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Abstract

In this paper, we introduce the concept of k-bridge (i.e., a user who connects k sub-networks

of the same network or k networks of a multi-network scenario) and propose an algorithm for

extracting k-bridges from a social network. Then, we analyze the specialization of this concept and

algorithm in Yelp and we extract several knowledge patterns about Yelp k-bridges. In particular, we

investigate how some basic characteristics of Yelp k-bridges vary against k (i.e., against the number

of macro-categories which the businesses reviewed by them belong to). Then, we verify if there

exists an influence exerted by k-bridges on their friends and/or on their co-reviewers. In addition,

we analyze the relationship between k-bridges and power users. In addition, we investigate the

relationship between k-bridges and the main centrality measures in the macro-categories of Yelp.

We also propose two further specializations of k-bridges, regarding Reddit and the network of patent

inventors, to prove that the knowledge on k-bridges we initially found in Yelp is not limited to this

social network. Finally, we present two use cases that can highly benefit from the knowledge on

k-bridges detected through our approach.

Keywords: k-bridge; k-bridge detection algorithm; multi-network scenario; influencers; analysis

of co-reviewers; Yelp; Reddit; PATSTAT-ICRIOS

1 Introduction

Bridges, i.e., entities connecting different sub-networks of the same network or different networks of

a multi-network scenario, attracted the interest of many researchers in several disciplines, ranging

from sociology to telecommunication networks and transports. They also attracted the interests

of researchers studying Online Social Networks, who considered them as users linking sub-networks

of a single network [24, 49, 35, 8, 9, 60] or linking different networks in a multi-network context

[12, 14, 13, 44].

In the past, all researchers focused on the bridge capability of connecting two communities. How-

ever, with the proliferation of social media, bridges currently tend to connect a higher number of
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sub-networks in a network or a higher number of networks in a multi-network scenario. Furthermore,

we argue that their behavior and properties could vary against the number k of communities they

connect. As a consequence, it appears interesting to introduce a new notion, that we call k-bridge.

A k-bridge is a user who connects k sub-networks of a network or k networks of a multi-network

scenario. k-bridges are particular users capable of playing an important role in opinion transmission,

user influence, etc. Indeed, they allow a person or a business in a community to be known in another

one. This may have important applications in the dissemination of information, in the search for

influencers, and in marketing, for example when a business, leader in one category, wants to expand

in another related category.

In this paper, we first present and formalize the notion of k-bridge and we show that it has

interesting properties, such as the anti-monotone one. Then, we propose a k-bridge detection algorithm

that exploits these properties. Afterwards, we extract several knowledge patterns about k-bridges.

In order to carry out these activities, we use Yelp as the main reference network. Yelp1 is a

platform that helps people find local businesses, like dentists, restaurants, hair stylists, and many

more. It is a business directory service and a crowd-sourced review forum that provides its users with

a web site (Yelp.com), a mobile app (Yelp mobile app), and a reservation service (Yelp reservation).

In the second quarter of 2019, it reached a monthly average of 37 million visitors through its mobile

application and 77 million visitors through its web site, along with a total of 192 million reviews.

The motivations underlying our choice to adopt Yelp as a main study platform are related to its

pure crowd-sourced nature. This characteristic is very important in our investigations as users in Yelp

are free to interact with the platform and write reviews without constraints. As a matter of fact,

researchers have found in Yelp one of the main resources for studying user behavior in open-review

platforms. Therefore, many works on Yelp have been focused on review and rate analysis, sentiment

analysis, fake review and fake rate discovery, and recommendation analysis [15, 56, 43, 37, 59].

The definition of k-bridges in Yelp starts from the hypothesis of seeing this social platform as

a set of sub-nets or communities, one for each of its macro-categories. Actually, the importance of

studying Yelp categories has already been highlighted in recent scientific literature [17]. In this paper,

we want to go one step further and we consider that the communities associated with the macro-

categories of Yelp are not independent from each other, because a user who reviews businesses of

different macro-categories belongs to several communities.

Even if we performed our investigations of k-bridges and their characteristics in Yelp, we carried

out some of the same experiments in two additional networks, i.e., Reddit2 and the network of patent

inventors derived from PATSTAT-ICRIOS [18], a repository storing metadata of patents submitted

in many countries (see below). The ultimate goal was to verify if the results we found in Yelp were

generally valid for k-bridges.

As a last contribution in this paper, we present two possible use cases that could benefit from

the knowledge and the exploitation of k-bridges. The former regards the engagement of k-bridges

in Yelp to find the best targets of a market campaign, whereas the latter concerns the analysis of

k-bridges’ activities to infer new products/services in order to expand and improve the revenues of

existing businesses.

1https://www.yelp.com
2https://www.reddit.com
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The outline of this paper is as follows: in Section 2, we present related literature. In Section 3,

we formalize the concept of k-bridge, present an algorithm for the detection of k-bridges from a social

network, and illustrate the specialization of the concept of k-bridge in Yelp, Reddit and the network

of patent inventors. In Section 4, we investigate the properties of k-bridges. In Section 5, we provide

a deeper analysis of k-bridges as connectors among different communities. The activities described

in Sections 4 and 5, and the results obtained, allowed us to consider Yelp as the baseline for further

experiments in other social networks. In Section 6, we perform some of the activities in Reddit and

the network of patent inventors to verify if what we had found for Yelp was general of specific for this

platform. In Section 7, we present two use cases that could benefit from k-bridges and their properties.

Finally, in Section 8, we draw our conclusions.

2 Related Literature

Studying the behavior of users in social platforms is a fundamental aspect to understand the dynamics

underlying the diffusion and the growth of these systems [29]. A lot of research has been devoted to

understand how users interact in social media and how information diffusion takes place inside them

[5, 58, 61, 10].

The interaction among users has been studied by leveraging several information available in these

social systems, ranging from existing public friendship relationships to the posting of the same piece

of information [48, 11, 1].

These studies have proved that there exist different categories of users, each participating to the

platform with different levels of activity and heterogeneous contents [7, 38].

Of course, when dealing with user interactions, it is important to consider those that cannot

be examined homogeneously [16]. This rises the necessity of analyzing data of each social medium

by decomposing it in different networks of relations. Multi-relational networks have been largely

investigated in the past [53, 20, 62, 65]. For instance, in [20], the authors focus on link prediction in

an environment characterized by multiple relation types. Specifically, they present a probabilistically

weighted Adamic/Adar measure for networks with heterogeneous relations. Moreover, they test their

solution against three different real-world networks, characterized by heterogeneous relations, showing

the performance of both supervised and unsupervised link prediction in such a multiple relation

scenario. Still in the context of predicting links in a multi-relation system, the authors of [62] focus on a

co-authorship network and consider different types of link, namely: (i) co-author; (ii) co-participation

to the same edition of a conference, and (iii) geographic proximity. They present a Multi-Relation

Influence Propagation Model and demonstrate its usefulness in the link prediction task. Another

interesting approach in the field of multi-relation networks is the one proposed in [66]. Here, the

authors combine the analysis of the friendship network with a study of the author-topic network, both

built from the information available in an Online Social Network. They use this knowledge to refine a

community detection strategy and prove that the additional information coming from the author-topic

network is fundamental to improve the overall performance of their strategy.

Considering each social medium as a set of overlapping relation networks also opens important

consequences in the role of each user inside these platforms. Indeed, in [53] the authors perform a

deep analysis of an Online Social Network derived by a community of online gamers. To study the
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multi-relation nature of this system, they consider three types of positive interactions (e.g., friendship)

and three types of negative ones (e.g., enmity). First, they study each of these networks separately

and find that those built on top of negative interactions have lower reciprocity, weaker clustering and

fatter-tail degree distribution than those built on top of positive interactions. Then, they report a

study about the tendency of users to be members of more networks and, hence, to play different roles

inside the community.

