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Abstract. Interphases between solids are crucial for understanding the
behavior of composite artificial and natural structures. Due to the thin-
ness of these interphases, numerical modeling using finite element analy-
sis may be challenging. Asymptotic techniques, modeling the interphase
as an interface, are viable alternatives. In this paper, we review recent
researches on imperfect interface laws modeling the multiphysic and dam-
aging behavior of thin adhesive layers joining two adherents. Two main
cases are considered: a linear multiphysics framework with a soft limit
interface model, and the behavior of damaged structural elastic adhe-
sives. The latter, considered as a particular case of the multiphysic set-
ting, combines asymptotic theory and micromechanical homogenization
to describe ductile and brittle damage in adhesives. A novel example of a
composite block with an adhesive characterized by elastic soft damaging
behavior under combined shear and tensile loads is provided.

Keywords: Asymptotic analysis, Imperfect Interfaces, Multiphysics ma-
terials, Damage.

1 Introduction

Interphases between solids play an essential role in the behaviour of structures,
whether artificial or natural. It is very important to predict their behaviour and
their ageing under various loads (mechanical, thermal, environmental, etc.). The
difficulty in modelling is essentially due to the very small thickness of the inter-
phases compared with those of the structures. This thinness makes numerical
techniques as volumic finite element very difficult to use in this context, espe-
cially for coupled or non-linear problems. Interface finite elements have been
proposed over the past decades to solve these kind of problems [9, 17, 3, 22, 6,
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11, 5, 10, 14]. Most of these models use a constitutive law of the cohesive type
(CZM, cohesive zone model) [1, 2]. The main limitation of CZMs is that the
parameters are often not related to the physics of the thin layer being modeled.
A now classical methodology for overcoming this difficulty is to use asymptotic
techniques, where the interphase is modelled as an interface [16, 7]. After defin-
ing a small parameter ε, which will tend to zero, associated with the thickness
and the constitutive coefficients of the interphase, different limit problems are
characterized. In this paper, we briefly review the derivation of general imper-
fect interface laws for a composite, constituted by two solids, separated by a
thin adhesive layer (Sec. 2). Two cases are essentially outlined. In the first one,
a linear multiphysics framework is considered for the soft interface model, in
which the constitutive coefficients depend linearly on ε. Notably, higher order
terms are taken into account into the asymptotic analysis [23]. The second case
is concerned by the behaviour of soft damaged structural adhesives. The model
is obtained combining asymptotic theory and micromechanical homogenization
for a micro-cracked material. The interface model with damage evolution is able
to describe both ductile and brittle damage behaviour of structural adhesives
[20]. To illustrate the implementation of the proposed models, a composite block
under combined shear and traction loads is presented as an original example in
Sec. 3. The block is obtained by bonding together two identical adherents with
an adhesive characterized by an elastic soft damaging behavior. The microme-
chanical homogenization approach proposed by Kachanov and Sevostianov [12,
13] is applied to link the local microstructure and the damage parameter. Two
different cases of soft and hard devices are considered. Conclusions are given in
Sec. 4.

2 A review of imperfect interface models

2.1 Generalities on the asymptotic expansions method

In the sequel, the Einstein’s summation convention is used. Latin indices range in
the set {1, 2, 3}, while Greek indices take values in {1, 2}. Moreover, we introduce
the following notations for the scalar and dyadic products: a · b := aibi and
a⊗ b := (aibj), for all vectors a = (ai) and b = (bi) in R3.

