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We study a minimal dynamical model of the mechanism generating wing beats in insects based on a coupled
wing-thorax-muscle oscillator with delayed muscle activation. The system exhibits self-sustained oscillations
arising from an instability due to the stretch-activated muscle forcing. We identify two distinct dynamical
regimes depending on the relative magnitude of the muscle response rate and the thoracic resonance frequency,
corresponding to slow- and fast-muscle dynamics. In the slow-muscle regime, the instability is unconditional

with respect to the muscle forcing and oscillations emerge at the natural mechanical frequency. In the fast-
muscle regime, oscillations arise only above a finite threshold and are inherently supra-resonant already at their
onset. Using the method of harmonic balance, we derive an analytical relation between oscillation amplitude
and frequency that works beyond the weakly nonlinear regime. The analytical predictions are validated against
numerical simulations, showing good agreement in the biologically relevant parameter range.

1. Introduction

Rhythmic oscillations are ubiquitous in both biological and engi-
neered mechanical systems, mainly arising through two fundamentally
distinct mechanisms: resonances associated with time-periodic exter-
nal forcing, and spontaneous self-sustained oscillations emerging from
internal instabilities. The latter mechanism, characterized by Hopf
bifurcations and limit-cycle dynamics, underlies a surprisingly broad
class of phenomena, from the beating of eukaryotic cilia [1,2] and the
nutations in growing plant shoots [3-6], to the oscillatory dynamics of
light-powered liquid crystal actuators [2,7,8].

A particularly striking biological realization of this principle is the
indirect, asynchronous flapping flight of insects [9]. Unlike insects
that activate their flight muscles synchronously with each wingbeat,
as in the case of dragonflies [10-12], many species, including flies,
bees, beetles, and mosquitoes, achieve wingbeat frequencies far beyond
the bandwidth of direct neuromuscular control, exceeding 800 Hz in
certain mosquito species [13]. In these insects, two antagonistic sets of
muscles deform the thorax rather than acting directly on the wings,
and the wingbeat frequency emerges not from neural firing rates,
but from an oscillatory instability of the coupled muscle-thorax-wing
system [9]. This indirect flight mechanism constitutes one of the ma-
jor evolutionary innovations in animal locomotion, enabling small

insects to generate sufficient aerodynamic lift despite their limited wing
area, and is widely credited with driving the extraordinary species
radiation observed in these groups [14]. This mechanism has also
inspired artificial robotic systems that mimic insect flight, such as the
centimeter-scale robots RoboBee [15,16] and Bee+ [17].

Prior studies have examined this mechanism primarily through
numerical simulations within the specific context of insect thorax me-
chanics [9,18], establishing that wingbeats arise as a Hopf bifurcation
phenomenon. However, the precise dynamical origin of the emergent
supra-resonant wingbeats remains unresolved: it is unclear whether
supra-resonancy arises directly at the onset of the bifurcation — im-
plying that active muscle kinetics alter the natural frequency of the
passive system, as seen in other physical models exhibiting analogous
instabilities [2] - or whether it is a post-bifurcation consequence of
operating far from the instability threshold. Moreover, it has not yet
been attempted to analytically predict the oscillation frequency and
amplitude within the biologically relevant parameter domain.

In this work, we address these questions by providing a systematic
mathematical analysis of the simplified model for insects wing-beat
dynamics presented in [9]. We begin by identifying two qualitatively
distinct Hopf bifurcation scenarios. In the regime where the muscle
response is slow relative to the mechanical resonance timescale, the
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Fig. 1. Schematic of the insect muscle-thorax-wing system (left) and its corresponding mechanical model (right). The system is modeled via Eq. (1) as a spring—
mass—damper oscillator governing the wing angle ¢. The linear thoracic stiffness k and the muscle force act in parallel on the wing through a rigid hinge
with transmission ratio T. The wing is characterized by an effective moment of inertia I (including added air mass) and is subject to a quadratic aerodynamic
damping coefficient I". The muscle force is governed by the stretch-activation kinetics described by Eq. (2) and parameterized by the characteristic delay ¢,, the

relaxation-to-contraction rate ratio x, and the feedback scaling amplitude u.

