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SIGN-CHANGING SOLUTIONS FOR A FRACTIONAL
KIRCHHOFF EQUATION

TERESA ISERNIA

ABSTRACT. Using a minimization argument and a quantitative deformation lemma, we establish
the existence of least energy sign-changing solutions for the following nonlinear Kirchhoff problem
(a+b[ul*)(~A) u+ V(z)u = K(2)f(u) in R,

where a,b > 0 are constants, s € (0,1), (—A)® is the fractional Laplacian, V, K are continuous,
positive functions, allowed for vanishing behavior at infinity, and f is a continuous function satisfying
suitable growth assumptions. Moreover, when the nonlinearity f is odd, we obtain the existence of
infinitely many nontrivial weak solutions not necessarily nodals.

1. INTRODUCTION

In this paper we are interested in the existence of least energy sign-changing (or nodal) solutions
for the following nonlinear Kirchhoff problem

{ (@ +bu?)(=A)u+V(z)u = K(z)f(u) inR3, (1.1)
u € D*2(R3), '

where a,b > 0 are constants, s € (0,1), and (—A)® is the so-called fractional Laplacian which, up
to a normalizing factor, may be defined for every u € C°(R?) as

s u(x) — uly
(—A)°u(x) = 2r11_1>n0 —_— |x—>\3+25) dy (x €R3).

Here D*2(R3) is defined as the completion of u € Cé’o (R?) with respect to the Gagliardo semi-norm

)|2d d
o |x— |3+2s Y.

Throughout the paper we will assume that the functions V, K : R? — R are continuous, and we say

that (V, K) € K if the following conditions hold true (see [3]):

(VKy) V(z),K(x) >0 for all z € R? and K € L®(R3);

(VKy) If {A,}hen C R3 is a sequence of Borel sets such that the Lebesgue measure m(A,,) is less
than or equal to R, for all n € N and some R > 0, then

lim K(z)dx =0,
r—-+oo Antg(O)
uniformly in n € N, where B¢(0) := R3\ B,.(0).
Furthermore, one of the following conditions occurs
(VKs) K/V € L™(R?)
or
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2 T. ISERNIA

(VK3) there exists v € (2,2}) such that
K(z)

*
25 —v

V(z)%—2

— 0 as |z| — 400,

where 2} := 3%29 is the fractional critical Sobolev exponent.
For what concerns the nonlinearity f, we assume that f € C(R,R) and fulfills the following condi-
tions:

(f1) lim s = 0 if (V K3) holds, or

P < 400 if (VK3) holds;
%

(f2) f has a quasicritical growth at infinity, namely

ft)

|t =400 [t]251

=0;

(f3) F has a superquadratic growth at infinity, that is

(1)

im —2= =400, where F(t /f
[tl—+oo [¢]

f@t) .

e is strictly increasing for every t € R\ {0}.

(f4) the map t —
When a = 1 and b = 0, and R? is replaced by the more general space RY, problem (1.1) turns
into the following fractional Schrédinger equation

(=AY*u+V(z)u= f(z,u) inRY, (1.2)

which has been proposed by Laskin [30, 31] in fractional quantum mechanics as a result of extending
the Feynman integrals from the Brownian like to the Lévy like quantum mechanical paths. We recall
that in these years nonlinear problems involving nonlocal operators have received the attention of
many mathematicians due to their intriguing structure and in view of several applications, there-
fore many papers appeared in the literature studying existence and multiplicity results of positive
solutions for (1.2); see for instance [4, 5, 20, 22, 28] and the references therein.

On the other hand, only few results have been established for sign-changing solutions to (1.2);
see [7, 9, 32, 42]. We point out that one of the main difficulty when we deal with sign-changing
solutions to (1.2) is the nonlocal character of the fractional Laplacian. More precisely, in the
fractional framework, the Gagliardo seminorm decomposes as follows

ut(x u ut
[’LL]2 — [u-‘r] //R6 —;—|3+2£ ) (y) dl‘dy,

where ut = max{u,0} and v~ = min{u,0}, which is in contrast with the local case, for which it
holds the following decomposition

IVull3 = V™13 + | Va3

Indeed, this decomposition is very useful when we deal with classical nonlinear Schrédinger equations
and Dirichlet boundary value problems because permits to apply some variational and topological
methods to obtain the existence of sign-changing solutions; see [12, 13, 14, 16, 44].

On the other hand, when s = 1, problem (1.1) reduces to the following Kirchhoff equation

- (a + b/ |Vu)? dq:) Au+V(z)u = f(r,u) in R? (1.3)
R3
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related to the stationary analogue of the Kirchhoff equation [29]

2 2 2

a_(po+E dg;)“:o,

P o2 h 2L Ox?
for all x € (0, L) and t > 0. This equation is an extension of the classical D’ Alembert wave equation
taking into account the changes in the length of the strings produced by transverse vibrations. In
(1.3), u(x,t) is the lateral displacement of the vibrating string at the coordinate = and the time ¢,
L is the length of the string, h is the cross-section area, F is the Young modulus of the material, p
is the mass density and pg is the initial axial tension.

The earliest studies dedicated to (1.3) can be found in [15, 37]. Anyway, only after the pioneering
work by Lions [33], in which the author introduced a functional analysis approach to study a general
Kirchhoff equation in arbitrary dimension with external force term, problem (1.3) began to attract
the attention of many mathematicians; see for instance [1, 2, 23, 27| for positive solutions and
[19, 25, 24, 36] for sign-changing solutions.