Like the work described in [53], different studies have been devoted to analyze the role of users in

the creation of social communities. In particular, the authors of [30] demonstrate that users with a

weak connection, bridging heterogeneous groups, have higher levels of community commitment, civic

interest, and collective attention than the other users. Furthermore, they prove that Internet users,

who bridge heterogeneous online communities by means of weak ties [25], have high social engagement,

use the Internet for social purposes, and are prone to become members of new social communities.

The interest towards users serving as bridges among communities has increased over the years so

that several studies have been performed to analyze the behavior and peculiarities of such users in

complex networks [24, 49, 35, 3].

Studying nodes bridging communities together has been also a crucial research direction in the

context of multi-relation networks [8, 9]. Here, the heterogeneity of the scenario is more evident

because of the different nature of the relation considered. In particular, the authors of [8] report

a complete analysis of bridge users among multi-relation networks. Specifically, they introduce a

new class of parameters, namely Dimension Relevance, which measures the importance of different

dimensions for the user’s capabilities of being a bridge. In order to prove the meaningfulness of their

measures, they leverage real networks as well as null models and, then, they study the overlapping

dimensions along with their effect on user connectivity.

In [9], instead, the authors focus on community discovery strategies taking the multi-relation

structure of the network into account. Specifically, they define a new concept of community that

groups together nodes sharing memberships to the same mono-relation communities and propose a

community discovery algorithm based on frequent pattern mining in multi-relation networks. This

algorithm is able to find multi-relation communities based on the analysis of frequent closed itemsets

from mono-relation community memberships.

Still in the context of bridges among heterogeneous communities, several studies also analyzed the

behavior of users serving as bridges among different social networks [12, 14, 13]. Here the concept

of community is extended in such a way that a community is mapped to a whole social network.

Specifically, in [12], the authors report a complete identikit of users bridging different social networks.

They compare the behavior of this type of users with other members having different levels of activity

and participation to the platforms. The results show that bridges are more active than average users

but they still are not at the top of the tall head of the power law distribution that models user

activities in these systems. Another study in this context is the one described in [14]. Here, the

authors leverage the peculiarities of bridges to define a new crawling strategy to sample a multi-social

network environment. Finally, the work of [13] performs a comparative study of users serving as

bridges among two of the most famous social networks, namely Facebook and Twitter. Once again,

the authors report that bridges have unique behaviors compared to normal users and that they tend

to start new activities in social media. The authors also prove that this type of users are more aware of
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the functionalities provided by the online social platforms they are involved in. Interestingly, bridges

are found to be also more cautious when it comes to their privacy and the security of the information

released in social media.

All the works described above clearly highlight the importance of studying the peculiarities of

users acting as melting pots among different social communities. The analysis performed in this

paper follows this trend. Furthermore, it considers the different nature of the relations among users

and investigates the role of bridges for each of them. Interestingly, to the best of our knowledge,

our investigation is the first to study this type of users in Yelp. Actually, in recent years, Yelp has

received a lot of attention from the scientific community. The corresponding works can be classified in

the following groups, according to their goal: (i) Rating Analysis: It includes the investigations that

analyze the dynamics describing how rates are assigned to businesses in Yelp [15, 28, 34, 51, 19, 50]; (ii)

Review Analysis: It comprises the works focused on the analysis of reviews and of what events drive

the users writing them [56, 52, 45, 46, 6, 27]; (iii) Sentiment Analysis: It also deals with the analysis

of reviews, but with a specific focus on their content from a sentiment point of view [43, 47, 4, 26]; (iv)

Fake review and rate discovery: It includes the proposals dealing with the detection of fake reviews

and rates [37, 42, 39, 33]; (v) Recommender Systems: It comprises all the research works devoted to

provide Yelp users with recommendations about suitable businesses, other users to interact with, and

even text suggestions for new reviews [59, 32, 22, 17, 57].

Despite our work shares some similarities with several other ones described in this section, to the

best of our knowledge, this paper represents the first attempt to introduce a new concept, namely the

k-bridge. This concept formalizes the idea that, in social networking, bridges with different level of

strength exist, and that the strength of bridges represent an important dimension to investigate when

analyzing their behavior in the environment which they operate on.

Given the new concept of k-bridge, this paper provides several contributions to understand the

main features of this kind of actors. In particular:

• It shows that k-bridges enjoy the anti-monotone property.

• Starting from this property, it proposes a new algorithm for the extraction of k-bridges from

social networks.

• It provides a model for representing k-bridges in the social network they belong to.

• It presents three specializations of the concept of k-bridges for Yelp, Reddit and the network of

patent inventors.

• It finds several important characteristics of k-bridges and shows that they are valid independently

of the social network they refer to.

• It presents two use cases highly benefiting from bridges; the former regards the identification

of the best targets of a market campaign, whereas the latter concerns the identification of new

products/services to propose.

Our study strongly differs from the ones about Yelp presented above. Indeed, the purpose of our

investigation is to provide a deep insight on the features of users acting as bridges among different
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Yelp macro-categories. The importance of studying Yelp categories has already been highlighted in

recent scientific literature. For example, in [17] the authors argue about the importance of properly

weighting features and information across categories when dealing with recommender systems. We

start from this assumption and focus on users encouraging the interaction among different Yelp macro-

categories. The heterogeneous nature of Yelp macro-categories allows us to classify our work among

those studying the peculiarities of users who act as bridges in heterogeneous online communities. In

Yelp, the same pair of users can be linked by different kinds of relationship, for instance friendship and

co-review. As a consequence, we can derive different network-based representations of a Yelp user,

one for each kind of possible relationship type that can be defined among its users. Thanks to this,

we can investigate k-bridges in Yelp from different viewpoints, one for each representation. Following

a terminology similar to the one adopted in the approaches described above, this way of proceeding

can be summarized by saying that we analyze Yelp as a multi-relation environment.

The knowledge of previous works, along with the analogies and differences between the ideas

reported therein and the objectives of our research, represents the base of our k-bridge model and our

k-bridge extraction approach that we present in the next section.

3 A model for k-bridges and an approach to extract them

In this section, we propose a general model for k-bridges, we specialize it to several social networks

and, then, we present an algorithm to extract k-bridges. Specifically: In Section 3.1, we formally

define the concept of k-bridges and some other ones related to it; then, we propose a model for

representing k-bridges. In Section 3.2, we present an algorithm that, exploiting the anti-monotone

property characterizing k-bridges, extracts them from a social network. In Section 3.3, we specialize

our concept and model of k-bridges to Yelp that is the main reference social network for this paper.

Finally, in Sections 3.4 and 3.5, we propose a further specialization of our concept and model of

k-bridge to Reddit and the network of patent inventors.

3.1 Defining and modeling k-bridges

In this section, we present our definition of k-bridges. It can be applied to any social network whose

users are organized into partially overlapping communities. In particular, let N be a social network

and let CS be the set of the communities of N of our interest:

CS = {C1, C2, · · · , CM}

Given the community Ci, 1 ≤ i ≤ M , it is possible to define the corresponding user network

Ui = 〈Ni, Ai〉. Ni is the set of nodes of Ui; there is a node nip for each user uip belonging to Ci. Ai

is the set of arcs of Ui; there is an arc apq = (nip , niq) ∈ Ai if there exists a relationship between the

users uip and uiq , corresponding to nip and niq , respectively.

