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 a b s t r a c t

We present a comparative analysis of the chemo-mechanical mechanisms that drive spontaneous 
oscillations in two distinct active filamentous structures: photo-chemically deformable liquid crys-
tal elastomer (LCE) rods and ATP-powered eukaryotic cilia. Using a unified framework of active 
planar rods, we develop simplified mathematical models for both systems. We reduce the govern-
ing partial differential equations to one-degree-of-freedom (1-DOF) nonlinear oscillators, each 
undergoing a supercritical Hopf bifurcation. For these reduced models, we obtain explicit an-
alytical expressions for the onset and characteristics of self-sustained oscillations. Despite the 
common mathematical structure, the underlying physical mechanisms are fundamentally differ-
ent. For LCEs, self-oscillation is an inertial phenomenon driven by an elastic-inertial feedback 
over the timescale of the photochemical reaction. In contrast, cilia live in the inertia-less regime, 
and the instability is driven by a negative effective damping (motive force) that arises from the 
mechanochemistry of molecular motors. The analytical predictions for critical activation thresh-
olds, frequencies, and amplitudes agree with full nonlinear simulations, providing quantitative 
insight into the dynamics of these complex self-oscillating systems.

1.  Introduction

Understanding the mechanisms by which microorganisms convert energy, from external sources distributed in the environment, 
into useful mechanical work for locomotion and transport in a fluid may provide new insight into biology and new concepts for 
bioinspired devices. Spontaneous oscillations of eukaryotic cilia (also called eukaryotic flagella, especially with reference to unicellular 
flagellate organisms), powered biochemically by ATP hydrolysis, are at the root of many important biological functions (Alberts et al., 
2022). Inspired by these important natural templates, artificial motile systems - driven by a variety of mechanisms such as muscle 
cells, electromagnetic fields, light, or self-diffusiophoresis (see, e.g., Gompper et al., 2020 and the references cited therein for some 
concrete examples) - are being considered for applications in energy harvesting, microfluidics, and targeted drug delivery.

In this paper, we analyze and compare two active elastic filamentous structures that undergo oscillatory instabilities: photo-
deformable liquid crystal elastomer (LCE) rods, which display self-oscillatory behaviour under uniform illumination, and eukaryotic 
cilia (Alberts et al., 2022), whose beating is powered by internal molecular motors. Although the physical mechanisms responsible 
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\begin {equation}\label {eq: lce 1dof jerk equation} a_{\text {eff}} \dddot {q}(t) + m_{\text {eff}} \ddot {q}(t)+ d_{\text {eff}} \dot q(t) + k_{\text {eff}} q(t) - \gamma _{\text {eff}} q(t)^3 = 0,\end {equation}


\begin {equation}\label {eq: cilia 1dof equation} m_{\text {eff}} \ddot {q}(t)+ d_{\text {eff}} \dot q(t) + k_{\text {eff}} q(t) + \gamma _{\text {eff}} \dot {q}(t)^3 = 0,\end {equation}


\begin {equation}\label {eq:key} a_{\text {eff}} \dddot {q}(t) + m_{\text {eff}} \ddot {q}(t)+ d_{\text {eff}} \dot q(t) + k_{\text {eff}} q(t) = 0\,.\end {equation}
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\begin {equation}\label {eq: rcct} \mathbf {t}(s,t) = \mathbf {r}'(s,t) = \cos (\theta (s,t)) \mathbf {e}_1 + \sin (\theta (s,t)) \mathbf {e}_2.\end {equation}


\begin {equation}\label {beam eq lce} \begin {cases} M'(s,t) + \paren {\mathbf {t}(s,t) \times \mathbf {R}(s,t)} \cdot \mathbf {e}_3 + m(s,t) = 0,\\ \mathbf {R}'(s,t) + \mathbf {g}(s,t) =0, \end {cases}\end {equation}


$M(s,t)$


$\mathbf {R}(s,t)$


$m(s,t)$


$\mathbf {g}(s,t) = \mathbf {g}(\dot {\mathbf {r}}(s,t),\ddot {\mathbf {r}}(s,t))$


\begin {equation}\label {BC} \theta (0,t)=0,\quad \dot {\mathbf {r}}(0,t)=\mb {0},\quad \mathbf {R}(L,t)=\mb {0}, \quad {M}(L,t)=0,\end {equation}


$t$


$s=L$


\begin {equation}\label {eq: constitutive assumption} M =B\paren {\kappa - \kappa _0},\end {equation}


$B$


$\kappa = \theta '$


$\kappa _0 = \theta _0'$


\begin {equation}\label {shear T} T(s,t) \defeq (\mathbf {t}(s,t) \times \mathbf {R}(s,t)) \cdot \mathbf {e}_3 = \left ( \int _s^L \mathbf {g}(\sigma ,t) \, d\sigma \right ) \cdot \mathbf {n}(s,t),\end {equation}


$\mb {n}=\paren {-t_2,t_1,0}$
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\begin {equation}\label {eq: lce external moment m} m = -\rho I \ddot {\theta },\end {equation}


$\rho $


$I=w h^3/12$


$\mb {n}$


$\mathbf {g} = - \mathbf {\Xi } \mathbf {\dot {r}} - \rho A \ddot {\mathbf {r}}$


$A=wh$


$\mathbf {\Xi } := \xi _n \, \mathbf {n}\otimes \mathbf {n} + \xi _t \, \mathbf {t}\otimes \mathbf {t}$
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$D := \xi _n = \xi _t$


$\mb {\Xi } = D \mb {I}$


\begin {equation}\label {eq: lce external force g} \mathbf {g} = - D \mathbf {\dot {r}} - \rho A \ddot {\mathbf {r}}.\end {equation}


$B=EI$
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\begin {equation}\label {eq: simplified dk0dt} \dot {\kappa _0} = - \frac {\kappa _0}{\tau } - \lambda \bar J \sin \theta ,\end {equation}


$\tau $
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$\lambda = {12 c \Gamma \beta }/{h^3}$
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$\beta = - d(d-h/2-\exp (-h/d)(d+h/2))>0$
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$L \leq 20$


\begin {equation}\label {eq: simplified full non linear LCE} \begin {cases} B\left (\theta ''(s,t)-\kappa _0'(s,t)\right ) + \mathbf {R}(s,t) \cdot \mathbf {n}(s,t) - \rho I \ddot {\theta }(s,t)=0,\\ \mathbf {R}'(s,t) = D \dot {\mathbf {r} }(s,t) +\rho A \ddot {\mathbf {r}}(s,t), \\ \dot {\kappa _0}(s,t) = - \frac {1}{\tau }\kappa _0(s,t) - \lambda \bar J \sin \theta (s,t),\\ \theta (0,t)=0,\quad \dot {\mathbf {r}}(0,t)=\mb {0},\\ \mathbf {R}(L,t)=\mb {0}, \quad {M}(L,t)=0. \end {cases}\end {equation}


\begin {equation}\label {eq: equilibrium LCE} B\left (\theta ''(s,t)-\kappa _0'(s,t)\right ) +\int _L^s \paren {D \dot {\mathbf {r} } +\rho A \ddot {\mathbf {r}}} \, d \sigma \cdot \mathbf {n}(s,t) - \rho I \ddot {\theta }(s,t) = 0.\end {equation}


$(\theta ,\kappa _0)= (0,0)$


\begin {equation}B(\theta ''''-\kappa _0''')+D \dot {\theta }+\rho A \ddot {\theta } -\rho I \ddot {\theta }''= 0. \label {Xeqn12-12}\end {equation}


\begin {equation}\label {eq: complete semilinear system LCE} \begin {cases} B(\theta ''''-\kappa _0''') + D \dot {\theta }+\rho A \ddot {\theta }- \rho I \ddot {\theta }''=0,\\ \dot {\kappa _0} = - \frac {\kappa _0}{\tau } - \lambda \bar J \sin \theta ,\\ \theta (0)=0, \quad \theta '''(0)={\kappa _0}''(0), \\ \theta ''(L)={\kappa _0}'(L),\quad \theta '(L)={\kappa _0}(L).\\ \end {cases}\end {equation}


$\dot {\mathbf {r}}(0,t)=0$


$T'(0)=0$


$(\theta ,\kappa _0)=(0,0)$


\begin {equation}\label {Complete linear system LCE} \begin {cases} B(\theta ''''-\kappa _0''') + D \dot {\theta }+\rho A \ddot {\theta } -\rho I \ddot {\theta }'' = 0,\\ \dot {\kappa _0} = - \frac {\kappa _0}{\tau } - \lambda \bar J \theta ,\\ \theta (0)=0, \quad \theta '''(0)={\kappa _0}''(0), \\ \theta ''(L)={\kappa _0}'(L),\quad \theta '(L)={\kappa _0}(L).\\ \end {cases}\end {equation}


\begin {equation}\label {eq: lce 1dof assumption} \theta (s,t) = \varphi (s) q(t), \quad \kappa _0(s,t) = \varphi '(s) q_0(t),\end {equation}


$\varphi $


\begin {equation}\label {eq: first natural freq ode w} \begin {cases} B {\varphi }{''''}(s) - b_1^4 {\varphi }(s) = 0, \\ {\varphi }(0) = {\varphi }'''(0) = 0, \\ {\varphi }'(L) = {\varphi }''(L) = 0, \end {cases} \quad \text { with } b_1 \approx \frac {0.596864 \pi }{L}.\end {equation}


\begin {equation}\label {eq:firstccmode w} {\varphi }(s) = \left ( \frac { -\sin b_1 L + \sinh b_1 L }{ \cos b_1 L + \cosh b_1 L } \right ) \left ( -\cosh b_1~s + \cos b_1~s \right ) + \left ( \sinh b_1~s + \sin b_1~s \right ),\end {equation}


\begin {equation}\label {eq:zeta_formula} \omega _1 := b_1^2 \sqrt {\frac {B}{\rho A}}.\end {equation}


$\sin (\theta )\sim \theta -\theta ^3/6$


\begin {equation}\begin {cases} \squares {B b_1^4 \paren {q(t)-q_0(t)} +D \dot {q}(t)+\rho A \ddot {q}(t)}\varphi (s) -\rho I \ddot {q} \varphi ''(s) = 0,\\ \varphi '(s) \dot {q_0}(t) = - \varphi '(s) \frac {q_0(t)}{\tau } - \lambda \bar J \varphi (s) q(t) + \frac {\lambda \bar J }{6} \paren {\varphi (s) q(t)}^3, \end {cases} \label {Xeqn19-19}\end {equation}


$\varphi $


$\varphi '$


\begin {equation}\label {eq: lce 1dof model} \begin {cases} M \ddot {q}(t)+ D \dot {q}(t)+ K \paren {q(t)-q_0(t)} = 0,\\ \dot {q_0}(t) = - \frac {1}{\tau }q_0(t) - \lambda \bar J \frac {c_2}{c_1} q(t) + \frac {\lambda \bar J }{6} \frac {c_3}{c_1} q(t)^3, \end {cases}\end {equation}


\begin {equation}\label {eq: lce 1 dof system constants} M = \rho \paren {A + I \frac {c_1}{c_4}}, \quad K = B b_1^4,\end {equation}


\begin {equation}\label {eq: lce integration constants 1 dof} c_1 = \int _0^L \paren {\varphi '}^2, \quad c_2 =\frac {\varphi ^2(L)}{2}, \quad c_3 =\frac {\varphi ^4(L)}{4}, \quad c_4 = \int _0^L \varphi ^2,\end {equation}
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$a_{\text {eff}}= \tau M$


$m_{\text {eff}}=\tau D + M$
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$k_{\text {eff}} = K \paren {1+ \tau \lambda \bar J {c_2}/{c_1} }$
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\begin {equation}\label {eq: critical J lce 1 dof} \begin {aligned} \bar J_c & = \frac {c_1 D }{c_2 \lambda K} \squares { \frac { K }{ M} +\frac { 1 }{\tau ^2 } +\frac { D }{\tau M} } \approx \frac {c_1 D }{c_2 \lambda B b_1^4} \paren {\omega _1^2+ \frac {1}{\tau ^2}+ \frac { D}{ \rho A\tau }}, \end {aligned}\end {equation}


\begin {equation}\label {eq: critical omega lce 1 dof} \omega _c = \sqrt {\frac {k_{\text {eff}}}{m_{\text {eff}}}}=\sqrt {\frac {d_{\text {eff}}}{a_{\text {eff}}}} = \sqrt {\frac {\tau K+D}{\tau M}} \approx \sqrt {\omega _1^2 +\frac {D}{\tau \rho A}} .\end {equation}


$I c_1/c_4\sim A (h/L)^2 \ll A$


$M\approx \rho A$


$L$


\begin {equation}\bar {J}_c \sim \frac {1}{L}, \quad \omega _c \sim \frac {1}{L^2}. \label {Xeqn26-26}\end {equation}


$\omega _1$


$\tau $


$-\gamma _{\text {eff}} q^3$
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\begin {equation}\label {eq:LCE tip amplitude} R\paren {\bar {J}} = 4 \sqrt {1 - \frac {\bar {J}_c}{\bar {J}}} \;\,.\end {equation}


$\bar {J}_c$
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$\paren {q, \dot {q}, \ddot {q}}$


$L= 5$


$\bar {J}_c \approx 19.4$
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$\bar {J}<\bar {J}_c \approx 5289$
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$\theta (s,t)$


$\kappa _0(s,t)$


$\theta (s,t)=\tilde \theta (s) e^{\sigma t}$


$\kappa _0(s,t)= \tilde \kappa _0(s) e^{\sigma t}$


\begin {equation}\label {eq: 4 order ODE for phase} \begin {cases} B(\tilde \theta ''''+ \tilde \kappa _0''') + D \sigma {\tilde \theta }+\rho A \sigma ^2 {\tilde \theta }-\rho I \sigma ^2 {\tilde \theta }''=0,\\ {\tilde \kappa _0} = -\chi \tilde \theta ,\\ \tilde \theta (0)= \tilde \theta '''(0) {+\chi } \tilde \theta ''(0)= 0,\\ \tilde \theta '(L) {+\chi }{\tilde \theta }(L)= \tilde \theta ''(L) {+\chi }\tilde \theta '(L)=0, \end {cases}\end {equation}


$\chi = \chi (\bar J, \sigma )= \frac {\tau \lambda \bar J}{ \tau \sigma + 1}$


$\tilde {\theta }(s) = \sum _{j=1}^4 A_j e^{\beta _j s}$


$\beta _j$


$(j=1,\dots ,4)$


\begin {equation}B\left (\beta ^4 + \chi \,\beta ^3\right ) -\rho I \sigma ^2 \beta ^2 + D\,\sigma + \rho A\,\sigma ^2 = 0. \label {Xeqn29-29}\end {equation}


$\mathbf {M}\mathbf {A}=0$


\begin {equation}\mathbf {M} = \mathbf {M}(\chi (\bar J, \sigma )) = \begin {pmatrix} 1 & \dots & 1\\ \beta _1^3 {+\chi \beta _1^2} &\dots & \beta _4^3 {+\chi \beta _4^2}\\ e^{\beta _1 L} ( \beta _1^2 {+\chi \beta _1}) & \dots & e^{\beta _4 L} ( \beta _4^2 {+\chi \beta _4})\\ e^{\beta _1 L} ( \beta _1 {+}\chi ) & \dots & e^{\beta _4 L} ( \beta _4 {+}\chi ) \end {pmatrix} \label {Xeqn30-30}\end {equation}


$\mathbf {A}=(A_1,A_2,A_3,A_4)^T$
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$|\det \mathbf {M}(\bar J,\sigma )|= 0$
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$\det \mb {M}= 0$
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\begin {equation}\label {eq: full non linear LCE} \begin {cases} B\left (\theta ''(s,t)-\kappa _0'(s,t)\right ) + \lambda _s(s,t)\paren {\mathbf {t}(s,t) \times \mathbf {R}(s,t)} \cdot \mathbf {e}_3 -\rho I \ddot {\theta }(s,t)= 0,\\ \mathbf {R}'(s,t) = D \dot {\mathbf {r} }(s,t) +\rho A \ddot {\mathbf {r}}(s,t), \\ \kappa _0(s,t) = \frac {12 c}{h^3} \displaystyle \int _{-h/2}^{h/2} n_c(s,t,z) z \, dz,\\ \dot n_c(s,t,z)= \Gamma J\paren {\theta (s,t),z} \left (1- n_c(s,t,z)\right ) - \frac {1}{\tau } n_c(s,t,z),\\ \frac {\partial J}{\partial z}\paren {\theta ,z}={-}\mathrm {sgn}(\theta )\frac {1-n_{c}}{d} J\paren {\theta ,z},\\ J\paren {\theta , -\mathrm {sgn}(\theta )\frac {h}{2}}= \mathrm {sgn}(\theta ) \bar {J} \sin (\theta ), \\ \theta (0,t)=0,\quad \dot {\mathbf {r}}(0,t)=\mb {0},\\ \mathbf {R}(L,t)=\mb {0}, \quad {M}(L,t)=0. \end {cases}\end {equation}


