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FRACTIONAL DOUBLE-PHASE PATTERNS: CONCENTRATION AND
MULTIPLICITY OF SOLUTIONS

VINCENZO AMBROSIO AND VICENTIU D. RADULESCU

RESUME. We consider the following class of fractional problems with unbalanced growth :
(=A)5u+ (=A)ju+ V(e a)([ul~2u + [ul"2u) = f(u) in RV,
uw e WSPRMNWSIRY), uw>0 in RY,
where € > 0 is a small parameter, s € (0,1), 2 < p < q < g, (=A); (with t € {p,q}) is the
fractional ¢-Laplacian operator, V : RY — R is a continuous potential satisfying local conditions,
and f : R — R is a continuous nonlinearity with subcritical growth. Applying suitable variational
and topological arguments, we obtain multiple positive solutions for € > 0 sufficiently small as well
as related concentration properties, in relationship with the set where the potential V' attains its
minimum.

1. INTRODUCTION AND THE MAIN RESULT

1.1. Double-phase problems : an overview. The present paper was motivated by recent funda-
mental progress in the mathematical analysis of various nonlinear patterns with unbalanced growth.
To the best of our knowledge, the first studies in this field are due to Ball [15,16] who was interested
in models arising in nonlinear elasticity and their qualitative properties (cavitations, discontinuous
equilibrium solutions, etc.).

We start by recalling some basic facts concerning double-phase problems. Let Q2 ¢ RY (N > 2)
be a bounded domain with smooth boundary. Let u : © — R denote the displacement and assume
that Du is the N x N matrix associated to the deformation gradient. It follows that the total energy
is described by an integral of the type

I(u):/ﬂf(x,Du(:c))d:c, (1.1)

where the potential f = f(x,£) : Q@ x RV*N 5 R is quasiconvex with respect to the second variable.
Ball [15,16] was interested in potentials given by

f(&) = g(&) + h(det ),

where det £ denotes the determinant of the N x N matrix £. It is assumed that g and h are nonnegative
convex functions satisfying the growth hypotheses

> p i =
g€ Z aleP and  lim h(t) = +oo,

where ¢; > 0 and 1 < p < N. We point out that the assumption p < N was necessary in order
to study the existence of cavities for equilibrium solutions, that is, minima of the energy functional
(1.1) which are discontinuous at one point where a cavity appears. In fact, every function u with
finite energy belongs to the function space W1P(Q, RY), hence it is continuous if p > N.

Key words and phrases. Fractional p&q Laplacian problem; double phase energy; penalization technique; Nehari
manifold; Ljusternik-Schnirelmann theory.
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2 V. AMBROSIO AND V. RADULESCU

Accordingly, Marcellini |53, 54| considered functions f = f(z,&) with different growth near the
origin and at infinity (unbalanced growth), which satisfy the hypothesis

e |6 < |f(2, &) < e (14 [¢]7) for all (z,8) € Q xR,

where c1, co are positive constants and 1 < p < ¢q. Regularity and existence of solutions of elliptic
equations with (p, g)—growth conditions were studied in [54].

The analysis of non-autonomous energy functionals with energy density changing its ellipticity and
growth properties according to the point was developed in several remarkable papers by Mingione et
al. [17-19,21,29,30]. These contributions are related to the works of Zhikov [73,74], and they describe
the nature of certain phenomena arising in nonlinear elasticity. For instance, Zhikov was interested
in providing models for strongly anisotropic materials in the framework of homogenization. The
associated functionals also demonstrated their importance in the study of duality theory as well as in
the context of the Lavrentiev phenomenon [74]. In relationship with these research directions, Zhikov
introduced three different model functionals, mainly in the context of the Lavrentiev phenomenon.
These models are the following :

M(u) ::/C(:U)]Du|2d:r, 0<1/e() € IHQ), t>1

Q
V(u) = /Q |DulP®dz, 1< p(z)< oo (1.2)
Poolu) = /Q(]Du\p a(@)|Dulfdz, 0<a(z)<L, 1<p<aq.

The functional M is characterized by a loss of ellipticity on the subset of {2 where the poten-
tial ¢ vanishes. This functional has been studied in relationship with nonlinear equations involving
Muckenhoupt weights. The functional V is still the object of great interest nowadays and several
relevant papers have been developed about it. We refer to Acerbi and Mingione [1] in the context of
gradient estimates and contributions to the qualitative analysis of minimizers of nonstandard energy
functionals with variable coefficients. The energy functional defined by V has been used to build
consistent models for strongly anisotropic materials : in a material made of different components,
the exponent p(z) dictates the geometry of a composite that changes its hardening exponent accor-
ding to the point. The functional P, , defined in (1.2) appears as un upgraded version of V. Again,
in this case, the modulating potential a(x) controls the geometry of the composite made by two
differential materials, with corresponding hardening exponents p and q.

Following Marcellini’s terminology, the functionals defined in (1.2) belong to the realm of energy
functionals with nonstandard growth conditions of (p,q)-type. These are functionals of the type
defined in relation (1.1), where the energy density satisfies

S < flz,§) <[§lP+1, 1<p<gq

An alternative relevant example of a functional having (p, ¢)—growth is given by
u / |DulP log(1 + |Dul|) dx, for p>1,
Q

which can be seen as a logarithmic perturbation of the classical p-Dirichlet energy.

The main feature of our paper is the study of a class of fractional unbalanced double-phase pro-
blems. Such patterns are strictly connected with the analysis of nonlinear problems and stationary
waves for models arising in mathematical physics (composite materials, stability of nonlinear dam-
ped Kirchhoff systems, fractional quantum mechanics in the study of particles on stochastic fields,
fractional superdiffusion, fractional white-noise limit, etc.); see, e.g., [64,65]. For various types of
double-phase problems, we refer to the recent papers [14,32,55,56, 62,63, 72].
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1.2. Statement of the problem and further comments. In this paper we deal with the exis-
tence, multiplicity and concentration behavior of positive solutions for the following class of fractional
p&g-Laplacian problems :

{ (=A)pu+ (=A)qu+ V(ex)(JulP">u+ [ul!"%u) = f(u) in RY,

u € WSP(RM)NWSYRYN), u>0 in RY, (13)

Wheree>Oisasmallparameter,SE(0,1),2§p<q<E,V:RNHRandf:R%]Rare

S
continuous functions. The operator (—A)f, with ¢ € {p,q}, is the so called fractional ¢-Laplacian

operator which, up to normalization factors, may be defined for every function u € C°*(RY) as

=0 JRN\B, () |z — y| Vst

Problems of this type appear in the case of two different materials that involve power hardening
exponents p and ¢. In this case, the fractional operator (—A); (with ¢ € {p,q}) described the
geometry of a composite of two materials.

We point out that in these last years, a considerable attention has been devoted to the study
of nonlocal problems driven by fractional operators, both for their interesting theoretical structure
and in view of concrete applications, such as, for instance, thin obstacle problem, finance, phase
transitions, optimization, anomalous diffusion, conservation laws, image processing, and many others.
For more details, we refer the interested reader to [37,58| for an elementary introduction on this
subject.

In the local case s = 1, (1.3) becomes a p&g-Laplacian equation of the form :

—Apu — Agu + |ulP2u + |ulf?u = f(r,u) in RY.
The above class of problems comes from a general reaction-diffusion system :
ug = div(D(u)Vu) 4 ¢(x,u) and D(u) = |Vu|P~2 4+ |[Vu|T2,

which has a wide spectrum of applications in physics and related sciences such as biophysics, plasma
physics, solid state physics, and chemical reaction design. In such applications, u represents a concen-
tration, div(D(u)Vu) is the diffusion with diffusion coefficient D(u), and the reaction term c(z,u)
relates to source and loss processes. Usually, in chemical and biological applications, the reaction
term c(z,u) is a polynomial of u with variable coefficients ; see [27].

Several results for p&g¢-Laplacian problems set in bounded domains and in the whole of RV can
be found in [?,2,20,24,41,42,45,47,52,60] and the references therein.

On the other hand, in the nonlocal framework, only few recent works deal with fractional p&gq-
Laplacian problems. For instance, in [26] the authors studied existence, nonexistence and multiplicity
for a nonlocal p&g-subcritical problem. The first author [11] proved an existence result for a critical
fractional p&g-problem via mountain pass theorem. The existence of infinitely many nontrivial
solutions for a class of fractional p&g-equations involving concave-critical nonlinearities in bounded
domains has been investigated in [23|. In [33] the authors establish a Holder regularity result for
nonlocal double phase equations. We also mention [3,13,46]| for other interesting results.

We stress that, when p = ¢ = 2, equation (1.3) boils down a fractional Schrodinger equation
(see [51]) of the type

2 (=AYu+V(z)u= f(z,u) inRY, (1.4)
which has been extensively considered by several authors; see [40,44,57,67]. In particular way, a
great attention has been devoted to the study of solutions of (1.4) which concentrate around critical
points of the potential V as ¢ — 0; see [6,9,10,31,39].

When p =g # 2 and € = 1 in (1.3), then we obtain a class of fractional p-Laplacian equations :

(—A)pu+ V(:c)|u]p*2u = f(z,u) in RN,
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for which several existence and multiplicity results have been obtained in this last decade; see for
instance [8,12,34,61,65,71] and the references therein, and |36, 48] for some interesting regularity
results. From of the mathematical point of view, the fractional p-Laplacian has a great attractive
since two phenomena are present in it : the nonlinearity of the operator and its nonlocal character.
Indeed, some standard tools used to investigate the linear case p = 2 seem not to be trivially
adaptable in the case p # 2 due to the lack of Hilbertian structure of W*P(RN) for p # 2.

1.3. Multiplicity and concentration of solutions. Particularly motivated by [6,9], in this paper

we are interested in the multiplicity and concentration behavior of positive solutions to (1.3).
Next, we introduce the assumptions on the potential V and the nonlinearity f. Along the paper,

we assume that V' € CO(RY,R) satisfies the following del Pino-Felmer type conditions [35] :

(V1) there exists V > 0 such that Vp := inf cgnv V (2),

(V3) there exists an open bounded set A C RY such that

%<r3}\nv and M:={zeA:V(z)=V} #0,

while f € CY(R,R) fulfills the following hypotheses :
£ ()]

li =0;
() ot = 0

Ng

t
(f2) there exists v € (q, ) such that lim S0 Nosq’

[tl=o0 [¢[* 1
t

(f3) there exists ¥ € (g, q}) such that 0 < 9F(t) := 19/ f(r)dr <tf(t) for all t > 0;
0

f(t)

(f1) the map t — e}

Due to the fact that we look for positive solutions to (1.3), we assume that f(¢) = 0 for ¢ < 0.
To be more precise, in [35] the authors assumed (V7), and

= 0, where ¢} :=

is increasing for ¢ > 0.

infV<minV (1.5)
A oA

instead of (V2), and they showed that the following nonlinear Schrédinger equation
— 2 Au+V(x)u = f(u) in RY, (1.6)

admits a single-peak solution which concentrates around the minimum points of V' in A. Their result

can be seen as the localized version of the result of Rabinowitz [66] and Wang [69], who proved the

existence of positive solutions to (1.6) for small ¢ > 0, by assuming the following global condition
liminf V(z) > V. (1.7)
|z| =00

The relevance of (1.5) is that no restriction on the global behavior of V' is required other that (V1),

and, in particular, V is not required to be bounded or to belong to a Kato class.

