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A STRUCTURALLY DAMPED ¢-EVOLUTION EQUATION WITH NONLINEAR

MEMORY

MARCELLO D’ABBICCO AND GIOVANNI GIRARDI

ABsTRACT. In this paper we investigate the global (in time) existence of small data solutions to the

Cauchy problem for the following structurally damped o-evolution model with nonlinear memory term

t
ue + (=A)7u+ p(—=A) 2w = / (t = 7)" 7 ue (T, )P dr,
0

with o > 0. In particular, for v € ((n—0)/n, 1) we find the sharp critical exponent, under the assumption
of small data in L!. Dropping the L! smallness assumption of initial data, we show how the critical
exponent is consequently modified for the problem. In particular, we obtain a new interplay between the
fractional order of integration 1 — = in the nonlinear memory term, and the assumption that initial data

are small in L™, for some m > 1.

1. INTRODUCTION
We consider the nonlinear Cauchy problem
gy + (—A)u+ p(—A)2uy = F(t,ug), = €R™ >0,
u(0,2) =0, u(0,2) = uy(x),

where o > 0, u is a positive constant and the right-hand side is a memory term defined as

F(t,ut):/o (t — ) ua(r, )P dr,

for some v € (0,1) and p > 1. More in general, we may consider a memory term defined as

F(t,u) = /Ot(t — 1) Yg(ue(r,-)) dr,
where g : R — R is a locally Lipschitz function satisfying
9(0) =0, |g(u) = g(v)| < lu—v[(JulP~" +[o[P7"), for some p > 1.
The linear part of the equation in (1), i.e.
up + (—A)7u+ p(—A)Fu, = 0
is a special case of a more general class of o-evolution equations with structural damping
g + (—A)7u+ p(—=A)ou, =0, 0,0 >0.

For any § > 0 the equation in (5) is a dissipative o-evolution equation; in particular, its energy

1 1 z
E(t) = 3 llunlt, I3, + 51(-8) Fu(t, )z,

is non-increasing, due to

E'(t) = —p|[(=A)3uy(t, )| 2.
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In the case 20 € (0,0) (effective damping, according to the definition in [6]) the solution to a Cauchy
problem associated to (5) can be written as the sum of two terms, each one asymptotically behaving as
the solution to a different diffusion problem (see [7] for more details). Instead, in the case 2§ > o in the
asymptotic profile of the solution the wave structure appears and oscillations come into play (the case
0 = 0 = 1 has been studied in details by R. Ikehata [15]). In [7] the authors study equation (5) in the
case 0 < 20 < o; at first they obtain estimates for the solution to the linear Cauchy problem associated to
(5) and then they apply those to study the critical exponent for the two corresponding nonlinear Cauchy
problems

ugt + (—A)7u+ p(=A)°us = |[ulP, x € R t >0, (6)

w(0,2) =0, u(0,2) = uy(x),

and

g + (—A)7u+ p(—A)us = |we|?, z€R™, >0,
w(0,2) =0, w(0,2)=uq(x).

The critical exponents are

20
=14 ——— 8
pO(n7J7 ) + (n—25)+’ ( )
for Cauchy problem (6) and, respectively,
26
pi(n,0,0) =1+ — (9)

for Cauchy problem (7) (the critical exponents for (6) in the case /2 < § < o have been recently found
in [8]). In both cases some restriction on the dimension appears: in fact, it is required n < ng = ng(o, )
for (6), and, respectively, n < ny = ni(o,0) for (7). Here, for j = 0, 1 the integer n; is proportional to
1/(c — 2§). In particular, in the limit case 2§ = o it holds ny = n; = oo, i.e. (8) and (9) are critical
exponents for any dimension n > 1 (see also [19]).

If the L' smallness assumption on the initial datum is replaced by L™ smallness assumption, for
some m € (1,2], then the two critical exponents in (8) and (9) become po(n/m,o,d) and p1(n/m,o,d)
(see [7, Section 2.5]).

In general, by critical exponent p, in this paper we mean that

- if p > P, then there exist global (in time) small data Sobolev or energy solutions;
- if 1 < p < P, there exist arbitrarily small initial data, such that there exists no global (in time)
weak solution.

The difficulty in treating the higher space dimensions n > n; is related to the loss of regularity which

appears when one deals with L? — L9 estimates, with ¢ € (1,2). Indeed, these estimates come into play
when one considers power nonlinearities |u|? or |u:|P, when p € (1,2), and the critical exponent eventually
becomes smaller than 2 in high space dimension n (for instance, Fujita exponent 1 + 2/n is smaller than
2 in space dimension n > 3).
The loss of regularity for LY — LY estimates, with ¢ € (1,2), is related to the wave structure of the equation
at high frequencies (this is studied in detail in [17] where the model (5) is studied in the case o = 1
and 6 = 0). However, the presence of the structural damping in (5), when ¢ > 0, generates a smoothing
effect on the solution, which does not appear for the classical damping u; (see later Proposition 2.1). This
smoothing effect allows us to recover the additional regularity by using estimates which are singular at
t = 0. The singularity order is proportional to n(c —20)/2d, and it vanishes at o = 2§. This effect explains,
roughly speaking, the possibility to employ these estimates in higher space dimensions when o /(2§) tends
to 1. This motivates our choice to fix § = /2 to investigate in a better way the influence of the nonlinear
memory term on the equation.

