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ON A CLASS OF OBSTACLE PROBLEMS WITH (p,q)-GROWTH AND
EXPLICIT v-DEPENDENCE

ANDREA GENTILE, TERESA ISERNIA, AND ANTONIA PASSARELLI DI NAPOLI

ABSTRACT. In this paper, we establish the higher differentiability of the gradient of solutions
to variational obstacle problems of the type

min {/QF(M Du)dz :u € ICw(Q)} .

Here 2 C R™ is a bounded open set, 1 € WO1 () is a fixed function called obstacle,
and K, (€2) is the class of admissible functions. The main feature of the energy densities
under consideration here is that they satisfy non standard growth conditions with respect
to the gradient variable and that they explicitely depend on the pair (z,u). Assuming that
P e L. (Q) N WE2I7P(Q), we are able to prove a second order regularity result for the
solution.

1. INTRODUCTION

The aim of this paper is the study of the higher differentiability properties of the gradient
of the solutions u € W4(Q) to a class of variational obstacle problems of the form

min {/QF(:v,w,Dw) dow e /cw(gz)} , (1.1)

under the (p, ¢)-growth conditions, with 2 < p < ¢ < p+ 1. Here Q C R™ is a bounded open
set, with n > 2, and the class of the admissible functions ICy;(2) is defined as follows

Ky(€) :={w e Wy(Q):w > ae. in Q},
where 9 1 Q — [—00,4+00), called obstacle, fulfills the following regularity assumption
¢ € Lloc (Q) W2 2ar (Q) (12)

loc
To ensure that the discussion remains substantive and avoids trivial cases, we will proceed
under the assumption that ICy(£2) is not empty. We will suppose that F':  x R x R* - R
is a convex function with respect to (s,&), C? with respect to ¢ and Lipschitz with respect
(x,u) verifying

(Fo) w(1+[€P)E < F(w,5,€) < M [(1+|¢[})3 + |s|"],
(F1) {1+ [€P)"° AP < (DeeF (w5, A N),

(F2) |DecF(z,5,€) < M [(1+1€)T +|sl°]

(Fs) |DaeF(w,5,6)| < M [(1+ |5 + 1)),
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(F) IDocPlos O < M |1+ 161)™F + ],

(Fs) 1DoF(z,5,€) < M [(1+ g5 + 5P
for a.e. z,y € €, for every s,t € R and for every &, € R", where 2 < p < ¢ <p+ 1 and
0 < v < M are fixed constants.

One can easily check that the solution to (1.1) solves the following variational inequality

/Q(A(:E, u, Du), D(¢ —u)) dx > /Qb(:v,u, Du) (p —u)dz (1.3)

for any ¢ € Ky, where the structural functions A and b are given by
A(x,s,€) = DeF(x,5,€)  and  b(z,s,§) = —DsF(x,s,§).
It is well-known thaQt assumptions (Fp)-(F5) yield that the following
(1) v (L4 )T AP < (DeA(, 5,0, ),
(I1) |A(r,5,8) — Al sm)] < M [(1+ € + 0T + [s]°] 1§ .
(1) |A(z,5,€) = At < M (141627 +[s)?] s — 1],
(1) 1A4(5,€) = Alyos O] < M (1 [P+ b7 o = )

(V) b, 5,€) < M [(1+ 167 + sl
hold for a.e. x,y € Q, for every s,t € R and for every £, € R".

The study of regularity theory for obstacle problems is a classical topic in Partial Differ-
ential Equations and Calculus of Variations. The formal investigation of obstacle problems
began with the works by Fichera [17] and Stampacchia [36], and since then, significant re-
search has been devoted to understanding the regularity of the solutions to these problems.
This research interest is motivated by the several applications of obstacle problems in fields
such as elastostatics, financial mathematics, and control theory. It is well-known that the
solutions to the obstacle problem are generally not of class C?, regardless of the regularity
of the obstacle, and this led to the development of the concept of weak solutions and to the
theory of variational inequalities, after the fundamental work by Lions and Stampacchia [31].

When studying regularity results for solutions to obstacle problems, we are interested
in understanding how the regularity properties of the obstacle affect the regularity of the
solutions. For linear problems, the solutions typically inherit the regularity of the obstacle;
see for instance [4,6,14]. In the nonlinear context, this is not always true. Consequently, over
the years, there has been an intense research activity aimed at determining the regularity of
the solution in relation to the regularity assumed for the obstacle; see [2,3,19,20].

In the last few years, many higher differentiability results of integer or fractional order
have been established for solutions to obstacle problems, both in the standard growth (see
for instance |9, 15,23,24, 32]) and nonstandard growth setting (see, for example [5, 8,16, 18,
21,22,29,30,34]). In the quoted papers, the authors obtain some higher differentiability
results for solutions, provided a suitable regularity assumption is imposed on the dependence
on the z-variable of the coefficients of the variational inequality and on the gradient of the
obstacle. However, as far as we know, such regularity hasn’t been exploited yet when the
energy density in (1.1) explicitly depends on the u-variable.
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Actually, we aim to fill this gap by considering here an obstacle problem where the non
standard growth of the energy density with respect to the gradient variable combines with
the explicit dependence on the u-variable.

It is worth pointing out that the explicit dependence of the integrand on the u-variable in
case of (p, q¢)-growth can not be managed as a simple perturbation. A very clear explanation
of this phenomenon can be found in the paper by Marcellini [33], which deals with the local
Lipschitz continuity of solutions to equations with p, g-growth and with explicit dependence
on the u-variable (see also the very recent papers [10-12]).

In this paper we go further in this direction considering the case of (p, ¢)—growth conditions
with an integrand function that explicitly depends on (x,u), but now in a constrained min-
imization problem. The first paper dealing with this case is [13], where the authors proved
the local boundedness of solutions to (1.1) by assuming that F' is a convex function in (s,§)
and satisfies the following growth conditions:

algl < Fa,s,8) < o1+ |s|" + [€]7),

where v > 0 and ¢y, > 0 constants. The crucial aspect in their paper is that they were
able to establish the local boundedness under a sharp bound on the gap between the growth

exponent, specifically
1 1 1
> _ ’
g p n-—1

assuming the boundedness of the obstacle (see also [§]).