Later, Cingolani and Lazzo [28], assuming (1.7), proved that the multiplicity of solutions to (1.6)

is related to topology richness of the set K := {x € RY : V(z) = V4}. Subsequently, motivated

by [28,35], in [4] the authors assumed (V;)-(V2) and obtained multiple positive solutions for a

quasilinear p-Laplacian problem.

In this paper, in order to get a multiplicity result for (1.3), we assume (V})-(V2) as in [4]. Since

we aim to relate the number of solutions of (1.3) with the topology of the set M of minima of the

potential, it is worth recalling that if Y is a given closed set of a topological space X, we denote

by catx(Y') the Ljusternik-Schnirelmann category of Y in X, that is the least number of closed and

contractible sets in X which cover Y ; see [70] for more details.

Therefore, our main theorem can be stated as follows :
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Theorem 1.1. Assume that (V1)-(Va) and (f1)-(f1) hold true. Then, for any § > 0 such that
Ms := {z ¢ RN : dist(x, M) < 6} C A,

there exists €5 > 0 such that, for any € € (0,e5), problem (1.3) has at least catp; (M) positive
solutions. Moreover, if u. denotes one of these solutions and x. € RN is a global mazimum point of
Ue, then

lim V(exe) = W.

e—0

The proof of Theorem 1.1 is obtained by applying suitable variational and topological arguments.
Since no informations on the behavior of V' at infinity are available, we adapt the penalization
method in [35], which consists in making a suitable modification on f, solving an auxiliary problem
and then check that, for € > 0 small enough, the solutions of the new problem are indeed solutions
of the original one. To obtain multiple solutions of the modified problem, we make use of some
well-known topological techniques proposed in [22]|, by means of accurate comparisons between the
category of some sublevel sets of the modified functional and the category of the set M. Anyway, due
to the fact that the nonlinearity is only continuous, one can not apply standard C'-Nehari manifold
arguments due to the lack of differentiability of the associated Nehari manifold. This difficulty will
be overcome by using some abstract critical point results obtained in [68]. Compared with the local
case s = 1, we point out that our result improves Theorem 1.1 in [2] in which the authors investigated
the multiplicity of positive solutions for a very general class of quasilinear problems with potentials
satisfying (V1)-(Va) and involving Cl-subcritical nonlinearities. Indeed, we can not repeat the same
arguments developed in [2] but we take inspiration by some ideas developed in [43,68] (see also [9,12]).
However, due to the combination of two nonhomogeneous fractional involved operators, our analysis
is rather delicate and more fine estimates will be needed to achieve our result. Moreover, in order
to show that the solutions of the modified problem are also solutions to (1.3), we can not adapt
in our setting the arguments in [2,5,45], due to the nonlocal character of fractional p&g¢-Laplacian
operators, and also fails the strategy used in [6] to study (1.4) based on some useful estimates coming
from the good properties of the Bessel kernel established in [40].

In our situation, we develop a suitable Moser iteration scheme [59] to deduce L*>-estimates and we
establish a Holder regularity result which extends in the fractional p&gq-case the interior regularity
result proved in [48] (see also [36]) for the fractional p-Laplacian. Indeed, the restriction p > 2
is related to the use of this regularity result because all variational and topological arguments
used to obtain the existence and multiplicity of solutions for the modified problem hold for all
l<p<g< % As far as we know, the multiplicity of concentrating solutions to the fractional p&q-
Laplacian problem obtained in this paper has not been established in the literature. Moreover, we
suspect that our results can be extended to a more general class of anisotropic non-local problems.
They should be the local analog of those that in the local case are given by functionals of the type

w /Q o1(|Dwl) + ga(|Dw]) d,

where the conditions satisfied by ¢;(t) are typically given by

/
| <i< B0 o (1.8)
@i(t)
In the present case it is
p1(t) =17 @o(t) =t

The corresponding nonlocal version can be found emulating the nonlinear operators considered
in [50]. In this situation, conditions (f1)-(f1) on the nonlinearity f have to be modified in terms of
the numbers ¢ and s appearing in (1.8); see for instance [2|. Further classes of anisotropic operators
that can be considered are described in [21].
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The structure of the paper is the following. In Section 2, we introduce some notations and we prove
some regularity results for (—A); + (=A)7. Next, we consider the modified problem and we prove
a first existence result for it. In Section 3 we study the limiting problem associated with (1.3) and
we introduce some tools needed to obtain a multiplicity result for the auxiliary problem. The last

section is devoted to the proof of Theorem 1.1.

2. PRELIMINARIES

2.1. Notations and useful results. Let s € (0,1) and 1 < p < co. Let us indicate by W*P(RY)
the set of functions u € LP(RY) such that

Ol
drdy <
to= [fo e ot <

[ullwsp@ay = (Julp + [uls,)7

endowed with the norm

D=

For u,v € W*P(RY), we put

ihap = [ LU0 0)0) =0
sp - - .

|z — y|NEep

When N > sp, we also know that, for any ¢ € [p, p%], there exists C' > 0 such that
lult < Cllullwsp@yy Yu € WeP(RN), (2.1)
and that the embedding W*?(RY) C L!(K) is compact for all ¢ € [1, p}] and any compact K C R¥.
In order to deal with fractional p&gq-Laplacian problems, we consider the space
W= WP(RY) n w4(RY)
endowed with the norm
[ullw = llullwsr@y) + [[ullwsa@y)-

Since W*"(RM), with 1 < r < oo, is a separable reflexive Banach space, we deduce that W is a
separable reflexive Banach space.
In what follows, we establish some useful regularity results for fractional p&g-Laplace problems.
To do this we follow the approach in [48] used to study the regularity for the fractional p-Laplacian.
From now on, we will assume that 2 <p < g < % We define

W(Q) = fu € LYQ) : Jullwes(o) < 50},

()P / t
ul| s, dxdy + ul’ dx,
el @ //Qxﬂ |33—y|N+s” Q| |

Wet(Q) == {u € WH'(Q) 1 u=0in Q).
If Q ¢ RY is bounded we set

where

and

st RV - . Ju(z)|"!
w (Q) u € Lloc( ) :3dU 2 Q: HUHWs,t(Q) + N de < o0,

and if 2 is unbounded, we set

Wliﬁ( ) == {u e L (RY) : u € W5 () for any bounded €' C Q}.
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Let v : RY — R be any measurable function. We recall that the non-local tail centered at z € RY
with radius R > 0 is defined (see [36]) as :

1
t—1 -1
Taily(u; z; R) := R‘St/ Mdy .
£( ) ( B (2) |z — y[ Nt

When xg = 0, we write Taily(u; R) := Taily(u; 0; R).

Along this section, in order to give advantages in readability, we use the following notation : for
all a € R and t > 0, we set a’ := |a|*"La.

Now we give the following definitions :

Definition 2.1. Let  be bounded, u € WSP(Q) N W*4(Q) and f € (WP () N W9 (Q))*. We say
that u is a weak solution of (—A)Su + (—A)Su =finQ zf, for all p € W3P(Q) N W(9Q),

u(y))P~ (p(x) — u(y)? () — o(y)) _
//R2N \x — y|N+sp d dy + //RQN \x — y|N+sa drzdy = (f,p)

If Q is unbounded, we say that u € WSP(Q) N WEI(Q) solves (—A)yu+ (=A)su = f in Q if it does
50 1n any bounded open set ' C Q.

The inequality (—A)ju+ (—A)su < f weakly in f will mean that

u(y))?(p(x) - u(y)? (e(z) — ¢(y))
//R2N |aj— |N+sp d dy +//R2N |$— |N+sa dzdy < (f,p)

for all p € WP (Q)NW (), ¢ > 0, and similarly for (—=A)su+(—A)su > f. Moreover, given K > 0
and €2 bounded, we say that [(—=A)ju+ (=A)jul > K weakly in Q, if —-K < (=A)ju+(-A)ju < K
weakly in Q. Arguing as in the proof of Lemma 2.3 in [48|, we can prove that the above definitions
make sense.

The next result can be obtained following the same lines of the proof of Lemma 2.8 in [48].

Lemma 2.1. Suppose u € ﬁ//i)’f(ﬁ) N /WZSO’E(Q) solves (—A)ju+ (=A)Ju = f weakly in Q, for some
feL.(Q). Letv e L, .(Q) be such that

| 0 o)
dist(supp(v), Q) > 0, ; W dx < oo Vte {p,q},

and define for a.e. Lebesque point x € Q of u

hi(z) = 2/ " (u(z) —u(y) — oY)t — (u(x) —uly)) =1 "

|IL’ _ y|N+St

vt € {p,q}-
Then, u+ v € Wﬁ)’f(ﬁ) N /WZ‘Z’E(Q) and it solves (—A),(u+v) + (=A)g(u+v) = f + hp + hy weakly
in €.

We also have the following comparison principle whose proof is similar to the one in Proposition
2.10 in [48].

Lemma 2.2. Let Q be bounded, u,v € WP(Q) N WSU(Q) such that u < v in Q° and, for all
e WiP(Q)N Wg’q(Q) ©>01inQ,

//Rw |x)jp‘115f§f) d:ndy + //]R2N |x)zq‘1]\([f£q$) — %)) dudy
()P He(x) - )" ((2) — ()
//RQN |x_y|N+sp dxdy+//RQN |a:—y|N+S‘I dxdy.

Then u < v in €.
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Next we prove a weak Harnack-type inequality for non-negative supersolutions.

Theorem 2.1. There exists universal o € (0,1), C > 0 with the following property : if v €
WeP(Br3) N W*4(Bg/3) satisfies weakly

u>0 mn RY

for some K > 0, then

1

-1
inf u>o ][ P~ dx —C’(KRS‘I)Q%I.
Brya Br\Bg/2

Démonstration. The proof follows the same lines of the proof of Theorem 5.2 in [48]. Note that by
Lemma 2.1 and the following elementary inequality

a' — (a—b)' > 217 VaeRb>0,t>1,
we have weakly in Bpg/3

(—A)sw + (=A)jw = (=A)s(oLer) + (=A); (0 Lor) + hy + hy
O (oL)P~1 N Ci(ocL)i™! Gt CyLit

= R Rsa RoP Rsa
CyLP~1  CyL97!
< _
- 2Rsp 2Rs4
-1 -1
< G e
= 2Rw Rst’

provided that
1 1
. Cy \r 1 [ O3\t
1, — — .
J<mln{ ,<201> ’<201> }

_1
Here, L = (JCBR\BR/2 uP~1 da:) "' and w = oLppg + XBp\Bp, U where g is as in Theorem 5.2
in [48]. Finally, one uses Lemma 2.2 instead of Proposition 2.10 in [48] to study the case L >
1

C(KR7)aT. 0

As in [48], we extend Theorem 2.1 to supersolutions which are only non-negative in a ball. To do
this, we introduce a tail term (see [36]).

