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Higher order interface conditions for
piezoelectric spherical hollow composites:
asymptotic approach and transfer matrix

homogenization method

M. Serpilli, R. Rizzoni, S. Dumont, F. Lebon
September 15, 2021

Abstract

The paper describes the mechanical behavior of composites made of piezoelectric
spheres in perfect or imperfect contact. The imperfect contact is achieved by interpos-
ing piezolectric thin adhesive layers between the spheres. First, using asymptotic anal-
ysis, transmission conditions of imperfect interface equivalent to the behavior of piezo-
electric adhesive layers are obtained at order 0 and 1. These transmission conditions
are calculated for "hard" adhesives, i.e. adhesive materials whose electromechanical
constants do not rescale with their thickness. Next, under the assumption of spherical
symmetry, the transmission conditions are condensed to a general law of imperfect
contact, able to simultaneously describe different contact regimes: piezoeletric hard
(order 0 and 1) and soft (or spring-type, order 0 and 1) interface conditions, the per-
fect continuity conditions, and the piezoelectric rigid (Gurtin-Murdoch or membrane-
type) conditions. Lastly, following Bufler’s approach, the homogenization problem
of a spherical hollow piezoelectric assembly is solved, extending the classical transfer
matrix method to take into account the presence of thin adhesive layers described
using the proposed transmission conditions of imperfect contact. A simple numerical
example is provided, illustrating the correctness and effectiveness of the homogeniza-
tion approach in describing the electromechanical behavior of spherical piezolectric
assemblies.

Keywords. Asymptotic analysis; transfer matrix method; interfaces; piezo-
electric composites; thin layers.

1 Introduction

Piezoelectric materials have been extensively employed in the design of smart
structures, active control, sensors and actuators, thanks to their ability to ex-
change electrical inputs to mechanical deformation, and, conversely, to trans-
form a mechanical action into an electric potential. They can be used in small
members for electromechanical devices as well as structural components in disks,



cylindrical and spherical shells in several engineering applications such as en-
ergy harvesting [1], hydroacoustics [2], health monitoring [3]|, and transducers
[4]. Moreover, in order to control the distribution of the main physical quanti-
ties, piezoelectric structures can be made of several layers, which can be suitably
stacked or glued together forming a laminated composite with desired effective
electromechanical properties [5]. For this particular structures, it is impor-
tant to develop an exact solution relating the applied loads to displacement,
stresses and electric potential. A vast literature on radial spherical piezoelectric
transducers has been reported. Many researches analyzed the electromechani-
cal behavior of piezoelectric hollow spheres, developing analytical solutions for
stress and electric potential fields, e.g. [6, 7, 8], taking into account pyroelectric
effects and thermal gradients [9, 10, 11]. The electromechanical analysis have
also been extended to functionally graded materials [12], coated sensors [13] and
sandwich assemblies [14].

Concerning the theoretical analysis of bonded joints, the thin interphase
layer between to adjacent media can be treated as a two-dimensional surface,
called the imperfect interface, on which appropriate transmission conditions are
defined. Various interface models have been developed throughout the years by
means of classical variational tools and more refined mathematical techniques
(asymptotic analysis), spanning from uncoupled phenomena, such as thermal
conduction [15, 16, 17] and elasticity [18, 19, 20, 21, 22, 23|, to multifield and
multiphysics theories [24, 25], such as continua with microstructure [26, 27],
coupled thermoelasticity [28] and piezoelectricity [29, 30] .

The present paper aims at providing a general form of the interface law for
piezoelectric spherical hollow composites by means of an asymptotic analysis.
The piezoelectric assembly is constituted by the inner and outer adherents,
connected together by an intermediate radial bonded joint, whose thickness
depends on a small parameter e. The material coefficients of the piezoelectric
constituents are assumed independent of €. This allows to characterize the so-
called hard interface model. Following the asymptotic approaches developed in
[24, 31], it is possible to compute the interface law at order 0, corresponding to
classical continuity conditions, and the order 1 transmission conditions, defining
a non trivial interface model. The above conditions have been specialized in the
case of spherical radial symmetry. Combining the results at order 0 and order 1,
a general interface model has been obtained, which comprises in itself the soft
(spring-type), hard and rigid (Gurtin-Murdoch or membrane-type) interface
laws, as shown in [24].

Various homogenization procedures for layered media have been developed
throughout the years, based on the determination of the composite effective
constitutive coefficients. In the present paper, the transfer matrix method by
Bufler [32, 33] is taken into consideration. A similar homogenization technique
for the derivation of an effective average model of periodic media has been
developed by Molotkov in [34], with applications to the propagation of seismic
and acoustic waves. The aforementioned homogenization methods are basically
equivalent, since they rely on a particular formulation of the governing equations
as a first-order linear system in terms of the state vector Fourier’s transform



(containing displacements and stresses). Even though the system solution is
expressed with two different representations, namely, with an exponential matrix
in [32], and through the successive approximation method in [34], the final
results can be considered analogous. Besides, Molotkov provided a multiphysic
and multifield generalization of the homogenization method, applied to Biot’s
poroelastic layered continua (see [35]).