Our main result can be stated as follows.

Theorem 1.1. Let u € Ky (2) be a solution to (1.3) under the assumptions (I)—~(V') with
exponents 2 < p < q < p+ 1 verifying

1 1 1
> )
g p n-—1
If ¢ satisfies (1.2), then V, (Du) € Wb? () and the following estimate

/ |DV;7 (DU)|2 dr < %/ (1+ |Du|2)% dx + < }Dzw‘%*p A
B Br

R? [
E] " (1.4)
_ C
tm . DY dx + Vi | Br|

holds for any ball Br € €.

The proof, as it is often the case, relies on the combination of a suitable a priori estimate
and an approximation argument. However, the presence of the u variable in the integrand
prevents us from approximating the functional from below, that is using functions that behave
like tP, and instead forces us to approximate from above, that is with functions that behave
like #9. For this reason, the Sobolev class W4(Q) is the natural space in which to search
for solutions. Moreover, the presence of the term w also necessitates the use of the local
boundedness of the obstacle, and then of the solutions, to exploit the interpolation inequality,
which provides the LP*2 integrability for the gradient of the solution. This will be a key tool
in the proof of our main result.

We conclude this introduction with a brief description of the structure of the paper. In
Section 2, we list some notations and classical tools that are useful to the proof of our result,
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with a focus on the properties of difference quotients. Section 3 is devoted to some a priori
estimates which will be crucial for Section 4, where we provide the proof of the main result.

2. NOTATIONS AND PRELIMINARY RESULTS

In this section we list the notations that we use in this paper and recall some tools that will
be useful to prove our results. We denote by either C' or ¢ a general constant, which might
change in different contexts, possibly even within the same line of estimates. Dependencies
on parameters and specific constants will be appropriately highlighted using parentheses or
subscripts. For a C?-function f: Q x R® — R, we write

Def (@, Ol = 5|

for £,n € R™ and for almost every x € (.
In what follows, B(z,r) = B.(x) = {y € R": |y — z| < r} will denote the ball centered at
x of radius r. We shall omit the dependence on the center when it is clear from the context.
Next, we recall some results that will be useful in the following. First we state a well-known
iteration lemma whose proof can be found in [28, Lemma 6.1].

2

d
fla.&+tn) and  Decf(e,O)n,nl = 5| flz,&+1n)

Lemma 2.1. Let h : [p, R] — R be a nonnegative bounded function, 0 < § <1, A,B >0
and v > 0. Assume that

A
< _

h(r) < 6h(d) + A= + B

forall p <r <d< Ry. Then
A
hp) <c¢|———+B]J,
(v) LR()—P)V 1

where ¢ = ¢(0,v) > 0.

The following Gagliardo-Nireberg type inequality is stated in [27]. For the proofs, we refer
to [7, Appendix A] and [25, Lemma 3.5] (in case p(x) = p, V).

Lemma 2.2. For any ¢ € CL(Q) with ¢ > 0, u € [0,1], and any C* map v : Q@ — RY, we
have

p
2

/ ¢* (1* + |DU|2) |Dul|* da
Q

2 2
§c||v||%oo(supp(¢))/g¢2 (,u2+|Dv|2) 2 |Dzv‘ dx (2.1)

+lll o | (6 + Do) (2 + 1Dof)
for a constant ¢ = ¢(p).
In [13] the following local boundedness result has been proved.

Theorem 2.1. Let u € Ky(Q2) be a solution of (1.1). Assume that

(s,&) — F(x,s,§) s convex
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and
al§lP < F(x,s,8) < ca(1+ s[4 [€]%),
for exponents 1 < p < q and v > 0 such that
L if p<n

1
S

1 1
p n-—1

1 *
- > and v <p'=
1 any finite exponent if p > n.

If the obstacle ¢ € LS, (2), then u € LS, () and the following estimate

loc loc
2l o (80) < [l 0) + Nullwroesg]
holds for every ball Bg € 2, for v(n,p) > 0 and ¢ = c¢({,v,p,n).

Since we are dealing with non linear problems, it will be convenient to use, as usual, the
function V,, : R™ — R", defined as follows:

Vo (&)= (P +1¢°) © ¢ forany £ € R™
For the auxiliary function V,, we recall the following estimate, whose proof can be found
in [1] for 1 < p < 2 and in [26] for p > 2.

Lemma 2.3. Let p > 1. There is a constant ¢ = ¢(n,p) > 0 such that
cHE=nl < V&) = V)| (1P + 1€+ Inl*) = <clé—nl,
for any &, n € R™.

Remark 2.1. One can easily check that, for a C*-function v, there is a constant C(p) such
that
=2 p=2
C YD) (42 +|Duf?) 7 < D[V, (Du)]]” < C |D%|* (1 + |Duf?) 7.
In the following, we will always consider ;4 = 1 both when we apply Lemma 2.2 and when
we use the function V), and its properties. Moreover, for the sake of brevity, we will often use
Lemma 2.3 and estimate (2.2) without recalling them explicitly.

(2.2)

2.1. Difference quotients. A key instrument in studying regularity properties of solutions
to problems of Calculus of Variations and PDEs is the so called difference quotients method.
In this section, we recall the definition and some basic results.

Definition 2.1. Given h € R and a function F : R* — RY, for any s = 1,...,n the finite
difference operator in the direction x4 is defined by
ronF(2) = (o + he,) — F(x),

where ey 1s the unit vector in the direction xy.

In the following, in order to simplify the notations, we will omit the vector ey unless it is
necessary, denoting

mF(x) = F(x + h) — F(x),

where h € R".