instability gives rise to limit-cycle oscillations at the passive mechanical
resonance frequency. In the opposite limit, where the muscle dynamics
are fast, the bifurcation occurs at a frequency exceeding the mechani-
cal resonance, characteristic of the supra-resonant regime. We further
situate these two regimes within the broader landscape of oscillatory
dynamical systems by drawing explicit comparisons with other physical
and biological systems exhibiting analogous instabilities, elucidating
both the structural analogies and the fundamental distinctions. We
note that, among the few insect species for which the relevant mus-
cle parameters have been experimentally measured, all appear to lie
within the slow-muscle regime, whereas no known species has yet
been identified in the fast-muscle regime. Nevertheless, the bifurcation
structure associated with the latter shares important similarities with
that of other oscillatory systems and could provide useful insights for
the design of bio-inspired artificial devices.

To obtain analytical predictions valid beyond the weakly nonlinear
approximation, we employ the method of harmonic balance, from
which we derive a closed-form relationship between oscillation am-
plitude and frequency. This expression remains accurate well into the
strongly nonlinear regime, far from the bifurcation point, where stan-
dard normal-form reductions are no longer applicable. The analytical
results are validated against numerical simulations of the full governing
equations, demonstrating that the derived expressions correctly repro-
duce the qualitative behavior and yield quantitative agreement across
the biologically relevant parameter range.

The rest of the paper is organized as follows. In Section 2.1, we
present the governing equations of the muscle-thorax-wing system
introduced in [9]. In Section 2.2, we perform a linear stability analysis
of the trivial equilibrium using the Routh-Hurwitz criterion, showing
that the system can undergo a Hopf bifurcation. In Section 2.3, we
characterize the two qualitatively distinct bifurcation regimes that arise
depending on the relative magnitude of the muscle activation timescale
and the mechanical resonance period. In Section 2.4, we employ the
method of harmonic balance to derive closed-form analytical expres-
sions for the oscillation frequency and amplitude valid in the strongly
nonlinear regime. Finally, in Section 2.5, we validate the analytical ex-
pressions for the amplitude and frequency with the numerical solutions
within the biologically relevant domain.

2. Model, analysis, and results
2.1. Mathematical model

Following previous studies [18], we model the muscle-thorax-wing
system of an asynchronous flying insect as two coupled second-order

differential equations:

b+ b1l + fop=cf, €h)
f+of+asf =-as, 2

where ¢ is the wing angle relative to the horizontal plane, f represents
the muscle-generated force (Fig. 1), and the overdots () denote time
differentiation.

Eq. (1) is an effective second-order oscillator that describes the wing
motion. It accounts for inertia (), aerodynamic drag as a quadratic
viscous term (f;$|¢|) [19], elasticity of the thorax and muscles as
a linear elastic term (f,¢), and muscle-generated torque through a
coupling term (cf). In particular, the structural parameters are defined
as

r k M
h=T b= =T
where I' is the aerodynamic damping coefficient, T is the wing hinge
transmission ratio (the ratio of angular wing displacement to muscle
displacement), I is the combined inertia of the wings and the added
mass of air, k is the linear thorax stiffness, and x scales the muscle
forcing strength (Fig. 1). In the absence of muscle coupling (¢ = 0) and
aerodynamic damping (§, = 0), the parameter f, defines the squared
natural frequency of the passive (undamped) system, i.e.,

w, =1/py- (€3]

3)