Recently, Fiscella and Valdinoci [26] proposed the following stationary Kirchhoff model driven
by the fractional Laplacian

)|2 s 27 -2 .
(//RQN ]m—y|N+25 dedy | (=A)’u =X f(z,u) + Ju/*""u in Q, (1.4)
u=20 in RV \ Q,

Hlou
ox

where Q C RY is an open bounded set, 2 = N2N28, N >2s,5€(0,1), M : Rt - R" is an increasing
continuous function which behaves like M (t) = a 4 bt, with b > 0, and f is a continuous function.
Based on a truncation argument and the mountain pass theorem, the authors established the exis-
tence of a non-negative solution to (1.4) for any A > A\* > 0, where A* is an appropriate threshold.
Equation (1.4) models the nonlocal aspect of the tension arising from nonlocal measurements of the
fractional length of the string; see [26] for more physical background involving this subject. After
their work, and due to the increasing interest toward fractional problems, many authors dealt with
existence and multiplicity of solutions for (1.4); see [6, 8, 10, 11, 21, 34, 35, 38, 39].

On the other hand, only few results concerning the existence and multiplicity of sign-changing
solutions for fractional Kirchhoff problems appear in the literature; see [17, 18]. In this case, the
methods used to look for sign-changing solutions for (1.3) does not work due to the presence of
two nonlocal terms, the fractional Laplacian (—A)* and the fractional Kirchhoff term [u]?(—A)%u,
therefore a more accurate investigation is needed in this framework.

Motivated by the above results, in this paper we study the existence and multiplicity of sign-
changing solutions for (1.1).

Now, we state the main result of this paper.

Theorem 1.1. Suppose that (V,K) € K and f € C(R,R) verifies either (f1) or (fi) and (f2) —
(f1). Then, problem (1.1) possesses a least energy sign-changing weak solution. In addition, if
the nonlinear term f is odd, then problem (1.1) has infinitely many nontrivial weak solutions not
necessarily nodals.

The proof of Theorem 1.1 is obtained by applying suitable variational techniques inspired by
[7, 25]. In order to study (1.1), we consider the following functional £ : X — R defined by

&0 = 3llul? + 7' - | Ko
where
X:= {u e D*2(R?) : / V(z)|u*dr < —i—oo}
]R3
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endowed with the norm
HuH2 = a[u]2 +/ V(J:)|u|2dx.
R3

Clearly, £ € C*(X,R), and its differential is given by

') = o opup) [ D= HOD =0 oy 1 [ Vapupds— [ K@ wpds,

for any u, ¢ € X.
We recall that u is a sign-changing solution of (1.1) if u € X is a weak solution to (1.1) and
ut # 0. Therefore, we define the nodal set

M:={weN :wt#0, (£'w),w") = (£'(w),w™) = 0}.
where
N = {u € X\ {0} : (£'(u),u) = 0}.

Then, we try to get sign-changing solutions for (1.1) by seeking minimizers of the functional &
over the constraint M. Since (—A)?® is nonlocal, we need some technical analysis to prove that
M # () and the minimizer is indeed a sign-changing solution to (1.1). Anyway, several difficulties
arise in the study of our problem. Indeed, as explained above, we have to take care of the presence
of nonlocal terms, so some fine estimates will be done. Furthermore, the nonlinearity f is only
continuous, so we cannot apply C'-Nehari manifold method but we borrow some ideas developed
n [41]. Finally, to produce nodal solutions, instead of using the Miranda Theorem to get critical
points of h*(&, ) = E(Eu’ + Au™), we use an iterative process to build a sequence which converges
to a critical point of h*(&, \).

The paper is organized as follows. In Section 2 we prove some useful results which allow us to
overcome the lack of differentiability of the Nehari manifold in which we look for weak solutions
to problem (1.1). In Section 3 we obtain some technical lemmas regarding the existence of a least
energy nodal solution. In Section 4 we get the existence of sign-changing weak solutions by using
minimization arguments and a variant of the Deformation Lemma.

Notations: We denote by Br(x) the ball of radius R with center z and by B (z) = R\ Bg(z). In
the case z = 0, we set Br = Br(0) and B, = R3\ Br(0). Let 1 <r < oo and A C R3. We denote
by [u|r(a) the L"(A)-norm of u : R* =R and by |ul, its L"(R?)-norm.

2. PRELIMINARY RESULTS

We begin this section by proving the following results that allow us to overcome the non-
differentiability of A/. Below, we denote by S the unit sphere on X.

Lemma 2.1. Suppose that (V,K) € K and f wverifies conditions (f1) — (fa). Then, the following
facts hold true:
(a) For each u € X\ {0}, let hy : Ry — R be defined by hy(t) := E(tu). Then, there is a unique
ty > 0 such that b (t) > 0 in (0,t,) and hl(t) <0 in (t,,+00);
(b) There is T > 0, independent of u, such that t,, > 7 for every uw € S. Moreover, for each
compact set W C S, there is Cyy > 0 such that t, < Cyy for every u € W,
(¢) The map m : X\ {0} = N given by m(u) := ty,u is continuous and m := mls is a homeo-

morphism between S and N'. Moreover, m™1(u) = HUTH
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Proof. (a) Firstly, assume that (V K3) is in force. Then, from (f1), (f2), and the Sobolev embedding
we get