Recently, many authors investigated fractional PDEs from different points of view, since they are par-
ticularly interesting for the real world applications and the description of memory and hereditary process.
In particular, it is of interest to understand how to treat nonlinear evolution problems in which the non-
linearity is represented by some memory term; for instance, one could consider a nonlinearity like F'(¢, u;)
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defined in (2), or even

t
Glt.u) = [ (¢=)ulr, )P dr
0
We remark that

F(tvut) = F(l - 7)J3|7|Ut(t7 ')|p7 G(t7u) = F(l - ’Y)J3|;’y|u(t, ')|p7

where I is the Euler function and Jél;7 (v) denotes the fractional Riemann-Liouville integral of a function
v. Hence, we have

. . _ YY)

and, respectively
lim D(1 —7)G(t,u) = ut, ) ;
~y—1

thus, one can expect some relations with the case of a power nonlinearity |u:|P and, respectively |ul?, as
v — 1.
In [1] the authors consider the Cauchy problem for the heat equation

us — Au=G(t,u), ze€R" t>0, (10)
(0, x) = up(x),
and they prove that the critical exponent for (10) is given by
_ 2(2-1)
1
1 7} 11
max{v +n—2(1—7) (11)

Other diffusive models with nonlinear memory are treated in [13] and [20]; in particular, in this latter
paper also fractional derivatives in time are considered in the linear part of the equation.
In [4] the author studies the nonlinear Cauchy problem

{utt—Au—i—uut:G(t,u), zeR” t>0,

w(0,2) = 0, uy(0,2) = uy (), (12)

and he proves that the critical exponent is again (11) (the nonexistence result was proved in [12]|, and
in [11] for a damping with variable coefficients), as for the Cauchy problem (10), for any n < 5; this is
reasonable since the solution to the linear Cauchy problem associated to (12), behaves asymptotically like
the solution the linear Cauchy problem associated to (10) with a suitable initial datum vy (see, for instance
[16, 17, 18]).

Furthermore, in [3] the first author considers the Cauchy problem

Uy — Au+ p(—A)2uy = G(t,u), x€R™, ¢>0, (13)
w(0,2) =0, u(0,2) = uy(x),
and he proves that global (in time) small data energy solutions exist for
- 3—7
11 7} 14
p>maX{7 R 1 £ (14)

for any n > 2; moreover, this exponent is optimal.

We remark that the threshold (n — 2)/n which denotes the transition to the critical exponent y~! is
the same for both the Cauchy problems (12) and (13). This suggests that if the nonlinear memory term
is sufficiently strong in space dimension n > 3, then the influence from classical and structural damping is
the same. Otherwise, the critical exponent is larger in the structural damping case, as it happens for the
power nonlinearity |u|P.

Finally, we recall that the beam equation has been investigated in the case of a nonlinear memory term
in [9].

In this paper we want to investigate the critical exponent for the Cauchy problem (1). As discussed
before, the special structure of equation (4) gives some benefit in the estimates for the solution to the
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linear problem; in particular, it is possible to get non-singular estimates also for u; which can be easily
applied to study the nonlinear Cauchy problem. We will prove that, under L' smallness assumption for
the initial datum u,, global (in time) energy solutions to (1) exist for any p > p,,1(o,n), where

p > Dy(o,n) = {:7(107 ™) iz E E((:(; 0){:)17/711)) ) py(oyn) =1+ Y (2(7_(3)0@. (15)
We are ready to state our first result.
Theorem 1.1. Let o > 0 and v € (0,1); let us assume p > py1(o,n).
Then, there exists € > 0, sufficiently small, such that for any
up € L'NL>® with ||Jui||pinp~ < ¢ (16)

there is a uniquely determined energy solution
ueC'([0,00), L' N L>) N C([0,00), H?) (17)

to (1). Furthermore, for j = 0,1, the solution satisfies the following estimates:

Q+0> 7720 D g 2 (1-1) <2,
Vg € [Loo] s |10fult,)le S § L+ log2+ D)urllpiar~ 2 (1-F)=2-4,  (18)
A+ uallpinze ife(1-1)>2-j.
Moreover, ||(—A)2u(t,-)| 2 verifies the same estimates verified by ||us(t,-)||z2 in (18). Consequently,
L+ 120077 flug |21 ifn < 20,
E(t) S {1+t (log(2+1)* |wrllf1ppe i n =20,
L+ 8727 Jur |71 e ifn > 20.

Remark 1.1. In estimates (18) it does not appear a decay rate better than (1 + ¢)~7. This restriction
comes from the influence of the nonlinear memory term (see Lemma 4.2). In the best case scenario, a loss
of decay (1 +t)'~7 appears with respect to the estimates for the Sobolev solutions to the corresponding
linear Cauchy problem with F' = 0 (see Proposition 2.1). This phenomenon has been described in [4].

If we drop the L' smallness assumption for the initial datum w;, replacing it by L™ smallness, for
some m > 1, we expect that this loss of information on the datum does not influence the critical exponent
for (1), for “sufficiently small” ~, with respect to m. This expectation is motivated by the fact that the
presence of the nonlinear memory term induces a loss of decay rate which amounts to (1 +¢)'~7, or even
larger, with respect to the estimates for the Sobolev solutions to the corresponding linear Cauchy problem
with F = 0, with L' data. On the other hand, assuming initial data in L™, with m > 1, leads to a loss
of decay rate which amounts to (1 + t)%(lfi), with respect to assume initial data in L'. Consequently,
the critical exponent is modified only when this latter loss is greater than the loss related to the nonlinear
memory term. This phenomenon has been recently investigated in [5] for models (10) and (12).