Eq. (2) provides a phenomenological model of the mechanical feed-
back behavior characteristic of asynchronous flight muscles [9,20]. In
contrast to synchronous flight, which requires an individual neural
impulse for each wingstroke, asynchronous systems rely on muscles
that remain continuously active under a baseline neural firing rate.
Instead of direct neural pacing, rhythmic contractions are driven me-
chanically by two complementary processes: delayed stretch activation
(dSA) and delayed shortening deactivation (dSD) [21]. To capture this
time-dependent mechanical response, Eq. (2) acts as a second-order
linear filter driven by the kinematic strain rate ¢. Consequently, a
mechanical stretch results in a force profile that peaks and relaxes after
a characteristic time delay, providing the necessary phase lag to inject
energy into the wingbeat cycle. The filter coefficients are defined as

_In(1/x)(1 +x)

_ kI’ (1/x)
2T 4 -x)

5 a3 = 5
(1 - x)?

6))

where the parameters 7, and « are determined by fitting experimental
muscle response data [9,20]. Specifically, ¢, is the temporal delay
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Fig. 2. Force response f(r) to an externally imposed step-like angular displacement, obtained by solving Eq. (2). The response reaches a maximum proportional

to u at time 1, after which it decays to zero for long times [9].

Table 1
Choice of model parameters for the numerical solutions [9].
Parameter Description Value
1 Wing inertia 6.8x 107" kg m?
r Aerodynamic damping parameter 1L.1x 107" kg m?
k Linear thorax stiffness 6.4x10° N m™!
T Wing hinge transmission ratio 1.5x 10* m™!
4.4%x1073 s (slow-muscle)
1 Muscl tivation del
0 uscle activation delay 1.0x 1073 s (fast-muscle)
K Muscle rate ratio 1.7x 107!

between the external stretch and the peak muscle force, and « is the
ratio between the muscle relaxation and contraction rates (Fig. 2).

System (1)—(2) has been proposed in [9] to study insect flapping
flight driven by asynchronous muscles, with the aim of characterizing
the wingbeat as an emergent feature arising from the mechanical
instabilities of the coupled muscle-thorax-wing system. Although this
formulation effectively captures the primary oscillatory dynamics, more
sophisticated kinematic and aerodynamic models are necessary to re-
solve other interesting details of insect flight, such as wing rotation
and figure-eight trajectories of the wing tips, leading and trailing edge
vortices, and wake capture phenomena. Indeed, a single-angle kine-
matic description like Eq. (1) enforces a reciprocal trajectory (where the
upstroke retraces the downstroke in reverse), and the local quadratic
damping term simplifies the highly non-local, unsteady fluid mechanics
inherent to flapping flight [22].

System (1)—(2) admits the trivial equilibrium (¢, /) = (0,0), which
corresponds to the wing at rest. The stability of this equilibrium de-
pends on the system parameters and, in particular, on the muscle
coupling coefficient c. When ¢ exceeds a critical threshold, the equilib-
rium becomes unstable, giving rise to self-sustained wingbeats, with the
nonlinear aerodynamic drag f, ¢|¢| acting as a stabilizing mechanism.
The amplitude and frequency of the emerging oscillations are deter-
mined by the interplay between the linear instability and the nonlinear
damping.

2.2. Linear stability and bifurcation analysis

To study the stability of the trivial equilibrium (¢, ) = (0,0),
we linearize the system (1)—(2). By substituting f from the linearized
version of Eq. (1) into Eq. (2), we reduce the linearized system to an

equivalent single fourth-order linear differential equation in terms of
the wing angle ¢, i.e.,

b+ a2$+(ﬂ0+a3)q§+(a2ﬂ0+ca3)q5+a3ﬁ0¢:0. (6)
The corresponding characteristic equation is given by
PraBP+a?+ad+ay=0, @
where the polynomial coefficients map directly to the physical param-
eters of Eq. (6) as a3 = ay, ay = fy + a3, a; = @pfy + caz, and
ay = azf.