12 t 12
£(tu) :a[u]2+b[u]4+/ V)l — [ K(z)F(tu) d
2 4 2 Js s
2
> 75||u||25/ K(x)t2u2dx05/ K ()% juf® da (2.1)
2 R3 R3

1 a p
> (- < KIVLL) #lul? — . ClRTt

Taking ¢ € (0, W), we find ¢y > 0 sufficiently small such that
0 < hy(t) =E(tu) for all t < tg. (2.2)

Now, assume that (V K3) is true. Then, there is a positive constant C,, such that, for each e € (0,C)),
we obtain R > 0 such that for every u € X

K(x)|ul” dx < 5/ (V(x)]u)? + |u*) d. (2.3)
B B

Now, combining (f1) with (f2), the Sobolev embedding, (2.3) and the Holder inequality, we can

infer that

2 ~ % *
E(tu) > 7j—||u||2 - C’t”/ K(z)|u]” dx — Ct% / K(2)|ul* dx
2 R3 R3

t2 * ~ ox *
> B - Ct”e/ (V(@)[uf? + [u]2) dz — Ct”/ K ()] dz — cﬂsmm/ uf2 da
2 B, Br R3
t2 2 2 2% %
> Sl - cte [ (V@ ) de - oK s ([ ulds
2 B L2~V (Br) \YBr

—ét%u{ym/ uf? da
R3

12 . . .
22HMF—Cw”§ﬂMF+eQuWS+CKW 21 HMV)—C%ﬂKBMMﬁy (2.4)
(Br)

L2s—v

which implies that (2.2) is verified.
On the other hand, since F(t) > 0 for every t € R, we have

ﬁu2 ﬁu4 ﬁ .CEU2 X — X u X
(i) <l 10+ G [ V@l e [ K@F(eu)da.

where A C supp u is a measurable set with finite and positive measure. Hence,

i< [ 0 [19] () o}

In the light of (f3) and using Fatou’s lemma we can infer that

E(t
lim sup ( ui < —o0. (2.5)
t—too |[tul]
Therefore, there exists R > 0 sufficiently large such that h,(R) = £(Ru) < 0.
Since h,, is a continuous function and exploiting (f4), there is ¢, > 0 which is a global maximum of
h,, with t,u € N. Next we prove that ¢, is the unique critical point of h,. Assume by contradiction
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that there are t; > to > 0 critical points of h,. Then we have

f(t1u)

4 4

—t% + blu)® — - K(z) ()’ u”dz =0,

||u”2 4 f(tau) 4

I _ K —0.
2 + blu] o () (tgu)?’u dx =0

From which, taking into account (f4), we deduce

0> ( L é) |2 - /Rg K(x) [f(““) _ f(““)} utde >0,

2 (hu)?  (tou)?

which leads a contradiction.

(b) By (a) there exists t,, > 0 such that (£'(t,u), t,u) = 0. Arguing as in (2.1) and (2.4), we obtain
that there exists 7 > 0, independent of w, such that ¢, > 7.

On the other hand, let W C S be a compact set. Assume by contradiction that there exists
{un}nen € W such that ¢, :=t,, — oco. Therefore, there exists u € W such that u,, — w in X.
From (2.5), we have

E(tpuy) — —oo in R. (2.6)
We notice that by (f4) it follows that the real function
1
t— Zf(t)t — F(t)

is strictly increasing for every t > 0 and strictly decreasing for every ¢t < 0. Hence, we have that for
any v € N

) = () - (€00 = ol + [ K@) |- Fw] dezo, @)

Since {ty, un nen C N, we conclude from (2.6) that (2.7) is not true, which is a contradiction.

(¢) Let us note that m, m and m™1 are well defined. Actually, for each u € X\ {0}, by (a) there
is a unique m(u) € N'. On the other hand, if u € N then u # 0, so m~(u) = ﬁ € Sand m~!is
well defined. Moreover, since

=y foralluesS

and
U

m(m~Y(w)) = m (HuH) =t(2) <HZH> —u  forallue N,

we can deduce that m is bijective and m ™! is continuous. Next we verify that 1 is continuous. Let

{tn}neny € X and let u € X'\ {0} be such that v, -« in X. From (b) there exists tyg > 0 such that
tup | Unll =ty flfun ) — to- Hence, ty, — HtTOH' From t,,u, € N we deduce that

(a+bt2 [un)®)ts [un)® +t2 / V(@) |un)>dz = | K(x)f(tu,un)tu, un dz.
R3 R3

Letting n — oo we have

Bt +ortbot+ B [ viollar = [ K@i (L)
ar——[u ——[u]* + — z)|ul” dx = z)f | —u ) —udx,
J[ul? [l [ull* Jra RS [ull =/ [lul
that is ”Z—Onu € N and t, = HtTOH’ that shows m(uy,)—m(u). Hence, m and m are continuous

functions. O
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Let us define the maps

Yp:X—=R and ¢:S—R,
by (u) := E(m(u)) and ¥ = 1Js.

The next result is a consequence of Lemma 2.1 (see [41]).