$n_c$


\begin {equation}\label {eq: full non linear LCE small nc} \begin {cases} B\left (\theta ''(s,t)-\kappa _0'(s,t)\right ) + \lambda _s(s,t)\paren {\mathbf {t}(s,t) \times \mathbf {R}(s,t)} \cdot \mathbf {e}_3 -\rho I \ddot {\theta }(s,t)= 0,\\ \mathbf {R}'(s,t) = D \dot {\mathbf {r} } (s,t) +\rho A \ddot {\mathbf {r}}(s,t), \\ \kappa _0 (s,t)= \frac {12 c}{h^3} \displaystyle \int _{-h/2}^{h/2} n_c(s,t,z) z \, dz,\\ \dot n_c(s,t,z)= \Gamma J\paren {\theta (s,t),z} - \frac {1}{\tau } n_c(s,t,z),\\ J(\theta ,z) = \mathrm {sgn}\paren {\theta } \bar J \sin \theta \exp \paren {-\frac {\mathrm {sgn}\paren {\theta }z+h/2}{d}},\\ \theta (0,t)=0,\quad \dot {\mathbf {r}}(0,t)=\mb {0},\\ \mathbf {R}(L,t)=\mb {0}, \quad {M}(L,t)=0. \end {cases}\end {equation}


$\omega $


$\theta (L)$


$L=10$


$L=20$


$\bar {J_c}$


$L$


$h\ll L$


\begin {equation}\label {eq: r+,r-} \mathbf {r}_{\pm }(s)= \mathbf {r}(s)\pm h \mathbf {n}(s)/2,\end {equation}
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$s\in \squares {0,L}$
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$\mb {r}_+(s)$


$\mb {r}_-(s)$


\begin {equation}\label {eq: sliding def} u(s) = u(0)+ \int _0^s (|\mathbf {r}_-'(\sigma )|- |\mathbf {r}_+'(\sigma )|)\,d\sigma = u(0) + h(\theta (s)-\theta (0)),\end {equation}


$u(0)$


$\theta (s)$


$|\theta '|<{2/h}$


\begin {equation}\label {eq:u'=ak} u' = h \theta '.\end {equation}


$\kappa _0=0$


\begin {equation}\label {option g atp} \mathbf {g} = - \mathbf {\Xi } \dot {\mathbf {r}},\end {equation}


$\mathbf {\Xi } := \xi _n \, \mathbf {n}\otimes \mathbf {n} + \xi _t \, \mathbf {t}\otimes \mathbf {t}$


$\xi _n = 2\xi _t$


$m = h f$


$f=f(s,t)$


$s$


$t$


$f=f_p+f_a$


$f_p = -k u - \eta \dot u$


$k>0$


$\eta > 0$


$f_a = f^+-f^-$


$f^+$


$f^-$


$f_a=f^+ - f^-$


$f_a$


$\dot {u}$


\begin {equation}\label {activation atp} \dot {f_a} = - \frac {1}{\tau } \left ( f_a - { \lambda } \dot u +\mu \tau \dot u^3 \right ).\end {equation}


$\lambda \dot u$


$\lambda > 0$


$-\mu \dot u^3$


$\mu >0$


$\dot u$


$\tau $


$u = h \theta $


$m = h f = h (- k h \theta - \eta h \dot \theta + f_a)$


\begin {equation}\label {fully nonlinear system cilia} \begin {cases} B \theta '' + \mathbf {R}(s,t) \cdot \mathbf {n}(s,t) + h (- k h \theta - \eta h \dot \theta + f_a) = 0,\\ \mathbf {R}'(s,t) = \xi _n \dot r_n \mathbf {n} + \xi _t \dot r_t \mathbf {t}, \\ \dot {f_a} = - \frac {1}{\tau } \left ( f_a - { \lambda } h \dot \theta +\mu \tau h^3\dot \theta ^3 \right ),\\ \theta (0,t)=0,\quad \dot {\mathbf {r}}(0,t)=\mb {0},\\ \mathbf {R}(L,t)=\mb {0}, \quad {\theta '}(L,t)=0. \end {cases}\end {equation}


$(\theta ,f_a) = (0,0)$


$f_a$


\begin {equation}\label {semilinear system cilia} \begin {cases} B \theta '''' + \xi _n \dot \theta + h (- k h \theta - \eta h \dot \theta + f_a)'' = 0,\\ \dot {f_a} = - \frac {1}{\tau } \left ( f_a - { \lambda } h \dot \theta +\mu \tau h^3\dot \theta ^3 \right ),\\ \theta (0)= 0,\quad B\theta '''(0) + h f'(0)=0,\\ \theta '(L) = 0, \quad B\theta ''(L) + h f(L) = 0,\\ \end {cases}\end {equation}


\begin {equation}\label {linear system cilia} \begin {cases} B \theta '''' + \xi _n \dot \theta + h (- k h \theta - \eta h \dot \theta + f_a)'' = 0,\\ \dot {f_a} = - \frac {1}{\tau } \left ( f_a - { \lambda } h\dot \theta \right ),\\ \theta (0)= 0, \quad B\theta '''(0) + h f'(0)=0,\\ \theta '(L) = 0, \quad B\theta ''(L) + h f(L) = 0.\\ \end {cases}\end {equation}


\begin {equation}\label {eq: cilia 1dof ansatz} \theta (s,t) = \varphi (s) q(t), \quad f(s,t) = \varphi ''(s) q_0(t),\end {equation}


$f = f_a- k h \theta - \eta h \dot \theta $


$\varphi $


$\varphi $


$q(t)$


$m_{\text {eff}}=\tau D$


$d_{\text {eff}}=\tau K+D-\lambda $


$k_{\text {eff}} = K$


$\gamma _{\text {eff}} = \tau \mu {c_3 h^2}/{c_2}$


$\gamma _{\text {eff}}>0$


$D$


$K$


\begin {equation}D = \eta +\frac {c_1}{c_2 h^2 b_1^4} \xi _n\qquad \text {and} \qquad K = k +\frac {c_1 }{c_2 h^2 b_1^4} B b_1^4, \label {Xeqn41-41}\end {equation}


\begin {equation}\label {eq: constants 1 dof cilia} c_1 = -\int _0^L \varphi '' \varphi = \int _0^L \paren {\varphi '}^2 >0, \; c_2 = \int _0^L \varphi ^2>0, \; c_3 = \int _0^L\varphi ^4 >0.\end {equation}


$q(t)\equiv 0$


$\tau D$


$\lambda $


$\tau K$


$f_a$


\begin {equation}\label {eq: sperm number} S_p = \frac {L}{L_0}, \qquad L_0 = \left (\frac {\tau B }{\xi _n}\right )^{1/4}\end {equation}


$L_0$


$L_0$


$S_p\leq 2$


$L\leq 2L_0$


$L_0 \approx 4.6$


$\umu $


$d_{\text {eff}}$


$\lambda $


$\lambda $


\begin {equation}\label {eq: cilia critical ATP lambda} \lambda _c=\tau K + D,\end {equation}


\begin {equation}\label {eq: cilia critical frequency} \omega _c = \sqrt {\frac {k_{\text {eff}}}{m_{\text {eff}}}} = \sqrt {\frac {K}{D\tau }} \; .\end {equation}


$\omega _1$


$\omega _c^2$


$1/\tau $


$K$


$D$


$\tau $


$\gamma _{\text {eff}} \dot {q}^3$


$\lambda _c$


\begin {equation}\label {eq:ATP tip amplitude} R\paren {\lambda } = \varphi (L) \sqrt {\frac {4 c_2}{3 c_3} \frac {D \paren {\lambda -\lambda _c}}{\mu h^2 K}}\;\,.\end {equation}


$\lambda _c$


$\lambda $


$\lambda _c$


$\paren {q, \dot {q}}$


$S_p= 1.2$


$\lambda _c \approx 100$


$^2$


$\lambda = 90$


$^2$


$\lambda = 110$


$^2$


$\theta (L)$


$\omega $


$\lambda $


$\omega (\lambda ) =\omega _c \sqrt {1-{\paren {\lambda -\lambda _c}^2}/\paren {4 \tau D K }}$


$\lambda \geq \lambda _c$


$S_p = 1.4$


$S_p = 2$


$\sigma _1$


$\sigma _2$


$\lambda $


$S_p=1.5$


$\theta (s,t)$


$\lambda <\lambda _c$


$\lambda >\lambda _c$


$\lambda $


$S_p = 1.4$


$S_p = 2$


$t/T$


$T$


$\theta (s,t) = \tilde {\theta }(s)e^{\sigma t}$


$f_a(s,t) = \bar {f}_a(s) e^{\sigma t}$


$\sigma \in \mbb {C}$


$\bar {f}_a = \frac {h\lambda \sigma }{\tau \sigma +1} \tilde {\theta }$


$\tilde {\theta }(s)$


\begin {equation}\label {ATP:linear systemcbvp} \begin {cases} \tilde {\theta }''''+ \chi \tilde {\theta }'' + \frac {\sigma \xi _n}{B} \tilde {\theta }=0 ,\\ \tilde {\theta }(0) = 0,\,\, \tilde {\theta }'''(0) + \chi \tilde {\theta }'(0)=0 ,\\ \tilde {\theta }'(L) = 0, \,\, \tilde {\theta }''(L) + \chi \tilde {\theta }(L)=0,\\ \end {cases}\end {equation}


$\chi = \chi (\lambda , \sigma ) = \frac {h^2}{B} \paren {\frac {\sigma }{\tau \sigma +1}\lambda -k-\eta \sigma }$


$\bar \theta = \sum _{j=1}^4 A_j e^{\beta _j s}$


$\beta _j$


$\tilde {\theta } = 0$


\begin {equation}\beta ^4+ \chi \beta ^2 + \frac {\sigma \xi _n}{B}=0. \label {Xeqn48-48}\end {equation}


$\mb {M} \mb {A} = \mb {0}$


\begin {equation}\label {ATP:matrix linear system} \mb {M} = \begin {pmatrix} 1 & 1 & 1 & 1\\ \beta _1 e^{\beta _1 L} & \beta _2 e^{\beta _2 L} & \beta _3 e^{\beta _3 L} & \beta _4 e^{\beta _4 L} \\ \paren {\beta _1^2+\chi } e^{\beta _1 L} & \paren {\beta _2^2+\chi } e^{\beta _2 L} & \paren {\beta _3^2+\chi } e^{\beta _3 L} & \paren {\beta _4^2+\chi } e^{\beta _4 L} \\ \beta _1\paren {\beta _1^2+\chi } & \beta _2\paren {\beta _2^2+\chi } & \beta _3\paren {\beta _3^2+\chi } & \beta _4\paren {\beta _4^2+\chi } \\ \end {pmatrix}\end {equation}


$\abs {\det {\mb {M}\paren {\chi (\lambda , \sigma )}}}=0$


$\sigma $


$\sigma _{1,2}$


$\lambda $


$\lambda $


$\lambda $


$\sigma _{1,2}$


$\lambda _c$


$\lambda $


$(\lambda _c,\sigma _c)$


$\det \mb {M}=0$


$S_p$


$\lambda _c$


$\omega _c = {Im}(\sigma _c)$


$\lambda _c$


$\omega _c$


$7\%$


$13\%$


$\lambda _c$


$\omega $


$\theta (L)$


$\omega _c$


$m_{\text {eff}}$


$k_{\text {eff}}$


$\tau $


$M$


$K$


$D$


$D/\tau $


$\tau $


$\omega _1$


$\omega _c$


$\omega _1$


$K$


$D$


$\tau $


$D$


$\tau $


$s\in \squares {0,L}$


$S\in \squares {0,\ell (t)}$


$t$


$\ell (t)$


$\lambda _s(s,t) = S'(s,t)$


$\mb {r}'(s,t) = \lambda _s(s,t) \mb {t}(s,t)$


\begin {equation}\label {beam eq lceApp} \begin {cases} M'(s,t) + \lambda _s(s,t) \paren {\mathbf {t}(s,t) \times \mathbf {R}(s,t)} \cdot \mathbf {e}_3 + m(s,t) = 0,\\ \mathbf {R}'(s,t) + \mathbf {g}(s,t) =0. \\ \end {cases}\end {equation}


$s=S$


$\lambda _s=1$


$\kappa _0$


$n_c$


\begin {equation}\label {kappa0} \kappa _0(s,t) = -\frac {12}{h^3} \int _{-h/2}^{h/2} \epsilon _p(s,t,z) z \, dz,\end {equation}


$\epsilon _p(s,t,z) = - c n_c(s,t,z)$


$c$


$n_c(s,t,z)$


$z$


$\mb {n}$


$z\in \squares {-h/2,h/2}$


$n_c(s,t,z)$


$z$


$t$


$J\paren {\theta (s,t),z}$


\begin {equation}\label {eq: full time evolution nc} \dot n_c(s,t,z)= \Gamma J\paren {\theta (s,t),z} \left (1- n_c(s,t,z)\right ) - \frac {1}{\tau } n_c(s,t,z),\end {equation}


$\tau $


$\Gamma $


$\Gamma J\paren {\theta (s,t),z}$


$J\paren {\theta ,z}$


$z$


\begin {equation}\label {Beer} \begin {cases} \frac {\partial J}{\partial z}\paren {\theta ,z}={-}\mathrm {sgn}(\theta ) \frac {1-n_{c}}{d} J \paren {\theta ,z}, & z \in \squares {-\frac {h}{2},\frac {h}{2}}, \\ J\paren {\theta , z}= \mathrm {sgn}(\theta ) \bar {J} \sin (\theta ), & z = -\mathrm {sgn}(\theta )\frac {h}{2}, \end {cases}\end {equation}


$d$


$z$


$n_c \ll 1$


$n_c$


$n_c \ll 1$


$\epsilon _p(z)=-c n_c(z)$


$\epsilon _p(z)$


$\lambda _s = 1$


$n_c$


\begin {equation}\label {eq: simplified time evolution nc} \dot n_c(s,t,z)= \Gamma J\paren {\theta (s,t),z} - \frac {1}{\tau } n_c(s,t,z).\end {equation}


$n_c \ll 1$


\begin {equation}\label {Beer small nc} \begin {cases} \frac {\partial J}{\partial z}\paren {\theta ,z}={-} \frac {\mathrm {sgn}(\theta )}{d} J\paren {\theta ,z}, & z \in \squares {-\frac {h}{2},\frac {h}{2}}, \\ J\paren {\theta ,z}= \mathrm {sgn}(\theta ) \bar {J} \sin (\theta ), & {z= -\mathrm {sgn}(\theta )\frac {h}{2}}, \end {cases}\end {equation}


\begin {equation}\label {J small nc} J\paren {\theta ,z} = \mathrm {sgn}\paren {\theta } \bar J \sin \theta \exp \paren {-\frac {\mathrm {sgn}\paren {\theta }z+h/2}{d}}.\end {equation}


$n_c \ll 1$


$\kappa _0$


\begin {equation}\label {eq: dk0dt small nc} \dot {\kappa _0}(s,t) = - \frac {1}{\tau } {\kappa _0}(s,t) + \frac {12 c \Gamma }{h^3}\int _{-h/2}^{h/2} J\paren {\theta (s,t),z} z \, dz.\end {equation}


$J(\theta ,z)$


\begin {equation}\dot {\kappa _0} = -\frac {1}{\tau } \kappa _0 - \frac {12 c \Gamma \beta }{h^3} \bar J \sin \theta , \label {Xeqn60-A.11}\end {equation}


$\beta = - d(d-h/2-\exp (-h/d)(d+h/2))>0$


$n_c\ll 1$


$n_c$


$J$


$\mathbf {r}$


$\theta $


$\mathbf {R}$


$M$


$\lambda _s$


$\kappa _0$


$20$


$20$


$20$


$20$


$1.5\%$


$L=20$


$L\leq 20$


$n_c$


$n_c$


$L \leq 20$


$n_c$


$L=10$


$L=10$


$n_c$


$1$


$L \leq 20\ \mathrm {mm}$


$\bar {J}_c$


$n_c$


$\theta $


$\theta (s,t) = \varphi (s)q(t)$


${\varphi }(s)$


\begin {equation}\label {app: general nonlinear jerk equation} a\dddot x + m \ddot x + d \dot x + k x + H(x,\dot x)=0, \qquad a, d \geq 0,\; m,k >0\end {equation}


$x(t)\equiv 0$


$H(x,\dot {x})$


$k x$


$d\dot {x}$


$m \ddot {x}$


$a \dddot {x}$


\begin {equation}a \lambda ^3 + m\lambda ^2 + d\lambda + k = 0. \label {Xeqn62-B.2}\end {equation}


\begin {equation}\alpha \defeq ak -dm < 0. \label {Xeqn63-B.3}\end {equation}


$\alpha =0$


$\lambda _{1,2} = \pm i\omega _c$


$\omega _c = \sqrt {k/m}$


$a\not = 0$


$\lambda _3 = -m/a<0$


$\alpha = 0$


$\alpha < 0$


$\alpha >0$


$\alpha =0$


$z(t)\in \mbb {C}$


\begin {equation}\dot {z} = (\sigma (\alpha ) + i\omega (\alpha )) z + C_1(\alpha ) z |z|^2 + O(|z|^4) \label {Xeqn64-B.4}\end {equation}