The trivial equilibrium is asymptotically stable if and only if all
roots of the characteristic polynomial have strictly negative real parts.
According to the Routh-Hurwitz criterion, this is verified if and only if

a; >0 Vi, aza, > ay, aza,a; > a% + a%ao. (€))

Since the parameters a,, a3, and f, are strictly positive in biological
systems [9], the inequalities (8) reduce to

¢ (a3 — caz — fyay) > 0. 9

The quadratic inequality (9) in terms of the coupling parameter ¢ yields
the stability condition

{Cmt <e<0 ifa </, where  cqj 1= a2<1 - @> . (10)
0<ec<cyy ifaz>p, a3

From a biological perspective, the coupling coefficient ¢ must be
non-negative because muscles can only generate tensile (pulling) forces.
Consequently, the system dynamics is completely determined by the
relative timescales of the structural resonance (f,) and the muscle-
feedback activation (a5 1/ t(z)).

In the fast-muscle regime, where the muscle feedback is faster than
the structural resonance frequency (a3 > f;), the critical threshold
Cerit 1S strictly positive so that the system remains stable for weak
muscle coupling (0 < ¢ < c¢j). Instead, in the slow-muscle regime
(a3 < fy), the trivial equilibrium becomes unstable for any positive
coupling strength (¢ > 0), meaning the system initiates flapping as soon
as muscle activity is present, without requiring a minimum activation
threshold.

The transition from a stable steady state to self-sustained oscilla-
tions occurs via a Hopf bifurcation when a pair of complex conjugate
eigenvalues crosses the imaginary axis (Fig. 3). Substituting 4 = iw into
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Fig. 3. Bifurcation diagrams showing the real (solid lines) and imaginary (dashed lines) parts of the leading eigenvalues of the characteristic Eq. (7) as a function
of the muscle coupling parameter ¢, for the choice of model parameters as in Table 1. Red and blue backgrounds denote stable (damped oscillations, R(4) < 0)
and unstable (growing oscillations, R(4) > 0) regions, respectively. (a) Slow-muscle regime (\/E3 < w,): the system is unstable for any active coupling (¢ > 0),
undergoing a Hopf bifurcation at ¢ = 0 with an emergent frequency equal to the passive structural resonance, w, = w,. (b) Fast-muscle regime (\/a_3 > w,): the
equilibrium remains stable until ¢ reaches the critical threshold c_;, > 0, where a Hopf bifurcation yields a dynamic wingbeat frequency governed by the active

muscle kinetics, wy = /a3 > w,.

the characteristic Eq. (7) and solving for w, we determine the onset
oscillation frequency as a function of the active coupling, i.e.,

) a, fy + caz
Wy = ——.

(1)

L)

Evaluating this expression reveals a direct link to the underlying
timescales of the system. In the slow-muscle regime, the Hopf bifur-
cation at ¢ = 0 produces oscillations at the natural frequency of the
passive, undamped thorax-wing system, wy = w, = \/ﬂ_o (Fig. 3(a)). In
the fast-muscle regime, the bifurcation at ¢ = c; results into wingbeats
at a supra-resonant frequency wy = \/@ > w,, governed by the
intrinsic activation rate of the muscle (Fig. 3(b)).

2.3. The bifurcation in terms of the stretch-activation delay t,,

The preceding analysis characterizes the stability of the system in
terms of the muscle activation intensity ¢. However, from a physio-
logical point of view, a more natural control parameter is the stretch-
activation delay #,, which controls the internal timescale of the asyn-
chronous muscle response. Using Eq. (5), we rewrite the stability
condition (9) as a quadratic inequality in terms of ¢, yielding the
critical delay threshold

2k In(1/x)

ke +4/(ke)? +4x(l — k)’ w?

below which the trivial equilibrium remains stable.

To contextualize this critical threshold within the previously de-
fined “fast” and “slow” muscle regimes, we introduce a secondary
characteristic timescale corresponding to the condition a3 = f, i.e.,

v 1 A\/xIn(1/K0)

1 =
0 o, l-x

(12)

* o
tO =

13)

so that the muscle frequency is equal to the natural one for 7, = 7.
Since tg(c) is a strictly decreasing function of the active coupling ¢ and
13 (c = 0) = 3%, it follows that 1} < 1 for any biological active system
(¢ > 0). Therefore, in terms of the insect stretch-activation delay f,,
we can distinguish three distinct operational regimes that clarify the

nature of emergent supra-resonant wingbeats (Fig. 4).

