "✇♦ ❦✐♥❞, ♦❢ ,✉❞❞❡♥ ,❤♦❝❦, "♦ "❤❡

❤❡❛❧"❤ ❛♥❞ ❝❛♣✐"❛❧✳ ❚❤❡ ✜+," ,❤♦❝❦ ✐, ♥❛"✉+❡ ❝❛"❛,"+♦♣❤❡✱ ,✉❝❤ ❛, ❤✉++✐✲

❝❛♥❡✱ ❡❛+"❤F✉❛❦❡ ❛♥❞ ♥✉❝❧❡❛+ ❧❡❛❦✱ ✇❤✐❝❤ ,❡+✐♦✉,❧② ❤✐" ❜♦"❤ ♣+♦❞✉❝"✐♦♥ ❛♥❞

❤✉♠❛♥ ❤❡❛❧"❤✳ ❚❤❡ ,❡❝♦♥❞ ,❤♦❝❦ ✐, ❡♣✐❞❡♠✐❝ ❞✉❡ "♦ ♥❡❣❛"✐✈❡ ♣+♦❞✉❝"✐♦♥

❡①"❡+♥❛❧✐"✐❡,✱ ✇❤✐❝❤ ✐♠♣❛❝", ♦♥❧② ✐♥ "❤❡ ❤❡❛❧"❤ +❡❣❡♥❡+❛"✐♦♥ ♣+♦❝❡,,✳

▲❡" ✉, ❛,,✉♠❡ "❤❛" ♥❛"✉+❡ ❝❛"❛,"+♦♣❤❡ ❛♥❞ ❡♣✐❞❡♠✐❝ ❢♦❧❧♦✇ "✇♦ ✐♥❞❡♣❡♥✲

❞❡♥" H♦✐,,♦♥ ♣+♦❝❡,,❡,✱ ✇✐"❤ ✐♥❝+❡♠❡♥" dNc,t ❛♥❞ dNe,t✱ ❛♥❞ ✇✐"❤ ✐♥"❡♥,✐"②

λc ❛♥❞ λe +❡,♣❡❝"✐✈❡❧②✳ ❈❛"❛,"+♦♣❤❡ ,❤♦❝❦ ❝❛✉,❡, ❞❛♠❛❣❡, ❜♦"❤ "♦ ♣+♦✲

❞✉❝"✐♦♥ ❧❡✈❡❧ ξ ♣❡+❝❡♥" ❛♥❞ ❤❡❛❧"❤ ❧❡✈❡❧ Dc(qt) ♣❡+❝❡♥"✳ ❊♣✐❞❡♠✐❝ ,❤♦❝❦

❝❛✉,❡, ❞❛♠❛❣❡ "♦ ❤❡❛❧"❤ ❧❡✈❡❧ De(qt) ♣❡+❝❡♥"✳ ❚❤❡ ,"♦❝❤❛,"✐❝ ♣+♦❝❡,, ❢♦+

♣+♦❞✉❝"✐♦♥ ❛♥❞ ❤❡❛❧"❤ "❤❡♥ ❜❡❝♦♠❡, "❤❡ ❢♦❧❧♦✇✐♥❣✿

dkt =
[
(1−mt)yt − ct

]
dt+ σktdZk,t − ξKdNc,t , K(0) = K0 ❣✐✈❡♥.✭✺✳✶✮

dh(t) = R(qt)htdZh,t −Dc(qt)htdNc,t −De(qt)htdNe,t , α =
1

2
, 1.✭✺✳✷✮

E(dNc,tdNe,t) = 0 . ✭✺✳✸✮

✇❤❡+❡ dZk,t ❛♥❞ dZh,t ❛+❡ ❝♦++❡❧❛"❡❞ ,"❛♥❞❛+❞ ❲✐❡♥❡+ ♣+♦❝❡,,❡, ❞❡✜♥❡❞ ✐♥

♣+❡✈✐♦✉, ❝❤❛♣"❡+✳ dNc,t ❛♥❞ dNe,t ❛+❡ ✐♥❞❡♣❡♥❞❡♥" H♦✐,,♦♥ ♣+♦❝❡,,❡, ✇✐"❤

dNi,t =

{
1 : ♣+♦❜❛❜✐❧✐"②λidt
0 : ♣+♦❜❛❜✐❧✐"②1− λidt

, i = {c, e}

✽✸



✺✳ ❈❤❛♣&❡( ✺

❚❤❡#❡❢♦#❡✱ ✇❡ ❤❛✈❡ *✇♦ ❢♦❧❧♦✇✐♥❣ #❡♠❛#❦❛❜❧❡ #❡2✉❧*2✿ E (dNc,t) = λcdt ❛♥❞
E (dNe,t) = λedt✳ Dc ❛♥❞ De #❡♣#❡2❡♥* ❝❛♣✐*❛❧ ❞❡2*#✉❝*✐♦♥ ❛♥❞ ❤❡❛❧*❤

❞❛♠❛❣❡ ✭♦# ♠♦#❛❧✐*② #❛*❡✮ ❞✉#✐♥❣ ❝❛*❛2*#♦♣❤✐❝ 2❤♦❝❦2✱ ✇❤❡#❡ *❤❡ 2✉❜2❝#✐♣*

✏❝✑ ❛♥❞ ✏❡✑ 2*❛♥❞ ❢♦# ✏♥❛*✉#❡ ❞✐2❛2*❡#✑ ❛♥❞ ✏❡♣✐❞❡♠✐❝✑ #❡2♣❡❝*✐✈❡❧②✳

✺✳✷✳✷ ❚❤❡ ❉②♥❛♠✐❝- ♦❢ 0❤❡ ❊❝♦♥♦♠②

❲❡ ❞❡✜♥❡ V (k, h) ❛2 *❤❡ ✈❛❧✉❡ ❢✉♥❝*✐♦♥ ❛22♦❝✐❛*❡❞ ✇✐*❤ *❤❡ ♦♣*✐♠❛❧ ❝♦♥*#♦❧
♣#♦❜❧❡♠ ✐♥ ❊A✳✭✹✳✽✮ ❛♥❞ ❊A2✳✭✺✳✶✮ *♦ ✭✺✳✸✮✳ ❆♣♣❧②✐♥❣ ■*♦✬2 ❧❡♠♠❛ ✇✐*❤

❏✉♠♣2✱ ✇❡ ♦❜*❛✐♥ *❤❡ ❍❛♠✐❧*♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ✭❍❏❇✮ ❡A✉❛*✐♦♥ ❛2 ❢♦❧❧♦✇2✿

ρV (k, h) = max
c,m

{

U(c, h) + Vk

[
(1−m)y − c

]
+

1

2

[

Vkkσ
2k2 + VhhR

2(q)h2 +

2ρk,hVkhσkR(q)h
]

+ λc

[(

V k̃ − V
)

+
(

V h̃ − V
)]

+ λe

(

V
˜̃
h − V

)}

. ✭✺✳✹✮

❋♦# ❞❡*❛✐❧❡❞ ❛♥❛❧②*✐❝❛❧ *#❡❛*♠❡♥*✱ ♣❧❡❛2❡ #❡❢❡# *♦ ❆♣♣❡♥❞✐① ❇✳ ▲❡* ✉2 2✐♠✲

♣❧✐❢② *❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦*❛*✐♦♥2✿ V k̃ = V (k̃, h)✱ V h̃ = V (k, h̃) ❛♥❞ V
˜̃
h =

V (k, ˜̃h)✱ ✇❤❡#❡ k̃ = k(1 − ξ)✱ h̃ = h
[
1 − Dc(q)

]
❛♥❞

˜̃h = h
[
1 − De(q)

]
✳

❍❡#❡❜②✱ ✇❡ ❢♦❝✉2 ♦♥ *❤❡ ✜#2* ♦#❞❡# ❝♦♥❞✐*✐♦♥2 ✭❋❖❈2✮ ❛2 ❢♦❧❧♦✇2✳

❋♦3 ❝♦♥-✉♠♣0✐♦♥ c ✿

∂U(c, h)

∂c
− Vk(k, h) = 0 , ✐✳❡✳Uc = Vk ✭✺✳✺✮

❋♦3 ♠✐0✐❣❛0✐♦♥ ❛♥❞ ❛❜❛0❡♠❡♥0 ♣♦❧✐❝② m ✿

1

µA
Vk yt = −VhhR(q)R′(q)h2 − VkhσR

′(q)khρkh

+
(

λc V
h̃

h̃
D′

c(q) + λeV
˜̃
h
˜̃
h
D′

e(q)
)

h ✭✺✳✻✮

✇❤❡#❡ V h̃

h̃
:=

∂V h̃

∂h̃
=

∂V (k, h̃)

∂h̃
= Vh(k, h) |h=h̃

❛♥❞ Ṽ
˜̃
h
˜̃
h
:=

∂V (k, ˜̃h)

∂˜̃h
= Vh(k, h) |h=˜̃

h
✳

❋♦3 ❝❛♣✐0❛❧ -0♦❝❦ k ✿

ρVk = Vkk

[
(1−m)y − c

]
+ Vk(1−m)A+

1

2

[

Vkkkσ
2k2 + 2σ2Vkkk + VhhkR

2(q)h2

+2ρkhσVkhkR(q)hk + 2σρkhVkhR(q)h
]

+ λc

[(
V k̃
k − Vk

)
+

(
V h̃
k − Vk

)]

+ λe

(
V

˜̃
h
k − Vk

)
✭✺✳✼✮
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ρVh = Uh + Vkh[(1−m)y − c] +
1

2

[

Vkkhσ
2k2 + VhhhR

2(q)h2α + 2VhhR
2(q)h2

+2σVkhhR(q)khρkh + 2σVkhR(q)kρkh

]

+ λc

[(
V k̃
h − Vh

)
+

(
V h̃
h − Vh

)]

+ λe

(
V

˜̃
h
h − Vh

)
✭✺✳✽✮
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U(c, h, ha) =
c1−ǫ

1− ǫ
hβh̄γ , β , γ , ǫ ∈ [0, 1] . ✭✺✳✾✮

▲❡/ ✉) ♥♦✇ ❝♦♥)✐❞❡- ❛♥ ❛✈❡-❛❣❡ ❤❡❛❧/❤ )/❛/✉) h̄ ✐) ♣-♦♣♦-/✐♦♥❛❧ /♦ h ✭✐✳❡✳

h̄ ∼ h✮✱ ❜❛)❡❞ ♦♥ /❤❡ ❢❛❝/ /❤❛/ -✐)✐♥❣ h ♦❢ /❤❡ -❡♣-❡)❡♥/❛/✐✈❡ ❤♦✉)❡❤♦❧❞ ✇✐❧❧
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U(c, h) =
c1−ǫ

1− ǫ
hβ̃ , β̃ = β + γ , β , γ , ǫ ∈ [0, 1]. ✭✺✳✶✵✮
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Uc = Vk ⇒ c∗ = c(k) = x̃ k ✭✺✳✶✶✮
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V (k, h) =

(
x̃ k

)1−ǫ

1− ǫ
hβ′

✭✺✳✶✷✮

❋✉-/❤❡-♠♦-❡✱ )✉❜)/✐/✉/✐♥❣ ❊K✳✭✺✳✶✷✮ ✐♥/♦ ❊K✳✭✺✳✻✮✱ ✇❡ ♦❜/❛✐♥ ❛♥ ✐♠♣❧✐❝✐/
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*"♦♣♦(✐'✐♦♥ ✺✳✷✳✶✳ ❆!!✉♠✐♥❣ Dc(q) = ηcqt ❛♥❞ De(q) = ηeqt✱ ✇❤❡-❡
ηc , ηe > 0 ❛♥❞ q ∈ [0,+∞)✳ ❚❤❡ ✐♠♣❧✐❝✐3 !♦❧✉3✐♦♥ ❢♦- 3❤❡ ❡6✉✐❧✐❜-✐✉♠

❡♠✐!!✐♦♥ ❝♦♥❝❡♥3-❛3✐♦♥ q̃∗ !❛3✐!✜❡! 3❤❡ ❢♦❧❧♦✇✐♥❣ ❡6✉❛3✐♦♥✿

(
1− ǫ

)(
1 + β̃µσδρk h

)
= β̃µ

{[

λcηc
(
1− ηcq̃

∗
)β̃−1

+ λeηe
(
1− ηeq̃

∗
)β̃−1

]

+
(
1− β̃

)
δ2q̃∗

}

. ✭✺✳✶✸✮
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▼♦"❡♦✈❡"✱ ❊'✳✭✺✳✶✸✮ ❡①✐010 ✉♥✐'✉❡ 0♦❧✉1✐♦♥ q̃∗ ✐❢ ❛♥❞ ♦♥❧② ✐❢

(
1− ǫ

)(
1 + β̃µσδρk h

)
− β̃µ

(
λcηc + λeηe

)
≥ 0 ✭✺✳✶✹✮
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❼ ❊①✐)*❡♥❝❡
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F (q̃∗) = β̃µ

{[

λcηc
(
1− ηcq̃

∗
)β̃−1

+λeηe
(
1− ηeq̃

∗
)β̃−1

]

+
(
1− β̃

)
δ2q̃∗

}

✳

❖❜✈✐♦✉)❧②✱ F (q̃∗) ✐) ♠♦♥♦*♦♥✐❝❛❧❧② ✐♥❝B❡❛)✐♥❣ ✇✐*❤ q̃∗✱ ✐✳❡✳

∂F (q̃∗)

∂q̃∗
>

0✳ ❚❤❡B❡❢♦B❡✱ ✇❡ ❤❛✈❡ F (q̃∗) ≥ F (0) = β̃µ
(
λcηc + λeηe

)
✱ ✐♠♣❧②✐♥❣

▲❍❙❂❘❍❙ ✐♥ ❊/✳✭✺✳✶✸✮✳ ❍❡♥❝❡

(
1 − ǫ

)(
1 + β̃µσδρk h

)
≥ β̃µ

(
λcηc +

λeηe
)
✳

❼ ❯♥✐/✉❡♥❡))

❋♦B β̃ , µ 6= 0✱ ❧❡* ✉) B❡✲♦B❞❡B ❊/✳✭✺✳✶✸✮ ❛) ❢♦❧❧♦✇)✿

(
1− ǫ

)(
1 + β̃µσδρk h

)

β̃µ
−

(
1− β̃

)
δ2q̃∗

= λcηc
(
1− ηcq̃

∗
)β̃−1

+ λeηe
(
1− ηeq̃

∗
)β̃−1

✭✺✳✶✺✮

▲❡* ✉) ❞❡✜♥❡ ▲❍❙ ❛♥❞ ❘❍❙ ♦❢ ❊/✳✭✺✳✶✺✮ ❛)

L(q̃∗) =

(
1− ǫ

)(
1 + β̃µσδρk h

)

β̃µ
−

(
1− β̃

)
δ2q̃∗

❛♥❞

R(q̃∗) = λcηc
(
1− ηcq̃

∗
)β̃−1

+ λeηe
(
1− ηeq̃

∗
)β̃−1

■♥ ♦B❞❡B *♦ ❛✈♦✐❞ ❝✉♠❜❡B)♦♠❡ ❛❧❣❡❜B❛ ♣B♦♦❢✱ ✇❡ ✉)❡ ❛ ❣❡♦♠❡*B✐❝❛❧

✐❧❧✉)*B❛*✐♦♥ ✐♥)*❡❛❞✿

❖❜✈✐♦✉)❧②✱ L(q̃∗) ✐) ❛ ❧✐♥❡❛B ♠♦♥♦*♦♥✐❝ ❞❡❝B❡❛)✐♥❣ ❢✉♥❝*✐♦♥ ♦❢ q̃∗✱ ❛♥❞ R(q̃∗)
✐) ❛ ♣♦✇❡B ♠♦♥♦*♦♥✐❝ ✐♥❝B❡❛)✐♥❣ ❢✉♥❝*✐♦♥ ♦❢ q̃∗✳ ❚❤❡ ♠♦♥♦*♦♥✐❝✐*② ❣✉❛B✲

❛♥*❡❡) *❤❡ ✉♥✐/✉❡♥❡)) ♦♥❝❡ L(q̃∗) ≥ L(q̃∗)Min
✱ ✇❤✐❝❤ ✐♠♣❧✐❡) ❊/✳✭✺✳✶✹✮
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q̃∗✱ "❤❡ ❝❧♦.❡❞✲❢♦*♠ .♦❧✉"✐♦♥ ♦❢ ❊8✳✭✺✳✶✸✮ ✐. ♥♦" ♦❜✈✐♦✉.✳ ❲❡ ♦✈❡*❝♦♠❡ "❤✐.

❞✐✣❝✉❧"② ❜② ❧✐♥❡❛*✐.✐♥❣ q̃∗ ❛*♦✉♥❞ ♦*✐❣✐♥❛❧ ♣♦✐♥". ✉.✐♥❣ ❚❛②❧♦* ❡①♣❛♥.✐♦♥✳
❚❤❡*❡❢♦*❡✱ ❢♦* ❜♦"❤ ♥❛"✉*❡ ❝❛"❛."*♦♣❤❡ ❛♥❞ ❡♣✐❞❡♠✐❝ .❤♦❝❦.✱ ✇❡ ❛♣♣*♦①✐✲

♠❛"❡ (1− η q̃∗)β̃−1 , η = {ηc , ηe} ❛. ❢♦❧❧♦✇.✿

(1− η q̃∗)β̃−1 = 1 + (−η)(β̃ − 1)(1− η q̃∗)β̃−1 |q̃∗=0 +o(q̃∗)
.
= 1 + η(1− β̃)q̃∗ , η = {ηc , ηe} . ✭✺✳✶✻✮

❙✉❜."✐"✉"✐♥❣ ❊8✳✭✺✳✶✻✮ ✐♥"♦ ✭✺✳✶✸✮✱ ✇❡ ♦❜"❛✐♥ ♦♣"✐♠❛❧ ❡♠✐..✐♦♥ ❝♦♥❝❡♥"*❛✲

"✐♦♥✿

q̃∗ =

(
1− ǫ

)(
1 + β̃µσδρk h

)
− β̃µ

(
λcηc + λeηe

)

β̃(1− β̃)µ
[

δ2 +
(
λcηc + λeηe

)] ✭✺✳✶✼✮

■" ✐. ✇♦*"❤ "♦ ❤✐❣❤❧✐❣❤" "❤❛" q̃∗ < q∗✱ .✐♥❝❡ "❤❡ ❞❡♥♦♠✐♥❛"♦* ❛♥❞ ♥♦♠✐♥❛"♦*
♦❢ q̃∗ ✐♥ ❊8✳✭✺✳✶✼✮ ❛*❡ *❡.♣❡❝"✐✈❡❧② ❧❛*❣❡* ❛♥❞ .♠❛❧❧❡* "❤❛♥ q∗ ✐♥ ❊8✳✭✹✳✷✽✮✳
❚❤✐. ✐♠♣❧✐❡. ❛ ❧♦✇❡* ♦♣"✐♠❛❧ ❡♠✐..✐♦♥ ❝♦♥❝❡♥"*❛"✐♦♥ *❛"❡ ✇❤❡♥ ♦✉* ♠♦❞❡❧

"❛❦❡. ✐♥"♦ ❛❝❝♦✉♥" ♦❢ ❝❛"❛."*♦♣❤✐❝ ❡♥✈✐*♦♥♠❡♥"❛❧ .❤♦❝❦. ✐✳❡✳ ♥❛"✉*❡ ❞✐.❛."❡*
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❛♥❞ ❡♣✐❞❡♠✐❝✳ ❙✉❜,-✐-✉-✐♥❣ ❊0✳✭✺✳✶✼✮ ✐♥-♦ ❊0✳✭✹✳✹✮✱ ✇❡ ♦❜-❛✐♥ -❤❡ ♦♣-✐♠❛❧

❛❜❛-❡♠❡♥- ,❤❛<❡ ❛, ❢♦❧❧♦✇,✿

m̃∗ =
φ

µ
− q̃∗

µA
=

φ

µ
−

(
1− ǫ

)(
1 + β̃µσδρk h

)
− β̃µ

(
λcηc + λeηe

)

β̃(1− β̃)µ2A
[

δ2 +
(
λcηc + λeηe

)] ✭✺✳✶✽✮

 !♦♣♦$✐&✐♦♥ ✺✳✷✳✷✳ ❚❤❡ ♦♣%✐♠❛❧ ❛❜❛%❡♠❡♥% ,❤❛-❡ m̃∗
✐, ♣♦,✐%✐✈❡❧② ❝♦--❡✲

❧❛%❡❞ ✇✐%❤ ❜♦%❤ %❤❡ ❢-❡5✉❡♥❝✐❡, ❛♥❞ %❤❡ ✐♥%❡♥,✐%✐❡, ♦❢ ❝❛%❛,%-♦♣❤❡ ✐✳❡✳

∂m̃∗

∂λc

>

0 ,
∂m̃∗

∂ηc
> 0 ,

∂m̃∗

∂λe

> 0 ,
∂m̃∗

∂ηe
> 0✳

8-♦♦❢✳ ❚❤❡ ❛♥❛❧②-✐❝❛❧ ❝❛❧❝✉❧❛-✐♦♥ ♦❢ ❞❡<✐✈❛-✐✈❡, ✐, ,-<❛✐❣❤-❢♦<✇❛<❞✱ ❤♦✇❡✈❡<✱

✇❡ ❤❡<❡❜② ❝♦♥,✐❞❡< ❛♥ ❛❧-❡<♥❛-✐✈❡ ❝♦♥✈❡♥✐❡♥- ♣<♦♦❢✳ ❋<♦♠ ❊0✳✭✺✳✶✼✮✱ ✇❡

❝❛♥ ❡❛,✐❧② ♦❜,❡<✈❡ -❤❛- q̃∗ ❞❡❝<❡❛,❡, ❛, z ✐♥❝<❡❛,❡,✱ ,✐♥❝❡ ❛♥ ✐♥❝<❡♠❡♥-❛❧

♦❢ z ❧❡❛❞, ❛♥ ❧❛<❣❡< ❞❡♥♦♠✐♥❛-♦< ❛♥❞ ,♠❛❧❧❡< ♥♦♠✐♥❛-♦< ♦❢ q̃∗✱ ✇❤❡<❡ z =

{λc , ηc , λe , ηe}✳ ■- ✐♠♣❧✐❡,

∂q̃∗

∂z
< 0✳ ❚❤❡<❡❢♦<❡✱

∂m̃∗

∂z
> 0 ❜❛,❡❞ ♦♥ m̃∗ ∼

(
−

q̃∗
)
✐♥ ❊0✳✭✺✳✶✽✮✱ ✇❤❡<❡ ♠❛-❤❡♠❛-✐❝❛❧ ♦♣❡<❛-✐♦♥ ✏∼✑ ,-❛♥❞, ❢♦< ♣<♦♣♦<-✐♦♥✳

✺✳✷✳✸ ❖♣&✐♠❛❧ ●!♦✇&❤  ❛&❤

■♥ -❤✐, ,❡❝-✐♦♥✱ ✇❡ ❢♦❝✉, ♦♥ -❤❡ ♦♣-✐♠❛❧ ❣<♦✇-❤ <❛-❡✳ ❈♦♠❜✐♥✐♥❣ ❝❛♣✐-❛❧

❛♥❞ ❤❡❛❧-❤ ❞②♥❛♠✐❝, ✐♥ ❊0,✳✭✺✳✶✮ ❛♥❞ ✭✺✳✷✮✱ ❛♥❞ ❛♣♣❧②✐♥❣ ■-♦✬, ▲❡♠♠❛ ✇✐-❤

❥✉♠♣ -♦ Vk✱ -❤❡ ♦♣-✐♠❛❧✐-② ❝♦♥❞✐-✐♦♥, ♦❢ ❝♦♥,✉♠♣-✐♦♥ ❞❡✜♥❡❞ ✐♥ ❊0✳✭✹✳✶✻✮✱

✇❡ ♦❜-❛✐♥ -❤❡ ,-♦❝❤❛,-✐❝ ♣<♦❝❡,, ♦❢ dVk ❛, ❢♦❧❧♦✇,✿

d Vk

Vk

=

{

ρ− (1−m)A−
[

σ2Vkk

Vk

k + σρkh
Vkh

Vk

R(q)h

]

− λc

[(
V k̃
k

Vk

− 1

)

+

(
V h̃
k

Vk

− 1

)]

−λe

(
V

˜̃
h
k

Vk

− 1

)}

dt+
Vkk

Vk

σkdZk +
Vkh

Vk

R(q)hdZh +

[(
V k̃

k̃

Vk

− 1

)

+

(
V h̃
k

Vk

− 1

)]

dNc,t

+

(
V

˜̃
h
k

Vk

− 1

)

dNe,t ✭✺✳✶✾✮

❘❡✇<✐-✐♥❣ ❊0✳✭✺✳✶✵✮✱ ✇❡ ♦❜-❛✐♥ Uc(c, h) = c−ǫhβ̃
✳ ■♥ ♦-❤❡< ✇♦<❞,✱ c(Uc, h) =

U
− 1

ǫ
c h

β̃
ǫ
✳ ❋<♦♠ ♦♣-✐♠❛❧✐-② ❝♦♥,✉♠♣-✐♦♥ ✐♥ ❊0✳✭✺✳✺✮✱ ✇❡ ❤❛✈❡ c(Uc, h) =

c(Vk, h) = V
− 1

ǫ

k h
β̃
ǫ
✳ ❆♣♣❧②✐♥❣ ■-♦✬, ❧❡♠♠❛ ✇✐-❤ R♦,,✐♦♥ ❥✉♠♣ -♦ c(Uc, h)✱

✽✽



✇❡ ♦❜$❛✐♥ $❤❡ ❡①♣❡❝$❡❞ ♦♣$✐♠❛❧ ❣0♦✇$❤ ♣❛$❤ ♦❢ ❝♦♥2✉♠♣$✐♦♥ ❛2 ❢♦❧❧♦✇2✿

g̃∗ := E

(
ċ

c

)

=
1

ǫ

{(

1− φ

µ

)

A− ρ+ Ig
︸ ︷︷ ︸

g∗

+Γ

}

✭✺✳✷✵✮

✇❤❡0❡ g∗ ❛♥❞ Ig ❛0❡ ❞❡✜♥❡❞ ✐♥ ❊=✳✭✹✳✷✾✮✱ ✇❤✐❝❤ 0❡♣0❡2❡♥$ 2$♦❝❤❛2$✐❝ ❣0♦✇$❤
0❛$❡ ❛♥❞ ✉♥❝❡0$❛✐♥$② ❡✛❡❝$ ❞0✐✈❡♥ ❜② $❤❡ ❲✐❡♥❡0 ♣0♦❝❡22 0❡2♣❡❝$✐✈❡❧②✳ Γ =
λcΓc(q)+λeΓe(q) 0❡♣0❡2❡♥$2 $❤❡ ❡✛❡❝$ ♦❢ ❝❛$❛2$0♦♣❤✐❝ 2❤♦❝❦2 ❜② ♥❛$✉0❡ ❞✐2✲
❛2$❡0 ❛♥❞ ❡♣✐❞❡♠✐❝ ✱ ❞0✐✈❡♥ ❜② $✇♦ ✐♥❞❡♣❡♥❞❡♥$ G♦✐22♦♥ ♣0♦❝❡22❡2✳ ❙♣❡❝✐❢✲

✐❝❛❧❧②✱ ✇❡ ❤❛✈❡✿

Γc(q) =

([(
1− ξ

)1−ǫ − 1
]

+
[(
1−Dc(q)

)β̃ − 1
])

+ ǫ

[(

1 +
[(
1− ξ

)−ǫ − 1
]

+

[(
1−Dc(q)

)β̃ − 1
])− 1

ǫ

− 1

]

+ ǫ
[(
1−Dc(q)

) β̃
ǫ − 1

]

✭✺✳✷✶✮

Γe(q) =
[(
1−De(q)

)β̃ − 1
]

+ ǫ
[(
1−De(q)

)− β̃
ǫ − 1 +

(
1−De(q)

) β̃
ǫ − 1

]

✭✺✳✷✷✮

❲❡ ❛0❡ ✐♥$❡0❡2$❡❞ ✐♥ $❤❡ 2✐❣♥ ♦❢ ❊=2✳✭✺✳✷✶✮ ❛♥❞ ✭✺✳✷✷✮✱ 2♣❡❝✐❛❧❧② ❢♦0 ❛ 2♠❛❧❧

q ≪ 1✳ ❲❡ ❤❛✈❡ ✇❤❡♥ ♥❡❣❛$✐✈❡ Γe(q) ✇❤❡♥ q ≪ 1 ✭2❡❡ ❞❡$❛✐❧❡❞ ✐❧❧✉2$0❛$✐♦♥
✐♥ ❆♣♣❡♥❞✐① ❇✮✳ ❚❤❡0❡❢♦0❡ ❜♦$❤ $❤❡ ❢0❡=✉❡♥❝✐❡2 ♦❢ ♥❛$✉0❡ ❞✐2❛2$❡0 λc ❛♥❞

❡♣✐❞❡♠✐❝ λe ♣❧❛❝❡ ❛ ❞✐0❡❝$ ♥❡❣❛$✐✈❡ ❡✛❡❝$ ♦♥ $❤❡ ❣0♦✇$❤ 0❛$❡ g̃
∗
✱ 2✐♥❝❡ ❢0♦♠

❊=✳✭✺✳✺✮ ✇❡ ❤❛✈❡ Γc =
∂g̃∗

∂λc

, Γe =
∂g̃∗

∂λe

✳

■♥ ❛❞❞✐$✐♦♥✱ ❛ ♠♦0❡ ❝♦♥✈❡♥✐❡♥$ ❛♣♣0♦❛❝❤ $♦ ✐❧❧✉2$0❛$❡ ♦✉0 ♣0❡✈✐♦✉2 ❛0❣✉✲

♠❡♥$2 ❛♥❞ ❞❡0✐✈❡ ❛♥ ❛♥❛❧②$✐❝❛❧ 2♦❧✉$✐♦♥ ❝❛♥ ❜❡ ❛♣♣0♦①✐♠❛$❡❞ $❤0♦✉❣❤ ❧✐♥✲

❡❛0✐2❛$✐♦♥✳ ■♥❞❡❡❞✱ ✇❡ ❝❛♥ ❛♣♣0♦①✐♠❛$❡ Γc ❛♥❞ Γe ✉2✐♥❣ ❛ ✜02$✲♦0❞❡0 ❚❛②❧♦0

❡①♣❛♥2✐♦♥ ❛0♦✉♥❞ q = 0 ❛♥❞ ξ = 0 ❛2 ❢♦❧❧♦✇2✿

(
1−Dc(q)

)β̃ .
= 1− β̃ηcq , ✇❤❡0❡Dc(q) = ηcq ✭✺✳✷✸✮

(
1−De(q)

)β̃ .
= 1− β̃ηeq , ✇❤❡0❡De(q) = ηeq . ✭✺✳✷✹✮

(
1− ξ

)1−ǫ .
= 1− (1− ǫ)ξ . ✭✺✳✷✺✮

❙✉❜2$✐$✉$✐♥❣ ❊=2✳✭✺✳✷✸✮✲✭✺✳✷✺✮ ✐♥$♦ ❊=2✳✭✺✳✷✶✮ ❛♥❞ ✭✺✳✷✷✮ ✱ ✇❡ ♦❜$❛✐♥ ❛♥❛✲

❧②$✐❝❛❧❧② $❤❡ ❢♦❧❧♦✇✐♥❣✿

Γc(q) = −ξ − β̃ηcq < 0 ✭✺✳✷✻✮

Γe(q) = −β̃ηeq < 0 ✭✺✳✷✼✮

✽✾



✺✳ ❈❤❛♣&❡( ✺

❚❤✉# ✇❡ ❤❛✈❡ ♦✈❡)❛❧❧ ❝❛,❛#,)♦♣❤✐❝ #❤♦❝❦ ❡✛❡❝, ❡①♣)❡##❡❞ ❛# ❢♦❧❧♦✇#✿

Γ = λcΓc(q) + λe(q)Γe

= −ξλc −
(
λcηc + λeηe

)
β̃q ✭✺✳✷✽✮

❙✉❜#,✐,✉,✐♥❣ ❊@#✳✭✺✳✶✼✮ ❛♥❞ ✭✺✳✷✽✮ ✐♥,♦ ✭✺✳✷✵✮✱ ✇❡ ♦❜,❛✐♥ ❝♦♥#,❛♥, ❝❛,❛#✲

,)♦♣❤❡ ❡✛❡❝, ❛♥❞ ❣)♦✇,❤ )❛,❡ ✐♥ #,❡❛❞② #,❛,❡✿

g̃∗ = g∗ +
1

ǫ
Γ , ✭✺✳✷✾✮

Γ = −ξλc −
(
λcηc + λeηe

)
(
1− ǫ

)(
1 + β̃µσδρk h

)
− β̃µ

(
λcηc + λeηe

)

(1− β̃)µ
[

δ2 +
(
λcηc + λeηe

)] ✭✺✳✸✵✮

✇❤❡)❡ g∗✱ ❞❡✜♥❡❞ ✐♥ ❊@✳✭✹✳✷✾✮✱ #,❛♥❞# ❢♦) ,❤❡ ♦♣,✐♠❛❧ ❣)♦✇,❤ )❛,❡ ✇✐,❤✲
♦✉, ❝❛,❛#,)♦♣❤✐❝ #❤♦❝❦✳ ❋✉),❤❡)♠♦)❡✱ ,❤❡ ❡✛❡❝,# ♦❢ ,❤❡ ❦❡② ♣❛)❛♠❡,❡)#

❝❤❛)❛❝,❡)✐③✐♥❣ ❝❛♣✐,❛❧ ❛♥❞ ❤❡❛❧,❤ #❤♦❝❦# ❛)❡ ❞✐#❝✉##❡❞ ❜❡❧♦✇✳

 !♦♣♦$✐&✐♦♥ ✺✳✷✳✸✳ ❚❤❡ ❝❛%❛&%'♦♣❤✐❝ &❤♦❝❦ &❧♦✇& ❞♦✇♥ %❤❡ ❡①♣❡❝%❡❞ ❡❝♦✲

♥♦♠✐❝ ❣'♦✇%❤ '❛%❡✱ ✐✳❡✳ g̃∗ < g∗✳ ▼♦'❡♦✈❡'✱ ❜♦%❤ %❤❡ ✐♥%❡♥&✐%② ❛♥❞ &❡✈❡'✐%②
♦❢ ❝❛%❛&%'♦♣❤✐❝ &❤♦❝❦& ♦♥ ❝❛♣✐%❛❧ ❛♥❞ ❤❡❛❧%❤ ♠❛② ❤❛✈❡ ♥❡❣❛%✐✈❡ ✐♠♣❛❝% ♦♥

❡❝♦♥♦♠✐❝ ❣'♦✇%❤ ✭✐✳❡✳ g̃∗ < g∗ ❛♥❞
∂g̃∗

∂λc

< 0 ,
∂g̃∗

∂λe

< 0 ,
∂g̃∗

∂ηc
< 0 ,

∂g̃∗

∂ηe
< 0✮✳

❆❧&♦✱ ❡❝♦♥♦♠✐❝ ❣'♦✇%❤ '❛%❡ ♠❛② '❡❝♦✈❡' ♦' ❛❝❝❡❧❡'❛%❡ ✉♥❞❡' ❝❡'%❛✐♥ ❝♦♥❞✐✲

%✐♦♥& ❞❡%❛✐❧❡❞❧② ❞❡&❝'✐❜❡❞ ❛& ❢♦❧❧♦✇&✿

∂g̃∗

∂λc







< 0 ✇❤❡♥

{

z ≥ 0 ✐❢ 0 < β̃ ≤ ξ/(ξ + ηc) ,

0 ≤ z < z̃∗ ✐❢ ξ/(ξ + ηc) < β̃ < 1

≥ 0 ✇❤❡♥ z ≥ z̃∗ , ✐❢ ξ/(ξ + ηc) < β̃ < 1 .