Finally, it is possible to define the overall user network U = 〈N,A〉 corresponding to N . There is

a node ni ∈ N for each user of N . There is an arc apq = (np, nq) ∈ A if there exists a relationship

between the users up and uq, corresponding to np and nq, respectively.
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Here, and in the previous definition, we do not specify the kind of relationship between users. As

we will see in the following, it is possible to define a specialization of U for each relationship we want to

investigate. For instance, Uf is the specialization of U when we consider friendship as the relationship

between users.

After having introduced our model, we can present our definitions of k-bridge, bridge, non-bridge,

strong bridge and very strong bridge.

Definition 3.1 A k-bridge is a user of N belonging to exactly k different communities of this social

network, 1 ≤ k ≤M . 2

Definition 3.2 A non-bridge is a k-bridge such that k = 1, i.e., a user belonging to exactly one

community. 2

Definition 3.3 A bridge is a k-bridge such that k ≥ 2, i.e., a user who belongs to at least 2 different

communities of N . 2

Definition 3.4 A strong bridge is a k-bridge such that k ≥ ths. Here, ths is a threshold such that

2 ≤ ths < M . 2

Definition 3.5 A very strong bridge is a k-bridge such that k ≥ thvs. Here, thvs is a threshold

such that ths < thvs ≤M . 2

Observe that the definition of k-bridge is anti-monotone. This means that if a user is a k-bridge

then she is also a h-bridge 1 ≤ h ≤ k − 1.

Finally, given a k-bridge ukp ∈ U , there are k nodes n1p , n2p , · · · , nkp associated with her, one for

each community of N it belongs to. Each node represents a sort of “avatar” of ukp in the network

corresponding to this community.

3.2 An algorithm for k-bridge extraction

An important consequence of the anti-monotone property of k-bridges mentioned above is the possi-

bility of designing an optimized algorithm to extract them, borrowing some ideas from the well-known

Apriori approach [2]. Indeed, the anti-monotone property allows us to state that the search space to

find k-bridges is reduced to the set of identified (k-1)-bridges, which can be obtained, in turn, starting

from the set of identified (k-2)-bridges, and so forth. This observation strongly resembles the reasoning

and the properties underlying the Apriori algorithm. In our case, due to the possible huge number

of users who could be bridges, it is more convenient to revert the problem and extend our reasoning

to communities. Indeed, according to the definition of bridges, we can derive a formal property for

communities, as follows:

Property 3.1 (Anti-monotonicity of communities) All the communities involved in the defini-

tion of k-bridges must also be involved in the definition of (k-1)-bridges. 2
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Therefore, a possible algorithm to identify k-bridges from the communities of a social network

consists of the following steps. First, for each community, the set of the corresponding users is

retrieved. Intuitively, in order to be consistent with its general definition, a community must have a

minimum number of users joining it. We call this measure support and we impose that a community

must have a support greater than a threshold min sup. The result of this step is a set of communities

called L1.

To obtain 2-bridges, we start from L1 and compute a set of community pairs, called P1, joining L1

with itself. Each pair of communities in P1 represents a possible case in which at least a user acts as

a bridge between them. Therefore, for each pair of communities in P1, we compute the intersection of

their users, and impose, once again, that its cardinality is greater than min sup. The resulting filtered

set of community pairs is called L2. Observe that, for each community pair in L2, the intersection

among the corresponding users is also an outcome of this iteration as it contains all 2-bridges.

To compute 3-bridges, the algorithm proceeds by joining L2 with itself; in this way, it obtains a

set of community triplets, called P2. Each triplet in P2 contains the communities candidate to be

simultaneously joined by 3-bridges. Once again, for each triplet in P2, we compute the intersection

of users among the three communities and impose that its cardinality is greater than min sup. The

resulting set is called L3. Also in this case, the set of 3-bridges, which is the outcome of this iteration,

is implicitly obtained in the intersection computed above for each element of L3.

In general, this procedure can be extended to compute k-bridges starting from the set Lk−1 used to

computed (k-1)-bridges. Algorithm 1 reports a pseudo-code of our approach for extracting k-bridges

from a social network.

As a final remark, we observe that our solution can be easily extended to a big data strategy

(which is a realistic requirement in the social network context) by leveraging the advances available

for Apriori in the scientific literature, because our algorithm follows a strategy very near to the one

adopted by Apriori. For instance, it is possible to adapt our solution to work in a Map-Reduce based

architecture following the studies described in [36, 64].

3.3 Specializing our k-bridge model to Yelp

In Yelp, businesses are organized according to a taxonomy consisting of four levels. Level 0 comprises

22 macro-categories. Each macro-category has one or more child categories, so that level 1 comprises

1002 categories. A category may have zero, one or more sub-categories, so that level 2 consists of

532 sub-categories. Proceeding with this reasoning, the final level, i.e., level 3, has only 19 sub-sub-

categories; indeed, most sub-categories are not further categorized.

When we specialize our model to Yelp, we have that this social network can be modeled as a set

of 22 communities, one for each macro-category:

Y = {Y1,Y2, · · · ,Y22}

Given the macro-category Yi, 1 ≤ i ≤ 22, and the corresponding user network Ui = 〈Ni, Ai〉, there

is a node nip for each user uip who reviewed at least one business of Yi. Based on the relationship

that we want to model, U can be specialized into Uf , obtained when we consider friendship as the
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Algorithm 1 K-bridges Extraction Algorithm
Input

� D, a dataset of a Social Network

� CS, the set of communities of D

� min sup, a suitable threshold for minimum support

Output

� Lk, the set of k-communities linked by k-bridges

� Bk, the set of k-bridges

Require: Lt, a temporary set; getN(Ci) a function returning the set of users of the community Ci

L1 = {Ci | Ci ∈ CS ∧ |getN(Ci)| > ths} //the set of communities in the dataset having support greater than min sup

P = L1 ./ L1 // ./ is the join operator

j = 2 //start with 2-bridges

while j ≤ k do

if P 6= ∅ then
//for each tuple of the communities in P

for < (C1), (C2), · · · , (Cj) >∈ P do

I = getN(C1) ∩ getN(C2) ∩ · · · ∩ getN(Cj)
//if the minimum support is satisfied for this intersection

if |I| > min sup then

Add < C1, C2, · · · , Cj > to Lt

//in the last iteration, store the found bridges and the involved communities into the output parameters Bk

and Lk, resp.

if j == k then

Add I to Bk

Lk = Lt

end if

end if

end for

P = Lt ./ Lt //re-compute P for the next iteration

j + +, Lt = ∅
end if

end while

return Lk, Bk

relationship between users, and Ucr, obtained when co-review (i.e., reviewing the same business) is

the relationship between users.

Given a k-bridge ukp ∈ U , the k nodes n1p , n2p , · · · , nkp associated with her represent up in the k

macro-categories where she performed at least one review.

3.4 Specializing our k-bridge model to Reddit

In Reddit, a user can participate to several subreddits. In this social network, the number of both users

and subreddits is huge. So, in specializing our model to it, we consider only a subset of subreddits,

for instance those about a certain topic or those published in a certain time interval. We can consider

all the users who published at least one post in a subreddit as a community. So, we can model this
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scenario as:

R = {S1,S2, · · · ,SM}

Given the subreddit Si, 1 ≤ i ≤ M , and the corresponding user network Ui = 〈Ni, Ai〉, there is

a node nip for each user uip who submitted at least one post in Si. Based on the relationship that

we want to model, U can be specialized into Ucp, obtained when co-posting (i.e., contributing to the

same subreddit) is the relationship between users.

Given a k-bridge ukp ∈ U , the k nodes associated with her represent up in the k subreddits where

she submitted at least one post.