Lemma 2.3. There exist o € (0,1), C >0, and for all ¢ > 0 a constant C. > 0 with the following
property : if u € WHP(Bg3) N W*4(Bpg/3) N L=(RY) satisfies weakly

u>0 in Bg,

for some K > 0, then there exists M > 0 such that

1

o (a=p)s
inf u>o ][ uP~ ! dx - C’(KRSq)q%l — C.Taily(u_; R) —esupu — R = M(e+Cy).
Br/a Br\Bg/2 Br
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Démonstration. The proof follows the same lines of the proof of Lemma 5.3 in [48|. For this reason,
we only point out the differences. Applying Lemma 2.1 to functions u and v = u_ so that u+v = uy

and © = B3, we have weakly in Bg/3
(—A)put + (=A)qus = (—A)ju + (=A)gu + hy + hy
_ _ p—1 __ _ p—1
- K+ 2/ (u(x) = uly) —u_(y)) (u(z) —u(y)*

R/3 |z — y|N+sp y
" /%,/3 e u|x(y_)Z|;V1+5q(u(x) —u(y)’! "
p—1 _ B p1

> —K+2/{u<0} (u()) R —(ZTJQSPU(W ay

+2 /{ > <u<x>>q—1|x— _<z;<|£>+ )™,
R I

-1 _ _ -1
+C Y (u(z)) |y(|1fv(fs)q u@)™

where in the last inequality we used that |z —y| > |y| — |z > 2|y| for all 2 € Br/3 and y € {u <
0} C B%. Now, using
(a+b)t —a' < Ba + Cob* Va,b>0,t>1,Cy — 00 as § — 0,

we can see that for all § > 0 there exists Cyp > 0 such that weakly in Br/3

_ dy Cg . _
(—A);qu + (—A)2u+ > —K - H(Sl;lp u)? ! /C | |N+sp - ﬁTaﬂp(Uf;R)p !
R B 1Y

_ dy Co o . _
— O(supu)? 1/ — —ZTail,(u_; R)7!
o)™ Je Ty~ o el B

(supu)P~t — ]gfp Tail,(u_; R)P™*
0 -
gsq (Sélp u)q*1 — %Tailq,(u_;]%)q*1 =: —K.

R

Hence, applying Theorem 2.1 to uy we have
1

-1
inf u>o / P~ dx - C(KRSq)qfll. (2.2)
Bry/a Br\BR/2

On the other hand, recalling that [|u|| @~y < Co, it follows that

1

1 p—1 1 =1 =1
(sup u)ZT1 < C§' and (Tailp(u,;R))ZTl < (UJN_1> ’ Ci .
Br sp
1 p—1
Take M = max {1, (w];’—p‘l) ot } Cg~". Therefore, using 0 < q_% <1 (¢ >p>2)and that

(a+b)! <a' +0" Va,b>0,0<t<1,
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we obtain

. 1
(KR)TT < (KR)TT + (CO)7 7 (supu) + Cf " Taily(u_; R)

Br
1 p=1 1 p=1
+ (COR*P)) a1 (sup u) =1 + (CuR*~P)) a1 (Tail,(u_; R)) o=
Br ) (2.3)
< (KRS’I)'I%1 + (C@)Fll(sup u) + Cg~ " Taily(u_; R)
Br

(g—p)s

1
+ R M((C9)TT + O,

Then, for any € > 0 and 6 > 0 such that C~'(C'9)q%1 < g, it follows from (2.2) and (2.3) that

1

p—1
inf u>o / Wl | — G(KRS)
Br/a Br\Bg/2

(g=p)s
— C.Taily(u—; R) —esupu — R = M(e+Cs).
Br

g

Remark 2.1. Note that differently from Lemma 5.3 in [48], the presence of fractional p&q-Laplacians
-1
forces to require that u € L¥(RY) in order to estimate the "additional terms" (supg,, u)zf1 and
-1
(Taily(u_; R)) .

In view of the above results, we can deduce an estimate of the oscillation of a bounded function
u such that (=A)ju + (=A)u is locally bounded. For R > 0 and g € RV, we define

Q(u; xo; R) = HuHLoo(BR(IO)) + Tailq(u; xo; R)

and if zyp = 0 we use the notation Q(u; R) := Q(u;0; R). In what follows, for a universal constant,
we mean a constant C' = C(N, s, p, q), that is depends only on N, s, p,q.

Eheorem 23. There exist universal o € (0,1), C > 0 with the following property : if if u €
WSP(BR,) "W 4(Bg,) N L (RN) satisfies |(—A)5u+ (—A)su| < K weakly in Br, for some Ry >0,
then for all r € (0, Ry),

(g—p)s ro

1
oscg,u < C (KR —— + Q(u; Ro) + Ry | —=.
q—1 1

Démonstration. We argue as in the proof of Theorem 5.4 in [48]. For any j > 0, we denote by
R; = %, B;j := Bpg;. As in [48], we verify that there exists a universal a € (0,1) and a number
A > 0 (depending on all the data), a nondecreasing sequence {m;} en, a nonincreasing sequence
{M;} jen such that

mj < igfu < sgpu < Mj, M;—m;=AR].
i j

Note that, Step 0 (that is j = 0) is similar to the one in [48]. Concerning Inductive step in [48],
we proceed as follows. Fix o € (0,1). Then, using Lemma 2.3, it follows that formula (5.5) in [48]
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becomes
o(M; —mj) < inf (M; —u) + inf (u —m; ) + 2C(Kqu)
Bj+1 Bjt1
+ Ce[Taily (M — u)—; Rj) + Tailg((v — mj)-; Rj)]
s(g=p)
+ e[sup(M; — u) + sup(u — m;)] + 2M (C: + €) R, o

J B]

Take e = ¢ and set C' := max{2C, C.,2M (C: + €)}. Then, formula (5.6) in [48] becomes

0scp;,, U < (1 — g) (M; —my)

+ C[(K RS + Taily (M —u)—; Rj) + Taily(u —mj)—; R;) + R, |.

s(g=p) _ _sq
q—1 <

o7 as in [48], we can see that

Choosing a <

Q(u; Fo)

Taily(u = my)—s ;) < € |AS(@)77 + S0
0

|

where S(a) :=> 72, @070 ) as @ — 0F. A similar estimate holds for Taily((M; — u)—; Rj).

4s5qh

Consequently, noting that R; = Ro/4’ and Rj11 = R;/4, we get
Q(u RO) s(g— p)]

0sCg;,, U < (1——) AR +C [(KR;q)'lil—I-)\S(a)qlqu‘—i— Ry +R,;"

J RO

sS4 _o 1 ‘R slazp) _,
< 40 [(1 - 9) +OS()TT } ARS,, +4°C |RI KT 4 Q(“ia“) + R, o
2 Rj

Choose a € (0, S(qq:p)) such that

1
o [0-) vost] <1

and we set

A=

a+1 sq_ . s(g—p) —a

Rg_l Kot + R
0

so that
08Cp, U < )\R?H

Then, we may pick m;;q and M; 1 such that

mj S mj+1 S inf u S sup u S Mj+1 S Mj, Mj+1 - mj+1 = )\R?+1
Bj+1 Bj+1
Now, fix r € (0, Ry) and find an integer j > 0 such that R; 11 < r < Rj, thus R; < 4r. Hence, by
the above claim and (2.4) we can deduce that

s(a— p) ro

oscp,u < oscgu < AR < C Rg 1K‘11+Q(u Ro)+ Ry~ T
0

g

In the light of Theorem 2.2, we can argue as in the proof of Corollary 5.5 in [48] to obtain the
following result :
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Corollary 2.1. There exist universal a € (0,1), C > 0 with the following property : if if u €
WP (B, (20)) N W5 (Bag, (o)) N L°(RN) satisfies [(—A)ju + (—A)ju| < K weakly in Bag, (o),
(¢—=p)s

1 o1 _
[u]ca (B, (20)) < C |(KRy) T + Q(u; w03 2Ro) + Ry™" | By,

where [u]ca(q) = SUD, yeq azy %

2.2. The modified problem. Now, we adapt the penalization method introduced in [35] to study
our problem. First of all, without loss of generality, we will assume that

0 € A and V(0) = Vj.
We note that —4U_ is increasing for ¢t > 0. Indeed,

tp—Tga—1
) fe !
tp=1 p a1 pe-lgp=l g ope-17

tJ;(,t)l is increasing for ¢t > 0 by (f4), and % is increasing for ¢ > 0 since ¢ > p.

Let p
q —p
K>=-—
p <19—Q>

fla) = (@ +ar)

and a > 0 be such that

and we define

N £(t) ift <a,
t) =
Uy %(#’*1 +t7h  ift > a,
and
sont) e L XA@IO + A —xa@)f@) ite>o0,
o 0 if t <0.
It is easy to check that g satisfies the following properties :

. g(z,t)
(91) t1—1>%1+ tp—1

(92) g(x,t) < f(t) for all z € RN, ¢ > 0,
(g3) (1) 0 < 9G(z,t) < g(x,t)t for all z € A and ¢ > 0,
(77) 0 < pG(x,t) < g(z,t)t < %(tp +t9) for all x € A° and t > 0,
g(z,1)
(tp=1 4 ta-1)

= 0 uniformly with respect to z € RY,

(ga) for each x € A the function ¢ — is increasing in (0,00), and for each x € A° the

_ 9@t
(tr=t 1)
We stress that if u,. is a solution to
(—A)u+ (—A)u+ V(er)(Jufu+ ut?u) = g(ez,u)  inRY,
u € WSP(RN) N WS4(RN), u >0 in RV,

having the property that u.(z) < a for all x € AS, where A, := {z € RY : ez € A}, then
g(ex,us) = f(u.), and thus wu,. is also a solution to (1.3).
For any € > 0, we define the space

X, = {u EW: /IRN V(ez) (Jul? + |ul?) dz < oo}

function ¢ — is increasing in (0, a).

(2.5)
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endowed with the norm

lullx. = llullvp + lullv,g

where

1
T
lullves = ([u]’;,t + /N V(Ex)\u|tdx> for all ¢ > 1.
R

In order to study (2.5), we look for critical points of the functional Z. : X, — R defined as
1 1
Z(w) = lulf,, + lull [ Gleawda.
It is standard to verify that Z. € C*(X.,R) and its differential is given by

T 9) = (plep+ [ Vel upde + (u,0)ug

+/ V(Em)|u!q_2u<pdx—/ glex,u)pdx
RN RN

for any u, ¢ € X..
Next, we show that Z. possesses a mountain pass geometry [7].

Lemma 2.4. The functional Z. satisfies the following conditions :
(1) there exist o, p > 0 such that I.(u) > a for ||u|lx. = p;
(i3) there exists e € X with ||e|x. > p and Z.(e) < 0.

Démonstration. (i) By (g1), (92), (f1) and (f2), for any given ¢ > 0 there exists C¢ > 0 such that

lg(a, )] < P+ Clt] ! W(a,t) e RY xR
Take ¢ € (0,Vp). Then we have

1 1 ¢ C
Ly e Spp _ ZC,v
Ze(u) > pHUHVMD N q”“”vs,q p|u‘p U |uly

_ %

L fuly.