$\sigma (0)=0$


$\omega (0)=\omega _c$


$C_1$


$z$


$x$


$z=(r/2) e^{i\phi }$


\begin {equation}\begin {cases} \dot {r} &= \sigma (\alpha ) r + \re (C_1(\alpha )) r^3 /4, \\ \dot {\phi } &= \omega (\alpha ) + \im (C_1(\alpha )) r^2/4, \end {cases} \label {Xeqn65-B.5}\end {equation}


$\ell _1 \defeq \text {Re}(C_1(0))/\omega (0)$


$\ell _1<0$


\begin {equation}\label {app: general equation for amplitude} r_0^2(\alpha ) = \frac {-4 \sigma (\alpha )}{\re (C_1(\alpha ))} \approx \frac {-4 \sigma (\alpha )}{\omega _c \ell _1}\end {equation}


$\alpha >0$


$\ell _1>0$


$a\not =0$


$H(x,\dot {x})= -\gamma x^3$


$\gamma >0$


$k$


$\gamma $


$k$


$\alpha $


$\lambda _{1,2}= \pm i \omega (\alpha )$


\begin {equation}\sigma (\alpha ) = \frac {\alpha }{2\paren {ad+m^2}} + o(\alpha ), \qquad \omega (\alpha )= \sqrt {\frac {d}{a}} \paren {1 +\frac {\alpha m}{2d\paren {ad+m^2}}}+ o(\alpha ), \label {Xeqn67-B.7}\end {equation}


\begin {equation}\lambda _3= -\frac {m}{a}-\frac {\alpha }{ad+m^2} +o(\alpha ). \label {Xeqn68-B.8}\end {equation}


\begin {equation}\ell _1 = -\frac {3 \gamma }{2 a \omega _c \paren {\omega _c^2+m^2/a^2}}, \label {Xeqn69-B.9}\end {equation}


$\omega _c =\omega (0) = \sqrt {d/a}$


$\ell _1<0$


$\gamma >0$


\begin {equation}\label {app: lce amplitude} r_0^2(\alpha ) \approx \frac {4 \alpha }{3 a \gamma }\end {equation}


$\alpha >0$


$a=0$


$H(x,\dot {x})= \gamma \dot {x}^3$


$\gamma >0$


$d$


$\alpha = -dm$


$\lambda _{1,2}= \sigma (\alpha ) \pm i \omega (\alpha )$


\begin {equation}\sigma (\alpha )= \frac {\alpha }{2 m^2} \quad \text {and} \quad \omega (\alpha )= \sqrt {\frac {k}{m}- \sigma (\alpha )^2}. \label {Xeqn71-B.11}\end {equation}


\begin {equation}\ell _1 =-\frac {3c\omega _c }{2 m}, \label {Xeqn72-B.12}\end {equation}


$\omega _c =\omega (0) = \sqrt {k/m}$


$\ell _1<0$


$\gamma >0$


\begin {equation}\label {app: atp amplitude} r_0^2(\alpha ) \approx \frac {4\alpha }{3\gamma k}\end {equation}


$\alpha >0$


$\tilde {\theta }$


$\tilde {\mb {r}}$


$\tilde {\mb {R}}$


$\theta (s,t)$


$\mb {r}(s,t)$


$\mb {R}(s,t)$


$\theta '(L,t)=\kappa _0(L,t)$


$\tilde {\theta }(0,t)=0$


$\tilde {\mb {r}}(0,t)=\mb {0}$


$\tilde {\mb {R}}(L,t)=\mb {0}$


\begin {equation}\label {eq: mech weak form} \begin {aligned} & \int _0^L (\mathbf {r}' - \mathbf {t}) \cdot \tilde {\mathbf {r}} \, ds = 0, \\ & \int _0^L \left [ - B(\theta ' - \kappa _0)\tilde {\theta }' + \left ((\mathbf {t} \times \mathbf {R}) \cdot \mathbf {e}_3 \right ) \tilde {\theta } + m \tilde {\theta } \right ] ds = 0, \\ & \int _0^L (\mathbf {R}' + \mathbf {g}) \cdot \tilde {\mathbf {R}} \, ds = 0. \end {aligned}\end {equation}


$m=-\rho I \ddot {\theta }$


$\mb {g} = -D\dot {\mb {r}}-\rho A \ddot {\mb {r}}$


$\kappa _0 = 0$


$m=-h\left (k h \theta +\eta h \dot \theta -f_a\right )$


$\mb {g}=-\xi _n (\mb {n}\cdot \dot {\mb {r}}) \mb {n} -\xi _t (\mb {t}\cdot \dot {\mb {r}}) \mb {t}$


$\kappa _0(s,t)$


$f_a(s,t)$


\begin {align}\label {eq: evolution laws} \text {LCE:} \quad & \dot {\kappa }_0 = -\frac {\kappa _0}{\tau } - \lambda \overline {J} \sin \theta , \\ \text {Cilia:} \quad & \dot {f}_a = -\frac {1}{\tau }\left ( f_a - \lambda h \dot {\theta } + \mu \tau (h \dot {\theta })^3 \right ).\end {align}


$\alpha $


\begin {equation}\label {eq: general mech weak form} \begin {aligned} & \int _0^L (\mathbf {r}' - \lambda _s \mathbf {t}(\theta )) \cdot \tilde {\mathbf {r}} \, ds = 0, \\ & \int _0^L \left [ - B(\theta ' - \kappa _0)\tilde {\theta }' + \lambda _s\left ((\mathbf {t} \times \mathbf {R}) \cdot \mathbf {e}_3 \right ) \tilde {\theta } + m \tilde {\theta } \right ] ds = 0. \end {aligned}\end {equation}


$\Omega _{\text {2D}} = [0, L] \times [-h/2, h/2]$


$n_c(s,z,t)$


$J(s,z,t)$


\begin {equation}\begin {aligned} & \int _{\Omega _{2D}} \left ( \dot {n}_c - \Gamma J (1 - n_c) + \frac {1}{\tau } n_c \right ) \tilde {n}_c \, dA = 0, \\ & \int _{\Omega _{2D}} \left ( \frac {\partial J}{\partial z} + \mathrm {sgn}(\theta ) \frac {1 - n_c}{d} \, J \right ) \tilde {J} \, dA = 0, \end {aligned} \label {Xeqn76-C.5}\end {equation}


$\tilde {n}_c(s,z,t)$


$\tilde {J}(s,z,t)$


$J\paren {\theta ,z}= \mathrm {sgn}(\theta ) \bar {J} \sin (\theta )$


$z= -\mathrm {sgn}(\theta ){h}/{2}$


$\alpha $


$z$

https://orcid.org/0009-0005-6956-1740
https://orcid.org/0009-0000-4661-0961
https://orcid.org/0000-0002-2632-3057
mailto:desimone@sissa.it
mailto:a.desimone@santannapisa.it
https://doi.org/10.1016/j.jmps.2026.106529
https://doi.org/10.1016/j.jmps.2026.106529
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmps.2026.106529&domain=pdf
http://creativecommons.org/licenses/by/4.0/


D. Agostinelli et al.

for the activation are very different, both systems undergo a Hopf-type instability, where self-sustained oscillations emerge from a 
steady equilibrium state as a result of chemo-mechanical feedback. By simplifying the mathematical description of each problem, 
we aim to extract analytical insight into the underlying mechanisms and key quantitative information (such as the critical value of 
the activation source, amplitude, and frequency of beating, and the way in which they depend on the parameters of the system). 
We selected these two systems as case studies of spontaneous oscillations because they have attracted much attention in the recent 
literature and they represent complementary examples of distinct physical regimes of active filaments: eukaryotic cilia operate in a 
microscopic, inertia-less regime dominated by viscous drag, whereas LCE rods operate in a macroscopic inertial regime. By studying 
them together, we aim to highlight commonalities and differences between two benchmark examples of self-oscillating systems of 
great contemporary interest, which have often been compared on a purely qualitative basis. Our quantitative analysis allows us to 
export knowledge and insight from one to the other.

Ciliary beating plays a fundamental role in key biological processes, including locomotion (e.g., sperm cells and unicellular 
organisms) (Satir and Christensen, 2007) and mucociliary clearance in the respiratory system (Button et al., 2012). These oscillatory 
motions are generated by the axoneme, the cytoskeleton of eukaryotic cilia (Alberts et al., 2022). The architecture of the axoneme is 
highly conserved across species and is composed of nine microtubule doublets arranged in a cylindrical configuration, and connected 
by molecular motors. The axoneme functions as an active structure: the motors convert chemical energy (ATP) into mechanical work, 
by generating sliding forces between adjacent microtubules. These forces are transformed into bending waves by passive structural 
elements (both internal, such as nexins and cross-links, and external, such as the surrounding fluid). The system is often modelled as 
two elastic filaments subject to active internal forces, which drive a Hopf-type bifurcation (Brokaw, 1971; Lindemann, 1994; Camalet 
and Jülicher, 2000; Riedel-Kruse et al., 2007; Sartori et al., 2016; Oriola et al., 2017; Howard et al., 2022; Alouges et al., 2024; 
Anello et al., 2025), and we follow a similar approach. Many alternative models have been proposed in the vast available literature 
(Bayly and Wilson, 2015; Namdeo and Onck, 2016; Gallagher et al., 2023; Woodhams, 2025), also exploiting analogies with classical 
flutter instabilities of elastic rods under non-conservative loads (Clarke et al., 2024). The ciliary case introduces additional subtleties, 
including spatially distributed activity, negligible inertia, and the coexistence of multiple oscillatory modes. Oscillatory instabilities 
also occur in other biological systems, such as plant shoots, where delayed responses to environmental stimuli result in spontaneous 
motion (Lega and Goriely, 1999; Moulton et al., 2020; Agostinelli et al., 2020, 2021a,b). This recurrence of delay-driven oscillations 
highlights the broader interest of the mechanisms explored in this study.

Materials such as LCEs that morph in response to external stimuli are attracting growing interest. In particular, LCE rods can 
exhibit spontaneous oscillations under steady illumination (White et al., 2008; Zeng et al., 2019; Deng et al., 2024; Norouzikudiani 
et al., 2024). These photo-deformable systems are particularly relevant for emerging applications in soft robotics, autonomous actua-
tors, microfluidics and energy-harvesting devices. In the case of interest here, namely, photochemically deformable rods, oscillatory 
behavior arises from delayed feedback that involves light absorption, chemical transformation of azo molecules, and mechanical de-
formation. Such delays may lead to overshooting of the mechanical equilibrium and to periodic motion via a Hopf-type bifurcation. 
Compared to the biological case of ATP-powered ciliary beating, the driving mechanism is due to external stimuli rather than to 
internal molecular motors. The dynamics are shaped by photochemical time lags and nonlocal coupling effects, for instance due to 
self-shadowing along the rod.

Despite their differences, there exist regimes in which both photochemically deformable LCE rods and ATP-powered eukaryotic 
cilia can be described well by one-degree-of-freedom nonlinear oscillator models sharing the same structure, see Eqs. (23) and (40), 
and the same linearization, given by

𝑎eff𝑞(𝑡) + 𝑚eff𝑞(𝑡) + 𝑑eff𝑞̇(𝑡) + 𝑘eff𝑞(𝑡) = 0 . (1)

Here 𝑞 is a scalar parameter that quantifies the amplitude of the oscillations, and the coefficients represent the effective jerk, inertia, 
damping and elastic properties. The oscillators (23) and (40) exhibit a supercritical Hopf bifurcation: formulas for the amplitude 
and frequency of oscillations, and for critical values of the activation parameter are derived in Sections 3 and 4, clarifying their 
dependence on the effective parameters 𝑎eff, 𝑚eff, 𝑑eff, 𝑘eff in a completely explicit manner. These effective parameters arise from 
different physical mechanisms in the two systems: for example, the effective inertia 𝑚eff is nonzero for both systems, but the physical 
inertia is negligible in the case of eukaryotic cilia, while it is nonzero, and essential for self-oscillations, in the case of LCEs. The 
common structure of Eq. (1) explains why the two systems exhibit similar oscillatory phenomena. The dependence of the effective 
parameters on different physical mechanisms explains in which sense the two systems are different, how the oscillations they exhibit 
depend on different physical parameters, and how they can be controlled.
The paper is organized as follows. In Section 2, we briefly review the mechanics of planar (two-dimensional) active elastic rods, 
which is the common framework used to describe both systems. Section 3 is focused on the photo-deformable beam model. We first 
present the full model and its reduction to a one-degree-of-freedom nonlinear model, then we analyze light-powered oscillations 
in both models, and finally compare the results. Section 4 is devoted to ATP-driven cilia, following the same structure as for the 
photo-deformable beams. Section 5 presents the main conclusions of the comparative analysis of the two systems.

2.  Mechanics of active planar rods

In this section, we introduce the mechanics of active planar inextensible rods lying on the plane spanned by 𝐞1 and 𝐞2, which will 
serve as a general framework for the modeling of photo-deformable LCE beams and ATP-driven cilia.
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At each time 𝑡, 𝐫(𝑠, 𝑡) denotes the centerline of the (inextensible) rod, parametrized by the arc-length coordinate 𝑠 ∈ [0, 𝐿]. In the 
following, a prime (′) denotes differentiation with respect to the arc-length 𝑠, and a superimposed dot (̇) with respect to time 𝑡. We 
denote by 𝜃(𝑠, 𝑡) the angle between the unit tangent vector 𝐭(𝑠, 𝑡) and the horizontal direction such that

𝐭(𝑠, 𝑡) = 𝐫′(𝑠, 𝑡) = cos(𝜃(𝑠, 𝑡))𝐞1 + sin(𝜃(𝑠, 𝑡))𝐞2. (2)

The following force- and moment-balance equations hold
{

𝑀 ′(𝑠, 𝑡) + (𝐭(𝑠, 𝑡) × 𝐑(𝑠, 𝑡)) ⋅ 𝐞3 + 𝑚(𝑠, 𝑡) = 0,
𝐑′(𝑠, 𝑡) + 𝐠(𝑠, 𝑡) = 0,

(3)

where 𝑀(𝑠, 𝑡) and 𝐑(𝑠, 𝑡) are the internal moment and force, respectively, 𝑚(𝑠, 𝑡) is the density of active and external moments, 
𝐠(𝑠, 𝑡) = 𝐠(𝐫̇(𝑠, 𝑡), 𝐫̈(𝑠, 𝑡)) is the density of the external force, which will be specified depending on the context. Throughout this paper, 
we consider clamped-free boundary conditions

𝜃(0, 𝑡) = 0, 𝐫̇(0, 𝑡) = 𝟎, 𝐑(𝐿, 𝑡) = 𝟎, 𝑀(𝐿, 𝑡) = 0, (4)

at all times 𝑡. The last condition expresses the fact that no external couple is applied at the free end 𝑠 = 𝐿.
For the constitutive response to bending, we assume the linear law

𝑀 = 𝐵
(

𝜅 − 𝜅0
)

, (5)

where 𝐵 is the bending stiffness, 𝜅 = 𝜃′ is the rod curvature, and 𝜅0 = 𝜃′0 is the spontaneous (active) curvature.
By integrating the second equation in (3), we can write the shear force as

𝑇 (𝑠, 𝑡) ∶= (𝐭(𝑠, 𝑡) × 𝐑(𝑠, 𝑡)) ⋅ 𝐞3 =
(

∫

𝐿

𝑠
𝐠(𝜎, 𝑡) 𝑑𝜎

)

⋅ 𝐧(𝑠, 𝑡), (6)

where 𝐧 =
(

−𝑡2, 𝑡1, 0
) is normal to the tangent vector 𝐭 = (

𝑡1, 𝑡2, 0
)

. Then we can solve Eq.  (3) for the tangent angle 𝜃 after imposing 
boundary conditions (4).

In the following, we consider (active) systems where either 𝑚 or 𝜅0 is not known a priori but is governed by evolution laws that 
quantify the response of the system to incoming energy flux from the environment, which is either light or ATP.