In this work, a generalization of the transfer matrix method [32, 33| is
proposed for piezoelectric hollow spherical composites. Moreover, the afore-
mentioned general interface laws have been implemented within the homog-
enization procedure, allowing to define equivalent elastic material parameters.
Lastly, a numerical example has been developed considering a simple three-layer
piezoelectric composite, subjected to an assigned electric potential on the inner
boundary. The exact solution of the three-layer configuration is compared with
the closed-form solution of a two-layer composite, in which the intermediate
adhesive has been replaced by the general interface conditions. Besides, a third
comparison has been made taking into account the single-layer homogenized
solution obtained through the transfer matrix method.

2 Asymptotic analysis in terms of spherical co-
ordinates

2.1 The governing equations of the problem

Let us consider an orthonormal spherical basis (e,,eq,e,), denoting the three
curvilinear coordinates of a point of the body. The equilibrium equations for
a deformable body and the electrostatics charge equation (in the absence of
volume forces and free charge density) in spherical coordinates are respectively
defined as follows (see [7, 9]) :

1 1 1
Orr,r + mdrg’g + ;o—?”(p,tp + b (2JTT — 000 — Opp + Ory cot SO) = 0,

1 1 1
Orp,r + m(f@@’e + ;O'L,OLP,KP + T (30'7»4’9 + (Utptp - 0'09) cot (p) = 0,

(1)

1 1 1
Oro,r t 5in 50000 T 30000 T 5 (30rg + 209, cot ) = 0,

DT,T + %Dcp#; + mDQﬂ + %DT —+ 2CO¥D¢ = O,
where o = (0;;) and D = (D;), 4,j = 1,0, ¢, represent, respectively, the spheri-
cal components of the Cauchy stress tensor and electric displacement field. The
constitutive law for a spherically transversely isotropic piezoelectric material



takes the following form:

Opp = C11Err + C12€09 + C12E4p — €11 H7,

099 = C12Err + 22899 + C23Ep — €12 E,

Opp = C12Err + C23E00 + C22€py — €12F7,

Orp = 204487, — €15F,,

Oro = 244,09 — €159, (2)
Ogp = (022 - 623)€0¢,

D, = eq16rr + €12699 + €1264p + S11Er,

D, = 2e156r, + Ba2Ey,

Dy = 2e156,9 + PazEy,

where ¢;; e;; and B;; denote the elastic, piezoelectric and electric conductivity
coefficients and € = (¢;;) and E = (E;) represent, respectively, the spherical
components of the linearized strain tensor and electric field, which can be ex-
pressed in the terms of the spherical coordinates through the following relations:

E’I”T‘ u’r‘,f’?

€ %“sw: + S,

g = W’UJ 0+ CO:,LPUSO + %ur,

Erp = %uma + Upr — %Uw

Ep0 = ramplles Ty — < Eup, (3)
Er0 = raingp Ur0 + ugr — %um

Er = _(b,ra

E, = _%?w

Eq = _rsin¢¢:97

with u,, u,, ug, the radial, azimuthal and circumferential components of the
displacement field along the basis (e,,eg,e,), and ¢, the electric potential.

2.2 The interface conditions for a radial bonded joint

The spherical piezoelectric hollow assembly is constituted by the inner and outer
adherents Q¢ and €2¢ , connected by a intermediate adhesive layer B¢.The gluing
between the two adherents is assumed along the radial direction. The thickness
of the adhesive is supposed to be constant and equal to e. The bonded joint lies
in the interval (ro —€/2,r9 + €/2). To apply the asymptotic expansions method,
a change of variables is needed, in order to rewrite the governing equations
of a fixed domain (independent of ¢), see Figure 1. The change of variable is
introduced along the radial direction:

( —
(7.0,9)

=a(r,0,0) = (ro + =2,0,9),in B€,

€

(r,0,0) = (r,0,0) £ (5 T 5) er,in QF.
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In the sequel, R := ro + =22, The rescaled domains will be noted with

B and Q4. Moreover, only if necessary, § and g will denote, respectively, the
restrictions of function g to B and Q4.

re W o !mperfect
0 r interface
0

(a) (b) ()

Figure 1: Initial (a), rescaled (b) and limit (¢) configurations of the spherical
composite

The change of variables implies that

1 1 1 1 R —
op=-0, and ~= ————— = — — r06+0()
€ r ro+e(R—ro) 10 r3

The constitutive coeflicients of the adherents and adhesive are assumed to be
independent of €. Since the rescaled problem on a fixed domain present a poly-
nomial structure with respect to the small parameter ¢, we can look for the
solution of the problem as a series of powers of ¢, as follows:

o0¢=0"+eol +e20? + ...,
u® = u’ +eul +2u?+ ..,
D¢ = D + eD' + €2D? +
¢ = ¢ + e + 2% +

(4)

By applying the change of variables to the governing equations (1) and by
substituting the asymptotic expansions (4), one has:

1 ?TR+UTTR+W 7‘09+r0 wgan*(202r*089*03¢+02¢‘30t@)+
% 9wR+J7¢R+m W(,Jr woga —(302 +(Ug¢7039)cotga)+...=
ir9R+UreR+m0999+ 00 T (301«0‘*‘20%00‘5@) =0,
DY g+ Dlg+ ~DY 4+ o Di g +EDS+2C;’%D3,+...:O.