Proposition 2.1. Suppose that (V,K) € K and f fulfills (f1) — (f4). Then, one has the following
assertions:

(a) ¥ € CHX\ {0},R) and
L0
(b) ¥ € CY(S,R) and (' (u),v) = ||m(u)||(E'(m(u)),v), for every v € T,S, where

TS = {v eX: (v,u) = a//RG (w(z) = v(y))(ulz) = u(y)) dxdy + /R3 V(z)uvdr = 0} ,

’x _ y|3+23

(&' (m(u)),v) for allu e X\ {0} and v € X,

(¢) If {untnen is a (PS), sequence for ), then {m(uy)}nen is a (PS), sequence for €. Moreover,
if {tuntnen C N is a bounded (PS), sequence for £, then {m™(un)}nen is a (PS), sequence
for the functional 9,

(d) u is a critical point of ¥ if and only if m(u) is a nontrivial critical point for £. Moreover,
the corresponding critical values coincide and

inf = inf &(u).
v = e
Remark 2.1. We notice that the following equalities hold true:

Too = BB = Ly ) = S e ) (23

In particular, relations (2.1), (2.5) and (2.8) imply that
des > 0. (2.9)

3. TECHNICAL LEMMAS

The aim of this section is to prove some technical lemmas related to the existence of a least energy
nodal solution.
For each u € X with u® # 0, we introduce the function A" : [0, +00) x [0, +00) — R defined as

RU(E,N) == E(Eut + Au™).
Let us observe that its gradient ®* : [0, +-00) x [0, +00) — R? is defined by

D&, A) == (Y(&, A), @3(85 A))
oh" oh*
= ((é”({uJr +AuT),ut), (& (Eut + /\u*),u*>) )
Lemma 3.1. Suppose that (V,K) € K and f fulfills (f1) — (f4). Then, it follows that
(i) The pair (&, \) is a critical point of h* with &, X > 0 if, and only if, éut + Au™ € M;
(i1) The map h* has a unique critical point (§4,_), with & = &4 (u) > 0 and A = A_(u) > 0,
which is the unique global mazximum point of h*;
(791) The maps ay(r) := ®Y(r,\_)r and a_(r) = ®4({4,r)r are such that
ar(r)>0ifre(0,&y) and aq(r) <0 ifre (&4, +00)
a_(r)>0ifre(0,A_) and a_(r)<0ifre (A_,+00).



8 T. ISERNIA

Proof. (i) For all £, A > 0, from (3.1) it follows that

8(6.3) = (/60" + A, €ut), €6 + a0 ).
Then, ®“(&, A) = 0 if, and only if,

(E'&uT +Au7),&u™)y =0 and ('(&ut +AuT),Au") =0,

and this implies that u™ + Au™ € M.

(i1) Firstly we verify the existence of a critical point for h*. For each u € X with v # 0 and )¢
fixed, we define the function h; : [0, +00) — [0, +00) by

h1 (&) == h"(&; Ao)-
Arguing as in the proof of Lemma 2.1-(a), we can infer that there exists a unique &y = &o(u, A\g) > 0
such that

hy(€) > 0 if € € (0,&)
R} (&) =0
hi(€) <0 if € € (&, +00).

Thus, the map ¢; : [0,+00) — [0,+00) defined by ¢1(A) = &(u, \), where {(u, \) satisfies the
properties just mentioned with A in place of \g, is well defined.
By the definition of hy we have

hi(¢1(A)) = @Y(41(A),A) =0 YA =0, (3-2)
that is
(a+blgr(\ut + )\u—]2)/ ((pr(Nu” + Au”)(z) — (¢1(’/\)U*y4’r3+>\2’:0)(3/))<151(/\)(u+($) — W) gray
R6 T —
+/ V(@) (@r(Nu)?de = | K(x)f(¢r(NuT)dr(Nu" da. (3-3)
R3 R3
Observing that
B+ AT = FO T+ X - 20600 [ /IR 6 ,x_wmiﬂwy) didy
and
/ ((P1(Nut + Au") (@) — (1(Nu” + Aum)(y) g1 (M) (u™ (z) — u' (y)) ddy —
RO |J,‘ _ y|3+2s
ut(z ut
= ¢1()) —2A¢1(A //]RG \x _ ‘3+2£ 2 () dxdy,
equation (3.3) can be rewritten as
ut(z ut
o (0011 - 22000 //R o= |3+2i e dmdy)
2, ut(x u” (z)u' (y)
b <<z> 2 + X2 — 221 (2 / /R e D) g N
u'(x u” (z)u’(y)
<¢ (\) —2Xé1 (A //RG y|3+2s dxdy)
/ V(z)(p1(A d:c—/ K(x Nor(Nut da.

Now, we prove some properties of ¢;.
a) The map ¢; is continuous.
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Let A\, =& Mo as n — oo in R. We want to prove that {¢1(\,)}nen is bounded. Assume by
contradiction that there is a subsequence, again denoted by {A, }nen, such that ¢1(A,) — 400 as
n — 00. So, for n large enough, ¢1(A\,) > A,. Let us point out that, for ¢;(A\,) > A, we find

(a+ b1 (A )ul?)g1 (A
<a+b¢1< >u A2 x
// " 4 M) (@) = (0w + A ) ) (@) = ()
R6

|z — y[3+2s

(3.5)

Therefore, combining (3.3) with (3.5) we obtain

(@ Hon () Ol + [ V(@lor ()t da >
> a+b¢<A> FAvu )
[ (00 £ 2010)E) ~ G A VDO ) =)y,
R6

oy

+ [ V@@ da
= [ K@@ o0t de,

R3

and in particular,

bl + /V(a;)(uﬂ?dxz K(x)
RB

R3 (¢1(An)ut)?