1. The stable ultra-fast regime (0 < 7, < t(’;), where the muscle
responds so rapidly to mechanical strain that the phase lag

between elongation and active force generation is insufficient
to inject net energy into the system. The critical activation
threshold required to destabilize the equilibrium exceeds the
actual muscle strength (¢ < c.), preventing the emergence of
spontaneous oscillations.

2. The conditionally active fast regime (tg <ty < tg*), where
the muscle operates faster than the structural resonance (a3 >
By), but its delay is long enough that the muscle coupling can
overcome passive damping (¢ > cgj; > 0). At the bifurcation
threshold, the wing oscillates at an active, supra-resonant fre-
quency (wy = \/@ > w,). In this regime, supra-resonancy arises
because the muscle activity modulates the structural mechanics
- a mechanism analogous to the elastic-inertial and negative-
damping feedbacks observed in active planar filaments, such as
eukaryotic cilia and photo-responsive liquid crystal elastomer
rods [2].

3. The unconditionally unstable slow-muscle regime (¢, > tg*),
where the stretch-activation delay is long enough that the muscle
feedback is inherently slower than the structural resonance (a3 <
Po). This forces the critical threshold to zero (¢ < 0), meaning
that any positive muscle coupling (¢ > 0) destabilizes the steady
state and guarantees spontaneous flapping.

Comparing the actual values of 1, against the thresholds # and ;™
for Bombus impatiens and Drosophila melanogaster, we find that both
insects reside within the slow-muscle regime (Table 2, [9]). Therefore,
the underlying Hopf bifurcation occurs precisely at ¢ = 0, where the
onset frequency matches the passive mechanical resonance (wy = w,,).
However, since insects (such as Bombus and Drosophila [9]) operate
at a finite, strictly positive muscle strength (¢ > 0), their wingbeats
fall within the unstable post-bifurcation domain. As the system moves
further past the bifurcation point, nonlinear interactions pull the op-
erational frequency upward (Fig. 3). In this slow-muscle regime, the
observed supra-resonant wingbeat is not a manifestation of an altered
threshold frequency (as seen in the cilia-like behavior of the second
regime), but rather a nonlinear consequence of operating beyond a
structural instability.

2.4. Nonlinear limit cycle analysis and the infinite muscle-delay limit

To approximate the amplitude and frequency of the emerging limit
cycle, we use the first-order harmonic balance method [23]. Assuming
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Fig. 4. Diagram illustrating the three operational regimes of the muscle-thorax-wing system as a function of the stretch-activation delay 7, and the muscle coupling
coefficient c. The system transitions from a stable state of damped oscillations to conditional active flapping at #, = 7;(c), and finally enters an unconditionally
unstable flapping regime once the delay exceeds the passive structural timescale 75*.

Table 2

Critical parameters for Bombus impatiens (bumblebee) and Drosophila
melanogaster, evaluated from the measured values of w, and « in [9]. Both
species satisfy #, > 1;*, placing them in the slow-muscle regime, where the
Hopf bifurcation occurs at ¢ = 0 and supra-resonant wingbeats emerge as a
nonlinear consequence of operating beyond the instability threshold.