The same procedure is considered for the strain tensor and electric field com-
ponents (3). Thus,

E?T:7UT‘R+uT‘R+
5;¢=iug@+—u + ...,

€50 = rrsimpl 99+°°W’ ud + Tud + .
erp = tul prul g+ ud = cul 4
€59 = muwg + —ugv - Cowug +.

€10 = ueR+ueR+muga_*ue+
ES = —1¢% — ¢l +

E;=—%¢?¢

Egz_mwe

By injecting the above rescaled strains and electric field into the constitutive
relations (2), we obtain:

ol + .. = L (enul g+ e110%) + {012 (m ug o + COW ud + + ) +
+ c12 < Lul ,+ %ug) +enup g+ +e11¢,1R} +

ohp + —%(CuurR—i—eud) r) + {622 (m 09+cot¢ 0+ )+
+C23< ug¢+iu)+clgurR+612¢R} .

00, + .. = 1 (012“2,1% + 612¢?R) + {023 (mue o+ cow u, + 1 ) N
+C22< ug¢+iu)+012%3+612¢3} -

Opp o = 22000 + 2044 ( bR U~ %ug) +9ag0, +

0l + - = £2Csauf g + 2Cas (ue rt m“ge - iu‘é) + o+

Thp o = (C22 — C23) (m U g+ oo 2¢ - Cowug) + .y

DYoo= ¢ (entin = Fuidlp) + {612 (rrargudo + <a£ul + Lul) +
+ e12 ( 1 u?ﬂ,go + lu ) + enurR 511¢71R} +

DY+ = Fersul o+ 2eas (vl ul, - Hulk) - 2200, +

Dg t..= 72615u9 rt+2e1s ué,R + muge - %ug> - miff“pqﬁo

(6)
The interface conditions at order 0 and order 1 can be characterized by
identifying the terms with identical power of €. Focusing on the terms occurring

in e ! in eq. (5)7 we get:

0 0 0
Orr,R = =0, o, ¢,R = 0, Oro,R = 0, DT,R =0,



which imply that o9, Ew 0%, and D? are constant with respect to the radial
coordinate R. Due to the continuity of the radial traction vector and electric
displacement at the interface between adherents and amdhesive7 their jumps, eval-
uated at R = +31, vanish, ie. [00,] =0, [02,] = 0, [0%] = 0 and [D?] = 0,
where [.] denotes the jump functions. Moreover <JT,,> ol (o) = ol
(0% = 0% and (D?) = DY, with {.) denotes the mean value.

Considering relations (6)1 7,45 at order —1, one has:

0 0 0 0 0 0
ety g +endr =0, enu, g —Pudr=0, u,r=0, uyp=0.

The solution of the above linear system implies that the displacement field, u2,
ug, ug, and the electric potential ¢°, at order 0, are constant along the radial
direction. By virtue of the continuity conditions at the interface level between
the inner and outer spheres and the adhesive layer, the following jumps [u!] = 0,
[uo] = O [“9] =0 and [¢°] = 0 are equal to zero. As customary, (ul)y = u2,
<U )= <“0> = uy and (¢°) = ¢".

In v1ew of the above, the interface transmission conditions at order 0 shows
a perfect interface model, equivalent to the classical continuity conditions:

[9]1=0, [0%]=0, [0%]=0, [D]=o0,
[u0] =0, [l]=0, [u)]=0, [¢°]=0.

Let us consider equations (6)1,7.45 at order 0 and isolate the terms related
to the displacements and electric potential at order 1:

cruy g +eng'y = ol — cra(ed, + €y,

1 1 0
enu) g — P11¢'g = DY — e12(ed, + €5p), .
ul _ O’O _ 5O _es 1 40 ( )
»,R ' TY  2caa 7m0 TP’
1 _ -0 _ 0 _ es 1 0
Ug R = 0rg —Erg 2cq44 To SIiNQ 7,07

: 0 ._ 1.0 1,0 0 . 1 cotgaO 0 10_
with ELP%’ T 'r‘ou@#’ + r €60 = ro sin ¢ 9 0 + + U‘T’ Er ¢
1,0 0 ._ o _ 1
o U and €.y = rosing o T 7o ug, depending only on the terms at order 0.