We now describe some useful properties of the operator 7, whose proofs can be found, for
example, in [28].
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Proposition 2.1. Let F € W'?(Q), with p > 1, and let us consider the set
Q= {x € Q:d(x,00) > |h|}.

Then
(Z) Il e wtp (Q|h|) and

Di(ThF) = Th(DlF)

(2) If at least one of the functions F' or G has support contained in | then

AF(x)ThG(x)dx = /QG(:E)ThF(x)dI‘.
(8) We have
T(FG)(x) = F(x 4+ h)1,G(z) + G(x)1, F ().

The subsequent result regarding the finite difference operator can be viewed as an integral
version of Lagrange’s Theorem.

Lemma 2.4. If0 < p < R, |h| < ?, 1 <p<+oo, and F,DF € L*(Bg) then

/ |7 F(x)]P dx < c(n,p)|h|p/ |DF(z)|P dx.
B, Br
Moreover

|F(z+ h)|P dx g/ |F(2)|P dz.
Br

By
The following result is proved in [28].
Lemma 2.5. Let F: R* — RY, F' € L? (Bg) with 1 < p < +o00. Suppose that there exist
€ (0,R) and M > 0 such that
E: mhF )Pdx < MP|h|P

for |h| < B=2. Then F € W BR,RN . Moreover,
2
IDF|Lo(5,) < M
and

[ [t (M +1Fllzr@m) -

Ln p

with ¢ = ¢(n, N, p, p, R). Furthermore,

L F
Tshl o DF  in LP

W s IOC(Q)7 as h — 0,

foreach s=1,...,n
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3. SOME USEFUL A PRIORI ESTIMATES

In this section, we establish some a priori estimates that will be instrumental in proving
Theorem 1.1. We require the local boundedness of the local solution u to the variational
inequality (1.3), which we will consider as an a priori assumption, unless we are in cases
in which it is already granted. Taking into account the local boundedness of u, our set of
assumptions can be presented as follows. For every €)' € Q there exists K > 0 such that

[ulloo = [lullzoe @) < K.
Here, we shall assume that there exists a positive constant M (K) such that A(zx, s, &) and
b(x,s f) satisfy the following:
(A1) ¥ (1+16F)F AP < (DeA(e, 5, AN,
(A2) |A(z,s,8) = Az, s,n)| < M(K) (1 +!5|2++\77! )T e,
(As) [A(w,s,€) — Alw, 1, )] < M(K) (1+ [gP) + N s =1l
(As) [A(z,5,8) — Aly, s,€)] < M(K 2(1+ [€1%) yl,

(As) [b(z,u,§)| < M(K) (1+[¢]%)
for every x,y € 0/, for every s,t € R, for every £, n € R" and for |u| < K.

Here the exponents p and ¢ are such that
2<p<gqg<p+1. (3.1)

Let us point out that assumption (.4;) implies in particular

(A(z,5,6) — Alw,5,m),€ =) > v (L+ | + [¢[%) = el

Along this section we will suppose that A(x, s, &) satisfies (A;)-(A4), b(x,s,&) obeys (As),
1 verifies (1.2) and (p, ¢) fulfills (3.1).

The first result of this section is an a priori estimate for locally bounded solutions u €
K4 (€2) to the variational inequality (1.3) such that Du € L*7P(Q).

Theorem 3.1. Let u € Ky(Q) be a solution to (1.3) such that Du € LYP(Q). If ¢ €
Wiee" () then
V, (Du) € W2 (Q),

loc

and the following estimate holds

|DV,(Du)|? dx
By

< ;2/ (1 + |Dul*T™P + | Dp|?*7P) dx + c/ | D327 dx
(R—p) Br B

R

(3.2)

for every concentric balls B, C B € Q2 and for positive constant ¢ = c(n,p,q,v, L).

Proof. Let us fix a direction s = 1,...,n and h € R such that |h| is sufficiently small. Let
es be the unit vector in the s-direction and let us denote the vector he, with h in order to
simplify the notation. Consider B such that By € (), with R < i, and arbitrary radii

0<p<r<i<t<t<i<R.
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Let us consider a cut-off function n € C2°(B;) such that

n=1 on B;,
0<n<l,
|Dn| < 5.
Setting
vi(x) = n?(@)[(u — ) (@ + h) — (u—¥)(z)]
and

va(2) = n*(z = h)[(u — ¥)(x = h) = (u =) ()],

one can easily check that the functions
o1() = u+ Iy
and
©a(T) = u + Avg
are admissible test functions for any A € [0,1). Inserting ¢; and @5 in inequality (1.3), we
get

/Q(A(:c, u, Du), D(n*7,(u — ¥)) dx > /Qb(m, w, Du) n*7,(u — ) dx
and

/(A(x, u, Du), D(n*(x — h)1_p(u — ) do > / b(z, u, Du) n*(x — h)7_p(u — ) da.
Q Q

By using the change of variable y = x — h in the integrals of the previous estimate, we get

_ /Q<A(g; + h,u(z + h), Du(x + h)), D(n*m,(u — ) dz

> — / b(z + h,u(z + h), Du(x + h)) n?(x)m,(u — ) dx
Q
and so, summing up,

/Q(A(x + h,u(x + h), Du(z + h)) — A(z,u, Du), D(n*m,(u — 1)) d
< /QThb(x,u, Du) n*m,(u — ) dx

= — /Q b(x,u, Du) 7_p,(n*m(u — 1)) da.