31 (An)

Taking into account that A\, — Ao, ¢1(\,) — +00 as n — oo, assumptions (f3) and (fs), and
Fatou’s lemma, we get a contradiction. Hence, {¢1(A\y)}nen is a bounded sequence.

Therefore there exists & > 0 such that ¢1(\,) — &. Now, consider (3.4) with A = \,, and
letting n — oo we have

(G ] L

+b<£[ 2 4 22w —2)\050// ulle ‘x_ ’3+2(f)“+(y) dxdy)x

< (G —2ng [ OO0 41y, )

/ V(z)(&uh) d:n—/K F(&ouN)éou™ da

that is A} (&) = ®Y (&, Ao) = 0. Consequently, {o = ¢1(Ag), i.e. ¢1 is continuous.
b) There holds ¢1(0) > 0
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Assume that there exists a sequence {\,}nen such that ¢1(\,) — 07 and A, — 0 as n — oo.
Using the fact that
(a + b[o1 (A )u +)\u])
[ (00 £ 201 )E) — G VDO ) =)y,
RG

oy

+ [ V@)t da

> adf O + bt 1 4 [ V@) da
= R0 ? + bt )T,

equation (3.3) and assumption (f;), we can see that
M f(@1(An)u™)
)t < e eyt < [ @)
$1(An) (¢1(An)ut)?
and this fact gives a contradiction. So we deduce that ¢1(0) > 0.

¢) Now we show that ¢;(A) < A for X large.
Arguing as in the proof of a), we can see that it is not possible to find any sequence { A\, }nen
such that A\, — +oo and ¢1(\,) > A, for all n € N. This implies that ¢;(\) < A for A large.
Similarly, fixed £y, we introduce the map hs : [0,00) —[0,00) defined as ha(A) := h*(&y, \) and,
as a consequence, we can find a map ¢ such that for any £ > 0

ha(d2(€)) = ©5(8, ¢2(S)). (3.6)

The maps ¢y fulfills the properties a), b) and c).
By ¢) we can find a positive constant C such that for every £, A > C4

P1(A) <A and  ¢a(§) <&

(u)tdr -0, asn— oo

Let

Cy := A
pom ] s 0, g o)

and set C' := max{C1, Ca}.
We define T : [0,C] x [0,C] — R? by

T(EA) = (91(N), $2(8))-

Let us note that, since ¢1 and ¢o are continuous functions, we deduce that 7 is a continuous map.
Moreover,

7([0,C] x [0,C]) c [0,C] x [0,C].
Indeed, for every ¢ € [0, C], we have that

$2(§) <ELSC if§ >0y
$2(§) < H[lag]@(é) <Cy ifELSCy -

Similarly, we can see that ¢1(\) < C for all X € [0, C].
Then, by the Brouwer fixed point theorem, there exists ({4, A_) € [0,C] x [0, C] such that

T(§+7)‘—) = (¢1(A—)7¢2(€+)) = (§+a)‘—)'
Owing to this fact and recalling that ¢; > 0 for ¢ = 1,2, we have £, > 0 and A_ > 0. By (3.2) and
(3.6) we have
Y (&4, A-) = P5(&4,A-) =0,
that is (§4+,A_) is a critical point of h".
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Next we prove the uniqueness of (£, A_). Let w € M. Then we find

2Y(1,1) = ((€'(wt +w),w"), (&' (w" +w™),w™)) = (0,0),

that is, (1,1) is a critical point of h™.
Now, assume that (§p, A\o) is a critical point of A", with 0 < &y < Ag. Then from (3.1) we get
(&' (&uwT +Xw™),&uw™) =0 and (&'(&uw™ + Xow ™), Agw™) = 0.

From (&' (&ow™ + Aow™), Agw ™) = 0, we deduce that

a N [w 2 4 b M\gfw ) + )\(2) V( Yw™ ) dr —2a& N // vl ;;ﬁ_%( Dt (y) dxdy
+
— 2060 A3 [w //RG ’x _Z’izi LME) dady + b€ A%[w*]Q[w’P
+(z +
_ 2b§0 Ao[w //R'S v Z|:jr2§ LLME) dxdy
+
—2b& Ajw //RG . _Jyr’;i%( 2w (y) dxdy
(2 + 2
4 AbE2 N2 <// v . _+‘§“+2§ 2w (y) dxdy) = | K@) Oow ) dow da

and dividing by )\é > (0 we obtain

ol P b j/ Vi) ds — 23 [ 2 L ) ) o
—zb - 2//]11\)6 w(z |x_;|;‘i2s( Dy )dmdy+b§§[w+]2[w—]z
_2b //RG Z;‘i%( D) goa,
_2b 2//R6 ‘x+;128( DY) 4oy
+4b (//RG ]a:—+];l-)&-2§ 2wt (y) dmdy)l RE )(ij(;uw)g( -
Using the fact that 0 < & < Ao we can see that
;%[w]Qer[ ]4+;ASV(m)( da:—2— //RG |$_+|;‘izs( DY)
“ 2 //R !x—Jyr|;lers( it )dxdy+b[ PP
S //R e |x—_;|i2§ ey 2ofu P [ el
(P
> [ K@ o 3( i da.

R3 ()\UJ)

dxdy
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Since w € M, we also have

afw ]+ b T+ [ V@) >d$2“//R6 e ey

xr — y|3+25
w” (z)wt (y) ~
— 2b[w //}R6 |x —~ ‘3+25 dzdy + blw T [w™]?
wt (x w™ (z)wt (y wt (x w™ (z)wt (y)
— 2b[w d dy — 2b[w dxd
//RG y|3+2s ray //Rﬁ y|3+2s ray

pan ([ e ) ‘ng >dxdy)2
:/RSKQ; (ww)g (w™)* dx.