3.  Photo-deformable beams

3.1.  Mathematical model

We model a photo-chemically deformable azo-based liquid crystal elastomer (LCE) beam as a planar inextensible rod with a 
rectangular cross section of thickness ℎ (length in the direction 𝐧, normal to the tangent) and width 𝑤 (length in the direction 𝐞3). As 
in Norouzikudiani et al. (2023), we prescribe in Eq. (3) the external moment and force as follows. The external moment accounts for 
the rotary inertia, i. e.,

𝑚 = −𝜌𝐼𝜃̈, (7)

where 𝜌 is the mass density, 𝐼 = 𝑤ℎ3∕12 is the second moment of area of the cross-section corresponding to the direction 𝐧. The 
external force includes viscous drag and translational inertia, 𝐠 = −𝚵𝐫̇ − 𝜌𝐴𝐫̈, where 𝐴 = 𝑤ℎ is the cross-sectional area, and 𝚵 ∶=
𝜉𝑛 𝐧⊗ 𝐧 + 𝜉𝑡 𝐭 ⊗ 𝐭 is the friction tensor with the normal and tangential friction coefficients, 𝜉𝑛 and 𝜉𝑡. For simplicity, we assume 
isotropic friction with 𝐷 ∶= 𝜉𝑛 = 𝜉𝑡, so that 𝚵 = 𝐷𝐈 and the external force reduces to

𝐠 = −𝐷𝐫̇ − 𝜌𝐴𝐫̈. (8)

Finally, the bending stiffness in the constitutive Eq. (5) is given by 𝐵 = 𝐸𝐼 , where 𝐸 is the Young’s modulus of the material.
As shown in Fig. 1, the beam is clamped at its left end and subjected to a uniform constant light intensity 𝐽 that shines horizontally 

from the right. The material is initially in the nematic phase, with nematic director ̄𝐧. At the microscopic level, light absorption induces 
the isomerization of trans molecules into cis molecules, lowering the nematic order of the liquid crystal molecules. This process causes 
a macroscopic contraction of the material in the nematic direction 𝐧̄. When light is absorbed nonuniformly across the thickness, e.g., 
if only one side of the beam is exposed, the resulting strain gradient leads to bending. Neglecting thermal effects and assuming 
small fractions of cis-molecules, we model the macroscopic response of the beam to light by prescribing the time evolution of the 
spontaneous curvature 𝜅0 as

𝜅0 = −
𝜅0
𝜏

− 𝜆𝐽 sin 𝜃, (9)

where 𝜏 is the characteristic relaxation time set by the average cis-lifetime, and 𝜆 is a positive proportionality constant. In particular, 
𝜆 = 12𝑐Γ𝛽∕ℎ3 where 𝑐 is the proportionality coefficient between the spontaneous strain and the fraction of cis-molecules, Γ is the 
material absorption constant, and 𝛽 = −𝑑(𝑑 − ℎ∕2 − exp(−ℎ∕𝑑)(𝑑 + ℎ∕2)) > 0 is a parameter determined by the light penetration depth 
𝑑 and the beam thickness ℎ. In Appendices A.1 and A.2, we derive Eq. (9) from a more general model (Norouzikudiani et al., 2023), 
under the assumption of low fractions of cis-molecules, which also allows us to consider the rod as inextensible. The applicability of 
such an approximation is supported by numerical simulations discussed in Appendix A.3.2.
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Fig. 1. Schematic of an LCE beam clamped at the left end and illuminated by a uniform light intensity 𝐽 . The beam centerline is described by the 
position 𝐫(𝑠, 𝑡) and the tangent vector 𝐭(𝑠, 𝑡) that forms the angle 𝜃(𝑠, 𝑡) with 𝐞1; 𝐧̄ denotes the nematic director, parallel to the tangent vector, and 
shown in the reference configuration.

The sinusoidal dependence on the tangent angle 𝜃 accounts for the local light absorption on the illuminated side of the beam, while 
we neglect non-local self-shadowing effects by which a part of the beam may project a shadow on other parts. Since this assumption 
is accurate for relatively short beams (see Appendix A.3.1), we restrict our study to beams of length 𝐿 ≤ 20 mm.

In summary, the system consists of Eqs. (3), (5), (7), (8), (9), and boundary conditions (4), i. e.,
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐵
(

𝜃′′(𝑠, 𝑡) − 𝜅′
0(𝑠, 𝑡)

)

+ 𝐑(𝑠, 𝑡) ⋅ 𝐧(𝑠, 𝑡) − 𝜌𝐼𝜃̈(𝑠, 𝑡) = 0,
𝐑′(𝑠, 𝑡) = 𝐷𝐫̇(𝑠, 𝑡) + 𝜌𝐴𝐫̈(𝑠, 𝑡),
𝜅0(𝑠, 𝑡) = − 1

𝜏 𝜅0(𝑠, 𝑡) − 𝜆𝐽 sin 𝜃(𝑠, 𝑡),
𝜃(0, 𝑡) = 0, 𝐫̇(0, 𝑡) = 𝟎,
𝐑(𝐿, 𝑡) = 𝟎, 𝑀(𝐿, 𝑡) = 0.

(10)

3.1.1.  Limit of small deformations
Integrating in space the second equation of (10), we get

𝐵
(

𝜃′′(𝑠, 𝑡) − 𝜅′
0(𝑠, 𝑡)

)

+ ∫

𝑠

𝐿
(𝐷𝐫̇ + 𝜌𝐴𝐫̈) 𝑑𝜎 ⋅ 𝐧(𝑠, 𝑡) − 𝜌𝐼𝜃̈(𝑠, 𝑡) = 0. (11)

In the limit of small deformations about the equilibrium (𝜃, 𝜅0) = (0, 0), we can linearize and differentiate twice Eq. (11) to get the 
linear equation

𝐵(𝜃′′′′ − 𝜅′′′
0 ) +𝐷𝜃̇ + 𝜌𝐴𝜃̈ − 𝜌𝐼𝜃̈′′ = 0. (12)

Keeping the nonlinearity that arises from the dynamics of light illumination, we derive the following semilinear system
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐵(𝜃′′′′ − 𝜅′′′
0 ) +𝐷𝜃̇ + 𝜌𝐴𝜃̈ − 𝜌𝐼𝜃̈′′ = 0,

𝜅0 = − 𝜅0
𝜏 − 𝜆𝐽 sin 𝜃,

𝜃(0) = 0, 𝜃′′′(0) = 𝜅0′′(0),
𝜃′′(𝐿) = 𝜅0′(𝐿), 𝜃′(𝐿) = 𝜅0(𝐿).

(13)

The second boundary condition follows from 𝐫̇(0, 𝑡) = 0, implying 𝑇 ′(0) = 0 at first order. The third boundary condition is derived by 
neglecting the contribution of rotational inertia.

Linearizing also the evolution law for the spontaneous curvature about the equilibrium (𝜃, 𝜅0) = (0, 0), we get the linear system
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐵(𝜃′′′′ − 𝜅′′′
0 ) +𝐷𝜃̇ + 𝜌𝐴𝜃̈ − 𝜌𝐼𝜃̈′′ = 0,

𝜅0 = − 𝜅0
𝜏 − 𝜆𝐽𝜃,

𝜃(0) = 0, 𝜃′′′(0) = 𝜅0′′(0),
𝜃′′(𝐿) = 𝜅0′(𝐿), 𝜃′(𝐿) = 𝜅0(𝐿).

(14)

3.1.2.  Model reduction to 1 DOF
In this section, we reduce (13) to a one-degree-of-freedom (1-DOF) model that is appropriate to investigate light-induced oscil-

lations in the regime of small deformations. We capture the essential features of the dynamics of the system by the assumed mode 
procedure1 (Meirovitch, 1997). In particular, we assume that

𝜃(𝑠, 𝑡) = 𝜑(𝑠)𝑞(𝑡), 𝜅0(𝑠, 𝑡) = 𝜑′(𝑠)𝑞0(𝑡), (15)

1 The assumed mode procedure is a special case of the Galerkin method, in which the trial functions are chosen as the mode shapes of the 
associated undamped, unforced linear system. This choice ensures exact satisfaction of the geometric boundary conditions and generally yields 
rapid convergence of the modal expansion.
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where 𝜑 is the first mode of the undamped Euler-Bernoulli beam with clamped-free boundary conditions, i. e.,

⎧

⎪

⎨

⎪

⎩

𝐵𝜑′′′′(𝑠) − 𝑏41𝜑(𝑠) = 0,
𝜑(0) = 𝜑′′′(0) = 0,
𝜑′(𝐿) = 𝜑′′(𝐿) = 0,

 with 𝑏1 ≈ 0.596864𝜋
𝐿

. (16)

More explicitly, we consider the mode

𝜑(𝑠) =
(

− sin 𝑏1𝐿 + sinh 𝑏1𝐿
cos 𝑏1𝐿 + cosh 𝑏1𝐿

)

(

−cosh 𝑏1 𝑠 + cos 𝑏1 𝑠
)

+
(

sinh 𝑏1 𝑠 + sin 𝑏1 𝑠
)

, (17)

corresponding to the first natural angular frequency

𝜔1 ∶= 𝑏21

√

𝐵
𝜌𝐴

. (18)

By substituting the assumed forms (15) into (13) and using the Taylor expansion sin(𝜃) ∼ 𝜃 − 𝜃3∕6, we arrive at
{

[

𝐵𝑏41
(

𝑞(𝑡) − 𝑞0(𝑡)
)

+𝐷𝑞̇(𝑡) + 𝜌𝐴𝑞(𝑡)
]

𝜑(𝑠) − 𝜌𝐼𝑞𝜑′′(𝑠) = 0,
𝜑′(𝑠) ̇𝑞0(𝑡) = −𝜑′(𝑠) 𝑞0(𝑡)𝜏 − 𝜆𝐽𝜑(𝑠)𝑞(𝑡) + 𝜆𝐽

6 (𝜑(𝑠)𝑞(𝑡))3,
(19)

while all boundary conditions are implicitly satisfied. We obtain the reduced 1-DOF model by projecting the first equation on 𝜑 and 
the second equation on 𝜑′, namely,

{

𝑀𝑞(𝑡) +𝐷𝑞̇(𝑡) +𝐾
(

𝑞(𝑡) − 𝑞0(𝑡)
)

= 0,
̇𝑞0(𝑡) = − 1

𝜏 𝑞0(𝑡) − 𝜆𝐽 𝑐2
𝑐1
𝑞(𝑡) + 𝜆𝐽

6
𝑐3
𝑐1
𝑞(𝑡)3,

(20)

where

𝑀 = 𝜌
(

𝐴 + 𝐼
𝑐1
𝑐4

)

, 𝐾 = 𝐵𝑏41, (21)

𝑐1 = ∫

𝐿

0

(

𝜑′)2, 𝑐2 =
𝜑2(𝐿)
2

, 𝑐3 =
𝜑4(𝐿)
4

, 𝑐4 = ∫

𝐿

0
𝜑2, (22)

which are all nonnegative constants. Notice that 𝑀 , 𝐷 and 𝐾 are the inertia, viscosity and elasticity of the passive system (without 
light-induced activity), respectively.

By solving the first equation for 𝑞0 and substituting it into the second equation, we can rewrite the system (20) as a single nonlinear 
“jerk” equation in 𝑞(𝑡), i. e.,

𝑎eff𝑞(𝑡) + 𝑚eff𝑞(𝑡) + 𝑑eff𝑞̇(𝑡) + 𝑘eff𝑞(𝑡) − 𝛾eff𝑞(𝑡)3 = 0, (23)

where 𝑎eff = 𝜏𝑀 is the effective jerk, 𝑚eff = 𝜏𝐷 +𝑀 is the effective inertia, 𝑑eff = 𝜏𝐾 +𝐷 is the effective damping, 𝑘eff =
𝐾
(

1 + 𝜏𝜆𝐽𝑐2∕𝑐1
) is the effective elasticity, and 𝛾eff = 𝜏𝜆𝐽𝐾𝑐3∕(6𝑐1) is the coefficient of the cubic stiffness, which acts as a soften-

ing since 𝛾eff > 0.
Eq. (23) is the equation of a nonlinear oscillator with equilibrium 𝑞(𝑡) ≡ 0, and the linear terms have the following physical 

interpretation. Light absorption amplifies the elastic response of the system by the term 𝜏𝜆𝐽𝑐2∕𝑐1; moreover, the cis-isomerization 
dynamics introduces a jerk effect through inertia and affects both the dissipative viscosity and the inertia of the system, by the elastic-
related term 𝜏𝐾 and the viscous-related term 𝜏𝐷, respectively. In Appendix B, we perform the stability analysis for a general model 
encompassing Eq. (23) as a special case.

3.2.  Analysis of the light-powered oscillations

In this section, we analyze the dynamics of the models derived in Section 3.1 for LCE photo-deformable beams subjected to light 
illumination. We start by studying the 1-DOF model (20), which undergoes a supercritical Hopf bifurcation as the light intensity 𝐽
exceeds a threshold, such that an initial perturbation of the equilibrium triggers sustained light-powered oscillations; for this reduced 
model, we obtain analytical expressions for the threshold light intensity for the onset of self-oscillations, and the oscillation frequency 
and amplitude near onset (Section 3.2.1). Similarly to the 1-DOF model, the full model (10) presents a Hopf-like bifurcation. First, we 
perform a linear stability analysis to identify the critical values of frequency and light intensity (Section 3.2.2). Then, we numerically 
solve the nonlinear model (10) to analyze the periodic solutions and we compare these results with those obtained through the reduced 
1-DOF model (20) (Section 3.2.3). In the following, numerical simulations of the models are based on the parameters provided in 
Table 1.
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Table 1 
Summary of model parameters for the photo-deformable 
LCE beam (Norouzikudiani et al., 2024).
 Parameter  Description  Value
𝐸  Young’s modulus 108 Pa
𝑤  Beam width 10−3 m
ℎ  Beam thickness 50 ⋅ 10−6 m
𝜌  Mass density 1400 kg/m3

𝐷  Viscosity coefficient 0.001 N⋅s/m2

𝑐  Strain - cis-fraction coefficient  0.05
𝜏  Cis-lifetime 0.1 s
𝑑  Light penetration depth 5 ⋅ 10−6 m
Γ  Absorption constant 10−3 m2/J

3.2.1.  Hopf bifurcation in the 1-DOF model
Using the results in Appendix B, we conclude that the equilibrium of Eq. (23) undergoes an instability that is triggered by the linear 

effective stiffness, 𝑘eff. Indeed, for sufficiently high values of the light intensity 𝐽 , the jerk-modulated stiffness, 𝑎eff𝑘eff, overcomes 
the inertia-modulated damping, 𝑚eff𝑑eff, so that energy is injected at a higher rate than it is dissipated and the equilibrium loses 
stability. In the overdamped limit, where inertia is negligible (𝜌 = 0), the equilibrium is always stable because the effective jerk 
vanishes (𝑎eff = 𝜏𝑀 = 0) and the destabilizing condition 𝑎eff𝑘eff > 𝑚eff𝑑eff is never fulfilled. In other terms, the instability is driven by 
an elastic-inertial feedback over the timescale 𝜏, represented by the jerk coefficient 𝑎eff. For any 𝜌 > 0 (and hence 𝑎eff > 0), the system 
undergoes a Hopf bifurcation once the light intensity 𝐽 exceeds the critical value

𝐽𝑐 =
𝑐1𝐷
𝑐2𝜆𝐾

[

𝐾
𝑀

+ 1
𝜏2

+ 𝐷
𝜏𝑀

]

≈
𝑐1𝐷

𝑐2𝜆𝐵𝑏41

(

𝜔2
1 +

1
𝜏2

+ 𝐷
𝜌𝐴𝜏

)

, (24)

which corresponds to the critical oscillation frequency

𝜔𝑐 =

√

𝑘eff
𝑚eff

=

√

𝑑eff
𝑎eff

=
√

𝜏𝐾 +𝐷
𝜏𝑀

≈
√

𝜔2
1 +

𝐷
𝜏𝜌𝐴

. (25)

The approximations in Eqs.  (24) and (25) follow observing that 𝐼𝑐1∕𝑐4 ∼ 𝐴(ℎ∕𝐿)2 ≪ 𝐴, so that 𝑀 ≈ 𝜌𝐴. Moreover, performing a 
scaling analysis with respect to the beam length 𝐿, we find that

𝐽𝑐 ∼
1
𝐿
, 𝜔𝑐 ∼

1
𝐿2

. (26)

Eq. (25) states that the beating frequency of the system (20) is the first natural frequency of the undamped passive beam, 𝜔1, corrected 
by a term that depends on the cis lifetime 𝜏 and the ratio of damping to inertial forces. In summary, the active component of the 
beam determines the critical oscillation frequency.

Beyond the bifurcation point, the cubic term −𝛾eff𝑞3 plays a crucial role. Indeed, having the opposite sign of 𝑘eff𝑞, it counteracts the 
linear instability by reducing the stiffness in the nonlinear regime. As a result, the Hopf bifurcation is supercritical, see Appendix B. 
At the critical light intensity 𝐽𝑐 , the equilibrium is destabilized and a stable limit cycle emerges. In particular, close to the bifurcation 
point, the beam dynamics converge to self-sustained oscillations with tip angle amplitude

𝑅
(

𝐽
)

= 4

√

1 −
𝐽𝑐
𝐽

. (27)

Finally, we numerically solve Eq. (23) using the ode45 solver in MATLAB R2025a and the NDSolve function in Mathematica 14.0. 
The nonlinear simulations and the phase portraits confirm the occurrence of a supercritical Hopf bifurcation at the critical values 
of the light intensity 𝐽𝑐 predicted analytically by Eq. (24), see Fig. 2. Moreover, close to the bifurcation point, the numerical results 
agree with the analytical expressions for the critical oscillation frequency (25) and the amplitude (27), see Fig. 7.