The previous inequality can be rewritten as

Iy := /(A($ + h,u(z + h), Du(x + h)) — A(z + h,u(z + h), Du(z)), n*m, Du) dx
< /Q (A(x + h, uz + ), Du(z + b)) — A(z + h, u(z + h), Du(x)), irs D) da
+ /Q(A(x + h,u(z + h), Du(x)) — A(z + h,u(z), Du(z)), n* 1 D(p — u)) dx

+ /Q<A(a: + h,u(z), Du(x)) — A(z,u(x), Du(x)), D — u)) dx



OBSTACLE PROBLEMS (p, ¢)-GROWTH 9
+2 /Q<A(x + hou(z + h), Du(z + b)) — A(z + h,u(z + h), Du(x)), nDnm (v — u)) do
+2 /Q (A(x + h,u(z + 1), Du(x)) — Az + h,u(z), Du(z)), nDnm (b — u)) d
+2 /Q (A(z + h,u(z), Du(z)) — A(w, u(z), Du(@)), nDymy (v — u)) dz
+ /Q b, u, Du)T_ (0P (v) — u)) dx
that yieliisl
I < Zﬁ; 1] + 1) (3.3)

At this point, we proceed to estimate all terms within (3.3). Using assumption (A4;) we
can see that

p—2
> y/ 7 (1+ [Du(z + WP + [Du(@)]?)'™ |7 Duf de
Q
(3.4)
> c(u)/n2|7'th(Du)|2 dx,
Q

where we also applied Lemma 2.3.
Next, from (Ay) and Young’s inequality we obtain

4=2
L < M(K)/qf (1+ [Dulz + )P + [Du(@)?) ' |mDuljm D] de
Q
< 5/ n* (1+ |Du(z + h)|* + |Du(x)|2)p7_2 |7 Dul|* dx
Q
2q—p—2
+ CE/ n? (14 |Du(z + h)|* + [Du(z)]?) > |mDy| dx
Q

§€/T]2|Th‘/;3(Du)|2dCC+ng1.
Q

In order to estimate I;, we first apply Holder’s inequality with exponents ? and 2:1223 5
and then we use Lemma 2.4 and Young’s inequality, to deduce that

2q—p—2

29—p

L < (/ (1+ [Du(z + h)|* + |Du(z)?) > dx) 7 ( |ThD¢|2q_pd$) o
Bt Bt

2q—p—2

< |h? (/B (1+Duf?) ™" d:v) (/B |D2¢|2Q—de>

<clif? [ (141DuP) " do b [ Do da,
~ Bf

By
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where we used the a priori assumption Du € L9 7(Q), the assumption D € L9 P(Q) and

loc loc
the properties of 1. Combining the previous estimates we get

|14 ga/nQ\Th‘/;,(Du)\dejLCE]hF/ ( + | Dul| ) o dx + C. ]h!Q/ |D2w\2q Pdx. (3.5)
Q i

By virtue of assumption (A3), we have

| < M(K)/Q > (14 1Du?) " |mul D — )| de

gM(K)/Q (14 1DuP) " j7uljr D] do

+M(K)/ >(1+ |Du| ) \ThuHThDu\dx
0

= ]2,1 + ]2,2.

By the properties of 1, using Lemma 2.4, the Holder inequality with the triple of exponents

2;3;{ 5, 2¢ —p and 2q —p, Young’s inequality, and exploiting that % < 2q—p (since

p < q), we can estimate I, as follows

2qg—p—2

9 (p+a—4)(29—p) 2q—p 9 ﬁ 9 ﬁ
Ly <M / (1 + | Dul| ) 4Ca-p=2)  (y ]T ul“TPdx |7, D[P dx
Bt Bt

(p+9—4)(29—p) ﬁ ﬁ
< MIn/* (/ (1+ | Dup?) 5" ) (/ | Dul** pdx) (/ |D2¢|2‘1‘de>
B B,

gc\h|2/ (14 | Dul?) 5 dx+c|h|2/ D227 da

B

Furthermore, using Young’s and Holder’s Inequality properly, Lemma 2.4, and taking into
account that we have w < 2q — p thanks to p < q, we get

Iy < 8/ > (14 |Du| ) |ThDu|2 dx + C. / 1+ |Dul ) = |Thul? dz
)

< 5/ n* (14 [Du(z + h)* + |Du(:10)|2)7 |7, Du* dx
Q

2q—p—2

9 (g—2)(2¢—p) 2q—p 9 ﬁ
+C. / (1+ |Dul?) 2@r=2 dg |Thul TP dx
B B

(a—2)(29—p)
< s/ 0|7V, (Du) | dx + C.|h|? </ (1+ [Dul?) S dx)
Q By

2

(/ | Dul?- pdx>p

6/772|Tth(Du)]2dx+C’5|h|2/ (1+|Duf?) =" da.
Q

t

Hence,

11| g5/772|Th\/;3(Du)|2dx+C€|h|2/
Q

(1 -+ [Du’)*s" do + c|hl? / D2 dr. (3.6)
Bt
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Next using assumption (A4) we estimate I3 as follows

|I3] < M(K |h|/ 1+ | D ) |ThD( —u)|dx

gM(fQW/n DuP) T Do de + M(K |hy/ T 1DuP)" " 5Dl de
Q

= [371 + 13’2.
We focus on I3;. Exploiting Hoélder’s inequality with exponents 2(123;5 7 and 2q — p, the

properties of 7, Lemma 2.4 and the fact that p+¢—2 < 2(2¢g —p —1) in view of p < g we
obtain

29—p

) )y GHa=2)Ca=p) T , o\
1311 < C|h| /T] (1 + |Du| ) 12¢=p=01) /77 |ThD77Z)| =P
Q

1
29— P

(p+q-2)(24—p) 2 2¢-p
< c|h|? (/ (1 + ’DUP) 4(2e=p-1) dm) (/ | D%p|%~ pdm)
Bt

< c|h|2/ (1 + [Dul?) = d:v+c|h|2/ | D2|?7P dg.,
By

Moreover, for what concerns I3, we get

q
2

I35 < 6/ > (14 |Du| ) |ThDu|2dm + C; |h|2/ (14 [Duf’)? d
0 0

§e/nleh%(Du)\de—i-Cg\h\z/ (1+|Du! )%
Q

Bt
Combining the estimates for /3, and I35 we can see that

L <e / P InVy(Du) d + C |2 /
Q

[ (1 1Duf) ™ e / D2 e (3.7)

In order to estimate I, we use assumption (Az), Young’s and Hélder’s inequalities and Lemma
2.4 as follows

|14 < 2M(K) / n (1 + [Du(z + h)]> + |DU($)|2)% |7 Du|| D | (¢ — w)| dx
Q
p—2
< g/ 72 (1+ |Du(z + W) + [Du(@)?)7 |mDuf’ de
(9]

+C. [ Dl (1 +|Du(z + B2+ [Du(@)?) 2 (e — w)2 da
Bt
/n V(D)2 i +

It— 8?