3.5 Specializing our k-bridge model to the community of patent inventors (and/or

applicants)

Patents are largely investigated in scientific literature because they provide a large amount of knowl-

edge patterns on Research & Development sector [23, 21]. Patents can be grouped in several ways, for

instance based on the country of their inventors and/or applicants or according to the International

Patent Classification (IPC) class they belong to. According to this classification, they have associated

a symbol of the form A01B 1/00. Here:

• The first letter denotes the “section” of the patent (for instance, A indicates “Human necessi-

ties”).

• The following two digits denote its “class” (for instance, A01 indicates “Agriculture; forestry;

animal husbandry; trapping; fishing”).

• The next letter indicates the “subclass” (for instance, A01B represents “Soil working in agri-

culture or forestry; parts, details, or accessories of agricultural machines or implements, in

general”).

• The next one-to-three-digit number represents the “group”.

• Finally, the other two digits denote the “main group” or “subgroup”.

A patent examiner assigns classification symbols to each patent according to the above rule, at the

most detailed level which is applicable to its content.

After having chosen a level of the IPC classification, for instance the “class” level, the set of

patent inventors (or, alternatively, the set of patent applicants), taken from a world patent metadata

repository, for example PATSTAT-ICRIOS, can be represented as:

I = {I1, I2, · · · , IM}

Given the IPC class i, the corresponding set of inventors Ii (i.e., the set of inventors who filed at

least one patent belonging to this class), 1 ≤ i ≤M , and the corresponding user network Ui = 〈Ni, Ai〉,
there is a node nip for each inventor uip who filed at least one patent of the class Ii. U can be specialized

into Uci, obtained when co-inventing (i.e., filing the same patent) is the relationship between inventors.
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Notation Semantics

N a generic social network

Ci the ith community of N
M the maximum number of communities of N
Ui the network representing the users of Ci and their relationships

Ni the set of nodes of Ui
Ai the set of arcs of Ui
up
i the pth user of the community Ci

np
i the node of Ui corresponding to up

i

U the overall user network corresponding to N
ni a node of U
Ur the specialization of U to the relationship r

ths the threshold for defining strong bridges

thvs the threshold for defining very strong bridges

Yi the ith community of Yelp

Si the ith subreddit of Reddit

Ii the set of inventors who filed at least one patent belonging to the ith IPC class

Uf the specialization of U by taking the friendship relationship in Yelp

Ucr the specialization of U by taking the co-review relationship in Yelp

Ucp the specialization of U by taking the co-posting relationship in Reddit

Uci the specialization of U by taking the co-inventory relationship in PATSTAT-ICRIOS

M the “macro-category” network of Yelp

MX% the subset of M whose macro-categories have been reviewed by at least X% of users

Table 1: The main notations used throughout this paper

After having defined a model for k-bridges and an approach to extract them, after having spe-

cialized it to Yelp, Reddit and the network of patent inventors, in the next section, we will focus on

k-bridge properties. To help the reader understand the concepts reported throughout the remaining

part of this paper, in Table 1, we report the main notations introduced.

4 Investigating k-bridge properties

In this section, we analyze on k-bridge properties. We carried out this task focusing on Yelp, which is

the main reference network of this paper. However, in the next section, we present some experiments

on Reddit and the network of patent inventors devoted to verify if the results on k-bridges found in

Yelp are general or specific for this social network. This section is organized as follows: In Subsection

4.1, we illustrate some preliminary investigations performed to better understand the characteristics

of Yelp data. In Subsection 4.2, we detect some properties of k-bridges starting from the friendship

and co-review networks associated with Yelp. Finally, in Subsection 4.3, we analyze the possible

correlations between k-bridges and power users.

4.1 Preliminary investigation of Yelp Data

The data required for the investigation activities described in this paper was downloaded from the

Yelp website at the address https://www.yelp.com/dataset.

In order to extract information of interest from this data, we needed a preliminary analysis. As a
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first insight, we found 10,289 businesses that belong to a category not referable to any of the macro-

categories, and 482 businesses that belong to no category at all. Since the total number of businesses

was 192,609, we considered these data as noise and so we discarded it.

After this task, we analyzed the distribution of the categories in the macro-categories. The result

obtained is shown in Figure 1. From the analysis of this figure, we can observe that the “Restaurants”

macro-category has a much larger number of categories than the other macro-categories.

Figure 1: Distribution of categories inside the macro-categories of Yelp

Note that, in Yelp, a business can belong to more macro-categories. Therefore, as a preliminary

step, it seemed us particularly interesting to analyze how many times two macro-categories appeared

simultaneously in the same business. The total number of businesses with at least two macro-categories

is 59,086. The top 20 pairs of macro-categories that appear several times together in one business of

Yelp are shown in Table 2. As we can see from this table, there are two pairs of macro-categories (i.e.,

〈 “Restaurants”, “Food” 〉 and 〈 “Restaurants”, “Nightlife” 〉) that appear together a much higher

number of times than the other pairs.

After that, we considered the total number of Yelp users who made at least one review and we saw

that it is equal to 1,637,138. The distribution of their reviews is shown in Figure 2. We can observe

that this distribution follows a power law. This result is perfectly in line with the ones of numerous

studies about Online Social Networks and communities [41]. These studies highlight that the well-

known social theory, according to which human activities usually follow a power law distribution, is

still valid also in online communities. As a consequence, also in this kind of community, a few number

of individuals (typically 10-20% of members) perform the majority of the activities (around 80-90% of

12



Pair of macro-categories Count Pair of macro-categories Count

Restaurants, Food 11094 Restaurants, EventPlanning&Services 1051

Restaurants, Nightlife 5566 HomeServices, ProfessionalServices 758

Health&Medical, Beauty&Spas 2544 Automotive, Food 736

Shopping, LocalServices 2315 Shopping, EventPlanning&Services 708

HomeServices, LocalServices 1998 Arts&Entertainment, Nightlife 589

Hotels&Travel, EventPlanning&Services 1964 LocalServices, ProfessionalServices 579

Shopping, HomeServices 1883 ActiveLife, Health&Medical 527

Shopping, Beauty&Spas 1711 ActiveLife, Shopping 484

Shopping, Food 1470 FinancialServices, HomeServices 445

Shopping, Health&Medical 1384 Shopping, Arts&Entertainment 434

Table 2: The top 20 pairs of macro-categories that appear simultaneously in one business of Yelp

the overall activities) [63]. Our experiment confirms that this trend also persists in the review tasks

in Yelp.

Figure 2: Distribution of user reviews in Yelp - Linear scale (on the left) and Logarithmic scale (on

the right)

The non-bridges are 530,411. All the other users are bridges. In order to start a deeper investigation

of the k-bridge phenomenon, we computed the distribution of k-bridges against k. This is shown in

Figure 3. An examination of this figure reveals that also this distribution follows a power law.

A last interesting, although partially expected, result that we found concerns the average number

of reviews made by users. This is equal to 5.493 for bridges and 1.143 for non-bridges. This result

confirms that a bridge tends to carry out more reviews than a non-bridge. It is also interesting to

observe the corresponding standard deviations. In fact, the one for bridges is 17.69 whereas the one

for non-bridges is 0.486. Such a high standard deviation for bridges confirm that this category of

users is very varied, since it includes users who perform a huge number of reviews alongside users who

perform few reviews. This is not the case, instead, for non-bridges, who always make few reviews.

4.2 K-bridges at a first glance

After the preliminary analysis on Yelp data, described in the previous section, we started our investi-

gation on k-bridges.