After an integration along the radial coordinate R = ro + 1 5, the solution of the

previous linear system allows to characterize the jump of the displacement field
and electric potential at order 1, as follows:

[u;] = m {B110, + e DY + (Bricia + 611612)(5&0 +eg)}
[¢1] = m {enUTT — CnDT — (c12€11 — 611612)(5(4);@ + 520)} ; (8)
[u<1p] = Jgs@ - Eg«p - 2eclf4 % ?w
17 _ 0 0 5 0
[UO] =0, —Eprg — 290144 o smapd)

: 1 1 1 1

Moreover, the obtained values of Uy gy Uy Ry Up R and ¢ can be helpful to
derive explicit expressions of o0, 0fy, 09, D and DY as functions of the
zeroth order terms.



The equilibrium and electrostatic charge equations at order 0 give:

UinR = _mage,e - %Ugw,w - % (20% - 029 — U&p + J?@ cot go) ,
U’%%R = _magwﬂ - %Ugwp - % (3‘79@ + (0&0 — ogp) Ot )
10,1 = _ﬁagﬁﬂ - %Ug%w - % (3‘726 + 207, cot @) ;
Y

By integrating the previous equations along the radial direction and by apply-
ing the continuity conditions of the radial traction vector and radial electric
displacement, one can formulate the final interface conditions at order 1:

11— __1 o _ 150 _
] 7 sinngTQ,G 0 UT(P#P
_ 1 {2 (1 _ 2(ﬁ11612+611€12)) O'O 2(012611*611612)D0_

N 3 — P
To c11fi1+eq; T ci1f11+ef; T

_ 2ci2(Bricizterrerz)—2eiz(cizerr —crieis) 0 0
(CQz * st c11B11+e7; (EWP + 899) ’

[or,] = —m(cm - 023)58%0 - % {300, + (cas — c22) (€%, + £y) cot 0} —

1 ﬂ11012+€116120.0 cizer1—cuier2 )0 +
0o ci1Biited; T c11B11+e€?; ¢

ci2(Bricizterrerz)—erz(cizeri—ciierz) | .0
+ (022 + c11B11+ed; 509#’—'_

ci2(Briciaterrern)—era(cizeri—ciierz) | 0
+ (023 + c11P11 +€§1 69090:‘9 ’

[o}] = —%(022 — 023)58%@ — % {30&, + 2(co — 023)5(9)@ cot cp} —

| Biiciz+errern o0 cizenizciierz 0 4
To sin ¢ c11Br+e?; om0 c11B11+€?; r,0

ci2(Bricizterrern)—era(cizeri—ciierz) | .0
+ (023 + i frite? €60,0

612(611012+€11€12)—612(012€11—011612) 0
+ (022 + 611,3114*6%1 5@@,9 ’

2D0 2
D= _—2P: 1 )op 50 ~_ Leithomcasyo |
5Y%rp,p 4

T 0 T0 0 Cy ;PP

2
_ 1 0 _ 1 ejs+pB22¢a4 40 _
To {26150T9,9 70 Sin ¢ Caa ¢,99

2
__cotyp 0 _ 1 ejstPacaa 40
70 {26150T9@ 70 C44 2

(9)
Equations (8) and (9) represent the higher order interface laws for a piezoelectric
spherical composite. These conditions provide the simultaneous jumps of the
displacement field, electric potential, stress field and electric displacement at
order 1 depending on the values of the same physical quantities at order O.
These order 0 terms are known since they have been determined in the previous
problem and they appear in the formulation as source terms. The interface
conditions at order 1 can be interpreted as the two-dimensional piezoeletric
equilibrium problem defined on the plane of the interface.



2.3 The interface conditions for a radial bonded joint:
spherical symmetry

In the case of a spherically symmetric problem, radially polarized, radially
transversely isotropic hollow spherical composite, the radial displacement field
and electric potential depend only on the radial coordinate, i.e., ut = ut(r),
@€ = ¢(r), while both the circumferential and azimuthal displacements vanish,
Le. ug = ug = 0. By virtue of the symmetry assumptions, the equilibrium
and electrostatic problems simplify since the only non null stresses and electric
displacements are of, = of,.(r) and DS = DE(r). Interface conditions at order
0 maintain the same form:

[u2] =0, [¢"]=0, [07,]=0, [D7]=0, (10)

b,
1
c11B11+e€3,

[Jl ] _ 2 {(511612+6112€12 _ 1) U?r 4 Cizeni—cuiers Dg_’_ (11)

- p)
To c11B11+e7; c11fB11+eq;

while the interface conditions at order 1 reduces to:

5|
5 ©

1 1 0 0 )
[up] = Pl {5110M + e Dy —2(Briciz + errern) .

u

ES
——

0 0
e110,, — c11 Dy + 2(c12e11 — c11€12)

—
<
s
iy
Il

To

0
2ci2(Bricizterierz)+2erz(cizern—ciier) \ U,
c11B11+ed; ?