<< [ Plnvi(D) ds
Q

2q—p—2
2q—p

C:

o (/B (1+ |Du(z + b + | Du(z)?) =" da:) ( Iy =P dx)

/ (14 [Duz + B2 + |Du@)]?) “F = (o — w)P da

2q—p
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<< [ Plnvi(Du) ds
Q

29—p—2 2

Cehz _ 2q—p 2q—p
+|t—|§|\2 (/B( —HDu\) kN dx) (/ |D(p — u)|* pd:c)

2 29—p h2
nThV Du)fdx + ——— 6| | 1+ |Dul*) 2 do+ €|~’ Dwqud:r;
S Js, S Js

|t —

(3.8)

Combining assumption (Az) with Holder’s inequality with the triplet of exponents 4.4, q,
Lemma 2.4 and Young’s inequality, we get

ptg—4
A §2M(K)/n(1+|Du|2) “4
Q

oM (K 0\ T % %
< 2M(E) ( [ 1ol )(>)> ( \Thurqu) ( |Th<w—u>|wx)
t—S Bt Bt Bt

c|h|?
<

. dn?
< 5/65(1+|Du|) o+ ¢ S/ DY) dz., (3.9)

[mnul [ Dnl|7n (¢ — )| dz

a(p+q—4)
2(q - 2)
In order to estimate Ig, we combine (A4) together with Holder’s and Young’s inequality,
the definition of  and Lemma 2.4

where we also used the fact that, since 2 < p < ¢, we have <q.

ptqg—2
I] < 2M(K)h| / (14 [DuP) ™5 | Dalma (e — w)| de
9]

< CWN (/ (14 |Dul? ) Fice d:p) ' ( |75 (¢ —u)|qu)q
t—s By

h|? h
gtc‘ ‘N/(1+|D )+ clh / Dl da, (3.10)
—5 /s,
-2
where we also used the fact that, since p < ¢, we have % <q.
q JR—

Now we focus on J. First, we represent 7_p,(n*7, () — u)) as

P — ) = 2 — B — )@ — B)) — r(@)m (¥ — )(a))
= [ & e = onm((w = wia — o) a9

- —h/o 12n(z — Oh)Dn(xz — 0h)1,((¢ — u)(x — 6R))

+n*(z — Oh)7, (D(¢ — u)(z — 6h))] db.
Then, thanks to (As), we have

1< W) [ (110w [ ante = o0\ oute — om0~ o o) a0
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pro—2 [l
+ \h|M(K)/Q (14 |Du?)" /0 72 (x — O1)|m(D((¢ — w)(x — O1)))| d6 dx
ptq—2 1
< |h|M(K) / (1 + |Du|2)T / 2n(x — 0h)|Dn(x — Oh)||mh (¢ — u)(xz — Oh)| db dx
Q 0
ptqg—2 1
+ |h|M(K)/Q (1+ [Duf) / n*(x — Oh)| 7 (DY(z — Oh))| d dx
0

ptq—2 1
4 |h|M(K)/ (1+ [Dup) ™ / P2z — 01)|7s(Du(x — 61))| 6 da
Q 0
::chi %—e]é + Jé.
Using the properties of n and Hélder’s inequality, we get

< ’hl/ / 1+ |Dul?) ]Th( —u)(x — 0h)|dx db
t—3s By

< C(fi)gl' 0 </Bt(1+|Du| ) dxfl (/B \Th(w—u)(x—é’hﬂqu); o).

Now, we make use of a change of variable, taking |h| < %, setting for each § € (0,1)

y = x + 0h, so that y € Bign C Bii. Then we exploit Lemma 2.4 and Young’s inequality,
2
thus obtaining

o [ sz ) o)
n< G [ (Lo T w) [ e o)

K 2 a(p+q—2 Qgi E
< WP ([ s ppupy st an) " ([ 1w
t— s B B

2%,
< KA
- t—s

. h?
/ (1+\Du|2)2dx—|—tc| |~/ D[4 da,
B — S

1233 By
2 2

where we used that p+¢—2 < 2(¢—1). Now we consider J,. Again, we first apply Holder’s
inequality, then the same change of variable we used to get the estimate of J;, and then
Young’s inequality and Lemma 2.4, thus obtainining

J2<c\h|// (14 [Du?)"F |m(Dib(a — 01))|d db
Bt

q—

a(p+g—2) 451 é
§c|h|/ (/ (1+ |Duf) 47 da:) < |Th(D¢(x—9h))|qu)
0 Bt Bt

§c|h|2/ (1+|Du!2)gdx+c|h]2/ |D*|4 da.

By By
2 2

Finally, we focus on J3. By Young’s inequality and the definition of 1 we get

J, < cyhy/ / (z— 0h) (1 + |Du?)“F Jr(Dulz — 01))|de do
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<co /01 /9772(35 —0n) (1 + [DuP)'® |mu(Dule — Oh))? dr do
+ca|h|2/01/9772(x — 0h) (1 + |Duf?)? dado
<co /I/B n*(z — Oh) |7, (V,(Du)(z — 0h))|? dwdd + ca|h|2/B (1+ [Du| )%
<o [ [ r@0w s el [ (104100 de
3t+0\h|

Bt

Sca/ a (Vo (Du)) 2 da + < |h|2/ (1+ |Duf)? de

B; B

where we made the change of variable y = x+60h and we chose |h| < % so that y € Bygn C
B..:. Here o > 0 is a parameter that will be chosen later. Hence,
2

29—p
<o [ o)+ Sp [ (4 0up) T d

Bt t Bt t
2% & (3.11)
h
+ﬂ/ |D¢]qd:v+c|h]2/ | D3| du.
t—sJs B

Inserting (3.4)—(3.11) in (3.3), and choosing ¢ sufficiently small, we have

/ 0’|V (Du) | dv < ca/ |7,V (Du) | da +
0 B

t+t

h2
cIh] ‘2/ (1+ |Du) 5" do

|t — 8 Bt+t
it

h2
+c|h|2/3 D[ dar + |tc‘ ‘W?/B DY[* P da.