Species 1y K 15"
Bombus impatiens 4.4 ms 0.17 1.4 ms
Drosophila melanogaster 6.7 ms 0.02 0.5 ms

a fundamental harmonic solution of the form ¢(r) = Acos(wt), we
approximate the non-smooth quadratic damping term by a first-order
Fourier expansion, namely

S . 8
Bl ~ By, where f; = gﬂl Aw. a4
Substituting this linear damping into Egs. (1)-(2), we get a single, linear
fourth-order equation in the time domain

G+ (B +ar)d+ By + an iy + a3)P + (an fy + a3y + cay)dp + azfyp = 0. (15)

Balancing the terms proportional to cos(wf) and sin(wt) yields the al-
gebraic conditions that govern the steady-state limit cycle. Treating
as an independent parameter, we obtain explicit expressions for the
bifurcation parameter ¢ and the response amplitude A as functions of
the oscillation frequency , namely,

2 _ o 2)\2
c(a)) = M |:a§ + M] s (]_6)
a0y @
3 2 2
A = =) (o5~ 7). an

8, a3
Although Cardano’s formula can yield explicit expressions for w and A,
the closed-form representation above suffices to explore limit regimes
and trace the amplitude and frequency of emerging oscillations as func-
tions of the bifurcation parameter ¢ (Fig. 5). Notably, a local asymptotic
expansion of Egs. (16)-(17) near either bifurcation threshold (¢ — 0 or
¢ — cqir) reveals that the steady-state amplitude scales linearly with the
control parameter (i.e., A « |¢ — cujt| Or A  |c|). This linear scaling is
a distinct signature of the quadratic aerodynamic drag, representing a

fundamental difference from classic systems with cubic nonlinearities,
such as the Van der Pol oscillator, where the amplitude typically scales
with the square root of the bifurcation parameter.

Finally, we test the behavior of the system in the limit of an
infinitely long muscle delay. Using Eq. (5), we rewrite Eq. (16) as

2
c; c G C
(co%—w2) —zzw2+ —23—w2 +c 3326()2=0, 18)
t() l‘0 tO

where C, = In(1/x)(1 + x)/(1 — x) and C3 = « [In(1/x)/(1 - K)]Z. As the
stretch-activation delay becomes infinitely long (¢, — o), all terms in
Eq. (18) scaled by inverse powers of #, vanish, yielding

(a)ﬁ -t =0. 19

Since a valid limit cycle requires a non-vanishing frequency (@ # 0),
the unique stable solution for the emergent oscillation frequency is

0 =w,. (20)

Thus, for increasing values of f,, muscle dynamics becomes slower
and the oscillation frequency converges to the undamped mechanical
resonant frequency of the wing-thorax system, w,, in agreement with
the results in [9].

2.5. Numerical results

To validate our analytical predictions, we implement numerically
the nonlinear coupled system (1)—(2), by recasting it as a first-order
dynamical system by introducing the auxiliary variables w = ¢ and
F=f:

b=wv, 21
v ==plwl-fyd+cf, (22)
f=F, 23
F=-a,F—o3f —azy. @4

We integrate this four-dimensional system using the explicit Runge—
Kutta method of order 5(4) (RK45), using the function integrate.
solve_ivp of the SciPy package [24]. We apply a perturbation to
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Fig. 5. Comparison of wingbeat amplitude (a,c) and frequency (b,d) between the analytical expressions, Egs. (16)-(17), and numerical solutions of sys-
tem (21)—(24), with the parameters listed in Table 1. Panels (a,b) are for the slow-muscle regime (a; < f,) and (c,d) for the fast-muscle regime (a3 > f,).
The comparison is reported for biologically relevant values of the oscillation frequency (100-200 Hz) and amplitude (70°-150°).

the trivial equilibrium by imposing the initial condition (¢,y, f, F) =
(6¢,0,0,0) and we evaluate the frequency and amplitude of the emer-
gent oscillations after the initial transient response.

Fig. 5 shows the comparison between numerical results and analyt-
ical expressions given by Egs. (16)—(17). To verify numerical conver-
gence, we reduced the integration tolerances of the adaptive solver by
an order of magnitude; the resulting steady-state metrics shifted by less
than 1%, confirming that numerical truncation errors are negligible.