, ✭✺✳✸✶✮

∂g̃∗

∂ηc

{

< 0 ✇❤❡♥ 0 ≤ z < z∗ ,

≥ 0 ✇❤❡♥ z ≥ z∗ .
✭✺✳✸✷✮

∂g̃∗

∂λe

{

< 0 ✇❤❡♥ 0 ≤ z < z∗ ,

≥ 0 ✇❤❡♥ z ≥ z∗ .
✭✺✳✸✸✮

∂g̃∗

∂ηe

{

< 0 ✇❤❡♥ 0 ≤ z < z∗ ,

≥ 0 ✇❤❡♥ z ≥ z∗ .
✭✺✳✸✹✮

✇✐%❤ z∗ =

(√

1 + (1− ǫ)(1 + β̃µσδρkh)/(β̃µδ2)− 1

)

δ2 ✭✺✳✸✺✮

❛♥❞ z̃∗ =

(
√

1 + (1− ǫ)(1 + β̃µσδρkh)/(β̃µδ
2)

1− ξ(1− β̃)/(ηcβ̃)
− 1

)

δ2 ✭✺✳✸✻✮

✾✵



 !♦♦❢✳ ❋♦" ❝♦♥✈❡♥✐❡♥❝❡✱ ❧❡* ✉, ✜",*❧② ,❡♣❛"❛*❡ ❊2✳✭✺✳✸✵✮ ✐♥*♦ *✇♦ ✐*❡♠,✿

Γ = −
(
■+ ■■

)
, ✭✺✳✸✼✮

■ = ξλc , ✭✺✳✸✽✮

■■ =
(
λcηc + λeηe

)
(
1− ǫ

)(
1 + β̃µσδρk h

)
− β̃µ

(
λcηc + λeηe

)

(1− β̃)µ
[

δ2 +
(
λcηc + λeηe

)] . ✭✺✳✸✾✮

▲❡* ✉, ❞❡✜♥❡ z = λcηc + λeηe ≥ 0✱ ❛♥❞ Ω = (1 − ǫ)(1 + β̃µσδρkh) ≥ 0 ❢♦"
❢✉"*❤❡" ❝♦♥✈❡♥✐❡♥❝❡✳ ❚❤❡♥✱ ❊2✳✭✺✳✸✽✮ ❝❛♥ ❜❡ ✇"✐**❡♥ ❛,

■■ =
Ω z − β̃µ z2

(1− β̃)µ
(
δ2 + z

) ✭✺✳✹✵✮

❲❡ ❛"❡ ✐♥*❡"❡,*❡❞ ✐♥ *❤❡ ❛,,♦❝✐❛*❡❞ ❞❡"✐✈❛*✐✈❡, ♦❢ ❊2,✳✭✺✳✷✾✮ ❛♥❞ ✭✺✳✸✵✮

"❡,♣❡❝* *♦ ❝❛*❛,*"♦♣❤❡ ♣❛"❛♠❡*❡", ❛, ❢♦❧❧♦✇,✿

∂g̃∗

∂λc

=
∂Γ

∂λc

= − ∂■

∂λc

− ∂■■

∂z

∂z

∂λc

= −ξ − ηc
∂■■

∂z
= −ηc

(
ξ

ηc
+

∂■■

∂z

)

, ✭✺✳✹✶✮

∂g̃∗

∂ηc
=

∂Γ

∂ηc
= −λc

∂■■

∂z
, ✭✺✳✹✷✮

∂g̃∗

∂λe

=
∂Γ

∂λe

= −ηe
∂■■

∂z
, ✭✺✳✹✸✮

∂g̃∗

∂ηe
=

∂Γ

∂ηe
= −λe

∂■■

∂z
, ✭✺✳✹✹✮

❚❤❡ ❛❜♦✈❡ ❢♦✉" ❞❡"✐✈❛*✐✈❡, ❝♦♥*❛✐♥ ♦♥❡ ❝♦♠♠♦♥ ✐*❡♠✱ ∂■■/∂z✱ ✇❤✐❝❤ ❞✐✲

"❡❝*❧② ❞❡*❡"♠✐♥❡, *❤❡ ,✐❣♥ ♦❢ ❊2,✳✭✺✳✹✷✮ *♦ ✭✺✳✹✹✮✱ ❛♥❞ ♥❡❡❞, ♣❛"*✐❝✉❧❛"

*"❡❛*♠❡♥* ❛, ❢♦❧❧♦✇,✿

∂■■

∂z
=

1

(1− β̃)µ(δ2 + z)2

[

(Ω− 2β̃µz)δ2 − β̃µz2
]

, ✭✺✳✹✺✮

=
β̃

(1− β̃)(δ2 + z)2
︸ ︷︷ ︸

>0

[(

1 +
Ω

β̃µδ2

)

δ4 −
(
z + δ2

)2
]

✭✺✳✹✻✮

❍❡♥❝❡✱

∂■■

∂z
≥ 0 ⇔

(

1 +
Ω

β̃µδ2

)

δ4 −
(
z + δ2

)2 ≥ 0 , ✭✺✳✹✼✮

⇔ 0 ≤ z ≤
(√

1 +
Ω

β̃µδ2
− 1

)

δ2

︸ ︷︷ ︸

z∗

✭✺✳✹✽✮

✾✶



✺✳ ❈❤❛♣&❡( ✺

❍❡"❡❜②✱ ❛ ♥❡❝❡))❛"② ❛♥❞ )✉✣❝✐❡♥. ❝♦♥❞✐.✐♦♥ ❢♦" ∂■■/∂z ≥ 0 ✐) 0 ≤ z ≤ z∗✱

✇✐.❤ z∗ =

(√

1 + (1−ǫ)(1+β̃µσδρkh)

β̃µδ2
−1

)

δ2✳ ■♥ ❛❞❞✐.✐♦♥✱ .❤❡ )✐❣♥ ♦❢ ❊7✳✭✺✳✹✶✮

✐) ❞❡.❡"♠✐♥❡❞ ❜②

ξ

ηc
+

∂■■

∂z
=

β̃

(1− β̃)(δ2 + z)2
︸ ︷︷ ︸

>0

[(

1 +
Ω

β̃µδ2

)

δ4 −
(

1− ξ

ηc

1− β̃

β̃

)
(
z + δ2

)2
]

✭✺✳✹✾✮

❛♥❞

ξ

ηc
+

∂■■

∂z
≥ 0 ⇔

(

1 +
Ω

β̃µδ2

)

δ4 −
(

1− ξ

ηc

1− β̃

β̃

)
(
z + δ2

)2 ≥ 0 ✭✺✳✺✵✮

❚❤❡"❡❢♦"❡✱ ✇❡ ❤❛✈❡ .❤❡ ❢♦❧❧♦✇✐♥❣ .✇♦ )❝❡♥❛"✐♦)✿

✭✐✮ ✇❤❡♥ 0 < β̃ ≤ ξ/(ξ + ηc) ✭⇔ 1 − ξ

ηc

1−β̃

β̃
≤ 0✮✱ ❊7✳✭✺✳✺✵✮ ♦❜✈✐♦✉)❧②

❤♦❧❞)✳

✭✐✐✮ ✇❤❡♥ ξ/(ξ + ηc) < β̃ < 1 ✭⇔ 1 − ξ

ηc

1−β̃

β̃
> 0✮✱ ✇❡ "❡7✉✐"❡ 0 ≤ z ≤

z̃∗✱ ✇❤❡"❡ z̃∗ =

(
√

1 + Ω/β̃µδ2

1− ξ(1− β̃)/(ηcβ̃)
− 1

)

δ2✳ ❖❜✈✐♦✉)❧②✱ 0 < 1 −

ξ(1− β̃)/(ηcβ̃)
︸ ︷︷ ︸

≥0

≤ 1✱ ❛♥❞ .❤✉)✱ ✇❡ ❤❛✈❡ z̃∗ ≥ z∗✳

■♥ )✉♠♠❛"②✱ ✇❡ ❝♦♥❝❧✉❞❡ .❤❡ ❛❜♦✈❡ ♠❡♥.✐♦♥❡❞ "❡)✉❧.) ❛) ❢♦❧❧♦✇)✿

∂g̃∗

∂λc







< 0 ✇❤❡♥

{

z ≥ 0 ✐❢ 0 < β̃ ≤ ξ/(ξ + ηc) ,

0 ≤ z < z̃∗ ✐❢ ξ/(ξ + ηc) < β̃ < 1

≥ 0 ✇❤❡♥ z ≥ z̃∗ , ✐❢ ξ/(ξ + ηc) < β̃ < 1 .

, ✭✺✳✺✶✮

∂g̃∗

∂ηc

{

< 0 ✇❤❡♥ 0 ≤ z < z∗ ,

≥ 0 ✇❤❡♥ z ≥ z∗ .
✭✺✳✺✷✮

∂g̃∗

∂λe

{

< 0 ✇❤❡♥ 0 ≤ z < z∗ ,

≥ 0 ✇❤❡♥ z ≥ z∗ .
✭✺✳✺✸✮

∂g̃∗

∂ηe

{

< 0 ✇❤❡♥ 0 ≤ z < z∗ ,

≥ 0 ✇❤❡♥ z ≥ z∗ .
✭✺✳✺✹✮

✾✷



✇✐"❤ z∗ =

(√

1 + (1− ǫ)(1 + β̃µσδρkh)/(β̃µδ2)− 1

)

δ2 ✭✺✳✺✺✮

❛♥❞ z̃∗ =

(
√

1 + (1− ǫ)(1 + β̃µσδρkh)/(β̃µδ
2)

1− ξ(1− β̃)/(ηcβ̃)
− 1

)

δ2 ✭✺✳✺✻✮

■" ✐- ✇♦/"❤ "♦ ♥♦"❡ "❤❛" ❛ ❧❛/❣❡/ ♠❡❛-✉/❡ ♦❢ /❡❧❛"✐✈❡ /✐-❦ ❛✈❡/-✐♦♥ ǫ ✇✐❧❧
❞❡❝/❡❛-❡ ✭♦/ ✐♥❝/❡❛-❡✮ m∗

g ✇❤❡♥ ρk,h ✐- ♥❡❣❛"✐✈❡ ✭♦/ ♣♦-✐"✐✈❡✮✱ ✐✳❡✳

∂m∗
g

∂ǫ
=

βρkhµσδ

Aβ(1− β)(µδ)2

{

< 0 ✇❤❡♥ ρk,h < 0

> 0 ✇❤❡♥ ρk,h > 0
✭✺✳✺✼✮

❚❤✐- ✐♥❞✐❝❛"❡- "❤❛"✱ ♦♥❝❡ ❛♥ ❛❣❡♥" ❜❡❝♦♠❡- ♠♦/❡ /✐-❦ ❛✈❡/-❡✱ m∗
g ❞❡❝/❡❛-❡-✱

❤❡♥❝❡ "❤❡ ❞♦♠❛✐♥ ♦❢ ∂g/∂m > 0 -❤/✐♥❦-✱ ✐♥❞✐❝❛"✐♥❣ ✏-❧♦✇✲❞♦✇♥✑ ❡✛❡❝" ✐-
❧❡-- ❧✐❦❡❧② "♦ ❜❡ ♦✛-❡" ❜② ✏✉♥❝❡/"❛✐♥"②✑ ❡✛❡❝" ✇❤❡♥ ρkh < 0✳ ❙✐♠✐❧❛/❧②✱ ✇❡
♦❜"❛✐♥ "❤❡ ❝♦♥"/❛/② /❡-✉❧" ✐♥ "❤❡ ❝❛-❡ ♦❢ ρkh > 0✳

❚❤❡ ❡①♣/❡--✐♦♥ ♦❢ ❡①♣❡❝"❡❞ ❣/♦✇"❤ /❛"❡ ♦❢ ❝♦♥-✉♠♣"✐♦♥ ❣✐✈❡- ❛ -✐♠✐❧❛/

❑❡②♥❡-✲❘❛♠-❡② /✉❧❡ ✭❑❘❘✮ ❛❧❜❡✐" "❤❡ ✉♥❝❡/"❛✐♥"② ❡✛❡❝" ✐♥ "❤❡ ❧❛-" "❤/❡❡

✐"❡♠- ♦❢ "❤❡ ❡G✉❛"✐♦♥✱ ❞/✐✈❡♥ ❜② ❲✐❡♥❡/ ♣/♦❝❡-- ❛♥❞ I♦✐--♦♥ ♣/♦❝❡-- /❡✲

-♣❡❝"✐✈❡❧②✳ ❑❘❘ -"❛"❡- "❤❛" "❤❡ ❣/♦✇"❤ /❛"❡ ❡G✉❛❧- "♦ "❤❡ /❡❛❧ ✐♥"❡/❡-" /❛"❡

❧❡-- "✐♠❡ ♣/❡❢❡/❡♥❝❡✱ ❞✐✈✐❞❡❞ ❜② "❤❡ ❡❧❛-"✐❝✐"② ♦❢ ✐♥"❡/"❡♠♣♦/❛❧ -✉❜-"✐"✉"✐♦♥✳

❙♣❡❝✐✜❝❛❧❧②✱ "❤❡ ❝♦♥✈❡♥"✐♦♥❛❧ ❑❘❘ ✐♥ ✐-♦❡❧❛-"✐❝ ✉"✐❧✐"② ✭♦/ ❈❘❘❆ ✉"✐❧✐"②✮

❢✉♥❝"✐♦♥ ❤❛- "❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦/♠✿

ċ

c
=

rt − ρ

ǫ
, ✇✐"❤ ǫ = −c U ′′

c

U ′
c

❝♦♥-"❛♥". ✭✺✳✺✽✮

❚❤❡ ✜/-" ✐"❡♠ ✐♥ "❤❡ ❘❍❙ ♦❢ ❊G✳✭✺✳✷✵✮ -❤♦✇- "❤❛" ♦✉" ♠♦❞❡❧✬- /❡❛❧ ✐♥✲

"❡/❡-" /❛"❡✱ ❝❛❧❝✉❧❛"❡❞ ❜② "❤❡ ♠❛/❣✐♥❛❧ ♣/♦❞✉❝" ♦❢ ❝❛♣✐"❛❧ ❛❞❥✉-"❡❞ ❜② "❤❡

/❛"✐♦ ♦❢ ❡♠✐--✐♦♥ ✐♥"❡♥-✐"② ♦❢ ♣/♦❞✉❝"✐♦♥ "♦ "❤❡ ❡✣❝✐❡♥❝② ♦❢ ♠✐"✐❣❛"✐♦♥✱

✐✳❡✳ rt = A
(
1 − φ

µ

)
✱ ✐- -♠❛❧❧❡/ "❤❛♥ "❤❡ ❝♦♥✈❡♥"✐♦♥❛❧ ♠❛/❣✐♥❛❧ ♣/♦❞✉❝" ♦❢

❝❛♣✐"❛❧ ✐♥ ❑❡②♥❡-✲❘❛♠-❡② ❢♦/♠✳ ❚❤✐- ✐- ❞✉❡ "♦ "❤❡ ❢❛❝" "❤❛" ♥❡❣❛"✐✈❡ ✐♠✲

♣❛❝" ♦❢ ❞❡"/✐♠❡♥"❛❧ ❡♠✐--✐♦♥ /❡❞✉❝❡- "❤❡ /❡❛❧ ✐♥"❡/❡-" /❛"❡✱ ❛♥❞ "❤✐- ❝❛♥ ❜❡

❞❛♠♣❡♥❡❞ ❜② ❛ ❣/❡❛"❡/ ❡✣❝✐❡♥❝② ♦❢ ♠✐"✐❣❛"✐♦♥ ♦/✴❛♥❞ ❛ -♠❛❧❧❡/ ❡♠✐--✐♦♥

✐♥"❡♥-✐"② ✭✐✳❡✳ ❛ -♠❛❧❧❡/ ✈❛❧✉❡ ♦❢ φ/µ ✮✳

❋✉/"❤❡/♠♦/❡✱ "❤❡ ❧❛-" ✐"❡♠ Γ ♦♥ ❘❍❙ ♦❢ ❊G✳✭✺✳✷✵✮ ❛❝❝♦✉♥"- ❢♦/ "❤❡ ❡❢✲

❢❡❝" ♦❢ ❝❛"❛-"/♦♣❤✐❝ -❤♦❝❦ ✐♥❝❧✉❞✐♥❣ ♥❛"✉/❡ ❞✐-❛-"❡/ ❛♥❞ ❡♣✐❞❡♠✐❝✱ ❞/✐✈❡♥

✾✸



✺✳ ❈❤❛♣&❡( ✺

❜② "✇♦ ✐♥❞❡♣❡♥❞❡♥" *♦✐++♦♥ ❞✐+",✐❜✉"✐♦♥+✳ ❲❡ ❛,❡ ♣❛,"✐❝✉❧❛,❧② ✐♥"❡,❡+"❡❞

✐♥ "❤❡ +✐❣♥ ♦❢ "❤✐+ ✐"❡♠✳ ❲❤❡♥ Γ ✐+ ♥❡❣❛"✐✈❡ ✐✳❡✳ 0 ≤ q ≤ q̄✱ ✇✐"❤

q̄ = min

{
1

ηc

[

1−
(
2−

(
1−ξ

)−ǫ) 1
β̃

]

,
1

ηe

[

1−
(
1+ 1

ǫ

)− ǫ

β̃

]}

✳ ❚❤❡ ,✐+❦② +❤♦❝❦ ❞❡✲

❝❡❧❡,❛"❡+ "❤❡ ❡❝♦♥♦♠✐❝ ❣,♦✇"❤✳ ❚❤❡ ♣,❡+❡♥❝❡ ♦❢ ,✐+❦② ❡♥✈✐,♦♥♠❡♥" ❧❡❛❞+ "♦

❛ ❝❡,"❛✐♥"② ❡<✉✐✈❛❧❡♥" ,❡"✉,♥ ♦♥ +❛✈✐♥❣ ✇❤✐❝❤ ✐+ +♠❛❧❧❡, "❤❛♥ "❤❡ ❡①♣❡❝"❡❞

,❛"❡ ♦❢ ,❡"✉,♥ ✭❙"❡❣❡,✱ ✷✵✵✺✮✳ ■♥ ♦"❤❡, ✇♦,❞+✱ "❤❡ ❡❝♦♥♦♠✐❝ ✐♠♣❧✐❝❛"✐♦♥ ❝❛♥
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Marginal costs increase significantly between ACT Map and BLUE Map, and the cost uncertainty increases.
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♣❡2 '♦♥ ❝♦❛❧ ✭✐♠♣❧②✐♥❣ µ = 0.05✮✱ ❛♥❞ ✶✵✵ ❯✳❙✳ ❞♦❧❧❛2 ♣❡2 '♦♥ ❝♦❛❧ ✭✐♠♣❧②✲

✐♥❣ µ = 0.01✮ 2❡#♣❡❝'✐✈❡❧②✱ ❢♦2 ❜♦'❤ ♦♣'✐♠✐#'✐❝ ❛♥❞ ♣❡##✐♠✐#'✐❝ ❛##✉♠♣'✐♦♥#

♦❢ '❡❝❤♥♦❧♦❣② ❞❡✈❡❧♦♣♠❡♥'✳

❖✉2 ❝❛❧✐❜2❛'✐♦♥ ❤✐❣❤❧✐❣❤'# '❤❛' '❤❡ #❤❛2❡ ♦❢ ❛❜❛'❡♠❡♥' ❞2❛♠❛'✐❝❛❧❧② ✐♥✲

❝2❡❛#❡# ✇❤❡♥ ❛ ❣2❡❛'❡2 ✉♥❝❡2'❛✐♥'② ✐# '❛❦❡♥ ✐♥'♦ ❛❝❝♦✉♥'✱ ✐✳❡✳ '❤❡ ❡❝♦♥♦♠②

✐# ✉♥❞❡2 '❤❡ '❤2❡❛' ♦❢ ❝❛'❛#'2♦♣❤❡#✳ ▼♦2❡♦✈❡2✱ '❤❡ M✉❛♥'✐'❛'✐✈❡ ✐♠♣❧✐❝❛✲

'✐♦♥# ♦❢ ♦✉2 ♥✉♠❡2✐❝❛❧ #✐♠✉❧❛'✐♦♥ ♦♥ '❤❡ ❛❜❛'❡♠❡♥' ❢2❛❝'✐♦♥ ✐# ❝♦♠♣❛2❛❜❧❡

'♦ '❤❡ 2❡❝❡♥' ✜♥❞✐♥❣# ✐♥ ●♦❧♦#♦✈ ❡' ❛❧✳ ✭✷✵✶✹✮✱ ✇❤♦ ✉#❡ ❛ ❞②♥❛♠✐❝ #'♦❝❤❛#✲

'✐❝ ❣❡♥❡2❛❧✲❡M✉✐❧✐❜2✐✉♠ ✭❉❙●❊✮ ♠♦❞❡❧ '♦ ❝❛❧❝✉❧❛'❡ '❤❡ '♦'❛❧ '❛① ❛♠♦✉♥' '♦

✵✳✽✪ ♦❢ ✇♦2❧❞ ♦✉'♣✉' ✭✇✐'❤ '❤❡ '❛① ♦❢ ✺✻✳✾ ❯✳❙✳ ❞♦❧❧❛2 ♣❡2 '♦♥ ❝♦❛❧✮ ✇❤❡♥

'❤❡② ❛❞♦♣' '❤❡ #✉❜❥❡❝'✐✈❡ ❞✐#❝♦✉♥' ✶✳✺✪ ♣❡2 ②❡❛2 ✭'❤❡ #❛♠❡ ✇✐'❤ ◆♦2❞❤❛✉#

✭✷✵✵✽✮✮✱ ✇❤❡♥ '❤❡ '♦'❛❧ ✇♦2❧❞ ❡♠✐##✐♦♥# ✐# ❛❜♦✉' ✾✳✼ ❜✐❧❧✐♦♥ '♦♥# ♦❢ ❝❛2❜♦♥

✐♥ ✷✵✶✵✳ ❈❛❧✐❜2❛'✐♥❣ '❤❡ ♠♦❞❡❧ ✉♥❞❡2 '❤❡ ❜❡♥❝❤♠❛2❦ ♣❛2❛♠❡'❡2# ❞❡#❝2✐❜❡❞

❛❜♦✈❡✱ ✇❡ ♦❜'❛✐♥ '❤❡ ♦♣'✐♠❛❧ ❛❜❛'❡♠❡♥' ❢2❛❝'✐♦♥ m∗ = 1.4✪✱ ✐♥❞✐❝❛'✐♥❣

❝❛2❜♦♥ '❛①❛'✐♦♥ ✉♣ '♦ ✶✵✸ ❯✳❙✳ ❞♦❧❧❛2 ♣❡2 '♦♥ ❝♦❛❧✱ ❛♥❞ m∗ = 0.8✪✱ ✐♥❞✐❝❛'✲

✐♥❣ ✺✻✳✾ ❯✳❙✳ ❞♦❧❧❛2 ♣❡2 '♦♥ ❝♦❛❧✱ ✇❤❡♥ ❛❜❛'❡♠❡♥' '❡❝❤♥♦❧♦❣② ❞❡✈❡❧♦♣♠❡♥'

✐# ✈✐❡✇❡❞ ✐♥ ❛♥ ♦♣'✐♠✐#'✐❝ ✇❛②✳ ❖✉2 ❝❛❧❝✉❧❛'✐♦♥ #✉❣❣❡#'# ❛ ❤✐❣❤❡2 ❝❛2❜♦♥

'❛① ✇❤❡♥ '❤❡ ❝❛'❛#'2♦♣❤✐❝ #❤♦❝❦# ✐♥ ❤❡❛❧'❤ ❛♥❞ ❝❛♣✐'❛❧ ❛2❡ ❜♦'❤ ❝♦♥#✐❞✲

❡2❡❞✳ ❖❢ ❝♦✉2#❡✱ ✐♥ ❝❛#❡ ♦❢ ❝❛'❛#'2♦♣❤✐❝ #❤♦❝❦✱ '❤❡ ❛❜❛'❡♠❡♥' ❡✣❝✐❡♥❝②

✐# ✈✐❡✇❡❞ ❧❡## ♦♣'✐♠✐#'✐❝ '❤❛♥ '❤❛' ✐♥ '❤❡ ❝❛#❡ ♦❢ #♠❛❧❧✲#❝❛❧❡ ✢✉❝'✉❛'✐♦♥✳

❚❤❡ ❡❝♦♥♦♠✐❝ ✐♠♣❧✐❝❛'✐♦♥ ✐# '❤❛' '❤❡ 2❡❛❧ #♦❝✐❛❧ ❝♦#' ♦❢ ❝❛2❜♦♥ ❝♦✉❧❞ ❜❡

❤✐❣❤❡2 ❜❡❝❛✉#❡ '❤❡ ❡①'2❡♠❡ ❡✈❡♥'# ✭♦2 #♦✲❝❛❧❧❡❞ ✏❢❛' '❛✐❧✑ ❛2❡ ♥❡❣❧❡❝'❡❞ ✐♥

❝♦♥✈❡♥'✐♦♥❛❧ ❛♣♣2♦❛❝❤❡# ✭❲❡✐'③♠❛♥ ✷✵✶✶✱ ✷✵✶✹✮✳

❍❡2❡❜②✱ ✇❡ ❣2❛♣❤✐❝❛❧❧② ♣2❡#❡♥' '❤❡ ❡✛❡❝' ♦❢ ♣❛2❛♠❡'❡2# ♦♥ '❤❡ ❡❝♦♥♦♠✐❝

♣♦❧✐❝② ❛♥❞ ❣2♦✇'❤ 2❛'❡ 2❡#♣❡❝'✐✈❡❧②✳

✾✻



0.6

0.8

1

1.2

1.4

1.6

1.8

2

·10−2

µ

m∗
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✭❛✮ ❚❤❡ ♦♣%✐♠❛❧ ♠✐%✐❣❛%✐♦♥ ♣♦❧✐❝② m∗
❢♦/ ❞✐❢✲
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1.4

1.5

1.6

1.7

1.8

1.9

2

2.1

2.2

·10−2

λc

m∗

m∗(λc; η = 500)
m∗(λc; η = 1000)

0 0.01
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❢♦/ ❞✐✛❡/❡♥%

✈❛❧✉❡4 ♦❢ ❡♣✐❞❡♠✐❝ ✐♥%❡♥4✐%② λe✳
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g∗(µ;λc = 0.004, λe = 0.001)
g∗(µ;λc = λe = 0))

1 2 5× 10−2µ∗

✭❞✮ ❚❤❡ ♦♣%✐♠❛❧ ❣/♦✇%❤ /❛%❡ g∗ ❢♦/ ❞✐✛❡/❡♥%

✈❛❧✉❡4 ♦❢ %❤❡ ❡✣❝✐❡♥❝② ♦❢ ❛❜❛%❡♠❡♥% µ✳

λc

E

(
ċ

c

)

g∗(λc; ηc = ηe = 500)
g∗(λc; ηc = ηe = 0))

0 1× 10−2

✭❡✮ ❚❤❡ ♦♣%✐♠❛❧ ❣/♦✇%❤ /❛%❡ g∗ ❢♦/ ❞✐✛❡/❡♥%

✈❛❧✉❡4 ♦❢ ♥❛%✉/❡ ❞✐4❛4%❡/ ✐♥%❡♥4✐%② λc✳

λe

E

(
ċ

c

)

g∗(λe; ηc = ηe = 500)
g∗(λe; ηc = 500, ηe = 200))

0 4× 10−3

✭❢✮ ❚❤❡ ♦♣%✐♠❛❧ ❣/♦✇%❤ /❛%❡ g∗ ❢♦/ ❞✐✛❡/❡♥%

✈❛❧✉❡4 ♦❢ ❡♣✐❞❡♠✐❝ ✐♥%❡♥4✐%② λe✳

❋✐❣✉$❡ ✺✳✸ ✕ ❚❤❡ ❡✛❡❝. ♦❢ ♠♦❞❡❧✬5 ♣❛$❛♠❡.❡$5 ♦♥ .❤❡ ♦♣.✐♠❛❧ ♠✐.✐❣❛.✐♦♥ ♣♦❧✐❝②

m∗
❛♥❞ ❣$♦✇.❤ $❛.❡ g∗ ✉♥❞❡$ .❤❡ .$❡❛. ♦❢ ❝❛.❛5.$♦♣❤❡5
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✺✳ ❈❤❛♣&❡( ✺

λc ♥❛"✉$❛❧ ❝❛"❛'"$♦♣❤❡ ✐♥"❡♥'✐"② ✵✳✵✵✹

ξ ❝❛♣✐"❛❧ ❞❡'"$✉❝"✐♦♥ ❞✉$✐♥❣ ❛ ♥❛"✉$❛❧ ❞✐'❛'"❡$ ✵✳✵✵✶

λe ❡♣✐❞❡♠✐❝ ✐♥"❡♥'✐"② ✵✳✵✵✹

ηc ❤❡❛❧"❤ '❡♥'✐"✐✈✐"② "♦ ♥❛"✉$❡ ❞✐'❛'"❡$ '❤♦❝❦ ✺✵✵

ηe ❤❡❛❧"❤ '❡♥'✐"✐✈✐"② "♦ ❡♣✐❞❡♠✐❝ '❤♦❝❦ ✺✵✵

❚❛❜❧❡ ✺✳✶ ✕ !❛#❛♠❡&❡#' ✈❛❧✉❡' ❢♦# &❤❡ ♥✉♠❡#✐❝❛❧ ❡①❛♠♣❧❡ ✐♥ ❝❤❛&❛'&#♦♣❤✐❝

'❤♦❝❦

✺✳✹ ❈♦♥❝❧✉)✐♦♥

■♥ "❤❡ ❧❛'" '❡❝"✐♦♥✱ ✇❡ ❡①"❡♥❞ "❤❡ '"♦❝❤❛'"✐❝ ❣0♦✇"❤ ♠♦❞❡❧ ❜② ✐♥"0♦❞✉❝✐♥❣

"✇♦ ❦✐♥❞' ♦❢ ❝❛"❛'"0♦♣❤✐❝ '❤♦❝❦'✿ ♥❛"✉0❡ ❞✐'❛'"❡0 ❛♥❞ ❡♣✐❞❡♠✐❝✳ ❚❤❡ ❝❧♦'❡❞✲

❢0♦♠ '♦❧✉"✐♦♥' ❢♦0 ❛❜❛"❡♠❡♥" ♣♦❧✐❝② ❛♥❞ ❡❝♦♥♦♠✐❝ ❣0♦✇"❤ ❛0❡ ❞❡0✐✈❡❞✱ ❛♥❞

"❤❡ ❞✐✛❡0❡♥❝❡' ♦❢ ❡❝♦♥♦♠✐❝ ❣0♦✇"❤ ✉♥❞❡0 ❲✐❡♥❡0 ❛♥❞ ?♦✐''♦♥ ✉♥❝❡0"❛✐♥"✐❡'
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❋✉0"❤❡0♠♦0❡✱ ❞❡'♣✐"❡ ♦❢ "❤❡ ❞✐'❝✉''✐♦♥ ♦♥ ❝♦♥✈❡♥"✐♦♥❛❧ ❡❝♦♥♦♠✐❝ ♣❛0❛♠✲

❡"❡0'✱ '✉❝❤ ❛' ❡♠✐''✐♦♥ ✐♥"❡♥'✐"②✱ ❡✣❝✐❡♥❝② ♦❢ ❛❜❛"❡♠❡♥" "❡❝❤♥♦❧♦❣②✱ ❛♥❞
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❛♥❞ ❝❛"❛'"0♦♣❤❡ ✐♥"❡♥'✐"②✳ ❚❤❡ ❛❜❛"❡♠❡♥" ♣♦❧✐❝② ✐' ❛❧'♦ '❡♥'✐"✐✈❡ "♦ "❤❡

'✐❣♥ ♦❢ ❝♦00❡❧❛"✐♦♥ ❝♦❡✣❝✐❡♥"✱ ❛♥❞ "❤✐' '❡♥'✐"✐✈✐"② ✇✐❧❧ ❜❡❝♦♠❡ ✐♥"❡♥'✐✜❡❞

❢♦0 '♦♠❡ ❝♦✉♥"0✐❡' ✇✐"❤ ❧❡'' ❈❘❘❆ ♠❡❛'✉0❡♠❡♥"✳

❋✐♥❛❧❧②✱ "❤❡ ♠❛✐♥ ♣♦❧✐❝② ✐♠♣❧✐❝❛"✐♦♥ ♦❢ ♦✉0 ✜♥❞✐♥❣ '✉❣❣❡'"' ❛ ♠♦0❡ '"0✐♥❣❡♥"

❝❧✐♠❛"❡ ♣♦❧✐❝② '❤♦✉❧❞ ❜❡ ✐♠♣❧❡♠❡♥"❡❞✱ '✐♥❝❡ "❤❡ ❡♠✐''✐♦♥✲✐♥❞✉❝❡❞ ❡①"0❡♠❡

❡✈❡♥"' ❛0❡ ✐❣♥♦0❡❞ ✇❤❡♥ "❤❡ '♦❝✐❛❧ ❝♦'" ♦❢ ❝❛0❜♦♥ ✐' ❝❛❧❝✉❧❛"❡❞ ❜② ❝♦♥✈❡♥✲

"✐♦♥❛❧ ❛♣♣0♦❛❝❤✳ ■♥ ♦"❤❡0 ✇♦0❞'✱ "❤❡ ✉♥❝❡0"❛✐♥"② ❡✛❡❝" ❞✉❡ "♦ CO2 ❡♠✐''✐♦♥

✐' ✉♥❞❡0❡'"✐♠❛"❡❞✳ ❖✉0 ♠♦❞❡❧ ❝❛❧✐❜0❛"✐♦♥ ❤✐❣❤❧✐❣❤"' "❤❡ '❤❛0❡ ♦❢ ❛❜❛"❡♠❡♥"

❞0❛♠❛"✐❝❛❧❧② ✐♥❝0❡❛'❡' ✇❤❡♥ "❤❡ ❡❝♦♥♦♠② ✐' ✉♥❞❡0 "❤❡ "❤0❡❛" ♦❢ ❝❛"❛'"0♦♣❤❡✳

❈❛❧✐❜0❛"✐♥❣ "❤❡ ♠♦❞❡❧ ✉♥❞❡0 "❤❡ ❜❡♥❝❤♠❛0❦ ♣❛0❛♠❡"❡0' ❞❡'❝0✐❜❡❞ ❛❜♦✈❡✱

✇❡ ♦❜"❛✐♥ "❤❡ ♦♣"✐♠❛❧ ❛❜❛"❡♠❡♥" ❢0❛❝"✐♦♥ m∗ = 1.4✪✱ ✐♥❞✐❝❛"✐♥❣ ✶✵✸ ❯✳❙✳

❞♦❧❧❛0 ♣❡0 "♦♥ ❝♦❛❧ "❛①❛"✐♦♥ ❛♥❞ m∗ = 0.8✪✱ ✐♥❞✐❝❛"✐♥❣ ✺✻✳✾ ❯✳❙✳ ❞♦❧❧❛0 ♣❡0

"♦♥ ❝♦❛❧ 0❡'♣❡❝"✐✈❡❧②✱ ✐❢ "❤❡ ❛❜❛"❡♠❡♥" "❡❝❤♥♦❧♦❣② ❞❡✈❡❧♦♣♠❡♥" ✐' ✈✐❡✇❡❞

✾✽



 ❛"❛♠❡%❡"&

❖♣%✐♠❛❧ ▼✐%✐❣❛%✐♦♥  ♦❧✐❝② ❛♥❞ ●"♦✇%❤ ❘❛%❡

q∗✭10−6
✮ m∗

✪ g∗✪

λc = 0, λe = 0 ✶✳✹✾✼ ✶✳✶✽✺ ✸✳✽✶✺✺

µ = 0.01 ✶✷✳✶✽✶ ✶✳✺✻✹ ✸✳✽✶✺✼

µ = 0.02 ✹✳✾✼✸ ✶✳✹✸✷ ✸✳✽✶✹✷

µ = 0.05 ✵✳✻✹✼ ✵✳✼✼✹ ✸✳✽✹✾✹

ηH = 1 · 103 ✷✳✽✶✵ ✶✳✻✼✾ ✸✳✽✶✹✵

ηL = 5 · 102 ✹✳✾✼✸ ✶✳✹✸✷ ✸✳✽✶✹✷

λH
c = 0.01 ✷✳✸✼✼ ✶✳✼✷✽ ✸✳✽✶✸✺

λL
c = 0.004 ✹✳✾✼✸ ✶✳✹✸✷ ✸✳✽✶✹✷

λH
e = 0.004 ✸✳✻✼✺ ✶✳✺✽ ✸✳✽✶✹✵

λL
e = 0.001 ✹✳✾✼✸ ✶✳✹✸✷ ✸✳✽✶✹✷

❚❛❜❧❡ ✺✳✷ ✕ ❚❤❡ ♦♣&✐♠❛❧ ❡♠✐++✐♦♥ ❝♦♥❝❡♥&.❛&✐♦♥✱ ♠✐&✐❣❛&✐♦♥ ❢.❛❝&✐♦♥ ❛♥❞

❣.✇♦&❤ .❛&❡ ✐♥ ❜❛♥❝❤♠❛.❦ +❡&&✐♥❣ ✇❤❡♥ ❝❛&❛+&.♦♣❤✐❡ ❤❛♣♣❡♥+✱ ǫ = 0.9, A =
5%, φ = 0.04%, δ = 1700, µ = 0.08, δ = 0.001, ρkh = −0.5✳

✐♥ ❛♥ ♦♣%✐♠✐&%✐❝ ✇❛②✳ ❖✉" ❝❛❧❝✉❧❛%✐♦♥ &✉❣❣❡&%& ❛ ❤✐❣❤❡" ❝❛"❜♦♥ %❛① ✇❤❡♥

%❤❡ ✐♥%❡"❞❡♣❡♥❞❡♥% ❝♦♥%✐♥✉♦✉& ✢✉❝%✉❛%✐♦♥& ❛♥❞ ❞✐&❝♦♥%✐♥✉♦✉& ❝❛%❛&%"♦♣❤✐❝

&❤♦❝❦& ❛"❡ %❛❦❡♥ ✐♥%♦ ❛❝❝♦✉♥%✳ ❆♣♣❛"❡♥%❧② ✐♥ ❢❛❝❡ ♦❢ ❝❛%❛&%"♦♣❤✐❝ &❤♦❝❦✱ ✐%

✐& "❡❛&♦♥❛❜❧❡ %♦ ❤❛✈❡ ❧❡&& ♦♣%✐♠✐&%✐❝ ✈✐❡✇ ♦♥ %❤❡ ❛❜❛%❡♠❡♥% ❡✣❝✐❡♥❝② %❤❛♥

%❤❛% ✐♥ %❤❡ ❝❛&❡ ♦❢ ♦♥❧② &♠❛❧❧✲&❝❛❧❡ ✢✉❝%✉❛%✐♦♥✳ ■♥❞❡❡❞✱ %❤❡ "❡❛❧ &♦❝✐❛❧ ❝♦&%

♦❢ ❝❛"❜♦♥ ❝♦✉❧❞ ❜❡ ❤✐❣❤❡" ❜❡❝❛✉&❡ %❤❡ ❡①%"❡♠❡ ❡✈❡♥%& ✭♦" &♦ ❝❛❧❧❡❞ ✏❢❛% %❛✐❧✑

❛"❡ ♥❡❣❧❡❝%❡❞ ✐♥ ❝♦♥✈❡♥%✐♦♥❛❧ ❛♣♣"♦❛❝❤❡& ✭❲❡✐%③♠❛♥ ✷✵✶✶✱ ✷✵✶✹✮✳

✾✾
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✻ ❈✉❧$✉%❛❧ ❋❛❝$♦%* ✐♥ ❍❡❛❧$❤

❈❛%❡ ❈♦♥*✉♠♣$✐♦♥✿ ❚❤❡♦%❡$✐❝❛❧

❙$✉❞② ❖♥ ❚❤❡ ❘♦❧❡ ♦❢ ❈❤✐♥❡*❡

❚%❛❞✐$✐♦♥❛❧ ▼❡❞✐❝✐♥❡

✻✳✶ ■♥%&♦❞✉❝%✐♦♥

✻✳✶✳✶ ▼♦%✐✈❛%✐♦♥ ❛♥❞ ❘❡-❡❛.❝❤ ❇❛❝❦❣.♦✉♥❞

❈❤✐♥❡%❡ %♦❝✐❡(② ✐% ❛❣❡✐♥❣ ,❛♣✐❞❧②✳ ❯♥(✐❧ (❤❡ ❡♥❞ ♦❢ ✷✵✶✺✱ (❤❡ ❛♠♦✉♥( ♦❢

♣❡♦♣❧❡ ❛❣❡❞ ✻✵ ♦, ♦✈❡, ❛❝❝♦✉♥(❡❞ ❢♦, ✶✻✳✶✪ ♦❢ (♦(❛❧ ♣♦♣✉❧❛(✐♦♥ ✭❛❜♦✉( ✷✷✷

♠✐❧❧✐♦♥✮

✶

✳ ❚❤❡ ♥✉♠❜❡, ❤❛% ✐♥❝,❡❛%❡❞ ✷✳✽✸✪ ❢,♦♠ ✷✵✶✵ (♦ ✷✵✶✺✱ ❛♥❞ ✐% ✸✳✽✪

❤✐❣❤❡, (❤❛♥ ✇♦,❧❞ ❛✈❡,❛❣❡ ❛❣❡✐♥❣ ♣♦♣✉❧❛(✐♦♥ ✐♥ ✷✵✶✺

✷

✳ ❍♦♠✐♥❣ (♦ ♥❡❛,❧②

♦♥❡ E✉❛,(❡, ♦❢ (❤❡ ✇♦,❧❞✬% ❛❣❡✐♥❣ ♣♦♣✉❧❛(✐♦♥✱ ❤♦✇❡✈❡,✱ (❤❡ ♣❛❝❡ ♦❢ ♣♦♣✲

✉❧❛(✐♦♥ ❛❣❡✐♥❣ ✐♥ ❈❤✐♥❛ ✐% ❛❝❝❡❧❡,❛(✐♥❣✳ ❚❤❡ ♥✉♠❜❡, ♦❢ ♣♦♣✉❧❛(✐♦♥ ❛❣❡❞

✻✵ ♦, ♦✈❡, ✐♥ ❈❤✐♥❛ ✐% ♣,♦❥❡❝(❡❞ (♦ ❣,♦✇ ❜② ✼✶ ✪ ❜❡(✇❡❡♥ ✷✵✶✺ ❛♥❞ ✷✵✸✵

✭❯♥✐(❡❞ ◆❛(✐♦♥%✱ ✷✵✶✺✮✳ K♦♣✉❧❛(✐♦♥ ❛❣❡✐♥❣ ❤❛% ♣,♦❢♦✉♥❞ ✐♠♣❧✐❝❛(✐♦♥% ✐♥

♠❛♥② ❢❛❝❡(% ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❧✐❢❡ ❛♥❞ %♦❝✐❡(②✱ ✇❤✐❝❤ ,❡E✉✐,❡% %♦❝✐❛❧ ♣❧❛♥♥❡, (♦