1
> Chllully, , + 5\\u\|§2,q

13

Choosing [[ullx, = p € (0,1) and using 1 < p < g, we have [[ullv,, < 1 and then [[ulf?, > u]?, .

This fact combined with
a'+ b > Cy(a+0b)' VYa,b>0 Vt>1,

and Sobolev embeddings yield
C v 14
I (u) > Collullg, — fl% > Collully, — Csllullk, -

Since v > ¢, we can find o > 0 such that Z.(u) > « for |lul|x. = p.

(ii) Take u € C°(RY) such that u > 0, u # 0 and supp(u) C A.. Using (f3) we know that
F(t)> At — B Vt>0.

Hence,

tP A 9 9
Ze(tu) < —|ulf, + —|lullZ, — At u'dr+B; — —oo ast— o0
p ’ q ’

£

where we used ¥ > ¢ > p.
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By Lemma 2.4, we can define the minimax level

— - 0 . _
Ce 1= 'yléllfe trerl[g,)f] Z.(y(t)) where T.:= {’y € C’([0,1],X;) : v(0) =0, Z(v(1)) < 0}.

Next, we show that the modified functional satisfies the Palais-Smale condition.
Lemma 2.5. 7. verifies the Palais-Smale condition at any level ¢ € R.
Démonstration. Let {uy}nen C Xe be a (PS). sequence at the level ¢, that is

T (up) =c+on(l) and Z.(un) = on(1).

Let us prove that {u, }nen is bounded in X.. Using (g3) and ¢ > p we can see that

1
Co(1+ |lunllx.) = Zc(un) — 5<Ié(un)7UN>
S LR C A TR )
= (5= 3) Ity (5= ) Vbt + 5 [ tem s = 06(e 2] o
+ 1 [9(e z, up)un, — VG (e x,up)] dx
9 Ja.
1 1 1 1 1
> - = p q _ I B p q
> (5 5) Wl + bkt = (5= 5 ) & L, Vil + hunl)
1 1 1 1\ 1 P q A P q
> (3-5) - G- 5) | (ol + bunll ) = Clhuall, +
where C' > 0 because of K > (ﬁ;p) q
9—q ) p

Now, assume by contradiction that |lu,||x. — co. Then we have the following cases :
Case 1 : ||up|lv.p — oo and ||upllv.,q — 0.
Then, for n large, we have |lun|[{, " > 1, that is [lual{, , > |lusly, , Which implies that

Co(1+ fJunllx.) = Cllunlly, , + lunll¥, o) = Crlllunllvep + lunllve,g)? = Cillunli,

and this gives a contradiction.
Case 2 : ||uplv. p — oo and ||uplv. 4 is bounded.
Therefore,

Co(1+ Jlunllv. p + llunllv..g) = Co(1 + llunllx.) > Cllually,,
and thus

C.

v

1 1 U
o (R S Sy [
lunllvep * llunlly,, — Ilunliv,
Since p > 1 and passing to the limit as n — oo we deduce that 0 < C < 0 and this is a contradiction.
Case 3 : |up||v.,q = 00 and ||uy|v, p is bounded.
We can proceed as in Case 2.
Consequently, {uy, }nen is bounded in X, and we may assume that u, — v in X; and u, — u in
L7 (RN) for all 7 € [1,¢}). Next, we show that the weak limit u is a critical point of Z..
Consider the sequence
_ Jun(@) — un(y) P2 (un (@) — un(y))

hn(l',y) = ‘ ’N+Sp 9
z—y| ¥
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and let
h@w%:mmwaMP?%?—u@»
z—y| *

where p' = _E5. Tt is easy to check that {hn}nen is a bounded sequence in LY (R*N) with h, — h

a.e. in R2V. Since LP (R?N) is a reflexive space, there exists a subsequence, still denoted by {A, }nen,
such that h, — h in L (R?N), that is

[, it whtadady [ e phiegdady vk e (),
R2N R2N
Then, for any ¢ € C°(RY), taking

bay) = DGO ¢ pre),

|z —y| >

and we can see that

[ o) = ) i) i 01) = )
R2N

|z — y|Ntsp

|u(z) — u(y)[P~*(u(z) — u(y))(¢(z) — ¢(y))
— //RQN dxdy.

N
‘x — y‘ +sp
In a similar way we can prove that

[, o) = o) - 0t) = )
e |

T — y|N+sf1

Ju(@) — u(y)|"*(u(z) — u(y))((z) — 8(y))
— //RQN dxdy.

|z — y|N+sa

Taking into account that

/ V(ew)]un]p_zun¢d:v—>/ V(e z)|ulPug¢ d,
RN RN
/ V(ex)\unlq_zunédm‘%/ V(e z)|u|?2u¢ d,
RN RN

/ gex,up)pde — glex,u)pdr,
RN RN

and that (Z.(uy), #) = 0,(1), we can deduce that (Z.(u), ¢) = 0 for any ¢ € C>°(RY), which together
with the density of C2°(R") in X, implies that u is a critical point of Z.. In particular, (Z/(u),u) = 0.
In order to prove the strong convergence, we show the next claim :

Claim : For any 1 > 0 there exists R = R(n) > 0 such that

s [ ([ a0 | eale) = 2ot

|x_y|N+sp ’x_y|N+sq
For any R > 0, let ¢p € C®°(RY) be such that 0 < 1z < 1, g = 0 in Brj2; ¥r = 1 in By, and
Vir| < €, for some constant C' > 0 independent of R.
’ R p

’ dy + V(e x)(Junl? + |un|q)> dr <n. (2.6)

c
R
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Since {Yrun }nen is bounded in X, it follows that (Z.(uy), Y run) = 0,(1), that is

NE
//R2N |ur‘b$ - ‘NJFSP ¢R dxdy+//]R2N |u7|Ll‘ - |N+3q | ¢R(I) dzdy
+/RN (5m)\un]p1/13dx+/RNV ex)|up|p dx
=o0,(1) —|—/ g(e x,up)YRruy, dx
// |[un () — un(y)[P~ Q(Un(x) —un(y))(Yr(x) — Yr(Y))
R2N

’{L‘ _ y’N-i-sp un(y) dxdy
Jun(2) = wn ()] (tn () — un(y)) (b (z) = PR (y))
//Rmv |z — y|N+sa un(y) dedy

Take R > 0 such that A. C Bg/,. By the definition of ¢ and (g3)-(i7) we get

|un (2 |un (2 y)|?
R2N |x - |N+5P v) dady + R2N ]a: — ’N+sq V() drdy

+ (1—[1{) /NV(ex)(|un|p+|un\ Vb da

U (T) — u P=2(y, () — u x) — (2.7)
//WN' ) (\SEL\NJLSWW() ORl),, ) drdy
un — Un q 2 Unp(T) — Up x) —
//Rm | )l (|x(_)y|N+s§y))(¢R( ) = VrW) () dudy.

Now, using the Holder inequality and the boundedness of {uy, }nen in X. we have

’// [n () = un ()P~ (un (@) — un(y)) (Yr(x) = Pr(Y))
R2N

|x_y|N+sp un(y) dl’dy

|¢R ’ » >11)
=¢ (//IRQN |z — y|N+5p lun (y)|P dxdy | . (2.8)
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On the other hand, using the definition of ¥, polar coordinates and the boundedness of {uy,}nen
in X., we can see that

J L e oy

/RN /y ) W)le - y|N+‘§f”)| () Py + /RN /y 2|<R ITZ)IT::: - y‘%fs()p” [un (2)[Pdzdy
< C’/RN |un ()P </|yI>R |33—CZZ/?|JN+S”> dx + % /RN () P </yx<R MM) i
< C/RN |t () [P </|Z>R %) dx + % | (2) [P </|Z|<R MJ@) da
< C’/ |un () |Pdx (/OO pi’il) + ;}/RN |up () |Pda (/OR psﬁiH)

C

C
< P —sp+p P
< T /RN |un (2)|Pdx + RPR /RN |un (2)|Pdx

C C
p
= R /[RN [un(@)FPde < g,

which together with (2.8) implies that

|un (@) — un(y) [P~ (un(2) — un(y)) (Yr(2) — Pr(Y)) c
/L. o — y ¥ o] < i (29)
In a similar way, we can prove that
|t (2) — un ()| (un(2) — un(y)) (Yr(2) — Yr(Y)) c
‘//RN e un(y )d:vdy’ << (2.10)

Putting together (2.7), (2.9) and (2.10) we can infer that (2.6) is verified.
From (2.6), we can also deduce that u, — u in LP(RY). Indeed, for any n > 0 there exits
R = R(n) > 0 for which (2.6) holds true, and using the locally compact embedding X. € L? (RY)

loc
we get for n large

- P
lun = ulp = |un = ulf, g5, + ltn — ulTo )
<+ |uy — u’ip(gc)

<n+ 2P 1<‘un‘Lp B2) + ‘“Vzp(zg%))

2p—1 |un(m) *un(y)|p p
/% </RN = g dy + V(e x)|upy| ) dx

+/C </RNMdy+V(€x)\u|p> d:r] <77+‘2/I;77=: ).

By the arbitrariness of 7, we get the assertion. Moreover, by interpolation, it holds that u, — u in
L (RY) for any o € [p, q¥). Consequently, from (f1), (f2) and (g2) we have

<n+ V

/RN g(e x, up)uy, do — . glez,u)ud. (2.11)
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On the other hand, using (Z/(uy,), u,) = 0,(1) and (Z.(u),u) = 0, we know that

”UnH]\Z,p + HunH‘{/s’q = / g(e z,up)uy dz + o0,(1)
RN
and
Jall  + = [ aea.wpuda
which combined with (2.11) yield
lunllV, p + llunlly, o = Y, , + 1lully, o + on(1).
In view of the Brezis-Lieb Lemma [25], we know that
[un = ully, , = lunllV, , = [V, , + on(1) and |lun = ully, ;= llually, , = lullf, , + on(D),
so we can deduce that
l|un — UHI\)/E,p + [lun — UH(\I/E,q = on(1)

which gives ||u, — ul|x. = on(1) as n — oo. This ends the proof of lemma. O

Theorem 2.3. Suppose that (V1)-(Va) and (f1)-(fa) hold. Then, for anye > 0, (2.5) has a nontrivial
nonnegative solution.

Démonstration. In view of Lemma 2.4 and Lemma 2.5, we can apply the mountain pass theorem |7]
to deduce that, for all € > 0, there exists u. € X such that Z.(u.) = ¢. and Z.(u.) = 0. Moreover,
ue > 0 in RY. Indeed, using (Z.(ue),us) = 0, where uZ = min{ue, 0}, g(e-,t) = 0 for ¢t < 0, and
the following elementary inequality,

|z —y|" 2z —y)(z” —y ) > |z —y | Vr,yeR Vt>1,
we can see that
lu 1Y, , + lu Y., <0
which implies that uZ = 0, that is u. > 0 in RY and u # 0. U

Since we are interested in multiple critical points of the functional Z., we introduce the Nehari
manifold associated with (2.5), namely
Ne = {u € X¢ : (ZL(u),u) = 0}.
Let us define
Xt = {u e X : |supp(u™) NAc| > 0}
and ST :=S. N X, where S; := {u € X : |Ju|x. = 1} is the unit sphere in X.. Note that ST is a
incomplete C1!-manifold of codimension one, hence X. = T,,ST & Ru for all u € ST, where

T.ST = {v € Xe 1 (U, V)sp+ (U, V)54 +/ V(e x)(JulP~2uv + u|9?uw) do = O} .
RN

Since f is only continuous, the next two results will be fundamental to overcome the non-differentiability
of A and the incompleteness of S7.