In particular, if initial data are assumed to be small in L™ for some

n2

(W —o?)y

then we show that global (in time) energy or Sobolev solutions exist for any p > P m (0, n), where

l<m<

_ _ - - 2—7vy)om
p%m(o—vn) = max{*y lvp’v(gan)vpm(o—vn)}v pm((j,n) = 1+%'
Explicitly, we may compute

Pm(oyn) ifyey,1),
Pym(o,n) =< py(on)  ifye[(n—o)/n7),
vt if v €(0,(n—o0)/n),
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where
F=5m)=1-"(1- ).
o m
We notice that 4 > (n — o) /n due to the assumption m < n?/(n? — o).
Indeed, it is easy to show that for a fixed m € (1, ﬁ), the statement of Theorem 1.1 remains
valid if v € (0,7] and p > p,.1(o,n), as in (15), replacing the initial datum assumption (16) by the weaker
condition

up € L™ NL™® with |Juil|pmare < e, (19)
and the solution space (17) by
u € C'([0,00), L™ N L>®) N C([0,00), H) (20)
if m € (1,2], and by
u € C([0,00), L™ N L™) (21)

if m > 2. The proof also requires only minor modifications with respect to the proof of Theorem 1.1. In
particular, we stress that p > m, due to

(2—=7)om (2—7)om

p>py(0,n) = pmlo,n) = 1+ > 14 =m(1+2) >m,

n

which follows from the assumption v < 4.
Having this in mind, we may focus to the case v € (¥,1), in which the critical exponent p,,(c,n) comes
into play.

Theorem 1.2. Let o >0, m € (1,n%/(n®> —0?)T) and v € (¥,1); let us assume p > py,(o,n). Then, there
exists € > 0, sufficiently small, such that for any initial data as in (19) there is a uniquely determined
energy solution

u € C'([0,00), L™ N L>®) N C([0,00), H?)
to (1), if m <2, or a uniquely determined Sobolev solution
u € C'([0,00), L™ N L)

to (1), if m > 2. Furthermore, the solution satisfies the following estimates for j = 0,1 and q € [m, o0]:

C1+ 1) =28 g || g ifr(1-1)<2—j,

1 _ n(1_1 rn .
107u(t, Ve S § COL+ ) 505 log(2 + t)[|u || pmrp= if 2 (1- 1) =23, (22)

C(L+ )5 0=m) || e fr(l—-z)>2-j.

Moreover, ||(=A)2u(t,-)|| 2 verifies the same estimate verified by ||us(t, )|z in (22), if m < 2. Namely,
)G B ifn <2,

B(t) < { (1 +6)" 25 07%) (log(2 + )2 ||ua

40220

2 ; —
L™mAL> an = 20’,

2 .
LmAL> Zf n > 20.

Remark 1.2. We remark that the assumption m < n?/(n? — ¢2?)* also implies that m < n/(n — o), so
that p > m as a consequence of

- 2 —~y)om
prm(a,n)ZlJr%

om
>1+—>m
n

Indeed, the latter is trivial if o > n, whereas it is equivalent to m < n/(n — o) otherwise.
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Remark 1.3. The main difference in the decay rate profile in Theorem 1.2 with respect to Theorem 1.1 is
that no loss of decay rate is caused by the presence of the nonlinear memory term in (22), when

1
”(1—)<2—$
o q
with respect to the linear Cauchy problem (see Proposition 2.1).

Finally, we will employ the test function method to prove that no weak global (in time) solution exists
if 1 < p < max{p,(o,n),pm(o,n)}, under suitable sign assumption on initial data in L™.

This allows us to conclude that p, ,,(o,n) is really the critical exponent for any v € ((n — o)/n,1).
It remains an open problem to prove a satisfying nonexistence result when v belongs to the interval

0, (n—0a)/n).

Theorem 1.3. Let us assume uy € L' is positive. Then, there exists no global (in time) weak solution to
(1) in the following cases:

- ifn < (1 —x)o for any v € (0,1) and p > 1;

-ifn>(1—7)o, for any v € (0,1) and 1 < p < p,(o,n).
Moreover, if 0/2 € N, no global (in time) weak solution exists also in the case

- 0> (L=)o, for any v € ((n — 0)/n,1) and p = py (o, ).
Theorem 1.4. Let us assume u; € L™ such that

(@) = clal~# (og(|al)) ", Vial > 1. (23)

Then, there exists no global (in time) weak solution to (1) in the following cases:

- ifn<(1—=7)o for any vy € (0,1) and p > 1;

-ifn> (1 —7)o, for any v € (0,1) and 1 < p < max{p(o,n),pm(c,n)}.

In view of the previous result we can conclude that p. ,,(o,n) is the critical exponent for any v €
((n—0)/n,1). In particular we remark that, as we expected, for v — 1 the critical exponent p. (o, n) tends
to p1(o,0/2,n), as defined in (9), and the critical exponent p,, (o, n) tends to p1(o,0/2,n/m), as v — 1.

However, it is interesting to remark that the critical exponent for the L™ theory, when m > 1, is not
obtained by dividing the space dimension n by m, as it happens for the structurally damped evolution
equation with power nonlinearity |u:|? in [7], but it is smaller than this latter, due to

(2= y)om (2 = y)om

Pm(o,n) =1+ <1+

n—mo(l—7) = py(o,n/m).