❡E✉✐♣ ✇✐(❤ ,✐❣❤( %❡( ♦❢ ♣♦❧✐❝❡% (♦ ❛❞❞,❡%% (❤❡ ❝❤❛❧❧❡♥❣❡ ❛♥❞ ,❡❛♣ (❤❡ ❜❡♥❡✜(%✳

❊❧❞❡, ♣❡♦♣❧❡ ❛,❡ ❣❡♥❡,❛❧❧② %✉❜❥❡❝( (♦ ♠♦,❡ ✉♥❝❡,(❛✐♥(② ♦♥ ❤❡❛❧(❤ ❞❡❣,❛❞❛✲

(✐♦♥ ❛♥❞ ❤✐❣❤❡, ❤❡❛❧(❤ ❝❛,❡ ❡①♣❡♥❞✐(✉,❡✱ (❤✉% ♠♦,❡ ❧✐❦❡❧② (♦ ❤❛✈❡ ❞✐✈❡,%❡

❤❡❛❧(❤ ♣,❡❢❡,❡♥❝❡% ❝♦♠♣❛,❡❞ (♦ ②♦✉♥❣ ♣❡♦♣❧❡ ✭❇♦❧❤❛❛,✱ ▲✐♥❞❡❜♦♦♠ ❛♥❞

❑❧❛❛✉✇✱ ✷✵✵✽✮✳ ■♥ ❈❤✐♥❛✱ ❡♠♣✐,✐❝❛❧ %(✉❞✐❡% %❤♦✇ (❤❛( ♠✐❞❞❧❡✲❛❣❡❞ ❛♥❞

♦❧❞❡, ♣♦♣✉❧❛(✐♦♥ ❛,❡ ♠♦,❡ ❧✐❦❡❧② (♦ ❝❤♦♦%❡ ❚,❛❞✐(✐♦♥❛❧ ❈❤✐♥❡%❡ ▼❡❞✐❝✐♥❡

✭❚❈▼✮ (,❡❛(♠❡♥(✱ ♦, ❚❈▼ ❝♦♠❜✐♥❡❞ ✇✐(❤ ❲❡%(❡,♥ ▼❡❞✐❝✐♥❡ ✭❲▼✮ (,❡❛(✲

♠❡♥( ✇❤❡♥ ♠❛❦✐♥❣ ❞❡❝✐%✐♦♥ ♦♥ ♠❡❞✐❝❛❧ ❝❛,❡ %❡,✈✐❝❡ ✭❈❤✉♥❣ ❡( ❛❧✳✱ ✷✵✵✾❀

❏✐♥✱ ✷✵✶✵❀ ▲✐✉ ❡( ❛❧✳✱ ✷✵✶✺✮✳

✶

❇❛"❡❞ ♦♥ "♦✉(❝❡✿ ❙,❛,✐",✐❝❛❧ ❈♦♠♠✉♥✐1✉2 ♦❢ ,❤❡ 5❡♦♣❧❡✬" ❘❡♣✉❜❧✐❝ ♦❢ ❈❤✐♥❛ ♦♥ ,❤❡

✷✵✶✺ ◆❛,✐♦♥❛❧ ❊❝♦♥♦♠✐❝ ❛♥❞ ❙♦❝✐❛❧ ❉❡✈❡❧♦♣♠❡♥,✳

✷

❇❛"❡❞ ♦♥ "♦✉(❝❡✿ ❈❤✐♥❡"❡ 5♦♣✉❧❛,✐♦♥ ❈❡♥"✉" ✷✵✶✵✳ ◆❛,✐♦♥❛❧ ❇✉(❡❛✉ ♦❢ ❙,❛,✐",✐❝" ♦❢

❈❤✐♥❛✱ ❋❡❜(✉❛(② ✷✾✱ ✷✵✶✻✳
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❚❤❡ ❣$♦✇'❤ ✐♥ '❤❡ ♥✉♠❜❡$ ♦❢ ♦❧❞❡$ ♣♦♣✉❧❛'✐♦♥ ❛❧2♦ ✐♥✢✉❡♥❝❡2 '❤❡ ♣❛❝❡

♦❢ ❝❤❛♥❣❡ ♦❢ ❝❤$♦♥✐❝ ❞✐2❡❛2❡✱ ❛♥❞ $❡❧❛'❡❞ ♠♦$'❛❧✐'② ❛♥❞ ♠♦$❜✐❞✐'② ✭❯♥✐'❡❞

◆❛'✐♦♥2✱ ✷✵✶✺✮✳ ❚❤❡ ✷✵✶✺ ❘❡♣♦$' ♦♥ ❈❤✐♥❡2❡ ◆✉'$✐'✐♦♥ ❛♥❞ ❈❤$♦♥✐❝ ❉✐2✲

❡❛2❡

✸

✜♥❞2✱ ✜$2'❧②✱ '❤❡ ♥✉♠❜❡$ ♦❢ ♣❡♦♣❧❡ 2✉✛❡$✐♥❣ ❢$♦♠ ❝❤$♦♥✐❝ ❞✐2❡❛2❡2 ✇❛2

❝♦♥'✐♥✉❛❧❧② $✐2✐♥❣ ❞✉$✐♥❣ '❤❡ ♣❡$✐♦❞ ♦❢ ✷✵✵✷✲✷✵✶✷✳ ❙❡❝♦♥❞❧②✱ ❛❧'❤♦✉❣❤ ❞❡❛'❤

❝❛✉2❡❞ ❜② ❝❤$♦♥✐❝ ❞✐2❡❛2❡2 ✐♥ ✷✵✶✷ ❛❝❝♦✉♥'❡❞ ❢♦$ ✽✻✳✻✪ ♦❢ ❛❧❧ ❞❡❛'❤2✱ '❤❡$❡

✇❛2 ②❡' ❛ ❞♦✇♥✲'$❡♥❞ ✐♥ ♠♦$'❛❧✐'② $❛'❡ ❢♦$ ♠♦2' '②♣❡2 ♦❢ ❝❤$♦♥✐❝ ❞✐2❡❛2❡2✳

❆♥ ✐♥❝$❡❛2❡ ✐♥ '❤❡ ♣$❡✈❛❧❡♥❝❡ ♦❢ ❝❤$♦♥✐❝ ❞✐2❡❛2❡2✱ '♦❣❡'❤❡$ ✇✐'❤ ❛ ❞❡❝$❡❛2❡

✐♥ ♠♦$'❛❧✐'② 2✉❣❣❡2' ❛ ❧♦♥❣❡$ 2✉$✈✐✈❛❧ ♣❡$✐♦❞ ♦❢ ♣❛'✐❡♥'2 ✇✐'❤ ❝❤$♦♥✐❝ ❞✐2✲

❡❛2❡2✳

❊✐'❤❡$ ❜❡✐♥❣ ♦❧❞ ♦$ ②♦✉♥❣✱ ♣❛'✐❡♥'2 2✉✛❡$✐♥❣ ❢$♦♠ ❝❤$♦♥✐❝ ✐❧❧♥❡22 '❤❛' ❝♦♥✲

✈❡♥'✐♦♥❛❧ '$❡❛'♠❡♥' ✭❲▼✮ ✐2 ♥♦' ❡✛❡❝'✐✈❡ '❡♥❞ '♦ 2❡❡❦ ❛❧'❡$♥❛'✐✈❡ 2♦❧✉'✐♦♥2✱

❧✐❦❡ ❚❈▼ ✭❘✉❣❣✐❡✱ ✷✵✵✹✮✳ ❆♥ ✐♥❝$❡❛2✐♥❣ ❛♠♦✉♥' ♦❢ ❧✐'❡$❛'✉$❡ 2✉❣❣❡2'2 '❤❛'

❝❤$♦♥✐❝ ❞✐2❡❛2❡ ✐2 ❛22♦❝✐❛'❡❞ ✇✐'❤ ❤✐❣❤❡$ ♣♦22✐❜✐❧✐'② ♦❢ ❚❈▼ ✐♥'❡$✈❡♥'✐♦♥

❞✉❡ '♦ ✐'2 ♣♦2✐'✐✈❡ ❡✛❡❝'2 ❛♥❞ ❧♦✇❡$ ❝♦2'2 ✐♥ '❡$♠2 '♦ ❜♦'❤ ✐♥❞✐✈✐❞✉❛❧ ❡①✲

♣❡♥❞✐'✉$❡ ❛♥❞ ♥❛'✐♦♥❛❧ ❤❡❛❧'❤ ❝❛$❡ 2②2'❡♠✳ ❆ ❧❛$❣❡✲2❝❛❧❡ 2✉$✈❡② ❝♦♥❞✉❝'❡❞

❜② ▲✐❛♦ ❡' ❛❧✳ ✭✷✵✶✸✮ ❝♦♥❝❧✉❞❡2 '❤❛' ❚❈▼ ✐2 ♠♦$❡ ❝♦2'✲❡✣❝✐❡♥' '❤❛♥ ❲▼

✐♥ '$❡❛'✐♥❣ ❧✉♥❣ ❝❛♥❝❡$✳ ❋✐$2'✱ '❤❡ ♦✈❡$❛❧❧ ♠❡❞✐❝❛❧ ❡①♣❡♥❞✐'✉$❡2 ♦❢ ❲▼

✉2❡$2 ❛$❡ ❤✐❣❤❡$ '❤❛♥ '❤♦2❡ ♦❢ ❚❈▼ ✉2❡$2✱ ♥♦ ♠❛''❡$ ✇❤❡'❤❡$ '❤❡② ✉♥❞❡$❣♦

2✉$❣❡$②✳ ▼❡❛♥✇❤✐❧❡✱ '❤❡ ♠♦$'❛❧✐'② $❛'❡ ♦❢ ❲▼ ✉2❡$2 ✐2 ❤✐❣❤❡$ '❤❛♥ '❤❛' ♦❢

❚❈▼ ✉2❡$2 ✐♥ ♥♦ 2✉$❣❡$② '$❡❛'♠❡♥'✳ ❚❤❡ ♠♦$❛❧✐'② $❛'❡ ❤❛2 ♥♦ 2'❛'✐2'✐❝❛❧

❞✐✛❡$❡♥❝❡ ❜❡'✇❡❡♥ ❲▼ ❛♥❞ ❚❈▼ ✉2❡$2 ✇❤♦ ❤❛❞ 2✉$❣❡$②✳ ❙✐♠✐❧❛$ $❡2✉❧'2

❛$❡ ♦❜'❛✐♥❡❞ '❤$♦✉❣❤ ❚❈▼ ✐♥'❡$✈❡♥'✐♦♥ ♦♥ ❞✐2❡❛2❡2 ❧✐❦❡ ♠✐❣$❛✐♥❡ ✭❱✐❝❦❡$2

❡' ❛❧✳✱ ✷✵✵✹✮✱ ❢❡♠❛❧❡ ✐♥❢❡$'✐❧✐'② ✭❘✐❡❞ ❛♥❞ ❙'✉❛$'✱ ✷✵✶✶✮✱ ❧✐✈❡$ ❝❛♥❝❡$ ✭▲✐❛♦

❡' ❛❧✳✱ ✷✵✶✸✮✱ ❛♥❞ ✉'❡$✐♥❡ ✜❜$♦✐❞2 ✭❙✉✱ ▼✉♦✱ ❛♥❞ ▼♦$✐2❦②✱ ✷✵✶✺✮✳

❚❈▼ ❤❛2 ❜❡❡♥ ✐♥❝$❡❛2✐♥❣❧② ✉♥❞❡$ '❤❡ 2♣♦'❧✐❣❤' ✐♥ $❡❝❡♥' ②❡❛$2✳ W$❡2✐❞❡♥'

❳✐ ❏✐♥❣♣✐♥❣ ❤✐❣❤❧② ♣$❛✐2❡❞ ❚❈▼ ♦♥ ♠❛♥② ♦❝❝❛2✐♦♥2 2✐♥❝❡ ❤❡ ❝❛♠❡ '♦ ♣♦✇❡$

✐♥ ✷✵✶✷✳ ❳✐ ✐♥❞✐❝❛'❡❞ '❤❛' '❤❡ 2'$❡♥❣'❤ ♦❢ ❛ ❝♦✉♥'$② ❛♥❞ ❛ ♣❡♦♣❧❡ ✐2 ✉♥✲

❞❡$♣✐♥♥❡❞ ❜② ❛ ✈✐❣♦$♦✉2 ❝✉❧'✉$❡✱ ✇❤✐❧❡ ❚$❛❞✐'✐♦♥❛❧ ❈❤✐♥❡2❡ ▼❡❞✐❝✐♥❡ ✐2 '❤❡

❦❡② '♦ '❤❡ '$❡❛2✉$❡ ♦❢ ❈❤✐♥❡2❡ ❝✉❧'✉$❡✱ 2✐♥❝❡ ❚❈▼ ❡♠❜♦❞✐❡2 '❤❡ ♣$♦❢♦✉♥❞

'$❛❞✐'✐♦♥❛❧ ❈❤✐♥❡2❡ ♣❤✐❧♦2♦♣❤✐❝❛❧ ✇✐2❞♦♠ ♦♥ ❤✉♠❛♥✱ 2♦❝✐❡'② ❛♥❞ ✉♥✐✈❡$2❡

❜❡2✐❞❡2 '❤❡ ❤❡❛❧'❤ ❝♦♥❝❡♣' ❛♥❞ ♣$❛❝'✐❝❛❧ ❡①♣❡$✐❡♥❝❡✳ ❳✐ ❛❧2♦ 2'❛'❡❞ '❤❛'

❚❈▼ 2❤♦✉❧❞ ❜❡ ❝❡♥'❡$ ✐♥ ♠❡❞✐❝❛❧ 2❡$✈✐❝❡ ♣$♦✈✐2✐♦♥ ❛♥❞ $❡❢♦$♠ ♣$✐♦$✐'✐❡2 ✐♥

❤❡❛❧'❤ ❝❛$❡ 2②2'❡♠✳ ■♥ ✷✵✶✸✱ W$❡2✐❞❡♥' ❳✐ ♣$♦♣♦2❡❞ '❤❡ 2'$❛'❡❣② ♦❢ ✏❖♥❡

❇❡❧'✱ ❖♥❡ ❘♦❛❞✑ ✭❖❇❖❘✮✿ '❤❡ ❧❛♥❞ ❛♥❞ ♠❛$✐'✐♠❡ ❙✐❧❦ ❘♦❛❞ ❧✐♥❦✐♥❣ ❊❛2'

✸

❘❡❧❡❛$❡❞ ❜② ◆❛)✐♦♥❛❧ ❍❡❛❧)❤ ❛♥❞ ❋❛♠✐❧② 1❧❛♥♥✐♥❣ ❈♦♠♠✐$$✐♦♥ ♦❢ ❈❤✐♥❛ ♦♥ ❏✉♥❡

✸✵✱ ✷✵✶✺✳

✶✵✷



❆!✐❛ $♦ ❲❡!$❡(♥ ❊✉(♦♣❡✳ ❚❤✐! ✐♥$❡(❝♦♥$✐♥❡♥$❛❧ $(❛❞❡ ❛♥❞ ✐♥❢(❛!$(✉❝$✉(❡

♣(♦❥❡❝$ !❡❡❦! ❢♦( ♥♦$ ♦♥❧② $❤❡ ❡❝♦♥♦♠✐❝ ❜❡♥❡✜$!✱ (❛$❤❡(✱ ❝✉❧$✉(❡ ✇♦(❦! ❛!

❛♥ ✐♠♣♦($❛♥$ ♣✐❧❧❛( ✇✐$❤✐♥ $❤✐! !$(❛$❡❣② $♦ !❡❝✉(❡ ❣❧♦❜❛❧ ✐♥✢✉❡♥❝❡✳ ❚❈▼

✐! ❜❡✐♥❣ ♣(♦♠♦$❡❞ ✐♥ $❤✐! ✐♥✐$✐❛$✐✈❡ !✐♥❝❡ ✐$ ❡♠❜♦❞✐❡! $❤❡ ♣(♦❢♦✉♥❞ ❈❤✐♥❡!❡

❝✉❧$✉(❡ ❛♥❞ ❣❡♥❡(❛$❡ ❛❜✉♥❞❛♥$ ❡❝♦♥♦♠✐❝ ♦♣♣♦($✉♥✐$✐❡!✳ ❋♦( ✐♥!$❛♥❝❡✱ $❤❡

❛♠♦✉♥$ ♦❢ ❡①♣♦($ ♦❢ ❈❤✐♥❡!❡ ❤❡(❜❛❧ ♠❡❞✐❝✐♥❡ ✐! ✺✻✳✹ ❜✐❧❧✐♦♥ ❯✳❙✳ ❞♦❧❧❛( ✐♥

✷✵✶✺✱ ✷✳✼✪ ❧❛(❣❡( $❤❛♥ $❤❛$ ✐♥ ✷✵✶✹

✹

✳

●✐✈❡♥ $❤✐! ❜❛❝❦❣(♦✉♥❞✱ ❚❈▼ ✐! ❣❛✐♥✐♥❣ ♠♦(❡ ♣♦❧✐❝② !✉♣♣♦($ ❛! ❛♥ ❡!✲

$❛❜❧✐!❤❡❞ ❝♦♠♣♦♥❡♥$ ♦❢ ❤❡❛❧$❤ ❝❛(❡ !②!$❡♠✳ ❚❤❡ ■♠♣❧❡♠❡♥&❛&✐♦♥ *❧❛♥ ♦❢

*,♦❥❡❝& ♦♥ ❊♥❤❛♥❝✐♥❣ ❇❛3✐❝✲▲❡✈❡❧ ❚,❛❞✐&✐♦♥❛❧ ❈❤✐♥❡3❡ ▼❡❞✐❝✐♥❡ ❙❡,✈✐❝❡

✐!!✉❡❞ ✐♥ ✷✵✶✷ !❡$! ✐$ ❝❧❡❛(❧② $♦ ❡①♣❛♥❞ $❤❡ (❡✐♠❜✉(!❡♠❡♥$ !❝♦♣❡✱ ❛♥❞ ✐♥✲

❝(❡❛!❡ $❤❡ (❡✐♠❜✉(!❡♠❡♥$ (❛$❡ ♦❢ ❚❈▼ (❡❧❛$❡❞ ❞(✉❣! ❛♥❞ ♥♦♥✲❞(✉❣ $❤❡(❛✲

♣✐❡!✱ ✐♥ ♦(❞❡( $♦ ♣(♦♠♦$❡ ❚❈▼ ❝♦♥!✉♠♣$✐♦♥ ❛♥❞ ✐$! ❛❞✈❛♥$❛❣❡! ✐♥ ❤❡❛❧$❤

❝❛(❡ !②!$❡♠✱ ❡!♣❡❝✐❛❧❧② ✐♥ ♣(✐♠❛(② ❛♥❞ ♣(❡✈❡♥$✐♥❣ ❝❛(❡ ❛$ ❜❛!✐❝ ❧❡✈❡❧✳ ❙❡✈✲

❡(❛❧ ♣(♦✈✐♥❝❡! ❤❛✈❡ ♣(♦♣♦!❡❞ $❤❡ ♣❧❛♥ $♦ ✐♥❝(❡❛!❡ $❤❡ (❡✐♠❜✉(!❡♠❡♥$ (❛$❡

♦❢ ❚❈▼ ✐✳❡ $♦ ❞❡❝(❡❛!❡ $❤❡ ✐♥❞✐✈✐❞✉❛❧ ❝♦♣❛② (❛$❡✳ ❋♦( ❡①❛♠♣❧❡✱ ❍✉♥❛♥

♣(♦✈✐♥❝❡ ❤❛! ❛♥♥♦✉♥❝❡❞ $♦ ✐♥❝(❡❛!❡ ❚❈▼ (❡✐♠❜✉(!❡♠❡♥$ (❛$❡ ♦❢ ◆❘❈▼❙

❜② ✺✪

✺

✳ ❍❛✐♥❛♥ ❛♥❞ ❙✐❝❤✉❛♥ ♣(♦✈✐♥❝❡ ♣(♦♣♦!❡ $♦ ✐♥❝(❡❛!❡ ❚❈▼ (❡✐♠❜✉(!❡✲

♠❡♥$ (❛$❡ ❜② ✺✪ ✲ ✶✵✪ $♦ ❛❧❧ ✐♥❞✐✈✐❞✉❛❧! $❤❛$ ❛(❡ ❝♦✈❡(❡❞ ❜② $❤(❡❡ ❜❛!✐❝

✐♥!✉(❛♥❝❡ !②!$❡♠!

✻

✳ ■♥ ❍❡③❡✱ ❙❤❛♥❞♦♥❣ ♣(♦✈✐♥❝❡✱ $❤❡ (❡✐♠❜✉(!❡♠❡♥$ (❛$❡

♦❢ ❚❈▼ $(❡❛$♠❡♥$ ❤❛! ✐♥❝(❡❛!❡❞ ❜② ✶✵✪ ❢♦( ◆❘❈▼❙ ♣❛($✐❝✐♣❛♥$!✱ ❛♥❞ ❛$

❧❡❛!$ ❜② ✺✪ ❢♦( ✉(❜❛♥ (❡!✐❞❡♥$! ❝♦✈❡(❡❞ ❜② ❯❊❇▼■ ❛♥❞ ❯❘❇▼■

✼

✳

❈♦♥!✐❞❡(✐♥❣ $❤❡ ✐♥❝(❡❛!✐♥❣ ❝♦♥!✉♠❡( ❞❡♠❛♥❞ ❢♦( ❞✐✈❡(!❡ ♠❡❞✐❝❛❧ ❝❛(❡ !❡(✲

✈✐❝❡ ✭❚❈▼ ❛♥❞ ❲▼✮ ✐♥ ❛♥ ❛❣❡✐♥❣ !♦❝✐❡$②✱ ❤♦✇ ❞♦❡! $❤❡ ❝✉❧$✉(❡ ❡✛❡❝$

✐♥✢✉❡♥❝❡ ✐♥❞✐✈✐❞✉❛❧ ❞❡❝✐!✐♦♥! ♦♥ ♠❡❞✐❛❧ $(❡❛$♠❡♥$❄ ❍♦✇ ❞♦❡! $❤❡ ❤❡❛❧$❤

✐♥!✉(❛♥❝❡ ♣♦❧✐❝② ❛✛❡❝$ ✐♥❞✐✈✐❞✉❛❧ ♠❡❞✐❝❛❧ ❞❡❝✐!✐♦♥!❄ ❙♣❡❝✐❛❧❧②✱ ❤♦✇ ✐♥❞✐✈✐❞✲

✉❛❧!✱ ❜♦$❤ ✉(❜❛♥ ❛♥❞ (✉(❛❧✱ ❞❡$❡(♠✐♥❡ $❤❡✐( ♦♣$✐♠❛❧ ❞❡♠❛♥❞ ❢♦( ♠❡❞✐❝❛❧

❝❛(❡❄ ❇❡!✐❞❡!✱ ✇❤❛$ ✐! $❤❡ ❡✛❡❝$ ♦❢ ❝♦♣❛② (❛$❡ ♦♥ ♦♣$✐♠❛❧ ❝♦♥!✉♠♣$✐♦♥

♦❢ ❞✐✈❡(!❡ ♠❡❞✐❝❛❧ ❝❛(❡❄ ■♥ $❤✐! ❡!!❛②✱ ✇❡ ❛❞❞(❡!! $❤❡!❡ Y✉❡!$✐♦♥! ✉!✐♥❣

$❤❡♦(❡$✐❝❛❧ ♠♦❞❡❧!✳ ❖✉( ❛✐♠ ✐! $♦ ✐♥!✐❣❤$ ♦♥ $❤❡ ✐♠♣❛❝$ ♦❢ ❝✉❧$✉(❡ ❛♥❞

❝✐✈✐❧✐③❛$✐♦♥ ♦♥ ❝♦♥!✉♠❡(✬! ♠❡❞✐❝❛❧ ❞❡❝✐!✐♦♥✱ ❛♥❞ $♦ ♣(♦♣♦!❡ ❛ ♠♦❞❡❧❧✐♥❣

!$(❛$❡❣② $❤❛$ ❡♥❛❜❧❡! ♣♦❧✐❝② ♠❛❦❡(! $♦ ♠❛①✐♠✐③❡ !♦❝✐❛❧ ✇❡❧❢❛(❡✳

✹

❈❤✐♥❛ ❈❤❛♠❜❡( ♦❢ ❈♦♠♠❡(❝❡ ❢♦( ■♠♣♦(. ❛♥❞ ❊①♣♦(. ♦❢ ▼❡❞✐❝✐♥❡3 ❛♥❞ ❍❡❛❧.❤ 6(♦❞✲

✉❝.3✳ ❆✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡✿ ❤..♣✿✴✴✇✇✇✳❝❝❝♠❤♣✐❡✳♦(❣✳❝♥✴6✉❜✴✸✸✶✼❴▲✐3.✳3❤.♠❧

✺

◆❡✇3 ♦♥❧✐♥❡✿ ❤..♣✿✴✴✇✇✇✳❤✉♥❛♥✳❣♦✈✳❝♥✴③✇✴❤♥②✇✴③✇❞.✴✷✵✶✸✵✺✴.✷✵✶✸✵✺✷✺❴✶✸✸✸✵✾✷✳❤.♠❧

✻

◆❡✇3 ♦♥❧✐♥❡✿ ❤..♣✿✴✴♥❡✇3✳①✐♥❤✉❛♥❡.✳❝♦♠✴❤❡❛❧.❤✴✷✵✶✸✲✵✺✴✷✶✴❝❴✶✷✹✼✹✶✶✼✵✳❤.♠❀

❤..♣✿✴✴✇✇✇✳3❝✳❣♦✈✳❝♥✴✶✵✹✻✷✴✶✵✹✻✹✴✶✵✼✾✼✴✷✵✶✷✴✶✶✴✷✼✴✶✵✷✸✼✷✺✼✳3❤.♠❧

✼

◆❡✇3 ♦♥❧✐♥❡✿ ❤..♣✿✴✴♥❡✇3✳3✐♥❛✳❝♦♠✳❝♥✴♦✴✷✵✶✸✲✵✺✲✵✸✴✶✷✶✾✷✼✵✶✻✷✺✼✳3❤.♠❧

✶✵✸



✻✳ ❈❤❛♣&❡( ✻

✻✳✶✳✷ ▲✐&❡(❛&✉(❡ (❡✈✐❡✇ ❛♥❞ ❝♦♥&(✐❜✉&✐♦♥

❚❤❡#❡ ✐% ❛ ❣#♦✇✐♥❣ ♥✉♠❜❡# ♦❢ ❧✐0❡#❛0✉#❡ ❛❞❞#❡%%✐♥❣ 0❤❡ ❝✉❧0✉#❛❧ ✐♥✢✉❡♥❝❡

♦♥ ✐♥❞✐✈✐❞✉❛❧ ❞❡❝✐%✐♦♥ 0♦ ❤❡❛❧0❤✱ ✇❤❡#❡ ♠♦%0 ❛#❡ ❡①♣❧❛♥❛0♦#② ❢#♦♠ 0❤❡ %♦✲

❝✐❛❧ ♦# ♠❡❞✐❝❛❧ ♣♦✐♥0 ♦❢ ✈✐❡✇✳ ■♥❣❧❡❤❛#0 ❛♥❞ ❇❛❦❡# ✭✷✵✵✵✮ ✐♥❞✐❝❛0❡ 0❤❛0✱

❞❡%♣✐0❡ 0❤❡ ♣#♦❝❡%% ♦❢ ♠♦❞❡#♥✐③❛0✐♦♥ ❛♥❞ ✉#❜❛♥✐③❛0✐♦♥✱ ❝✉❧0✉#❛❧ ❤❡#✐0❛❣❡

❣❡♥❡#❛0❡% %✐❣♥✐✜❝❛♥0 ✐♠♣#✐♥0% ♦♥ %♦❝✐❛❧ ✈❛❧✉❡% ✇❤✐❝❤ ✐♥✢✉❡♥❝❡ ♣♦♣✉❧❛0✐♦♥✬%

❡❝♦♥♦♠✐❝ ❞❡❝✐%✐♦♥ ❛♥❞ ❜❡❤❛✈✐♦✉#✳ ❊❝♦♥♦♠✐❝ ❞❡✈❡❧♦♣♠❡♥0 ✐% ✉%✉❛❧❧② ❛%%♦✲

❝✐❛0❡❞ ✇✐0❤ ❝✉❧0✉#❛❧ ❝❤❛♥❣❡%✱ ❤♦✇❡✈❡#✱ ✇❡ ❝❛♥ ♥❡✈❡# ✐❣♥♦#❡ 0❤❡ ✐♠♣❛❝0 ♦❢

0#❛❞✐0✐♦♥❛❧ ✈❛❧✉❡% ❛❝0✐♥❣ ❛% ❛♥ ❛❧0❡#♥❛0✐✈❡ ❞#✐✈❡♥ ❢♦#❝❡✳ ❋♦# ❡①❛♠♣❧❡✱ ✐♥

❈❤✐♥❛✱ ❛❧0❤♦✉❣❤ 0❤❡#❡ ❛#❡ ♠♦#❡ ♥✉♠❜❡#% ♦❢ ♣#❛❝0✐0✐♦♥❡#% ❛♥❞ ♦#❣❛♥✐③❛0✐♦♥%

♦❢ ❲▼✱ ♣❛0✐❡♥0%✬ ♠❡❞✐❝❛❧ ❝❛#❡ ❞❡❝✐%✐♦♥% %❤♦✇ ❛ ❜❛❧❛♥❝❡❞ ♣#❡❢❡#❡♥❝❡ ❜❡✲

0✇❡❡♥ ❲▼ ❛♥❞ ❚❈▼ ✭❙❝❤❡✐❞✱ ✷✵✵✷✮✳ ❚❤❡ ❡♠❜❡❞❞❡❞ ❝✉❧0✉#❛❧ ❜❡❧✐❡❢ %②%0❡♠

✇✐0❤ #❡❣❛#❞ 0♦ ❤❡❛❧0❤✱ ❞✐%❡❛%❡ ❛♥❞ ❤❡❛❧✐♥❣ ❣#❡❛0❧② ❝♦♥0#✐❜✉0❡% 0♦ ❤♦✇ ✐♥❞✐✲

✈✐❞✉❛❧% ✉♥❞❡#%0❛♥❞ 0❤❡ ❝❛✉%❛❧✐0② ♦❢ ✐❧❧♥❡%%✱ ❡①♣❡#✐❡♥❝❡ ❛♥ ✐❧❧♥❡%% ❛♥❞ ❡①♣❡❝0

0❤❡ ♠❡❞✐❝❛❧ ❝❛#❡ 0♦ ❜❡ ❞❡❧✐✈❡#❡❞✳ ❍❡♥❝❡ ❝✉❧0✉#❡ ❜❡❧✐❡❢ %✐❣♥✐✜❝❛♥0❧② ♠♦✲

0✐✈❛0❡% ✐♥❞✐✈✐❞✉❛❧✬% ♠❡❞✐❝❛❧ ❝♦♥%✉♠♣0✐♦♥ 0♦✇❛#❞% 0#❛❞✐0✐♦♥❛❧ 0❤❡#❛♣② ❧✐❦❡

❚❈▼ ✭❙✐♠♣%♦♥✱ ✷✵✵✸❀ ❍✐❧❞#❡0❤ ❛♥❞ ❊❧♠❛♥✱ ✷✵✵✼❀ ❱❛✉❣❤♥✱ ❏❛❝Q✉❡③ ❛♥❞

❇❛❦❡#✱ ✷✵✵✾✮✳ ❳✉ ❡0 ❛❧✳ ✭✷✵✵✻✮ ❤✐❣❤❧✐❣❤0 0❤❛0 ♣❛0✐❡♥0%✱ ✇✐0❤ ♣#❡❢❡#❡♥❝❡ 0♦

❚❈▼✱ ❜❡❧✐❡✈❡ 0❤❛0 0❤❡ 0❤❡#❛♣② ♦❢ ❚❈▼ ✐% ❛ %❡❧❢✲❤❡❧♣ ♣#♦❝❡%%✱ ❣#♦✉♥❞❡❞ ❜②

0❤❡ 0#❛❞✐0✐♦♥❛❧ ✈❛❧✉❡% ♦♥ ♥❛0✉#❡ ❛♥❞ ❤✉♠❛♥ ❧✐❢❡✳ ❚❤❡② ❛❧%♦ ❜❡❧✐❡✈❡ 0❤❛0 ❛♥

✐♥❞✐✈✐❞✉❛❧✐③❡❞ ❛♥❞ 0❛✐❧♦#❡❞ ♣#❡%❝#✐♣0✐♦♥ ✐% ♠♦#❡ ❡✛❡❝0✐✈❡ 0❤❛♥ ❲▼ 0❤❡#❛♣②✳

❲❡ ❛❞♦♣0 0❤❡ %0❛♥❞❛#❞ ❛%%✉♠♣0✐♦♥ ✐♥ ❤❡❛❧0❤ ✐♥%✉#❛♥❝❡ ❧✐0❡#❛0✉#❡ 0❤❛0 ❞❡✲

❝✐%✐♦♥ ♠❛❦✐♥❣ ✐♥ ♣✉#❝❤❛%✐♥❣ ✐♥%✉#❛♥❝❡ ❛♥❞ 0❤❡ ❛%%♦❝✐❛0❡❞ ❜❡♥❡✜0% ❛#❡ ✉♥✲

❝❡#0❛✐♥✳ ❚❤❡ ✉♥❝❡#0❛✐♥0② ❛#✐%❡% ❢#♦♠ 0❤❡ ❢❛❝0 0❤❛0 ❛❣❡♥0% ♥❡✈❡# ❦♥♦✇ 0❤❡✐#

❧✐❢❡0✐♠❡ ❤❡❛❧0❤ %0❛0✉% ❜❡❢♦#❡ %✐❣♥✐♥❣ 0❤❡ ✐♥%✉#❛♥❝❡ ❝♦♥0#❛❝0✱ ❛♣❛#0 ❢#♦♠ 0❤❡

♠♦#❛❧ ❤❛③❛#❞✳ ❚❤✉%✱ 0❤❡ ❡①♣❡❝0❡❞ ✉0✐❧✐0② 0❤❡♦#② ✐% ❡♠♣❧♦②❡❞ ❤❡#❡✱ ❛♥❞ ✐♥✲

❞✐✈✐❞✉❛❧✬% #✐%❦ ♣#❡❢❡#❡♥❝❡ ❜❡❝♦♠❡% ❛ ❦❡② ♣❛#❛♠❡0❡# ✐♥ ❤❡# ❤❡❛❧0❤ ❞❡❝✐%✐♦♥✳

❋♦# ✐♥%0❛♥❝❡✱ ❛ #✐%❦✲❛✈❡#%❡ ❛❣❡♥0 ❞❡♠❛♥❞% ♠♦#❡ #✐%❦✲❜❡❛#✐♥❣ ❣♦♦❞% 0♦ ♦✛%❡0

0❤❡ ♣♦%%✐❜❧❡ ❞❡0#✐♠❡♥0❛❧ ✐♠♣❛❝0 ❞✉❡ 0♦ ❤❡❛❧0❤ ❞❡❣#❛❞❛0✐♦♥ ❛♥❞ ❛❝❝✐❞❡♥0❛❧

✐♥❥✉#②✳ ❆##♦✇ ✭✶✾✻✸✮ ❤❛% ♦❜%❡#✈❡❞ 0❤❛0 0❤❡ ❞❡♠❛♥❞% ❢♦# ❤❡❛❧0❤ ❝❛#❡ ❛♥❞

❤❡❛❧0❤ ✐♥%✉#❛♥❝❡ ❛#❡ ✐♥0✐♠❛0❡❧② #❡❧❛0❡❞✳ ●✐✈❡♥ ❤❡❛❧0❤ ❛% ❛ %♣❡❝✐✜❝ ❣♦♦❞ ✐♥

❝♦♥%✉♠❡# ✉0✐❧✐0② ❢✉♥❝0✐♦♥✱ ♠❡❞✐❝❛❧ ❝❛#❡ ♥❡❡❞% 0♦ ❜❡ ♣✉#❝❤❛%❡❞ ❢♦# ❤❡❞❣✐♥❣

0❤❡ #✐%❦ ✐♥ ❜♦0❤ 0❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ ❞✐%❡❛%❡ ❛♥❞ 0❤❡ ❡✣❝❛❝② ♦❢ 0❤❡#❛♣②✱ ✇❤✐❝❤