+ (622 + Co3 —
[D}] = -2Dy.

s
The above transmission conditions represent a piezoelectric generalization of
the interface law, obtained in [31], in the case of an elastic spherical laminated
composite.
In [24], it has been shown that it is possible to obtain a condensed form of
transmission conditions (10)-(11), summarizing both the orders 0 and 1, and
defining an implicit general piezoelectric interface law. To this end, by denoting

€

~e . o0 1 ze ._ 50 1 pe . o 1 Te ._ 40 1
by 4. 1= u; + eu,, o5, = 0., + €0, Di = D! + €D, and ¢° := ¢’ + €’
suitable approximations of u, of,., Dg, and ¢ respectively, one can obtain an
equivalent implicit form of the transmission conditions:

(Byy = &5, B 4 g, 12 4 g, B

(Dey = o5, Bl — g5, 181 4 g, 2]

T
B X e R e . . i (12)
(67,1 = 2(e, — é5) el + 265, — e51) 1] + 2(e5, — 55— 265,) <52,

[D5] = —2e5, el 4 267, 18] — g, <52,

To

1
ro
With arguments similar to those used in [24], where a flat adhesive was consid-
ered, it can be shown that the above relations comprise three different contact
regimes at various orders (order 0 and 1), namely the piezoeletric soft (or spring-
type) interface conditions, the perfect continuity conditions, and the piezoelec-
tric rigid (Gurtin-Murdoch or membrane-type) conditions, and are expected to
provide a better approximation of the behavior of the thin curved interphase.



3 Transfer matrix method

In this section, a spherical hollow assembly model, consisting of N different,
radially polarized, transversely isotropic thin layers, is studied using the transfer
matrix method. The transfer matrix method is a classical approach [32, 33].
Here, we first review its application to a piezoeletric hollow sphere, then we
generalize the technique to an arbitrarly laminated piezoeletric hollow sphere
and, finally, we extend the obtained results to the case of imperfect contact
between the layers, with a general interface law comprising the order 0 and
order 1 transmission conditions obtained in Section 2.2.

3.1 The piezoeletric hollow sphere

The basic equilibrium and electrostatic charge equations in the case of spherical
symmetric loading read (see [7]):

Oryr + %(O—rr + 090) = Oa

13
Dy, + 2D, =0, (13)

while the constitutive equations for radially polarized and transversely isotropic
piezoelectric material are:

Orp = C11Urr + 2012% +end,,
099 = CioUrr + (C22 + C23) %= + €120 1, (14)
Dr = €11Urr + 2612% - Bll(b,r'

Following the approach by [33], it is possible to express the governing equations,
combined with the constitutive laws, as follows:

a,(r) = A(r)a(r) (15)
with
Ain A Az 0
" 1:2 " o (1)
A1 =2 Az 0 uy(7)
A = T , = " , 16
e e RECER (16)
Ay 22 Ay 0 o(r
and

L Biiciateriers ._ 2(cizeri—ciiel2
A11.72(11 12tenelr | , A13.— ( )’

3 3
c11P11+eq; c11B11+eq;

2c12(Br1cizterrern)+2era(cizeri —criers)
Ap:=21c Co3 — =22
12 22 1+ C23 e Pritel, )
2(Briciz2+eriern) e
Appim —BU_ pyy = MBuentenc) 4. en
21 c11B11+e?;’ 22 c11Bi1+e?; 23 c11B11+ed;’
2(ciie12—erici2) c
Agq i= =2, Ay = —81 Ay, = 2[Cuc27Clf2) A g = C11
33 ’ 41 c11Bi1+e?;’ 42 ci1Briter; 43 c11B11+e?;’

(17)

10



with the compatibility condition A7 + Asys = —2. Matrix A(r) is called the
fundamental matrix and a(r) the state vector. In the sequel, we recall the
general solution of the equilibrium and electrostatic problems for a piezoelectric
hollow sphere, free of volume forces and charge density, developed in [7] and
adapted for the purposes of the present work:

Orr (1) = a1 Fir®' ™1 + a1o For®® ! + ay3F3 %,
up(r) = Fir*t + For®? + Fyags,

Dy(r) = F3;3,

o(r) = an Firo' + agpnFor®? + as3F3: + Fy,

where ay/p = %(_1 + V1 +80), 28 = A12A1 + (1 + Azz) A, and

) —A . —A ) a3 (14 Aga)+ A
all - Ot11421227 a12 = a2A21227 a13 = — 23( A2212) 23
1
az3 = 55 (A23(2 + A11) — As1 Ans),
. 1 . 1
as1 = 5o (Anann + Asz), asz i= - (Anare + Auz),
aq3 1= —(Auz + Asna1s + Asass).