Subtracting we have

(jo )nw ||2—2a< 1> //R wr (@ |3+2§ D) o

> [ 50 (G~ o) (“’_)4“’

which together with (f) yields 0 < & < \p < 1.
Next we prove that & > 1. From (&'(§ow™ + Mw™), &w™) = 0 we deduce that

Al + biw ] + €3 / L P
o xg / /R Jalt: y3+2§ DD iy + 563 N Pt
— 2b€3 Ao[w / /R 6 wiie y\s +2s( D) gy

+4bEF NG <// it |$ - |3+2§ W) dmdy>2

= » K(2)f(&uwh)éuw™ d
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and dividing by & > 0 we obtain

A 42 +4 i Ao wh(z w™ (z)w (y)
& [wT]* + blw™]* + 2 Jos V(z) —2a //RG |1‘ - y|3+23 dxdy
2 wt(z w(z )w*( ) A3 2
w] //RG ]x—y]3+25 ddy—i—b&][ “12[wt]
+
W // !a: y!3+2s(x)w+(y) dzdy
RS -
2
vivg <// N yyms( )
RS -
_ €0w ) +14
= Joo KO Gy ()
Exploiting the fact that 0 < &y < Ao we find
a0 g, 1 w™ (z)wt(y)
%[fwﬂ + blw™] —|—§0/RgV dm—2— //RG |x—y|3+23 dxdy
o ff |x |e,+;§x)“’+( ) dady + o P
RS -
+(z +
~ 26w //]RG - !:J: — y!3+2s( o) dzdy
+
+(x + 2
M (//R - y|3+28( )
wa ) +14
< R3K( )(§0w+) (wT)* dz.
Now, using w € M, we also get
alwt]? + blw™)?* / V(z)(wh)*dx — 2&//R6 w+(if)w_|££yz;|;i;s($)w+(y) dxdy

wh(z wt _
— 2blw //]R6 |x—y|3+25( 2w (y) dzdy + blw T [w™]?
wh(z w™ (z)wt (y)
— 2bjw //Rﬁ |:E — |3+2$ dxdy
wh (@ w™ (z)w (y)
— 2b[w //R(’ |x—y|3+25 dxdy

can( f[ e y‘wg oyt (y >d$dy)2

= | K )(w+)g(w+)4dx.

13



14 T. ISERNIA

Subtracting we obtain

1 + +
<1_§3) et [? = 2a (1—) / /R 6“’ ,x_;,ifzﬁ D) iy

flw)  f(éow™) > 14
> K(x w')*dr,
> [ K (G~ o) )
and from (fy) we find {x > 1. Therefore, g = A9 = 1, and this proves that (1,1) is the unique
critical point of h" with positive coordinates.
Now, let v € X be such that u* # 0, and let (&1, A1), (€2, A2) be critical points of h* with positive
coordinates. From (i) we have

Sut+Mu” eM  and  Eut 4+ Au” € M.

Set wy := &ut + A\ u” and wsy := &ut 4+ Adau”. Then, wy € X is such that wli # 0, and

o (@ (2) v =i e

Again from (i) we can infer that (gz ’\2> is a critical point for h"™' with positive coordinates.

Taking into account that w; = wi +w] € M, we deduce that 52 )‘2 = 1. Hence & = & and
Al = Ao.

Finally we prove that h* has a maximum global point (£,)) € (0,+00) x (0,4+00). Let AT C
supput and A~ C suppu~ positive with finite measure. Using (f3) and F(t) > 0 for every t € R
we can see that

B(EN) < gllent +xum P+ Jlewt 4wl - [ K@F@) d- [ K@FO)
ut(z u ut
et + I - agn = ,x_ﬂmi) W) gyay
ut(x u ut 2
1 <§2[u 1>+ A[u 25)\//]1@ —;/_3+2E; e y) dxdy)

- K(m)F(fuﬂdw—/ K(z)F(Au™)dx.
A+ A-

Assume that |£| > [ A | > 0. Then, recalling that F'(t) > 0 for every t € R, we get

ut(z u ut
me N < (€ +30) (Gl P4 gl - 5 [ / ‘x M daay
b y)+u + 2
+ 1(52 + \%)? <[ //RG |$ = y|3+2£ z)ut(y) d:vdy)
- [ K@PE do- / K(z)F(\u-) dz
u u+
<@+ (;uuﬂﬁ Sl -3 [ / ks ML) iy
b ut(x x)ut 2
+ 1(52 + )\2)2 ([ //RG |:E — y|3+2£ Jut(y) dxdy)
— K(2)F(¢u™) dx

A+
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Hence, assumption (f3), Fatou’s lemma and the fact that 0 < €2 + X2 < 2¢2, allow us to say that
he(&,\ -1 F(&éu™
lim sup % < C — - liminf K(x) (5_1: 4)

[(EN)]—o0 (€2 A7) 4 lgl=oo Jar (Eut)

where C is a positive constant which depends on u* and u~, from which, in particular, we deduce
that h*(&,\) = —o0 as [(§,A)| — oo. Since A" is a continuous function, we deduce that A" has a
maximum global point (£, \) € (0, +00) x (0, +00).