Firstly, we verified the possible existence of a backbone among the bridges. In other words, we
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Figure 3: Distribution of the k-bridges against k in Yelp

wanted to verify if a bridge tends to relate more to other bridges or not. This property can be seen as

the application of the homophily principle [40] to our context. Furthermore, we wanted to understand

if there exists an influence exerted by bridges on their friends and/or on their co-reviewers.

We conducted this study on both the friendship network Uf and on the co-review network Ucr. In

the next two subsections we describe it in more detail.

4.2.1 Friendship network

We began to verify the possible existence of a backbone among the bridges in Uf . In order to have

a connected network to study, we performed a pre-processing activity during which we eliminated

the unconnected nodes from Uf , corresponding to users who had no friendship relationship. The

number of users having at least one friend (and, therefore, the number of network nodes) is 948,076.

Specifically, 676,445 of these were bridges, while 271,631 were non-bridges.

After that, for each bridge (non-bridge), we measured the fraction of her friends who were bridges

(non-bridges). The results obtained are shown in Table 3. From the analysis of this table, we can

see that there are no significant differences in the fraction of bridges in the neighborhoods of bridges

and non-bridges. The same applies to the fraction of friends of non-bridges. In light of this, we can

conclude that there is no backbone among the bridges in Uf .

Fraction of friends that are bridges Fraction of friends that are non-bridges

Bridges 0.9618 0.0382

Non-bridges 0.9633 0.0367

Table 3: Types of friends for bridges and non-bridges in Uf

Then, we analyzed whether there was any form of correlation between being a bridge and having
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friends. For this purpose, we computed the fraction of bridges (non-bridges) having at least one friend

and the fraction of bridges (non-bridges) having no friends. The result obtained is reported in Table

4. From the analysis of this table, we can see that bridges have a higher tendency to have friends than

non-bridges. However, the extent of this phenomenon is not extremely evident.

Fraction of users with friends Fraction of users without friends

Bridges 0.6113 0.3887

Non-bridges 0.5121 0.4879

Table 4: Fractions of users with and without friends in Uf

At this point, we focused on investigating the possible influence that bridges exert on their neigh-

borhoods. This investigation requires the usage of the strong and the very strong bridges. To detect

them, it is necessary to specify the values of ths and thvs (see Section 3.1). To perform this task,

we considered the distribution of the k-bridges against k in Yelp and we observed that it follows a

very steep power law. As a consequence, according to the general trend of power law distributions, in

particular of those showing a steep trend [63], it appeared us reasonable to choose ths in such a way

that only 10% of bridges are strong. Applying an analogous reasoning, we chose thvs in such a way

that only 10% of strong bridges are very strong. This way of proceeding led us to obtain that ths = 6

and thvs = 12.

After having determined the values of ths and thvs, we computed the fraction of strong and very

strong bridges in the neighborhoods of bridges and non-bridges, respectively. The result is shown in

Table 5. Differently from what emerges from Table 3, where there is a little difference between the

fraction of bridges in the neighborhoods of bridges and non-bridges, in Table 5 it is evident that there

is a big difference on the strength of bridges in the neighborhoods of bridges and non-bridges. In fact,

the fraction of very strong bridges is more than double in the neighborhoods of bridges compared to

the neighborhoods of non-bridges.

Fraction of strong bridges Fraction of very strong bridges

Bridge neighborhoods 0.41 0.12

Non-bridge neighborhoods 0.27 0.05

Table 5: Fraction of strong and very strong bridges present in the neighborhoods of bridges and

non-bridges in Uf

As a further verification of this trend, we computed:

• The ratio of the number of non-bridges in a bridge’s neighborhood to the number of non-bridges

in a non-bridge’s neighborhood. This is equal to 2.50.

• The ratio of the number of bridges in a bridge’s neighborhood to the number of bridges in a

non-bridge’s neighborhood. This is equal to 5.23.

• The ratio of the number of strong bridges in a bridge’s neighborhood to the number of strong

bridges in a non-bridge’s neighborhood. This is equal to 7.27.
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• The ratio of the number of very strong bridges in a bridge’s neighborhood to the number of very

strong bridges in a non-bridge’s neighborhood. This is equal to 10.97.

This analysis fully confirms the fact that, in the neighborhoods of bridges, it is much more frequent

to find strong or very strong bridges than in the neighborhoods of non-bridges.

As a final analysis on neighborhoods, we computed the distribution of bridges and non-bridges

present in the neighborhood of a bridge and a non-bridge, respectively. These two distributions are

illustrated in Figures 4 and 5. These figures show that both of them follow a power law distribution.

Looking at the values of these distributions, we can observe that the difference between the values of

non-bridges and weak bridges is not very evident. Instead, this difference becomes evident for strong

and very strong bridges. This is a third confirmation of the trends seen previously.

Figure 4: Distribution of the neighbors of bridges in Uf

4.2.2 Co-review network

After the analysis done on the friendship network Uf , we investigated the co-review network Ucr. We

started by verifying the existence of a backbone among the bridges in this network. Preliminarily,

we removed those nodes corresponding to users who reviewed businesses not belonging to any macro-

category of Yelp (see Section 4.1). As a consequence, the number of users (and, therefore, the number

of nodes) who composed this network was equal to 1,634,547. Specifically, 1,037,484 of these were

bridges while 597,063 were non-bridges.

The first analysis we made concerned the distribution of reviews with respect to users. The result

obtained is shown in Figure 6. From the analysis of this figure, we can see that the distribution follows

a power law. As a further analysis, we observe that Ucr is much denser than Uf . In fact, the average

degree of its nodes is equal to 1426.34, while, in Uf , it is equal to 82.92.
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Figure 5: Distribution of the neighbors of non-bridges in Uf

Figure 6: Distribution of reviews for users in Ucr - Linear scale (on the left) and Logarithmic scale

(on the right)

As a first analysis, we verified if there is a backbone among the bridges in Ucr. Similarly to what we

did for Uf , for each bridge (non-bridge) we considered the fraction of co-reviewers that were bridges

(non-bridges). The results obtained are shown in Table 6. From the analysis of this table we can

see that there are significant differences in the percentage of co-reviewers that are bridges between a

bridge and a non-bridge. The same applies to the percentage of co-reviewers that are non-bridges. In

light of this, we can conclude that there is a backbone among the bridges in Ucr.

As a further analysis of the neighborhoods of bridges and non-bridges in Ucr, we computed the

distribution of bridges and non-bridges present in the neighborhoods of bridges and non-bridges,

respectively. These distributions are shown in Figures 7 and 8. These figures fully confirm the

previous results about Ucr. In fact, we can observe how the presence of bridges in the distribution of
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Fraction of co-reviewers Fraction of co-reviewers
that are bridges that are non-bridges

Bridges 0.9456 0.0543

Non-bridges 0.7451 0.2548

Table 6: Types of co-reviewers for bridges and non-bridges in Ucr

the neighbors of a bridge is very evident. The same happens for the presence of non-bridges in the

distribution of the neighbors of non-bridges. These results represent a confirmation of the presence of

a backbone among the bridges in the co-review network.

Figure 7: Distribution of the neighbors of bridges in Ucr

As a next analysis, we focused on the investigation of the possible influence that bridges can exert

on their co-reviewers. For this objective, we computed the fraction of strong and very strong bridges

present in the neighborhoods of bridges and non-bridges, respectively. The result is shown in Table

7. From the analysis of this table we can see that, differently from what happens in Uf , in Ucr the

fraction of strong and very strong bridges present in the neighborhoods of bridges is almost identical to

the corresponding fraction relative to the neighborhoods of non-bridges. This means that, while there

exists a backbone linking bridges together, their evolution towards strong and very strong bridges does

not depend on the support received by their neighbors.