The composite structure consists of three solids: a thin layer (adhesive inter-
phase) of constant thickness ε is perfectly embedded between two adherents (see
Fig. 1-left). This interphase occupies a domain Bε = S × (−ε/2, ε/2) ⊂ R3 with
cross-section S ⊂ R2, a bounded open set with smooth boundary. We introduce
an orthonormal Cartesian basis (O; e1, e2, e3) and we take (x1, x2, x3) to desig-
nate the three coordinates of a particle. The origin of the basis belongs to S. To
simplify notation, the surface S is chosen in the plane (O; e1, e2). The character-
istic sizes of the adherents are assumed to be much larger than those of the ad-
hesive. The interphase thickness ε is taken in the following as a small parameter
for the asymptotic expansions of the problem. The two (adherents) solids occupy
the reference configurations Ωε

± ⊂ R3. Let Sε
± ⊂ R2 denote the planar interfaces

between the interphase and the adherents and let Ωε = Ωε
±∪Sε

±∪Bε denote the
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whole composite system. The displacement and stress vector fields are assumed
to be continuous through Sε

±. Classically, for vanishing ε, the thin layer can be
replaced by a surface separating the adherents called interface through which cer-
tain conditions on displacements and tractions prevail [16]. The herein adopted

Adherent

Adherent

Adherent

Adherent

Adhesive

Adherent

Adherent

Adhesive

Fig. 1: Left: Initial problem of bonding; Center: Rescaled configuration; Right:
Final configuration.

matched asymptotic expansion theory is founded on the use of the asymptotic
analysis to derive mechanical laws governing imperfect interface conditions [7].
The five-step methodology can be summarized as follows:

– Expansion: primal and dual variable fields (displacement, stress, heat flux,
electric displacement, etc.) are expanded as series of powers with respect to
the thickness variable ε.

– Rescaling: a rescaling in the x3-direction is performed; the adhesive thickness
ε becomes of length 1 (Fig. 1-center); the adherents are translated along x3.
The domains no longer depend on the thickness.

– Analysis: these fields are transferred to the equilibrium and constitutive
equations. The solutions at various orders of ε are identified and relations
between primal and dual variables are finally obtained.

– Matching: matching conditions, in various configurations, are then applied
to the fields.

– Model: the solution is given in the final configuration (see Fig. 1-right).

The following notation is adopted:

– [[f ]] := f(xα, 0
+)− f(xα, 0

−): jump in the limit configuration (Fig. 1-right);
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– ⟨⟨f⟩⟩ := 1
2 (f(xα, 0

+) + f(xα, 0
−)): average in the limit configuration (Fig.

1-right);

where f is a generic function and xα = (x1, x2) are the in-plane coordinates.

2.2 Soft imperfect interface law for multiphysic composites

In this section, we recall the soft imperfect interface laws obtained through an
asymptotic analysis in a general multiphysic framework [23]. These conditions
can be then adapted to specific cases, such as elasticity, piezoelectricity, etc.
Let us consider a composite material presenting a linear coupled multiphysic
behaviour. The state at the equilibrium of this multiphysic material is charac-
terized by a collection of N vector parameters, called the primal state variables,
uε
1, . . . ,u

ε
N . We denote by sε := (uε

1, . . . ,u
ε
N ), a generalized vector field. With

the multiphysic state sε, we associate its dual physical quantity tε = tε(∇εsε),
where (∇εsε)i := sε,i = (uε

1,i, . . . ,u
ε
N,i) denotes the gradient of sε. The vector

field tε := (σε
1, . . . ,σ

ε
N ) represents a generalized stress field. We consider the

following homogeneous and linear constitutive law, tε = Kε∇εsε, where Kε is
a generalized constitutive matrix, satisfying suitable symmetry and positivity
properties. We assume that the adherents are subjected to a generalized system
of body forces fε and surface forces gε. Body and surface forces are neglected in
adhesive layer. Homogeneous boundary conditions are prescribed on a partition
of the composite external boundary Γ ε

u , far from the thin layer. It is assumed
that the adhesive and the adherents are perfectly bonded on Sε

±. The differential
formulation of the governing equations has the following structure:

−div tε = fε in Ωε,
tεnε = gε on Γ ε

g ,
sε = 0 on Γ ε

u ,

where tεnε := (σε
1n

ε, . . . ,σε
Nnε) represents the generalized stress vector on the

boundary Γ ε
g and nε the outer normal unit vector to Γ ε

g .
By applying the asymptotic expansions method and developing in series of

powers of ε the fields tε = t0 + εt1 + o(ε) and sε = s0 + εs1 + o(ε), as de-
scribed in Section 2.1, the imperfect interface laws can be characterized. Here,
we recall the case in which the adhesive has mechanical characteristics weaker
than those of the adherents (soft interface model). The constitutive coefficients
of the adherents are assumed independent of ε, i.e., K̄ε = K̄, while the mate-
rial parameters of the adhesive depend linearly on ε, so that K̂ε = εK̂. In the
following, K̂ij denotes the submatrices of tensor K̂, as defined in [23], whose
components are K̂kl

ij := K̂likj . The transmission problems at order 0 and order
1 can be summarized as follows:
– Order 0

Governing equations
−div t0 = f in Ω±,

t0n = g on Γg,

s0 = 0 on Γu,

Transmission conditions on S±{
[[s0]] = (K̂33)

−1⟨⟨t0e3⟩⟩,
[[t0e3]] = 0.

(1)
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– Order 1

Governing equations
−div t1 = 0 in Ω±,

t1n = 0 on Γg,

s1 = 0 on Γu,

Transmission conditions on S±{
[[s1]] = (K̂33)

−1
(
⟨⟨t1e3⟩⟩ − K̂α3⟨⟨s0⟩⟩,α

)
,

[[t1e3]] = −K̂3α[[s
0]],α,

where ∓e3 denote the unit normal vectors of the interfaces S±. The reader can
refer to [23] for the characterization of other contact laws, namely the hard and
rigid interface models. At order 0, the interface behaves from a mechanical point
of view as a series of linear springs, reacting to the jump between the top and
bottom multiphysics states, while, at order 1, a mixed interface model is obtained
with the appearance of nonlocal terms, depending on the in-plane derivatives of
the jump and mean values of s0.

2.3 A model of soft damaging imperfect interface

In this section, we review a model of soft damaging elastic imperfect interface
proposed in [4]. The model has been also generalized to the case of hard interface
in [20]. This linear elastic model can be considered an adaptation of the multi-
physic one, introduced in Section 2.2, by considering one state variable, namely
the displacement field sε ≡ uε and its associated Cauchy’s stress field tε ≡ σε,
and introducing the additional damage evolution problem within the adhesive.
The adherents of the composite system are now assumed to be homogeneous
and linearly elastic, with K̄ being the fourth-rank elasticity tensor. Tensor K̄ has
the usual symmetry properties, with the minor and major symmetries, and are
positive definite. The material of the adhesive is supposed to be damaging and
obey the homogeneous and linear constitutive law σε = K̂ε(Rε)eε(uε), where
K̂ε(Rε) is the elasticity tensor depending on a damage parameter Rε ∈ [0, 1],
and eε(uε) := 1

2

(
∇εuε + (∇εuε)T

)
is the linearized strain tensor. The damage

parameter evolves according to the equation:

ηε(Ṙε)n = −
{
ωε +

1

2
K̂ε

,R(R
ε)eε(uε) · eε(uε) + αε∆ε

pR
ε

}
−
, Rε(0) = Rε

0 (2)

where Rε
0 is the initial damage value, ηε = η̃ε−1 is a damage viscosity, ωε = ω̃ε−1

represents an energy threshold for the damage initiation, and αε = α̃ε−1, n and p
are positive material parameters, depending eventually on Rε. In (2), ∆p denotes
the p-Laplacian operator

∆ε
pR

ε = ∇ε · (|∇εRε|p−2∇εRε), (3)

and {·}− the negative part of a function. As before, adherents are subjected
to a body force density f in Ω± and to a surface force density g on Γg. Body
and surface forces in the glue are neglected. On a part Γu of the boundary,
homogeneous boundary conditions concerning the displacements are prescribed.
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The case reviewed here is that of a soft adhesive: Kε = εK. For simplicity,
only the results at the lowest order are presented. The soft contact conditions
(1) can be equivalently recovered from the asymptotic analysis relative to a
damaging adhesive. By taking an approximation of the initial displacement field
such that uε ≈ u0, the equation for damage evolution in the glue takes the
following form:

η̃(R)Ṙn = −
{
ω̃(R) +

1

2
K̂33,R(R)[[uε]] · [[uε]] + α̃∆2

pR

}
−
. (4)

3 Case of study: a composite block under a combined
tensile-shear load

In this section, we study the equilibrium problem of a composite made of two
adherents joined by a damaging adhesive under the combined loads of traction
and shear. The adherents are two identical elastic isotropic blocks, Ω− and Ω+,
with the same length and height, l and h respectively, subjected to simple shear
and traction loads on the boundary in the plane (O;x2, x3), as indicated in Figure
2. The two adherent blocks are joined by a thin elastic isotropic damaging glue
modeled as an imperfect interface obeying the transmission conditions in (1) and
the damage evolution equation (4), with

K̂33 = ε−1 µε(R)(e1 ⊗ e1 + e2 ⊗ e2) + ε−1 (2µε(R) + λε(R))(e3 ⊗ e3) (5)

arising from an isotropic adhesive material behavior, cf. [24]. In (5), λε(R) and
µε(R) are the Lamé’s parameters of the adhesive, measured in the reference con-
figuration, i.e. before rescaling. The micromechanical homogenization approach
proposed by Kachanov and Sevostianov [12, 13], based on the approximation of
non-interacting microcracks, is here applied to model the micro-cracking dam-
aging behavior of the adhesive. In the 2-D case, within the hypotheses of linear
elastic isotropic matrix and of randomly-distributed microcracks, the comple-
mentary energy density of the effective medium gives for the effective Young’s
modulus E(R) and Poisson’s ratio ν(R):

Eε(R) = Eε
0(1 + CER)−1, νε(R) = νε0(1 + CνR)−1, (6)

where Eε
0 and νε0 are the elasticity parameters of the adhesive before damage,

and the constants CE and Cν depend on the orientation distribution of defects.
Here, CE = π = Cν . The elastic parameters (6) can also be expressed in terms
of Lamé’s parameters, as follows:

λε(R) =
Eε

0 ν
ε
0

(1− 2νε0 + πR)(1 + νε0 + πR)
, (7)

µε(R) =
Eε

0

2(1 + νε0 + πR)
. (8)

The stress tensor in the two adherents is assumed to take the simple form
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Fig. 2: Geometric and loading configuration of a composite made of two adherent
blocks joined by a damaging adhesive under a combined tensile-shear load.

σε = q2(e2 ⊗ e3 + e3 ⊗ e2) + q3 e3 ⊗ e3, (9)

with q2 and q3 the shear and tensile loads, respectively. Note that with this
choice, the second equation of the transmission conditions in (1) is identically
satisfied. Equilibrium, compatibility, constitutive equations in the adherents and
the first equation of the transmission conditions in (1) require the displacement
fields in Ω+ and Ω−, denoted by uε

+ and uε
−, respectively, to be of the form

uε
+(x1, x2, x3) = c1x1e1 + (c1x2 + c3x3 + c4)e2 + (c5 + c2x3)e3, (10)

uε
−(x1, x2, x3) = c1x1e1 + (c1x2 + c3x3 + c3h)e2 + (c2h+ c2x3)e3, (11)

where ci, i = 1, 2, 3, 4, 5 are the following combinations of material and loading
parameters

c1 = −ν q3
E

, c2 =
q3
E
, c3 =

q2
µ
,

c4 =
q2
µ
h+

q2
µε(R)

ε, c5 =
q3
E
h+

q3
2µε(R) + λε(R)

ε,

being E, ν and µ the Young’s modulus, the Poisson’s ratio, and the shear mod-
ulus of the isotropic material composing the adherents, respectively. Note that
the displacement fields uε

± have been calculated so as to prevent the lower basis
of the composite block from translating along the vertical direction.