Lemma 2.6. Assume that (V1)-(Va) and (f1)-(fa) hold true. Then, we have the following results :
(i) For eachu € X7, let hy, : RT — R be defined by hy(t) = Z(tu). Then, there is a unique t, > 0
such that

hi,(t) >0 for all t € (0,t,)
hi,(t) <0 for all t € (ty,00);
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(i) there exists T > 0 independent of u such that t, > 7 for any uw € SF. Moreover, for each
compact set K C ST, there is a positive constant Cx such that t,, < Cx for any u € K;

(iii) The map 1. : XI — N: given by me(u) = tyu is continuous and m. := ma\gj 18 a homeomor-
phism between ST and Nz. Moreover m-'(u) = m ;

(iv) If there is a sequence {up}nen C ST such that dist(uy,,dST) — 0 then ||me(uy)|x. — oo and
Z.(me(uy)) — oo.

Démonstration. (i) Arguing as in the proof of Lemma 2.4, we can see that h,(0) = 0, hy(t) > 0 for
t > 0 small enough and h,(t) < 0 for ¢ > 0 sufficiently large. Then there exists a global maximum
point ¢,, > 0 for h,, such that h/,(t,) = 0, that is t,u € N;. Next we show the uniqueness of a such t,,.
Assume by contradiction that there exist t; > to > 0 such that hl,(t1) = hl,(t2) = 0, or equivalently

1 1
a ully,, 1 llully,, = /RN g(ex, tiu)udr (2.12)

1 1
thy ully, , + 15 llullf,, /RN g(ex,tau)udx. (2.13)

Dividing (2.12) by t‘f_l and (2.13) by tg_l respectively, we get

H ||Vp g(5$at1u)
€5 (Id
il = [
and
|u va g(ex,tou)
2 = [ LD gy,
e, = [ 2

Subtracting the above identities and using (g4) and (f4) we obtain

1 glew,tiw)  glex, tou)] ,
_— _ d
(ﬁp 5 ) Il = | { TR T R
. et ot g,
Aer{tausa) L (1u)? (tou)d
+/ [g(e:r,tlu) B g(sx,tgu)] i
Aenftau<a<tiu} (tlu)q_l (t2u)q_1
+/ [g(ax,tlu) B g(ax,tgu)] i
Aenftiu<a) L ()7t (fau)i!
(LN,
KA\ 577 ) Jaenftusa)

)2
+ ———+1) - —F%|uldae.
/Agﬂ{tzuga<t1u} [K (tlu)q—p (t2u)q_1
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In view of t; > t3 and ¢ > p we have

Vo (t1t2)?7?P Vo 1 f(tau)
lully < 7= Mﬂ+qpqp/ K\ e 7Y T et | Ve
Aenf{tau>a) t37P — 17 Jpenftou<a<tiu} (t1u) (t2u)

1
= _ VouPdx
K Jaen{tru>a)
ti? 1% t1to)dP \% t
o qu2 qp/ euldz + q(;a 2 qp/ [0 - / 2U)1] ulda
] "ty Aen{tau<a<tiu} I ty U —tg Aen{tau<a<tiu} LI (tau)?
1 q—P b
< — Voupdx —|— / —uPdx
K p tq P Acn{tau<a<tiu} K
1
<= /A Vot < Enungp
where we used the fact that
ftau) f(tau) (taw)P~" + (tow) ™"
(tou)?=1  (tqu)P~! + (tou)d—1 (tou)a—1

Vo 1 . c
§K<(tQu)qp+1> in AS N {tou < a < tju}.

Since u # 0 and K > 1, we get a contradiction.
(i1) Let u € ST. By ( ) there exists t,, > 0 such that h/,(¢,) = 0, or equivalently

- 1HuHVEp + 11 1”“”% y /RN g(exz, tyu) udz.

From (g1)-(g2) and (2.1), for all £ > 0 we obtain

il , + 4 Y, < /Rgg(” tuw) wdz < 7 ully, , + Cety ™ lullY, 4

and choosing ¢ sufficiently small, we have

Ct M ully, , + i lullf, o < Cty~Hully, , < Ot~

Now, if t, < 1, then t4 ' < /7!, and using the facts that 1 = lullx. > ||ullv.p and ¢ > p imply that
||U||V5p > ||UI|VEp, we deduce that

Oty = Oty lullg, < i (Cllully,, + lullf, o) <t (Cllully, , + llully, ) < CE7

Since v > ¢, we can find 7 > 0, independent of u, such that ¢, > 7.
When ¢, > 1, then t27' > /7' and using again the fact that 1 = [jul|x. > llullv. p and ¢ > p
imply that ||uHV p 2 ||uHV5,p’ we get

ot = CthHullg, < 57Ol , + ullf, ) < &7 (Cllully,, + [lullf, ) < Ctit.

Thanks to v > ¢ > p, there exists 7 > 0, independent of u, such that ¢, > 7.

Now, let K C ST be a compact set, and assume by contradiction that there exists a sequence
{tun tneny C K such that t, :=t,, — oo. Therefore, there exists u € K such that u,, — u in X.. From
the proof of (ii) in Lemma 2.4, we know that

L (thuy) — —o0. (2.14)
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On the other hand, fixed v € N, by (Z.(v),v) = 0 and (g3) we can see that

T.(v) = T.(v) — %(I;(v),w

> C([[vlly, , + VI, ,)-
Taking v, = ty, u, € N; in the above inequality we obtain
Ze(tnun) > C(anHI\J/E,p + H”nH(x]/a,q)-

Since |lvy||x. =t — 00 and ||v,|lx. = [|vnllep + |vnlle,q, We can use (2.14) to obtain a contradiction.
(4ii) Firstly, we note that 7., m. and m_-! are well defined. Indeed, by (i), for each u € X there
exists a unique mg(u) € M. On the other hand, if u € N then u € X. Otherwise, if u ¢ XI, we
get

|supp(u™) N A =0,
which together with (¢3)-(i7) yields

ully, , + lullf, , = glex,w)uder = [ glex,u)uder+ | glex,u)ude
RN

Ag e
= / glez,u)ut dr
A

c
(3

1
< / V(ex)(|Jul? + |u|?)dx

1
< 2 lully, p + Nl o) (2.15)
and this leads to a contradiction because K > 1. Consequently, m_!(u) = IIuﬁx € S, m7t is well

defined and continuous. From u € S}, we can see that

B B ty U u
mg 1(m5(u)) =m_ 1(tuu) = I ZLHX - ||l ul|x -
u e €

which implies that m,. is a bijection.

Next, we prove that 7. is a continuous function. Let {u, tneny C XTI and uw € XTI such that u,, — u
in X.. Since m(tu) = m(u) for all £ > 0, we may assume that ||u,|x. = ||u/lx. =1 for all n € N. In
view of (ii), there exists ty > 0 such that t, :=t,, — to. Since t,u, € N, we have

Elluanll?, , +tllunlld, , = /R 9(E bt bt

and letting n — oo we obtain

Bl + = [ oteaton) touda,
which implies that tou € M. By (i), we deduce that t, = tg and this shows that 7 (u,) — me(u)
in XI. Therefore, . and m. are continuous functions.
(iv) Let {un}nen C ST be such that dist(uy,dSF) — 0. Observing that for each r € [p,q] and
n € N it holds

+ .
[un [Lr(an) < Uégg;r [Un — v[rra.)

< Cp inf |ju, —v|x.,
vedST
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and using (g1), (g2), and (gs3)-(i7), we can see that for all t > 0

/ G(ex,tuy,) der = G(sx,tun)der/ G(ex,tuy,) dx
RN Ae

Ag

Vi
0 (tp|un|p+tq\un]q)dm+/ F(tuy,) dx
Kp Jae Ac

tP e
5 Jux V(e x)|up|P do + i /RN V(e x)|up|?dx

+ C’ltp/ (u)Pdx + Cgtl'/ (u) ) dx
Ae

Ae
tP 1
- Kp RN K7p RN
+ CtPdist (un, ST )P + Cpt¥ dist (un, OST)".

IN

IN

Accordingly,
tP (A
» G(ex,tuy,) dr < p /RN V(e x)|uplP do + & /RN V(e x)|un|?dz + 0,(1). (2.16)
Now, we recall that K > % > 1, and that 1 = ||uy,||x. > ||un||v. p implies that Hun||{"/sp > Jlunll{, p
Then, for all ¢ > 1, we deduce that

tP t9 tP 4
unlly+ Slhualt, — 5 [ Vel de— 1 [ Vieoluptds
1 1

tP 1 1 td
- p T (— V Pd _ q 9 = — — V qd
Sl + (p Kp) [ Vo)l v+, + <q Kp) | Vo)l ds

> CltpHunH@E,p + C’thHunHI‘I/E,q
> C1t?||unllY, , + Cot|ually, ,
> C1tP|[unlly, , + CotPl|uanlly, ,
> C3tp(HunHVe,p + H“nHVs,q)q = CstP.

(2.17)

Taking in mind the definition of m.(u,) and using (2.16), (2.17) we have

linrg gfzg(mg(un)) > linrg Lréfza(tun) > CstP YVt > 1
which implies that
nlLrgoIg(mg(un)) = 00.
On the other hand, by the definition of Z.,
it { )| + Sl o | > limint 7. () = o0
so that ||m.(uy)|x. = oo as n — oo. This ends the proof of lemma. O

Let us define the maps
e :XF R and 4. :ST R,
by 1. (u) := Z.(1he(w)) and 9. = &EIS;. The next result is a consequence of Lemma 2.6 and Corollary
2.3 in [68].

Proposition 2.1. Assume that (V1)-(Va) and (f1)-(f1) hold true. Then,
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(a) 1. € C'(XH,R) and
(it o) = PR 2 )0y vwe s woe
Xe
(b) ¥ € CH(SH,R) and
(¥e(u), v) = [[me(w) % (Te(me(u),v), Vo € TSI
(¢) if {untnen is a (PS)a sequence for e, then {m.(up)}tnen is a (PS)q sequence for I.. If
{un}nen C N: is a bounded (PS)g sequence for I., then {m=!(un)}nen is a (PS)q sequence
for the functional 1. ;
(d) w is a critical point of V. if, and only if, m.(u) is a critical point for I.. Moreover, the corres-
ponding critical values coincide and

inf c(u) = inf Z.(u).

UES;L uEN;
Remark 2.2. As in [08], cc has the following variational characterization :

ce = inf Te(u) = ul&ﬁ max I (tu) = ulerlgﬂ max T (tu).