3.2.2.  Linear stability analysis of the full linearized system
Having examined the reduced dynamics, we now return to the complete linear system (14) to perform the linear stability analysis.
Assuming 𝜃(𝑠, 𝑡) and 𝜅0(𝑠, 𝑡) of the form 𝜃(𝑠, 𝑡) = 𝜃(𝑠)𝑒𝜎𝑡 and 𝜅0(𝑠, 𝑡) = 𝜅̃0(𝑠)𝑒𝜎𝑡, system (14) reduces to

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐵(𝜃′′′′ + 𝜅̃′′′
0 ) +𝐷𝜎𝜃 + 𝜌𝐴𝜎2𝜃 − 𝜌𝐼𝜎2𝜃′′ = 0,

𝜅̃0 = −𝜒𝜃,
𝜃(0) = 𝜃′′′(0)+𝜒𝜃′′(0) = 0,
𝜃′(𝐿)+𝜒𝜃(𝐿) = 𝜃′′(𝐿)+𝜒𝜃′(𝐿) = 0,

(28)

where 𝜒 = 𝜒(𝐽 , 𝜎) = 𝜏𝜆𝐽
𝜏𝜎+1 .

We seek separable solutions of the form 𝜃(𝑠) = ∑4
𝑗=1 𝐴𝑗𝑒

𝛽𝑗 𝑠, where 𝛽𝑗 (𝑗 = 1,… , 4) are distinct roots of the characteristic equation
𝐵
(

𝛽4 + 𝜒 𝛽3
)

− 𝜌𝐼𝜎2𝛽2 +𝐷𝜎 + 𝜌𝐴𝜎2 = 0. (29)
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Fig. 2. Phase portraits of the 1-DOF model (20) for values of the light intensity 𝐽 below (a) and above (b) the critical value 𝐽𝑐 . For visual clarity, 
the vector field (𝑞, 𝑞̇, 𝑞) is shown only on the 2D principal plane of the limit cycle. The red trajectory shows the dynamics of the solution associated 
with a perturbed initial condition. The transparency of the trajectory decreases with time. Model parameters are as in Table 1 and 𝐿 = 5 mm. For 
such values, the critical light intensity is 𝐽𝑐 ≈ 19.4 kW/m2 and phase portraits are obtained for (a) 𝐽 = 17.0 kW/m2 and (b) 𝐽 = 22.0 kW/m2.

Fig. 3. Real (solid lines) and imaginary (dashed lines) part of the leading eigenvalue 𝜎1, and its complex conjugate eigenvalue 𝜎2, as functions of 
light intensity, for a beam of length 𝐿 = 20 mm, and for the choice of parameters introduced in Table 1. We distinguish two regions corresponding 
to different dynamical responses for 𝜃(𝑠, 𝑡): damped oscillations for 𝐽 < 𝐽𝑐 ≈ 5289 W/m2 and oscillations with increasing amplitude for 𝐽 > 𝐽𝑐 .

The boundary conditions define a linear system 𝐌𝐀 = 0, where

𝐌 = 𝐌(𝜒(𝐽 , 𝜎)) =

⎛

⎜

⎜

⎜

⎜

⎝

1 … 1
𝛽31+𝜒𝛽

2
1 … 𝛽34+𝜒𝛽

2
4

𝑒𝛽1𝐿(𝛽21+𝜒𝛽1) … 𝑒𝛽4𝐿(𝛽24+𝜒𝛽4)
𝑒𝛽1𝐿(𝛽1+𝜒) … 𝑒𝛽4𝐿(𝛽4+𝜒)

⎞

⎟

⎟

⎟

⎟

⎠

(30)

and 𝐀 = (𝐴1, 𝐴2, 𝐴3, 𝐴4)𝑇 ; to get a nonzero 𝐀, and hence a nontrivial solution 𝜃, we prescribe | det𝐌(𝐽 , 𝜎)| = 0.
As for the 1-DOF model, we find that there exists a critical light intensity 𝐽𝑐 for which the real part of the leading eigenvalue 

𝜎1 vanishes. The corresponding oscillation frequency is given by 𝜔𝑐 = Im[𝜎1(𝐽𝑐 )]. In particular, as the light intensity 𝐽 exceeds the 
critical value 𝐽𝑐 , the real part of 𝜎1 passes from being negative to positive, indicating that the straight equilibrium undergoes an 
instability, see Fig. 3.

Fig. 4 shows the critical values 𝐽𝑐 and 𝜔𝑐 as functions of the beam length, computed numerically as zeros of det𝐌 = 0, for the 
model parameters reported in Table 1. We find that the critical light intensity decreases monotonically as the beam length increases, 
indicating that longer LCE beams are inherently more susceptible to destabilization. We notice that these critical parameters are well 
approximated by the analytical formulas (24) and (25) obtained for the 1-DOF model (20). In particular, for the range of beam lengths 
shown in Fig. 4, the analytical expressions approximate the nonlinear critical values 𝐽𝑐 and 𝜔𝑐 within a relative error of 12% and 3%, 
respectively.
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Fig. 4. Comparison of the critical intensity (a) and the critical frequency (b) for various beam lengths using the linear stability analysis of model
(10) (solid lines) and the analytical expressions (24) and (25) for the 1-DOF model (20) (dashed lines), which follow the scaling 𝐽𝑐 ∼ 1∕𝐿 and 
𝜔𝑐 ∼ 1∕𝐿2. Model parameters are as in Table 1.

Fig. 5. Tip angle 𝜃(𝐿) obtained as numerical solution of (10) for a perturbed LCE beam of length 𝐿 = 20 mm with light intensity 𝐽 = 5100 W/m2

(a) and 𝐽 = 5400 W/m2 (b). From the linear stability analysis, the critical light intensity is estimated as 𝐽𝑐 ≈ 5289 W/m2. Other model parameters 
are as in Table 1.

3.2.3.  Nonlinear simulations
In this section, we explore the regime of large amplitude oscillations by solving numerically the nonlinear model in COMSOL 

Multiphysics (see Appendix C for more details on the numerical procedure). Material and geometric parameters are reported in 
Table 1.

Consistent with the linear stability analysis, we find that the trivial equilibrium becomes unstable as the light intensity exceeds 
the critical value 𝐽𝑐 . Moreover, in the unstable regime, small perturbations of the straight position are amplified and converge to 
a nontrivial time-periodic solution (a limit cycle). This behavior indicates a Hopf-like bifurcation at the critical light intensity 𝐽𝑐
predicted by the linear stability analysis (see Figs. 5 and A.4 in Appendix A.3.2).

Finally, we compare the periodic solutions of the full model (10) with the reduced model (23), in terms of the beating frequency 
𝜔, the maximum tip angle 𝜃(𝐿), and the time evolution of the beam configurations. We show the results in Figs. 6 and 7 for LCE 
beams of length 𝐿 = 10 mm and 𝐿 = 20 mm, and other model parameters as in Table 1. The 1-DOF model (20) correctly captures the 
growth of the amplitude with increasing light intensity, highlighting the presence of a supercritical Hopf bifurcation (Wiggins, 2003). 
Below the critical parameter 𝐽𝑐 , oscillations are damped and the straight equilibrium is stable. Above the critical value, oscillations 
grow in amplitude until a stable limit cycle is reached. We conclude that the 1-DOF model captures the essence of the full model and 
provides good approximations for both the critical parameters and the overall beam dynamics, with lower accuracy for longer beams.

4.  ATP-driven cilia

4.1.  Mathematical model

We model the axonemal structure of a cilium as a planar system composed of two inextensible, elastic filaments of length 𝐿
(representing microtubules) that are clamped at the base and free to slide relative to one another (Camalet and Jülicher, 2000; 
Riedel-Kruse et al., 2007; Sartori et al., 2016; Cass and Bloomfield-Gadêlha, 2023), see Fig. 8. The filaments are at a fixed distance 
ℎ ≪ 𝐿, and their position is given by

𝐫±(𝑠) = 𝐫(𝑠) ± ℎ𝐧(𝑠)∕2, (31)

where 𝐫(𝑠) is the neutral line curve, parametrized by the arc-length coordinate 𝑠 ∈ [0, 𝐿], and 𝐧(𝑠) denotes the unit normal.
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Fig. 6. Comparison of beam shapes between 1-DOF model (20) and full model (10) for different values of the light intensity 𝐽 , increasing from 
left to right. The beam length is (top) 𝐿 = 10 mm and (bottom) 𝐿 = 20 mm, while other model parameters are as in Table 1. Colors denote the 
normalized time 𝑡∕𝑇  where 𝑇  is the oscillation period.

Molecular motors are anchored to one filament and transiently bind to the other one, thus exerting forces in opposite directions. 
This mechanism creates a sliding displacement 𝑢(𝑠) between the filaments, which is defined as the difference between the accumulated 
arc-lengths along the two filaments up to 𝐫+(𝑠) and 𝐫−(𝑠), namely

𝑢(𝑠) = 𝑢(0) + ∫

𝑠

0
(|𝐫′−(𝜎)| − |𝐫′+(𝜎)|) 𝑑𝜎 = 𝑢(0) + ℎ(𝜃(𝑠) − 𝜃(0)), (32)

where 𝑢(0) is the basal sliding (considered null for simplicity), and 𝜃(𝑠) is the tangent angle. The second equality in Eq. (32) follows 
by using Eq. (2) and assuming |𝜃′| < 2∕ℎ. Differentiating Eq. (32) yields the kinematic relation between sliding and curvature

𝑢′ = ℎ𝜃′. (33)

We model the neutral line of the cilium as a planar rod governed by Eqs. (3)–(5) with zero spontaneous curvature (𝜅0 = 0), for 
which we need to specify the external force and moment densities. Since cilia are slender bodies in a low Reynolds number regime, we 
neglect any inertial term and adopt the resistive force theory (RFT, Gray and Hancock, 1955) approximation, expressing the external 
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Fig. 7. Comparison between 1-DOF model (20) in blue and full model (10) in orange for (a,c) the maximum tip angle 𝜃(𝐿) and (b,d) the oscillation 
frequency 𝜔 by increasing the light intensity 𝐽 , near the bifurcation points. For the tip angle amplitude (a,c), numerical simulations are compared 
to analytical results, in gray, given by Eq. (27). The beam length is 𝐿 = 10 mm (a,b) and 𝐿 = 20 mm (c,d), while other model parameters are as in 
Table 1. Maximum tip angles and oscillation frequencies are extracted from periodic oscillations after the initial transient regime.

Fig. 8. From the axoneme to the two rows of molecular motors. (a) Cross-section of the axoneme when viewed from the base to tip, with numbering 
taken from Sartori et al. (2016). (b) Projection of the axoneme onto its bending plane. (c) The cilium is composed of two filaments fixed at the base.

drag force in Eq. (3) as

𝐠 = −𝚵𝐫̇, (34)

where 𝚵 ∶= 𝜉𝑛 𝐧⊗ 𝐧 + 𝜉𝑡 𝐭 ⊗ 𝐭 is the friction tensor. In the RFT limit, the normal and tangential coefficients satisfy 𝜉𝑛 = 2𝜉𝑡. For the 
moment density, we write it as 𝑚 = ℎ𝑓 , where 𝑓 = 𝑓 (𝑠, 𝑡) is a force density acting at position 𝑠 and at time 𝑡 and it is the sum of two 
terms, 𝑓 = 𝑓𝑝 + 𝑓𝑎. The first term is the passive component of the motor force 𝑓𝑝 = −𝑘𝑢 − 𝜂𝑢̇, which resists sliding through elastic and 
viscous elements, represented by the constants 𝑘 > 0 and 𝜂 > 0, respectively. The second term is the active motor force resulting from 
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Fig. 9. (a) Unfolding of the cilium’s two-filament structure from Fig. 8. The red filaments indicate the same structure, identified as the lower filament 
(-). This is shown again in (b). Antagonistic molecular motors exert a net force 𝑓𝑎 = 𝑓+ − 𝑓− on the upper filament, and the opposite force on the 
lower filament.

the antagonistic activity of molecular motors, i. e., 𝑓𝑎 = 𝑓+ − 𝑓−, where 𝑓+ and 𝑓− are respectively the forces exerted on the upper 
and lower filament by the motors anchored to it while transiently binding to the other filament (see Fig. 9). A detailed theoretical 
framework describing these motor-filament interactions, known as the sliding feedback model, can be found in Jülicher and Prost 
(1995), Jülicher (1999), Alouges et al. (2024), Anello et al. (2025). This model captures how coordinated motor activity induces 
filament sliding to generate bending, while the resulting bending, in turn, modulates the chemical activity of the motors. In the 
present study, we adopt a simplified version of this framework: the cubic model introduced in Anello et al. (2025). In this formulation, 
the active force density 𝑓𝑎 is related to the sliding velocity 𝑢̇ through a nonlinear cubic law, which shows the essential feedback 
mechanisms in a reduced form, that is,

𝑓̇𝑎 = −1
𝜏
(

𝑓𝑎 − 𝜆𝑢̇ + 𝜇𝜏𝑢̇3
)

. (35)

Here, the destabilizing term 𝜆𝑢̇ is modulated by a coefficient 𝜆 > 0 proportional to the ATP concentration, and the cubic term −𝜇𝑢̇3, 
𝜇 > 0, stabilizes the oscillations when 𝑢̇ grows. The constant 𝜏 is the characteristic time for the binding/unbinding reaction of the 
molecular motors. Eq. (35) is to be thought of as the coarse-grained normal form coming from the micro-chemical system of equations 
that involve the probabilities of binding and unbinding of a collection of molecular motors (Jülicher et al., 1997).

In conclusion, recalling that 𝑢 = ℎ𝜃 and that 𝑚 = ℎ𝑓 = ℎ(−𝑘ℎ𝜃 − 𝜂ℎ𝜃̇ + 𝑓𝑎), the nonlinear system for the cilia reads
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐵𝜃′′ + 𝐑(𝑠, 𝑡) ⋅ 𝐧(𝑠, 𝑡) + ℎ(−𝑘ℎ𝜃 − 𝜂ℎ𝜃̇ + 𝑓𝑎) = 0,
𝐑′(𝑠, 𝑡) = 𝜉𝑛 𝑟̇𝑛𝐧 + 𝜉𝑡 𝑟̇𝑡𝐭,
𝑓̇𝑎 = − 1

𝜏

(

𝑓𝑎 − 𝜆ℎ𝜃̇ + 𝜇𝜏ℎ3𝜃̇3
)

,
𝜃(0, 𝑡) = 0, 𝐫̇(0, 𝑡) = 𝟎,
𝐑(𝐿, 𝑡) = 𝟎, 𝜃′(𝐿, 𝑡) = 0.

(36)

4.1.1.  Limit of small deformations
As for the photo-deformable LCE beams (Eq. (13) in Section 3.1.1), we derive the semilinear system where the beam equation is 

written in the limit of small deformations around (𝜃, 𝑓𝑎) = (0, 0), but we keep the nonlinearity given by the active term 𝑓𝑎. Therefore, 
the semilinear system for the cilia is

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐵𝜃′′′′ + 𝜉𝑛𝜃̇ + ℎ(−𝑘ℎ𝜃 − 𝜂ℎ𝜃̇ + 𝑓𝑎)′′ = 0,
𝑓̇𝑎 = − 1

𝜏

(

𝑓𝑎 − 𝜆ℎ𝜃̇ + 𝜇𝜏ℎ3𝜃̇3
)

,
𝜃(0) = 0, 𝐵𝜃′′′(0) + ℎ𝑓 ′(0) = 0,
𝜃′(𝐿) = 0, 𝐵𝜃′′(𝐿) + ℎ𝑓 (𝐿) = 0,

(37)

and the linearized version is
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐵𝜃′′′′ + 𝜉𝑛𝜃̇ + ℎ(−𝑘ℎ𝜃 − 𝜂ℎ𝜃̇ + 𝑓𝑎)′′ = 0,
𝑓̇𝑎 = − 1

𝜏

(

𝑓𝑎 − 𝜆ℎ𝜃̇
)

,
𝜃(0) = 0, 𝐵𝜃′′′(0) + ℎ𝑓 ′(0) = 0,
𝜃′(𝐿) = 0, 𝐵𝜃′′(𝐿) + ℎ𝑓 (𝐿) = 0.