❛#❡ 0✇♦ ♠❛✐♥ ❢❡❛0✉#❡% ❞✐%0✐♥❣✉✐%❤✐♥❣ 0❤❡ ❞❡♠❛♥❞ ❢♦# ❤❡❛❧0❤ ❝❛#❡ ❢#♦♠ ♦0❤❡#

❣♦♦❞% ❛♥❞ %❡#✈✐❝❡✳ ●#♦%%♠❛♥ ✭✶✾✼✷❛✮ ✐♥❞✐❝❛0❡% 0❤❛0 ❤❡❛❧0❤ ✐% ❛ ❝❤♦✐❝❡ ✈❛#✐✲

❛❜❧❡ ❜❡❝❛✉%❡ ✐0 ✐% ❛ %♦✉#❝❡ ♦❢ ✉0✐❧✐0②✳ ❇❛%❡❞ ♦♥ ●#♦%%♠❛♥✬% ✭✶✾✼✷❛✮ ♣✉#❡

❝♦♥%✉♠♣0✐♦♥ ♠♦❞❡❧✱ ❉❛#❞❛♥♦♥✐ ❛♥❞ ❲❛❣%0❛✛ ✭✶✾✾✵✮ ❛% ✇❡❧❧ ❛% \✐❝♦♥❡ ❡0 ❛❧✳

✭✶✾✾✽✮ %✉❣❣❡%0 0❤❛0 ❣#❡❛0❡# ✉♥❝❡#0❛✐♥0② ❧❡❛❞% 0♦ ❛♥ ✐♥❝#❡❛%❡ ✐♥ 0❤❡ ❞❡♠❛♥❞

✶✵✹



❢♦" ❤❡❛❧'❤ ❝❛"❡✳ ❙❡❧❞❡♥ ✭✶✾✾✸✮ ❛♥❞ ❈❤❛♥❣ ✭✶✾✾✻✮ 5✉❣❣❡5' '❤❛' ❛ "✐5❦✲❛✈❡"5❡

❛❣❡♥' '❡♥❞5 '♦ ❡♥❧❛"❣❡ '❤❡ ✐♥✈❡5'♠❡♥'5 ✐♥ ❤❡❛❧'❤ ❞✉❡ '♦ '❤❡ ❡✛❡❝' ♦❢ ✉♥✲

❝❡"'❛✐♥'②✳ ▼♦"❡♦✈❡"✱ ✐' ✐5 ✇♦"'❤ '♦ "❡♠❛"❦ '❤❛' '❤❡ ✐55✉❡ ♦❢ ♠♦"❛❧ ❤❛③❛"❞

❡♥❧❛"❣❡5 '❤❡ ❡✛❡❝' ♦❢ ✉♥❝❡"'❛✐♥'② ✐♥ ❞❡❝✐5✐♦♥ ♠❛❦✐♥❣ ✐♥ '❤❡ ❤❡❛❧'❤ ❝❛"❡ ✐♥✲

❞✉5'"②✳

❆♣♣❛"❡♥'❧②✱ ❤❡❛❧'❤ ✐♥5✉"❛♥❝❡ ♣❧❛②5 ❛♥ ✐♠♣♦"'❛♥' "♦❧❡ ✐♥ ❤❡❛❧'❤ ❝❛"❡ 5②5✲

'❡♠ ❜♦'❤ ❛' ♠✐❝"♦✲ ❛♥❞ ♠❛❝"♦✲❧❡✈❡❧✳ ❈❛♠❡"♦♥ ❡' ❛❧✳ ✭✶✾✽✽✮ ✐❧❧✉5'"❛'❡ '❤❡

✐♥'❡"❛❝'✐♦♥ ❜❡'✇❡❡♥ ❞❡❝✐5✐♦♥5 ❢♦" ❤❡❛❧'❤ ✐♥5✉"❛♥❝❡ ❛♥❞ ❤❡❛❧'❤ ❝❛"❡ ✇✐'❤ ❛

'✇♦✲♣❡"✐♦❞ ✉'✐❧✐'② ❢✉♥❝'✐♦♥ ✉♥❞❡" ✉♥❝❡"'❛✐♥'②✱ ✇❤❡"❡ ✐♥❞✐✈✐❞✉❛❧ ❝❤♦♦5❡5 ❜❡✲

'✇❡❡♥ ❛ ❞✐5❝"❡'❡ ♥✉♠❜❡" ♦❢ ♠✉'✉❛❧❧② ❡①❝❧✉5✐✈❡ ❤❡❛❧'❤ ✐♥5✉"❛♥❝❡ ♣♦❧✐❝✐❡5✳

❲✐'❤ ❡♠♣✐"✐❝❛❧ ❛♥❛❧②5✐5✱ '❤❡② ❝♦♥❝❧✉❞❡ '❤❛' ❤❡❛❧'❤ 5'❛'✉5 ♠❛''❡"5 ♠♦"❡ ✐♥

❝♦♥5✉♠❡" ❞❡❝✐5✐♦♥ ♦♥ ❤❡❛❧'❤ ❝❛"❡ 5❡"✈✐❝❡ '❤❛♥ ♦♥ ❤❡❛❧'❤ ✐♥5✉"❛♥❝❡✱ ✇❤✐❧❡

✐♥❝♦♠❡ ❧❡✈❡❧ ❛✛❡❝'5 ♠♦"❡ ✐♥ ❤❡❛❧'❤ ✐♥5✉"❛♥❝❡ '❤❛♥ ✐♥ ❤❡❛❧'❤ ❝❛"❡ 5❡"✈✐❝❡✳

❋♦❧❧♦✇✐♥❣ '❤❡ ♠♦❞❡❧ ♦❢ ❈❛♠❡"♦♥ ❡' ❛❧✳ ✭✶✾✽✽✮✱ ❈✉'❧❡" ❛♥❞ ❩❡❝❦❤❛✉5❡"

✭✷✵✵✵✮✱ ❑♦❝ ✭✷✵✵✹✮ ✉5❡5 ❛♥ ♦♥❡✲♣❡"✐♦❞ ❛♥❞ '✇♦✲5'❛❣❡ ♠♦❞❡❧ '♦ ❤✐❣❤❧✐❣❤'

'❤❡ ✐♥'❡"❞❡♣❡♥❞❡♥❝❡ ❜❡'✇❡❡♥ ❤❡❛❧'❤ ❝❛"❡ ❛♥❞ ✐♥5✉"❛♥❝❡ ❞❡♠❛♥❞ ❞❡❝✐5✐♦♥✱

✇❤❡"❡ '✇♦ '②♣❡5 ♦❢ ✉♥❝❡"'❛✐♥'② ❢❛❝❡❞ ❜② ✐♥❞✐✈✐❞✉❛❧5 ❛"❡ ❡①❛♠✐♥❡❞✿ ✉♥✲

❝❡"'❛✐♥'② ✐♥ ❝♦♥5✉♠❡"✬5 ♣"❡'"❡❛'♠❡♥' ❤❡❛❧'❤✱ ❛♥❞ ✐♥ '❤❡ ♣"♦❞✉❝'✐✈✐'② ♦❢

❤❡❛❧'❤ ❝❛"❡✱ ✐✳❡✳ '❤❡ '"❡❛'♠❡♥' ♦✉'❝♦♠❡✳ ❲❛♥❣ ❡' ❛❧✳ ✭✷✵✶✵✮ ❞❡✈❡❧♦♣ ❛♥

❡①♣❡❝'❡❞ ✉'✐❧✐'② ❢✉♥❝'✐♦♥ '♦ ❡①❛♠✐♥❡ '❤❡ ❝♦♥5✉♠❡" ❞❡♠❛♥❞ ♦❢ ♠❡❞✐❝❛❧ 5❡"✲

✈✐❝❡5 ❛♥❞ ❤❡❛❧'❤ ✐♥5✉"❛♥❝❡ ✐♥ ❛ '✇♦✲5'❛❣❡ ❞❡❝✐5✐♦♥ ♠♦❞❡❧ ✉♥❞❡" ✉♥❝❡"'❛✐♥'②✳

❊5♣❡❝✐❛❧❧②✱ '❤❡ ♠♦❞❡❧ ✐5 ❛♣♣❧✐❡❞ '♦ ❈❤✐♥❛✬5 ❤❡❛❧'❤ ✐♥5✉"❛♥❝❡ 5②5'❡♠ ❢♦" ✉"✲

❜❛♥ ❛♥❞ "✉"❛❧ "❡5✐❞❡♥'5 ✐♥ "❡5♣❡❝'✐✈❡❧②✳ ❊♠♣✐"✐❝❛❧ ❡✈✐❞❡♥❝❡ 5❤♦✇5 ❈❤✐♥❡5❡

❤❡❛❧'❤ ✐♥5✉"❛♥❝❡ "❡❢♦"♠ ✐♥ ✷✵✵✸ ❤❛5 5✐❣♥✐✜❝❛♥' ✐♠♣❛❝' ♦♥ ✉"❜❛♥ "❡5✐❞❡♥'5

❜✉' ♥♦' ♦♥ "✉"❛❧ "❡5✐❞❡♥'5✳

❚❤❡"❡ ✐5 ❛❧5♦ ❛♥ ✐♥❝"❡❛5✐♥❣ ❛♠♦✉♥' ♦❢ 5'✉❞✐❡5 ❞✐5❝✉55✐♥❣ '❤❡ ✐♥❝♦♠❡ ❡✛❡❝'

❛♥❞ ♣"✐❝❡ ❡✛❡❝' ♦♥ ❤❡❛❧'❤ ✐♥5✉"❛♥❝❡✳ ❈"♦♣♣❡" ✭✶✾✼✼✮ ❞❡♠♦♥5'"❛'❡5 '❤❛'

❛♥ ❛❣❡♥' ✇✐'❤ ❤✐❣❤❡" ✐♥❝♦♠❡ ♦" ✇❡❛❧'❤ ❧❡✈❡❧ ✇✐❧❧ ♠❛✐♥'❛✐♥ ❤✐❣❤❡" 5'♦❝❦5 ♦❢

❤❡❛❧'❤ '❤❛♥ ❛ ♣♦♦"❡" ❛❣❡♥'✳ ❋❡❡♥❜❡"❣ ❛♥❞ ❙❦✐♥♥❡" ✭✶✾✾✹✮✱ ▼❛♥♥✐♥❣ ❛♥❞

▼❛"T✉✐5 ✭✶✾✾✻✮ ❤❛✈❡ ❡5'✐♠❛'❡❞ '❤❡ ✐♥❝♦♠❡ ❡❧❛5'✐❝✐'② ♦❢ ❞❡♠❛♥❞ ❢♦" ♠❡❞✐❝❛❧

❝❛"❡✳ ◆②♠❛♥ ✭✷✵✵✷✮ ❛"❣✉❡5 '❤❛' '❤❡ ♣"✐♠❛"② ✐♠♣❛❝' ♦❢ ❤❡❛❧'❤ ✐♥5✉"❛♥❝❡

❧✐❡5 ✐♥ ❛♥ ✐♥❝♦♠❡ ❡✛❡❝' "❛'❤❡" '❤❛♥ ♣"✐❝❡ ❡✛❡❝'✱ ❜❡❝❛✉5❡ ❤❡❛❧'❤ ✐♥5✉"❛♥❝❡

'♦ ❜❡ ♣✉"❝❤❛5❡❞ ✐5 ✈✐❡✇❡❞ ❛5 ❛♥ ✐♥❝♦♠❡ '"❛♥5❢❡" ✭'♦ '❤❡ '✐♠❡ ♦❢ ✐❧❧♥❡55✮✱

❛♥❞ ✐' ✐5 ♥♦' ♥❡❝❡55❛"✐❧② '❤❛' ❛ ❝♦♥5✉♠❡" ✐5 "✐5❦✲❛✈❡"5❡✳

✶✵✺



✻✳ ❈❤❛♣&❡( ✻

✻✳✶✳✸ ❖✉&❧✐♥❡ ♦❢ &❤❡ ❘❡/✉❧&/

●✐✈❡♥ %❤❡ '✐❣♥✐✜❝❛♥❝❡' ❛♥❞ %❤❡ ✉.❣❡♥❝② ♦❢ %❤❡ .❛♣✐❞❧② ❛❣❡✐♥❣ ♣♦♣✉❧❛%✐♦♥ ✐♥

❈❤✐♥❛✱ ❛♥❞ %❤❡ ❛''♦❝✐❛%❡❞ ❞❡♠❛♥❞ ♦♥ ❤❡❛❧%❤ ❝❛.❡ '②'%❡♠ .❡❢♦.♠ ❡♠❡.❣✐♥❣

❢.♦♠✱ ✐% ✐' 7✉✐%❡ '✉.♣.✐'✐♥❣ %❤❛% %❤❡ ♠❛❥♦.✐%② ♦❢ ❧✐%❡.❛%✉.❡ ❡✈❛❧✉❛%❡' ♣♦❧✐❝②

♦♥❧② ✐♥ ❝♦'%✲❜❡♥❡✜% %❡.♠'✱ ❛♥❞ %❤❡ ❡✛❡❝% ♦❢ ❝✉❧%✉.❡ ❤❛' ❜❡❡♥ ❧❛.❣❡❧② ✐❣♥♦.❡❞✳

❚♦ %❤❡ ❜❡'% ♦❢ ♦✉. ❦♥♦✇❧❡❞❣❡✱ ♦✉. ♣❛♣❡. ✐' %❤❡ ✜.'% %♦ ♣.♦✈✐❞❡ 7✉❛♥%✐%❛%✐✈❡

❝❧♦'❡❞✲❢♦.♠ '♦❧✉%✐♦♥' ♦♥ ❤♦✇ %❤❡ ❝✉❧%✉.❡ ❡✛❡❝% ✐♥✢✉❡♥❝❡' %❤❡ ❝♦♥'✉♠❡.✬'

♠❡❞✐❝❛❧ ❞❡♠❛♥❞ ❜❡%✇❡❡♥ %✇♦ %②♣❡' ♦❢ %❤❡.❛♣② ✭✐✳❡✳ ❚❈▼ ✈' ❲▼✮✱ ✇❤❡♥

✢❡①✐❜❧❡ ❤❡❛❧%❤ ✐♥'✉.❛♥❝❡ ♣♦❧✐❝② ✐' %❛❦❡♥ ✐♥%♦ ❝♦♥'✐❞❡.❛%✐♦♥✳ ❖✉. ❝♦♥%.✐❜✉✲

%✐♦♥ ✐' %❤.❡❡❢♦❧❞✳

❋✐.'%✱ ✇❡ ❞❡.✐✈❡ ❝❧♦'❡❞✲❢♦.♠ ❛♥❛❧②%✐❝❛❧ '♦❧✉%✐♦♥' ❢♦. ❤❡❛❧%❤ ❞❡♠❛♥❞ ❢♦❧❧♦✇✲

✐♥❣ ❡①♣❡❝%❡❞ ✉%✐❧✐%② ❢.❛♠❡✇♦.❦ %♦ ✐❧❧✉'%.❛%❡ ❝✉❧%✉.❡ ❡✛❡❝% ♦♥ ✐♥❞✐✈✐❞✉❛❧✬'

❤❡❛❧%❤ ❞❡❝✐'✐♦♥'✱ ❛♥❞ %❤❡ ✐♠♣❛❝% ♦❢ ❚❈▼ ✐♥ ❈❤✐♥❛✬' ❤❡❛❧%❤ ❝❛.❡ '②'%❡♠✳

❖✉. ♠♦❞❡❧ .❡❧❛%❡' %♦ ✈❛.✐♦✉' '%.❛♥❞' ♦❢ ❧✐%❡.❛%✉.❡✳ ■♥ %❤❡ ❜❡♥❝❤♠❛.❦ ♠♦❞❡❧✱

✇❡ ❡①%❡♥❞ %❤❡ '❡%%✐♥❣' ♦❢ ❑♦❝ ✭✷✵✵✹✮ ❛♥❞ ❲❛♥❣ ❡% ❛❧✳ ✭✷✵✶✵✮ ❜② ✐♥%.♦❞✉❝✲

✐♥❣ %✇♦ ❦✐♥❞' ♦❢ %❤❡.❛♣② ✐♥ ❜♦%❤ ❜✉❞❣❡% ❝♦♥'%.❛✐♥% ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ ✇❡❧❢❛.❡

❢✉♥❝%✐♦♥✳ ❖✉. '%✉❞② '❤♦✇' %❤❡ ♦♣%✐♠❛❧ ❞❡♠❛♥❞ ♦❢ ♠❡❞✐❝❛❧ ❝❛.❡ ❢♦. ❜♦%❤

✉.❜❛♥ ❛♥❞ .✉.❛❧ ✐♥❞✐✈✐❞✉❛❧'✱ ❝❧❛''✐✜❡❞ ✐♥%♦ ❢♦✉. ❝♦❤♦.%' ❜❛'❡❞ ♦♥ ❤❡%❡.♦❣❡✲

♥❡♦✉' ♣.❡❢❡.❡♥❝❡' ❛♥❞ ✇❡❛❧%❤✳

❙❡❝♦♥❞✱ ✇❡ ❞❡♠♦♥'%.❛%❡ %❤❛% %❤❡ ♠❛.❣✐♥❛❧ ❡✛❡❝% ♦❢ ❝♦♣❛② .❛%❡ ♦♥ ♦♣%✐✲

♠❛❧ ♠❡❞✐❝❛❧ ❝♦♥'✉♠♣%✐♦♥ ❛♥❞ ✐♥'✉.❛♥❝❡ ♣♦❧✐❝② ❛.❡ ✐♥✈❡.'❡ .❡❧❛%❡❞✱ ✇✐%❤

'❤❛♣❡ ❛❝.♦'' %❤❡ ❤♦.✐③♦♥%❛❧ ❧✐♥❡✳ ❲❡ ❛❧'♦ '❤♦✇ %❤❛% %❤❡ .❡❧❛%✐♦♥'❤✐♣ ❜❡✲

%✇❡❡♥ ❝♦♣❛② .❛%❡ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ ✇❡❧❢❛.❡ ✐' ✐♥✈❡.%❡❞✲❯ '❤❛♣❡❞✳ ❆ '♠❛❧❧❡.

❝♦♣❛② .❛%❡ ❤❛' %✇♦ ♦♣♣♦'✐%❡ ❡✛❡❝%'✳ ❖♥ ♦♥❡ ❤❛♥❞✱ ✐% '❛✈❡' ✐♥❞✐✈✐❞✉❛❧✬'

♠❡❞✐❝❛❧ ❡①♣❡♥❞✐%✉.❡ ❛♥❞ ♣.♦♠♦%❡' ♠❡❞✐❝❛❧ ❞❡♠❛♥❞✱ '♦✲❝❛❧❧❡❞ ✏♠❡❞✐❝❛❧ ❡❢✲

❢❡❝%✑✳ ❖♥ %❤❡ ♦%❤❡. ❤❛♥❞✱ ✐% ✐♥❝.❡❛'❡' %❤❡ ❝♦'% ♦❢ ❤❡❛❧%❤ ❛♥❞ ❤❡♥❝❡ .❡❞✉❝❡'

%❤❡ ✐♥❞✐✈✐❞✉❛❧ ✐♥❝♦♠❡✱ '♦✲❝❛❧❧❡❞ ✏✐♥❝♦♠❡ ❡✛❡❝%✑✳ ❈♦♥'❡7✉❡♥%❧②✱ ♦✉. .❡'✉❧%'

❛❧'♦ ❤✐❣❤❧✐❣❤% %❤❛% %❤❡ ✇❡❧❢❛.❡ ✐♠♣❧✐❝❛%✐♦♥' ♦❢ ❛♥② ❤❡❛❧%❤ ✐♥'✉.❛♥❝❡ ♣♦❧✐❝②

'❤♦✉❧❞ ❜❡ ❝❛.❡❢✉❧❧② %❛❦❡♥ ✐♥%♦ ❛❝❝♦✉♥%✱ ✐♥ ♦.❞❡. %♦ ❛✈♦✐❞ %❤❡ '✐%✉❛%✐♦♥ %❤❛%

❝♦♣❛② .❛%❡ ♥❡❣❛%✐✈❡❧② ✐♠♣❛❝% ♦♥ ✇❡❧❢❛.❡✱ ✇❤✐❧❡ ♠❡❞✐❝❛❧ ❞❡♠❛♥❞ ✐' ✐♥❝.❡❛'✲

✐♥❣✳

❚❤✐.❞✱ ✇❡ ❣❡♥❡.❛❧✐③❡ %❤❡ ♠♦❞❡❧ ✇✐%❤ ❡♥❞♦❣❡♥♦✉' '❤❛.❡ ♣❛.❛♠❡%❡. ✐♥ ❈❊❙

✉%✐❧✐%② ❢✉♥❝%✐♦♥ %♦ ✐♥✈❡'%✐❣❛%❡ %❤❡ ❛❣❡✐♥❣ ❡✛❡❝% ♦♥ %❤❡ ♦♣%✐♠❛❧ ♠❡❞✐❝❛❧ ❝❛.❡

❞❡♠❛♥❞✳ ❲❡ '✉❣❣❡'% %♦ ✐♠♣❧❡♠❡♥% ✢❡①✐❜❧❡ ❤❡❛❧%❤ ✐♥'✉.❛♥❝❡ ♣♦❧✐❝② ❛♥❞ ❣❡%

.❡❛❞② ❢♦. %❤❡ ❝♦♠✐♥❣ ❛❣❡✐♥❣ '♦❝✐❡%②✳ ❆❞♦♣%✐♥❣ ❞✐✛❡.❡♥% ❝♦♣② .❛%❡ %♦ ♣.♦✲

♠♦%❡ %❤❡ ❚❈▼ %❤❡.❛♣② ✐' ❛ ♣♦''✐❜❧❡ ❝❛♥❞✐❞❛%❡ '♦❧✉%✐♦♥✳

✶✵✻



❚❤❡ #❡♠❛✐♥❞❡# ♦❢ +❤❡ ❡,,❛② ♣#♦❝❡❡❞, ❛, ❢♦❧❧♦✇,✳ ❙❡❝+✐♦♥ ✷ ♣#❡,❡♥+, ♦✉# +❤❡✲

♦#❡+✐❝❛❧ ❢#❛♠❡✇♦#❦ ❛♥❞ +❤❡ ❝♦♠♣❡+✐+✐✈❡ ❡9✉✐❧✐❜#✐✉♠,✳ ❙❡❝+✐♦♥ ✸ ❞✐,❝✉,,❡,

+❤❡ ❜❛❝❦❣#♦✉♥❞ ♦❢ ❝✉❧+✉#❡ ❛♥❞ +❤❡ ❡✛❡❝+ ♦❢ ❞❡❞✉❝+✐❜❧❡, ♦♥ ✐♥❞✐✈✐❞✉❛❧ ❤❡❛❧+❤

❝❛#❡ ❞❡❝✐,✐♦♥,✳ ❙❡❝+✐♦♥ ✹ ❡①+❡♥❞, +❤❡ ♠♦❞❡❧ +♦ ,+✉❞② +❤❡ ❛❣❡✐♥❣ ❡✛❡❝+✳ ❋✐✲

♥❛❧❧②✱ ❙❡❝+✐♦♥ ✺ ❝♦♥❝❧✉❞❡, ♦✉# ✜♥❞✐♥❣,✳

✻✳✷ ❚❤❡ ▼♦❞❡❧

■♥ +❤✐, ,❡❝+✐♦♥✱ ✇❡ ❝♦♥,✐❞❡# ❛♥ ♦♥❡✲♣❡#✐♦❞ +✇♦✲,+❛❣❡ ♠♦❞❡❧ ✇✐+❤ ❛ ❝♦♥,+❛♥+

❡❧❛,+✐❝✐+② ♦❢ ,✉❜,+✐+✉+✐♦♥ ✭❈❊❙✮ ♣#❡❢❡#❡♥❝❡ I ❧❛ ❙♦❧♦✇ ✭✶✾✺✻✮✱ ✐♥ +❤❡ ,♣✐#✐+

♦❢ ❑♦❝ ✭✷✵✵✹✮ ❛♥❞ ❲❛♥❣ ❡+ ❛❧✳ ✭✷✵✶✵✮✳ ❆ #❡♣#❡,❡♥+❛+✐✈❡ ❛❣❡♥+ ❧✐✈❡, ❢♦# ♦♥❡

♣❡#✐♦❞ ❜✉+ +✇♦ ,+❛❣❡,✱ ❛♥❞ ♠❛❦❡, ♠❡❞✐❝❛❧ ❞❡❝✐,✐♦♥ ❜❡+✇❡❡♥ ❚#❛❞✐+✐♦♥❛❧

❈❤✐♥❡,❡ ▼❡❞✐❝✐♥❡ ✭❚❈▼✮ ❛♥❞ ❲❡,+❡#♥ ▼❡❞✐❝✐♥❡ ✭❲▼✮✳ ❆+ +❤❡ ✜#,+ ,+❛❣❡✱

,❤❡ ♠❛❦❡, ❞❡❝✐,✐♦♥ ♦♥ ♣✉#❝❤❛,✐♥❣ ❤❡❛❧+❤ ✐♥,✉#❛♥❝❡ ✇❤❡♥ ❤❡# ❤❡❛❧+❤ ,+❛+✉,

✐, ✉♥#❡✈❡❛❧✐♥❣✳ ❆+ +❤❡ ,❡❝♦♥❞ ,+❛❣❡✱ ❤❡# ❤❡❛❧+❤ ,+❛+✉, ✐, ♦✈❡#+✱ ❛♥❞ ,❤❡

♠❛❦❡, ♠❡❞✐❝❛❧ ❝❛#❡ ❞❡❝✐,✐♦♥, ❜❡+✇❡❡♥ ❚❈▼ ❛♥❞ ❲▼ ❜❛,❡❞ ♦♥ ❤❡# ♣#❡❢✲

❡#❡♥❝❡✳ R♦♣✉❧❛+✐♦♥ ✐, ❝♦♥,+❛♥+ ❛♥❞ ,②♠♠❡+#✐❝✳ ■♥❞✐✈✐❞✉❛❧✬, ❞❡❝✐,✐♦♥ ♦♥

❤❡❛❧+❤ ✐♥,✉#❛♥❝❡ ✐♥ +❤❡ ✜#,+ ,+❛❣❡ ❛♥❞ ❤❡# ♠❡❞✐❝❛❧ ❝❛#❡ ✐♥ +❤❡ ,❡❝♦♥❞ ,+❛❣❡

❛#❡ ✐♥+❡#❞❡♣❡♥❞❡♥+✿ +❤❡ ❜❡++❡# ,❤❡ ✐♥,✉#❡, ❛+ +❤❡ ✜,+ ,+❛❣❡✱ +❤❡ ❧❡,, ,❤❡ ✇✐❧❧

♣❛② ❢♦# ♠❡❞✐❝❛❧ +#❡❛+♠❡♥+ ✐♥ +❤❡ ,❡❝♦♥❞ ,+❛❣❡✳ ❚❤❡ ♣#❡❢❡#❡♥❝❡ ♦❢ ❛♥ ❛❣❡♥+

✐, #❡♣#❡,❡♥+❡❞ ❜② ❈♦❜❜✲❉♦✉❣❧❛, +②♣❡ ♦❢ ❤❡❛❧+❤ ✉+✐❧✐+② ❢✉♥❝+✐♦♥ ❛, ❢♦❧❧♦✇,✿

U(c, h; γ) = cαh1−γ , α > 0 , γ ∈ (0, 1) ✭✻✳✶✮

❛♥❞

h = h(m, s) = mβs1−β , β ∈ (0, 1) ✭✻✳✷✮

✇❤❡#❡ c ❛♥❞ h ❛#❡ #❡,♣❡❝+✐✈❡❧② ✐♥❞✐✈✐❞✉❛❧✬, ❝♦♥,✉♠♣+✐♦♥ ❛♥❞ ❤❡❛❧+❤ ,+❛+✉,✳
m ❛♥❞ s ❛#❡ #❡,♣❡❝+✐✈❡❧② ♠❡❞✐❝❛❧ ❝❛#❡ ,❡#✈✐❝❡ ❛♥❞ ❡♥❞♦✇❡❞ ❤❡❛❧+❤ ,+❛+❡✳
R❛#❛♠❡+❡# α ✐♥❞✐❝❛+❡, +❤❡ ✐♥❞✐✈✐❞✉❛❧✬, #❡❧❛+✐✈❡ ✐♠♣♦#+❛♥❝❡ ♦❢ ❝♦♥,✉♠♣+✐♦♥
+♦ ❤❡# ❤❡❛❧+❤ ❧❡✈❡❧✱ ✇❤✐❝❤ ✐, ❛,,✉♠❡❞ +♦ ❜❡ ,+#✐❝+❧② ♣♦,✐+✐✈❡✳ γ ✐, +❤❡ ❝♦❡✣✲
❝✐❡♥+ ♦❢ #❡❧❛+✐✈❡ #✐,❦ ❛✈❡#,✐♦♥✱ ✇❤✐❝❤ ✐, ❛,,✉♠❡❞ +♦ ❜❡ ❝♦♥,+❛♥+ ❛♥❞ ❜❡+✇❡❡♥

③❡#♦ ❛♥❞ ♦♥❡✳ β ♠❡❛♥, +❤❡ ❡✛❡❝+✐✈❡♥❡,, ♦❢ +❤❡ ♠❡❞✐❝❛❧ ❝❛#❡ ,❡#✈✐❝❡ #❡❧❛+✐✈❡
+♦ ❤❡# ❤❡❛❧+❤ ,+❛+❡✳ ■+ ✐, ✇♦#+❤ +♦ ♥♦+❡ +❤❛+ β(1 − γ) ✐♥❞✐❝❛+❡, ❡❛❝❤ ✐♥❞✐✲
✈✐❞✉❛❧✬, #❡❧❛+✐✈❡ ♣#❡❢❡#❡♥❝❡ ♦♥ ❤❡❛❧+❤ ✇✐+❤ #❡,♣❡❝+ +♦ ♥♦#♠❛❧ ❝♦♥,✉♠♣+✐♦♥

❣♦♦❞,✳ ❚❤✉,✱ ❛ ❤✐❣❤❡# β✱ ♦# ,♠❛❧❧❡# γ✱ ✐♠♣❧✐❡, ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❛++❛❝❤❡, ♠♦#❡
✐♠♣♦#+❛♥❝❡ +♦ ❤❡❛❧+❤ ❧❡✈❡❧✳ ❊❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ✐, ❡♥❞♦✇❡❞ ✇✐+❤ ❤❡❛+❤ ,+❛+❡ s✱
✇❤✐❝❤ ✐, ✉♥❦♥♦✇♥ ❛+ +❤❡ ✜,+ ,+❛❣❡ ❜✉+ #❡✈❡❛❧❡❞ ❛+ +❤❡ ,❡❝♦♥❞ ,+❛❣❡✳ ❇❡,✐❞❡,

✶✵✼



✻✳ ❈❤❛♣&❡( ✻

 ❤❡ ❡♥❞♦✇❡❞ ❤❡❛❧ ❤ ) ❛ ❡✱  ❤✐) ❤❡❛❧ ❤ ♣-♦❞✉❝ ✐♦♥ ❢✉♥❝ ✐♦♥ ✐♠♣❧✐❡)  ❤❛ ✐♥✲

❞✐✈✐❞✉❛❧) ❝❛♥ ❛❧✇❛②) ✐♠♣-♦✈❡  ❤❡✐- ❤❡❛❧ ❤ ❧❡✈❡❧ ❜② ❝♦♥)✉♠✐♥❣ ♠❡❞✐❝❛❧ ❝❛-❡✳

❙✉❜) ✐ ✉ ✐♥❣ ❊:✳✭✻✳✷✮ ✐♥ ♦ ❊:✳✭✻✳✶✮✱ ✇❡ ♦❜ ❛✐♥✿

Ũ(c,m, s; γ) = cαmβ(1−γ) s(1−β)(1−γ)
✭✻✳✸✮

❚❤❡ ✐♥❞✐✈✐❞✉❛❧ ♠❡❞✐❝❛❧ ❝❛-❡ )♣❡♥❞✐♥❣ m✱ ✇❤✐❝❤ ❛♥ ❛❣❡♥ )♣❡♥❞) ✐♥  ❤❡

)❡❝♦♥❞ ) ❛❣❡✱ ✐♥❝❧✉❞❡) ❜♦ ❤ ❲▼ ❛♥❞ ❚❈▼✱ ❞❡♥♦ ❡❞ mw ❛♥❞ mc -❡❝❡♣ ✐✈❡❧②✳

■♥ ❛❞❞✐ ✐♦♥✱ m = m(mw,mc)✱ ❞❡♣❡♥❞) ♦♥ ✐♥❞✐✈✐❞✉❛❧ ♣-❡❢❡-❡♥❝❡✳ ❲❡ ✉)❡ ❛

) ❛♥❞❛-❞ ❈❊❙ ♠❡❞✐❝❛❧ ❝❛-❡ ❢✉♥❝ ✐♦♥✱ ✇❤✐❝❤ ✐♠♣❧✐❡) ❝♦♥) ❛♥ ❡❧❛) ✐❝✐ ② ♦❢

)✉❜) ✐ ✉ ✐♦♥ ❜❡ ✇❡❡♥ ❚❈▼ ❛♥❞ ❲▼✳

m(mw,mc) =
(

θmρ
w + (1− θ)mρ

c

) 1
ρ

✭✻✳✹✮

H❛-❛♠❡ ❡- ρ ✐) ❝♦♥) ❛♥ ✱ ❛♥❞  ❤❡ ♠❡❛)✉-❡ ♦❢ ❡❧❛) ✐❝✐ ② ♦❢ )✉❜) ✐ ✉ ✐♦♥ ✐)

1

1− ρ
✳ ■ ✐) ✇♦- ❤ ♥♦ ❤✐♥❣  ❤❛ ❛ ♣❡-❢❡❝ )✉❜) ✐ ✉ ✐♦♥ ♣-❡❢❡-❡♥❝❡ ✭♦- ❧✐♥❡❛-

❢✉♥❝ ✐♦♥✮ ♦- ❈♦❜❜✲❉♦✉❣❧❛) ♣-❡❢❡-❡♥❝❡ ❛-❡ )♣❡❝✐❛❧ ❝❛)❡) ♦❢ ❈❊❙✱ ✇❤❡♥  ❤❡

♣❛-❛♠❡ ❡- ρ ✐) )❡  ♦ ❜❡ ❡:✉❛❧  ♦ ✶ ♦-  ❡♥❞  ♦ ✵ -❡)♣❡❝ ✐✈❡❧②✳ ❙❤❛-❡ ♣❛✲

-❛♠❡ ❡- θ ∈ [0, 1] ✐♥❞✐❝❛ ❡) ✐♥❞✐✈✐❞✉❛❧ ♣-❡❢❡-❡♥❝❡ ❜❡ ✇❡❡♥ ❚❈▼ ❛♥❞ ❲▼✳

❋♦- ✐♥) ❛♥❝❡✱ ❛♥ ❛❣❡♥ ✇❤♦ ♣-❡❢❡-) ❚❈▼✱ ✐✳❡✳ θ ∈ (0, 1/2)✱ ✐♥ ❡♥❞)  ♦ ❝♦♥✲

)✉♠❡ ♠♦-❡ ✐♥ ❚❈▼  ❤❛♥ ❲▼ ✇❤❡♥  ♦ ❛❧ ♠❡❞✐❝❛❧ ❝❛-❡ )♣❡♥❞✐♥❣ m ✐) ✜①❡❞✳

❙✉❜) ✐ ✉ ❡ ❊:✳✭✻✳✹✮ ✐♥ ♦ ❊:✳✭✻✳✸✮✱ ✇❡ ♦❜ ❛✐♥  ❤❡ ❢♦❧❧♦✇✐♥❣ ✉ ✐❧✐ ② ❢✉♥❝ ✐♦♥✿

Ũ(c,mw,mc, s; γ) = cα
(

θmρ
w + (1− θ)mρ

c

)β(1−γ)
ρ

s(1−β)(1−γ)
✭✻✳✺✮

▼♦-❡♦✈❡-✱ Ũ ✐) ❛))✉♠❡❞  ♦ ❜❡ :✉❛)✐✲❝♦♥❝❛✈❡ ✐♥ ♦-❞❡-  ♦ ♦❜ ❛✐♥ ❛♥ ✐♥ ❡-✐♦-

)♦❧✉ ✐♦♥ ♦❢ c∗✱ m∗
c ❛♥❞ m∗

w✳ ❆  ❤❡ ✜-) ) ❛❣❡✱  ❤❡ ✐♥❞✐✈✐❞✉❛❧ ♠❛①✐♠✐③❡) ❤❡-

❡①♣❡❝ ❡❞ ✉ ✐❧✐ ② ❛♥❞ ❝❤♦♦)❡)  ❤❡ ♦♣ ✐♠❛❧ ❤❡❛❧ ❤ ✐♥)✉-❛♥❝❡✳

max
c,mw,mc

E0 U
(
c, h(mw,mc, s); γ

)
= max

c,mw,mc

E0 Ũ(c,mw,mc, s; γ) ✭✻✳✻✮

)✉❜❥❡❝  ♦

y = ỹ + a(bc, bw) ✭✻✳✼✮

✇❤❡-❡ bc ❛♥❞ bw ❛-❡  ❤❡  ✇♦ ❝♦✲♣❛② -❛ ❡) ♦❢ ❞✐✈❡-)❡ ❤❡❛❧ ❤ ✐♥)✉-❛♥❝❡ ♣♦❧✐✲

❝✐❡)✱ ❞❡ ❡-♠✐♥❡❞ ❜② ❚❈▼ ❛♥❞ ❲▼  ❤❡-❛♣②✳ a(·) ✐)  ❤❡ ✐♥)✉-❛♥❝❡ ♣-❡✲

♠✐✉♠ ❢✉♥❝ ✐♦♥✱ ✇❤✐❝❤ ✐) ♥♦♥✲✐♥❝-❡❛)✐♥❣ ✐♥ ✐ ) ❛-❣✉♠❡♥ ) ✐✳❡✳ a′bc(bc, bw) :=
∂a(bc, bw)

∂bc
≤ 0 , a′bw(bc, bw) :=

∂a(bc, bw)

∂bw
≤ 0✳ ▼♦-❡♦✈❡-✱ ỹ -❡♣-❡)❡♥ )  ❤❡

✶✵✽



❛✈❛✐❧❛❜❧❡ ✐♥❝♦♠❡ ❢♦+ ,❤❡ .❡❝♦♥❞ .,❛❣❡✱ ✇❤❡+❡ ,❤❡ ❤❡❛❧,❤ .,❛,✉. ✐. +❡✈❡❛❧❡❞

❛♥❞ ✐♥❞✐✈✐❞✉❛❧✬. ❜✉❞❣❡, ❝♦♥.,+❛✐♥, ✐. ❛❧❧♦❝❛,❡❞ ❜❡,✇❡❡♥ ❝♦♥.✉♠♣,✐♦♥ ❛♥❞

❡①♣❡❝,❡❞ ♠❡❞✐❝❛❧ ❝❛+❡ .♣❡♥❞✐♥❣.✿

max
c,mw,mc

U(c, h(mw,mc, s); γ) = max
c,mw,mc

Ũ(c,mw,mc, s; γ) ✭✻✳✽✮

.✉❜❥❡❝, ,♦

ỹ = c+ E(M) ✭✻✳✾✮

M ✐. ✐♥❞✐✈✐❞✉❛❧✬. ♦✈❡+❛❧❧ ♠❡❞✐❝❛❧ .♣❡♥❞✐♥❣. ❜❡,✇❡❡♥ ,✇♦ ♠❡❞✐❝❛❧ ,❤❡+❛✲

♣✐❡.✱ ✇❤✐❝❤ ✐. +❛♥❞♦♠ ❛♥❞ ❞❡♣❡♥❞. ♦♥ ❤❡+ ♣+❡❢❡+❡♥❝❡ ♣❛+❛♠❡,❡+ θ✳ ❙♣❡❝✐❢✲
✐❝❛❧❧②✱ ✐♥❞✐✈✐❞✉❛❧✬. ♣+❡❢❡+❡♥❝❡ ♣❛+❛♠❡,❡+ ❞❡,❡+♠✐♥❡. ,❤❡ ❞✐.,+✐❜✉,✐♦♥ ♦❢ ❤❡+

♠❡❞✐❝❛❧ .♣❡♥❞✐♥❣. ❜❡,✇❡❡♥ ❚❈▼ ❛♥❞ ❲▼✳ ❲✐,❤♦✉, ❧♦.. ♦❢ ❣❡♥❡+❛❧✐,②✱ ✇❡

❛..✉♠❡ M ❢♦❧❧♦✇. ❛ ❇❡+♥♦✉❧❧✐ ✭♦+ ,✇♦✲♣♦✐♥,✮ ❞✐.,+✐❜✉,✐♦♥

✽

❛. ❢♦❧❧♦✇.✿

M =

{

bw(pwmw − d) + d θ , θ ∈ [0, 1]

bc(pcmc − d) + d 1− θ .
✭✻✳✶✵✮

✇❤❡+❡ pw ❛♥❞ pc ❛+❡ ,❤❡ +❡❧❛,✐✈❡ ,❤❡+❛♣② ♣+✐❝❡. ♦❢ ❲▼ ❛♥❞ ❚❈▼ +❡.♣❡❝,

,♦ ❝♦♥.✉♠♣,✐♦♥ ✇❤✐❝❤ ✐. ✉♥✐,✐③❡❞ ,♦ ✶✳ d +❡♣+❡.❡♥,. ,❤❡ ❞❡❞✉❝,✐❜❧❡ ♦❢

,❤❡ ❤❡❛❧,❤ ✐♥.✉+❛♥❝❡ ♣♦❧✐❝②✳ ❚❤❡+❡❢♦+❡✱ ✐♥❞✐✈✐❞✉❛❧✬. ❡①♣❡❝,❡❞ ♠❡❞✐❝❛❧ ❝❛+❡

.♣❡♥❞✐♥❣ ✐.✿

E(M) =
[
bw(pwmw − d) + d

]
θ +

[
bc(pcmc − d) + d

]
(1− θ) ✭✻✳✶✶✮

❛♥❞ ,❤❡ ❛..♦❝✐❛,❡❞ ❜✉❞❣❡, ❝♦♥.,+❛✐♥, ✐♥ ❊K✳✭✻✳✾✮ ❤❛. ,❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦+♠✿