This phenomenon is due to the interesting interplay between the loss of decay rate due to the nonlinear
memory, and the loss of decay rate due to the different space assumption for the initial data. This interplay
has a less negative influence on the decay rate profile, than one may expect.

2. PROOF OF THEOREM 1.1

In order to prove our existence results, we need to employ decay estimates for the linear Cauchy problem
associated to (1), that is

{uttJr(_A)aqu(_A)Zut:o, x €R™ t>0, (24)

u(0,2) =0, u (0, ) = uy(x).
In [7, 10, 19| the authors prove the following decay estimates for (24).

Proposition 2.1. Let j = 0,1. Then, for any 1 < m < ¢ < oo the solution u = u(t,z) to (24) satisfies
the following estimates:

; _n(1 1 i
107 u(t, Ypa St~ 5 G170 luy [ o, (25)

~

and, as a consequence,
10u(t, Ype S (1 +8)75 G0 juy | . (26)

~



A STRUCTURALLY DAMPED ¢-EVOLUTION EQUATION WITH NONLINEAR MEMORY 7

Moreover, we have
I(=A)Fu(t, e S (1 +6) 5D Jug || g (27)

Remark 2.1. We remark that in estimate (26) the assumption of additional regularity L9 for the datum
allows to avoid the singularity which appears in (25) when m < q.

Let us now introduce some notation for the proof of the global (in time) existence of small data solutions.
Throughout this section, we denote by K; = Kj(¢t,z) the fundamental solution to the linear Cauchy
problem (1) with initial data uy = 0 and u; = &g, where dy is the Dirac distribution in 2 = 0 with respect
to the spatial variables. As a consequence, we may represent the solution to the Cauchy problem (24) in
the form

uhn(tvx) = Kl(t7x) *(z) ul(‘r)
We may introduce the operator
P:uc X(T)— Pu(t,z) := u™(t,z) + Nu(t,z),

where X (T') is an evolution space which we will define in a suitable way. Then, we define Nu as an integral
operator having the following representation

Nu(t,z) = /0 Ki(t —s,2) *(z) F(s,u(-, x)) ds. (28)

According to the Duhamel’s principle, we can consider a global (in time) solution to (1) as a fixed point
of the operator P. Hence, in order to get the global (in time) existence and uniqueness of the solution in
X(T), we need to prove the following two crucial estimates:

|Pullxry S lhaallzmoze + [uly ). (20)
1Pu = Pollxery S = vllxery (Il + ol ) (30)

uniformly with respect to 1. Thus, we show the desired property for the operator P providing that
|lui||Lmnre= = € is sufficiently small. As a consequence of the Banach fixed point theorem, the conditions
(29) and (30) guarantee the existence of a uniquely determined solution u to (1), that is, u = u*™ + Nu.
We gain the global (in time) existence of small data solutions. In the proof of our result, it will be useful
to apply the following straightforward estimates (see, for instance, [2]).

Proposition 2.2. Let « € R, 8> 1 and v € (0,1). Then,

. . 1+ ifa>1,
/ (l—s—t—s)_a/ (s—7) 7 +7)Pdrds < (1+1)Tlog(2+1t) ifa=1,
0 0 (14 t)t-o— if a < 1.
Proposition 2.3. Let « € R and 3, v € (0,1). Then,
. N (1+t) =P if > 1,
/ (1+t—s)7a/ (s—1) YA +7)Pdrds <A+ P log(2+1t) ifa=1,
0 0 (1 +t)2-o B if a < 1.

We are now ready to prove Theorem 1.1.
Proof. [Theorem 1.1] If n > o, we define
n

Q1 = y
n—o

- (-3)
—(1-=) =1
o q

that is, the solution to
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If n > 20, we also define

that is, the solution to

1
”(1—)—2.
o q

Moreover, we put g = oo if n = ¢ and ¢y = o if n = 20.
We now consider the solution space

X (1) =c'([0,7], L' nL*) nC([o, 7], H7),
equipped with the norm
lullx ) = llullxocr) + st {487 (lue(s, ) or + (L 5) (s, )z=) }

sel0

if n <o, or

lullxery = lullxor) + sup {1+ ) uels, )llze + (1 +5)7€(s) ™ fluels, )z}

s€lo,

if n=o0, or

lulxcr) = lullxary + sup {01 +8) e (s, )l + (14 8)7 () s, m + (s, ) o)}
se|0,

if n > o, where £(t) := log(2+t) and Xo(T') denotes the evolution space C([0,T], L' N L N H?) equipped
with the norm

[ull xo(r) = .71 {4972 (uls, Mz + L+ 8)7 [luls, Yz + (1 +8) = TH[(=A) Fuls,)l|z2) }

if n < 20, or

[ullxo(ry = o {482 fluls, Mo + L+ 9)74s) 7 (luls, )z + 1(=2)Fuls, )l|z2) }

se|0,

if n =20, or

se|0,

+(1+9)7 (lluls, Iz + [1(=A) Fuls,)z2) }

lullxo(r) = o {482 lluls, )l + (1 + )7 0(s) ™ Juls, ) Lo

if n > 20.