Fraction of strong bridges Fraction of very strong bridges

Bridge neighborhoods 0.54 0.15

Non-bridge neighborhoods 0.57 0.18

Table 7: Fraction of strong and very strong bridges present in the neighborhoods of bridges and

non-bridges in Ucr

As a further verification of this trend we computed:
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Figure 8: Distribution of the neighbors of non-bridges in Ucr

• The ratio of the number of bridges in the neighborhood of a bridge to the number of bridges in

the neighborhood of a non-bridge. This is equal to 12.83.

• The ratio of the number of strong bridges in the neighborhood of a bridge to the number of

strong bridges in the neighborhood of a non-bridge. This is equal to 12.19.

• The ratio of the number of very strong bridges in the neighborhood of a bridge to the number

of very strong bridges in the neighborhood of a non-bridge. This is equal to 10.73.

This analysis fully confirms the previous one, i.e., the fact that there is no strong correlation

between the strength of a bridge and being or not neighbor to another bridge in Ucr.

The presence of a backbone among the bridges in Ucr and the absence of an analogous backbone

among the bridges in Uf led us to consider Ucr more interesting than Uf for further analyses on

k-bridges. Therefore, we decided to perform all the next investigations only on Ucr.

4.3 Analysis of the possible correlation between k-bridges and power users in U cr

Firstly, we verified if there is a correlation between k-bridges and power users or, in other words,

between k-bridges and degree centrality. To this end, we computed the distribution of the number

of arcs for non-bridges, bridges, strong and very strong bridges. The results obtained are shown in

Figure 9. As we can see from this figure, all distributions follow power laws; their corresponding

coefficients α and δ are reported in Table 8. However, we observe that as k grows, the power law

distributions move to the right and flatten out. It implies that, as k grows, the degree centrality of
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the corresponding k-bridges grows. This allows us to conclude that there is a correlation between the

strength of k-bridges and degree centrality.

Figure 9: Distributions of the number of arcs for non-bridges, bridges, strong and very strong bridges

α δ

Non-bridges 1.203 0.177

Bridges 1.403 0.066

strong bridges 1.290 0.077

Very strong bridges 1.322 0.113

Table 8: Coefficients α and δ for the power law distributions of Figure 9

As a second analysis, we selected the top 1% of power users (corresponding to the top 1% of the

nodes of Ucr with the highest degree) and determined how these were distributed between k-bridges

(with k varying). We also repeated this analysis for the top 5%, the top 10%, the top 15%, the top

20% and, finally, for all users. The results obtained are shown in Figure 10. The analysis of this figure

reveals that, as we select increasingly strong power users, the fraction of them that are strong bridges

also increases, as the distribution moves to the right. This is a confirmation of the previous results

regarding the existence of a correlation between k-bridges and power users.

As a final task, we repeated the previous analysis but we inverted k-bridges and power users. In

particular, we selected the top 1% of k-bridges and determined the distribution of their degree. We
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Figure 10: Distributions of (power) users against the strength of bridges

repeated this analysis for the top 5%, the top 10%, the top 15%, the top 20% of k-bridges and, finally,

for all users. The results obtained are shown in Figure 11. From the analysis of this figure, we can see

that the distribution moves to the right. This implies that, as we select stronger and stronger bridges,

the fraction of them with higher and higher degree increases too. This represents a third confirmation

of the previous results and, ultimately, allows us to say that there is a strong correlation between

k-bridges and power users.

After having investigated the main properties of k-bridges, we focus in Yelp more deeply by ana-

lyzing the possible correlations between k-bridges and Yelp macro-categories.

5 K-bridges and macro-categories: a deeper analysis

In this section, we aim at deepening our study of the correlations between k-bridges and Yelp macro-

categories.

First of all, we considered the macro-categories which the reviews made by Yelp users refer to.

The corresponding distribution is shown in Figure 12. From the analysis of this figure we can see that

the “Restaurants” macro-category has a much higher number of reviews than all the other ones.

Once again, we are interested in investigating the co-review mechanism and the role of k-bridges

as possible pioneers in this context. In order to carry out this study, we created a new network, which
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Figure 11: Distributions of k-bridges against their degree

Figure 12: Distribution of the reviews of Yelp users against the Yelp macro-categories
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we call “macro-category network” and denote it with M = 〈N,E〉. N represents the set of nodes of

M. In particular, there is a node nj ∈ N for each macro-category Yj in Yelp. E is the set of edges of

M; in particular, there is an edge ejh ∈ E if both the macro-categories Yj and Yh have been reviewed

by a fraction of users greater than or equal to a threshold X%. Clearly, as X varies, we have different

networks MX%. Based on these definitions, we constructed the networks M1%, M5%, M10% and

M15%. These are shown in Figures 13 - 16.

Figure 13: The network M1%

Figure 14: The network M5%

The corresponding density and average clustering coefficient are reported in Table 9. Figures 17

and 18 present the variation of the values of the density and the average clustering coefficient when X

increases. As shown in these figures, it is very likely to find two macro-categories that are co-reviewed

by a small number of users. In fact, 98.1% of the possible combinations of categories are co-reviewed
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Figure 15: The network M10%

Figure 16: The network M15%

by at least 1% of the users. However, if we are more demanding on the fraction of users that co-review

the same macro-category, we can see from the figures that the trend of co-reviews varies rapidly. In

fact, even if the possible combinations of co-reviewed macro-categories is quite high with at least 5%

of co-reviewing users, this number decreases rapidly when we further increase the value of X.

M1% M5% M10% M15%

Density 0.978 0.680 0.173 0.030

Average Clustering Coefficient 0.981 0.833 0.514 0.094

Table 9: Values of the density and the average clustering coefficient for the networks M1% - M15%
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Figure 17: Variation of the density of the macro-category networks MX% against the increase of X

Figure 18: Variation of the average clustering coefficient of the macro-category networksMX% against

the increase of X

Table 10 shows the maximum and sub-maximum values of the degree centrality for the networks

of Figures 13 - 16, along with the macro-categories which they refer to. The objective is to identify

which macro-categories tend to have more co-reviews with other ones. From the analysis of this table

we can observe that the two macro-categories most present with maximum or sub-maximum values

are “Restaurants” and “Food”. Actually, this result was quite obvious, given the distribution of the

reviews in Yelp (see Figure 12). Instead, the fact that the macro-categories “Beauty&Spas” and

“Hotels&Travel” are present as maximum or sub-maximum is particularly interesting. In fact, these

two macro-categories have a much lower number of reviews not only than “Restaurants” and “Food”

but also than several other macro-categories not present in Table 10.

Table 11 shows the maximum and sub-maximum values of the closeness centrality for the networks

of Figures 13 - 16. We do not present this table for the semantics of closeness centrality in this

application context. Instead, we want to highlight that, unlikely what generally happens in Social

Network Analysis, where the nodes having the highest degree centrality and the highest closeness
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M1% M5% M10% M15%

Maximum value and 1 (Beauty&Spas) 1 (Food) 0.857 (Restaurants) 0.286 (Restaurants)

associated macro-category

Sub-maximum value and 1 (Food) 1 (Nightlife) 0.476 (Food) 0.095 (Hotels&Travel)

associated macro-category

Table 10: Maximum and sub-maximum values of degree centrality and the corresponding macro-

categories in the networks M1% - M15%

centrality are generally different [55], the macro-categories that have the highest values of closeness

centrality are exactly the same as the ones having the highest values of degree centrality.