ỹ = c+
[
bw(pwmw − d) + d

]
θ +

[
bc(pcmc − d) + d

]
(1− θ) , θ ∈ [0, 1]✭✻✳✶✷✮

■, ✐. ✇♦+,❤ ,♦ ♥♦,❡ ,❤❛, ,❤❡ ♠✐♥✐♠✉♠ +❡K✉✐+❡♠❡♥,. ,♦ ✉,✐❧✐③❡ ❞❡❞✉❝,✐❜❧❡

❛♥❞ ❝♦♣❛② +❛,❡ ❛+❡ mw ≥ d/pw ✭♦+ pwmw ≥ d✮ ❛♥❞ mc ≥ d/pc✳ ❊.♣❡❝✐❛❧❧②✱
✇❡ ❤❛✈❡ ,❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦✉+ ,②♣❡. ♦❢ ✐♥❞✐✈✐❞✉❛❧.✿

❚②♣❡ ✶✿ ●❡♥❡+❛❧ ✐♥❞✐✈✐❞✉❛❧ ✇✐,❤♦✉, ❡①,+❡♠❡ ♣+❡❢❡+❡♥❝❡ ,♦ ❚❈▼ ♦+ ❲▼

✉,✐❧✐③❡. ❞❡❞✉❝,✐❜❧❡. ❛♥❞ ❝♦♣❛② +❛,❡. ♦❢ ❜♦,❤ ,❤❡+❛♣✐❡.✳ ■♥ ,❤✐. ❝❛.❡✱ ✇❡ ❤❛✈❡

mw ≥ d/pw ,mc ≥ d/pc ❛♥❞ θ ∈ [θ, θ̄]✱ ✇❤❡+❡ θ, θ̄ ❛+❡ ,❤+❡.❤♦❧❞ ✈❛❧✉❡. ♦❢

✽

■♥❞❡❡❞✱ ✐♥❞✐✈✐❞✉❛❧ ♣+❡❢❡+❡♥❝❡ ✐. ❛ ❢✉♥❝/✐♦♥ ♦❢ θ✱ ❞❡♥♦/❡❞ ν(θ)✳ ❋♦+ .✐♠♣❧✐❝✐/②✱ ✇❡

❛..✉♠❡ ν(θ) = θ ✐♥ /❤✐. .❡❝/✐♦♥✱ ❤♦✇❡✈❡+✱ /❤✐. .❡//✐♥❣ ✇❡❛❦❡♥. /❤❡ ❡✛❡❝/ ♦❢ ♣+❡❢❡+❡♥❝❡

✭❡✳❣✳ ❝✉❧/✉+❡ ❡✛❡❝/✮ ♦♥ ♦♣/✐♠❛❧ .♦❧✉/✐♦♥.✳ ❚❤✐. ✇✐❧❧ ❜❡ ❞❡/❛✐❧❡❞❧② ❞✐.❝✉..❡❞ ✐♥ ❙❡❝/✐♦♥ ✸✱

✇❤❡+❡ ❛ ♠♦+❡ ❣❡♥❡+❛❧✐③❡❞ ♠♦❞❡❧ ✐. ♣+❡.❡♥/❡❞✳

✶✵✾



✻✳ ❈❤❛♣&❡( ✻

♣!❡❢❡!❡♥❝❡ ♣❛!❛♠❡(❡!) ✇✐(❤ 0 < θ < θ̄ < 1✳ ❚❤❡ ♠❡❞✐❝❛❧ )♣❡♥❞✐♥❣ ❢♦❧❧♦✇)

❇❡!♥♦✉❧❧✐ ❞✐)(!✐❜✉(✐♦♥✿

M =

{

bw(pwmw − d) + d , mw ≥ d/pw ,

bc(pcmc − d) + d , mc ≥ d/pc .
✭✻✳✶✸✮

❛♥❞ ❤❛✈❡ (❤❡ ❡①♣❡❝(❡❞ ✈❛❧✉❡✿

E(M) =
[
bw(pwmw − d) + d

]
θ +

[
bc(pcmc − d) + d

]
(1− θ) , θ ∈ [θ, θ̄]. ✭✻✳✶✹✮

❚②♣❡ ✷✿ ■♥❞✐✈✐❞✉❛❧ ✇✐(❤ ❡①(!❡♠❡ ♣!❡❢❡!❡♥❝❡ (♦ ❚❈▼ ✉(✐❧✐③❡) ♦♥❧② ❞❡✲

❞✉❝(✐❜❧❡ ❛♥❞ ❝♦♣❛② !❛(❡ ♦❢ ❚❈▼✳ ■♥ (❤✐) ❝❛)❡✱ ✇❡ ❤❛✈❡ mw ≥ d/pw , 0 ≤
mc/pc ≤ d ❛♥❞ θ ∈ [0, θ]✳ ❚❤❡ ♠❡❞✐❝❛❧ )♣❡♥❞✐♥❣ ❢♦❧❧♦✇) ❇❡!♥♦✉❧❧✐ ❞✐)(!✐❜✉✲

(✐♦♥✿

M =

{

bw(pwmw − d) + d , mw ≥ d/pw ,

pcmc , 0 ≤ mc ≤ d/pc .
✭✻✳✶✺✮

❛♥❞ ❤❛✈❡ (❤❡ ❡①♣❡❝(❡❞ ✈❛❧✉❡✿

E(M) =
[
bw(pwmw − d) + d

]
θ + (1− θ)pcmc , θ ∈ [0, θ]. ✭✻✳✶✻✮

❚②♣❡ ✸✿ ■♥❞✐✈✐❞✉❛❧ ✇✐(❤ ❡①(!❡♠❡ ♣!❡❢❡!❡♥❝❡ (♦ ❲▼ ✉(✐❧✐③❡) ♦♥❧② ❞❡✲

❞✉❝(✐❜❧❡ ❛♥❞ ❝♦♣❛② !❛(❡ ♦❢ ❲▼✳ ■♥ (❤✐) ❝❛)❡✱ ✇❡ ❤❛✈❡ mc ≥ d/pc , 0 ≤
mw ≤ d/pw ❛♥❞ θ ∈ [θ̄, 1]✳ ❚❤❡ ♠❡❞✐❝❛❧ )♣❡♥❞✐♥❣ ❢♦❧❧♦✇) ❇❡!♥♦✉❧❧✐ ❞✐)(!✐✲

❜✉(✐♦♥✿

M =

{

bc(pcmc − d) + d , mc ≥ d/pc ,

pwmw , 0 ≤ mw ≤ d/pw .
✭✻✳✶✼✮

❛♥❞ ❤❛✈❡ (❤❡ ❡①♣❡❝(❡❞ ✈❛❧✉❡✿

E(M) = θ pwmw +
[
bc(pcmc − d) + d

]
(1− θ) , θ ∈ [θ̄, 1]. ✭✻✳✶✽✮

❚②♣❡ ✹✿ ■♥❞✐✈✐❞✉❛❧ ✇✐(❤ ♥♦ ♠❡❞✐❝❛❧ ✐♥)✉!❛♥❝❡ ♦! ❧♦✇ ✐♥❝♦♠❡ ✉(✐❧✐③❡) ♥♦♥❡

❞❡❞✉❝(✐❜❧❡ ❛♥❞ ❝♦♣❛② !❛(❡ ♦❢ ❲▼ ♥♦! ❚❈▼✳ ■♥ (❤✐) ❝❛)❡✱ ✇❡ ❤❛✈❡ 0 ≤ mw ≤
d/pw , 0 ≤ mc ≤ d/pc✳ ❚❤❡ ♠❡❞✐❝❛❧ )♣❡♥❞✐♥❣ ❢♦❧❧♦✇) ❇❡!♥♦✉❧❧✐ ❞✐)(!✐❜✉(✐♦♥✿

M =

{

pwmw , 0 ≤ mw ≤ d/pw ,

pcmc , 0 ≤ mc ≤ d/pc .
✭✻✳✶✾✮

❛♥❞ ❤❛✈❡ (❤❡ ❡①♣❡❝(❡❞ ✈❛❧✉❡✿

E(M) = θ pwmw + (1− θ)pcmc , θ ∈ [0, 1]. ✭✻✳✷✵✮

✶✶✵



❚❡❝❤♥✐❝❛❧❧②✱ *❤❡ ❢♦✉. *②♣❡0 ♦❢ ✐♥❞✐✈✐❞✉❛❧0 ❝❛♥ ❜❡ ♣.❡0❡♥*❡❞ ✐♥ ❛ ❝♦♠♣❛❝*

❢♦.♠ ✐♥ ❊6✳✭✻✳✶✵✮✱ ✇✐*❤ 0 ≤ bc < 1 , 0 ≤ bw < 1 ❢♦. *②♣❡ ✶ ✐♥❞✐✈✐❞✉❛❧✱ ✇✐*❤
0 ≤ bc < 1 , bw = 1 ❢♦. *②♣❡ ✷ ✐♥❞✐✈✐❞✉❛❧✱ bc = 1 , 0 ≤ bw < 1 ❢♦. *②♣❡ ✸
✐♥❞✐✈✐❞✉❛❧ ❛♥❞ bc = 1 , bw = 1 ❢♦. *②♣❡ ✹ ✐♥❞✐✈✐❞✉❛❧✱ .❡0♣❡❝*✐✈❡❧②✳ ❍❡.❡ ✇❡
♠❛✐♥*❛✐♥ *❤❡ ❢♦✉. *②♣❡0 ♦❢ ✐♥❞✐✈✐❞✉❛❧0 ✐♥ ♦.❞❡. *♦ 0❤♦✇ ❞✐✛❡.❡♥* ❡❝♦♥♦♠✐❝

✐♠♣❧✐❝❛*✐♦♥0 ✐♥ *❤❡ ❢♦❧❧♦✇✐♥❣ 0✉❜0❡❝*✐♦♥✳

✻✳✷✳✶ ❈♦♠♣❡)✐)✐✈❡ ❊-✉✐❧✐❜1✐✉♠

❚❤❡ *✇♦ 0*❛❣❡ ♦♣*✐♠✐③❛*✐♦♥ ♣.♦❜❧❡♠ ❝❛♥ ❜❡ 0♦❧✈❡❞ ❜❛❝❦✇❛.❞0✱ ✐✳❡✳ 0*❛.*✐♥❣

❢.♦♠ *❤❡ 0❡❝♦♥❞ 0*❛❣❡✱ ✇❤❡.❡ *❤❡ ❤❡❛❧*❤ 0*❛*❡ ✐0 .❡✈❡❛❧❡❞✱ *♦ *❤❡ ✜.0* 0*❛❣❡✳

■* ✐0 ✇♦.*❤ *♦ ♥♦*❡ *❤❛* ♦♣*✐♠❛❧ ❛.❣✉♠❡♥*0 c∗✱ m∗
c ❛♥❞ m∗

w ✐♥ ❊6✳✭✻✳✻✼✮ ❛.❡

✐♥❞❡♣❡♥❞❡♥* ❢.♦♠ ❤❡❛❧*❤ 0*❛*❡ s✳ ❚❤❡.❡❢♦.❡✱ *❤❡ ❤❡❛❧*❤ 0*❛*✉0 ♦♥❧② ❝❤❛♥❣❡0
*❤❡ ✈❛❧✉❡ ♦❢ ✉*✐❧✐*②✱ ❜✉* ♥♦* *❤❡ 0❤❛♣❡ ♦❢ ✐♥❞✐✛❡.❡♥❝❡ ❝✉.❡✳ ❚❤❛* ✐0 *♦ 0❛②✱

♥♦ ♠❛**❡. ❤❡. ❤❡❛❧*❤ 0*❛*✉0✱ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❛❧✇❛②0 ❝❤♦♦0❡0 *❤❡ 0❛♠❡ ❧❡✈❡❧

♦❢ ❝♦♥0✉♠♣*✐♦♥ ❛♥❞ ♠❡❞✐❝❛❧ ❝❛.❡✱ ❣✐✈❡♥ ❤❡. ✐♥❝♦♠❡ ❛♥❞ ✐♥0✉.❛♥❝❡ ♣♦❧✐❝②

✜①❡❞✳ ■♥ 0♣✐*❡ ♦❢ *❤❡ ♦❝❝✉..❡♥❝❡ ♦❢ ♠♦.❛❧ ❤❛③❛.❞✱ *❤✐0 ❢❛❝* ❝❛♥ ❜❡ ❡①✲

♣❧❛✐♥❡❞ ❜② ❝♦♥0✐❞❡.✐♥❣ ❛ ❣❡♥❡.❛❧ ❦✐♥❞ ♦❢ ❤❡❛❧*❤ ❝❛.❡ ✇❤✐❝❤ ✐♥❝❧✉❞❡0 ❤❡❛❧*❤

❡♥❤❛♥❝✐♥❣ ❛❝*✐✈✐*✐❡0✱ 0✉❝❤ ❛0✱ ❤❡❛❧*❤② ❞✐❡*✱ ♥✉*.✐*✐♦♥❛❧ 0✉♣♣❧❡♠❡♥*0✱ ♣❤②0✲

✐❝❛❧ ❡①❡.❝✐0❡ ❛♥❞ ♣.❡✈❡♥*✐✈❡ *.❡❛*♠❡♥*✳ ❋♦. ✐♥0*❛♥❝❡✱ *❤❡ .✐❝❤ ✐♥❞✐✈✐❞✉❛❧

❝❛♥ ❝❤♦♦0❡ 0♦♠❡ ❝♦0*❧② ♣.❡✈❡♥*✐✈❡ *❤❡.❛♣✐❡0 *♦ ♠❛✐♥*❛✐♥ ♦. ❡♥❤❛♥❝❡ *❤❡✐.

❤❡❛❧*❤ 0*❛*✉0 ❡✈❡♥ ✇❤❡♥ *❤❡② ❛.❡ ❤❡❛❧*❤② ✇❤✐❧❡ *❤❡ ♣♦♦. ❝❛♥ ♥♦*✳ ■* ✐0 ✇♦.*❤

*♦ ❤✐❣❤❧✐❣❤* *❤❛* ♣.❡✈❡♥*✐✈❡ *.❡❛*♠❡♥* ✐0 ✐♥❞❡❡❞ ❛ ♣♦♣✉❧❛. *❤❡.❛♣② ♦❢ ❚❈▼✳

❙♦❧✈✐♥❣ *❤❡ ♦♣*✐♠✐③❛*✐♦♥ ♣.♦❜❧❡♠✱ ✇❡ ♦❜*❛✐♥ *❤❡ ❢♦✉. ❝♦❤♦.*0 ♦❢ ❡6✉✐✲

❧✐❜.✐✉♠ 0*❛*❡0 ✐♥ *❤❡ ❚❛❜❧❡✻✳✶✱ ✇❤❡.❡ χ =
β(1− γ)

α + β(1− γ)
∈ (0, 1) ✱ ˜̃yc =

y − a(bc) − (1 − θ)(1 − bc)d ✱

˜̃yw = y − a(bw) − θ(1 − bw)d ✱ ❛♥❞ ˜̃y =
y − a(bc, bw) − [θ(1− bw) + (1− θ)(1− bc)] d ✳ ❲✐*❤♦✉* ❧♦00 ♦❢ ❣❡♥❡.❛❧✐*②✱
❧❡* ✉0 ❢♦❝✉0 ♦♥ ❚②♣❡ ✶ ✐♥❞✐✈✐❞✉❛❧✱ ❛♥❞ 0♦❧✈❡ *❤❡ ♦♣*✐♠❛❧ ❝♦♥0✉♠♣*✐♦♥ ❛♥❞

♠❡❞✐❝❛❧ 0♣❡♥❞✐♥❣ ♦❢ ❚❈▼ ❛♥❞ ❲▼ ✭0❡❡ ❆♣♣❡♥❞✐① ❈✮✳ ❋♦. ❚②♣❡ ✷✱ ❚②♣❡

✸ ❛♥❞ ❚②♣❡ ✹ ✐♥❞✐✈✐❞✉❛❧✱ *❤❡ ❡6✉✐❧✐❜.✐✉♠0 ❝❛♥ ❜❡ 0♦❧✈❡❞ 0✐♠✐❧❛.❧② ❜② 0❡*✲

*✐♥❣ bc = 1 ♦.✴❛♥❞ bw = 1 .❡0♣❡❝*✐✈❡❧②✳ ❚❤❡ ♦✉*❧✐♥❡ ♦❢ *❤❡ .❡0✉❧*0 ❛.❡ ❛0
❢♦❧❧♦✇0✿

c∗ =
α ˜̃y

α + β(1− γ)
, ✭✻✳✷✶✮

❛♥❞

m∗
c =

[
β(1− γ)

α + β(1− γ)

]
(1−Θc

w) ˜̃y

(1− θ)bcpc
, β , γ , θ , bc ,Θ

c
w ∈ [0, 1] , ❛♥❞α , pc > 0 ✭✻✳✷✷✮

✶✶✶



✻✳ ❈❤❛♣&❡( ✻

■♥❞✐✈✐❞✉❛❧

❚②♣❡,

c∗ m∗
c m∗

w

❚②♣❡ ✶ (1− χ)˜̃y
χ(bcpc)

−1
1−ρ ˜̃y

θ(bwpw)
−ρ
1−ρ + (1− θ)(bcpc)

−ρ
1−ρ

χ(bwpw)
−1
1−ρ ˜̃y

(1− θ)(bcpc)
−ρ
1−ρ + θ(bwpw)

−ρ
1−ρ

❚②♣❡ ✷ (1− χ)˜̃yc
χ(bcpc)

−1
1−ρ ˜̃yc

θ(pw)
−ρ
1−ρ + (1− θ)(bcpc)

−ρ
1−ρ

χ(pw)
−1
1−ρ ˜̃yc

(1− θ)(bcpc)
−ρ
1−ρ + θ(pw)

−ρ
1−ρ

❚②♣❡ ✸ (1− χ)˜̃yw
χ(pc)

−1
1−ρ ˜̃yw

θ(bwpw)
−ρ
1−ρ + (1− θ)(pc)

−ρ
1−ρ

χ(bwpw)
−1
1−ρ ˜̃yw

(1− θ)(pc)
−ρ
1−ρ + θ(bwpw)

−ρ
1−ρ

❚②♣❡ ✹ (1− χ) y
χ p

−1
1−ρ
c y

θp
−ρ
1−ρ
w + (1− θ)p

−ρ
1−ρ
c

χp
−1
1−ρ
w y

(1− θ)p
−ρ
1−ρ
c + θp

ρ
1−ρ
w

❚❛❜❧❡ ✻✳✶ ✕ ❋♦✉$ ❝♦❤♦$'( ♦❢ ❡+✉✐❧✐❜$✐✉♠( ❞❡♣❡♥❞✐♥❣ ♦♥ ❛❣❡♥'✬( '②♣❡

❛♥❞

m∗
w =

[
β(1− γ)

α + β(1− γ)

]
Θc

w
˜̃y

θbwpw
, β , γ , θ , bw ,Θc

w ∈ [0, 1] , ❛♥❞α , pw > 0 ✭✻✳✷✸✮

✇❤❡,❡

˜̃y = y−a(bc, bw)−[θ(1− bw) + (1− θ)(1− bc)] d ❛♥❞Θc
w(θ, pc, bc, pw, bw) =

Φc

Φc + Φw

✇✐.❤ Φc(θ, pc, bc) = θ (bcpc)
ρ

1−ρ
❛♥❞ Φw(θ, pw, bw) = (1−θ)(bwpw)

ρ
1−ρ

✳

❙✉❜2.✐.✉.✐♥❣ ❊52✳✭✻✳✷✶✮ ✭✻✳✷✸✮ ❛♥❞ ✭✻✳✷✷✮ ✐♥.♦ ✉.✐❧✐.② ❢✉♥❝.✐♦♥ ✐♥ ❊5✳✭✻✳✺✮✱

✇❡ ♦❜.❛✐♥ ✐♥❞✐✈✐❞✉❛❧✬2 ✇❡❧❢❛,❡ ❢✉♥❝.✐♦♥ ❛2 ❢♦❧❧♦✇2✿

Ũ(c,mw,mc, s; γ) = ΛΨ
β(1−γ)(1−ρ)

ρ ˜̃y α+β(1−γ) E
(
s(1−β)(1−γ)

)
✭✻✳✷✹✮

✇✐.❤ Λ =
αα

[
β(1− γ)

]β(1−γ)

[
α + β(1− r)

]α+β(1−γ)
❛♥❞ Ψ(θ, pc, bc, pw, bw) = θ(1 − θ)

(
Φ−1

c +

Φ−1
w

)
= θ(bwpw)

−ρ
1−ρ + (1− θ)(bcpc)

−ρ
1−ρ

✳ ❚❤❡ ❡❝♦♥♦♠✐❝ ✐♠♣❧✐❝❛.✐♦♥2 ❛,❡ ❞✐2✲

❝✉22❡❞ ✐♥ .❤❡ ❢♦❧❧♦✇✐♥❣ ♣,♦♣♦2✐.✐♦♥✳

 !♦♣♦$✐&✐♦♥ ✻✳✷✳✶✳ ■♥❞✐✈✐❞✉❛❧✬( ❞❡♠❛♥❞ ❢♦$ ❚❈▼ ✭♦$ ❲▼ $❡(♣❡❝'✐✈❡❧②✮

✐♥❝$❡❛(❡( ✐❢✿

✭✐✮ ✐♥❝♦♠❡ ❧❡✈❡❧ ② ✐♥❝$❡❛(❡(✳

✭✐✐✮ '❤❡ $❡❧❛'✐✈❡ ♣$✐❝❡ ♦❢ ❚❈▼ '♦ ❲▼✱ pw/pw ✭♦$ pw/pc $❡(♣❡❝'✐✈❡❧②✮ ❞❡✲

❝$❡❛(❡(✳

✶✶✷



✭✐✐✐✮ ♣$❡❢❡$❡♥❝❡ )♦ ❝♦♥+✉♠♣)✐♦♥ $❡❧❛)✐✈❡ )♦ ❤❡❛❧)❤ ❞❡❝$❡❛+❡+ ✐✳❡✳ α ❞❡❝$❡❛+❡+✳

✭✐✈✮ ❛ ❧♦✇❡$ ❞❡❞✉❝)✐❜❧❡ $❡6✉✐$❡♠❡♥) d✳

✭✈✮ ❤❡❛❧)❤ ❞❡♣❡♥❞+ $❡❧❛)✐✈❡❧② ❧❛$❣❡$ ♦♥ )❤❡ ♠❡❞✐❝❛❧ ❝❛$❡ )$❡❛)♠❡♥) $❛)❤❡$

)❤❛♥ ♦♥ ❡♥❞♦✇❡❞ ❤❡❛❧)❤ +)❛)❡ ✐✳❡✳ β ✐♥❝$❡❛+❡+✳

✭✈✐✮ ❛ ❧♦✇❡$ ❝♦♣❛② $❛)❡ ♦❢ ❚❈▼✱ bc ✭♦$ ❲▼✱ bw $❡+♣❡❝)✐✈❡❧②✮ ✐❢ )❤❡ +❧♦♣

♦❢ )❤❡ ♠❛$❣✐♥❛❧ ✐♥+✉$❛♥❝❡ )♦ ❝♦♣❛② $❛)❡ ✐+ ♠♦❞❡$❛)❡✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡

$❡6✉✐$❡ a′bc(bc, bw) ∈ (−ξc, 0] ✭♦$ a′bw(bc, bw) ∈ (−ξw, 0] $❡+♣❡❝)✐✈❡❧②✮✱

✇❤❡$❡ ξc = y−[θ(1− bw) + (1− θ))] d ❛♥❞ ξw = y−[θ + (1− θ)(1− bc))] d✳

@$♦♦❢✳ ❍❡"❡ ✇❡ ♦♥❧② ❢♦❝✉+ ♦♥ ,❤❡ ❞❡♠❛♥❞ ❢♦" ❚❈▼ m∗
c ✱ ❛♥❞ ,❤❡ ❝❛+❡ ♦❢ m

∗
w

❝❛♥ ❜❡ ♦❜,❛✐♥❡❞ +②♠♠❡,"✐❝❛❧❧②✳ ❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ✐♥❝♦♠❡ ❧❡✈❡❧✱ ♣"❡❢❡"❡♥❝❡+✱

❞❡❞✉❝,✐❜❧❡ "❛,❡ ♦♥ ,❤❡ ♦♣,✐♠❛❧ ❧❡✈❡❧ ♦❢ ❚❈▼ ❝❛♥ ❜❡ ♣"♦✈❡❞ +,"❛✐❣❤,❢♦"✇❛"❞

❛+ ❢♦❧❧♦✇+✳

∂m∗
c

∂y
=

(
β(1− γ)

α + β(1− γ)

)
(1−Θc

w)

(1− θ)bcpc
> 0, ✭✻✳✷✺✮

∂m∗
c

∂α
= − β(1− γ)

[
α + β(1− γ)

]2

(1−Θc
w) ˜̃y

(1− θ)bcpc
< 0, ✭✻✳✷✻✮

∂m∗
c

∂d
=

(
β(1− γ)

α + β(1− γ)

)
(1−Θc

w)

(1− θ)bcpc

[
−

(
θ(1− bw) + (1− θ)(1− bc)

)]
< 0,✭✻✳✷✼✮

∂m∗
c

∂β
=

α(1− γ)
[
α + β(1− γ)

]2

(1−Θc
w) ˜̃y

(1− θ)bcpc
> 0, ✭✻✳✷✽✮

✇✐,❤ β , γ , θ , bc , bw ,Θc
w ∈ [0, 1] , ❛♥❞α , pc , pw > 0

❚❤❡ ♣"♦♣❡",② ✭✐✐✮ ✐+ ❡C✉✐✈❛❧❡♥, ,♦ +❛② ,❤❛, ✐♥❞✐✈✐❞✉❛❧ ❞❡♠❛♥❞ ❢♦" ❚❈▼

✐♥❝"❡❛+❡+ ✐❢ ,❤❡ ♣"✐❝❡ ♦❢ ❚❈▼ pc ❞❡❝"❡❛+❡+ ✭❞❡♥♦,❡❞ ✏↑✑✮ ♦" ,❤❡ ♣"✐❝❡ ♦❢
❲▼ pw ✐♥❝"❡❛+❡+ ✭❞❡♥♦,❡❞ ✏↓✑✮✳ ❋"♦♠ ,❤❡ ❞❡✜♥✐,✐♦♥ ♦❢ ❡C✉✐❧✐❜"✐✉♠ ♠❡❞✐❝❛❧
❞❡♠❛♥❞ m∗

c ✐♥ ❊C✳✭✻✳✷✷✮✱ ✇❡ ❤❛✈❡ Θ
c
w(θ, bc, pc, bw, pw) ✏↑✑ ✇❤❡♥ ,❤❡ ❝♦✲♣❛②

"❛,❡ bc ❛♥❞ pc ♦❢ ❚❈▼ ↑✱ ♦" bw ❛♥❞ pw ✏↓✑✳ ■♥ ♦,❤❡" ✇❛"❞+✱ ✇❡ ❤❛✈❡ ,❤❡
❢♦❧❧♦✇✐♥❣ "❡+✉❧,+✳

∂Θc
w(θ, bc, pc, bw, pw)

∂bc
> 0 ,

∂Θc
w(θ, bc, pc, bw, pw)

∂pc
> 0 , ✭✻✳✷✾✮

∂Θc
w(θ, c, pc, bw, pw)

∂bw
< 0 ,

∂Θc
w(θ, bc, pc, bw, pw)

∂pw
< 0 , ✭✻✳✸✵✮

∂ ˜̃y

∂bc
= −a′bc(bc, bw) + 1− θ > 0 ,

∂ ˜̃y

∂bw
= −a′bw(bc, bw) + θ > 0 ✭✻✳✸✶✮

✶✶✸



✻✳ ❈❤❛♣&❡( ✻

❚❤❡#❡❢♦#❡✱ ✇❡ ❝❛♥ ♣#♦✈❡ ♣#♦♣❡#-② ✭✐✐✮ ❛2 ❢♦❧❧♦✇2✿

∂m∗
c

∂pc
=

(
β(1− γ)

α + β(1− γ)

) ˜̃y

(1− θ)bcpc

[

(1−Θc
w) (−1/pc) +

(

− ∂Θc
w

∂pc

)]

< 0,✭✻✳✸✷✮

∂m∗
c

∂pw
=

(
β(1− γ)

α + β(1− γ)

) ˜̃y

(1− θ)bcpc

(

− ∂Θc
w

∂pw

)

> 0, ✭✻✳✸✸✮

✭✻✳✸✹✮

❙✉❜2-✐-✉-✐♥❣ ❊?2✳✭✻✳✷✾✮ ❛♥❞ ✭✻✳✸✶✮ ✐♥-♦ ❊?✳✭✻✳✷✸✮✱ ✇❡ ♦❜-❛✐♥ -❤❡ ❢♦❧❧♦✇✐♥❣

♠♦♥♦-♦♥✐❝✐-②✿ m∗
w ↓ ❛2 bc ↓✳

m∗
w =

[
β(1− γ)

α + β(1− γ)

]
1

θbwpw
︸ ︷︷ ︸

❝♦♥#$❛♥$

Θc
w

︸︷︷︸

↓ ❛# bc↓

˜̃y
︸︷︷︸

↓ ❛# bc↓

, ✭✻✳✸✺✮

β , γ , θ , bw ,Θc
w ∈ [0, 1] , ❛♥❞α , pw > 0

❚❤✐2 ✐♠♣❧✐❡2

∂m∗
w

∂bc
> 0✳ ❲❤✐❧❡ -❤❡ ♣#♦♦❢ ♦❢ -❤❡ ❧❛2- ♣#♦♣❡#-②✱ ✐✳❡✳

∂m∗
c

∂bc
S 0✱

✐2 ♥♦- ♦❜✈✐♦✉2 2✐♥❝❡ -❤❡ ❝♦♣❛② #❛-❡2 ♣❧❛② ❞✐✛❡#❡♥- #♦❧❡2 ✇❤✐❝❤ ♠❛② ♦✛2❤♦#❡

❡❛❝❤ ♦-❤❡#✳ ▲❡- ✉2 ❝❛❧❧ -❤❡♠ ✏♠❡❞✐❝❛❧ ❡✛❡❝-✑ ❛♥❞ ✏✐♥❝♦♠❡ ❡✛❡❝-✑ #❡2♣❡❝✲

-✐✈❡❧②✳ ❚❛❦✐♥❣ bc ❢♦# ❡①❛♠♣❧❡✱ ✏♠❡❞✐❝❛❧ ❡✛❡❝-✑ ♠❡❛♥2 -❤❛- ❛ ❞❡❝#❡❛2❡❞
❝♦♣❛② #❛-❡ bc ✐♠♣❧✐❡2 ❛ ❤✐❣❤❡# #❡✐♠❜✉#2❡♠❡♥- #❛-✐♦✱ ✇❤✐❝❤ ❜❡♥❡✜-2 ✐♥❞✐✈✐❞✲
✉❛❧✬2 ♠❡❞✐❝❛❧ ❞❡♠❛♥❞✱ ❜✉- ♠❡❛♥✇❤✐❧❡✱ ✐♥❞✐✈✐❞✉❛❧ 2✉✛❡#2 ❛ 2♦✲❝❛❧❧❡❞ ✏✐♥❝♦♠❡

❡✛❡❝-✑ ❜❡❝❛✉2❡ ✐♥❝#❡❛2❡❞ ✐♥2✉#❛♥❝❡ ♣#❡♠✐✉♠ a(·) ❧❡❛❞2 ❞❡❝#❡❛2❡ ❤❡# 2❡❝♦♥❞
2-❛❣❡ ✐♥❝♦♠❡ ỹ✳ ■♥ ♦#❞❡# -♦ ❜❡--❡# ❡①♣❧❛✐♥ -❤❡ 2✐-✉❛-✐♦♥✱ ✇❡ ✐♥-#♦❞✉❝❡ -❤❡
❢♦❧❧♦✇✐♥❣ ❝♦#♦❧❧❛#②✳

❈♦"♦❧❧❛"②✳ ❚❤❡ #❡❧❛&✐♦♥*❤✐♣ ❜❡&✇❡❡♥ &❤❡ ♠❛#❣✐♥❛❧ ❡✛❡❝& ♦❢ ❝♦♣❛② #❛&❡ ♦♥

♦♣&✐♠❛❧ ❞❡♠❛♥❞ ♦❢ ♠❡❞✐❝❛❧ ❝❛#❡✭❡✳❣✳ ∂m∗
c/∂bc✮ ❛♥❞ &❤❡ ♠❛#❣✐♥❛❧ ❡✛❡❝& ♦❢

❝♦♣❛② #❛&❡ ♦♥ ✐♥*✉#❛♥❝❡ ♣♦❧✐❝② ✭✐✳❡✳ a′bc(bc, bw)✮ ✐* ✐♥✈❡#*❡ ❛♥❞ ❛❝#♦** &❤❡
❤♦#✐③♦♥&❛❧ ❧✐♥❡✳ ▼♦#❡♦✈❡#✱ ❛ *✉✣❝✐❡♥& ❝♦♥❞✐&✐♦♥ ❢♦# ✏&❤❡ ❧♦✇❡# &❤❡ ❝♦♣②

#❛&❡✱ &❤❡ ❤✐❣❤❡# &❤❡ ❞❡♠❛♥❞ ❢♦# ♠❡❞✐❝❛❧ ❝❛#❡✑ ✐* a′bc(bc, bw) ∈ (−ξ, 0]✱ ✇✐&❤
ξ = y − [θ(1− bw) + (1− θ))] d✳

@#♦♦❢✳ ❚❤❡ ❡?✉❛-✐♦♥ ❛❜♦✈❡ ✐2 #❡♠❛#❦❛❜❧❡ ❢♦# -❤❡ ♣#♦♦❢✳

∂
(
˜̃y/bc

)

∂bc
=

∂

(
y − a(bc, bw)− [θ(1− bw) + (1− θ))] d

bc

)

∂bc
= (−1/b2c)

[
y − a(bc, bw)− [θ(1− bw) + (1− θ))] d+ bca

′
bc
(bc, bw)

]
✭✻✳✸✻✮

✶✶✹



❚❤❡#❡❢♦#❡

∂
(
˜̃y/bc

)

∂bc
≤ 0 ✐' ❡(✉✐✈❛❧❡♥. .♦ '❛② ✿

y − a(bc, bw)− [θ(1− bw) + (1− θ))] d
︸ ︷︷ ︸

>0

+ bca
′
bc
(bc, bw)

︸ ︷︷ ︸

<0

≥ 0 , ✭✻✳✸✼✮

▲❡( ✉* ✜,*(❧② ❝♦♥*✐❞❡, ❛ *♣❡❝✐❛❧ ❝❛*❡ ♦❢ ❊8✳✭✻✳✸✼✮✱ ✇❤❡,❡ (❤❡ ❡8✉❛❧✐(② ❤♦❧❞*✿

y − a(bc, bw)− [θ(1− bw) + (1− θ))] d+ bca
′
bc
(bc, bw) = 0 , a(1, bw) = 0✾

✭✻✳✸✽✮

❙♦❧✈✐♥❣ (❤❡ ❛❜♦✈❡ ✜,*( ♦,❞❡, ❞✐✛❡,❡♥(✐❛❧ ❡8✉❛(✐♦♥✱ ✇❡ ♦❜(❛✐♥ a(bc, bw) =
ξ (1 − bc)✱ ✇✐(❤ ξ = y − [θ(1− bw) + (1− θ))] d✳ ❚❤❡,❡❢♦,❡✱ ✇❤❡♥ −ξ <

a′bc(bc, bw) < 0✱ ✇❡ ❤❛✈❡ ✐♥❡8✉❛❧✐(② ✐♥ ❊8✳✭✻✳✸✼✮

✶✵

✱ ✇❤✐❝❤ ✐♥❞✐❝❛(❡*

∂
(
˜̃y/bc

)

∂bc
<

0✳ ■♥ ♦(❤❡, ✇♦,❞*✱

˜̃y/bc ↑ ❛* bc ↓✳ ❘❡❝❛❧❧✐♥❣ (❤❛( ❊8✳✭✻✳✷✾✮ (❡❧❧* ✉*

Θc
w(θ, bc, pc, bw, pw) ↑ ❛* bc ↓✱ ❛♥❞ ❊8✳✭✻✳✷✷✮ ❝❛♥ ❜❡ ✇,✐((❡♥ ❛* ❢♦❧❧♦✇*✿

m∗
c =

[
β(1− γ)

α + β(1− γ)

1

(1− θ)pc

]

︸ ︷︷ ︸

❝♦♥&'❛♥' ♣❛*❛♠❡'❡*&

˜̃y

bc
︸︷︷︸

↑ ❛& bc ↓

(1−Θc
w)

︸ ︷︷ ︸

↑ ❛& bc ↓

✭✻✳✸✾✮

❚❤❡,❡❢♦,❡✱ ✇❡ ♦❜(❛✐♥ m∗
c ↑ ❛* bc ↓✳ ■♥ ♦(❤❡, ✇♦,❞*✱ −ξ < a′bc(bc, bw) =

−ξ̃ < 0 ✐* ❛ *✉✣❝✐❡♥( ❝♦♥❞✐(✐♦♥ (♦ ❣✉❛,❛♥(❡❡

∂m∗
c

∂bc
< 0✳

❋✐❣✉,❡ ✻✳✶ ❞✐*♣❧❛②* ❛ ❣,❛♣❤✐❝❛❧ ✐❧❧✉*(,❛(✐♦♥ ♦❢ (❤✐* ,❡✈❡,*❡ ,❡❧❛(✐♦♥*❤✐♣✳

▲❡( ✉* ♥♦✇ ❝♦♥*✐❞❡, ♦♥❡ *♣❡❝✐❛❧ ❝❛*❡ ❛* ❛♥ ❛♣♣❡❛❧✐♥❣ ❡①❛♠♣❧❡✱ ✇❤❡,❡ (❤❡

❝♦♣❛② ,❛(❡ ❛**♦❝✐❛(❡❞ (♦ ✈❛,✐♦✉* (❤❡,❛♣② ✐* ✐❞❡♥(✐❝❛❧✳ ❋,♦♠ ♥❛(✐♦♥❛❧ ♣♦✐♥( ♦❢

✈✐❡✇✱ ✇❡ *(✐❧❧ ❛❞♦♣( ✐❞❡♥(✐❝❛❧ ❝♦♣❛② ,❛(❡ ✐♥*✉,❛♥❝❡ ♣♦❧✐❝② ✐♥ ❝♦♥(❡♠♣♦,❛,②

❈❤✐♥❛✬* ❤❡❛❧(❤ ❝❛,❡ *②*(❡♠✱ (❤♦✉❣❤ ❞✐✈❡,*✐❢②✐♥❣ ❤❡❛❧(❤ ✐♥*✉,❛♥❝❡ ✐* ♣✐❧♦(❡❞

✐♥ *♦♠❡ *♣❡❝✐✜❝ ,❡❣✐♦♥* ♦❢ ❈❤✐♥❛✳

❊①❛♠♣❧❡ ✶✳ ▲❡( ✉* ❝♦♥*✐❞❡, ❛ *♣❡❝✐❛❧ ❝❛*❡ ✇❤❡♥ (❤❡ ❝♦♣❛② ,❛(❡ ✐* ✐❞❡♥✲

(✐❝❛❧ ❜❡(✇❡❡♥ ❲▼ ❛♥❞ ❚❈▼ ✭✐✳❡✳ bw = bc = b✮✱ ❛♥❞ ✐♥*✉,❛♥❝❡ ♣,❡♠✐✉♠

✾

❙✐♥❝❡ ✇❡ ♦♥❧② ❢♦❝✉+ ♦♥ ❚❈▼ ✐♥ /❤✐+ ♣2♦♦❢✱ ✇❡ ✐❣♥♦2 /❤❡ ❡✛❡❝/ ♦❢ bw ♦♥ /❤❡ ✐♥+✉2❛♥❝❡