Applying Proposition 2.1, it follows immediately
™| x () S lualliaree (31)

and so we conclude v € X (T).
In the remaining part of the proof we will estimate Nu in the X (7T") norm. To do this, we first remark
that for any ¢ € [0, 7T it is possible to estimate by interpolation

le(t, )lpa S 0+ 820DV =08 ull oy, (32)

for any g € [1,00]. In particular, the decay becomes (1 +¢)~7 for any ¢ > ¢1, when n > o.
By using the derived (L'NL%)— L4 estimates stated in (26), applying the Minkowski’s integral inequality,
we get

t s
out. Mes 5 [ @t 972070 [ =) uatr ) Plosnse dr ds,
0 0
for ¢ = 1,00, and for ¢ = ¢1 if n > 0. By (32) we know that

n(,_ +_
e (7, Pl = lfue (7, e S (L4 7)E=FED) =200y ull% o) (33)
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moreover, for any ¢ > ¢ since gp > g1 we get

e (7s )P e = [ue(7, ML S (L4 7) 777U [l 7y

If, and only if, p > py.1(o,n), then from estimate (33) we may deduce that there exists an exponent

B,(n,o,p) > 1 such that
ug(m, )5 S (L +7)"P ””p)\luﬂxm'

In particular, for any ¢ > ¢; from estimate (34) we see that ||u;(7, )|/ ., also satisfies estimate (35). Thus,

for any ¢ =1, q1, oo we get

1

t s
10: Nu(t,)||ra < ||u||§((T) / (1+4+1t— s)*%(lfa) / (s = 7)Y (14 7)" 5 oP) 47 ds.
0 0
Therefore, for any p > p, 1(n) we can apply Proposition 2.2 to get the following desired estimates
18 Nu(t, ey S L+ fullf g
moreover, for n # o we get
_nyt_
10 Nu(t, Yo S (14075 |l
finally, for n > o we find
[0eNu(t, Lo S (1+8)"0H) |ull ()
In a similar way, we estimate ||Nu(t, )|z« for ¢ =1, 00, and qo if n > 20. We apply (26) to get

1

t S
|Nut, )| e < / (14t s-20-) / (s = 7) " ue(r, )Pl parga dr ds.
0 0

Thus, using estimate (35) we find

1 1

t s
INu(t, )||re S ||u||§((T) / (1+t— 3)177?(176) / (s—7)77"(1+ T)_BW("J”’) dr ds.

0 0
Again, for p > p,, 1(n), we can apply Proposition 2.2 to get the following desired estimates of || Nu/|ra:

INu(t, s S (0 + 62l g,
moreover, for n # 20 we get

_nyt+_
INu(t, o S (1B =l
furthermore, for any n > 20 we have
INut, Mz S (80 [l

Finally, we have
t S
AN U e S il [ 0 +t=97% [ a=n) 20 r) 0o dras,

which implies
a - +_
I(=2)E Nut, )|z S (14072700 |ull 7

where b = 0 for any n # 20 and b =1 if n = 20.
Collecting the above derived estimates and (31) we have proved

||Uhn||X(T) + ||NUHX(T) S ||U1||L1F]L°0 + ||U||g((T)a

which allows us to get the desired estimate (29).
In order to prove (30) we may rewrite it as

INu = Nollxry S llu = ol (e + ol ) -
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Then, we use (3) together with Holder’s inequality to get

lo(w) = 9@)lzrrze S llg(w) = g(@)liziare (lulhp, + IolEehL,)

and we proceed as in the proof of (29) to get the desired result.
The proof of the decay estimates in (18) follows by straightforward calculations. O

3. PROOF OF THEOREM 1.2

In order to prove Theorem 1.2, we shall modify the norm of X (7T) to take into account of the different
profile of the decay rate of the solution, due to the influence of the L™ regularity of the initial datum.

Proof. [Theorem 1.2] Now, for a given T' > 0, we fix

X(T)=cH([0, 7], L™ N L¥) ne([0,T], HY),
if m <2, and
X(T) =C*([0,T],L™ N L>),

if m > 2.

Assume first that n < . Then we set

ey = sup {(149) s M + (0 +9) 77 ol 197 G2 (-8) Bt e

s€lo,

if m <2 and
ullxoery = sup {(1+8) " uls,)lzm + (14 ) 755 [Juls, ) |[r=} ,
s€[0,T]

if m > 2. Then we define
lullx(ry = llullxory + sup {lue(s,)llm + (1+ 8) 7 [lue(s, )|z} -

s€lo,

If n > o, we modify the norm into

lullxiry = Nullxocr) + sup {fu(s, )l + (14 5)2 5T (o, Y gamo
sg|0,

+(1+ ) E 07 (08) s, o + uns, Hze) }

where ¢; = n/(n — o) is the solution to
1
(-0)-
g q

if n > o, and ¢ = o if n = o, as in the proof of Theorem 1.1. Moreover, if n > 20, we replace
(14 )75 % u(s, )|z~ in [[ullxo () Dy

1

(1) #0=3) (6s) ™ uls, oo + ffus, )<,
where gy = n/(n — 20) is the solution to
1
n <1 - ) — 2,
o q0

if n > 20, and gg = oo if n = 20, as in the proof of Theorem 1.1. We proceed similarly to modify (1 +

)3 G D (=A) Fu(s, Y2 in [ulxycry
Applying Proposition 2.1, it follows immediately that

lu™x(ry S lurllzmnze, (36)

and so we conclude u'"™ € X (T'). It remains to estimate Nu to prove (29)-(30).
If u e X(T), then for any p > p,,(0,n), we may estimate