In view of (10) and (11), the equation (4) for damage evolution takes the
form

η̃Ṙ = −
{
ω̃ +

ε

2

(
µε
,R(R)

(µε(R))2
q22 +

2µε
,R(R) + λε

,R(R)

(2µε(R) + λε(R))2
q23

)}
−
, (12)
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where, for simplicity, we have chosen n = 1 and α = 0, η̃ and ω̃ have been
assumed to be independent of R, and a comma denotes the first derivative with
respect to the damage variable R.

Substituting (7) and (8) into (12) gives

η̃Ṙ = −
{
ω̃ − ε π

Eε
0

(
q22 +

(
1

2
+

(νε0)
2

(1− νε0 + πR)2

)
q23

)}
−
, (13)

As a measure of the macroscopic deformation of the composite block, we
introduce the macroscopic shear strain defined as

γ :=
1

2h
(uε

+(x1, x2, h)− uε
−(x1, x2,−h)) · e2. (14)

Substituting Equations (10) and (11) into (14), we obtain that

γ =
q2
µ

+
ε q2

2µε(R)h
. (15)

Solving the latter Equation with respect to q2 gives the following macroscopic
shear load-shear strain response

q2 =
1

( 1µ + ε
2µε(R)h )

γ. (16)

Finally, the axial strain along the 3−axis defined as

ϵ :=
1

2h
(uε

+(x1, x2, h)− uε
−(x1, x2,−h)) · e3, (17)

can be simply calculated as

ϵ =
q3
E

+
q3

2µε(R) + λε(R)

ε

2h
. (18)

In the following section, we will consider the two different cases of soft and hard
devices, meaning that in the first instance a history for the shear load q2 will
be prescribed, while in the second one a history for the shear strain γ will be
prescribed. In both cases, the traction load q3 will be kept fixed.

3.1 Numerical results

In this section, the differential problem given by (13) together with the initial
condition R(0) = R0, which specifies the initial value of the damage parameter,
R0, is numerically solved by using the built-in function ode45 of the commercial
software MATLAB [18]. For simplicity, in all simulations we have assumed R0 =
0.

Table 1 shows the geometrical, material and loading parameters chosen for
the numerical simulations. In particular, the adherents are assumed to be two
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Table 1: Geometrical, material and loading parameters

Quantity Symbol Value Unit

Adherents
Height h 30.0 mm

Young’s modulus E 200.00 GPa

Poisson’s ratio ν 0.30 –

Adhesive
Thickness ε 0.3 mm

Young’s modulus E0 4.53 GPa

Poisson’s ratio ν0 0.36 –

Viscosity η̃ 4.0 10−4 MPa s m

Activation energy ω̃ 2.0 10−5 MPa m

Initial damage R0 0 –

Soft device
Shear stress rate q̇2 6.25 MPa s−1

Traction load q3 0, 20, 50 MPa

Hard device
Shear strain rate γ̇ 10−4 s−1

Traction load q3 0, 20, 50 MPa

S45C carbon steel blocks joined by an adhesive-one-component epoxy adhesive
[21].

In the soft device case, a shear stress linear ramp is prescribed

q2(t) = q̇2t, (19)

while in the hard device case a shear strain linear ramp is prescribed

γ(t) = γ̇t. (20)

Figure 3 shows the evolution of the damage parameter in the two cases of soft
and hard device. In the case of vanishing q3, damage evolution starts (R = 0.001)
at t = 1.78 s for both the soft device case and the hard device case. This occurs
for because the same time instant makes to vanish the left-hand side of the
evolution equation (13), due the choice of the activation energy density (ω̃) is
the same in both cases, and the choice of q̇2 and γ̇ so as to satisfy the relation

q̇2 =
1

( 1µ + ε
2µε(R0)h

)
γ̇. (21)