♣2❡♠✐✉♠✳ ❲✐/❤♦✉/ ❧♦++ ♦❢ ❣❡♥❡2❛❧✐/②✱ ✇❡ +❡/ ✐♥✐/✐❛❧ ❝♦♥❞✐/✐♦♥ ✇❤❡♥ ♥♦ ✐♥+✉2❛♥❝❡ ♦♥ ❚❈▼

✐✳❡✳ bw = 1✱ /❤❡ ❤❡❛❧/❤ ✐♥+✉2❛♥❝❡ ❤❛+ ♥♦ ✉/✐❧✐/② ✐✳❡✳ a(1, bw) = a(1, 1) = 0✳
✶✵

■♥❞❡❡❞✱ ✐❢ ✇❡ ❝♦♥+✐❞❡2 a(1, bw) > 0✱ /❤❡ ✜2+/ ♦2❞❡2 ❞✐✛❡2❡♥/✐❛❧ ❡=✉❛/✐♦♥ ✐♥

❊=✳✭✻✳✸✽✮ ❝❛♥ ❜❡ +♦❧✈❡❞ +✐♠✐❧❛2❧② ✇✐/❤ /❤❡ +♦❧✉/✐♦♥ a(bc, bw) = ξ − ξ̃ bc✱ ✇✐/❤ ξ̃ =
y − [θ(1− bw) + (1− θ))] d − a(1, bw)✳ ❖❜✈✐♦✉+❧②✱ ✇❡ ❤❛✈❡ −ξ < a′bc(bc, bw) = −ξ̃ < 0✳
❚❤❡2❡❢♦2❡✱ ♦✉2 ❝♦♥❝❧✉+✐♦♥ ♦♥ +✉✣❝✐❡♥/ ❝♦♥❞✐/✐♦♥ +/❛②+ /❤❡ +❛♠❡ ♦♥❧② ❜② +✉❜+/✐/✉/✐♥❣ ξ
✇✐/❤ ξ̃✱ ❛♥❞ ♥♦/❤✐♥❣ +✉❜+/❛♥/✐❛❧❧② ❝❤❛♥❣❡+

✶✶✺
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a′bc

∂m∗
c

∂bc

−ξ 0

a′bc ∈ (−ξ, 0)

❋✐❣✉$❡ ✻✳✶ ✕ ■♥✈❡$-❡ $❡❧❛0✐♦♥-❤✐♣ ❜❡0✇❡❡♥ 0❤❡ ♠❛$❣✐♥❛❧ ❡✛❡❝0 ♦❢ ❝♦♣❛② $❛0❡ ♦♥

❚❈▼ ❛♥❞ ♦♥ ✐♥-✉$❛♥❝❡ ♣♦❧✐❝②

a(bc, bw) = a ✐! ❝♦♥!%❛♥% ❢♦( ♣✉❜❧✐❝ ❤❡❛❧%❤ ✐♥!✉(❛♥❝❡✳ ❲❡ ❤❛✈❡ %❤❡ ❢♦❧❧♦✇✲

✐♥❣ (❡♠❛(❦❛❜❧❡ (❡!✉❧%!✳ ❋♦( ✐♥!%❛♥❝❡✱ %❤❡ ❡9✉✐❧✐❜(✐✉♠ ❞❡♠❛♥❞ ♦❢ ❲▼ ❛♥❞

❚❈▼ ✐♥ ❊9!✳✭✼✳✽✾✮ ❛♥❞ ✭✼✳✾✵✮ ❛(❡ !✐♠♣❧✐✜❡❞ ❛!✿

m∗
w =

y − a(b)− (1− b)d

b pw

[

1 +
α

β(1− r)

] [

θ + (1− θ)

[
pw
pc

] ρ
1−ρ

]
✭✻✳✹✵✮

❛♥❞

m∗
c =

y − a(b)− (1− b)d

b pc

[

1 +
α

β(1− r)

] [

(1− θ) + θ

[
pc
pw

] ρ
1−ρ

]
✭✻✳✹✶✮

❚❤❡ ❧❛!% ♣(♦♣❡(%② ❤♦❧❞! ✐❢ %❤❡ ✐♥❝♦♠❡ ❡✛❡❝% ✐! ❞♦♠✐♥❛%❡❞ ❜② %❤❡ !✉❜!%✐%✉%✐♦♥

❡✛❡❝%✱ ❛♥❞ %❤✉! ✇❡ (❡9✉✐(❡✿

∂m∗
w

∂b
< 0 ⇒

∂

(
y − a(b)− d

b

)

∂b
< 0 ⇒ a′(b) :=

∂a

∂b
<

1

b
✭✻✳✹✷✮

✶✶✻



❙✐♠✐❧❛% ❝♦♥❞✐*✐♦♥ ❝❛♥ ❜❡ ❞❡%✐✈❡❞ ❢%♦♠

∂m∗
c

∂d
< 0✳ ❋✉%*❤❡%♠♦%❡✱ ❝♦♥4*❛♥*

✐♥4✉%❛♥❝❡ ♣%❡♠✐✉♠ a 4✐♠♣❧✐✜❡4 ❊84✳✭✼✳✽✾✮ ❛♥❞ ✭✼✳✾✵✮ ❛4 ❢♦❧❧♦✇4✿

m∗
w =

y − a− (1− b)d

b pw

[

1 +
α

β(1− r)

] [

θ + (1− θ)

[
pw
pc

] ρ
1−ρ

]
✭✻✳✹✸✮

❛♥❞

m∗
c =

y − a− (1− b)d

b pc

[

1 +
α

β(1− r)

] [

(1− θ) + θ

[
pc
pw

] ρ
1−ρ

]
✭✻✳✹✹✮

❆♣♣❛%❡♥*❧② ✐♥ *❤✐4 4❝❡♥❛%✐♦✱ ✇❡ ❤❛✈❡ a′(b) = 0✱ ❛♥❞ ❤❡♥❝❡ *❤❡ ❧❛4* ♣%♦♣❡%*②

❤♦❧❞4 ❢♦% 4✉%❡✳

✻✳✷✳✷ ❯$❜❛♥ ❛♥❞ ❘✉$❛❧ ❉✐✛❡$❡♥❝❡✿ ❛ ❲❡❧❢❛$❡ ❆♥❛❧②6✐6

❈❤✐♥❛✬4 ❤❡❛❧*❤ ♠❡❞✐❝❛❧ ✐♥4✉%❛♥❝❡ 4②4*❡♠ ✐♥✈♦❧✈❡4 *❤%❡❡ 4✉❜✲4②4*❡♠4✱ ✐♥*%♦✲

❞✉❝❡❞ ✐♥ ♣%❡✈✐♦✉4 ❝❤❛♣*❡%✳ ❚❤❡ ❯%❜❛♥ ❘❡4✐❞❡♥* ❇❛4✐❝ ▼❡❞✐❝❛❧ ■♥4✉%❛♥❝❡

✭❯❘❇▼■✮ ❛♥❞ ◆❡✇ ❘✉%❛❧ ❈♦♦♣❡%❛*✐✈❡ ▼❡❞✐❝❛❧ ❙❝❤❡♠❡ ✭◆❘❈▼❙✮ *❡♥❞ *♦

♠❡%❣❡ ✐♥*♦ ♦♥❡ 4②4*❡♠✳ ❍❡♥❝❡✱ ❤❡%❡ ✇❡ ❛44✉♠❡ *✇♦ ❝♦♥4*❛♥* ✐♥4✉%❛♥❝❡

♣%❡♠✐✉♠ ✐✳❡✳ aU ❛♥❞ aR *♦ ❞❡❞✉❝❡ *❤❡ ❢♦❧❧♦✇✐♥❣ ♣%♦♣♦4✐*✐♦♥✳

7$♦♣♦6✐:✐♦♥ ✻✳✷✳✷✳ ❚❤❡ ♥❡❝❡%%❛'② ❝♦♥❞✐,✐♦♥ ❢♦' ,❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣❛',✐❝✐♣❛,✲

✐♥❣ ✐♥ ♠❡❞✐❝❛❧ ❝❛'❡ %②%,❡♠ ✐% ,❤❛, ,❤❡ ❞❡❞✉❝,✐❜❧❡ ❜❡❧♦✇ ❛ ,❤'❡%❤♦❧❞ ✈❛❧❡✳

❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ '❡;✉✐'❡ d ∈ [0, d̄] ✇✐,❤ ,❤❡ ,❤'❡%❤♦❧❞ ✈❛❧✉❡ d̄ %❛,✐%❢②✐♥❣✿

d̄ =

y

(

1−
[
Φ−1

c (θ, pc, 1) + Φ−1
w (θ, pw, bw)

Φ−1
c (θ, pc, bc) + Φ−1

w (θ, pw, bw)

]β(1−γ)(1−ρ)
[α+β(1−γ)]ρ

)

− a(bc, bw)

θ(1− bw) + (1− θ)(1− bc)
✭✻✳✹✺✮

='♦♦❢✳ ❆♣♣❛%❡♥*❧②✱ ❛♥② ✐♥❞✐✈✐❞✉❛❧ ♥♦* ♣❛%*✐❝✐♣❛*✐♥❣ ✐♥ *❤❡ ♠❡❞✐❝❛❧ ❝❛%❡

4②4*❡♠ ❝❛♥ ♥♦* ❜❡ ❝♦✈❡%❡❞ ❜② ♣✉❜❧✐❝ ❤❡❛❧*❤ ✐♥4✉%❛♥❝❡✳ ■♥ *❤✐4 4❝❡♥❛%✐♦✱ ✇❡

❝❛♥ 4✐♠♣❧✐❢② ♦✉% ♠♦❞❡❧ ❜② 4❡**✐♥❣ bw = bc = 1 ❛♥❞ a(bc, bw) = 0✳ ❚❤❡%❡❢♦%❡✱
*❤❡ ❡①♣❡❝*❡❞ ♠❡❞✐❝❛❧ ❝❛%❡ 4♣❡♥❞✐♥❣ ❛♥❞ *❤❡ ❜✉❞❣❡* ❝♦♥4*%❛✐♥*

˜̃y *❛❦❡ *❤❡

❢♦❧❧♦✇✐♥❣ ❢♦%♠4✿ E(M) = θpwmw + (1− θ)pcmc✱ ❛♥❞
˜̃y = y✳ ■♥❞✐✈✐❞✉❛❧ ❤❛4

✶✶✼



✻✳ ❈❤❛♣&❡( ✻

✐♥❝❡♥$✐✈❡ $♦ ❡♥'♦❧ ✐♥ ♠❡❞✐❝❛❧ ❝❛'❡ ,②,$❡♠ ♦♥❧② ✇❤❡♥ $❤❡✐' ✇❡❧❢❛'❡ ❛'❡ ❜❡$$❡'

♦✛✱ ✐✳❡✳ Ũ b(c,mw,mc, s; γ) ≥ Ũ1(c,mw,mc, s; γ) ≥ 0✳ ■♥ ♦$❤❡' ✇♦'❞,✿

Ũ b(c,mw,mc, s; γ)

Ũ1(c,mw,mc, s; γ)
≥ 1 , ❛♥❞ Ũ1(c,mw,mc, s; γ) > 0 . ✭✻✳✹✻✮

⇒
[
Ψ(θ, pc, bc, pw, bw)

Ψ(θ, pc, 1, pw, 1)

]β(1−γ)(1−ρ)
ρ

(
y − a(bc, bw)− [θ(1− bw) + (1− θ)(1− bc)]d

y

)α+β(1−γ)

≥ 1

⇒ 0 ≤ d ≤ d̄ ✭✻✳✹✼✮

✇✐$❤

d̄ =

y

(

1−
[
Φ−1

c (θ, pc, 1) + Φ−1
w (θ, pw, bw)

Φ−1
c (θ, pc, bc) + Φ−1

w (θ, pw, bw)

]β(1−γ)(1−ρ)
[α+β(1−γ)]ρ

)

− a(bc, bw)

θ(1− bw) + (1− θ)(1− bc)

✇❤❡'❡ ✉$✐❧✐$② ❢✉♥❝$✐♦♥ ❢♦' ✐♥❞✐✈✐❞✉❛❧ ❡♥'♦❧❧✐♥❣ ✭✐✳❡✳ b ∈ (0, 1)✮ ❛♥❞ ♥♦$

❡♥'♦❧❧✐♥❣ ✭✐✳❡✳ b = 1✮ ✐♥ ❤❡❛❧$❤ ❝❛'❡ ,②,$❡♠ ✐, ❞❡✜♥❡❞ ❛, Ũ b(c,mw,mc, s; γ)
❛♥❞ Ũ1(c,mw,mc, s; γ) '❡,♣❡❝$✐✈❡❧②✳ ❋♦' ❛ ,♣❡❝✐❛❧ ❝❛,❡ ✇❤❡♥ bc = bw = b✱

$❤❡ ❞❡❞✉❝$✐❜❧❡ d̄ ✐♥ ❊B✳✭✻✳✹✼✮ ✐, d̄ =
y
(

1− b
β(1−γ)

α+β(1−γ)

)

− a(b)

1− b
✳ ❚❤✐, ✐♥❞✐❝❛$❡,

$❤❛$ ✐♥❞✐✈✐❞✉❛❧ ✐♥ ✉'❜❛♥ ❛♥❞ '✉'❛❧ ❛'❡❛,✱ ✇❤♦,❡ ✐♥❝♦♠❡ ❛♥❞ ♣'❡❢❡'❡♥❝❡

♣❛'❛♠❡$❡', ,❛$✐,❢②✐♥❣ $❤❡ ❝♦♥❞✐$✐♦♥ d > d̄✱ ❛'❡ ✇♦',❡ ♦✛ ❢♦' ❡♥'♦❧❧✐♥❣ ✐♥ $❤❡

♠❡❞✐❝❛❧ ❝❛'❡ ,②,$❡♠✳

 !♦♣♦$✐&✐♦♥ ✻✳✷✳✸✳ ❚❤❡ #♦❧❡ ♦❢ ❝♦♣❛② #❛+❡ ❤❛, ✐♠♣♦#+❛♥+ ♣#♦♣❡#+② ♦♥ ♠❡❞✲

✐❝❛❧ ❝❛#❡ ❞❡❝✐,✐♦♥✱ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ +❡♥❞, +♦ ❝❤♦♦,❡ ❧♦✇❡# ❝♦♣❛② #❛+❡ ✐♥,✉#❛♥❝❡

✐❢✿

✭✐✮ ✐♥❝♦♠❡ ❧❡✈❡❧ y ✐♥❝#❡❛,❡,✳

✭✐✐✮ ❝♦♠♣❛#❡❞ +♦ ❤❡❛❧+❤✱ ♦+❤❡# ❝♦♥,✉♠♣+✐♦♥ ✐, ❧❡,, ♣#❡❢❡##❡❞ ✐✳❡✳ α ❞❡✲

❝#❡❛,❡,✳

✭✐✐✐✮ ❤❡❛❧+❤ ❝❛#❡ ❡✣❝✐❡♥❝② ✐♥❝#❡❛,❡, ✐✳❡✳ β ✐♥❝#❡❛,❡,✳

✭✐✈✮ #✐,❦ ❛✈❡#,✐♦♥ #❛+❡ ❞❡❝#❡❛,❡, ✐✳❡✳ γ < 0

✶✶✽



 !♦♦❢✳ ❚❤❡ ✜$%& ♦$❞❡$ ❝♦♥❞✐&✐♦♥ $❡❧❛&✐✈❡ &♦ ❝♦♣❛② $❛&❡ bc ♦♥ &❤❡ ✐♥❞✐✈✐❞✉❛❧
✇❡❧❢❛$❡ ❢✉♥❝&✐♦♥ ✐♥ ❊5✳✭✻✳✷✹✮ ✐%✿

β(1− γ)(1− ρ)

ρ

∂Ψ

∂bc
˜̃y +Ψ[α + β(1− γ)]

∂ ˜̃y

∂bc
= 0 ✭✻✳✹✽✮

❙✉❜%&✐&✉&✐♥❣

˜̃y ✐♥ ❊5✳✭✻✳✷✸✮ ❛♥❞ Ψ ✐♥ ❊5✳✭✻✳✷✹✮✱ ✇❡ ♦❜&❛✐♥✿

f(bc, y, α, β, γ, θ, bw) =
(

α(1− θ) d− [α + β(1− γ)]a′bc

)

bc +
θ

1− θ

(

α + β(1− γ)
)

(pwbw)
−ρ
1−ρ

p
ρ

1−ρ
c

(

(1− θ)d− a′bc

)

b
1

1−ρ
c − β(1− γ)

(

y − a(bc, bw)− [θ(1− bw) + (1− θ)]d
)

= 0 ✭✻✳✹✾✮

❈♦"♦❧❧❛"②✳ ❆ ♥❡❝❡))❛!② ❝♦♥❞✐.✐♦♥ ❢♦! .❤❡ ❡①✐).❡♥❝❡ ♦❢ ✐♥.❡!✐♦! )♦❧✉.✐♦♥ ✐♥

✐♥❞✐✈✐❞✉❛❧ ✇❡❧❢❛!❡ ❢✉♥❝.✐♦♥ ✐♥ ❊6✳✭✻✳✷✹✮ ✐) .❤❡ )❡❝♦♥❞ ♦!❞❡! ❞❡!✐✈❛.✐✈❡ ♦❢

a(bc, bw !❡❧❛.✐✈❡ .♦ bc ✐) ).!✐❝.❧② ♣♦)✐.✐✈❡ ✐✳❡✳

a′′bc(bc, bw) >

[
(1− θ)d− a′bc

]
ω

(1− ρ)bc
≥ 0 , ✭✻✳✺✵✮

θ , ρ , bc , ω ∈ (0, 1) , d ≥ 0 , a′bc ≤ 0

✇✐.❤

ω = 1−
(

1− α(1− ρ)

α + β(1− γ)

)[

1 +
θ

1− θ

(
pcbc
pwbw

) ρ
1−ρ

]−1

✭✻✳✺✶✮

 !♦♦❢✳ ❋$♦♠ ✐♥❞✐✈✐❞✉❛❧ ✇❡❧❢❛$❡ ❢✉♥❝&✐♦♥ ✐♥ ❊5✳✭✻✳✷✹✮✱ ✇❡ ❤❛✈❡

Ũ(bc , ·) ∼
(X1 − a(bc ·) + bc)

α+β(1γ)

(X2 + bc)β(1−γ)
, bc ∈ [0, 1] ✭✻✳✺✷✮

❋$♦♠ ❊5✳✭✻✳✺✵✮ ✐♥ ❛❜♦✈❡ ❝♦$♦❧❧❛$②✱ ✇❡ ❤❛✈❡ fbc(·) =
∂f(·)
∂bc

< 0✳ ▼♦$❡✲

✶✶✾
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♦✈❡#✱ ✇❡ ❤❛✈❡✿

∂f(·)
∂y

= −β(1− γ) < 0 , ✭✻✳✺✸✮

∂f(·)
∂α

= (1− θ)d bc − a′bcbc + θ

(

d− a′bc
1− θ

)
(
pwbw

) −ρ
1−ρp

ρ
1−ρ
c b

1
1−ρ
c > 0, ✭✻✳✺✹✮

∂f(·)
∂β

= −α

β

(

(1− θ)d− a′bc

)[

bc +
θ

(1− θ)

(
pwbw

) −ρ
1−ρp

ρ
1−ρ
c b

1
1−ρ
c

]

< 0 , ✭✻✳✺✺✮

∂f(·)
∂γ

=
α

1− γ

(

(1− θ)d− a′b

)[

bc +
θ

(1− θ)

(
pwbw

) −ρ
1−ρp

ρ
1−ρ
c b

1
1−ρ
c

]

> 0 ,✭✻✳✺✻✮

∂f(·)
∂bw

= − ρ

1− ρ

θ
(
α + β(1− γ)

)

(1− θ)

(
(1− θ)d− a′b

)
p

−ρ
1−ρ
w b

−1
1−ρ
w p

ρ
1−ρ
c b

1
1−ρ
c

−β(1− γ)
(
θ d− a′bc

)
< 0 . ✭✻✳✺✼✮

❚❤❛♥❦4 5♦ 5❤❡ #✉❧❡ ♦❢ 5❤❡ ❞❡#✐✈❛5✐✈❡ ♦❢ ✐♠♣❧✐❝✐5 ❢✉♥❝5✐♦♥✱ ✇❡ ❤❛✈❡ 5❤❡ ❢♦❧✲

❧♦✇✐♥❣✿

∂bc
∂y

= − ∂f(·)/∂y
∂f(·)/∂bc

< 0 , ✭✻✳✺✽✮

∂bc
∂α

= − ∂f(·)/∂α
∂f(·)/∂bc

> 0 , ✭✻✳✺✾✮

∂bc
∂β

= − ∂f(·)/∂β
∂f(·)/∂bc

< 0 , ✭✻✳✻✵✮

∂bc
∂γ

= − ∂f(·)/∂γ
∂f(·)/∂bc

> 0 , ✭✻✳✻✶✮

∂bc
∂bw

= −∂f(·)/∂bw
∂f(·)/∂bc

< 0 . ✭✻✳✻✷✮

❚❤❡ #❡4✉❧54 ✐♥ E#♦♣♦4✐5✐♦♥ ✭✻✳✷✳✸✮ ❛#❡ ✐♥5✉✐5✐✈❡✳ ❆ ❤✐❣❤❡# ❧❡✈❡❧ ♦❢ ✐♥✲

❝♦♠❡ #❛✐4❡4 ❞❡♠❛♥❞ ❢♦# ❤❡❛❧5❤✳ ❚❤✉4 ❧♦✇❡# ❝♦♣❛② #❛5❡ ✐♥4✉#❛♥❝❡ ♣♦❧✐❝②

✐4 ♣#❡❢❡##❡❞ ✐♥ ♦#❞❡# 5♦ ❡♥❧❛#❣❡ ✐♥4✉#❛♥❝❡ ❝♦✈❡#❛❣❡ ❛♥❞ 4❛✈❡ ❤❡❛❧5❤ ❝❛#❡

4♣❡♥❞✐♥❣✳ ❙✐♠✐❧❛#❧②✱ ❛ 4♠❛❧❧❡# α ♦# ❛ ❧❛#❣❡# β(1 − γ) ✐♥❞✐❝❛5❡4 ❛ ❧❛#❣❡#

✇❡✐❣❤5 ♦❢ ❤❡❛❧5❤ ✐♥ 5❤❡ ✉5✐❧✐5② ❢✉♥❝5✐♦♥✳ ❚❤❡#❡❢♦#❡✱ 4❤❡ ♥❡❡❞4 ❜❡55❡# ❤❡❛❧5❤

❝❛#❡ 4❡#✈✐❝❡ ❛♥❞ 5❤✉4 ❧❛#❣❡# ✐♥4✉#❛♥❝❡ ❝♦✈❡#❛❣❡ ✇✐5❤ ❧♦✇❡# ❝♦♣❛② #❛5❡✳ ■♥

❛❞❞✐5✐♦♥✱ ✇❡ ✐❧❧✉45#❛5❡ 5❤❡ ❡✛❡❝5 ♦❢ 5❤❡ ❝♦♣❛② #❛5❡ ♦♥ ✐♥4✉#❛♥❝❡ ♣♦❧✐❝② ❛♥❞

✐♥❞✐✈✐❞✉❛❧ ✇❡❧❢❛#❡ ❢✉♥❝5✐♦♥ ❣#❛♣❤✐❝❛❧❧②✳

✶✷✵



bc

a(bc , ·) a(bc, ·) = ξ(1− bc)
2

0 1

❋✐❣✉$❡ ✻✳✷ ✕ ❘❡❧❛-✐♦♥0❤✐♣ ❜❡-✇❡❡♥ a(bc bw) ❛♥❞ bc✱ ✇❤❡♥ -❤❡ ✐♥-❡$✐♦$ 0♦❧✉-✐♦♥ ✐0

❝♦♥0✐❞❡$❡❞ ✐✳❡✳ a′bc < 0 ❛♥❞ a′′bc > 0

bc

Ũ(bc , ·) Ũ(b∗c , y)

Ũ(b̃∗c , ȳ) , ȳ > y

0 1b̃∗c b∗c

❋✐❣✉$❡ ✻✳✸ ✕ ▼❛①✐♠✉♠ ✉-✐❧✐-② $❡❧❛-✐✈❡ -♦ bc ✇❤❡♥ ✐♥❝♦♠❡ ✐0 0❛♠❧❧ ✭0♦❧✐❞ ❧✐♥❡✮ ❛♥❞

❧❛$❣❡ ✭❞❛0❤❡❞ ❧✐♥❡✮ ✐♥ ❝❛0❡ ♦❢ ✐♥-❡$♦$ 0♦❧✉-✐♦♥✳

✶✷✶



✻✳ ❈❤❛♣&❡( ✻

bc

Ũ(bc , ·) Ũ(bc, ·) , a(bc) = 1/(2 + bc)

Ũ(bc, ·) , a(bc) = −bc

0 1

❋✐❣✉$❡ ✻✳✹ ✕ ❈♦$♥❡$ -♦❧✉/✐♦♥ ❜❛-❡❞ ♦♥ ❞✐✛❡$❡♥/ ❢✉♥❝/✐♦♥ ♦❢ ac ✳

✻✳✸ ❈✉❧&✉'❡ ❋❛❝&♦'- ✐♥ ❈❤✐♥❡-❡ ▼❡❞✐❝❛❧ ❙②-&❡♠

✻✳✸✳✶ ▼♦❞❡❧ ●❡♥❡+❛❧✐③❛/✐♦♥

■♥ "❤✐% %❡❝"✐♦♥✱ "❤❡ ❡①"❡♥%✐♦♥ ♦❢ "❤❡ ♣-❡✈✐♦✉% ♠♦❞❡❧ ✐% "✇♦❢♦❧❞✳ ❋✐-%"✱ ✇❡ ✐♥✲

✈❡%"✐❣❛"❡ "❤❡ ✐♠♣❛❝" ♦❢ ❝✉❧"✉-❡ ♦♥ ✐♥❞✐✈✐❞✉❛❧✬% ❤❡❛❧"❤ ❞❡❝✐%✐♦♥ ✐♥ ❛♥ ❛❣❡✐♥❣

%♦❝✐❡"②✳ ❙❡❝♦♥❞✱ ✇❡ ❡①"❡♥❞ "❤❡ ♠♦❞❡❧ ❞❡✜♥❡❞ ✐♥ %❡❝"✐♦♥ ✷ ✇✐"❤ "❤❡ ❡①"-❛

✐♠♣❛❝" ♦❢ ❞✐✈❡-%❡ ❞❡❞✉❝"✐❜❧❡% ♦❢ ❚❈▼ ❛♥❞ ❲▼ ♦♥ ❤❡❛❧"❤ ✐♥%✉-❛♥❝❡ ♣♦❧✐❝②✱

"♦ ✐♥✈❡%"✐❣❛"❡ ❤♦✇ "❤❡ ❢♦✉- "②♣❡% ♦❢ ✐♥❞✐✈✐❞✉❛❧% ❛-❡ ❛✛❡❝"❡❞✳ ▲❡" ✉% ❞❡✜♥❡

θ = θ(τ)✱ ✇❤❡-❡ τ ✐♥❞✐❝❛"❡% ❛❣❡ ❡✛❡❝" ✐♥ ✐♥❞✐✈✐❞✉❛❧✬% ♠❡❞✐❝❛❧ %♣❡♥❞✐♥❣ ♦♥

❚❈▼ ❛♥❞ ❲▼✱ ❛♥❞

∂θ(τ)

∂τ
< 0✱ ✐♠♣❧②✐♥❣ ♦❧❞❡- ❣❡♥❡-❛"✐♦♥ %❤♦✇% %"-♦♥❣❡-

♣-❡❢❡-❡♥❝❡ "♦ ❚❈▼ "❤❛♥ ②♦✉♥❣ ❣❡♥❡-❛"✐♦♥✳ ▼♦-❡♦✈❡-✱ ✇❡ ❝♦♥%✐❞❡- "✇♦ ❞✐❢✲

❢❡-❡♥" ❞❡❞✉❝"✐❜❧❡ -❡E✉✐-❡♠❡♥"% ♦❢ ✐♥%✉-❛♥❝❡ ❢♦- ❚❈▼ ❛♥❞ ❲▼ -❡%♣❡❝"✐✈❡❧②✳

❙✐♠✐❧❛- "♦ ❊E✳✭✻✳✶✵✮ ✐♥ ❙❡❝"✐♦♥ ✷✱ ✇❡ ❞❡✜♥❡ ♠❡❞✐❝❛❧ ❝❛-❡ %♣❡♥❞✐♥❣ M ❛%

❢♦❧❧♦✇%✿

M =

{

bw(pwmw − dw) + dw θ(τ) ∈ (0, 1)

bc(pcmc − dc) + dc 1− θ(τ)
✭✻✳✻✸✮

pc ❛♥❞ pw ❛-❡ "❤❡ -❡❧❛"✐✈❡ ♣-✐❝❡% ❢♦- ❚❈▼ ❛♥❞ ❲▼ "❤❡-❛♣✐❡% -❡%♣❡❝" "♦ ❝♦♥✲

%✉♠♣"✐♦♥✳ dw ❛♥❞ dc ❛-❡ "✇♦ ❞❡❞✉❝"✐❜❧❡ -❡E✉✐-❡♠❡♥"% ♦❢ "❤❡ ✐♥%✉-❛♥❝❡ ❢♦-

✶✷✷



❲▼ ❛♥❞ ❚❈▼✳ bw ❛♥❞ bc ❛(❡ *✇♦ ❝♦♣❛② (❛*❡0 ❞❡*❡(♠✐♥❡❞ ❜② *❤❡ ✐♥0✉(❛♥❝❡
♣♦❧✐❝②✳ ❚❤✉0✱ *❤❡ ❡①♣❡❝*❡❞ ♠❡❞✐❝❛❧ ❝❛(❡ ❡①♣❡♥❞✐*✉(❡ *❛❦❡0 *❤❡ ❢♦❧❧♦✇✐♥❣

❢♦(♠✿

E(M) =
[
bw(pwmw − dw) + dw

]
θ(τ) +

[
bc(pcmc − dc) + dc

]
(1− θ(τ)) ✭✻✳✻✹✮

❛♥❞ *❤❡ ❜✉❞❣❡* ❝♦♥0*(❛✐♥* ✐♥ ❊B✳✭✻✳✾✮ ❤❛0 *❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦(♠✿

ỹ = c+
[
bw(pwmw − dw) + dw

]
θ(τ) +

[
bc(pcmc − dc) + dc

]
(1− θ(τ)) ,✭✻✳✻✺✮

θ(τ) ∈ [0, 1]

❋♦( 0✐♠♣❧✐❝✐*②✱ ✇❡ ❞❡♥♦*❡ θ ✐♥0*❡❛❞ ♦❢ θ(τ) ❢(♦♠ ♥♦✇ ♦♥✳ ❆0 ✇❡ ❤❛✈❡ ♥♦*❡❞
✐♥ ❙❡❝*✐♦♥ ✷✱ ♣(❡❢❡(❡♥❝❡ ♣❛(❛♠❡*❡( ❛♥❞ *❤❡ ❛00♦❝✐❛*❡❞ 0❤❛(❡ ♦❢ ♠❡❞✐❝❛❧

0♣❡♥❞✐♥❣ ❛(❡ ♣♦0✐*✐✈❡❧② ❝♦((❡❧❛*❡❞✱ ❜✉* ♥♦* ♥❡❝❡00❛(✐❧② *❤❡ 0❛♠❡✳ ❲❡ ❣❡♥✲

❡(❛❧✐③❡ ♣(❡❢❡(❡♥❝❡ ♣❛(❛♠❡*❡( ✐♥ ❈❊❙ ♠❡❞✐❝❛❧ ❞❡♠❛♥❞ ❢✉♥❝*✐♦♥ ✐♥ ❊B✳✭✻✳✹✮

✇✐*❤ ν(θ) ❛0 ❢♦❧❧♦✇0✿

m(mw,mc) =
(

ν(θ)mρ
w + (1− ν(θ))mρ

c

) 1
ρ

✭✻✳✻✻✮

❆❞❛♣*✐♥❣ *♦ *❤❡ ❢❛0* ❛❣❡✐♥❣ ♣♦♣✉❧❛*✐♦♥ ✐0 ❈❤✐♥❛✬0 ✉(❣❡♥* ❝❤❛❧❧❡♥❣❡✳ ❚❤✐0

❣❡♥❡(❛❧✐③❛*✐♦♥ ❝❛♣*✉(❡0 *❤❡ ❢❛❝* *❤❛* *❤❡ ❛❣❡ ✐♥❞✉❝❡❞ ❝✉❧*✉(❡ ❡✛❡❝* ♣❧❛②0

❞✐✛❡(❡♥* (♦❧❡0 ✐♥ ♣(❡❢❡(❡♥❝❡ ❛♥❞ ♠❡❞✐❝❛❧ 0♣❡♥❞✐♥❣✳ N(❡❢❡(❡♥❝❡ ♣❛(❛♠❡*❡(

ν(θ) ❛♥❞ 1 − ν(θ) ✐♥❞✐❝❛*❡ *❤❡ ♣(❡❢❡(❡♥❝❡0 *♦ ❲▼ ❛♥❞ ❚❈▼ (❡0♣❡❝*✐✈❡❧②✳
■♥ ❛❞❞✐*✐♦♥✱ ✇❡ ❤❛✈❡ *❤❡ ❢♦❧❧♦✇✐♥❣ ♣(♦♣♦0✐*✐♦♥✿

 !♦♣♦$✐&✐♦♥ ✻✳✸✳✶✳  !❡❢❡!❡♥❝❡ ♣❛!❛♠❡)❡! ν(θ) ∈ [0, 1] ✐+ ❛ ♠♦♥♦)♦♥✐❝

❢✉♥❝)✐♦♥ ♦❢ θ✱ ❛♥❞ +❛)✐+✜❡+ )❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐)✐♦♥+✿

✭✐✮ θ = 0 ⇒ ν = 0✱

✭✐✐✮ θ = 1 ⇒ ν = 1✱

✭✐✐✐✮ θ ↑⇒ ν(θ) ↑ ✐✳❡✳ ν(θ) ✭♠♦♥♦)♦♥✐❝✮ ✐♥❝!❡❛+❡+✱ ✇❤❡♥ θ ✐♥❝!❡❛+❡+✳

❙✉❜0*✐*✉*✐♥❣ ❊B✳✭✻✳✻✻✮ ✐♥*♦ ❊B✳✭✻✳✸✮✱ ✇❡ ♦❜*❛✐♥ *❤❡ ❢♦❧❧♦✇✐♥❣ ✉*✐❧✐*②

❢✉♥❝*✐♦♥✿

Ũ ν(c,mw,mc, s; γ) = cα
(

ν mρ
w + (1− ν)mρ

c

)β(1−γ)
ρ

s(1−β)(1−γ)
✭✻✳✻✼✮

❙♦❧✈✐♥❣ *❤❡ ♦♣*✐♠✐③❛*✐♦♥ ♣(♦❜❧❡♠ ❞❡*❛✐❧❡❞❧② ✐♥ ❆♣♣❡♥❞✐① ❉✱ ✇❡ ♦❜*❛✐♥ *❤❡

♦♣*✐♠❛❧ ❝♦♥0✉♠♣*✐♦♥ ❛♥❞ ♠❡❞✐❝❛❧ ❝❛(❡ 0♣❡♥❞✐♥❣0 ♦❢ ❚❈▼ ❛♥❞ ❲▼ ❛0

❢♦❧❧♦✇0✿

c∗ =
α ˜̃yν

α + β(1− r)
, ✭✻✳✻✽✮

✶✷✸



✻✳ ❈❤❛♣&❡( ✻

❛♥❞

m∗
c =

[
β(1− γ)

α + β(1− γ)

]
(1−Θν) ˜̃yν
(1− θ)bcpc

, ✭✻✳✻✾✮

✇✐*❤ β , γ , θ , bc ,Θ
ν
c,w ∈ [0, 1] , ❛♥❞α , pc > 0

❛♥❞

m∗
w =

[
β(1− γ)

α + β(1− γ)

]
Θν ˜̃yν
θbwpw

, ✭✻✳✼✵✮

✇✐*❤ β , γ , θ , bw ,Θν
c,w ∈ [0, 1] , ❛♥❞α , pw > 0

✇❤❡/❡

˜̃yν = y−a(bc, bw)−[θ(1− bw)dw + (1− θ)(1− bc)dc] ❛♥❞Θν(θ, pc, bc, pw, bw) =
Φν

c

Φν
c + Φν

w

✇✐*❤ Φν
c (θ, pc, bc) = θ

q−ρ
1−ρ (bcpc)

ρ
1−ρ

❛♥❞ Φν
w(θ, pw, bw) = (1−θ)

q−ρ
1−ρ (bwpw)

ρ
1−ρ , q >

1✳ ❙✉❜3*✐*✉*✐♥❣ ❊63✳✭✻✳✻✽✮ ✭✻✳✼✵✮ ❛♥❞ ✭✻✳✻✾✮ ✐♥*♦ ✉*✐❧✐*② ❢✉♥❝*✐♦♥ ✐♥ ❊6✳✭✻✳✻✼✮✱

✇❡ ♦❜*❛✐♥ ✐♥❞✐✈✐❞✉❛❧✬3 ✇❡❧❢❛/❡ ❢✉♥❝*✐♦♥ ❛3 ❢♦❧❧♦✇3✿

Ũ(c,mw,mc, s; γ) = ΛΨ
β(1−γ)(1−ρ)

ρ
ν

˜̃yα+β(1−γ)
ν E

(
s(1−β)(1−γ)

)
✭✻✳✼✶✮

✇✐*❤ Λ =
αα

[
β(1− γ)

]β(1−γ)

[
α + β(1− r)