We conclude this section by showing a result which will be used later.
Corollary 2.2. The functional 1 verifies the (PS)q condition on ST.
Démonstration. Let {uy}nen C ST be a (PS) sequence for 1. at the level d. Then

Yolun) > d and  l(ug) = 0 in (T, ST

By Proposition 2.1-(c), it follows that {m.(un)}nen is a (PS)g sequence for Z. in X.. Then, by
Lemma 2.5, we can see that Z. satisfies the (PS),; condition in X., so there exists u € ST such that,
up to a subsequence,

me(upn) — me(u) in Xq.
Applying Lemma 2.6-(ii7), we conclude that u, — u in S7. O

3. A MULTIPLICITY PROPERTY FOR THE MODIFIED PROBLEM

3.1. The limiting problem. Let us consider the limiting problem associated with (1.3), that is

(—=A)pu+ (=A)qu+ Vo(lulP~*u + Jul"u) = f(u) in RY, (3.1)
u € WsPRN)NWSYRY), u>0 in RV, '
The corresponding energy functional is given by

1 1 1 1
i) = S0l + Tl + 6 Lol + Salt] - [ P

which is well-defined on the space Yy, = WP(RY) N W*4(RY) endowed with the norm

lullvy, = llullsp + llullsq:
where

1
t

for all ¢t > 1.

s = ([ully + Volult)
It is easy to check that &y, € C*(Yy,,R) and its differential is given by
(0 0.9) = by + Gsthag + i | [ o Pupdot [ upds] - [ s
RN RN RN

for any u, ¢ € Yy;. Let us define the Nehari manifold associated with £y
My, = {u € Yy \ {0} : (€ (u),u) = 0},

lu
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and dy; := infyemy, Evy (u).
We denote by Y‘J;O the open subset of Yy, defined as

Y‘J;O .= {u € Yy : |supp(u™)| > 0},
and S% =Sy, N Y%, where Sy; is the unit sphere of Yy;. We note that S‘J;O is a incomplete C!-

manifold of codimension 1 modeled on Yy, and contained in Y{}O. Thus, Yy, = TUS‘JSO @ Ru for each
u € SJ‘EO, where

TuS$0 = {v € Yy 1 (u,v)sp + (u, )54 + Vo/ (JulP~%u + |Ju|92u)v dz = O} .
RN
As in Section 2, we can see that the following results hold.

Lemma 3.1. Assume that (f1)-(fa) hold true. Then,
(i) For eachu € Y‘J;O, let h : RT — R be defined by hy(t) = Ey, (tu). Then, there is a unique t, > 0
such that
hi,(t) >0 for all t € (0,t,)
hi,(t) <0 for all t € (ty,00);

(ii) there exists T > 0 independent of u such that t, > T for any u € S‘J}O. Moreover, for each
compact set K C S% there is a positive constant Cx such that t, < Cg for any u € K;
(¢43) The map my, : Y% — My, giwven by my,(u) = t,u is continuous and my, = mVO|S¢ is a
0

. + -1 _ u .
homeomorphism between Sy, and My,. Moreover my, (u) = Talley,

(iv) If there is a sequence {un}nen C S% such that dist(un,ﬁS{‘}O) — 0 then [|my, (un)|ly,, — oo
and Ey, (my; (up)) — 00.

Let us define the maps
wu:Y‘J}O—HR and wM:S‘tO%R,

by vy (u) == Evy (1, (1) and ty, = %Zvo|§;0~

Proposition 3.1. Assume that (f1)-(fa) hold true. Then,
(a) Yy, € CI(YJ‘EO,]R) and
_ “mV()(u)HYVO

(W (), v) = W<e/vo(mvo (w),v) VueYf VveYy;
0

(b) Yy, € Cl(S%,R) and
<7/){/0 (U)7 U> = HmVO (u) HYVO <g‘,/0 (mVo (u)>7 U)) Vo € TUS\J;();

(¢) If {un}tnen is a (PS)q sequence for iy, then {my,(un)}nen is a (PS)q sequence for Ey,. If
{tun}nen C My, is a bounded (PS)q sequence for Ey,, then {m‘_/o1 (un) }nen @s a (PS)q sequence
for the functional vy ;

(d) w is a critical point of Py, if, and only if, my,(u) is a nontrivial critical point for Ey,. Moreover,
the corresponding critical values coincide and

inf Yy, (u) = elf\l/f Ev, (u).

+ u
uESVO Yo

Remark 3.1. We have the following variational characterization for dy;, :

dyv, = Inf €&y (u) = inf max&y (tu) = inf max&y, (tu) > 0.
Vo weMy, vo(w) wevh nax Vo (tu) uest, nax Vo (tu)
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The next lemma allows us to assume that the weak limit of a (PS)4,, sequence of £y, is nontrivial.

Vo
Lemma 3.2. Let {up}neny C Yy, be a (PS)dVO sequence for Ey, such that u, — 0 in Yy,. Then,
one and only one of the following alternatives occurs :
(a) up — 0 in Yy, or
(b) there is a sequence {yn}neny C RY and constants R, 3 > 0 such that
liminf/ |up |Tdx > f.

Br(yn)

n—oo

Démonstration. Assume by contradiction that (b) is not true. Then, by Lemma 2.2 in [3], it follows
that

u, — 0 in L7(RY) for all o € (p, ¢}). (3.2)
Using (3.2) and (f1)-(f2), we have

flup)updz = o,(1)  asn — oo.
RN

On the other hand, arguing as in Lemma 2.5, we know that {u, },en is bounded in Yy;, and we may
assume that u, — u in Yy;. Taking into account the above facts and that (£, (un), un) = 0n(1), we
get

JunlZy + el = [ )i do = oa(1),
R

which implies that ||uy||, — 0 as n — oo, and this is a contradiction because of £y, (un) — dy;, > 0.
Consequently, (a) holds true. O

Now, we prove an existence result for (3.1).
Theorem 3.1. Problem (3.1) admits a positive ground state solution.

Démonstration. Using a variant of the mountain-pass theorem without the (P.S)-condition (see [70]),
there exists a Palais-Smale sequence {uy, }nen C Yy, for &y, at the level dy;. Arguing as in Lemma
2.5, we know that {up nen is bounded in Yy, so we may assume that

up, = u in Yy,
u, —u in LY (RY) for all o € [1,p}).

Proceeding as in the proof of Lemma 2.5, we can show that 8{/0 (u) =0.

Now, if u # 0, then u is a nontrivial solution to (3.1). Assume that u = 0. Then [[uy||y,, # 0 in
Yy,. By Lemma 3.2, we can find a sequence {y,}neny C RY and constants R, 3 > 0 such that
liminf/ |up|%dx > 5 > 0. (3.3)

BR(yn

n—oo

Let us define

Op () = up(x + yn).

From the invariance by translations of RY | it is clear that ||, vy, = llunllvy,, 0 {On}nen is bounded
in Yy, and there exists ¢ such that ©,, = ¢ in Yy, 9y, — 0 in LZ}C(RN) for any m € [1,¢%) and 0 # 0
in view of (3.3). Moreover, &y, (0,) = &y, (uy) and 5{,0 (Un) = 0,(1), and arguing as before it is easy
to check that &y, (9) = 0.
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Now, let u be the solution obtained before and we prove that u is a ground state solution. It is
clear that dy;, < &y, (u). On the other hand, by Fatou’s Lemma and (f3)-(f1), we can see that

En(u) = Evy(u)

which yields dy, = &y, (u).
Finally, we prove that the ground state is positive. Let u~ := min{u,0}. Using (£}, (u),u~) =0,
f(t) =0 for t <0, and

lt =y @z —y)(z” —y ) >z —y " Vr,yeR V> 1,

1 . 1
— (0 ) w) < Nmming | () — - (S () )| = g

we have
Ju 15, +llulE, <0

which gives u~ = 0, that is u > 0 in RY. Therefore, u > 0 and v # 0 in RY. Arguing as in Lemma
4.1, we can deduce that u € L>®°(RY). Moreover, by Corollary 2.1, we obtain that v € CO(R™).
Arguing as in the proof of Theorem 1.1-(ii) in [49], we conclude that u > 0 in RV, O
Next we give a compactness result for the autonomous problem which will be used in the sequel.

Lemma 3.3. Let {up}tneny C My, be a sequence such that Ev,(un) — dy,. Then, {up}nen has a
convergent subsequence in Yy .

Démonstration. Since {up}nen C My, and &,(u,) — dy;, we apply Lemma 3.1-(i4i), Proposition
3.1-(d) and use the definition of dy; to infer that

Un

Up 1= m(/ol(un) = € SJ‘EO Vn e N

* lunllyy,

and
wVO (’Un) = gu(un) — dVo = inii wVO (U)

vGSVO

Let us define F : g% — RU {0} as
- +
Flu) = Pu(u) ?f u € SVOJr
00 if uw € OSy,.

We note that

— (g‘to, o), where oy (u, v) := |lu — vlly,,, is a complete metric space;

— Fe C(g‘tO,R U {o0}), by Lemma 3.1-(iv) ;

— F is bounded below, by Proposition 3.1-(d).
Applying the Ekeland variational principle [38] to F, we can find {0y, }nen C S% such that {0y, }nen is

a (PS)ay, sequence for ¥y, on S‘J;O and |9, — vn|lvy, = on(1). Then, using Proposition 3.1, Theorem
3.1 and arguing as in the proof of Corollary 2.2, we obtain the thesis. O

3.2. The barycenter map. In this subsection, we establish a relation between the topology of M
and the number of positive solutions to (2.5). For this reason, we take d > 0 such that

Ms = {z € RY : dist(z, M) < §} C A,
and consider 7 € C*([0,0), [0, 1]) non increasing such that n(t) = 1if 0 <t < 3, n(t) =0if t > &

— 29
and |n/(t)] < ¢ for some ¢ > 0.
For any y € M, we define

e y(z) =n(lex —yl)w (”6— y)
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where w € Yy is a positive ground state solution to the autonomous problem (3.1) (whose existence
is guaranteed by Theorem 3.1). Let t. > 0 be the unique number such that

Z.(tv =7 (t.V.,).
I?Zag‘i <( ay) e(te &y)

and consider ®, : M — N, defined as
Do (y) =t Vey
Lemma 3.4. The functional ®. satisfies
li_r)r(l)la(®a(y)) = dy, uniformly iny € M.

Démonstration. Assume by contradiction that there exist g > 0, {yn}neny € M and &, — 0 such
that

Note that, for each n € N and for all z € B s , we have €, z € Bs. Then, €, 24y, € Bs(yn) C My C A.