Numerical simulations are in agreement with the analytical results
in both regimes, despite discrepancies introduced by the first-order
harmonic approximation. In particular, the predictions for the oscilla-
tion frequency (Figs. 5(b), 5(d)) are more accurate than those for the
amplitude (Figs. 5(a), 5(c)) which exhibit errors on the order of 20% far
from the bifurcation point, while still capturing the correct qualitative
behavior.

3. Discussion

The dynamical framework considered here is based on the reduced-
order biophysical model introduced by Wold et al. [9], which cap-
ture the essential mechanical feedback mechanisms underlying asyn-
chronous insect flight. In particular, the model incorporates experi-
mentally informed estimates of thoracic stiffness, muscle activation
times, and mechanical resonance properties, providing a minimal rep-
resentation of the coupled muscle-thorax-wing dynamics. While the
biological motivation and parameter selection originate from these pre-
vious studies, the present work focuses on a systematic characterization
of the nonlinear dynamical mechanisms governing the emergence and
evolution of self-sustained oscillations.

The linear stability analysis presented in Section 2.3 reveals that
the onset of oscillatory instability can occur in two qualitatively distinct
regimes, depending on whether the intrinsic muscle timescale #, is long
or short relative to the mechanical resonance period 27 /w,,.

In the slow-muscle regime (a3 < f), the instability is unconditional
with respect to the control parameter c; the rest state becomes unstable
for any positive value of ¢, and the bifurcation frequency coincides with
the mechanical resonance frequency w,. As shown in Fig. 5, both the
oscillation frequency and the amplitude increase monotonically with ¢
beyond the bifurcation point. Consequently, supra-resonant behavior
is achieved only by actively tuning the muscle response strength,
rather than being present already at the onset of the bifurcation. This
regime is therefore characterized by a smooth, robust transition to

large-amplitude, supra-resonant oscillations driven by the nonlinear
dynamics of the system.

In the fast-muscle regime (a3 > f;), by contrast, the instability
requires the control parameter to exceed a finite threshold ¢ > ¢ > 0,
and the bifurcation frequency is y/a; > ®,, meaning that the system
is already supra-resonant at onset. This phenomenology is structurally
analogous to that observed in other spontaneously oscillating biological
systems, such as eukaryotic cilia and photo-deformable liquid crystal
elastomer rods [2], where the oscillation frequency at bifurcation is
determined by internal dynamical timescales rather than by mechanical
resonance.

Experimental data for asynchronous insects, including Bombus
(bumblebees) and Drosophila, for which the parameters a3 and g, have
been estimated in [9], indicate that these species operate in the slow-
muscle regime. Their stretch-activation timescales (f, ~ 4-7ms) are
sufficiently long relative to their thoracic mechanical resonance period
(f, := w,/(2x) > 100 Hz) that the condition 7, > t(’)* * is satisfied. From a
functional perspective, operating in this regime may confer a significant
robustness advantage: since the instability is unconditional in ¢, the
transition to sustained oscillations does not require precise tuning of
the neural drive. Any baseline level of tetanic stimulation is sufficient
to destabilize the rest state, and supra-resonant limit-cycle oscillations
emerge through a robust, self-sustaining mechanism. This insensitivity
to fine-tuning of the control parameter may represent an evolutionary
advantage, reducing the precision demands on the neuromuscular
control system, hence enabling the system to maintain steady flapping
even in the presence of physiological (e.g., aging) or environmental
(e.g., temperature) variability. Moreover, the decoupling between the
mechanisms of lift generation (through fast wingbeats) and control
for maneuvering (that is obtained by the action of steering muscles
without changing the frequency of the wingbeat), that is characteristic
of indirect flight, may also be interpreted in terms of evolutionary
advantages with respect to direct flight, where the frequency of the
beat of each wing is controlled individually by a dedicated muscle.