]α+β(1−γ)
❛♥❞Ψν(θ, pc, bc, pw, bw) =

(
[θ(1−θ)]q−ρ

θq+(1−θ)q

) 1
1−ρ

((
Φν

c

)−1
+

(
Φν

w

)−1
)

=
(

θq−ρ

θq+(1−θ)q

) 1
1−ρ

(bwpw)
−ρ
1−ρ +

(
(1−θ)q−ρ

θq+(1−θ)q

) 1
1−ρ

(bcpc)
−ρ
1−ρ

✳ ▲❡* ✉3 ❞✐3✲

❝✉33 *❤❡ ❡❝♦♥♦♠✐❝ ✐♠♣❧✐❝❛*✐♦♥3 ❢/♦♠ ❡6✉✐❧✐❜/✐✉♠ 3*❛*❡3 ✐♥ *❤❡ ❢♦❧❧♦✇✐♥❣

♣/♦♣♦3✐*✐♦♥✳

 !♦♣♦$✐&✐♦♥ ✻✳✸✳✷✳ ■♥❞✐✈✐❞✉❛❧✬) ❞❡♠❛♥❞ ❢♦. ❚❈▼ .❡❧❛2✐✈❡ 2♦ ❲▼ ✐♥✲

❝.❡❛)❡) ✐❢✿

✭✐✮ 2❤❡ ♣.✐❝❡ ♦❢ ❚❈▼ .❡❧❛2✐✈❡ 2♦ ❲▼ ❞❡❝.❡❛)❡)✳

✭✐✐✮ ✐♥❞✐✈✐❞✉❛❧ ♣.❡❢❡.❡♥❝❡ 2♦ ❚❈▼ .❡❧❛2✐✈❡ 2♦ ❲▼ ✐♥❝.❡❛)❡)✳

<.♦♦❢✳ ❚❤❡ *✇♦ ♣/♦♣❡/*✐❡3 ❝❛♥ ❜❡ ♣/♦✈❡❞ 3*/❛✐❣❤*❢♦/✇❛/❞ ❢/♦♠ ❛ */❛♥3❢♦/♠✲

✐♥❣ ✈❡/3✐♦♥ ♦❢ ❊6✳✭✼✳✾✽✮ ❛3 ❢♦❧❧♦✇3✿

m∗
c

m∗
w

=

[

bwpw
bcpc

(
1− θ

θ

)q−1
] 1

1−ρ

, q > 1 , ρ , θ ∈ (0, 1). ✭✻✳✼✷✮
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❆ ❤✐❣❤❡% ♣%✐❝❡ %❛)✐♦ ♦❢ ❲▼ )♦ ❚❈▼✱ ✐✳❡✳ pw/pc ✏↑ ✑✱ ❛♥❞ ❡♥❤❛♥❝❡❞ ♣%❡❢❡%✲
❡♥❝❡ )♦ ❚❈▼ %❡❧❛)✐✈❡ )♦ ❲▼✱ ✐✳❡✳ 1 − θ/θ ✏↑ ✑ ✱ ✇✐❧❧ ✐♥❝%❡❛:❡ )❤❡ %❡❧❛)✐✈❡
%❛)✐♦ ❜❡)✇❡❡♥ m∗

c/m
∗
w✳ ❚❤✐: ✐♠♣❧✐❡: ✐♥❞✐✈✐❞✉❛❧✬: ❞❡♠❛♥❞ ❢♦% ❚❈▼ %❡❧❛)✐✈❡

)♦ ❲▼ ✐♥❝%❡❛:❡:✳ ❲❡ ❣%❛♣❤✐❝❛❧❧② ♣%❡:❡♥) )❤❡ ❡✛❡❝) ♦❢ ♠♦❞❡❧ ♣❛%❛♠❡)❡%:

♦♥ )❤❡ ❛::♦❝✐❛)❡❞ )❤❡%❛♣✐❡: ❛♥❞ )❤❡✐% %❛)✐♦ ✐♥ ❋✐❣✉%❡ ✻✳✺✳

m∗
w

m∗
c θ = 0.5, pc/pw = 1, bc/bw = 1

θ = 0.4, pc/pw = 1, bc/bw = 1
θ = 0.4, pc/pw = 0.8, bc/bw = 1

0

❋✐❣✉$❡ ✻✳✺ ✕ ❚❤❡ $❡❧❛.✐♦♥1❤✐♣ ❜❡.✇❡❡♥ m∗
c $❡❧❛.✐✈❡ .♦ m∗

w ✇❤❡♥ q = 2 , ρ = 0.5✳

✻✳✸✳✷ ❚❤❡ ❊✛❡❝* ♦❢ ❉❡❞✉❝*✐❜❧❡3

❆: ❡♠♣❤❛:✐③❡❞ ✐♥ ♣%❡✈✐♦✉: :❡❝)✐♦♥✱ ❞❡❞✉❝)✐❜❧❡ ❛✛❡❝): )❤❡ ♠❡❞✐❝❛❧ :♣❡♥❞✲

✐♥❣ )❤%♦✉❣❤ ❛ ❧♦✇❡% ❡♥)%❛♥❝❡ %❡E✉✐%❡♠❡♥) ✐♥ ♣❛%)✐❝✐♣❛)✐♦♥ ✐♥ ♠❡❞✐❝❛❧ ❝❛%❡

:②:)❡♠✳ ❆: ❛ %❡:✉❧)✱ ❛ ❧♦✇❡% ❞❡❞✉❝)✐❜❧❡ ♦❢ ❚❈▼ %❡❧❛)✐✈❡ )♦ ❲▼ ♦♥ ❤❡❛❧)❤

✐♥:✉%❛♥❝❡ ♣♦❧✐❝② ✇✐❧❧ ♠❛❦❡ ❚②♣❡ ✷ ❛♥❞ ❚②♣❡ ✹ ✐♥❞✐✈✐❞✉❛❧: ❜❡))❡% ♦✛✱

❛♥❞ )%❛♥:❢❡% ❚②♣❡ ✸ ❛♥❞ ❚②♣❡ ✹ ✐♥❞✐✈✐❞✉❛❧: ✐♥)♦ ❚②♣❡ ✶ ❛♥❞ ❚②♣❡ ✷

✐♥❞✐✈✐❞✉❛❧: ❜② %❡❞✉❝✐♥❣ )❤❡ )❤%❡:❤♦❧❞ ✈❛❧✉❡ dc/pc✳

✶✷✺



✻✳ ❈❤❛♣&❡( ✻

θ

m∗
c/m

∗
w pw/pc = 1.2, q = 1.2, ρ = 0.33

pw/pc = 1.6, q = 1.2, ρ = 0.33
pw/pc = 1.2, q = 1.4, ρ = 0.33

0

❋✐❣✉$❡ ✻✳✻ ✕ ❚❤❡ ❞②♥❛♠✐❝ ♦❢ m∗
c/m

∗
w ❛3 θ ❝❤❛♥❣❡3✳

✻✳✹ ❈♦♥❝❧✉)✐♦♥

❚❤✐# ❡##❛② ♣(♦✈✐❞❡# ✐♥#✐❣❤.# .♦ ♦♥❡ ♦❢ .❤❡ ♠♦#. #♣♦.❧✐❣❤. ✐##✉❡# ✐♥ ❈❤✐♥❛✿

❤❡❛❧.❤ ❝❛(❡ (❡❢♦(♠✱ ✇❤✐❧❡ ❝♦♥#✐❞❡(✐♥❣ ❢❛#. ❛❣❡✐♥❣ ♣♦♣✉❧❛.✐♦♥✳ ❆ ♣♦❧✐❝② ✐♥

❤❡❛❧.❤ ❝❛(❡ ✐♥#✉(❛♥❝❡ ♠❛(❦❡. ✐# ✉#✉❛❧❧② ❡✈❛❧✉❛.❡❞ ✐♥ ❝♦#.✲❜❡♥❡✜. .❡(♠#✱

❛♥❞ .❤❡ ❡✛❡❝. ♦❢ ❝✉❧.✉(❡ ✐# ✐❣♥♦(❡❞✳ ❚❤❡ ♣(❡#❡♥. ❡##❛② ✜❧❧# ❛ ❣❛♣ ✐♥ .❤❡

❧✐.❡(❛.✉(❡ ❜② ♣(♦✈✐❞✐♥❣ .❤❡♦(❡.✐❝❛❧ ❢♦✉♥❞❛.✐♦♥# ♦♥ ❤♦✇ .❤❡ ❝✉❧.✉(❡ ❡✛❡❝.

✐♥✢✉❡♥❝❡ .❤❡ ❝♦♥#✉♠❡(✬# ♠❡❞✐❝❛❧ ❞❡♠❛♥❞ ❜❡.✇❡❡♥ ❚❈▼ ❛♥❞ ❲▼✱ ✇❤❡♥

.❤❡ ✢❡①✐❜❧❡ ❤❡❛❧.❤ ✐♥#✉(❛♥❝❡ ♣♦❧✐❝② ✐# .❛❦❡♥ ✐♥.♦ ❛❝❝♦✉♥.✳

❚❤✐# ❡##❛② ❞❡♠♦♥#.(❛.❡# .❤❛.✱ ✐♥ ❛♥ ♦♥❡✲♣❡(✐♦❞ .✇♦✲#.❛❣❡ ♠♦❞❡❧✱ .❤❡ (❡✲

❧❛.✐♦♥#❤✐♣ ❜❡.✇❡❡♥ ❝♦♥#✉♠❡( ❞❡♠❛♥❞ ♦❢ ❞✐✈❡(#❡ ♠❡❞✐❝❛❧ .❤❡(❛♣✐❡# ❞❡♣❡♥❞#

♦♥ ❤❡❛❧.❤ ♣♦❧✐❝② ❛♥❞ ❝✉❧.✉(❡ ❡✛❡❝.✳ ❲❡ ❞❡✈❡❧♦♣ ❛ .❤❡♦(❡.✐❝❛❧ ♠♦❞❡❧ ♦❢

❤❡❛❧.❤ ❞❡♠❛♥❞ ❢♦❧❧♦✇✐♥❣ ❡①♣❡❝.❡❞ ✉.✐❧✐.② ❢(❛♠❡✇♦(❦✱ ✐♥ ♦(❞❡( .♦ ✐❧❧✉#.(❛.❡

❝✉❧.✉(❡ ❡✛❡❝. ✐♥ ✐♥❞✐✈✐❞✉❛❧✬# ❤❡❛❧.❤ ❞❡❝✐#✐♦♥#✱ ❛♥❞ .❤❡ ✐♠♣❛❝. ♦❢ ❚❈▼ ✐♥

❈❤✐♥❛✬# ❤❡❛❧.❤ ❝❛(❡ #②#.❡♠✳ ❖✉( #.✉❞② #❤♦✇# .❤❡ ♦♣.✐♠❛❧ ❞❡♠❛♥❞ ♦❢ ♠❡❞✲

✐❝❛❧ ❝❛(❡ ❢♦( ❜♦.❤ (✉(❛❧ ❛♥❞ ✉(❜❛♥ ✐♥❞✐✈✐❞✉❛❧#✱ ✇❤♦ ❛(❡ ❝❧❛##✐✜❡❞ ✐♥.♦ ❢♦✉(

❝♦❤♦(.# ❜❛#❡❞ ♦♥ ♣(❡❢❡(❡♥❝❡# ❛♥❞ ✇❡❛❧.❤✳ ▼♦(❡♦✈❡(✱ ✇❡ ❞❡♠♦♥#.(❛.❡ .❤❛.

.❤❡ ♠❛(❣✐♥❛❧ ❡✛❡❝. ♦❢ ❝♦♣❛② (❛.❡ ♦♥ ♦♣.✐♠❛❧ ❞❡♠❛♥❞ ♦❢ ♠❡❞✐❝❛❧ ❝❛(❡ ❛♥❞
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✐♥"✉$❛♥❝❡ ♣♦❧✐❝② ✐" ✐♥✈❡$- $❡❧❛-❡❞ ❛♥❞ ❛❝$♦"" -❤❡ ❤♦$✐③♦♥-❛❧ ❧✐♥❡✳ ■♥ ❛❞❞✐✲

-✐♦♥✱ ✇❡ ❛❧"♦ "❤♦✇ -❤❛- -❤❡ $❡❧❛-✐♦♥"❤✐♣ ❜❡-✇❡❡♥ ❝♦♣❛② $❛-❡ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧

✇❡❧❢❛$❡ ✐" ✐♥✈❡$-❡❞✲❯ "❤❛♣❡❞✱ ❛♥❞ ❤❡♥❝❡ ❛ "♠❛❧❧❡$ ❝♦♣❛② $❛-❡ ♠❛② ❡♥❧❛$❣❡

♠❡❞✐❝❛❧ ❞❡♠❛♥❞ ✇❤✐❧❡ $❡❞✉❝✐♥❣ ✐♥❞✐✈✐❞✉❛❧ ✇❡❧❢❛$❡✳

▼♦$❡♦✈❡$✱ ✇❡ ✜♥❞ -❤❛- ✐- ✐" ♥♦- ❛♥ ♦♣-✐♠❛❧ "♦❧✉-✐♦♥ ❢♦$ ❛❧❧ -②♣❡" ♦❢ $✉$❛❧ ❛♥❞

✉$❜❛♥ ✐♥❞✐✈✐❞✉❛❧" ♣❛$-✐❝✐♣❛-✐♥❣ ✐♥ ♣✉❜❧✐❝ ♠❡❞✐❝❛❧ ✐♥"✉$❛♥❝❡ "②"-❡♠✳ ❈♦♥✲

"✐❞❡$✐♥❣ ✐♥❞✐✈✐❞✉❛❧✬" ❞✐✈❡$"❡ ✐♥❝♦♠❡ ❧❡✈❡❧ ❛♥❞ ❞✐✛❡$❡♥- ♣$❡❢❡$❡♥❝❡ -♦✇❛$❞"

❚❈▼ ❛♥❞ ❲▼✱ ♣♦❧✐❝② ♠❛❦❡$ "❤♦✉❧❞ ✐♠♣$♦✈❡ -❤❡ ❡①✐"-✐♥❣ ♠❡❞✐❝❛❧ "②"-❡♠

❜② ♣$♦✈✐❞✐♥❣ ♠♦$❡ ✢❡①✐❜❧❡ ✐♥"✉$❛♥❝❡ ♣♦❧✐❝✐❡"✱ ❧✐❦❡ ❞✐✈❡$"❡ ❝♦♣❛② $❛-❡"✱ -♦

♠❛❦❡ ♠♦$❡ ✐♥❞✐✈✐❞✉❛❧" ❜❡--❡$ ♦✛ ❛♥❞ ✐♥❝$❡❛"❡ ♦✈❡$❛❧❧ "♦❝✐❛❧ ✇❡❧❢❛$❡✳

❋✉$-❤❡$♠♦$❡✱ ✐♥❞✐✈✐❞✉❛❧✬" ♣$❡❢❡$❡♥❝❡ ❝❛♥ ✈❛$② ♦✈❡$ -✐♠❡✱ ❛♥❞ ✐- ❛❧"♦ ❞❡✲

♣❡♥❞" ♦♥ ♦-❤❡$ ❡①-❡$♥❛❧✐-✐❡"✱ "✉❝❤ ❛" ❡♥✈✐$♦♥♠❡♥-❛❧ ♣♦❧❧✉-✐♦♥✳ F♦❧❧✉-✐♦♥

❤❛" ❝❛✉"❡❞ "❡✈❡$❡ ❤❡❛❧-❤ ❞❡❣$❛❞❛-✐♦♥✱ ✇❤✐❝❤ ✐♥❝$❡❛"❡" -❤❡ ❞❡♠❛♥❞ ❢♦$ ❡❢✲

✜❝✐❡♥- -❤❡$❛♣② ❧✐❦❡ ❚❈▼✳ ❈♦♥"❡G✉❡♥-❧②✱ ✇❡ ✐♥✈❡"-✐❣❛-❡ -❤❡ ❛❣❡ ❡✛❡❝- ♦♥

♦♣-✐♠❛❧ ♠❡❞✐❝❛❧ ❞❡♠❛♥❞✳ ❲❡ ❣❡♥❡$❛❧✐③❡ -❤❡ "❤❛$❡ ♣❛$❛♠❡-❡$ ✐♥ ❈❊❙ ✉-✐❧✲

✐-② ❢✉♥❝-✐♦♥✱ ❛♥❞ "-✉❞② -❤❡ ❞❡-❡$♠✐♥❛♥-" ♦❢ $❡❧❛-✐✈❡ ❞❡♠❛♥❞ ❜❡-✇❡❡♥ ❚❈▼

❛♥❞ ❲▼ ✐♥ ♦♣-✐♠❛❧ "-❛-❡"✳

❚❤❡ ♠❛✐♥ ♣♦❧✐❝② ✐♠♣❧✐❝❛-✐♦♥ ♦❢ ♦✉$ $❡"✉❧-" ✐" -♦ ✐♠♣❧❡♠❡♥- ✢❡①✐❜❧❡ ❤❡❛❧-❤

✐♥"✉$❛♥❝❡ ♣♦❧✐❝② ❛♥❞ ❣❡- $❡❛❞② ❢♦$ -❤❡ ❢❛"- ❛❣❡✐♥❣ "♦❝✐❡-②✳ ❖♥ ♦♥❡ ❤❛♥❞✱

❛❞♦♣-✐♥❣ ❞✐✛❡$❡♥- ❝♦♣② $❛-❡" -♦ ♣$♦♠♦-❡ ❚❈▼ ✐" ❛ ❝❛♥❞✐❞❛-❡ "♦❧✉-✐♦♥✳ ■-

✐" ♣❛$-✐❝✉❧❛$❧② ✉$❣❡♥- ✐♥ -❤❡ ♥♦$-❤ ❛♥❞ ✇❡"- ♣❛$- ♦❢ ❈❤✐♥❛✱ ✇❤❡$❡ -❤❡ ✐♥✲

❝♦♠❡ ❧❡✈❡❧ ✐" ❧♦✇ ❛♥❞ ♣♦♣✉❧❛-✐♦♥ ✐" ♣$❡❞✐❝-❡❞ -♦ ❜❡ ❛❣❡✐♥❣ G✉✐❝❦❧②✳ ❖♥ -❤❡

♦-❤❡$ ❤❛♥❞✱ -❤❡ ❣$♦✇✐♥❣ ♥✉♠❜❡$ ♦❢ ♠✐❞❞❧❡ ❝❧❛"" ♣$♦♠♦-❡" -❤❡ ❞❡♠❛♥❞ ♦❢

❝♦♠♠❡$❝✐❛❧ ✐♥"✉$❛♥❝❡ ✇✐-❤ ❤✐❣❤❡$ ❝♦✈❡$❛❣❡✳ ◆❡✈❡$-❤❡❧❡""✱ ♦✉$ $❡"✉❧-" ❛❧"♦

❤✐❣❤❧✐❣❤- -❤❛- -❤❡ ✐♠♣❧❡♠❡♥-❛-✐♦♥ ♦❢ ❛♥② ❤❡❛❧-❤ ✐♥"✉$❛♥❝❡ ♣♦❧✐❝② "❤♦✉❧❞ ❜❡

❝♦♥"✐❞❡$❡❞ ✇✐-❤ ❝❛✉-✐♦♥✱ ✐♥ ♦$❞❡$ -♦ ❛✈♦✐❞ ✇❡❧❢❛$❡ ❧♦""❡"✳

✶✷✼
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✼ ❆♣♣❡♥❞✐①

✼✳✶ ❆♣♣❡♥❞✐① ❆✿ ❚❤❡ ❆♥❛❧②0✐❝❛❧ ❚2❡❛0♠❡♥0 ♦♥ 0❤❡

❇❡♥❝❤♠❛2❦ ▼♦❞❡❧ ✉♥❞❡2 ❲✐❡♥❡2 ❯♥❝❡20❛✐♥0②

❆♣♣❧②✐♥❣ ■(♦✬+ ❢♦-♠✉❧❛✱ ✇❡ ❤❛✈❡✿

dV (k, h) =
∂V (k, h)

∂k
dk +

∂V (k, h)

∂h
dh+

1

2

{
∂2V (k, h)

∂k2
(dk)2 +

∂2V (k, h)

∂h2
(dh)2

+2
∂2V (k, h)

∂k∂h
dkdh

}

✭✼✳✶✮

=
∂V (k, h)

∂k

{
[
(1−m)y − c

]
dt+ σkαdZk,t

}

+
∂V (k, h)

∂h
R(q)hdZh,t +

1

2

{

∂2V (k, h)

∂k2
σ2k2αdt+

∂2V (k, h)

dh2
R2(q)h2αdt+ 2

∂2V (k, h)

∂k∂h
σkαR(q)hαρk,hdt

}

✭✼✳✷✮

❚❤❡-❡❢♦-❡✱ ✇❡ ❤❛✈❡✿

1

dt
E
[
V (k, h)

]
= Vk(k, h)

[
(1−m)y − c

]
+

1

2

[
Vkk(k, h)σ

2k2α + Vhh(k, h)R
2(q)h2α

+2Vkh(k, h)σk
αR(q)hαρk,h

]
✭✼✳✸✮

❙✉❜+(✐(✉(✐♥❣ ❊B✳✭✼✳✸✮ ✐♥(♦ ❊B✳✭✹✳✶✵✮✱ ✇❡ ♦❜(❛✐♥✿

ρV (k, h) = max
c,m

{

U(c, h) + Vk(k, h)
[
(1−m)y − c

]
+

1

2

[
Vkk(k, h)σ

2k2α +

Vhh(k, h)R
2(q)h2α + 2Vkh(k, h)σk

αR(q)hαρk,h
]
}

✭✼✳✹✮

❋✳❖✳❈✳ ❝♦♥❞✐(✐♦♥+✿

❋♦- c✿

∂U(c, h)

∂c
− Vk(k, h) = 0 , ✐✳❡✳Uc = Vk ✭✼✳✺✮

❋♦- m✿

Vk yt = VhhR(q)R′(q)[−µA]h2α + VkhσR
′(q)[−µA]kαhαρkh ✭✼✳✻✮

✶✷✾



✼✳ ❆♣♣❡♥❞✐①

❋♦" k✿

ρVk = Vkk[(1−m)y − c] + Vk(1−m)A+
1

2

[

Vkkkσ
2k2α + 2ασ2Vkkk

2α−1 +

VhhkR
2(q)h2α + 2ρkhσVkhkR(q)hαkα + 2σρkhαVkhR(q)kα−1hα

]

✭✼✳✼✮

❋♦" h ✿

ρVh = Uh + Vkh[(1−m)y − c] +
1

2

[

Vkkhσ
2k2α + VhhhR

2(q)h2α +

2αVhhR
2(q)h2α−1 + 2σVkhhR(q)kαhαρkh + 2ασVkhR(q)kαhα−1ρkh

]

✭✼✳✽✮

❋"♦♠ ❊+✳✭✼✳✺✮✱ ✇❡ ♦❜1❛✐♥✿

Uc = Vk ⇒ c∗ = c(k) , ❛♥❞ Vk =
∂V

∂k
(k, h) := f(k, h) ✭✼✳✾✮

❆♣♣❧②✐♥❣ ■1♦✬> ❧❡♠♠❛ 1♦ ❊+✳✭✹✳✶✻✮✱ ✇❡ ♦❜1❛✐♥✿

dVk = fkdk + fhdh+
1

2

[

fkk(dk)
2 + fhh(dh)

2 + 2fkhdkdh
]

✭✼✳✶✵✮

❙✉❜>1✐1✉1✐♥❣ ❊+>✳✭✹✳✻✮ ❛♥❞ ✭✹✳✶✮✱ ✇❡ ♦❜1❛✐♥✿

dVk =

{

Vkk[(1−m)y − c] +
1

2

[

Vkkkσ
2k2α + VkhhR

2(q)h2α +

2σρkhVkkhR(q)kαhα
]}

dt+ Vkkσk
αdZk,t + VkhR(q)hαdZh,t ✭✼✳✶✶✮

❊+✳✭✼✳✶✶✮✲✭✼✳✼✮·dt✱ ✇❡ ♦❜1❛✐♥✿

dVk = Vk

{

ρ− (1−m)A−
[

ασ2Vkk

Vk

k2α−1 + ασρkh
Vkh

Vk

R(q)kα−1hα

]}

dt

+σVkkk
αdZk + VkhR(q)hαdZh ✭✼✳✶✷✮

❋♦❧❧♦✇✐♥❣ ❇"❡1>❝❤❣❡" ❛♥❞ ❱✐♥♦❣"❛❞♦✈❛ ✷✵✶✻✱ ❛♥❞

U(c, h) =
c1−ǫ

1− ǫ
hβ β ∈ [0, 1] , ǫ ∈ [0, 1]. ✭✼✳✶✸✮

❛♥❞ R(q) = δ q ✳ ■1 ✐> ✇♦"1❤ ♥♦1❤✐♥❣ 1❤❛1 ❢"♦♠ ❊+✳✭✼✳✶✸✮✱ ✇❡ ♦❜1❛✐♥

Uc(c, h) = c−ǫhβ
✳ ❚❤❡"❡❢♦"❡

c = (Uc h
β)−

1
ǫ = U

− 1
ǫ

c h
β
ǫ := f c(Uc, h) ✭✼✳✶✹✮

✶✸✵



❆♣♣❧②✐♥❣ ■(♦✬+ ❧❡♠♠❛✱ ✇❡ ♦❜(❛✐♥✿

dc =
∂f c

∂Uc

dUc +
∂f c

∂h
dh+

1

2

{
∂2f c

∂U2
c

(dUc)
2 +

∂2f c

∂h2
(dh)2 + 2

∂2f c

∂Uc∂h
dUcdh

}

✭✼✳✶✺✮

■( ✐+ ✇♦9(❤ (♦ 9❡♠❛9❦ (❤❡ ❢♦❧❧♦✇✐♥❣ ❡=✉❛❧✐(✐❡+✿

(dUc)
2 = (dVk)

2 =
[

σ2V 2
kkk

2α + V 2
khR

2(q)h2α + 2σVkkVkhR(q)kαhαρkh

]

dt ✭✼✳✶✻✮

(dh)2 = R2(q)h2αdt ✭✼✳✶✼✮

dUcdh =
[

σρkhVkkk
αR(q)hα + VkhR

2(q)h2α
]

dt ✭✼✳✶✽✮

∂f c

∂Uc

= −1

ǫ
c1+ǫh−β , ✭✼✳✶✾✮

∂f c

∂h
=

β

ǫ
c h−1 , ✭✼✳✷✵✮

∂2f c

∂U2
c

=
1

ǫ

(

1 +
1

ǫ

)

c1+2ǫh−2β , ✭✼✳✷✶✮

∂2f c

∂h2
=

β

ǫ

(
β

ǫ
− 1

)

c h−2 , ✭✼✳✷✷✮

∂2f c

∂Uc∂h
= − β

ǫ2
c1+ǫh−β−1 , ✭✼✳✷✸✮

Vk = Uc = c−ǫhβ , ✭✼✳✷✹✮

Vkh = βc−ǫhβ−1 , ✭✼✳✷✺✮

Vkk = −ǫc−ǫ−1hβck , ✇❤❡9❡ ck =
dc

dk
. ✭✼✳✷✻✮

❙✉❜+(✐(✉(✐♥❣ ❊=+✳✭✼✳✺✮✱ ✭✹✳✶✻✮ ❛♥❞ ✭✹✳✶✮ ✐♥(♦ ✭✼✳✶✺✮✱ ✇❡ ♦❜(❛✐♥✿

dc =
∂f c

∂Uc

Vk

{

ρ− (1−m)A−
[

ασ2Vkk

Vk

k2α−1 + ασρkh
Vkh

Vk

R(q)kα−1hα
]}

dt+
1

2

{
∂2f c

∂U2
c

(

σ2V 2
kkk

2α + V 2
khR

2(q)h2α + 2σρkhVkkVkhR(q)kαhα
)

+
∂2f c

∂h2
R2(q)h2α + 2

∂2f c

∂Uc∂h

(

σρkhVkkR(q)kαhα + VkhR
2(q)h2α

)}

dt+
∂f c

∂Uc

σVkkk
αdZk +

[
∂f c

∂Uc

Vkh +
∂f c

∂h

]

R(q)hαdZh ✭✼✳✷✼✮

✶✸✶



✼✳ ❆♣♣❡♥❞✐①

❚❤❡#❡❢♦#❡✱ '❤❡ ❡①♣❡❝'❛'✐♦♥ ♦❢ dc ❤❛. '❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦#♠✿

E
(
dc

)
= −c dt

ǫ

{

ρ− (1−m)A− ασ
[

− ǫσ
ck
c
k2α−1 + ρkhβR(q)kα−1hα−1

]}

+
dt

2

{

1

ǫ
(1 +

1

ǫ
)
[

σ2ǫ2
c2k
c
k2α + β2cR2(q)h2α−2 − 2ǫσρkhβckR(q)kαhα−1

]

+
β

ǫ

(β

ǫ
− 1

)

cR2(q)h2α−2

−2
β

ǫ2

[

− ǫσρkhckk
αR(q)hα−1 + βcR2(q)h2α−2

]}

✭✼✳✷✽✮

■' ✐. ✇♦#'❤ '♦ #❡♠❛#❦ '❤❛' ✐♥ ❵❆❑✬ ♠♦❞❡❧✱ ❝♦♥.✉♠♣'✐♦♥ ✐. ❧✐♥❡❛# ✇✐'❤ ❝❛♣✐'❛❧✱

✐✳❡✳ c = x k✱ ✇❤❡#❡ x ✐. ❧✐♥❡❛# ❢❛❝'♦#✳ ❚❤❡#❡❢♦#❡✱ ✇❡ ❝❛♥ ❞❡#✐✈❡ ck = x ✱
c

k
= x✱ ❛♥❞

ck
c

= k−1
✳ ■' ✐. ✇♦#'❤ '♦ #❡♠❛#❦ '❤❛'

E
(
dc

)

c dt
=

E
(
dk

)

dt

1

k
=

(1−m)y − c

k
= (1−m)A− x ✭✼✳✷✾✮

▼♦#❡♦✈❡#✱ ❝❤♦♦.✐♥❣ α = 1✱ ❛♥❞ .✉❜.'✐'✉'✐♥❣ ✐♥'♦ ❊G✳✭✼✳✷✽✮✱ ✇❡ ♦❜'❛✐♥ '❤❡
❢♦❧❧♦✇✐♥❣✿

E
(
dc

)

c dt
=

1

ǫ

{

(1−m)A+
1

2
β(β − 1)(δq)2 − ρ− 1

2
σ2ǫ(1− ǫ) +

[
1− ǫβ

]
σρkh(δq)

}

✭✼✳✸✵✮

❙✉❜.'✐'✉'✐♥❣ ❊G✳✭✼✳✷✾✮ ✐♥'♦ ❊G✳✭✼✳✸✵✮✱ ✇❡ ♦❜'❛✐♥ xt ❛. ❢♦❧❧♦✇.✳

xt =
1

ǫ

{

ρ− (1− ǫ)(1−m)A− 1

2
β(β − 1)δ2

[
(φ− µm)A

]2

+
1

2
ǫ(1− ǫ)σ2 − (1− ǫβ)σρkhδ

[
(φ− µm)A

]
}

✭✼✳✸✶✮

:=
1

ǫ

{

ρ− (1− ǫ)(1−m)A− 1

2
β(β − 1)δ2

[
(φ− µm)A

]2
+ ❙①

}

✭✼✳✸✷✮

✇❤❡#❡ ❙① =
1

2
ǫ(1− ǫ)σ2− (1− ǫβ)σρkhδ

[
(φ−µm)A

]
.'❛♥❞. ❢♦# .❤♦❝❦ ❡✛❡❝'

♦♥ xt✳ ❘❡❝❛❧❧✐♥❣ V (k, h) =
(x k)1−ǫ

1− ǫ
hβ

❛♥❞ .✉❜.'✐'✉'✐♥❣ ✐♥'♦ ❊G✳✭✼✳✻✮✱ ✇❡

♦❜'❛✐♥ '❤❡ ❢♦❧❧♦✇✐♥❣ ❡G✉❛❧✐'✐❡.✳

0 = −1 +
ρ(β − 1)

1− ǫ
δ2(φ− µm)A(−µ) + βσδ(−µ)ρkh ✭✼✳✸✸✮

❚❤❡#❡❢♦#❡✱ ✇❡ ❤❛✈❡ '❤❡ ♦♣'✐♠❛❧ m ❛. ❢♦❧❧♦✇.✿

m∗ =
φ

µ
− 1− ǫ

Aβ(1− β)(µδ)2
︸ ︷︷ ︸

♠✐"✐❣❛"✐♦♥ ♦✈❡)❛❧❧

− (1− ǫ)βσδµρkh
Aβ(1− β)(µδ)2
︸ ︷︷ ︸

✏,❤♦❝❦✑ ❛, ♠✐"✐❣❛"✐♦♥

✭✼✳✸✹✮

✶✸✷



▼♦"❡♦✈❡"✱ &✉❜&✐&*✐♥❣ ❊.✳✭✼✳✸✹✮ ✐♥*♦ ❊.✳✭✹✳✸✮ ✇❡ ♦❜*❛✐♥ ♦♣*✐♠❛❧ q ❛& ❢♦❧❧♦✇&✿

q∗ =
(1− ǫ)(1 + βσδµρkh)

β(1− β)µδ2
✭✼✳✸✺✮

❙✉❜&*✐*✉*✐♥❣ ❊.&✳✭✼✳✸✹✮ ❛♥❞ ✭✼✳✸✺✮ ✐♥*♦ ❊.✳✭✼✳✸✶✮✱ ✇❡ ♦❜*❛✐♥ *❤❡ ♦♣*✐♠❛❧ x
❛& ❢♦❧❧♦✇&✿

x∗ =
1

ǫ

{

ρ− (1− ǫ)(1−m∗)A− 1

2
β(β − 1)(δq∗)2 +

1

2
ǫ(1− ǫ)σ2 − (1− ǫβ)σρkhδq

∗

}

=
1

ǫ

{

ρ− (1− ǫ)(1− φ

µ
)A− (1− ǫ)(1 + βσδµρkh)

β(1− β)(µδ)2

[
1

2
(1− ǫ)

+
(

1− 1

2
(1 + ǫ)β

)

σδµρkh

]

+
1

2
ǫ(1− ǫ)σ2

}

✭✼✳✸✻✮

❙✉❜&*✐*✉*✐♥❣ ❊.&✳✭✼✳✸✹✮ ❛♥❞ ✭✼✳✸✺✮ ✐♥*♦ ❊.✳✭✼✳✸✵✮✱ ✇❡ ♦❜*❛✐♥ ❞②♥❛♠✐❝& ♦❢

♦♣*✐♠❛❧ ❝♦♥&✉♠♣*✐♦♥ ❛& ❢♦❧❧♦✇&✿

g∗ =
E
(
dc

)

c dt
=

1

ǫ

{(

1− φ

µ

)

A+
(1− ǫ)(1 + βσδµρkh)

β(1− β)(µδ)2

[
1

2
(1 + ǫ)

+
(

1− 1

2
(1 + ǫ)β

)

σδµρkh

]

− ρ− 1

2
ǫ(1− ǫ)σ2

}

✭✼✳✸✼✮

✶✸✸



✼✳ ❆♣♣❡♥❞✐①

✼✳✷ ❆♣♣❡♥❞✐① ❇✿ ❚❤❡ ❆♥❛❧②1✐❝❛❧ ❚3❡❛1♠❡♥1 ♦♥ ❊①✲

1❡♥❞❡❞ ▼♦❞❡❧ ✉♥❞❡3 :♦✐;;♦♥ ❯♥❝❡31❛✐♥1②

❆♣♣❧②✐♥❣ ■(♦✬+ ❧❡♠♠❛ ✇✐(❤ ❏✉♠♣+ ❢♦4 V (k, h)✱ ✇❡ ♦❜(❛✐♥ (❤❡ ❢♦❧❧♦✇✐♥❣
❡7✉❛(✐♦♥✿

dV (k, h) =
[
(1−mt)y − c

]∂V (k, h)

∂k
dt+ σk

∂V (k, h)

∂k
dZk,t +R(qt)ht

∂V (k, h)

∂h
dZh,t

+
1

2

{
∂2V (k, h)

∂k2
(σk)2 +

∂2V (k, h)

∂h2
(R(q)h)2 + 2

∂2V (k, h)

∂k∂h
σkR(q)h

}

dt

+

[

V (k̃, h)− V (k, h)

]

dNc,t +

[

V (k, h̃)− V (k, h)

]

dNc,t +

[

V (k, ˜̃h)− V (k, h)

]

dNe,t ✭✼✳✸✽✮

✇❤❡4❡ k̃ = k(1 − ξ)✱ h̃ = h
[
1 −Dc(q)

]
❛♥❞

˜̃h = h
[
1 −De(q)

]
✳ ❈❛❧❝✉❧❛(✐♥❣

(❤❡ ❡①♣❡❝(❛(✐♦♥✱ ✇❡ ❤❛✈❡✿

1

dt
E
[
dV (k, h)

]
= Vk(k, h)

[
(1−m)y − c

]
+

1

2

[

Vkk(k, h)σ
2k2 + Vhh(k, h)R

2(q)h2

+2Vkh(k, h)σkR(q)hρk,h

]

+

{[

V (k̃, h)− V (k, h)

]

+

[

V (k, h̃)− V (k, h)

]}

λc

+

[

V (k, ˜̃h)− V (k, h)

]

λe ✭✼✳✸✾✮

❋♦4 +✐♠♣❧✐❢②✐♥❣ ❞❡♥♦(✐♦♥✱ ✇❡ ❞❡✜♥❡ V k̃ = V (k̃, h)✱ V h̃ = V (k, h̃) ❛♥❞ V
˜̃
h =

V (k, ˜̃h)✳ ❙✉❜+(✐(✉(✐♥❣ ❊7✳✭✼✳✸✾✮ ✐♥(♦ ❊7✳✭✼✳✹✵✮✱ ✇❡ ♦❜(❛✐♥✿

ρV (k, h) = max
c,h

{

U(c, h) + Vk

[
(1−m)y − c

]
+

1

2

[

Vkkσ
2k2 + VhhR

2(q)h2 +

2VkhσkR(q)hρk,h

]

+ λc

[(

V k̃ − V
)

+
(

V h̃ − V
)]

+ λe

(

V
˜̃
h − V

)}

✭✼✳✹✵✮

❍❡4❡❜②✱ ✇❡ ❢♦❝✉+ ♦♥ (❤❡ ✜4+( ♦4❞❡4 ❝♦♥❞✐(✐♦♥+ ✭❋✳❖✳❈✳✮ ❛+ ❢♦❧❧♦✇+✳

❋♦" ❝♦♥%✉♠♣)✐♦♥ c ✿

∂U(c, h)

∂c
− Vk(k, h) = 0 , ✐✳❡✳Uc = Vk ✭✼✳✹✶✮

❋♦" ❛❜❛)❡♠❡♥) ♣♦❧✐❝② m ✿

Vk yt = VhhR(q)R′(q)q′(m)h2 + VkhσR
′(q)q′(m)khρkh + λc V

h̃

h̃

∂h̃

∂m

+λeV
˜̃
h
˜̃
h

∂˜̃h

∂m
✭✼✳✹✷✮

✶✸✹



✇❤❡#❡ V h̃

h̃
:=

∂V h̃

∂h̃
=

∂V (k, h̃)