The previous coefficients are analogous to those obtained in [7], see Appendix
A. Fy, F5, F5 and Fj represent the integration constants, that can be found
applying a proper set of mechanical and electrical boundary conditions. The
solution can be rewritten in matrix form:

o (r) A
w) || e w0 || R
Dr(r) N 0 0 T% 0 F3
o(r aqrt Qqor®? %3 ] £y

In compact form, a(r) = B(r)F. Having in mind the transfer-matrix method, we
replace the integration constants Fy, F5, F3 and Fj by the initial state variables
orr(10), ur(ro), Dr(rg) and ¢(rg), i.e. a(rg). As customary, the integration
constants vector can be obtained through F = B~!(rg)a(rg) and, thus,

a(r) = T(r)a(ro), (19)

where T(r) := B(r)B~!(r¢) is the field-transfer matrix from radius 7o to radius
r, which has the following expression

MEE-
T(r) - ail — ai2 QB 220 Tzi(r) 0’
T41(7’) T42(7‘) T43(T‘) 1

11



with
04171 agfl
T11(r) == an (%) — a2 (%) ;

04171 01271
Tar) =~ {(£)"7 - ()],

T ._ (a11—aiz)ais P\ 1 as—1
13(r) 1= SN 4 ayy (arga3 — a13) (1 + arz(ars — arnass) (= ,

(%)
o) ()7,
Too(r) := an (%) — a2 (%) )

(o5} Q2
. \@11—0a12)a23To .
Tys(r) = ¢ 2570 4 o (a1aa03 — ai3) (770) + ro(a13 — arazs) (770> :

(%)
Tir(r) := aaz (1 - (:T)) 2)%_ a1 ( ( ) )
Tyo(r) := a12a41 (1 — (%) ) — a11042 < rL) )

asg

. (a11—ai2)aazro T

Tya(r) := 017020070 4 40, (a19a23 — ar3) = i roasz(as — ariazs) (-
0

+70 (@13(aa1a42) + aaz(@12 — a11) + ag3(a11642 — a12641)) -

Note that the field-transfer matrix T(r) and the fundamental matrix A(r) are
related to each other according to the relation: A(rg)= T ,(7)]r=r,-

3.2 The laminated piezoelectric hollow sphere

Let us consider a laminated piezoelectric hollow sphere, constituted by N lay-
ers. Each layer (k) is characterized by the corresponding material parameters,
marked by the index k, and the radii r;_; and r, and thickness hy := rp, —7r,_1.
A dimensionless coordinate p for the layer (k) is defined according to

T —TE_1 hy T
p=—"-1, r}g71<7"<7"k7 Pk = 3 :1+p
Tk—1 Tk—1 Tk—1

The transfer equation (19), with rg = 7,_1, can be rewritten as follows:
a®) (p) = T® (p)a™(0),

where T(¥)(p) is the transfer matrix of layer (k). The states at both boundaries
of layer (k) are connected by

a® (pi) = T (py)a®)(0),
and, by means of the continuity conditions, a*)(0) = at*~V(py_1) := ap_1,

k=1,....N —1, one has:
ap = Tkak_l, (20)

12



where Ty, := T®)(p,) represents the layer-transfer matrix of layer (k) from
radius r;_1 to 7. Applying (20) N- times for the layered hollow sphere made
of layers in perfect contact, we get

anN = Sao, S:= TNTN—1-~-T1-

Here S denote the system-transfer matrix from radius rg to radius ry, because
it connects the state vectors at the boundaries of the laminated hollow sphere.
Knowing the initial state vector ag on the internal boundary, it is possible to
find the state vector in each layer.

Let us suppose that hy = Agh, where h := Z]k\;l hy is the total thickness
of the laminated hollow sphere and 0 < A; < 1 is a thickness ratio, satisfying
ng’zl Ar = 1. The assumption of small thickness of each layer h;, with respect
to 7o, so that hy < 7o, implies that

h Axh Axh

Pk = e — = + O(hz),
Tk—1 70 + hZf=11 )\,L To

and, hence, the layer-transfer matrix T admits the following representation:
Ty = I — hA\My + o(h?),

where the elements of matrix My, coincides with the elements of matrix —A (rg)
(cf. (16)), corresponding to k-th layer. As a consequence, the system-transfer
matrix S presents an analogous asymptotic development:

S =1— hM + o(h?), (21)

where M := S A\t M.

3.3 The laminated piezoelectric hollow sphere with im-
perfect interface conditions

In the previous section, the problem of a laminated piezoelectric hollow sphere
with perfect contact has been analyzed. In order to extend these results to a
laminated sphere with imperfect contact between the layers, ad hoc transmission
conditions must be considered at the spherical surface between adjacent layers
(see [31]).

Assume that the thickness of each interface layer ¢, = &ih, with & « 1,
k =1,...,N — 1. In order to apply the Bufler’'s approach, it is necessary to
define an interface transfer matrix between radii ry := v, and ry + € := r,‘:.
Substituting the explicit forms of the jump [.] and mean value {.) into (12), the
interface conditions can be rewritten as follows, with self-explanatory notation:

aj = Kka;7 a, = a(k)(pk), a, = al®) (pr + €x/Tr-1),

where a,j and a, represent the state vectors at the top and bottom interfaces,
respectively, and . .
Ky :=1-— h{ka + 0(h2).
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It can be shown that the coefficients of matrix Ny surprisingly coincides with
the elements of —A(rg) (cf. (16)), in which the interface material parameters
are considered. Now, thanks to the presence of the imperfect interface, the
system-transfer matrix system S (cf. (21)) modifies in order to incorporate the
matrices Kk:

S = TNKN—ITN—ln-KlTl =I-hlL+ O(h2),

where L := Zgil MMy + ijj &Ny. Following Bufler [33], the system matrix
for the hollow sphere with homogenized properties is calculated as

a, = lim ag = —Lag,

h—0 h
and, thus, choosing r = rq,

Ay (A (Aig)

2 G
Ayy) 2z (g,
arlr) = Aaln). A= | TS0
(An) 22 (As) 0

where (A(r)) denotes the fundamental matrix of the homogenized laminated
piezoelectric hollow sphere, such that (A(rg)) = —LL. Indeed, by comparing (22)
with (15) for a piezoelectric homogeneous hollow sphere, we notice that the gov-
erning equations are analogous but with different coeflicients. The coeflicients
of the fundamental matrix (A(r)) for a laminated hollow sphere, comprising
also the presence of the general imperfect interface law, reduce to the sum of
(A(r)) coeflicients for each adherent and interface layer, taking into account
their thickness ratios, namely Ax and &, respectively. Indeed, one has

N L N-1 "
<Aij> = Z )\kA,Ej) + Z ﬁiAEJ)7
k=1 =1

where AZ(-?) and Ag) represent, respectively, coefficients (16) relative to the k-th
layer and the ¢-th interface layer. It is worth-mentioning that the use of the
general imperfect contact laws, described in (12), corresponds to the actual in-
sertion of a thin spherical interphase layer between adjacent adherents. Hence,
the problem of an arbitrarily laminated piezoeletric hollow sphere is equivalent
to the problem of an homogenized one.

Remark. The case of a periodic laminated piezoelectric hollow sphere, made
of a layer group of n generally different basic layers, can be easily obtained by
choosing hy, = % and ¢, = % In this case, the fundamental matrix satisfies

(A(rg)y = —nlL.
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As an example let us consider the simple case of a spherical composite, made
of two adherents and an intermediate interface layer. Thus, the system matrix
S = T+KT_, with T*, the transfer matrices of the top and bottom spheres,
and K, the interface transfer matrix. The adherents thickness ratios are chosen
as /\,j =\, = %, while the adhesive thickness ratio is £&. Note that comparing
the present results with the fundamental matrices of a transversely isotropic
homogeneous elastic sphere (cf. [33], eqns. (17)-(19)), one obtains the equivalent
elastic material parameters %, 5 and E—,, of the homogenized piezoelectric

spherical composite, where E, E', v and v/ = V% denote, respectively, the radial
and tangential stiffness moduli, and the major and minor Poisson’s coefficients.
These material parameters depend on the piezoelectric moduli, defined in the
constitutive equation (14), and can be thought as equivalent elastic engineering
constants for the composite. The result is

L= LAy =1 AT 1 A~ A
I=v 2 2 ¢f B+ (ef))? 2 ey By +(ey)? é11B11+e2,’
v _ (A _ lﬁ1+1CIr2+61+1€Ir2 + 1Bncatenen + 5611@12+é11é12
£’ (A12) 2 At 2 A— A P
1 _ (Asz2)? A _ 1 (Bf’lcf’ﬁeﬁeﬂ)z +
iR A R GAD) AF o)+
1 Bricioteriern —) 3 (311@12+é11é12 A )
— = = = + + —— ~ + .
2(cr1 By +(e11)?) ( A i é11 P +eg, A P

(23)
with A := (ca2+ca3)(c11 811 +€11) —2c12(Br1c12 +er1e12) + 261 (crzerr —crien).
4 A simple numerical example

Let us consider a three-layer hollow piezoelectric sphere with inner radius ro =
10 cm, see Figure 2. The internal and external layers are 0.5 cm thick, while

(Pb)(CoV)TiO,

Figure 2: Geometry of the three-layers hollow piezoelectric composite sphere

the thickness of the intermediate adhesive layer depends on a small parameter
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€, such that € « 0.5 cm. Let us denote with r; = 10.5 cm, 7" = 10.5 + € cm
and 79 = 11 + € cm, the values of the radii referred to inner and outer interfaces
between the adherents and adhesive, and the outer radius, respectively. The
total thickness h of the layered sphere is equal to 7o — 79 = 1 + € cm. The
adherents are constituted by (Pb)(CoW)TiOg, while the adhesive is made of
PZT-5, whose mechanical properties are shown in Table 1.

Moduli (Pb)(CoW)TiO3 PZT-5

C11, GPa 128 111
c12, GPa 32.3 32.2
29, GPa 150 120
C23, GPa 37.1 75.2
e1r, C/m’ 8.5 15.78
e12, C/m? 1.61 5.35
611/607 209 1700

Table 1: Piezoelectric material properties for (Pb)(CoW)TiO3 and PZT-5

The piezoelectric hollow composite sphere is subjected to an electric poten-
tial Vp = 10 V, applied on the inner surface, while the electric potential is set
equal to zero on the outer boundary, so that ¢(rg) = Vo and ¢(r3) = 0. Free
mechanical boundary conditions on both internal and external surfaces are im-
posed, meaning that o,(rg) = 0 and o,-(r2) = 0. In this case the sphere behaves
as an actuator. Following the ideas proposed in [25], the numerical results for
the variables are provided using the dimensionless units. For an applied electric
potential Vj, we set:

U,,d) = 20 Ey), (%D EoD
(Ur, @) = Vo (ur, ¢/Eo), (Er,Dy) CooVo (o7, Eo D),
where, for numerical convenience, Ey = 10° Vm™! and Cypg = 1 GPa.