_n(1 _ 1
et Yo < Jlull e (1+2) % (e ). (37)
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By using the derived (L' N L9) — L7 estimates stated in (26), applying the Minkowski’s integral inequality,
we get for ¢ € [1, 00

t S
18 Nu(t, )| 1o 5/ (1+t—s)_?(1_5)/ (s — ) ue(, )Pl are dr ds.
0 0

Thus, employing estimates (37), due to p > p,,(0,n), we get

t S
10: Nu(t,)||ra < ||u||§((T)/ (1+t75)_§(1—%)/ (577)*7(1+7—)3(17#)+772 dr ds.
0 0

Indeed, for p > pn,(o,n), we get
1 +7) s G mmtem)P < (14 1)~ 322D = (1 4 )2 (-%)+-2,

In particular,

duetoy>5=1-n(l—1/m)/o.
We shall now distinguish two cases. If n < o or ¢ < ¢, that is,

1
n (1 - ) <1,
o q
by applying Proposition 2.3, due to
1 1
2—”(1—) —7—(2—7—"(1—” _
o q o m o

_n(l1 _1
10:Nu(t, e S 1+ G5 fullf -

~

we obtain:
If n > o and q = q1, or, respectively, ¢ > ¢1, then, by applying Proposition 2.3, due to
1 1
e (D)) e (),
o m o m

< L+ 75075 0(8) lull o,

~

we obtain:
[0eNu(t, )| La
or, respectively,

~

10N u(t, 2o < (1+ 75075 Jull% o)
We proceed similarly to estimate | Nu(t,-)|| e, and [[(=A)2 Nu(t, )|z if m < 2.

We proved estimate (29). With the same approach used in the proof of Theorem 1.1 we get estimate
(30), and we conclude the proof. O

4. PROOF OF THEOREM 1.3

In order to prove our non-existence result, we employ the test functions method. In particular, to treat
the non-local differential operators (—A)? and (—A)?/? we apply the following fundamental lemma:

Lemma 4.1 ([14]). Let (z) := (1 + |[z|>)}/? and ¢ > n. Fized 0 ¢ N, we define mg = [0], the greatest
integer which is smaller than 6, and s = 0 —my. Then, there exists a positive constant A, 4.9 depending
only onn, q and 6 such that for any x € R"™,

(=2)°() ") ()| < ()2, (38)
Proof. If 0 = sy € (0, 1), then the proof follows by straightforward calculations as in Lemma 1.5 in [14].
In the case 0 = mg + sp with mg > 1 we use the representation

(=2) ()N (@) = (=) (=)™ () )(x),
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and we remark that ((—A)™ (Y~9)(z) can be wrilten as a linear combination of functions p;(x) := (x)~%,
with g; > n. Then, we apply the already known result to ((—A)%(-)~%)(x) to conclude the proof. O
Remark 4.1. If 6 € N then the following estimate holds:

|(=2)% ()71 S ()77,
for any ¢ > n.

4.1. The general case 0 > 0 and p < p,y(o,n), m > 1. For any o € (0,1) and for a fixed T' > 0 we
denote by J, 0‘ P et AT the fractional integral operators defined by

T 0= s [ =)0 sy

T
Jarf(t) = ﬁ / (r— 1)~ f(r) dr

and the following fractional differential operators:

DGy, = 0Jy; ", Dy = 0iJ 2%
The following properties are satisfied:
T
| @5 - / SO i) Ot (39)
0|tJ0|tf( )= f(t) (40)
Let us introduce the function w := w(t) € C.([0,00)) defined by
1-t/T ift e [0,T
0 iftt>T.

Then, it holds suppw = [0,7] and w(t)? € C¥([0,00)) for any 8 > k > 0. Moreover, the following useful
lemma holds.

Lemma 4.2. For any > 0 it holds

= B _ T B+1
/t w(r)Pdr = ﬁ—l—lw(t) +1 (42)
Furthermore, for any a € (0,1) and 8 > « it holds
Dirw(t)’ = Cla, B)T~*w(t)’~, (43)
where
Cla ) = —— 0+

(B+2-a)l(8—a)

Proof. The identity (42) can be easily obtained by applying the definition of w stated in (41). For the
proof of (43) see for instance Lemma 4.1 in [3]. O
We set a := 1 — = and we fix 8 such that

B> (a+1)p, (44)
where p’ = p/(p — 1) is the Holder conjugate of p. Let ¥ = ¥(z) € C°°(R™) be defined by
U(z) = (x)~9, for some ¢ > n, (45)

where () = (1+ |z|2)2. Then, for any R > 0 we define Wg(x) = ¥(z/R) and
@t 7) = w(t) Wr(2).
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Finally we introduce the functions

P(t.2) 1= Dyr@n(ta). §lta) = [ p(raldr
t

defined for any ¢ > 0 and = € R™. It is clear that we have 0;¢p = —¢; moreover, by Lemma 4.2 we can
conclude that supp ¢, supp ¢ C [0,7] x R™; explicitely:
o(t,x) = Cla, BT “w(t)’ U p(x); (46)
~ C(a, B) 1— -
tyr) = —— T %(t) =W p(z). 47
Plt.a) = 5 LT (1) Wao) (47)

Let us suppose by contradiction that there exists u a global (in time) weak solution to (1). Then, for
any R > 0 we can define the integral term