Using the linearity of F' and the positivity of K we find

(ut)tdx = —o0,

. K@) (F(éum) + F(Au™))dz = . K(z)F(éut 4+ Au™) dx,

which combined with [¢ut 4+ Au~]? > €2[uT]? 4+ A[u~]? yields
h(€,0) +h"(0,0) = E(u™) + EAu™) < E(€u™ + AuT) = h"(,\)
for all u € X such that u™ # 0 and for every &, A\ > 0. Then,
I?Zaéih (£,0) < g\i}(()h (&,\) and rilgéch (0,\) < max h"(&, N),

£2>0
and this proves that (£, ) € (0, 4+00) x (0, +00).
(7i7) This is a direct consequence of Lemma 2.1-(a). O
Lemma 3.2. If {uy}neny C M and u, — u in X, then u € X and u™ # 0.
Proof. Let us observe that there exists 8 > 0 such that

B <o forall v e M. (3.7)
Indeed, if v € M, then
[vE||? + blw / K(x Jot d. (3.8)
If (VK3) is true, then, combining (3.8) with (f1), fz) and the Sobolev inequality, we get
K
[ e e
o

Choosing ¢ € (O, W), we can find 41 > 0 such that |[v*| > ;.

Now, assume that (V' K3) holds. Then, using (3.8), (f1), (f2), the Sobolev embedding and the
Holder inequality we obtain

l=][* < Cel|o™ || + C Cule + C| K |oo) [l

N A
L25—v (Br)
Since v € (2,2}), we can choose ¢ sufficiently small such that there exists 32 > 0 such that |[v=|| > Ba.
Therefore, setting 5 := min{f1, f2}, we deduce that (3.7) holds true.
Hence, if {uy, }nen C M, then

B2 < , K(z)f(uD)uf dz for all n € N.
Letting n — oo in the above relati(])Rn, and using [9, Lemma 2.2] we have
0<p*< [ K(2)f(u*)u*da,
from which we deduce the assertion. : g

Let us denote by co the number
Coo := Inf E(u).

ueM
Since M C N, we deduce that co > do > 0.
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4. PROOF OF THEOREM 1.1
Let {upn }neny C M be such that
E(up) = o inR. (4.1)

Let us point out that {u,}nen is bounded in X. Indeed, assume by contradiction that there is a
subsequence, still denoted by {up }nen, such that ||u,|| — +00 as n — oo. Set v, := HZ—:” for all

n € N. Then, {v, }nen is bounded in X so there exists v € X such that
v, =~ v  inX, (4.2)

and by [9, Lemma 2.1] we can infer that v, — v a.e. in R3,
Using Lemma 3.1-(7) and {uy, }nen € M we have that {4 (v,) = A—(vn) = ||un||. By the definition
of v, and Lemma 3.1-(7) we also have that for any £ > 0 and n € N

£ et
E(un) = E(lunll vn) 2 E(Ev) = 5+ Z-onl* = | K(@)F(gvn) do. (43)
R3

Suppose that v = 0. Then, by (4.2) and [9, Lemma 2.2] we deduce that

K(z)F(§vy) — 0 for all £ > 0. (4.4)
R3

Taking the limit as n — oo in (4.3), and using (4.1) and (4.4) we get a contradiction. Hence, v # 0.
On the other hand, by the definition of £ it follows that
E(u 1 b [un)* F(vp||lu
8 S 3 Y RN CA )
Junll* 20unl® 4 lual* Jrs (vnlunll)

(vy)t d. (4.5)

Using the facts that |u,| — 0o, v, — v a.e. in R?, assumption (f3) and Fatou’s lemma we obtain

o Eallunl) g
LK) G i ) e 0

Hence, taking the limit as n — oo in (4.5) we get a contradiction. Therefore {uy, }nen is bounded in
X, so there exists u € X such that u, — v in X. Applying Lemma 3.2 we can deduce that u® # 0.
By Lemma 3.1, we can find two positive constants £, \_ > 0 such that &,ut +A_u~ € M. Next,
we prove that £, A_ € (0,1]. Combining u,, — v in X with [9, Lemma 2.2], we deduce the following
relations of limit

K(z)f(uD)ut do — K(z)f(uF)u® dz
R3 R3
and (4.6)
K(z)F(ul) dz — K(z)F(u™) d.
R3 R3
From these relations, u, — v in X and Fatou’s lemma we find

(E'(w),u®) <liminf(&' (uy,),ul) = 0.

n
n— oo

Without loss of generality, let us assume that 0 < {4 < A_. Arguing as in the proof of (ii)-Lemma
3.1, it is possible to show that 0 < &4, A_ < 1.
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Now, putting together the definition of co, 0 < &4, A_ < 1, assumption (f4), u, — u in X and
(4.6) we deduce that

Coo SEEuT +AuT) = E(EuT +AuT) — i<5/(§+u+ FA-uT), Eput A u)

- %H&Lu* A uT|?+ / K(x) (if(f+u+ +A_u)(Equt A uT) = F(épu™ + A u)> dx
R3

= et P+ [ K@) (Jeatgat - Flea) o
R3

+/R3 K(2) <if()\ WY A_u” — F(A u_)> dz

< g+ [ K@ (Gt - Fa)) det [ K@) (00 - Fao)) o

=+ [ K@) (- Fw) o
= Jim G+ [ K@) ({0~ ) do

1
g hm g(un) — Z<SI(Un),un> == COO’

n— 00

that is we have proved that £(&yut +A_u") = ¢ and that £ = A = 1.