(38)

4.1.2.  Model reduction to 1 DOF
As for the photo-deformable LCE beams (Section 3.1.2), we reduce the semilinear system (37) to a one-degree-of-freedom (1-DOF) 

model that captures the key features of the system. We adopt the assumed mode procedure (Meirovitch, 1997) and set
𝜃(𝑠, 𝑡) = 𝜑(𝑠)𝑞(𝑡), 𝑓 (𝑠, 𝑡) = 𝜑′′(𝑠)𝑞0(𝑡), (39)

where 𝑓 = 𝑓𝑎 − 𝑘ℎ𝜃 − 𝜂ℎ𝜃̇ and 𝜑 is the first mode of the undamped Euler-Bernoulli beam with clamped-free boundary conditions, 
already introduced in Section 3.1.2 and given by Eq. (17). Analogously to the LCE model, we substitute the ansatz (39) into Eq. (37), 
and project the resulting equations onto 𝜑, obtaining a single nonlinear equation for 𝑞(𝑡),

𝑚eff𝑞(𝑡) + 𝑑eff𝑞̇(𝑡) + 𝑘eff𝑞(𝑡) + 𝛾eff𝑞̇(𝑡)3 = 0, (40)
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Table 2 
Characteristic parameters of the flagella of Chlamydomonas.
 Parameter  Definition  Values
𝐵  Bending rigidity 400 pNµm2

ℎ  Inter-filament distance 0.06 µm
𝜉𝑛  Normal fluid viscosity (RFT)  0.0034 pN ⋅ s∕𝜇m2

𝑘  Internal elasticity 15 ⋅ 103 pN∕𝜇m2

𝜂  Internal viscosity  0.1 pN ⋅ s∕𝜇m2

𝜏  Characteristic motor switching time  0.0038 s
𝜇  Coefficient of cubic term  20 pN ⋅ s2∕𝜇m4

Table 3 
Comparison of the instability mechanisms in photo-responsive LCE rods and ATP-driven cilia. Although the two systems have similar oscillator 
equation, the physical origin of the instability and the role of activity are fundamentally different.
 Feature  Photo-responsive LCEs  ATP-driven cilia
 Physical regime  Inertial (Non-negligible Reynolds)  Overdamped / Inertia-less (Low Reynolds)
 Feedback variable  Position (𝜃) 𝜅̇0 = − 𝜅0

𝜏
− 𝜆𝐽 sin 𝜃  Velocity (𝜃̇) ̇𝑓𝑎 = − 𝑓𝑎

𝜏
+ 𝜆ℎ𝜃̇

𝜏
− 𝜇ℎ3 𝜃̇3

 ODE structure  3rd order (𝑎 ≠ 0) 𝑎𝑞 + 𝑚𝑞 + 𝑑𝑞̇ + 𝑘𝑞 − 𝛾𝑞3 = 0  2nd order (𝑎 = 0) 𝑚𝑞 + 𝑑𝑞̇ + 𝑘𝑞 + 𝛾𝑞̇3 = 0
 Instability driver  Elastic-inertial coupling  Negative effective damping
 Role of activity  Light intensity 𝐽 modifies effective stiffness via time-delayed curvature  ATP concentration 𝜆 modifies effective damping via motor kinetics
 Critical frequency  Inertial-elastic balance 𝜔2

𝑐 =
𝐾+𝐷∕𝜏

𝑀
 Viscous-elastic balance 𝜔2

𝑐 =
𝐾
𝐷𝜏

where 𝑚eff = 𝜏𝐷 is the effective inertia, 𝑑eff = 𝜏𝐾 +𝐷 − 𝜆 is the effective damping, 𝑘eff = 𝐾 is the effective elasticity, and 𝛾eff =
𝜏𝜇𝑐3ℎ2∕𝑐2 is the coefficient of the cubic damping, which is dissipative since 𝛾eff > 0. 𝐷 and 𝐾 denote the effective damping and 
elasticity of the passive system (without ATP-powered activity),

𝐷 = 𝜂 +
𝑐1

𝑐2ℎ2𝑏41
𝜉𝑛 and 𝐾 = 𝑘 +

𝑐1
𝑐2ℎ2𝑏41

𝐵𝑏41, (41)

with the projection constants

𝑐1 = −∫

𝐿

0
𝜑′′𝜑 = ∫

𝐿

0

(

𝜑′)2 > 0, 𝑐2 = ∫

𝐿

0
𝜑2 > 0, 𝑐3 = ∫

𝐿

0
𝜑4 > 0. (42)

Eq. (40) describes a nonlinear oscillator with equilibrium 𝑞(𝑡) ≡ 0. Although the passive system has no inertia, active forces 
introduce an effective mass 𝜏𝐷, related to the internal and external viscosities. The chemical activity also contributes to the effective 
damping by a term related to the ATP concentration, 𝜆, and another term associated with the elastic properties of the system, 𝜏𝐾.

In contrast to the LCE case, Eq. (40) is a second-order equation with no jerk term, due to the lack of inertia in the passive system. 
We perform the stability analysis of this model in Appendix B.

4.2.  Analysis of the ATP-driven oscillations

When the ATP concentration is low, the net active force 𝑓𝑎 is zero, the motors are stalled, and the straight filament remains in 
a stable equilibrium. Although each motor still exerts a nonzero force on the filament to which it is attached, these forces balance 
out, resulting in no net active force. This creates a tug-of-war scenario between the two systems of antagonistic motors, and ATP acts 
as a bifurcation parameter. When the ATP concentration exceeds a critical threshold, the system undergoes a Hopf-like bifurcation, 
and the motor-filament dynamics transitions from a stationary state to one of sustained oscillations. Analogously to the case of light-
powered oscillations for LCE beams (Section 3.2), we start by studying the 1-DOF model (Section 4.2.1) and then, after performing 
a linear stability analysis (Section 4.2.2), we numerically solve the full model and compare it with the reduced one (Section 4.2.3).

In the following, when presenting results for varying cilia lengths, we use the dimensionless sperm number, which quantifies the 
ratio between viscous and bending forces in the system, i. e.,

𝑆𝑝 =
𝐿
𝐿0

, 𝐿0 =
(

𝜏𝐵
𝜉𝑛

)1∕4
(43)

where 𝐿0 is a characteristic length that was introduced by Machin (1958). Similarly to the photo-deformable LCE beams, we restrict 
our analysis to the regime of relatively high 𝐿0, i. e., the viscous forces are negligible with respect to the elastic ones, and the sperm 
number 𝑆𝑝 ≤ 2. In this regime, cilia are relatively short (𝐿 ≤ 2𝐿0) and the first mode used in the reduced 1-DOF model can provide 
a good approximation to the full model. We consider Chlamydomonas as a case study of such “short” cilia, with the relevant model 
parameters provided in Table 2, for which the characteristic length is 𝐿0 ≈ 4.6 µm.

4.2.1.  Hopf bifurcation in the 1-DOF model
Using the results in Appendix B, we conclude that the equilibrium of the reduced model (40) undergoes an instability driven by 

the linear effective damping, 𝑑eff. For sufficiently high values of the ATP concentration parameter 𝜆, the effective viscosity becomes 
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Fig. 10. Phase portraits of the 1-DOF model (40) for values of the ATP concentration parameter 𝜆 below (a) and above (b) the critical value 𝜆𝑐 . 
Background streamlines represent the vector field (𝑞, 𝑞̇). The red trajectory shows the dynamics of the solution associated with a perturbed initial 
condition. The transparency of the trajectory decreases with time. Model parameters are as in Table 2 and 𝑆𝑝 = 1.2. For such values, the critical ATP 
concentration is 𝜆𝑐 ≈ 100 Ns/m2 and phase portraits are obtained for (a) 𝜆 = 90 Ns/m2 and (b) 𝜆 = 110 Ns/m2.

negative, i. e., energy is injected into the system and the equilibrium becomes unstable. In contrast to the LCE case, where the 
instability arises from an elastic-inertial feedback mediated by the jerk coefficient, the present ciliary model has no jerk, due to the 
absence of inertia in the passive system. In particular, a Hopf bifurcation occurs when the effective viscosity vanishes, i. e., when the 
ATP concentration parameter 𝜆 reaches the critical value

𝜆𝑐 = 𝜏𝐾 +𝐷, (44)

which corresponds to the critical oscillation frequency

𝜔𝑐 =

√

𝑘eff
𝑚eff

=
√

𝐾
𝐷𝜏

. (45)

Due to the absence of inertia, the natural frequency 𝜔1 does not appear in Eq. (45), contrary to the critical frequency for the photo-
deformable beam (25). The square frequency 𝜔2

𝑐  at which the cilia oscillate is the characteristic chemical rate 1∕𝜏 multiplied by the 
ratio between the effective elasticity, 𝐾, and viscosity, 𝐷, of the passive system. In this case, the chemical activity prescribes the 
critical oscillation frequency through the characteristic time 𝜏, related to the binding/unbinding reaction of the motors.

Beyond the bifurcation point, the cubic dissipative term 𝛾eff𝑞̇3 stabilizes the dynamics. The (positive) nonlinear damping counter-
acts the (negative) linear effective damping, yielding a supercritical Hopf bifurcation, see Appendix B. Near the bifurcation threshold 
𝜆𝑐 , the tip angle of the cilium oscillates with amplitude

𝑅(𝜆) = 𝜑(𝐿)

√

4𝑐2
3𝑐3

𝐷
(

𝜆 − 𝜆𝑐
)

𝜇ℎ2𝐾
. (46)

For the nonlinear dynamics, numerical simulations and phase portraits confirm the occurrence of a supercritical Hopf bifurcation at 
the critical values of the ATP concentration parameter 𝜆𝑐 predicted analytically by Eq. (44), see Fig. 10. Moreover, near the bifurcation 
point, the numerical results agree with the analytical predictions for both the oscillation frequency (45) and the amplitude (46), see 
Fig. 14.

4.2.2.  Linear stability analysis of the full linearized system
In this section, we perform the linear stability analysis of the complete linear model (38). Analogously to the linear analysis of 

the photo-deformable beam of Section 3.2.2, we seek time-harmonic solutions of the form 𝜃(𝑠, 𝑡) = 𝜃(𝑠)𝑒𝜎𝑡 and 𝑓𝑎(𝑠, 𝑡) = 𝑓𝑎(𝑠)𝑒𝜎𝑡, for 
𝜎 ∈ ℂ. Substituting these expressions into model (38), we find that 𝑓𝑎 = ℎ𝜆𝜎

𝜏𝜎+1 𝜃 where 𝜃(𝑠) satisfies the boundary value problem

⎧

⎪

⎨

⎪

⎩

𝜃′′′′ + 𝜒𝜃′′ + 𝜎𝜉𝑛
𝐵 𝜃 = 0,

𝜃(0) = 0, 𝜃′′′(0) + 𝜒𝜃′(0) = 0,
𝜃′(𝐿) = 0, 𝜃′′(𝐿) + 𝜒𝜃(𝐿) = 0,

(47)

with 𝜒 = 𝜒(𝜆, 𝜎) = ℎ2

𝐵

(

𝜎
𝜏𝜎+1𝜆 − 𝑘 − 𝜂𝜎

)

.
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Fig. 11. Real (solid lines) and imaginary (dashed lines) parts of the eigenvalues 𝜎1 and 𝜎2, as functions of the ATP parameter 𝜆, for a cilium with 
sperm number 𝑆𝑝 = 1.5, and for the choice of model parameters as in Table 2. We distinguish four regions corresponding to different dynamical 
responses for 𝜃(𝑠, 𝑡): exponential decay and damped oscillations for 𝜆 < 𝜆𝑐 , and increasing oscillations and exponential growth for 𝜆 > 𝜆𝑐 .

Fig. 12. Comparison of the critical ATP (a) and the critical frequency (b) for various sperm numbers using the linear stability analysis of model
(36) (solid lines) and the analytical expressions (44) and (45) for the 1-DOF model (40) (dashed lines). Model parameters are as in Table 2.

We seek non-trivial solutions to (47) of the form 𝜃̄ =
∑4

𝑗=1 𝐴𝑗𝑒
𝛽𝑗 𝑠, where 𝛽𝑗 are distinct roots2 of the characteristic equation

𝛽4 + 𝜒𝛽2 +
𝜎𝜉𝑛
𝐵

= 0. (48)

By imposing the boundary conditions, we get the linear system 𝐌𝐀 = 𝟎, where

𝐌 =

⎛

⎜

⎜

⎜

⎜

⎝

1 1 1 1
𝛽1𝑒𝛽1𝐿 𝛽2𝑒𝛽2𝐿 𝛽3𝑒𝛽3𝐿 𝛽4𝑒𝛽4𝐿

(

𝛽21 + 𝜒
)

𝑒𝛽1𝐿
(

𝛽22 + 𝜒
)

𝑒𝛽2𝐿
(

𝛽23 + 𝜒
)

𝑒𝛽3𝐿
(

𝛽24 + 𝜒
)

𝑒𝛽4𝐿

𝛽1
(

𝛽21 + 𝜒
)

𝛽2
(

𝛽22 + 𝜒
)

𝛽3
(

𝛽23 + 𝜒
)

𝛽4
(

𝛽24 + 𝜒
)

⎞

⎟

⎟

⎟

⎟

⎠

(49)

As for the photo-deformable beam, the system admits nontrivial solutions if and only if |det𝐌(𝜒(𝜆, 𝜎))| = 0, and the system dy-
namics about the equilibrium is determined by the real and imaginary parts of the complex zeros 𝜎 of such equation. Denoting by 
𝜎1,2 the leading eigenvalues, we distinguish four regions as 𝜆 varies, see Fig. 11. For low values of 𝜆, all eigenvalues are real and 
negative; as 𝜆 increases, 𝜎1,2 becomes complex and conjugate up to 𝜆𝑐 , when their real part changes sign, from positive to negative; 
finally, for higher values of 𝜆, both eigenvalues become real and positive.

We numerically compute the zeros (𝜆𝑐 , 𝜎𝑐 ) of det𝐌 = 0 as functions of the sperm number 𝑆𝑝 and show in Fig. 12 the curves of the 
critical ATP concentration, 𝜆𝑐 , and the corresponding oscillation frequency, 𝜔𝑐 = 𝐼𝑚(𝜎𝑐 ). For the considered model parameters, the 
analytical expressions (44) and (45) for the 1-DOF model approximate the nonlinear critical values 𝜆𝑐 and 𝜔𝑐 within a relative error 
of 7% and 13%, respectively.

4.2.3.  Nonlinear simulations
In this section, we explore the regime of large amplitude oscillations by solving numerically the nonlinear model (36) in COMSOL 

Multiphysics (see Appendix C for more details on the numerical procedure). Model parameters are reported in Table 2.
Consistent with the linear stability analysis, the computational analysis reveals the onset of a limit cycle as the ATP parameter 

exceeds the critical value 𝜆𝑐 , thus confirming a Hopf-like supercritical bifurcation.

2 There is also the possibility of two repeated roots, each with multiplicity two. In that case, the solution reduces to 𝜃 = 0.
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Fig. 13. Comparison of cilium shapes between 1-DOF model (40) and full model (36) for different values of the ATP parameters 𝜆, increasing from 
left to right. The sperm number is 𝑆𝑝 = 1.4 (top) and 𝑆𝑝 = 2 (bottom), while other model parameters are as in Table 2. Colors denote the normalized 
time 𝑡∕𝑇  where 𝑇  is the oscillation period.

Finally, we analyze the features of the periodic solutions obtained by the 1-DOF model (40) compared to the full model (36). In 
particular, we focus on three aspects: the beating frequency 𝜔, the maximum tip angle 𝜃(𝐿), and the time evolution of the cilium 
configurations. In Figs. 14 and 13, we show the results for selected values of the sperm number. We conclude that the 1-DOF model 
correctly retains all essential features of the full model.

5.  Discussion

We have formulated and analyzed reduced-order models for two classes of chemomechanically coupled, active elastic filamentous 
structures: photochemically deformable LCE rods driven by external illumination, and eukaryotic cilia with ATP-powered internal 
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Fig. 14. Comparison between 1-DOF model (40) in blue and full model (36) in orange for (a,c) the amplitude of the tip angle 𝜃(𝐿) and (b,d) 
the oscillation frequency 𝜔, by increasing the ATP parameter 𝜆. Numerical simulations are compared to analytical results in gray: (a,c) tip angle 
amplitude given by Eq.  (46) and (b,d) imaginary part of leading eigenvalues 𝜔(𝜆) = 𝜔𝑐

√

1 −
(

𝜆 − 𝜆𝑐
)2∕(4𝜏𝐷𝐾) for 𝜆 ≥ 𝜆𝑐 . The sperm number is 

𝑆𝑝 = 1.4 (a,b) and 𝑆𝑝 = 2 (c,d), while other model parameters are as in Table 2. Maximum tip angles and oscillation frequencies are extracted from 
periodic oscillations after the initial transient regime.

molecular motors. Using the unified mechanical framework of active planar rods, we highlight commonalities and differences between 
the two systems.

For both systems, we extract the essential physical mechanisms that trigger their oscillatory instabilities by proposing simplifica-
tions of the state-of-the-art models. For the LCE system, we assume a low concentration of cis-isomers and neglect self-shadowing 
effects, which allows us to treat the light stimulus as a local boundary condition without solving the geometric optics equations in a 
deforming, a-priori unknown domain. In particular, we simplified the description of light attenuation and propagation by neglecting 
light refraction, which could be modelled more accurately as in Goriely et al. (2023). For the ATP-powered cilia, we employ an 
explicit local feedback law between active forces and sliding to replace the PDEs that govern the mechanochemistry of molecular 
motors and their binding/unbinding kinetics. Such simplifications also define the limitations of our reduced models, which are valid 
in specific regimes. For photo-responsive LCEs, we neglect self-shadowing effects, restricting validity to short beams (Appendix A.3.1), 
and we assume small light penetration depth and fast cis-to-trans relaxation times. For cilia, we adopt the Resistive Force Theory 
assuming that viscous forces are purely local, thus omitting long-range hydrodynamic coupling. Moreover, both models are con-
strained to planar kinematics, precluding potential three-dimensional waveforms and effects. Finally, the derivation of 1-DOF models 
via single-mode truncation provides asymptotic approximation near the bifurcation, without explicitly quantifying the errors arising 
from neglected higher-order modes.