Now, exploiting the fact that n» = 1 on B;, and choosing ¢ > 0 such that co = k, with
€ (0,1), we get

h 2 q9—pP
/ |7,V (Du) |* da < /1/ |7,V (Du) | da + ;’—'N/ (1+ |Du|2)2 T dx
Bs B¢ o Btth~
2
clhf?

+cfhp / DA rde / DY d.

We point out that this estimate holds for any p < r < § <t <t < 7 < R, with constants
independent of the radii, and so, we may choose

r—r r—r

(3.12)

so that
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With these choices, the previous estimate can be written as

B2 .
/ |Tth(Du)]2da:§/i/ V(D)2 d + —SP |~2/ (14 | Dul) 5" da
Bs By At =5 JB g
o o Lo (3.13)

h
+c|h\2/ D220 d 4 & ~2/ D2 da.
Br (t—S) Br

2q

Now, applying the iteration Lemma 2.1, we get

2
[ a2 o)
B, (7 =7)% Js;

2q

—P
2 dx

2
velhl2 | D22 da + clh| | D[4 dr
_ 2
Br (7“ 7“) Br

and then by Lemma 2.5 we obtain

& 29—p
DV, (Du 2dx§—/ 1+ |[Dul®)"7 dx
JL P i< s | ou

c
+ c/ |D*)|* TP dg + —/ | Dap|?47P du.
Br (R—p)* /sy,
This completes the proof of Theorem 3.1. ([l

At this point, we observe for further needs that Theorem 3.1, in the particular case p = g,
yields that if u € K, () is a solution to the obstacle problem (1.3), then V,(Du) € W,22(Q)
together with estimate (3.2). More precisely we have the following.

Theorem 3.2. Suppose that (A,)~(As) hold true with p = q. Let v € W22 (Q) and let
u € Ky(Q) be a solution to (1.3). Then V,(Du) € W,52(Q) and the following estimate

loc

/ DV, (Du)|? dz < W/ (14 | Dul)? da

B, Br
c
+—/ |D1p|qu—|—c/ | D3| du, (3.14)
(R—p)? Br Br

holds for all concentric balls B, C Br € §2 and for positive constant ¢ = c(n,q, v, L, ||u|)-

Proof. Let us observe that in this case, the assumption Du € L?7?(Q) reduces to Du €

L9(2), since p = q. Therefore we do not need to require any additional integrability for the
Du.
Following the lines of the proof of Theorem 3.1, we arrive at (3.13) which, in this case, can
be written as follows
2 1 2 c|h|?
|7 Vg (Du)|* dx < 5 |7,V (Du)|* dx +
; B;

|t — 37

/ (D ds

Br'Jr g(F—r)

E

2
;. Al /|D¢|qd9§+c|h|2/ D24 da,
Br

|t — 3] Br
Arguing exactly as we did at the end of the proof of Theorem 3.1, using Lemmas 2.1 and 2.5,
we get the conclusion, with estimate (3.14). O
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Finally, we go back to the case p < ¢ < p+ 1 and we obtain the following a priori estimate
for solutions u € Ky (€2) to (1.3).

Theorem 3.3. Let u € Ky(Q) be a solution to (1.3) under the assumptions (A;)—(As) with
p < q<p+1l. Assume that u € L2 (Q) and V, (Du) € W22 (Q). Then the following
estimates hold

. |DV,,(Du)|* dx < (14 ||ullz(8r))’ ((R _C PE + e ;)IHQHI) /BR(l + |Dul?)? dx
+ (c+ ﬁ) /BR | D|%P o, (3.15)
and
/Bp(1 + | Dul)P? dr < ¢ (1 + ||ullposn)) <(R f BE + e ;)p_f,+1> /BR(1 + |Dul?)? dx
+ (c+ Fcp)g) /BR | D)% d, (3.16)

for all ball B, C Br € Q, for a positive constant ¢ = c¢(n,p,q,v, L) and a positive exponent
7 =7 q)-

Proof. Note that the a priori assumptions u € L2, (Q) and V,, (Du) € W22 (Q) imply, through

loc

Lemma 2.2, that Du € L? +2(Q). Furthermore, the assumption ¢ < p + 1 implies that

loc

p <2q—p<p+2, and so there exists ¥ € [0, 1) such that

o 9e-p) (A-0)@-p) G _pp-qtD
P p+2 2q—p

Hence, by means of the interpolation inequality, we get

(1-9)(2¢—p) 9(2q—p)

/Bp(1+\Du!)2dx<</8p(1+wur)¥dx) (/Bp(mpu’)’% ) -

for every ball B, € €. Inserting the previous estimate in (3.13), using Young’s inequality
and exploiting the definition of ¥ we get

/B |7V, (D)) dx < IQ/B |7V, (Du)|? d

(1-9)(2q—p)
c|h|2 i p+2 ) 9(29—p)
k(t — 3) Bt Br
8
2 2,112 c|h|® 29—
+ c|h| | D= |“TP dx + \Dz/J] 7Py
Br (t 8)
+
< &/ ]ThV},(Du)|2d:c+/<;|h|2/ (1+|Du| )+ de
B{ B 5

r+g(F—r)
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c|hf*

s [ (D) @
Br

KPp—a+1l (t — 3) p—q+1

h2
(C| |S) /B | D[P da, (3.17)

with a constant ¢ independent of all the radii. Using the interpolation inequality at (2.1) of
Lemma 2.2 with ¢ = 1 and a cut off function ¢ between the balls B, 5 (7r) and B;, we have

that

+cyhy2/ |D*)|?97P d +
Br

/ (1+ | Dul)"* da
B _
L (3.18)

cllull? 2
< cljul s, / \DV,(Dw)? dz +—/ (1+ [Dup)* de
(7" ) Br
Inserting (3.18) in (3.17), we obtain
/ |7'hV;,(Du)\2dx < /4;/ |7'hV;,(Du)\2dx
Bs