Let us consider the closed-form solution (18) for each of the three layers.
By applying the aforementioned set of boundary conditions and continuity con-
ditions at the interface between adherents and adhesive, the twelve unknown
integration constants can be easily found. Hence, the analytical solution for a
three-phases hollow piezoelectric sphere is completely determined in terms of
U, %, ® and D,..

The exact solution is compared with the closed-form solution, analogously
obtained for a two-phases hollow composite sphere, in which the intermediate
layer is replaced by the generalized interface conditions (12) (see Section 2.3).

First, the influence of the relative thickness of the intermediate layer ¢/h is
investigated in order to evaluate the accuracy of the asymptotic modeling. In
particular, the quality of the solution is evaluated considering the L2-relative
error %, where s¢ denotes the reference solution computed using the
three-phases problem, while $,,,4¢; indicates the solution of the interface model.
The convergence of the general interface model towards the three-phases one
with respect to the thickness ratio €/h is presented in Figure 3.
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Figure 3: Convergence diagram with respect to the relative thickness e/h

From the plot, it can be observed that, by reducing the thickness of the
adhesive, the relative error has a drastic reduction and so, the proposed gen-
eral interface model provides an acceptable solution and it is able to correctly
approximate the exact solution s€. For instance, when the relative thickness is
0.01, the relative error is closed to 1.147% and 2.146%, concerning the displace-
ment and radial stress, respectively. The error significantly reduces to 0.0039%
and 0.0064%, concerning the electric potential and radial electric displacement,
respectively. Table 2 reports the relative error values for vanishing relative
thickness.

e/h U, error(%) X%, error(%) @ error(%) D, error(%)

0.1 11.9278 22.7947 0.0442 0.0729
0.01 1.1471 2.1461 0.0039 0.0064
0.001 0.1142 1.0673 0.0004 0.0006

Table 2: L2-relative errors values

Figures 4 and 5 show the trends of the electric potential, electric displace-
ment, radial stress and radial displacement along the radial coordinate, for a
fixed ¢/h = 0.01. The diagrams report the comparison among three closed-form
solutions relative to the following configurations: i) the three-layers composite
sphere; ii) the two-layers composite sphere with the general interface law; iii)
the single-layer sphere with homogenized coefficients, obtained by means of the
transfer matrix method (see Section 3.3).

The diagrams confirm a very good agreement between the exact three-layers
solution (red continuous curves) and the two-layers solution with interface con-
ditions (blue dashed curves) in terms of electric potential, electric displacement
and radial displacement. Concerning the radial stress, the overall trend is well-
approximated, even though the jump at the interface is slightly overestimated
by the two-layers + interface model. As expected, the homogenized solution,
obtained through Bufler’'s approach, manages to capture the global electrome-
chanical behavior on the average. However, it appears to give moderately inac-
curate estimates, concerning the electric and radial displacements values.

The transfer matrix method allows the evaluation of the equivalent radial and
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Figure 4: Electric potential and electric displacement vs radius, ¢/h = 0.01 ¢/h

tangential Young’s moduli and Poisson’s coefficients for the spherical composite
from equations (23). Indeed, for this particular case, one has: E = 1.4052 x 101?
N/m?, B’ = 1.4871 x 10 N/m?, v = 0.1933 and v/ = 0.2047.

5 Concluding remarks

A general imperfect interface model for piezoelectric hollow spherical compos-
ites has been proposed. The approach is based on the asymptotic expansions
method, characterizing the order 0 and order 1 interface laws. Following [24],
a general transmission law, comprising soft, hard and rigid interface conditions
at the various order, has been derived. A generalization of the transfer matrix
method [33] has been proposed for piezoelectric hollow spherical composites.
In order to assess the validity of the previous asymptotic and homogenization
procedures, the analytical solution of a piezoelectric hollow sphere subjected to
an applied electric potential has been developed, taking also into account the
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Figure 5: Radial stress and displacement vs radius, ¢/h = 0.01

aforementioned general interface laws. The convergence results showed that, by
reducing the thickness of the adhesive, the relative error has a drastic reduction.
Moreover, the numerical result reported a very good agreement between the ex-
act three-layers solution and the two-layers solution with interface conditions in
terms of electric potential, electric displacement and radial displacement.

Appendix A

The coefficients of the equilibrium and electrostatic problem solution for a piezo-
electric hollow sphere are equivalent to those obtained in [7] and take the fol-
lowing expressions:
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