Our analysis culminates in the derivation of one-degree-of-freedom models. While the reduction to 1-DOF oscillators is the expected 
result for a system undergoing a Hopf bifurcation where a single mode becomes unstable (as described by the center-manifold theory), 
the physical significance of our reduced models lies in their ability to capture the system-specific mechanochemical couplings. From 
the 1-DOF models, we obtain explicit formulas for key quantities such as critical activation thresholds, critical beating frequencies 
𝜔𝑐 , and oscillation amplitudes near the onset of the Hopf instability. These formulas provide a direct, quantitative description of the 
effect of the control parameters (light intensity or ATP concentration) on observable features of the oscillations. The accuracy of the 
1-DOF models in predicting such features, when compared to the complete nonlinear models (see Sections 3.2.3 and 4.2.3), confirms 
that they preserve the relevant mechanochemical physics in the asymptotic regime near the bifurcation. Both 1-DOF models yield an 
effective oscillator for which the critical frequency is the resonance frequency 

𝜔2
𝑐 = 𝑘eff∕𝑚eff,
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where 𝑚eff and 𝑘eff are, respectively, the effective inertia and elasticity, which include contributions from the active components of 
the system. In particular, for the light-powered oscillations of the LCE filaments, 

𝜔2
𝑐 =

𝐾 +𝐷∕𝜏
𝑀

≈ 𝜔2
1 +

1
𝜏2

𝜏𝐷
𝑀

,

where 𝜏 is the characteristic relaxation time for the cis-to-trans chemical reaction, and 𝑀 , 𝐾, and 𝐷 are respectively the effective 
inertia, elasticity, and viscosity of the passive system. This critical beating frequency is set by the balance between inertia and elas-
ticity, where the effective elastic modulus arises from bending stiffness corrected by a term 𝐷∕𝜏 due to the evolution of spontaneous 
curvature, modulated by the characteristic chemical cis lifetime 𝜏. In interpreting self-oscillating LCE cantilevers, the observed fre-
quencies have often been compared to the first fundamental frequency, 𝜔1, on an empirical basis, showing discrepancies. The formula 
above provides a rationale for the difference between the critical frequency, 𝜔𝑐 , and the first fundamental frequency, 𝜔1, in the case 
of photochemical actuation. A caveat is that the formula above applies only at the onset of the bifurcation (not for the limit cycle 
when the activation parameter is far from threshold) and for short enough rods, so that self-shadowing can be neglected.

For the ATP-fueled eukaryotic cilia, 
𝜔2
𝑐 =

𝐾
𝐷𝜏

= 1
𝜏2

𝜏𝐾
𝐷

,

where 𝐾 and 𝐷 are respectively the effective elasticity and damping of the passive system, and 𝜏 is the characteristic time for the 
chemical reaction that governs the binding/unbinding of the molecular motors. This critical beating frequency is set by the balance 
between elasticity and dissipation, where the effective viscous parameter 𝐷 is modulated by the characteristic chemical switching 
time 𝜏.

In both systems, the analytical formulas for the amplitude show that limit cycles grow proportionally to the square root of the 
distance between the bifurcation parameter and its critical value, consistent with the general structure of Hopf bifurcations.

The one-degree-of-freedom models provide a unifying mechanochemical perspective through which the two models can be com-
pared to highlight differences and similarities of the underlying activation mechanisms. Despite the common mathematical structure, 
i. e., nonlinear oscillators undergoing a Hopf bifurcation, the physical origins of oscillations are fundamentally different, as summa-
rized in Table 3. Indeed, both systems are described by the rod theory but the feedback mechanisms are not interchangeable: in LCEs, 
the spontaneous curvature evolves with the tangent angle, providing a position-dependent feedback, while for cilia, the active motor 
force evolves with the rate of the tangent angle, providing a velocity-dependent feedback. Therefore, for LCEs, self-sustained oscil-
lations emerge as a fundamentally inertial phenomenon. Through the light-powered activity, the presence of inertia in the passive 
system gives rise to an effective jerk, by which the inertia is coupled to the effective elasticity over the timescale of the cis-to-trans 
chemical reaction. The instability is driven by such a coupling, and the oscillation frequency results from an elasticity-inertia balance. 
In contrast, for cilia, the effective jerk term is absent, and the instability cannot be driven by elasticity. Instead, chemical activity 
modulates the effective damping, which becomes negative at high ATP concentration, hence providing a motive force. Here, os-
cillations are the result of an elasticity-damping balance. In both cases, nonlinear terms have stabilizing effects: for LCEs, a cubic 
stiffness counteracts the linear one; for cilia, a cubic (positive) damping opposes the negative damping driven by ATP. Hence, both 
instabilities arise due to a linear coefficient that is destabilizing (stiffness or damping), and limit cycles emerge as a consequence 
of a corresponding nonlinear term of opposite sign. Moreover, in both systems, activity affects the oscillatory dynamics through the 
characteristic time of the chemical reactions controlling the chemo-mechanical feedback. This shows that the oscillations in these 
Hopf-type instabilities represent a mechanochemical phenomenon different from purely mechanical resonance, where the frequency 
would be dictated solely by the passive structural properties.

We believe that the delay-driven instabilities explored in this study could provide valuable insight into general principles for 
designing and understanding self-oscillating systems in active matter. A promising avenue for future research is to compare these 
findings with analogous phenomena observed in distinct active systems, such as plants (Agostinelli et al., 2020, 2021a,b). Moreover, 
future work is needed to elucidate the mechanisms for wavelength selection in both ATP-driven cilia and photo-deformable LCE 
systems, which remain poorly understood at present (Lee et al., 2025).
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Appendix A.  Models for LCE photo-deformable beams

In Appendix A.1, we introduce a general model for LCE beams, which accounts for both the cis-fraction dynamics and the light 
illumination, including self-shadowing effects. In Appendix A.2, in the limit of small cis-fraction, we show how to derive the simplified 
model (10) presented in the main text. Finally, in Appendix A.3, we use numerical simulations to investigate the applicability of 
neglecting self-shadowing effects and assuming small cis-fractions.

A.1.  The general model

Similarly to the main text, we model the LCE beam as a planar rod. Here, however, we consider the rod extensible. We denote by 
𝑠 ∈ [0, 𝐿] the arc-length coordinate in the undeformed reference configuration, and by 𝑆 ∈ [0,𝓁(𝑡)] the arc-length coordinate in the 
deformed configuration at time 𝑡, where 𝓁(𝑡) is the total length. The axial stretch of the midline is 𝜆𝑠(𝑠, 𝑡) = 𝑆′(𝑠, 𝑡), and the kinematics 
relation (2) is generalized to 𝐫′(𝑠, 𝑡) = 𝜆𝑠(𝑠, 𝑡)𝐭(𝑠, 𝑡) so that Eq. (3) becomes

{

𝑀 ′(𝑠, 𝑡) + 𝜆𝑠(𝑠, 𝑡)(𝐭(𝑠, 𝑡) × 𝐑(𝑠, 𝑡)) ⋅ 𝐞3 + 𝑚(𝑠, 𝑡) = 0,
𝐑′(𝑠, 𝑡) + 𝐠(𝑠, 𝑡) = 0.

(A.1)

The inextensible case is recovered by imposing 𝑠 = 𝑆, i. e., 𝜆𝑠 = 1.
Moreover, instead of prescribing an evolution law for the spontaneous curvature 𝜅0, we explicitly define its relationship with the 

fraction of cis molecules 𝑛𝑐 as

𝜅0(𝑠, 𝑡) = −12
ℎ3 ∫

ℎ∕2

−ℎ∕2
𝜖𝑝(𝑠, 𝑡, 𝑧)𝑧 𝑑𝑧, (A.2)

where 𝜖𝑝(𝑠, 𝑡, 𝑧) = −𝑐𝑛𝑐 (𝑠, 𝑡, 𝑧) is the spontaneous strain, which is linearly proportional, through the constant 𝑐, to the fraction of cis 
molecules 𝑛𝑐 (𝑠, 𝑡, 𝑧) and only accounts for photochemical effects. 𝑧 denotes the coordinate across the thickness of the beam (in the 
normal direction 𝐧), with 𝑧 ∈

[

−ℎ∕2, ℎ∕2
]

. In turn, the cis-fraction 𝑛𝑐 (𝑠, 𝑡, 𝑧) depends on the light intensity that reaches each point 𝑧
along the thickness at time 𝑡, 𝐽 (𝜃(𝑠, 𝑡), 𝑧), through the evolution equation

𝑛̇𝑐 (𝑠, 𝑡, 𝑧) = Γ𝐽 (𝜃(𝑠, 𝑡), 𝑧)
(

1 − 𝑛𝑐 (𝑠, 𝑡, 𝑧)
)

− 1
𝜏
𝑛𝑐 (𝑠, 𝑡, 𝑧), (A.3)

where 𝜏 is the cis-lifetime (the characteristic relaxation time back to the steady trans state), and Γ is the material absorption constant 
such that Γ𝐽 (𝜃(𝑠, 𝑡), 𝑧) represents the rate of formation of cis-molecules.

To close the system, we model 𝐽 (𝜃, 𝑧) through the generalized Beer-Lambert law, which describes light attenuation in 𝑧 due to 
photon absorption, i. e.,

⎧

⎪

⎨

⎪

⎩

𝜕𝐽
𝜕𝑧 (𝜃, 𝑧) = −sgn(𝜃) 1−𝑛𝑐𝑑 𝐽 (𝜃, 𝑧), 𝑧 ∈

[

− ℎ
2 ,

ℎ
2

]

,

𝐽 (𝜃, 𝑧) = sgn(𝜃)𝐽 sin(𝜃), 𝑧 = −sgn(𝜃) ℎ2 ,
(A.4)

where 𝑑 is the penetration depth, and the sign function (sgn) determines the direction of light propagation along 𝑧 with the proper 
boundary condition. Since our goal is to capture the essential qualitative mechanism driving the deformation, we assumed an ex-
ponential decay of the light intensity along the normal direction to the surface, even though the actual light propagation inside the 
material is more complex. A more accurate treatment of the illumination, especially when the incident light is not aligned with the 
surface normal, would require explicitly accounting for refraction inside the material. To consider this effect, one would follow the 
procedure proposed by Goriely et al. (2023), in which the refraction of light rays inside the material is explicitly included.

In summary, the most general model consists of Eqs. (A.1), (5), (7), (8), (A.2), (A.3), (A.4), and boundary conditions (4), namely,
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝐵
(

𝜃′′(𝑠, 𝑡) − 𝜅′
0(𝑠, 𝑡)

)

+ 𝜆𝑠(𝑠, 𝑡)(𝐭(𝑠, 𝑡) × 𝐑(𝑠, 𝑡)) ⋅ 𝐞3 − 𝜌𝐼𝜃̈(𝑠, 𝑡) = 0,
𝐑′(𝑠, 𝑡) = 𝐷𝐫̇(𝑠, 𝑡) + 𝜌𝐴𝐫̈(𝑠, 𝑡),

𝜅0(𝑠, 𝑡) =
12𝑐
ℎ3 ∫

ℎ∕2

−ℎ∕2
𝑛𝑐 (𝑠, 𝑡, 𝑧)𝑧 𝑑𝑧,

𝑛̇𝑐 (𝑠, 𝑡, 𝑧) = Γ𝐽 (𝜃(𝑠, 𝑡), 𝑧)
(

1 − 𝑛𝑐 (𝑠, 𝑡, 𝑧)
)

− 1
𝜏 𝑛𝑐 (𝑠, 𝑡, 𝑧),

𝜕𝐽
𝜕𝑧 (𝜃, 𝑧) = −sgn(𝜃) 1−𝑛𝑐𝑑 𝐽 (𝜃, 𝑧),

𝐽
(

𝜃,−sgn(𝜃) ℎ2
)

= sgn(𝜃)𝐽 sin(𝜃),

𝜃(0, 𝑡) = 0, 𝐫̇(0, 𝑡) = 𝟎,
𝐑(𝐿, 𝑡) = 𝟎, 𝑀(𝐿, 𝑡) = 0.

(A.5)
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A.2.  The simplified model for 𝑛𝑐 ≪ 1

Let us now consider the low 𝑛𝑐 regime (𝑛𝑐 ≪ 1). In this limit, the spontaneous strain 𝜖𝑝(𝑧) = −𝑐𝑛𝑐 (𝑧) is small in magnitude and its 
average produces negligible axial strain. However, spatial variations of 𝜖𝑝(𝑧) across the thickness can produce appreciable curvatures. 
Hence, it is consistent to treat the beam as inextensible (𝜆𝑠 = 1) while modeling the curvature induced by the cis-fraction 𝑛𝑐 , whose 
evolution Eq. (A.3) can be simplified to

𝑛̇𝑐 (𝑠, 𝑡, 𝑧) = Γ𝐽 (𝜃(𝑠, 𝑡), 𝑧) − 1
𝜏
𝑛𝑐 (𝑠, 𝑡, 𝑧). (A.6)

In particular, for 𝑛𝑐 ≪ 1, Eq.  (A.4) can be approximated by
⎧

⎪

⎨

⎪

⎩

𝜕𝐽
𝜕𝑧 (𝜃, 𝑧) = − sgn(𝜃)

𝑑 𝐽 (𝜃, 𝑧), 𝑧 ∈
[

− ℎ
2 ,

ℎ
2

]

,

𝐽 (𝜃, 𝑧) = sgn(𝜃)𝐽 sin(𝜃), 𝑧 = −sgn(𝜃) ℎ2 ,
(A.7)

which has the analytical solution

𝐽 (𝜃, 𝑧) = sgn(𝜃)𝐽 sin 𝜃 exp
(

−
sgn(𝜃)𝑧 + ℎ∕2

𝑑

)

. (A.8)

In summary, the model for 𝑛𝑐 ≪ 1 consists of Eqs. (3), (5), (7), (8), (A.2), (A.6), (A.8), and boundary conditions (4), that is,

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝐵
(

𝜃′′(𝑠, 𝑡) − 𝜅′
0(𝑠, 𝑡)

)

+ 𝜆𝑠(𝑠, 𝑡)(𝐭(𝑠, 𝑡) × 𝐑(𝑠, 𝑡)) ⋅ 𝐞3 − 𝜌𝐼𝜃̈(𝑠, 𝑡) = 0,
𝐑′(𝑠, 𝑡) = 𝐷𝐫̇(𝑠, 𝑡) + 𝜌𝐴𝐫̈(𝑠, 𝑡),

𝜅0(𝑠, 𝑡) =
12𝑐
ℎ3 ∫

ℎ∕2

−ℎ∕2
𝑛𝑐 (𝑠, 𝑡, 𝑧)𝑧 𝑑𝑧,

𝑛̇𝑐 (𝑠, 𝑡, 𝑧) = Γ𝐽 (𝜃(𝑠, 𝑡), 𝑧) − 1
𝜏 𝑛𝑐 (𝑠, 𝑡, 𝑧),

𝐽 (𝜃, 𝑧) = sgn(𝜃)𝐽 sin 𝜃 exp
(

− sgn(𝜃)𝑧+ℎ∕2
𝑑

)

,

𝜃(0, 𝑡) = 0, 𝐫̇(0, 𝑡) = 𝟎,
𝐑(𝐿, 𝑡) = 𝟎, 𝑀(𝐿, 𝑡) = 0.

(A.9)

In conclusion, we note that system (A.9) can be written as (10) in the main text. Indeed, by combining the time derivative of 
Eq. (A.2) with Eq. (A.6), we obtain the evolution law for 𝜅0

𝜅0(𝑠, 𝑡) = −1
𝜏
𝜅0(𝑠, 𝑡) +

12𝑐Γ
ℎ3 ∫

ℎ∕2

−ℎ∕2
𝐽 (𝜃(𝑠, 𝑡), 𝑧)𝑧 𝑑𝑧. (A.10)

Hence, substituting the analytical solution (A.8) for 𝐽 (𝜃, 𝑧), we obtain the simplified evolution law (9) in the main text, i. e.,

𝜅0 = −1
𝜏
𝜅0 −

12𝑐Γ𝛽
ℎ3

𝐽 sin 𝜃, (A.11)

with 𝛽 = −𝑑(𝑑 − ℎ∕2 − exp(−ℎ∕𝑑)(𝑑 + ℎ∕2)) > 0.

A.3.  Numerical simulations

In this section, we assess the accuracy and range of applicability of the approximations made to derive the models (A.5) and (A.9): 
neglecting self-shadowing effects (Appendix A.3.1) and assuming 𝑛𝑐 ≪ 1 (Appendix A.3.2).

We solve numerically systems (A.5) and (A.9) for the unknown variables (𝑛𝑐 , 𝐽 , 𝐫, 𝜃, 𝐑, 𝑀 , 𝜆𝑠, 𝜅0), as detailed in Appendix C. 
Material and geometric parameters are reported in Table 1 in the main text.