By

T enlhPlule sy / DV,(Du)[? dx

ci|h?[[ull Lo s,

GESE /BR(l—f—|Du|)
2 b
<Ihl - / (14 |Dul?)? dxdx
Br

)P (t — §)p=ai1
2 2112 c|h|? 29—
Felhl? [ D2 dr + Dy da.
Br (t 5)? Br
With the same choice of the radii as in (3.12) and by the use of Lemma 2.4 together with
the assumption V,(Du) € W.?(Q), previous estimate yields

loc

D
2

/B |7,V (Du) | da < c&|h|2/8 |DV,(Du)|* da
+erlh ol [ IDV(DWP do

clhl[ullZoo (1) 2
+ — R / 1+ |Dul?)?
e S

<] 2
ol ] - / (1+ |Dul*)? dxdx
Br

f{ﬁ(f — 7") p—q+1
T elhf? / D2gr du 4 / DY d
BR BR

Hence, by virtue Lemma 2.5, it holds that

/ DV,(Du)? d < en(1+ [[ul 2 / DV, (Du)|? dz

r

clh|”

(7 —r)?
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ck||ul? »
+ —||~ HL (SR) / (1+ |Dul®)? dz
(F—r) Br

¢ y / (1 -+ ]Du\z)
Br

/gpfitlﬂrl(f — r)m

+c/ D27 dy + —— 2/ | Dy |2 d.
Br (7 —1r)? /g,

p
2

dx

Choosing x such that

(14 [ulBupy) = 5 = = 1
L=(Br)) = 5 2¢(1 + ||ul oo (Bp))

by the iteration Lemma 2.1, it follows

1 1 P
DV, (Du)|? dx < c(1 + ||ul]?~ K + 5 / 1+ |Dul)? dx
1D e < 1+ ) <(R_p)2 <R—p>p—q+1) [+ pup

c
+ c/ |D2¢|2‘H’ de + ——— / |D@Zz|2q‘p dx, (3.19)
Br (R—p)? Br

with v = v(p,q) > 0.
In order to obtain (3.16) we combine estimates (3.18) and (3.19) to have

/ (1+ |Dul)"*2 da
B .5

r+3 (F—r)

. ;
<l [ DV s+ S8 [ ) s
T R

((R—W " (R_f)p?m> /BR<1+1DU| ) du

c
by [ 10t de s [ Do
(R —=7)* Jp, B
c|lul|? « p
+ —H ~HL (BZR) / (1 + |Du|2)2 dz,
(F—r) Br
where we used (3.15) on the concentric balls Bz and Bg. At this point, the conclusion follows,
choosing r, 7 as follows

gl
< Lo sy

R—p R—p
r=R— —— r=R———.
4 2
O
4. PROOF OF THEOREM 1.1
We rewrite the assumptions of Section 3 under the notation o = ’%, and we compare

conditions (A;)—(As) with the following ones in terms of (p, ):
<A1> <A<ZL', 875) - A(ﬂf, S, 77)75 - 77) >V (1 + |€’2 + ‘77|2q)_2T |£ - 77‘27
(A2) |A(z,5,8) = Az, 5,m)| < M(K) (L4 [€] + n*) > [€ = nl,
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(As) [A(z,5,€) = A, 1,)] < M(K) (1+[¢) "7 |s =1,
(As) |A(x,5,) — Ay, 5,€)| < M(K) (1 + €))7 | — ],

a—1

(As) [b(z,u, &) < M(K) (1+[¢°) =
Since a < g we have
L+ T < (1+1€7)T and (1+167)F < (1L+ )T

Therefore assumptions (A;)—(As) with the choice a = p% imply the familiar (p, ¢)-growth,
see also |33, Section 6.2]. Now we prove Theorem 1.1.

Proof of Theorem 1.1. Let u € W29 (2) NKy (Q) be a solution to (1.1). Take a radius R < 1

loc

such that By € Q. For each ¢ € (0,1), define

F.(z,8,8) = F(x,s,&) +¢§|”.

Note that, thanks to (A;)—(Ay), there exist two positive constants ¢; and ¢y such that F.
fullfills the following growth condition

el + e (1+[62)% < Fu(z,5,6) < (1+1€]%)7, (4.1)

for a.e. © € R™ and for all (s,£) € R x R™. We stress that ¢; and ¢y are independent of ¢.
Now we set

A (x,5,€) == DeF.(x,5,§) and b.(x,s,&) = —DF.(x,s,§).
From the definition of F it follows that
b5($7 875) = _DSF(:L‘7 S? 5) = b(aj7 875)'

Moreover, thanks to some algebraic inequalities that can be found in [35, Section 2|, assump-
tions (1) — (V) imply the following conditions

(1) (Au(,5,6) = Al s.m), € =) = 7 (L4 [P + Inf) = Ig —nf? +=-Ele —nl”,
(IL) Az, 5,€) = Acl,s,m)| < M(L+1EP + 1) I = n),
(ITL) [Ax(w, 5,€) = Ac(w, t,6)] < M (1+[€P)7 |5 —1),

(IV2) Ac(w,5,€) = Acly, 5,01 < M (1+ )T |z — g,

(VL) b, 5,€)] < M (1 + [¢]2)°F

where the constants , M, ¢ are posmve and independent of €.
Consider the obstacle problem

n

Let u. € u+ Wy? (Bs) N Ky(Q) be a solution to (4.2). Thus u. satisfies the variational
inequality