To the best of our knowledge, no experimental evidence has been
reported yet for insects operating in the fast-muscle regime. Parameters
to and k have been quantified in only a limited number of species, all
of which fall within the slow-muscle regime. It would be interesting
to know whether there are fundamental reasons that force biological
systems in this regime, or if there are instead exceptions. In addition,
extending this analysis to other insect orders and species would clarify
whether the two muscle regimes, fast and slow, may reflect different
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evolution trajectories in asynchronous flight, and not just physiological
differences between species of the same order.

Moving from biology to robotics, the fast-muscle regime that we
have identified may be of relevance for bio-inspired artificial sys-
tems, where actuation timescales and control architectures can differ
substantially from those of biological organisms, and where supra-
resonant oscillations at the onset of the bifurcation may be desirable for
engineering applications. Here, our results could pave the way to design
criteria to tune actuator dynamics and structural resonance in flap-
ping robots, thereby achieving the desired combination of robustness,
energetic optimality, and maneuverability.

Beyond the linear stability analysis, we derived an analytical expres-
sion for the oscillation amplitude and frequency in the nonlinear regime
using the method of harmonic balance. This approach yields closed-
form predictions that remain valid well beyond the weakly nonlinear
approximation and are in good quantitative agreement with numerical
solutions across the biologically relevant parameter range.

We note that all the results obtained in this work should be in-
terpreted as properties of the specific reduced-order model considered
here. Therefore, the extent to which these conclusions can be gener-
alized to real insect flight remains to be assessed by future studies. In
particular, the present formulation assumes linearized thorax mechan-
ics and does not account for geometric or material nonlinearities in the
thoracic structure or in the wing transmission mechanism. Additionally,
the model does not account for aerodynamic feedback or active control
muscles, used by insects to modulate wing kinematics. These may
influence both the oscillation amplitude and the effective nonlinear
response of the system. Incorporating these effects represents a natural
direction for future theoretical and experimental work.

4. Conclusions

We have presented a detailed mathematical study of the minimal
model for indirect insect flight presented in [9] and that was pre-
viously analyzed primarily through numerical simulations. According
to this model, oscillations emerge from a Hopf bifurcation in a cou-
pled muscle-thorax-wing system. The analysis reveals the existence of
two qualitatively distinct dynamical regimes, governed by the relative
timescales of muscle activation and mechanical resonance. In the slow-
muscle regime, the bifurcation occurs at the mechanical resonance
frequency, and large-amplitude oscillations are achieved by driving the
system deep into the nonlinear regime by increasing the muscle forcing
strength. In the fast-muscle regime, by contrast, the instability gives
rise to supra-resonant oscillations already at the bifurcation point, with
the oscillation frequency determined by the interplay between muscle
dynamics and mechanical response. To obtain quantitative predictions
valid beyond the weakly nonlinear approximation, we employed the
method of harmonic balance and derived a closed-form analytical
relationship between the oscillation amplitude and frequency. This
expression remains accurate well into the strongly nonlinear regime
and yields good quantitative agreement with numerical solutions of
the full governing equations across the biologically relevant parameter
range. Comparison with experimental data suggests that insects operate
predominantly in the slow-muscle regime, consistent with the observed
robustness of resonance-frequency oscillations near onset. Whether this
operating point reflects physiological constraints on muscle response
times and thoracic mechanical properties, or whether it confers an
evolutionary advantage through reduced sensitivity to fine-tuning of
the control parameter, remains an open question. In fact, this sensitivity
may be turned into an asset for the maneuverability of robotic insects.
Future systematic measurements of the muscle activation timescale 7,
and the structural frequency w, in a broader range of species could help
discriminate between these hypotheses and further test the validity of
the proposed dynamical classification.

Future work will focus on incorporating more detailed muscle mod-
els, three-dimensional wing kinematics, and non-local aerodynamic
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feedback mechanisms to assess the robustness and generality of the
reduced-order model considered here. Such extensions will help estab-
lish whether increasing the model fidelity primarily leads to quanti-
tative refinements of the predicted dynamics or whether it also gives
rise to qualitative changes in the bifurcation structure and the resulting
oscillatory regimes.
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