Using the change of variable z = %:;7;%7 and recalling that G = F in A and n(t) = 0 for t > §, we
can write

tgn tgn
Ze,, (Pe, (yn)) = P H‘Ilsn,yn”v;n,p +—

q [ €n7ynH‘/5 q / Glen, te, Ve, y,) dv

= (llen Dty + [ Vens+umallen w2y d:)

p
q

e (wrsn pulty+ [ v<enz+yn><n<|enzr>w<z>>wz)
/ F(te,1(] en 2)u(2)) dz (3.5)

In what follows, we show that the sequence {t., }nen satisfies t., — 1 as €, — 0. Firstly, we show
that t., — to € [0,00). By the definition of t.,, it follows that (Z. (®c,(yn)), Pe,(yn)) = 0, which
gives

1 » f(te,n(en z))w(2)) q
N L N A B e S (RO T

where we used the fact that g = f on A. Since n(|z|) = 1 for x € Bs and Bs C Bs for n large
2 2 En
enough, from (3.6) it follows that

f(te, w(2))
LN AR N Py P2 [
o ey W enan e = Jo Tt (@)t
2
Since w is continuous and positive in RV, we can find a vector 2 € RY such that

w(Z) = min w(z) > 0.
z€B;s
2

Then, by (f1), we deduce that

te w(Z .
En

Suppose by contradiction that t., — 0o. Let us observe that Lemma 2.3 in [3] yields

Wepnllve,.r = l[wlls,r € (0,00)  Vr € {p,q}. (3-8)
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On the other hand, from t., — 0o, ¢ > p and (3.8), it follows that

Tl L RS N A PR (3.9
and by (f3) we have

lim U)o (3.10)
n—=o0 (te,w(Z))4!
Putting together (3.7), (3.9) and (3.10) we reach a contradiction. Therefore, {t., }nen is bounded
and, up to a subsequence, we may assume that t., — to for some tg > 0. Indeed, using (3.6), (3.8),
(f1)-(f2), we can verify that ¢ty > 0.
Hence, letting n — oo in (3.6), and using (3.8) and the dominated convergence theorem, we get

p—q . f(tow)
ol + ol = [ Lt da, 5.11)
Since w € Ny, we can see that
Jwlly + ol = [ Fwpwds. (3.12)

Putting together (3.11) and (3.12) we can deduce that
t
e N e
’ Ry L(

tow)?~t  wil

which combined with (fy) yields ¢y = 1. Accordingly, taking the limit as n — oo in (3.5), we obtain

hm Ien (éengyn) = EVO (w) = dVO’

n—o0

that is a contradiction thanks to (3.4). O

Next we prove a compactness result which will be fundamental to prove that the solutions of (2.5)
are indeed solutions to (1.3).

Lemma 3.5. Let ¢, — 0 and {up}tnen C N, be such that I., (u,) — dy,. Then there exists
{Gn}nen C RY such that the translated sequence

Un () := up(z + Gn)

has a subsequence which converges in Yy, . Moreover, up to a subsequence, {yntnen = {€n UnneN
1s such that y,, — yo € M.

Démonstration. Since (I, (un),un) = 0 and Z., (u,) — dy;, we can argue as in the proof of Lemma
2.5 to show that {u,}nen is bounded in X, . Let us observe that |ju,[x., - 0 since dy, > 0.

Therefore, proceeding as in Lemma 3.2, we can find a sequence {7,}nen C RY and constants
R, 8 > 0 such that

n—oo

liminf/ |up|Tdx > 5.
Br(gn

Set Uy (x) := up(z + Yy). Clearly, {y, }nen is bounded in Yy, and we may assume that

U, — @ weakly in Yy,
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for some @ # 0. Let {t, }nen C (0,00) be such that o, := t, 4, € My, (see Lemma 3.1-(7)), and set
Yn := €n Un. Then, by u,, € N, and (g2), it follows that

1 1 1 1
dy, < Ev,y (V) < =[0n)%, + —[0n]? +/ Vienz + yn (ﬁnp—l—ﬁnq) dx—/ F(v,)dz
b o(On) p[ o q[ 124 . ( ) p! | ql | - ()
th

tr th th
< ualty + 2l + /RN Vien ) (;\unyp + ;\unw) da — /RN Glen .ty da

=T, (tnun) < Ze, (un) = dy; + on(1),

which gives

Evy (On) = dy, and {0p tneny C My. (3.13)
Moreover, (3.13) implies that {0y, }nen is bounded in Yy, so we may assume that 9, — 0. Obviously,
{tn}nen is bounded and it holds ¢, — t9 > 0. If ¢ty = 0, from the boundedness of {ay,}nen, We get
[Onllvy, = talldnlly,, — 0, that is &y, (9n) — 0 in contrast with the fact dy;, > 0. Then, to > 0. From
the uniqueness of the weak limit, we have v = to@ and % # 0. By Lemma 3.3, we infer that

Gp — ¥ in Yy, (3.14)
and consequently @, — @ in Yy;. Furthermore,
Evy (0) = dy, and (Ey, (0),0) = 0.

Next, we show that {y,}nen has a subsequence, still denoted by itself, such that y, — yo € M.
We begin by proving the boundedness of {y,}nen. Suppose by contradiction that {y,}nen is not
bounded, that is there exists a subsequence, still denoted by {yn}nen, such that |y,| — oco. Take
R > 0 such that A C Br. We may suppose that |y,| > 2R for n large enough, so, for any = € By,
we get

|5n$+yn| > |yn| - ‘5n$| > R.
Then,

il + Ly < [ e+ )i do

< /B  fminds+ /  f(in)iin da.

R/en
Since @, — @ in Yy, it follows from the dominated convergence theorem that
/c f(p) Uy dz = 0, (1).
R/en
On the other hand, noticing that f(i, )i, < %(|&n|p + |, |?), we get
Vo(|tn|P + |ty |?) dz + 0, (1).

R/en

nllSp + lnllsq < 2 g

Therefore,
1 - .
(1 %) (2, + 1alL,) < 0a(0)

and recalling that 4, — @ # 0, we obtain a contradiction.

Thus, {yn}tnen is bounded in RY and, up to a subsequence, we may assume that y, — yo. If
Yo ¢ A, then there exists r > 0 such that y, € B, /2(yo) C A° for any n large enough. Reasoning
as before, we get a contradiction. Hence, y € A. In order to prove that V(yo) = Vo, we assume by
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contradiction that V(yg) > Vp. Taking into account (3.14), Fatou’s Lemma and the invariance of
RY by translations, we have

1 1 1 1
dy, = €, (0) < lim inf [5 [Baltp + 2 [Bnlhg + /RN V(en + yn) <p|@n|p + q|7;n|q> dzx — /RN F(6n) de|

n—oo
<liminfZ. (tpu,) < liminfZ. (u,) = dy,
n—oo n—oo
which does not make sense. By (V2) we conclude that yg € M. O
Now, we introduce the following subset of N :
Nei={ueN. : T(u) < dy, + hi(e)},
where hi () := supyeps [Ze(Pe(y)) — dyy|- By Lemma 3.4, it follows that hi(e) — 0 as € — 0. By the

definition of hj(g), we know that, for all y € M and € > 0, ®.(y) € N and then N # 0.
For any 6 > 0 given by Lemma 3.4, we take p = p(d) > 0 such that Ms C B,, and we consider

T : RN — RY given by
[ iffz[<p
T(z) = { % if || > p.

We define the barycenter map . : Nz — RY by
[ T u@)Pr + ju@)) do
]RN
[ (@l + @) ds
RN

Let us note that . has the following property.

Be(u) :=

Lemma 3.6. The function 5. verifies the following limit

lim B (®:(y)) = y uniformly in y € M.
e—0

Démonstration. Suppose by contradiction that there exist 69 > 0, {yn}neny € M and &, — 0 such
that
B, (Pe,, () = Yn| = do. (3.15)

En T—Yn
En

Using the definitions of ®¢, (yn), Be,, ¥ and the change of variable z = , we can see that

n Jev [M(En 2+ yn) — ynl(In(len 2w (2)|P + In( n 2w (2)]7) d2
Jew (In(len 2w ()P + (| en 2)w(2)]7) dz

Taking into account {yn }nen C M C B, and applying the dominated convergence theorem, we infer
that

Ben (éen (yn)) = Yn

B2, (P, (yn)) — yn| = 0n(1)
which contradicts (3.15).

Lemma 3.7. For any § > 0, there holds that

lim sup dist(S:(u), Ms) = 0.
€_>Ou€./\7€

Démonstration. Let e, — 0 as n — oo. Then there exists {uy bnen C N, such that

su inf u) —y| = Inf Up) — Y| + on(1).
sup g 16e,(u) =yl = Inf (6, (un) — ]+ on(1)
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Our claim is to show that there is a sequence {y, }nen C Ms such that
Tim |8z, () — 3| = 0. (3.16)
Recalling that {u, }nen C /\Nfgn C N, , we deduce that
dvy < ¢, < Iz, (un) < dy, + h(ep)

which implies that Z., (uy,) — dy;,. By Lemma 3.5, there exists {7, } C R such that y,, = &, §n € M
for n sufficiently large. Thus

ez ) = 5z + 5D+ oz )

ﬁen (un) = Yn +
[ 500 + e + ) 1)

Since uy, (- + Upn) strongly converges in Yy, and €,z + y, — y € M, we deduce that S, (u,) =
Yn + 0n(1), that is (3.16) holds. O

3.3. Multiple solutions for (2.5). In this subsection we give a relation between the topology of M
and the number of solutions to (2.5). Since S} is not complete, we can not apply directly standard
Ljusternik-Schnirelmann theory, but we overcome this difficulty using the abstract results in [68].

Theorem 3.2. Assume that (V1)-(Va) and (f1)-(fa) hold true. Then, given 6 > 0 such that M5 C A,
there exists €5 > 0 such that, for any ¢ € (0,&5), problem (2.5) has at least catpr, (M) positive
solutions.

Démonstration. For any ¢ > 0, we consider the map . : M — ST defined as ac(y) := m-1(®:(y)).
By Lemma 3.4, it holds that

lim 9: (e (y)) = lim Z. (P (y)) = dy; uniformly in y € M. (3.17)
e—0 e—0

Set
Sti={we St e(w) < dy, + hi(e)},

where hi(g) := supyeps [Ye(ae(y)) — dyy| — 0 as e — 0 in view of (3.17). Since ¥:(ac(y)) € gj we

deduce that S # 0.
In the light of Lemma 3.4, Lemma 2.6-(iii), Lemma 3.7 and Lemma 3.6, we can find € =5 > 0
such that the following diagram is well defined for any ¢ € (0,&) :

—1
M2 .(M)™s a.(M)™s d.(M) 5 M.

By Lemma 3.6, and decreasing & if necessary, we obtain that 5.(®.(y)) =y + 0(e,y) for all y € M,
for some function 6(e,y) satisfying |0(c,y)| < § uniformly in y € M and for all ¢ € (0,2). Then,
H(t,y) = y+(1—t)0(e,y) with (t,y) € [0,1]x M, is a homotopy between S0P, = (B.om.)o(m_1od,)
and the inclusion map id : M — Ms. Consequently,

cato (aryae(M) > catprs (M). (3.18)

Applying Corollary 2.2 and Theorem 27 in [68], with ¢ = ¢. < dy, + hi(e) = d and K = a.(M),
we obtain that W, has at least cat,,(pr)oe(M) critical points on S+ Combining Proposition 2.1-(d)
with (3.18), we can infer that Z. admits at least catps, (M) critical points in N.. O
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4. PROOF OF THEOREM 1.1

This last section is devoted to the main result of this work. The idea is to show that the solutions
obtained in Theorem 3.2 satisfy, for ¢ > 0 small enough, the estimate u.(z) < a for all z € AS. This
fact implies that these solutions are indeed solutions of the original problem (1.3). To achieve our
purpose, we first provide the following result which plays a fundamental role to study the behavior
of the maximum points of the solutions.