Figure 3 also shows that increasing values of q3 increase the damage evolution
inside the adhesive, coherently with the left-hand side of the evolution equation
(13). Damage evolution is always more rapid in the soft device case: in the soft
device case, full damage (R = 1) is reached at t = 5.67 s for q3 = 0 MPa, at
t = 4.5 s for q3 = 20 MPa, and at t = 1.37 s for q3 = 50 MPa, while in the hard
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Fig. 3: Damage evolution in the adhesive of the composite block subjected to
shear in a soft device (black lines) and in a hard device (gray lines). For both
cases, three different levels of the traction load are considered: q3 = 0, 20, 50
MPa.

device case, it is reached at t = 6.49 s for q3 = 0 MPa, at t = 5.17 s for q3 = 20
MPa, and at t = 1.38 s for q3 = 50 MPa.

Figure 4 shows the shear stress-shear strain responses for increasing traction
loads in both cases. The curves have been stopped at R = 1, corresponding to
full damage of the adhesive. Note that the response is always more rigid in the
hard device case, as expected.

Figure 5 illustrates the evolution of the macroscopic axial strain ϵ along the
3−axis, cf. (18), with respect to the shear strain. For q3 = 0 MPa, ϵ vanishes,
being the block subjected to pure shear. For q3 = 20 MPa and q3 = 50 MPa,
ϵ is initially non-zero (cf. the horizontal lines in Fig.5), due to the elasticity of
the adherents’ material and the initial elastic response of the adhesive. As time
increases, the adhesive material damages and softens, causing a rise of ϵ with
increasing values of the shear strain. This Poynting-type effect is clearly due the
damaging non-linear behavior of the adhesive and is larger for higher values of
q3, that cause more damage.

4 Conclusion and perspectives

In this paper, a review of some recent models for soft imperfect interfaces in a
multiphysics framework is presented. Two main cases are considered: a linear
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Fig. 4: Shear stress-shear strain macroscopic response of the composite block
subjected to shear in a soft device (black lines) and in a hard device (gray
lines). For both cases, three different levels of the traction load are considered:
q3 = 0, 20, 50 MPa.

multiphysics framework with three limit models (soft, hard, and rigid interfaces)
and the behavior of damaged structural adhesives. The latter combines asymp-
totic theory and micromechanical homogenization to describe ductile and brittle
damage in adhesives. A novel example of a composite block with an adhesive
characterized by elastic soft damaging behavior under combined shear and trac-
tion loads is provided. Two different cases of soft and hard devices are considered:
for the first one, a history of the shear load is prescribed, while for the second
one a history for the shear strain is prescribed. In both cases, the traction load
is kept fixed. For the two cases, the evolution of the damage parameter and the
macroscopic shear stress-shear strain response are calculated and compared.
Key points of this work can be summarised as follows

– The proposed asymptotic approach in the case of multiphysics and damage-
able thin layer, represents a suitable tool to derive complexes interface laws
in a unified way.

– The interface laws that have been derived are reduced models, which can
be implemented in finite element models of complex structures to avoid a
volumic description of thin layers.

– In the proposed numerical example, the evolution of the damage parameter
and the macroscopic shear stress-shear strain response are calculated and
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Fig. 5: Axial strain versus shear strain macroscopic response of the composite
block subjected to shear in a soft device (black lines) and in a hard device (gray
lines). For both cases, three different levels of the traction load are considered:
q3 = 0, 20, 50 MPa.

compared. Interestingly, a shear-axial coupling of the Poynting-type emerges,
due to the softening behavior of the adhesive.

This study presents some limitations. First, a main limitation of the proposed
interface models is the assumption of uniform thickness for the adhesive. More
realistic geometries can be taken into account by describing the adhesive as a
smooth rough interphase, see for example [8]. Second, a limitation of the provided
example is the basic assumption of uniform stress (see Eq. (9)), that on one side
allows to calculate a simple closed-form solution, on the other neglects stresses
concentrations near the boundary. These aspects, together with more general
material behaviors for the adhesive, like viscoplasticity and viscoelasticity, could
be the object of further works.
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