F. (z,w, Dw) dz : w € u+ Wy (Bg) N IC¢(Q)} : (4.2)

R

/Q<Aa(x, Ue, Dug), D(p — u.)) do > / b(x,ue, Du.) (p — u.) dx

Q

for any ¢ € Ky.
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Since A.(z,u,§) and b(z,u, &) satisfy assumptions (A;)—(As) with p = ¢, we may apply
Theorem 3.2 to each function w., thus obtaining that V, (Du.) € W? (Bz). We point out
Bj)

loc
that, since p < ¢, we trivially have that V, (Du.) € I/Vlif (Bj) implies V, (Du.) € Wb (Bg).
Since (4.1) yields

loc

q
2

c1(1+|§|) <F(:Es§)<02(1+|§|) (4.3)

and (I.) implies

<A5(l',8,f) —A ($73a77) € 77> > v (1 + |€|2 + |77| ) |£ 77|2

for a.e. € R” and for all (s,§) € R x R", we can apply Theorems 2.1 and 3.3 to each
function u, to deduce the estimate

/ DV, (Du)[? do < e(p) (1 + [[ullz=(s,)” [/ (11 Dw)? de
Bp By
: (4.4)
D2 2q—p D 2¢—p d
[ (I + 100l )x]

14

for any ball B, € Bj and with a constant c(p) independent of e. It follows from (4.3) and
the minimality of u. that

/ |Du.|? dx < / (1+ |Du€|2)g dr < c/ F. (z,u., Du.) dx
Pr Pr Pr (4.5)
§c/ F. (z,u, Du) dxgc/ (1—|—|Du|)%
B B

R R
which implies that the sequence {u.}. is bounded in W? (Bj). Then there exists a function
i€ u+W" (Bj) such that, up to a subsequence, we have

u. — @ weakly in W' (Bj), (4.6)
as € — 0. Then, up to a subsequence, we may assume that
u. — 4 strongly in L” (Bp),

and
u. =0 a.e. in By (4.7)

as € — 0. On the other hand, the energy densities F. satisfy the assumptions of Theorem
2.1 and so

el oo,y < ¢ ([0l ooy + lucllwios,)]
< e [lPllzemy + llue — ullwresy) + lullwirs,)]
< c[ll¢llzemy + I1Du: — Dull o, + lullwrirs,)]
< e [l¢llemy + 1DullLas,) + llullwirs,)]
< c[llellzemy + lullwras,y] (4.8)
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where we used (4.5) and the constant ¢ is independent of . Therefore inserting (4.5), (4.8)
n (4.4) we obtain

A DV, (Du.)? de < e(p) (Illzmcs,) + lullwrags,)

x [/E (1+ [Duf)? d:v+/8p (ID2e] ™ + Dy ) da:]

and so {V,(Du.)}. is bounded in W>? (Bj). As a consequence of the previous estimate and
Lemma 2.2 we have that {Dug}6 is bounded in L?(By) uniformly with respect to . So

loc
there exists a function w € VVIOC (Bj) such that, up to a subsequence,

V, (Du.) — o  in W22 (Bg),

loc

which implies that, up to a subsequence,

Vo (Due) =@ in Ly, (Bg) , (4.9)
and so
V,(Du.) - w a.e. in By (4.10)
as € — 0. Thanks to (4.6), we know that, as ¢ — 0,
Du. — Du in L? (Bg), (4.11)

and since the function £ — V,, (§) is continuous and bijective, (4.10) combined with (4.9) and
(4.11) implies
V,(Du) =w a.e. in Bp. (4.12)
Hence,
Du. — Du a.ein B, as € — 0. (4.13)

Therefore, using (4.5), the Dominated Convergence Theorem, (4.12), and (4.13), we can pass
to the limit in (4.4) to obtain

| 1DV (D do < clp) (19 + elbwrace

5
X [/ (1—|—|Dﬂ\2)% d:v+/
B, B

and so V,, (D) € W22 (Bg).

loc

By (4. 8) we get that the family of functions {u.}. is bounded in L*(Bg), therefore there
exists a function v € L (Bg) such that, up to a subsequence,

5 in L (Bp) (4.15)
as € — 0. Putting together (4.15) and (4.7), we derive

(4.14)
(D2 + | Dyf) d:c] ,

P

Ue =

N

=u ae. in Bp,

which implies @ € Li°, (Bg). Now, exploiting that V,, (D) € W,'? (B5) and applying Lemma
2.2, we get
Di € IX? (Bg),

loc
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and so, since ¢ < p + 1, a covering argument implies © € W4 (Bg). So we have @ €

u+Wy? (By), and since the set Ky, () is closed, we also have @ € Ky, (Q). Taking into account

the minimality of u and u., the semicontinuity of F'(z,s,&), and recalling the definition of

., we get

/ F(z,u, Du)dx < /
B

F(z,u,Du)dx < / [F(x,u, Du) + ¢ |Du|?] dx
By

7 By

< liminf/ [F(z,ue, Du.) + ¢ |Da|?] dx
e—0 Bp

glmﬂn?/ﬁ[Exaumlhk)+5Lqu—5LDuJﬂdx
B

e—0 -
R
< liminf / F.(z,u, Du)dx + 5/ (|Da|* — |Duc|?) dx
e—0 B By

R

= liminf / F(z,u, Du)dx + 5/ (|Du|? + |Du|? — |Du.|?) dx
e—0 B By

= / F(z,u, Du)dz,
By

where we used that {Du.}. is bounded in LZ*?(Bj) and therefore also in LY _(Bz). By virtue

of the strict convexity of F', last inequality implies uv = @ on Bj. Finally, recalling (4.14), we

get

C g C 20—
/ |DV,, (Du)|* dz < —2/ (1+ |Dul?) dx—l——2/ | D2 da
Bp P~ JB, p”JB,

C _ C
5 [ D ars 15,
P JB, P

for any ball B, € By. A standard covering argument yields the conclusion with estimate

(1.4). O
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