Lemma 4.1. Let e, — 0 and u, € N., be a solution to (2.5). Then I, (un) — dy,, and there exists
{Gnnen CRY such that @iy, := up(- +§n) € L¥(RY) and |iin|oo < C for alln € N, for some C > 0.
Moreover,

Up(x) = 0 as |z| — oo uniformly in n € N. (4.1)

Démonstration. Since {up}nen C J\N/En, we can argue as in the proof of Lemma 3.7 to see that
T., (uy) — dy,. By Lemma 3.5, we can find {f,}nen C RY such that i, := wu,(- + @) strongly
converges in Yy, and y, := €, Un — Yo € M. Now we develop a Moser iteration argument [59]. For
any L > 0 and 8 > 1, we take

- - _q(B-1
v(y,) = unui(g ) e Xe,
where @y, 1, := min{a,, L}, as test function in the problem solved by @, and we have

/ / it () = in (9) P2 (@in(2) — () (@72 V) (@) — (@ a2 )(y))
R2N

|z — y[NEop

dxdy

[ () — @ (1) (@0 () — G (y) (@82 D) (@) — (@@ ) ()
<[]

|z — y| Vs
~ ~ ~a(B—1 _ ~ a1
# [ Vienw il ot [ Vienw e dlialtal Y do

o q(B-1
— /Ngn(gnx—i—sn yn,un)unui(é ) de.
R

From the growth assumptions on g, we know that for all £ > 0 there exists C¢ > 0 such that
lg(z,t)] < &P+ Celt|%~! V(z,t) e RN x R
Using the above inequality, (V1) and choosing & € (0, Vp), we obtain

/ / [ () = G (9) P2 (@n () — () (@725 V) (@) — (@82 D))
RQN

|z — y|N+sp

i () — i ()72 (@0 () — tin () (@820 ) (@) — (@@ ) ()
/..

|z — y| Vs

< C/]RN | Faly Y da. (4.2)

Let us define
[t L

A(t) v and I'(t) ::/0 (' ())adr.

Since v is an increasing function, we can infer
(a —b)(v(a) —y(b)) >0 for any a,b € R.
Combining the above inequality with the Jensen inequality we have
X(a — b)(v(a) — 7(8)) = [T(a) ~T(B)|  for any a,b € R,
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from which
D (i) () — T (i) (9)|% < (@) — it ()[4 (it () — 1 () (25 D) () = (@05 ) ().

We can also note that I'(a,,) > éﬂnﬁn ;- Thus, by the Sobolev inequality we deduce that

// i () — i (9)|7 (11 () — () (@072 (@) = (@i?s ) ()
R2N

|z — y|N+sa
> [D(iin)]7, > SulD (@) |2, >fr* i e (4.3)

where S, denotes the Sobolev constant of the embedding W*4(RN) C L% (RY).
On the other hand, we can see that

// (%) = @ () [P~ () — () (@0l ) (@) = (@) ()
R2N

|z — y| NP

_ / / [ () = () P2 () = i () (i (@) — () " () + i (y) (7, (@) — iy V(W)
R2N

|ty () — Un(Y)P —q(8-1)

[ () — T ()P (@ (x) — T (y)) T () @5 (@) — a0 ()
> (0. .
+//RQN m = y [N dxdy > 0 (4.4)
Indeed,
i () — it ()12 (G () — () () (@25 () — @5V ()
dxdy
R2N |z — y[NHsp
[ () — ()P (@ () — T (y)) T (y) @5 (@) — a0 ()
~ Sz} Dy |z —y|Ntsp ey
it () — it ()12 (i () — () () (@25 () — @25 ()
+ \x y‘N+Sp dxdy
{tn (z)<L} J{an(y)<L} -
i () — i () P2 (it () — i () () (@95 () — @9 ()
+ o — [N dxdy
{tn(z)>L} J{an(y)>L} -
it () — it ()72 (Gl () — () () (@25 () — @25 ()
+ o — [N dxdy
{tn (2)<L} J{an(y)>L}

= I+I1I+1IT+1V.
Note that I71 = 0, and that I > 0. Indeed, when 4, (x) > L and @, (y) < L we have
Un(®) — Wn(y) > Gn(@) ~ L>0 and @l V(@) —al ]V (y) = L9 — @t (y) > 0,
On the other hand, when @, (z) < L and 4, (y) < L, we can see that
(in(2) — n () (@5 (@) — @250 () = (@n(@) — G(y)) @7 (@) - a2P(y)) > 0,
then I7 > 0. Finally, when u,(z) < L and u,(y) > L, we have
(@) —Gn(y) <L —n(y) <0 and @l V(@) — @l (y) = @ V() - L9 <o,
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which gives IV > 0. Putting together (4.2), (4.3) and (4.4), we conclude that

n,

R g ~a(B-1
U, |Z§ <Cp? /RN u?fun(L ) da.

. ai-q\? . ai-q\ ¢
— Tl A il A
_/ Uy’ unun,L dx +/ Uy’ unun,L dx
{an<R} {in>R}

=11+ 5.

Since 0 < Uy, 1, < Uy, we can see that

L < / R%=~934 d,
{iin<R}

*

and applying Holder’s inequality with quq and %:, we have

*
4s —4 q
E3

I, < / ads dz / (Unt,; )% dx .
{@n>R} RN ’

Since {ty, fnen strongly converges in Yy, we can take R sufficiently large such that

5 —q
a3
/ als dx <ef7Y,
{an>R}

g

as—a qz
I < B ( / (s, ) dx) .
RN ’

Summing up, by the estimates for I; and I5, we obtain

.
at—q
¥ ¥ — * oo ¥ _ - o~ * *
/ abal Tdr < / R~ qls do + ™1 (/ (Unw, 7 )% dm)
RN ’ RN RN ’

Combining (4.5) with (4.6) we can infer that

q

a5—q rs as—a
(/RN (Unt,, 7 )% dx) < Cp /RN R%~93% dx + Ce (/RN (Unt, T )% da:)

Note that, choosing 0 < € < %, we have

and consequently

=)
@ *“‘3

Q
@ *"Q

4

in(l * s — * *
(/N(&nﬂni ) dac) < Cpt /N R%"qls dr < oo,
R R

(@52
and taking the limit as L — oo we deduce that %, € L™« (RV).
Using 0 < @y, 1, < Uy, and letting L — oo in (4.5), we get

in 545 < OB /RN ad I d,

(4.5)

(4.6)
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1 1
* (B-1) _ ¥ (B-1)
< /R N @b dx) T < (o) < /R N adsFalf=1) da:) o (4.7)

*

* * q

which yields

For m > 1, we set

In particular
Bm+1 =B (1 — 1) + 1,
and lim,, oo B = 00. Let us define

1
* Q:(ﬁm_1>
K, = ﬂ?fﬁm dx )
RN

_ 1
Km+1 < (Cﬁm—l—l) Pm+1-1 Km~

A standard iteration argument shows that there exists Cy > 0, independent of m, such that

Then (4.7) reads as

m 1
K1 < H(Cﬁkﬂ)ﬁk“_l Ky < CoK;.

k=1
Taking the limit as m — oo we conclude that |@y,|~ < C uniformly in n € N. Now, we note that @,
is such that

(—A)Stn + (—A)Sdy, = hy  in RY,
where
hy ==V (ena +en Gin) (@ + 02 + g(en o + £ Tn, ).

Using the growth assumptions on g, Corollary 2.1 and that {a,}nen is uniformly bounded in
L®(RN) N Yy, we can deduce that i, (x) — 0 as |#| — oo uniformly in n € N. O

Finally, we give the proof of the main result of this work.

Proof of Theorem 1.1. Fix § > 0 sufficiently small such that Mz C A. N
Claim : There exists £5 > 0 such that for any ¢ € (0, s) and any solution u. € N: of (2.5), it holds

|U5|Loo(Ag) < a. (48)

We argue by contradiction. Thus, there exists a subsequence {ey, }nen such that €, — 0, u,,, € /Ven
such that 7! (ue,) = 0 and

U, [Loo(ag, ) = a. (4.9)

It is clear that Z. (ue,) — dy, as in the first part of the proof of Lemma 3.5. Then, by Lemma 3.5,

we can find {fy, }nen C RY such that i, := ue, (- + §n) — @ in Yy, and &, §n — yo € M.
Now, taking r > 0 such that B,(yo) C Bar(y0) C A, we get Br (£2) C A.,. Moreover, for any
y € Br (9y), it holds
Yo
y— 2
5

n

_ %

n

1 2
Un < —(r+o,(1)) < = forn sufficiently large.

€n €n

S’y_gn‘+

For these values of n, we have AZ C B% (yn). On the other hand, by (4.1), we know that

Up(x) — 0 as |z| — oo uniformly in n € N,
so we can find R > 0 such that

Up(z) <a for any |z| > R,n € N.
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Accordingly,
Ue, (z) < a for any = € Bi(yn),n € N.
On the other hand, there exists v € N such that for any n > v it holds

AL, C B (§n) C By (in)-

Therefore, we deduce that u., (z) < a for any z € AZ and n > v, which is impossible due to (4.9).
This ends the proof of the claim.

Let €5 > 0 given by Theorem 3.2, and fix ¢ € (0,&5), where €5 := min{s,&s}. In the light of
Theorem 3.2, we know that (2.5) admits at least catpz, (M) nontrivial solutions. Let us denote by u.
one of these solutions. Since u. € K/'E satisfies (4.8), by the definition of g it follows that u. is also a
solution of (1.3). Hence, (1.3) has at least catps,; (M) nontrivial solutions.

Next, we study the behavior of the maximum points of solutions of (1.3). Take ¢, — 0 and
consider a sequence {uy tnen C X, of solutions to (2.5) as above. Let us observe that (g;) implies
that we can find v € (0,a) such that

Ve
glez, )t < fo(tp +19) forany z € RN, 0< ¢t <. (4.10)
Arguing as before, we can find R > 0 such that
|un|Loo (Bg, (7)) < V- (4.11)

Moreover, up to extract a subsequence, we may assume that

|[tn|Loo (B (Gn)) = - (4.12)

Indeed, if (4.12) does not hold, it follows from (4.11) that |t,|s < 7. Then, combining (Z (un), un) =
0 with (4.10), we obtain

Vo
el il g < [ oEnaiuninde < 22 [ (fual? + funl?) da

that is [|us|/x., = 0, which does not make sense. Accordingly, (4.12) holds true.

Taking into account (4.11) and (4.12), we can deduce that if p,, is a global maximum point of w,,
then p, = ¥ + qn, for some ¢, € Br. Consequently, €, p, — yo € M and using the continuity of V'
we obtain that V' (e, pn) = V(yo) = Vo as n — oo. This ends the proof of Theorem 1.1. O

Remark 4.1. We suspect that it is possible to prove that the solutions u of (1.3) have a polynomial
decay at infinity of the type 0 < u(x) < % for |z| > 1, where 0 = o(N, s,p,q) > 0.
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