M1% M5% M10% M15%

Maximum value and 1 (Beauty&Spas) 1 (Food) 0.86 (Restaurants) 0.286 (Restaurants)

associated macro-category

Sub-maximum value and 1 (Food) 1 (Nightlife) 0.614 (Food) 0.171 (Hotels&Travel)

associated macro-category

Table 11: Maximum and sub-maximum values of closeness centrality and the corresponding macro-

categories in the networks M1% - M15%

Table 12 shows the maximum and sub-maximum values of the betweenness centrality for the

networks of Figures 13 - 16. As we can notice, inM1% all the values of the betweenness centrality are

very low. This is not surprising because this network is almost totally connected. The maximum and

sub-maximum values of the betweenness centrality grow, albeit slightly, in M5%. Once again, this is

understandable because, if we look at Figure 14, we can see that this network is still very connected.

The most interesting situation for this kind of centrality happens in M10%. In fact, in this case, we

have that the maximum and sub-maximum values of betweenness centrality are high. These values are

associated with “Restaurants” and “Food”. Now, looking at Figure 14, we can see how “Restaurants”

and “Food” are actually two nodes from which we must pass to go from a node located in the top

sub-net to a node located in the bottom one. Finally, as far as the betweenness centrality is concerned,

the network M15% is not very significant, since it is almost completely disconnected.

M1% M5% M10% M15%

Maximum value and 0.001 (Arts&Entertainment) 0.049 (Food) 0.627 (Restaurants) 0.067 (Restaurants)

associated macro-category

Sub-maximum value and 0.001 (LocalServices) 0.049 (Nightlife) 0.614 (Food) 0 (Beauty&Spas)

associated macro-category

Table 12: Maximum and sub-maximum values of betweenness centrality and the corresponding macro-

categories in the networks M1% - M15%

Table 13 shows the maximum and sub-maximum values of the eigenvector centrality for the net-

works of Figures 13 - 16. We can observe that the maximum and sub-maximum values correspond to

those of the degree centrality and the closeness centrality. Once again the two macro-categories with

the highest values are “Restaurants” and “Food”.

The analysis of the distributions and the ones of all the different forms of centrality show that
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M1% M5% M10% M15%

Maximum value and 0.217 (Arts&Entertainment) 0.279 (Food) 0.525 (Restaurants) 0.665 (Restaurants)

associated macro-category

Sub-maximum value and 0.217 (LocalServices) 0.279 (Nightlife) 0.397 (Food) 0.395 (Hotels&Travel)

associated macro-category

Table 13: Maximum and sub-maximum values of eigenvector centrality and the corresponding macro-

categories in the networks M1% - M15%

“Restaurants” is an extremely dominant macro-category. Therefore, it is interesting to verify whether

or not most of the properties we have previously found depend exclusively on “Restaurants”.

To perform this verification, we removed all references to the macro-category “Restaurants” from

the reviews. Then, we computed again the number of k-bridges and the distribution of users. In

particular, the number of k-bridges decreased from 1,106,727 to 813,146, while the number of non-

bridges increased from 530,411 to 823,992.

The distribution of users is shown in Figure 19. From the analysis of this figure, we can observe

that, in this case, the distribution follows a much steeper power law. This is understandable because

those nodes that were previously non-bridges continue to be so now. At the same time, all the

nodes that were previously 2-bridges and that referred to “Restaurants” become non-bridges. More in

general, all nodes that where k-bridges (k ≥ 2) and referred to “Restaurants” become (k− 1)-bridges.

Figure 19: Distribution of the k-bridges against k in Yelp after the removal of “Restaurants”

Then, we computed again the networks M1% - M15%. They are shown in Figure 20. From the

analysis of this figure, we can observe that the connection level of these networks slightly decrease

compared to the corresponding networks with “Restaurants”, albeit this trend remains the same from
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a qualitative viewpoint. This can also be deduced from the values of the density and the average

clustering coefficient shown in Table 14.

Figure 20: The networks M1% - M15% after the removal of “Restaurants”

M1% M5% M10% M15%

Density 0.976 0.719 0.176 0.024

Average Clustering Coefficient 0.979 0.846 0.452 0

Table 14: Values of the density and the average clustering coefficient for the networks M1% - M15%

after the removal of “Restaurants”

Finally, we computed the maximum and sub-maximum values for all centrality measures for the

new networks obtained after the removal of “Restaurants”. The results are reported in Table 15.

From the analysis of this table, we can observe that the values are slightly lower than before, but the

trend is confirmed. This allows us to conclude that the trends and features related to co-reviews in

Yelp are intrinsic to this social medium and are not biased by the presence of “Restaurants”. This

macro-category certainly contributes to strengthen these trends but it does not upset them.
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Clearly, in absence of “Restaurants”, the macro-category that plays the main role in the co-

reviews is “Food”. Instead, different macro-categories often alternate in the role of sub-maximum for

the centrality measures into consideration.

M1% M5% M10% M15%

Maximum Degree Centrality 1 (Beauty&Spas) 1 (Food) 0.65 (Food) 0.1 (Nightlife)

Sub-maximum Degree Centrality 1 (Food) 1 (Nightlife) 0.45 (Nightlife) 0.1 (EventPlanning&Services)

Maximum Closeness Centrality 1 (Beauty&Spas) 1 (Food) 0.662 (Food) 0.133 (Arts&Entertainment)

Sub-maximum Closeness Centrality 1 (Food) 1 (Nightlife) 0.511 (Shopping) 0.114 (EventPlanning&Services)

Maximum Betweenness Centrality 0.002 (Beauty&Spas) 0.044 (Food) 0.271 Food) 0.021 (Arts&Entertainment)

Sub-maximum Betweenness Centrality 0.002 (Food) 0.044 (Nightlife) 0.074 (HomeServices) 0.016 (Nightlife)

Maximum Eigenvector Centrality 0.223 (Beauty&Spas) 0.273 (Shopping) 0.49 (Food) 0.577 (Arts&Entertainment)

Sub-maximum Eigenvector Centrality 0.223 (Food) 0.273 (Nightlife) 0.403 (Nightlife) 0.5 (Nightlife)

Table 15: Maximum and sub-maximum values of the various centrality measures and the corresponding

macro-categories in the networks M1% - M15% after the removal of “Restaurants”

After having performed a deep analysis on the features of k-bridges in Yelp, in the following section,

we verify if some results on k-bridges found in this social network are general or specific to it.

6 Verifying k-bridge properties in Reddit and in the network of

patent inventors

This section aims at verifying if k-bridge properties we had found in Yelp are general or specific to this

social network. Due to space constraints, we limit our analysis to only some of the properties found

above. We verify their validity first in Reddit (Subsection 6.1) and, then, in the network of patent

inventors (Subsection 6.2).

6.1 Verifying k-bridge properties in Reddit

In this section, we show the results that we obtained by performing on Reddit some of the experiments

previously carried out on Yelp. We downloaded all the data for the investigation activity from the

pushshift.io website, one of the most known Reddit data sources. Our dataset contains all the posts

published on Reddit from January 1st, 2019 to February 1st, 2019. The number of posts available for

our investigation was 485,623.

As a first task, we selected the 30 subreddits with the highest number of posts. According to

our model, as described in Section 3.4, all the authors of a subreddit represented a community in

our model, and the authors who submitted one or more posts in at least two subreddits represented

bridges. Specifically, a k-bridge is an author who posted in exactly k subreddits.

As a first experiment, we computed the distribution of k-bridges against k in Reddit. It is shown

in Figure 21. From the analysis of this figure, we can see that it follows a power law. This result is in

total agreement with the one obtained for Yelp and reported in Figure 3.