T
Ig = F(a)/ / Joje(Jue|”)p dx dt.
0o Jrn

By properties (39) and (40) we find on one hand the identity

T
In=T(a) / / g [P g e . (48)
0 n

On the other hand, since u is a weak solution to the Cauchy problem (1), we get

IRJr/nul(x)go(O,:c) dm—/OT/n ey dxdt+/0T/nut(y(A)gcp+(A)"g&)dtdm. (49)

By using Young inequality we can estimate

ue||ps| dx dt < e u|P® R drdt + C. t’)q) P 1danclt
\ [0 e

By (46), since w ( = fl/T for any t € (0 T), we find

pi(t,x) = =Cla, B)(B — )T~ w(t)’ "W g().
Thus, there exists C' > 0 such that

T , a1 , T ,
/ / lpe|” @7 d:cdt=CT*(°‘“>P/ / w(t)P= TP (1 /R) da dt
0 R™ 0 n
< T—(a+1)p'+1Rn;

in the last estimate we used that the exponent 8 — (a + 1)p’ is positive and the function ¥ = ¥(z) is
integrable on R™. In order to treat the remaining integral terms we use Lemma 4.1; in particular, since
q > n, there exists § > 0 such that

(=A)7WR(@) S (2)7" 7% |(=A)7PUr(@)] S (@)%
moreover, we recall that the following scaling identity holds for any 6 > 0:
(—A)"¥g(z) = R™*((—=A)"¥)(2/R). (50)
Thus, applying again Young inequality we find

//|ut|| cp|dtd:c<e/ / |ut|p<I>Rd:Edt+C’//

By (38), (46) and (50) with 6 = /2 we find

// Az @pldxdt<T"pR"p// ()P~ (z/R)~"0 du dt

ap’+1 pn—op’.
ST™ePTIRMTOP

w\q

" @, dadt.
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in the last estimate we used that the exponent 8 — ap’ is positive due to assumption (44) and the function
(x)™"77 is integrable In a similar way we estimate the last integral term:

U dtdr <e w PO dx dt + C, v <I> P 1d:L'dt
7P 7P

By (38), ( 47 and (50) with 0 = o we get

/ / AV © 7T dedt < TP R 2“?/ / £) == 0P (3 / R) "2 it

g T(l a)p +1Rn 20p’ . (51)

Collecting the previous estimates we obtain that there exists C' > 0 such that

(1—3e)Ig + / uy (2)(0,2) du < CT =P RM(T~* + R=F 4 TP R=27%"), (52)

n

Being ¢ > 0, since w7 is non-negative, we find

/ up(x2)p(0,2)dx > 0.
Thus, fixing € € (0,1/3), by (52), we get
Ip STV RN (TP 4+ RV 4 TV R=27%), (53)
Therefore, if p < py(o,n) it is sufficient to set R = T7 to get
In < T1+n/07(a+1)p'.

In fact, it holds 1 4+ n/o — (o + 1)p’ < 0 if, and only if, p < py(o,n), or n < ac. In this case, by Beppo
Levi’s theorem on monotone convergence, since @11, 1 as T — 0o, we derive

lim [ 1 :/ / |ug|P dx dt = 0;
T—oo 1o 0 n

hence, u; = 0. As a consequence, u(t,z) = u(0,z) = 0, for any z € R™. In order to complete the proof of
Theorem 1.3 it remains to treat the critical case p = p,(o,n) in the case 0/2 € N.

4.2. The critical exponent p,(o,n) in the case o/2 € N. In the critical case p := p,(o,n), we set
R=T=+K = for some fixed K > 1. Then, from estimate (52) we get the existence of C' > 0 such that

T
(1=3¢) / / |we|PD (g0 drdt < CK ™7 (1+ K7 + K);
0 R™

thus, taking T'— oo we find
/ / |ug|P da dt < C(K), (54)
0 n
for some C(K) > 0, i.e. uy € LP.

In order to prove our result in the critical case p = p,(o,n) when o/2 € N, it is sufficient to use a
classical test function; we will use the same notations as in Section 4.1. Let ¥ € C°(R™) be a radial test
function such that

e supp ¥ = By;
o U(z) =1, for any z € By s;
e U is decreasing.
Then, for any integer 6 € N, it holds (—A)?Wg(x) = 0 for any |z| < R/2.
Applying the same ideas used in Section 4.1 we can estimate

T T T
a)/o /Rn Joir(Jue|P)p da dt < —/O / ut@tdxdt+/0 / w((=A) 5o+ (=AY @) dtdr. (55
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Then, taking R = T/ K~/ we find

T T
/ / lutHstxdtSG/ / lu|P® R d dt + C. K~ 7.
0 n 0 n
T 3 T D n =/
/ / uell(=A)= ¢l dt do < 6/ / |ug|P®R dw dt + C. K~ =17
0 n 0 R

In the critical case we can improve the estimate for the last integral term: we have

T T
/ / el (—A)° 3| de dt = / / || (—A)° 3| dr
0 n 0 Jiz|>(T/K)'/e
/ / (—A) @7 @ 7" dr dt
2| >(T/ K)o

T
X / / |us|P® g d dt
0 lz|>(T/K)t/°
In analogous way as in (51) we get

/ / <p|p r 7 dedt < K5+

and so by (55), taking account of (48), we obtain

and

Bil=

(1— 26)/ / lug|POR dxdt < CK— 5 (1+ K?)
O n

T
+CK 7712 // lu PO R dadt |
0 Jz|>T/K)1/e

for some constants C, C' > 0. Since u; € L? by (54), for any fixed K > 0 it holds,
T
lim / / |ug|P® R dav dt = 0;
T=eedo Jjal>(1/K)1/