A.3.1.  The effect of self-shadowing
The region unexposed to light due to self-shadowing is determined using geometric optics equations, solved through the heat 

radiation module of COMSOL Multiphysics (Norouzikudiani et al., 2024). In this framework, the beam model is coupled with a 
2D simulation that tracks the mid-axis positions and tangent angles. The light propagation is then solved within the 2D domain to 
evaluate the intensity distribution along the beam boundary, which is continuously updated based on the beam dynamics. At points 
obscured by self-shadowing, the incident light intensity vanishes instead of being enforced by the boundary conditions in (A.4). This 
updated boundary condition is fed back into the beam model to solve the deformation and self-oscillation dynamics. 

As shown in Fig. A.1, the critical intensity predicted by the model without self-shadowing is in agreement with that of the model 
including self-shadowing for beam lengths up to 20 mm. However, for longer beams, predictions diverge, and the model without 
self-shadowing underestimates the critical intensity.

To clarify the cause of this discrepancy, we examine snapshots of the beam profile at different phases of an oscillation cycle 
for varying beam lengths, shown in Fig. A.2. For beam lengths up to 20 mm, oscillations occur primarily in the first mode, making 
the self-shadowing effect negligible. However, as the beam length increases beyond 20 mm, higher oscillation modes become more 
prominent, and the impact of self-shadowing becomes more significant.
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Fig. A.1. Comparison of critical intensities using the nonlinear model (A.5) with and without self-shadowing for various beam lengths.

Fig. A.2. Snapshots of the beam profile at different times for various lengths using the nonlinear model (A.5) with self-shadowing.

We further conduct parametric studies for different light intensities at a beam length of 20 mm, near the maximum length for 
which the absolute error between the predicted critical intensities is less than 1.5%. This analysis assesses the capability of the non-
shadowing model to accurately reproduce oscillation amplitude and frequency. Indeed, the results in Fig. A.3 show good agreement 
between the two models, even at high light intensities.

In conclusion, these results motivate and justify the use of models without self-shadowing for beams of length 𝐿 ≤ 20 mm.

A.3.2.  Small 𝑛𝑐 approximation
In this section, we focus on the effect of the small 𝑛𝑐 assumption on the light-powered oscillations, restricting ourselves to the 

non-shadowing regime discussed in Appendix A.3.1, i. e., 𝐿 ≤ 20 mm. We analyze the critical light intensity and oscillation frequency 
by comparing the full model (A.5) with the reduced model for small 𝑛𝑐 (A.9), and its linearization (14). As shown in Fig. A.4, the 
linearized model (14) predicts decreasing critical intensity and oscillation frequency with increasing length, in good agreement with 
both nonlinear formulations (A.5) and (A.9).

For a beam of length 𝐿 = 10 mm, we investigate self-sustained oscillations under varying light intensities using the nonlinear 
models (A.5) and (A.9). In both cases, the oscillation amplitude increases with light intensity (Fig. A.5a). However, the small 𝑛𝑐
model becomes less accurate at high light intensities. This discrepancy arises because, near the critical intensity, the fraction of cis 
molecules remains small, aligning with our assumptions, but at higher intensities, the simplified model overestimates the cis fraction, 
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Fig. A.3. Maximum tip angle (a) and oscillation frequency (b) for different light intensities applied to a beam of length 𝐿 = 20 mm, using the 
nonlinear model (A.5) with and without self-shadowing.

Fig. A.4. Comparison of the critical intensity (a) and the critical frequency (b) for various beam lengths using the full model (A.5), the reduced 
model for low 𝑛𝑐 (A.9), and its linearization (14).

sometimes exceeding its physical upper limit of 1 (Fig. A.5c). In contrast, the oscillation frequency is nearly identical in both models 
and remains almost constant throughout the tested interval (Fig. A.5b).

In conclusion, for 𝐿 ≤ 20 mm and in the vicinity of the critical light intensity 𝐽𝑐 , the small-𝑛𝑐 assumption provides an accurate 
description of the photo-deformable LCE beam. Moreover, as illustrated in Fig. A.2, approximating the solution 𝜃 of Eq. (13) by the 
first-mode truncation 𝜃(𝑠, 𝑡) = 𝜑(𝑠)𝑞(𝑡), where 𝜑(𝑠) is given by Eq. (17), is well supported by the graphical evidence. These results 
provide the insight to derive the 1-DOF model (20) in the main text.

Appendix B.  Stability analysis of 1-DOF models

In this section, we study the one-degree-of-freedom (1-DOF) models for photo-deformable beams (Section 3.1.2) and ATP-driven 
cilia (Section 4.1.2), both of which have the form of a nonlinear oscillator

𝑎𝑥 + 𝑚𝑥̈ + 𝑑𝑥̇ + 𝑘𝑥 +𝐻(𝑥, 𝑥̇) = 0, 𝑎, 𝑑 ≥ 0, 𝑚, 𝑘 > 0 (B.1)

with equilibrium at 𝑥(𝑡) ≡ 0. The nonlinear term 𝐻(𝑥, 𝑥̇) depends on the specific model, while the linear terms are

• 𝑘𝑥, a spring-like restoring force (elasticity),
• 𝑑𝑥̇, a dashpot-like term representing viscous dissipation (damping),
• 𝑚𝑥̈, the resistance to acceleration (inertia),
• 𝑎𝑥, a jerk-proportional term that introduces a frequency-dependent negative damping.
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Fig. A.5. Maximum tip angle (a), oscillation frequency (b), and maximum fraction of cis molecules (c) for different light intensities applied to a 
beam of length 𝐿 = 10 mm, using nonlinear models (A.5) and (A.9) (without self-shadowing effect).

B.1.  Linear Stability and Hopf Bifurcation

The stability of the trivial equilibrium is determined by the eigenvalues of the linearized system, i. e., by the roots of the charac-
teristic equation:

𝑎𝜆3 + 𝑚𝜆2 + 𝑑𝜆 + 𝑘 = 0. (B.2)

By the Routh-Hurwitz criterion, all eigenvalues have negative real part if and only if
𝛼 ∶= 𝑎𝑘 − 𝑑𝑚 < 0. (B.3)

At 𝛼 = 0, a pair of complex conjugate eigenvalues crosses the imaginary axis with nonzero velocity, 𝜆1,2 = ±𝑖𝜔𝑐 where 𝜔𝑐 =
√

𝑘∕𝑚
is the critical frequency. Moreover, if 𝑎 ≠ 0, the remaining eigenvalue is real and strictly negative, 𝜆3 = −𝑚∕𝑎 < 0. Thus, a Hopf 
bifurcation occurs when 𝛼 = 0 and the equilibrium is stable for 𝛼 < 0 and unstable for 𝛼 > 0.

B.2.  Normal form reduction and bifurcation analysis

To determine the bifurcation type (supercritical, subcritical, or degenerate), we compute the first Lyapunov coefficient following 
Kuznetsov (2023). Near the bifurcation point 𝛼 = 0, the dynamics is confined to a 2D center manifold and can be described by a single 
complex variable, 𝑧(𝑡) ∈ ℂ. The normal form of the Hopf bifurcation is

𝑧̇ = (𝜎(𝛼) + 𝑖𝜔(𝛼))𝑧 + 𝐶1(𝛼)𝑧|𝑧|2 + 𝑂(|𝑧|4) (B.4)

where 𝜎(0) = 0, 𝜔(0) = 𝜔𝑐 , and 𝐶1 is a complex coefficient determined by the nonlinearities of the system. Since 𝑧 is a coordinate in 
the center manifold with an amplitude that is half of the physical variable 𝑥, we can rewrite the canonical equation by introducing 
polar coordinates 𝑧 = (𝑟∕2)𝑒𝑖𝜙, i. e.,

{

𝑟̇ = 𝜎(𝛼)𝑟 + Re(𝐶1(𝛼))𝑟3∕4,
𝜙̇ = 𝜔(𝛼) + Im(𝐶1(𝛼))𝑟2∕4,

(B.5)
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and the first Lyapunov coefficient is defined as 𝓁1 ∶= Re(𝐶1(0))∕𝜔(0). If 𝓁1 < 0, the Hopf bifurcation is supercritical and a unique 
stable limit cycle emerges with steady-state amplitude

𝑟20(𝛼) =
−4𝜎(𝛼)
Re(𝐶1(𝛼))

≈
−4𝜎(𝛼)
𝜔𝑐𝓁1

(B.6)

for small 𝛼 > 0. If 𝓁1 > 0, the Hopf bifurcation is subcritical. In the following, we show the analysis for the two particular cases of 
interest.

1. Photo-responsive LCE beams. The 1-DOF model is the third-order system (𝑎 ≠ 0) with 𝐻(𝑥, 𝑥̇) = −𝛾𝑥3 for 𝛾 > 0, i. e., the cubic 
stiffness acts as a softening nonlinearity. As described in Section 3.1.2, both the effective elasticity, 𝑘, and the nonlinear coefficient, 
𝛾, depend on the light intensity and represent the active component of the system. Expressing 𝑘 in terms of 𝛼, perturbation analysis 
yields a pair of conjugate eigenvalues 𝜆1,2 = ±𝑖𝜔(𝛼), where

𝜎(𝛼) = 𝛼
2
(

𝑎𝑑 + 𝑚2
) + 𝑜(𝛼), 𝜔(𝛼) =

√

𝑑
𝑎

(

1 + 𝛼𝑚
2𝑑

(

𝑎𝑑 + 𝑚2
)

)

+ 𝑜(𝛼), (B.7)

and the third eigenvalue
𝜆3 = −𝑚

𝑎
− 𝛼

𝑎𝑑 + 𝑚2
+ 𝑜(𝛼). (B.8)

We use the combined reduction/normalization technique (Section 5.4 in Kuznetsov, 2023) to compute the first Lyapunov coeffi-
cient as

𝓁1 = −
3𝛾

2𝑎𝜔𝑐
(

𝜔2
𝑐 + 𝑚2∕𝑎2

) , (B.9)

where 𝜔𝑐 = 𝜔(0) =
√

𝑑∕𝑎. Since 𝓁1 < 0 for 𝛾 > 0, the Hopf bifurcation is supercritical and, by Eq. (B.6), the resulting limit cycle 
has amplitude

𝑟20(𝛼) ≈
4𝛼
3𝑎𝛾

(B.10)

for small 𝛼 > 0.
2. ATP-driven cilia. The 1-DOF model is the second-order system (𝑎 = 0) with 𝐻(𝑥, 𝑥̇) = 𝛾𝑥̇3, for 𝛾 > 0, i. e., a positive cubic damping. 
As described in Section 4.1.2, the effective damping, 𝑑, embeds the chemical activity. In this case 𝛼 = −𝑑𝑚, and the eigenvalues 
are 𝜆1,2 = 𝜎(𝛼) ± 𝑖𝜔(𝛼), where

𝜎(𝛼) = 𝛼
2𝑚2

and 𝜔(𝛼) =
√

𝑘
𝑚

− 𝜎(𝛼)2. (B.11)

Using the normal form method (Section 3.5 in Kuznetsov, 2023), we find that the first Lyapunov coefficient is

𝓁1 = −
3𝑐𝜔𝑐
2𝑚

, (B.12)

where 𝜔𝑐 = 𝜔(0) =
√

𝑘∕𝑚. Since 𝓁1 < 0 for 𝛾 > 0, the Hopf bifurcation is supercritical and, by Eq. (B.6), the amplitude of the limit 
cycle is

𝑟20(𝛼) ≈
4𝛼
3𝛾𝑘

(B.13)

for small 𝛼 > 0.

Appendix C.  Numerical implementation and weak forms

In this appendix, we detail the numerical procedures to solve the simplified models (10) for LCE rods and (36) for ATP-driven 
cilia (Appendix C.1), and the general model (A.5) for LCE rods (Appendix C.2). For all models, we employ the finite element method, 
implemented via the Weak Form PDE and Domain ODEs and DAEs interfaces in COMSOL Multiphysics.

C.1.  Implementation of the simplified nonlinear models

For the kinematics relations and mechanical balance, we introduce the test fields 𝜃, ̃𝐫, 𝐑̃ associated with the tangent angle 𝜃(𝑠, 𝑡), 
position 𝐫(𝑠, 𝑡), and internal force 𝐑(𝑠, 𝑡), respectively. Accounting for the natural condition 𝜃′(𝐿, 𝑡) = 𝜅0(𝐿, 𝑡), and the essential condi-
tions 𝜃(0, 𝑡) = 0, 𝐫̃(0, 𝑡) = 𝟎 and 𝐑̃(𝐿, 𝑡) = 𝟎, we derive the weak forms of Eqs. (2)–(3) as

∫

𝐿

0
(𝐫′ − 𝐭) ⋅ 𝐫̃ 𝑑𝑠 = 0,

∫

𝐿

0

[

−𝐵(𝜃′ − 𝜅0)𝜃′ +
(

(𝐭 × 𝐑) ⋅ 𝐞3
)

𝜃 + 𝑚𝜃
]

𝑑𝑠 = 0,

∫

𝐿

0
(𝐑′ + 𝐠) ⋅ 𝐑̃ 𝑑𝑠 = 0.

(C.1)
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where, for LCE rods, 𝑚 = −𝜌𝐼𝜃̈ and 𝐠 = −𝐷𝐫̇ − 𝜌𝐴𝐫̈, while for cilia, 𝜅0 = 0, 𝑚 = −ℎ
(

𝑘ℎ𝜃 + 𝜂ℎ𝜃̇ − 𝑓𝑎
)

, and 𝐠 = −𝜉𝑛(𝐧 ⋅ 𝐫̇)𝐧 − 𝜉𝑡(𝐭 ⋅ 𝐫̇)𝐭. For 
the space discretization, we use linear or quadratic Lagrange shape functions. We implement these weak form equations in COMSOL 
through the Weak Form PDE interface.

For the active variables - spontaneous curvature 𝜅0(𝑠, 𝑡) for LCEs and active motor force 𝑓𝑎(𝑠, 𝑡) for cilia - we use the Domain ODEs 
and DAEs interface to discretize them in space by quadratic discontinuous Lagrange shape functions. We couple monolithically the 
weak forms (C.1) to the evolution laws

LCE: 𝜅̇0 = −
𝜅0
𝜏

− 𝜆𝐽 sin 𝜃, (C.2)

Cilia: ̇𝑓𝑎 = −1
𝜏
(

𝑓𝑎 − 𝜆ℎ𝜃̇ + 𝜇𝜏(ℎ𝜃̇)3
)

. (C.3)

Finally, we integrate in time using the Generalized-𝛼 method for the case of LCE rods, and the BDF method for the case of cilia.

C.2.  Implementation of the general model for LCE rods

As discussed in Appendix A, the general model (A.5) for LCE rods accounts for axial extensibility and depth-dependent photo-
chemistry. Therefore, we modify the first two equations in (C.1) as

∫

𝐿

0
(𝐫′ − 𝜆𝑠𝐭(𝜃)) ⋅ 𝐫̃ 𝑑𝑠 = 0,

∫

𝐿

0

[

−𝐵(𝜃′ − 𝜅0)𝜃′ + 𝜆𝑠
(

(𝐭 × 𝐑) ⋅ 𝐞3
)

𝜃 + 𝑚𝜃
]

𝑑𝑠 = 0.
(C.4)

In addition, we define a secondary domain Ω2D = [0, 𝐿] × [−ℎ∕2, ℎ∕2] for the evolution laws of the cis-fraction 𝑛𝑐 (𝑠, 𝑧, 𝑡) and light 
intensity 𝐽 (𝑠, 𝑧, 𝑡), whose weak forms read

∫Ω2𝐷

(

𝑛̇𝑐 − Γ𝐽 (1 − 𝑛𝑐 ) +
1
𝜏
𝑛𝑐
)

𝑛̃𝑐 𝑑𝐴 = 0,

∫Ω2𝐷

(

𝜕𝐽
𝜕𝑧

+ sgn(𝜃)
1 − 𝑛𝑐
𝑑

𝐽
)

𝐽 𝑑𝐴 = 0,
(C.5)

where 𝑛̃𝑐 (𝑠, 𝑧, 𝑡) and 𝐽 (𝑠, 𝑧, 𝑡) are the associated test fields. We use the Weak Form PDE interface to discretize these fields in space by 
quadratic Lagrange shape functions, and prescribe the Dirichlet boundary condition 𝐽 (𝜃, 𝑧) = sgn(𝜃)𝐽 sin(𝜃) at 𝑧 = −sgn(𝜃)ℎ∕2, and 
zero flux elsewhere. For the time discretization, we choose the Generalized-𝛼 method. The coupling between the 1D and the 2D fields 
is handled using the general extrusion and general projection operators. In particular, kinematic quantities defined on the 1D 
domain, such as the local tangent angle, are extruded onto the 2D domain and used to prescribe spatially varying boundary conditions 
for the light absorption equation. Vice versa, the cis-fraction distribution across the thickness is integrated along 𝑧 to compute the 
spontaneous curvature according to Eq. (A.2).
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