∂h̃
= Vh(k, h) |h=h̃ ❛♥❞ Ṽ

˜̃
h
˜̃
h

:=
∂V (k, ˜̃h)

∂˜̃h
=

Vh(k, h) |h=˜̃
h
✳ ▼♦#❡♦✈❡#✱ ❜❛-❡❞ ♦♥ .❤❡ ❞❡✜♥✐.✐♦♥ ♦❢ h̃ , ˜̃h ❛♥❞ q′(m) = −µA✱

✇❡ ❤❛✈❡✿

∂h̃

∂m
= h

(
−D′

c(q)
)
q′(m) = −µAD′

c(q)h ✭✼✳✹✸✮

❛♥❞

∂˜̃h

∂m
= h

(
−D′

e(q)
)
q′(m) = −µAD′

e(q)h ✭✼✳✹✹✮

❙✉❜-.✐.✉.✐♥❣ ❊<-✳✭✼✳✹✸✮ ❛♥❞ ✭✼✳✹✹✮ ✐♥.♦ ❊<✭✼✳✹✷✮✱ ✇❡ ♦❜.❛✐♥ .❤❡ ❢♦❧❧♦✇✐♥❣✿

1

µA
Vk yt

= −VhhR(q)R′(q)h2 − VkhσR
′(q)khρkh +

(

λc V
h̃

h̃
D′

c(q) + λeV
˜̃
h
˜̃
h
D′

e(q)
)

h ✭✼✳✹✺✮

❋♦" ❝❛♣✐'❛❧ )'♦❝❦ k ✿

ρVk = Vkk

[
(1−m)y − c

]
+ Vk(1−m)A+

1

2

[

Vkkkσ
2k2 + 2σ2Vkkk + VhhkR

2(q)h2

+2ρkhσVkhkR(q)hk + 2σρkhVkhR(q)h
]

+ λc

[(
V k̃
k − Vk

)
+

(
V h̃
k − Vk

)]

+ λe

(
V

˜̃
h
k − Vk

)
✭✼✳✹✻✮

✇❤❡#❡

V k̃
k :=

∂V (k̃, h)

∂k
=

∂V (k̃, h)

∂k̃

∂k̃

∂k
= V k̃

k̃
(1− ξ) ✭✼✳✹✼✮

V h̃
k :=

∂V (k, h̃)

∂k
= Vk(k, h) |h=h̃ ✭✼✳✹✽✮

V
˜̃
h
k :=

∂V (k, ˜̃h)

∂k
= Vk(k, h) |h=˜̃

h
✭✼✳✹✾✮

✇✐.❤ V k̃

k̃
=

∂V (k̃, h)

∂k̃
= Vk(k, h) |k=k̃ ❛♥❞

∂k̃

∂k
= 1− ξ ✳

❋♦" ❤❡❛❧'❤ )'❛'✉) h ✿

ρVh = Uh + Vkh[(1−m)y − c] +
1

2

[

Vkkhσ
2k2 + VhhhR

2(q)h2α + 2VhhR
2(q)h2

+2σVkhhR(q)khρkh + 2σVkhR(q)kρkh

]

+ λc

[(
V k̃
h − Vh

)
+

(
V h̃
h − Vh

)]

+ λe

(
V

˜̃
h
h − Vh

)
✭✼✳✺✵✮

✶✸✺



✼✳ ❆♣♣❡♥❞✐①

✇❤❡#❡

V k̃
h :=

∂V (k̃, h)

∂h
= Vh(k, h) |k=k̃ ✭✼✳✺✶✮

V h̃
h :=

∂V (k, h̃)

∂h
=

∂V (k, h̃)

∂h̃

∂h̃

∂h
= V h̃

h̃
(1−Dc(q)) ✭✼✳✺✷✮

V
˜̃
h
h :=

∂V (k, ˜̃h)

∂h
=

∂V (k, ˜̃h)

∂˜̃h

∂˜̃h

∂h
= V

˜̃
h
˜̃
h
(1−De(q)) ✭✼✳✺✸✮

✇✐-❤ V h̃

h̃
=

∂V (k, h̃)

∂h̃
= Vh(k, h) |h=h̃ ✱

∂h̃

∂h
= 1−Dc(q) ❛♥❞ V

˜̃
h
˜̃
h
=

∂V (k, ˜̃h)

∂˜̃h
=

Vh(k, h) |h=˜̃
h
✱

∂˜̃h

∂h
= 1−De(q)✳

❆♥❛❧②%✐❝❛❧ ❚)❡❛%♠❡♥% ❢♦) ❖♣%✐♠❛❧ ●)♦✇%❤ 3❛%❤

■♥ -❤✐3 3❡❝-✐♦♥✱ ✇❡ ❢♦❝✉3 ♦♥ -❤❡ ♦♣-✐♠❛❧ ❣#♦✇-❤ #❛-❡ ♦❢ ❝♦♥3✉♠♣-✐♦♥✳ ❈♦♠✲

❜✐♥✐♥❣ ❝❛♣✐-❛❧ 3-♦❝❦ ❛♥❞ ❤❡❛❧-❤ ❞②♥❛♠✐❝3 ✐♥ ❊B3✳✭✺✳✶✮ ❛♥❞ ✭✺✳✷✮✱ ❛♥❞ ❛♣✲

♣❧②✐♥❣ -❤❡ ■-♦✬3 ▲❡♠♠❛ ✇✐-❤ ❥✉♠♣ -♦ Vk✱ -❤❡ ♦♣-✐♠❛❧✐-② ❝♦♥❞✐-✐♦♥3 ♦❢ ❝♦♥✲

3✉♠♣-✐♦♥ ❞❡✜♥❡❞ ✐♥ ❊B✳✭✹✳✶✻✮✱ ✇❡ ♦❜-❛✐♥ -❤❡ 3-♦❝❤❛3-✐❝ ♣#♦❝❡33 ♦❢ dVk ❛3

❢♦❧❧♦✇3✿

dVk =

{

Vkk

[
(1−m)y − c

]
+

1

2

[

Vkkkσ
2k2 + VkhhR

2(q)h2 + 2σρkhVkkhR(q)k h
]}

dt

+VkkσkdZk,t + VkhR(q)hdZh,t +
[(
Vk |k=k̃ −Vk

)
+

(
Vk |h=h̃ −Vk

)]

dNc,t +

✭✼✳✺✹✮

■- ✐3 ✇♦#-❤ -♦ #❡♠❛#❦ -❤❛-✱ ❜❛3❡❞ ♦♥ ♦✉# ♣#❡✈✐♦✉3 ❞❡✜♥✐-✐♦♥✱ Vk |k=k̃=

V k̃

k̃
✱Vk |h=h̃= V h̃

k ❛♥❞ Vk |h=˜̃
h
= V

˜̃
h
k ✳ ❯3✐♥❣ ❊B✳✭✼✳✺✹✮✲✭✼✳✹✻✮·dt✱ ✇❡ ♦❜-❛✐♥✿

d Vk

Vk

=

{

ρ− (1−m)A−
[

σ2Vkk

Vk

k + σρkh
Vkh

Vk

R(q)h

]

− λc

[(
V k̃
k

Vk

− 1

)

+

(
V h̃
k

Vk

− 1

)]

−λe

(
V

˜̃
h
k

Vk

− 1

)}

dt+
Vkk

Vk

σkdZk +
Vkh

Vk

R(q)hdZh +

[(
V k̃

k̃

Vk

− 1

)

+

(
V h̃
k

Vk

− 1

)]

dNc,t

+

(
V

˜̃
h
k

Vk

− 1

)

dNe,t ✭✼✳✺✺✮

✶✸✻



■! ✐# ✇♦&!❤ ♥♦!❤✐♥❣ !❤❛! ❢&♦♠ ❊.✳✭✺✳✶✵✮✱ ✇❡ ♦❜!❛✐♥ Uc(c, h) = c−ǫhβ̃
✳ ■♥

♦!❤❡& ✇♦&❞#✱ c(Uc, h) = U
− 1

ǫ
c h

β̃
ǫ
✳ ❋&♦♠ ♦♣!✐♠❛❧✐!② ❝♦♥#✉♠♣!✐♦♥ ✐♥ ❊.✳✭✺✳✺✮✱

✇❡ ❤❛✈❡ c(Uc, h) = c(Vk, h) = V
− 1

ǫ

k h
β̃
ǫ
✳ ❆♣♣❧②✐♥❣ ■!♦✬# ❧❡♠♠❛ ✇✐!❤ ❥✉♠♣ !♦

c(Uc, h)✱ ✇❡ ♦❜!❛✐♥✿

dc =
∂c

∂Uc

Ξ +
∂c

∂h
R(q)htdZh,t +

1

2

{
∂2c

∂U2
c

(

V 2
kkσ

2k2 + V 2
khR

2(q)h2 + 2VkkVkhσR(q)kh
)

+
∂2c

∂h2
R2(q)h2 + 2

∂2c

∂Uc∂h

(

VkkσρkhR(q)kh+ VkkR
2(q)h2

)}

dt+
[(

cŨc − c
)

+
(

ch̃ − c
)

]

dNc,t +
[(

c
˜̃
Uc − c

)

+
(

c
˜̃
h − c

)]

dNe,t ✭✼✳✺✻✮

✇❤❡&❡

Ξ = Vk

{

ρ− (1−m)A−
[

σ2Vkk

Vk

k + σρkh
Vkh

Vk

R(q)h

]

− λc

[(
V k̃
k

Vk

− 1

)

+

(
V h̃
k

Vk

− 1

)]

−λe

(
V

˜̃
h
k

Vk

− 1

)}

dt ✭✼✳✺✼✮

cŨc = c(Ũc, h) = c(Ṽk, h) = c(Vk + ̺Uc

c Vk, h) , ✭✼✳✺✽✮

✇✐!❤ ̺Uc

c =

(
V k̃

k̃

Vk

− 1

)

+

(
V h̃
k

Vk

− 1

)

c
˜̃
Uc = c( ˜̃Uc, h) = c( ˜̃Vk, h) = c(Vk + ̺Uc

e Vk, h) ,✇✐!❤ ̺Uc

e =

(
V

˜̃
h
k

Vk

− 1

)

✭✼✳✺✾✮

ch̃ = c(Uc, h̃) = c(Vk, h̃) = c(Vk, h+ ̺hch) ,✇✐!❤ ̺hc = −Dc(q) ✭✼✳✻✵✮

c
˜̃
h = c(Uc,

˜̃h) = c(Vk,
˜̃h) = c(Vk, h+ ̺heh) ,✇✐!❤ ̺he = −De(q) ✭✼✳✻✶✮

❇❛#❡❞ ♦♥ !❤❡ ♣&❡✈✐♦✉# ❞❡✜♥✐!✐♦♥#✱ !❤❡ ❢♦❧❧♦✇✐♥❣ &❡#✉❧!# ❛&❡ &❡♠❛&❦❛❜❧❡✳

V k̃

k̃

Vk

=

(
k̃

k

)−ǫ

=
(
1− ξ

)−ǫ
✭✼✳✻✷✮

V h̃
k

Vk

=

(
h̃

h

)−ǫ

=
(

1−Dc(q)
)β̃

✭✼✳✻✸✮

V
˜̃
h
k

Vk

=

( ˜̃h

h

)−ǫ

=
(

1−De(q)
)β̃

✭✼✳✻✹✮

✶✸✼



✼✳ ❆♣♣❡♥❞✐①

❋✉"#❤❡"♠♦"❡✱ ✇❡ ❤❛✈❡

cŨc

c
=

(
Ṽk

Vk

)− 1
ǫ

=

[

1 +

(
(
1− ξ

)−ǫ − 1

)

+

((

1−Dc(q)
)β̃

− 1

)]− 1
ǫ

✭✼✳✻✺✮

ch̃

c
=

(
h̃

h

) β̃
ǫ

=
(

1−Dc(q)
) β̃

ǫ

✭✼✳✻✻✮

c
˜̃
Uc
c

c
=

( ˜̃Vk

Vk

)− 1
ǫ

=
(

1 + ̺Uc

e

)− 1
ǫ

=
(

1−De(q)
)−

β̃
ǫ

✭✼✳✻✼✮

c
˜̃
h

c
=

( ˜̃h

h

) β̃
ǫ

=
(

1−De(q)
) β̃

ǫ

✭✼✳✻✽✮

❙✉❜5#✐#✉#✐♥❣ ❊:5✳✭✼✳✻✺✮✲✭✼✳✻✽✮ ✐♥#♦ ❊:✳✭✼✳✺✻✮✱ ✇❡ ❤❛✈❡ #❤❡ ♦♣#✐♠❛❧ ❣"♦✇#❤

♣❛#❤ ♦❢ ❝♦♥5✉♠♣#✐♦♥ ❛5 ❢♦❧❧♦✇5✿

g̃∗ :=
E
(
dc

)

dc
= g∗ + λcΓc(q) + λeΓe(q) ✭✼✳✻✾✮

✇❤❡"❡ g∗ ✐5 ❞❡✜♥❡❞ ✐♥ ❊:✳✭✹✳✷✾✮✱ ❛♥❞

Γc(q) =
1

ǫ

([(
1− ξ

)1−ǫ − 1
]

+
[(
1−Dc(q)

)β̃ − 1
])

+

(

1 +
[(
1− ξ

)−ǫ − 1
]

+
[(
1−Dc(q)

)β̃ − 1
])− 1

ǫ

− 1 +
[(
1−Dc(q)

) β̃
ǫ − 1

]

✭✼✳✼✵✮

Γe(q) =
1

ǫ

[(
1−Dc(q)

)β̃ − 1
]

+
(
1−De(q)

)− β̃
ǫ − 1 +

(
1−De(q)

) β̃
ǫ − 1 ✭✼✳✼✶✮

❲❡ ❛(❡ ✐♥+❡(❡,+❡❞ ✐♥ +❤❡ ,✐❣♥ ♦❢ ❊3,✳✭✺✳✷✶✮ ❛♥❞ ✭✺✳✷✷✮✳ ▲❡+ ✉, ✜(,+❧② ❝❤❡❝❦

❊3✳✭✺✳✷✶✮✿

Γc(q) =
1

ǫ

([(
1− ξ

)1−ǫ − 1
]

+
[(
1−Dc(q)

)β̃ − 1
])

︸ ︷︷ ︸

<0

+
[(
1−Dc(q)

) β̃
ǫ − 1

]

︸ ︷︷ ︸

<0

+

(

1 +
[(
1− ξ

)−ǫ − 1
]

+
[(
1−Dc(q)

)β̃ − 1
])− 1

ǫ

− 1

︸ ︷︷ ︸

R0

✭✼✳✼✷✮

▲❡+ ✉, ❞❡♥♦+❡ ∆c =

(

1+
[(
1− ξ

)−ǫ − 1
]

︸ ︷︷ ︸

>0

+
[(
1−Dc(q)

)β̃ − 1
]

︸ ︷︷ ︸

<0

)− 1
ǫ

−1✱ ❛♥❞

❛ ,✉✣❝✐❡♥+ ❝♦♥❞✐+✐♦♥ ❢♦( ∆c ≤ 0 ✐,

[(
1−ξ

)−ǫ−1
]

+
[(
1−Dc(q)

)β̃−1
]

≥ 0✳

✶✸✽



❍❡♥❝❡✱ 0 ≤ q ≤ 1

η

[

1−
(
2−

(
1− ξ

)−ǫ) 1
β̃

]

✳ ❚❤❡ ✐♥)✉✐)✐♦♥ ❜❡❤✐♥❞ )❤✐. /❡.✉❧)

✐. )❤❛) ❢♦/ ❛ .♠❛❧❧ q ❡✳❣✳ ❛/♦✉♥❞ ③❡/♦✱ Γc ✐. ♥❡❣❛)✐✈❡✳ ❘❡❛//❛♥❣✐♥❣ )❤❡

♣♦❧②♥♦♠✐❛❧. ✐♥ ❊;✳✭✺✳✷✷✮✱ ✇❡ ❤❛✈❡✿

Γe(q) =
1

ǫ

[(
1−Dc(q)

)β̃ − 1
]

︸ ︷︷ ︸

<0

+
[(
1−De(q)

)− β̃
ǫ − 1

][

1−
(
1−De(q)

) β̃
ǫ

]

︸ ︷︷ ︸

>0

✭✼✳✼✸✮

❚❤❡/❡❢♦/❡

1

ǫ

[(
1−Dc(q)

)β̃ − 1
]

︸ ︷︷ ︸

<0

+
[(
1−De(q)

)− β̃
ǫ − 1

]

︸ ︷︷ ︸

>0

[

1−
(
1−De(q)

) β̃
ǫ

]

︸ ︷︷ ︸

>0

< 0

⇔
[(
1−De(q)

)− β̃
ǫ − 1

]

≤ 1

ǫ

[

1−
(
1−Dc(q)

)β̃
]

[

1−
(
1−De(q)

) β̃
ǫ

] ✭✼✳✼✹✮

✇❤❡/❡

[

1−
(
1−Dc(q)

)β̃
]

[

1−
(
1−De(q)

) β̃
ǫ

] ≤ 1✱ ❤❡♥❝❡ ❛ .✉✣❝✐❡♥) ❝♦♥❞✐)✐♦♥ ❢♦/ Γe(q) < 0

✐. 0 ≤ q ≤ 1

ηe

[

1 −
(
1 + 1

ǫ

)− ǫ

β̃

]

✳ ❚❤✐. ✐♥❞✐❝❛)❡. )❤❛) ❢♦/ ❛ .♠❛❧❧ q ❛/♦✉♥❞

♦/✐❣✐♥ ❧❡❛❞. ❛ ♥❡❣❛)✐✈❡ Γe(q) < 0✳ ❍❡♥❝❡ ❜♦)❤ )❤❡ ❢/❡;✉❡♥❝✐❡. ♦❢ ♥❛)✉/❡
❞✐.❛.)❡/ λc ❛♥❞ ❡♣✐❞❡♠✐❝ λe ♣❧❛❝❡ ❛ ❞✐/❡❝) ♥❡❣❛)✐✈❡ ❡✛❡❝) ♦♥ )❤❡ ❣/♦✇)❤

/❛)❡ g̃∗✱ .✐♥❝❡ ❢/♦♠ ❊;✳✭✺✳✺✮ ✇❡ ❤❛✈❡ Γc =
∂g̃∗

∂λc

, Γe =
∂g̃∗

∂λe

✳

▼♦/❡♦✈❡/✱ ❛ ♠♦/❡ ❝♦♥✈❡♥✐❡♥) ❛♣♣/♦❛❝❤ )♦ ✐❧❧✉.)/❛)❡ ♦✉/ ♣/❡✈✐♦✉. ❛/❣✉♠❡♥)

❝❛♥ ❜❡ ❧✐♥❡❛/✐.❛)✐♦♥✳ ■♥❞❡❡❞✱ ✇❡ ❝❛♥ ❛♣♣/♦①✐♠❛)❡ Γc ❛♥❞ Γe ✉.✐♥❣ ❛ ✜/.)✲

♦/❞❡/ ❚❛②❧♦/ ❡①♣❛♥.✐♦♥ ❛/♦✉♥❞ q = 0 ❛. ❢♦❧❧♦✇.✿

(
1−Dc(q)

)β̃ .
= 1− β̃ηcq , ✇❤❡/❡Dc(q) = ηcq ✭✼✳✼✺✮

(
1−De(q)

)β̃ .
= 1− β̃ηeq , ✇❤❡/❡De(q) = ηeq . ✭✼✳✼✻✮

✶✸✾



✼✳ ❆♣♣❡♥❞✐①

❚❤❛♥❦% &♦ ❊)%✳✭✼✳✼✺✮✲✭✼✳✼✻✮✱ ✇❡ ♦❜&❛✐♥ &❤❡ %✐❣♥ ♦❢ ❊)%✳✭✺✳✷✶✮ ❛♥❞ ✭✺✳✷✷✮

❛;♦✉♥❞ ✐&% ♦;✐❣✐♥ ✿

Γc(q) <
1

ǫ

([(
1− ξ

)1−ǫ − 1
]

+
[(
1−Dc(q)

)β̃ − 1
])

+
(
1−Dc(q)

)− β̃
ǫ − 1

+
[(
1−Dc(q)

) β̃
ǫ − 1

]

.
=

1

ǫ

([(
1− ξ

)1−ǫ − 1
]

+
[(
1−Dc(q)

)β̃ − 1
])

< 0 ✭✼✳✼✼✮

Γe(q)
.
=

1

ǫ

(
1−De(q)

)β̃ − 1 < 0 ✭✼✳✼✽✮

✶✹✵



✼✳✸ ❆♣♣❡♥❞✐① ❈✿ ❆♥❛❧②/✐❝❛❧ ❚2❡❛/♠❡♥/ ♦♥ ❇❡♥❝❤♠❛2❦

▼♦❞❡❧ ❖♣/✐♠✐③❛/✐♦♥✲❊①♦❣❡♥♦✉? @2❡❢❡2❡♥❝❡

▲❡" ✉$ ❝♦♥$✐❞❡* "❤❡ ❢♦❧❧♦✇✐♥❣ ▲❛❣*❛♥❣❡ ❢✉♥❝"✐♦♥ ✇✳*✳" ❊3$✳✭✻✳✺✮ ❛♥❞ ✭✻✳✶✷✮✳

◆♦" $✉*♣*✐$✐♥❣❧②✱ ♠❛①✐♠✐③❛"✐♦♥ ♣*♦❜❧❡♠ ❝❤❛♥❣❡$ ♥♦"❤✐♥❣ ✐❢ ✇❡ ❛♣♣❧② ❧♦❣✲

"*❛♥$❢♦*♠ "♦ "❤❡ ♦❜❥❡❝"✐✈❡ ❢✉♥❝"✐♦♥ ✐♥ ❊3✳✭✻✳✺✮✳

L = lnŨ(c,mw,mc, s; γ) + λ
(
ỹ − c− E(M)

)

=

{

αlnc+
β(1− γ)

ρ
ln
(

θmρ
w + (1− θ)mθ

c

)

+ (1− β)(1− γ)lns

}

+ λ

{

ỹ − c

−
[
bw(pwmw − d) + d

]
θ −

[
bc(pcmc − d) + d

]
(1− θ)

}

θ ∈ (0, 1) ✭✼✳✼✾✮

❋✐*$" ♦*❞❡* ❝♦♥❞✐"✐♦♥ ✭❋✳❖✳❈✮ ✇✐❧❧ ❣✐✈❡$ ✉$ "❤❡ ❢♦❧❧♦✇✐♥❣✿

∂L

∂c
= 0 ⇒ c =

α

λ
✭✼✳✽✵✮

∂L

∂mw

= 0 ⇒ β(1− γ)

ρ

θρmρ−1
w

θmρ
w + (1− θ)mρ

c

= λbwpwθ ✭✼✳✽✶✮

∂L

∂mc

= 0 ⇒ β(1− γ)

ρ

(1− θ)ρmρ−1
c

θmρ
w + (1− θ)mρ

c

= λbcpc(1− θ) ✭✼✳✽✷✮

❙✉❜$"✐"✉"✐♥❣ ❊3✳✭✼✳✽✷✮ ✐♥"♦ ❊3✳✭✼✳✽✶✮ ❛♥❞ ❞❡❧❡"❡ λ✱ ✇❡ ♦❜"❛✐♥ "❤❡ ❢♦❧❧♦✇✐♥❣✿

mw

mc

=

[
bcpc
bwpw

] 1
1−ρ

✭✼✳✽✸✮

❙✉❜$"✐"✉"✐♥❣ ❊3✳✭✼✳✽✸✮✐♥"♦ ❊3$✳✭✼✳✽✶✮ ❛♥❞ ✭✼✳✽✷✮✱ ✇❡ ♦❜"❛✐♥ "❤❡ ❢♦❧❧♦✇✐♥❣✿

bwpwmw =
1

λ

β(1− r)

θ + (1− θ)

[
bcpc
bwpw

] ρ
ρ−1

✭✼✳✽✹✮

❛♥❞

bcpcmc =
1

λ

β(1− r)

(1− θ) + θ

[
bwpw
bcpc

] ρ
ρ−1

✭✼✳✽✺✮

✶✹✶



✼✳ ❆♣♣❡♥❞✐①

❙✉❜#$✐$✉$✐♥❣ ❊)#✳✭✼✳✽✵✮✱ ✭✼✳✽✹✮ ❛♥❞ ✭✼✳✽✺✮ ✐♥$♦ ✭✻✳✶✷✮✱ ✇❡ ♦❜$❛✐♥✿

1

λ
=

ỹ − [(1− bwdθ + (1− bc)d(1− θ))]

α + β(1− r)
✭✼✳✽✻✮

❙✉❜#$✐$✉$✐♥❣ ❊)✳✭✼✳✽✻✮ ✐♥$♦ ❊)#✳✭✼✳✽✵✮ ✭✼✳✽✹✮ ❛♥❞ ✭✼✳✽✺✮✱ ✇❡ ♦❜$❛✐♥✿

c∗ =
α {ỹ − [(1− bw)dθ + (1− bc)d(1− θ)]}

α + β(1− r)
✭✼✳✽✼✮

❋♦= α 6= 0 ❛♥❞ θ 6= 0, 1✱ ✇❡ ❤❛✈❡✿

c∗ =
ỹ − [(1− bw)θ + (1− bc)(1− θ)] d

1 + β(1−r)
α

✭✼✳✽✽✮

❛♥❞

m∗
w =

ỹ − [(1− bw)θ + (1− bc)(1− θ)] d

bwpw

[

1 +
α

β(1− r)

] [

θ + (1− θ)

[
bwpw
bcpc

] ρ
1−ρ

]
✭✼✳✽✾✮

❛♥❞

m∗
c =

ỹ − [(1− bw)θ + (1− bc)(1− θ)] d

bcpc

[

1 +
α

β(1− r)

] [

(1− θ) + θ

[
bcpc
bwpw

] ρ
1−ρ

]
✭✼✳✾✵✮

❙✉❜#$✐$✉$✐♥❣ ❊)#✳✭✼✳✽✼✮ ✭✼✳✽✾✮ ❛♥❞ ✭✼✳✾✵✮ ✐♥$♦ ✉$✐❧✐$② ❢✉♥❝$✐♦♥ ✐♥ ❊)✳✭✻✳✺✮✱

✇❡ ♦❜$❛✐♥ ✐♥❞✐✈✐❞✉❛❧✬# ✇❡❧❢❛=❡ ❢✉♥❝$✐♦♥ ❛# ❢♦❧❧♦✇#✳

Ũ(c,mw,mc, s; γ) = Λ

[(
Ψc +Ψw

) 1−ρ
ρ

bwpwbcpc

]β(1−γ)

s(1−β)(1−γ) ˜̃y α+β(1−γ)

= Λ
[

θ(bwpw)
−ρ
1−ρ + (1− θ)(bcpc)

−ρ
1−ρ

]β(1−γ)

s(1−β)(1−γ) ˜̃y α+β(1−γ)
✭✼✳✾✶✮

✇❤❡=❡ Λ =
αα

[
β(1− γ)

]β(1−γ)

[
α + β(1− r)

]α+β(1−γ)

✶✹✷



✼✳✹ ❆♣♣❡♥❞✐① ❉✿ ❆♥❛❧②/✐❝❛❧ ❚2❡❛/♠❡♥/ ♦♥ /❤❡ ●❡♥❡2✲

❛❧✐③❡❞ ❖♣/✐♠✐③❛/✐♦♥ :2♦❜❧❡♠✲❊♥❞♦❣❡♥♦✉? :2❡❢❡2✲

❡♥❝❡

▲❡" ✉$ ❝♦♥$✐❞❡* "❤❡ ❢♦❧❧♦✇✐♥❣ ▲❛❣*❛♥❣❡ ❢✉♥❝"✐♦♥ ✇✳*✳" ❊3$✳✭✻✳✻✼✮ ❛♥❞ ✭✻✳✻✺✮✳

❖❜✈✐♦✉$❧②✱ ♠❛①✐♠✐③❛"✐♦♥ ♣*♦❜❧❡♠ ❝❤❛♥❣❡$ ♥♦"❤✐♥❣ ✐❢ ✇❡ ❛♣♣❧② ❧♦❣✲"*❛♥$❢♦*♠

"♦ "❤❡ ♦❜❥❡❝"✐✈❡ ❢✉♥❝"✐♦♥ ✐♥ ❊3✳✭✻✳✻✼✮✳

L(c,mw,mc) = lnŨ(c,mw,mc, s; γ) + λ
(
ỹ − c− E(M)

)

=

{

αlnc+
β(1− γ)

ρ
ln
(

ν(θ)mρ
w + (1− ν(θ))mθ

c

)

+ (1− β)(1− γ)lns

}

+

λ

{

ỹ − c−
[
bw(pwmw − dw) + dw

]
θ −

[
bc(pcmc − dc) + dc

]
(1− θ)

}

θ ∈ (0, 1)✭✼✳✾✷✮

❋✐*$" ♦*❞❡* ❝♦♥❞✐"✐♦♥ ✭❋✳❖✳❈✮ ✇✐❧❧ ❣✐✈❡$ ✉$ "❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣"✐♠❛❧ ❝♦♥❞✐"✐♦♥$✿

∂L
∂c

= 0 ⇒ c =
α

λ
✭✼✳✾✸✮

∂L
∂mw

= 0 ⇒ β(1− γ)

ρ

ν(θ)ρmρ−1
w

ν(θ)mρ
w + (1− ν(θ))mρ

c

= λbwpwθ ✭✼✳✾✹✮

∂L
∂mc

= 0 ⇒ β(1− γ)

ρ

(1− ν(θ))ρmρ−1
c

ν(θ)mρ
w + (1− ν(θ))mρ

c

= λbcpc(1− θ) ✭✼✳✾✺✮

❙✉❜$"✐"✉"✐♥❣ ❊3✳✭✼✳✽✷✮ ✐♥"♦ ❊3✳✭✼✳✽✶✮ ❛♥❞ ❞❡❧❡"❡ λ✱ ✇❡ ♦❜"❛✐♥ "❤❡ ❢♦❧❧♦✇✐♥❣✿

mw

mc

=

[
bcpc
bwpw

1− θ

θ

ν(θ)

1− ν(θ)

] 1
1−ρ

✭✼✳✾✻✮

■" ✐$ ✇♦*"❤ "♦ *❡♠❛*❦ "❤❡ $"②❧✐③❡❞ ❢❛❝" "❤❛"✿

✭✶✮

pc
pw

↑⇒ mw

mc

↑ ✇❤✐❝❤ ✐♠♣❧✐❡$ ❈❤✐♥❡$❡ ▼❡❞✐❝✐♥❡ ♣*✐❝❡ pc ↑✭*❡❧❛"✐✈❡ "♦
❲▼✮ ✐♥❝*❡❛$❡✱ ❈❤✐♥❡$❡ ▼❡❞✐❝✐♥❡ ❞❡♠❛♥❞ mc ↓ ✭*❡❧❛"✐✈❡ "♦ ❲▼✮❞❡❝*❡❛$❡✳

✭✷✮θ ↑⇒ mw ↑✱ ♣*❡❢❡*❡♥❝❡ ❞❡"❡*♠✐♥❡ ♠❡❞✐❝✐♥❡ ❞❡♠❛♥❞✳
■♥ ♦*❞❡* "♦ $❛"✐$❢② ♣*♦♣❡*"② ✭✷✮✱ ❧❡" ✉$ ❛$$✉♠❡

ν(θ)

1− ν(θ)
=

(
θ

1− θ

)q

, q >

1✳ ❚❤❡*❡❢♦*❡✱ ν(θ) "❛❦❡$ "❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦*♠✿

ν(θ) =
θq

θq + (1− θ)q
, q > 1. ✭✼✳✾✼✮

✶✹✸



✼✳ ❆♣♣❡♥❞✐①

❖❜✈✐♦✉&❧②✱ ν(θ) ❞❡✜♥❡❞ ✐♥ ❊/✳✭✼✳✾✼✮ ❧✐❡& ✐♥ [0, 1] ❛♥❞ ❛ ♠♦♥♦7♦♥✐❝ ❢✉♥❝7✐♦♥

♦❢ θ✳ ■7 ✐& ✇♦<7❤ 7♦ <❡♠❛<❦ 7❤❛7 ✐♥ 7❤✐& ❝❛&❡✱
1− θ

θ

ν(θ)

1− ν(θ)
=

(
θ

1− θ

)q−1

✳

■♥ 7❤✐& ❝❛&❡✱ ♣<♦♣❡<7② ✭✷✮ ❤♦❧❞&✱ ✐✳❡✳ θ ↑⇒ mw ↑✳ ❚❤❡<❡❢♦<❡✱ &✉❜&7✐7✉7✐♥❣
❊/✳✭✼✳✾✼✮ ✐♥7♦ ❊/✳✭✼✳✾✻✮✱ ✇❡ ♦❜7❛✐♥

mw

mc

=

[

bcpc
bwpw

(
θ

1− θ

)q−1
] 1

1−ρ

✭✼✳✾✽✮

❙✉❜&7✐7✉7✐♥❣ ❊/✳✭✼✳✾✽✮✐♥7♦ ❊/&✳✭✼✳✾✹✮ ❛♥❞ ✭✼✳✾✺✮✱ ✇❡ ♦❜7❛✐♥ 7❤❡ ❢♦❧❧♦✇✐♥❣✿

bwpwmw =
1

λ
· β(1− r)

θ + θ
1−q
1−ρ (1− θ)

q−ρ
1−ρ

[
bwpw
bcpc

] ρ
1−ρ

✭✼✳✾✾✮

♦< ✐♥ ❛♥♦7❤❡< ❢♦<♠ ❛& ❢♦❧❧♦✇&✿

bwpwmw =
1

λ
· β(1− r)θ

q−1
1−ρ

(
bcpc

) ρ
1−ρ

θ
q−ρ
1−ρ

(
bcpc

) ρ
1−ρ + (1− θ)

q−ρ
1−ρ

(
bwpw

) ρ
1−ρ

✭✼✳✶✵✵✮

❛♥❞

bcpcmc =
1

λ
· β(1− r)(1− θ)

q−1
1−ρ

(
bwpw

) ρ
1−ρ

θ
q−ρ
1−ρ

(
bcpc

) ρ
1−ρ + (1− θ)

q−ρ
1−ρ

(
bwpw

) ρ
1−ρ

✭✼✳✶✵✶✮

❙✉❜&7✐7✉7✐♥❣ ❊/&✳✭✼✳✾✸✮✱ ✭✼✳✶✵✵✮ ❛♥❞ ✭✼✳✶✵✶✮ ✐♥7♦ ✭✻✳✻✺✮✱ ✇❡ ♦❜7❛✐♥✿

1

λ
=

y − a(bw, bc)− [θ(1− bw)dw + (1− θ)(1− bc)dc)]

α + β(1− r)
✭✼✳✶✵✷✮

❙✉❜&7✐7✉7✐♥❣ ❊/✳✭✼✳✶✵✷✮ ✐♥7♦ ❊/&✳✭✼✳✾✸✮ ✭✼✳✶✵✵✮ ❛♥❞ ✭✼✳✶✵✶✮✱ ✇❡ ♦❜7❛✐♥✿

c∗ =

[
α

α + β(1− r)

]

ŷ ✭✼✳✶✵✸✮

✇❤❡<❡ ŷ = y − a(bw, bc)− [θ(1− bw)dw + (1− θ)(1− bc)dc)] ❛♥❞

m∗
w =

[
β(1− r)

α + β(1− r)

]
ŷ

Ψ
m̂w ✭✼✳✶✵✹✮

✶✹✹



✇❤❡#❡ m̂w = θ
q−1
1−ρ

(
bcpc

) ρ
1−ρ

(
bwpw

)−1
❛♥❞Ψ = θ

q−ρ
1−ρ

(
bcpc

) ρ
1−ρ+(1−θ)

q−ρ
1−ρ

(
bwpw

) ρ
1−ρ
✳

▼♦#❡♦✈❡#✱ ❧❡- ✉/ ❞❡✲❝♦♠♣♦/✐-❡ /-✉❞② ❢✉#-❤❡# ♦♥ -❤❡ ❛❜♦✈❡ -✇♦ ❞❡✜♥✐-✐♦♥✳

Ψ(θ, bw, bc, pw, pc) = Ψc(θ, bc, pc) + Ψw(θ, bw, pw) , ✭✼✳✶✵✺✮

✇❤❡#❡Ψc(θ, bc, pc) := θ
q−ρ
1−ρ

(
bcpc

) ρ
1−ρ , ❛♥❞Ψw(θ, bw, pw) = (1− θ)

q−ρ
1−ρ

(
bwpw

) ρ
1−ρ ,

m̂w = Ψc(θ, bc, pc)(θbwpw)
−1 . ✭✼✳✶✵✻✮

❚❤❡#❡❢♦#❡✱ /✉❜/-✐-✉-✐♥❣ ❊C/✳✭✼✳✶✵✺✮ ❛♥❞ ✭✼✳✶✵✻✮ ✐♥-♦ ✭✼✳✶✵✼✮✱ ✇❡ ♦❜-❛✐♥ -❤❡

❢♦❧❧♦✇✐♥❣ ❢♦#♠ ♦❢ m∗
w✳

m∗
w =

[
β(1− r)

α + β(1− r)

]
ŷ ·Ψc

Ψc +Ψw

(
θbwpw

)−1
✭✼✳✶✵✼✮

❙✐♠✐❧❛#❧②✱ ❧❡- ✉/ ❞❡✜♥❡ m̂c = (1−θ)
q−1
1−ρ

(
bwpw

) ρ
1−ρ

(
bcpc

)−1
:= Ψw(θ, bw, pw)(θbcpc)

−1

❛♥❞ ✇❡ ♦❜-❛✐♥ ♦♣-✐♠❛❧ m∗
c ❛/ ❢♦❧❧♦✇/✳

m∗
c =

[
β(1− r)

α + β(1− r)

]
ŷ

Ψ
m̂c , ✭✼✳✶✵✽✮

=

[
β(1− r)

α + β(1− r)

]
ŷ ·Ψw

Ψc +Ψw

(
θbcpc

)−1
. ✭✼✳✶✵✾✮

❙✉❜/-✐-✉-✐♥❣ ❊C/✳✭✼✳✶✵✸✮ ✭✼✳✶✵✼✮ ❛♥❞ ✭✼✳✶✵✾✮ ✐♥-♦ ✉-✐❧✐-② ❢✉♥❝-✐♦♥ ✐♥ ❊C✳✭✻✳✻✼✮✱

✇❡ ♦❜-❛✐♥ ✐♥❞✐✈✐❞✉❛❧✬/ ✇❡❧❢❛#❡ ❢✉♥❝-✐♦♥ ❛/ ❢♦❧❧♦✇/✳

Ũ(c,mw,mc, s; γ) =
αα

[
β(1− γ)

]β(1−γ)

[
α + β(1− r)

]α+β(1−γ)
˜̃y α+β(1−γ)

(
Ψc +Ψw

)β(1−γ)(1−ρ)
ρ

(
bwpwbcpc

)−β(1−r)[
θq + (1− θ)q

]−
β(1−γ)

ρ · s(1−β)(1−γ)
✭✼✳✶✶✵✮

✶✹✺
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✷✼✱ ✸✷✻✲✸✸✽✳
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