/ / lug|P dodt < CK~%(1+ K").
0 n

The right hand side is arbitrarily small since it holds
g n +o < n
(a+1)o "o’
for any v > (n — o)/n. Thus, we conclude u; = 0, and so for any ¢ > 0 we have u(¢,z) = u(0,x) = 0. This
concludes the proof of Theorem 1.3.

il

thus, we finally get

4.3. The case u; € L™, m > 1. By our assumption on %1 in Theorem 1.4, we have

ui(z) 2 ||~ (log(|z[) ™
thus, we find

/nu1($)<$/R>_qdl‘Z/lm<R 1(x)(x/R)y~9dx > 27 /

_ 7’( —1) _
> / 2|~ (log(|z))~ / (log(r)) ™ dr
|z|<R
> (log(R))~
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where we used
(@/R)~" = (1+ |22/R?) "% > 27% for any |2| < R.
Recalling that
©(0,2) = C(a, B)T*(x/R)™7,
the nonnegativity of uy, together with estimates (52) and (56) implies:
n(m=1)

Cla, )T (log(R)) ' B < C(a, B)T—° / v (@) () R) 1 dz

n

- / ur (2)p(0, ) dz < TP RY(T7 4 R™7 4+ 7% R=27"),

Setting again R = T+ we get

n(m—1)

(10g(R))*1T7a+ pey S 1’!17(0[4,1)17/+%7

which leads to a contradiction for T'— oo if p < Py, (0, n). This completes the proof of Theorem 1.4.

5. CONCLUDING REMARKS

The assumption u(0,z) = 0 in (1) may be easily replaced in Theorems 1.1 and 1.2 by the smallness
of the initial data ug(x) = u(0,2) in an appropriate space. For instance, we may supplement (16) in the
statement of Theorem 1.1 with

ug € W2 QW2 with [Jugl|yp2e1npess < €, (57)

with & positive integer such that o < 2x. Here W?2%1 and W?2%> are the Sobolev spaces of order 2x. By
the equivalence of the norm in Sobolev spaces and in Bessel potential spaces of positive even order, the
smallness assumption in (57) implies, in particular, that

ug, (=A)%ug € L'NL®, luollprnz= + [I(=2)Fugll 1~ < e
This is sufficient to replace (31) in the proof of Theorem 1.1, by

HUHHHX(T) < Juollwesiqwes 4 [|ut|lLinzes, (58)
where now
u'™ = Ko (t, x) *(a) Uo(T) + K1 (t,7) *(p) ur(w), with Ko = 0; K1 + p (A2 K.
Similarly, we may supplement (19) in the statement of Theorem 1.2 with
ug € W™ A W25 with |lugl|yesmamere < € (59)

On the other hand, the assumption u(0,z) = 0 plays a different role in the proof of Theorems 1.3 and 1.4.
In particular, if we assume that u(0,z) = ug(x), for some ug € L, positive, in Theorem 1.4, then (49)
becomes

T
IR+/n uy(x)p(0, ) dxf/n uo(2)(—A)?3(0, ) d :/0 /n wy(—pp+p(—A)E o+ (=AY 3) dt da. (60)
Due to the fact that
[ ol -2y 6(0.0) do (1)

is uniformly bounded with respect to T', the presence of the first initial datum uy does not invalidate the
argument in the proof of Theorem 1.4.

However, by following the proof of Theorem 1.4 one may only deduce that u(t, z) = ug(x) if p < P (0, n).
Then we shall exclude weak solutions which are constant in time, to keep the statement of Theorem 1.4
true.

Removing the initial datum assumption ug = 0 in Theorem 1.3 is even more problematic since the
information that (61) is uniformly bounded with respect to T" is no longer sufficient to conclude the proof
of Theorem 1.3.
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We mention that another open problem is if the nonexistence of global in time weak solutions for p €
(1,471) is true when n > o and 7 € (0, (n—0)/n). In the analogous case of the Cauchy problem where the
nonlinear memory term is G(t, ), this can be proved setting R = logT (see [3] for the proof when o =1,
i.e. for (13); the proof can be easily generalized to general powers o). With this choice the inequality

I STV RY(T=2 4 T~V R=V 4 R=207"),
leads to Iiog — 0 as T" — oo, provided that ap’ > 1. Namely, the intent is to take a very small growth

of R with respect to T so that the nonexistence result follows from the scaling of the term wy; alone.
However, this approach does not seem to work for model (1). Indeed, writing (53) as

Ip ST~V Ry L 7=/ Rmov’ 4 g=2ov'),

we see that for a given increasing function R = R(T'), we may determine that Irry — 0 as T' — oo if, and
only if

lim 7@~ VP R(T)Y (T2 + R(T)"27?") = 0.

T—o0

Both 1 — (a—1)p’ = 1+~p’ and n are positive powers, so that the previous strategy, in which we privilege
one variable, does not work.

This approach also does not work if one consider the L™ theory, trying to generalize the proof of
Theorem 1.4. On the other hand, we notice that in Theorem 1.4, the restriction m < n?/(n? — o2) does
not appear. As a consequence, the range for nonexistence of global in time weak solutions under the
assumption (23) also covers some values of v < (n — o)/o. More precisely,

(2—=")om n+2om — \/n? + (20m)?

— 0<y<
n 20m

> Pm(o,n) =14
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