Next, our purpose is to show that the minimum point is a critical point of &, that is v = u™ 4+ u~
is a critical point of the functional £. We argue by contradiction, and we suppose that £'(u) # 0. By
continuity, we can find J, u > 0 such that for all v € X satisfying ||v — u|| < 34, it holds u < [E'(v)].

Set D :=[£, 5] x [£, 2], X* := {u € X: u* # 0}, and define g : D — Xt as g(§,\) = EuT+Au™.

It follows from Lemma 3.1 that £(g(1,1)) = coo, and £(g(€,))) < ¢ in D \ {(Z, 1)}. Define
f = max neap €(9(§; A)), then f§ < coo.

Applying [43, Theorem 2.3] with S := {v € X : ||[v — u|| < 0}, ¢ := co and choosing € :=
min {%, %‘5}, there exists a deformation 1 € C([0,1] x X, X) such that the following assertions
hold true:

(a) n(&,v) =vifv € E7[eo — 26, coo + 2¢]);
(b) E(n(1,v)) < coo — € for each v € X with ||v — u|| < 6 and E(v) < e + €;
(c) E(1,v)) < E(v) for all u € X.

Using (b) and (¢) we deduce that

(gril)%}épg( 1(1,9(§,A)) < Coo- (4.7)

To complete the proof it suffices to prove that
n(Lg(D)NM#D (4.8)

because the definition of ¢, and (4.8) contradict (4.7)
Let us define

h(£7 )‘) = 77(179(57 )\)),
Po(&, ) == ({€'(9(€,1)),€u™), (E"(9(1,N)), Au™))

(60 = ((EhE D). (€ D), € (L A1)

Using (i4i)-Lemma 3.1 we deduce that the function . (£) = h%(£,1) € C! has a unique global
maximum point £ =1 (let us observe that {7/, (£) = (£(g(&,1)),¢ +>)
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By density, given € > 0 small enough, there is v . € C*( %, %]) such that ||v4+ —'y+75||cl([; s <€
272
] <,

with &4 being the unique maximum global point of v, . in [%, % . Therefore, |7/} — 'VQ—,EHC([%,%])
Yyo(1) = 0 and 17/ (1) < 0.

Similarly, setting v_ (A) = h%(1, \), there exists v_ . € C*°([3, 3]) such that |]'y’,—’y/,76Hc([%7%]) <e,
Yy (1) =0 and v/ (1) <0.

Let us define ¢ € C(D) by (€, 1) i= (€7/+(€), 7" (\)). We note that [[g=—vollen) < 32e,
(0,0) € ¥-(0D), and (0,0) is a regular value of 9. in D.

Since (1, 1) is the unique solution of 1. (&, A) = (0,0) in D, by the definition of Brouwer’s degree,
we can infer that, for £ small enough, it holds

deg(¢0, D, (0, 0)) = deg(¢e, D, (0, 0)) = sgn Jac(¢:)(1, 1), (4.9)
where Jac(1).) is the Jacobian determinant of 1. and sgn denotes the sign function. We note that
Jac(ve)(1,1) = [7y (1) + 94 (D] x v (1) +97 (1)) =74 (1) x 77 (1) > 0, (4.10)

so combining (4.9) with (4.10) we find
deg(@ﬁo, D, (07 0)) = Sgnh/ill—,e(l) X ’VZ,E(l)] =L
By the definition of 8 we have that for any (£, \) € 0D

elae ) <p< P — o <Coo4—ﬁ

This and (a) yields that g = h on dD. Therefore, 11 = 1y on 9D and consequently

deg(wb D, (07 0)) = deg(ﬂ)ﬂv D, (07 0)) =1,
which shows that 11 (£,A) = (0,0) for some ({,\) € D.
Now, in order to verify that (4.8) holds true, we prove that
¥1(1,1) = (&'(WE 1)n(1, )T, ' (h(1,1))h(1,1)7) = 0. (4.11)

As a matter of fact, (4.11) and the fact that (1,1) € D, yield A(1,1) = n(1,¢9(1,1)) € M.
We argue as follows. If the zero (£, \) of 1; obtained above is equal to (1,1) there is nothing to
do. Otherwise, we take 0 < §; < min{|{ — 1|,| A —1|} and consider

L (51 51 (51 51

Then, (§,\) € D\ D;. Hence, we can repeat for D; the same argument used for D, so that we
can find a couple (£1,A1) € Dp such that ¥1(&1, A1) = 0. If (§1, A1) = (1,1), there is nothing to
prove. Otherwise, we can continue with this procedure and find in the n-th step that (4.11) holds,
or produce a sequence (£n, Ay) € Dy—1 \ D, which converges to (1, 1) and such that

V1(&n, An) =0, for every n € N. (4.12)

Thus, taking the limit as n — oo in (4.12) and using the continuity of 1; we get (4.11). Therefore,
w:=u" +u~ is a critical point of £.

)Scoo%.

Finally, we consider the case when f is odd. Clearly, the functional 1) is even. In the light of (2.9)
and oo > doo > 0 we can see that ¢ is bounded from below in S. Moreover, using [9, Proposition
2.1 and Lemma 2.2], we deduce that v satisfies the Palais-Smale condition on S. Hence, applying
Proposition 2.1 and [40], we conclude that £ has infinitely many critical points.
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