As a second experiment, we considered the co-posting network Ucp, defined in Section 3.4. We

recall that, in this network, there is a node for each user who submitted at least one post in at least

one of the 30 subreddits into consideration, and there is an arc between two users if both of them
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Figure 21: Distribution of the k-bridges against k in Reddit

contributed to the same subreddit. The co-posting network in Reddit corresponds to the co-review

network in Yelp. In that case, we had found that there is a backbone among the bridges of this

network. Therefore, it appears interesting to verify whether this property exists also in Ucp.

For this purpose, for each bridge (non-bridge), we considered the fraction of co-posters that were

bridges (non-bridges). The results obtained are shown in Table 16. They denote that there is a

backbone among bridges in Ucp. They also confirm what we had obtained for Yelp in Table 6.

Fraction of co-posters Fraction of co-posters
that are bridges that are non-bridges

Bridges 0.9234 0.0585

Non-bridges 0.7531 0.2243

Table 16: Types of co-posters for bridges and non-bridges in Ucp

Finally, we verified if there is a correlation between k-bridges and power users. For this purpose,

we computed the distribution of the number of arcs for non-bridges, bridges, strong and very strong

bridges. Preliminarily, by applying the same approach described in Section 4.2.1 for Yelp, we found

that, in Reddit, the thresholds for strong bridges and very strong bridges are ths = 5 and thvs = 9,

respectively.

Afterwards, we computed the distribution of the number of arcs for non-bridges, bridges, strong

and very strong bridges. The results obtained are shown in Figure 22. This figure reveals that, as k

grows, the power law distributions move to the right and flatten out. This result confirms the one in

Figure 9 obtained for Yelp and tells us that also for Reddit there is a correlation between the strength

of k-bridges and their degree centrality.
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Figure 22: Distributions of the number of arcs for non-bridges, bridges, strong and very strong bridges

in Reddit

6.2 Verifying k-bridge properties in the network of patent inventors

In this section, we report the results that we obtained by performing on the network of patent inventors

some of the experiments previously carried out on Yelp. Data about patents adopted in our analyses

has been taken from the PATSTAT-ICRIOS database. It stores data about all patents from 1978 to

the current years coming from about 90 patent offices worldwide. The number of patents taken into

consideration is 9,605,147 and the number of inventors is, instead, 23,637,883.

According to our model, as described in Section 3.5, the set of inventors who filed at least one

patent in an IPC class represents a community. Therefore, we have 127 communities. In this setting,

the authors who filed patents in at least two IPC classes represent bridges. A k-bridge is an author

who filed patents that, in the whole, cover exactly k IPC classes.

Also in this case, we computed the distribution of k-bridges against k. We report it in Figure 23.

From the analysis of this figure, we can see that it follows a power law. This result is in line with

what we have seen for Yelp and Reddit.

After this, we considered the co-inventing network Uci, defined in Section 3.5. Here, there is a

node for each inventor and there is an arc between two inventors if both of them filed at least one

patent together. Clearly, the co-inventing network strictly corresponds to the co-posting network of

Reddit and the co-review network of Yelp.
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Figure 23: Distribution of the k-bridges against k in the network of patent inventors

In order to verify if there exists a backbone among the bridges of this network, for each bridge

(resp., non-bridge), we considered the fraction of co-inventors that were bridges (resp., non-bridges).

The results, reported in Table 17, clearly denote the existence of a backbone among the bridges in

Uci, analogous to the ones found in Ucr for Yelp and in Ucp for Reddit.

Fraction of co-inventors Fraction of co-inventors
that are bridges that are non-bridges

Bridges 0.9632 0.0563

Non-bridges 0.7924 0.2356

Table 17: Types of co-inventors for bridges and non-bridges in Uci

Finally, we verified if there is a correlation between k-bridges and power users also in Uci. In

this case, a reasoning analogous to the one described in Section 4.2.1 allowed us to find that, in the

network of patent inventors, the threshold ths for strong bridges is 5 whereas the threshold thvs for

very strong bridges is 10.

We computed the distribution of the number of arcs for non-bridges, bridges, strong and very

strong bridges. The results are reported in Figure 24. They denote that, as k grows, the power

law distributions move to the right and flatten out. This result is a further confirmation of the ones

reported in Figure 9 for Yelp and in Figure 22 for Reddit, i.e., that also in the network of patent

inventors there is a correlation between the strength of k-bridges and the degree centrality.

After having verified that the main properties of k-bridges are intrinsic to this concept and not

specific to only Yelp, in the next section, we present two use cases that could highly benefit from the
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Figure 24: Distributions of the number of arcs for non-bridges, bridges, strong and very strong bridges

in the network of patent inventors

knowledge of k-bridges.

7 Two possible k-bridge applications

The social networking phenomenon has completely changed the way people conceive interaction with

each other and consume information. Several studies have investigated the consequences of the massive

proliferation of Online Social Networks that we are observing in these years.

From a consumer point of view, social networks bring impressive benefits, such as richer and more

participative information, a broader selection of products, more competitive pricing, and cost reduc-

tion. Instead, in the industry context, 81% of firms plan to invest in social networking sites, and more

than 50% of them consider digital advertising and marketing as a priority area of investment [54].

Actually, several online services, like Yelp (but also TripAdvisor3, and, in a certain sense, Booking4,

Airbnb5, etc.), have been conceived just to encourage this kind of interaction. Of course, in this sce-

nario, obtaining a very large number of positive reviews is crucial for businesses. Therefore, designing

3https://www.tripadvisor.com
4https://www.booking.com
5https://www.airbnb.com
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ad-hoc marketing and advertising campaigns is extremely important. In the next subsections, we de-

scribe in details two case studies related to this concept, which massively exploit k-bridges to conduct

marketing campaigns and support business decisions in Yelp.

7.1 Case A: Finding the best targets for a marketing campaign

This first case study refers to a scenario in which a business is planning to expand its activities

including services that belong to new Yelp categories, along the ones already covered. The business

already performed an internal evaluation analysis with the goal of identifying the best services, possibly

referring to new categories, to improve its revenues. The next step concerns the design of a goal-

oriented marketing campaign to foster the diffusion of the new services among new potential customers.

Of course, a naive flooding approach of advertising messages appears not convenient, as it would not

be possible to properly target the advertising campaign based on customer features. Moreover, it

would lead to an excessive amount of unwanted messages from a user point of view.

For these reasons, the knowledge derived from the identification of k-bridges, who are already

customers of both the original categories of interest for the business and the new ones it intends to

embrace, plays a crucial role. Indeed, these bridges can be considered as links among the different

communities they belong to and, hence, they can be “engaged” as convenient diffusion points to

properly target the marketing campaign.

Now, let us consider a simple example scenario where a business, which already provides services

belonging to the Restaurant category of Yelp, decides to include new services belonging to two new

related categories, namely Nightlife and Hotel&Travel. In this case, according to the reasoning above,

the following steps can be performed to obtain a very effective marketing campaign.

First, 3-bridges are identified as the most correct typology of users to involve. Indeed, 3-bridges

can potentially link together all and only the three categories of interest. Actually, more powerful

bridges (e.g., 4-bridges or higher) could have been also considered; however, this would lead to the

inclusion of other categories not interesting for the business, which in turn would lead to a reduction

of the campaign effectiveness.

After that, among all the available 3-bridges, the ones belonging to just the three categories of

interest are selected.

Now, considering that the campaign success strongly depends on the capability of k-bridges to

promote the new services, a metric to measure it must be introduced. This metric should consider

the inclination of a bridge to review businesses, her proneness to create an articulated friend network,

and her constant activity level over time. In Equation 1, we report a possible simple implementation

of such a metric (clearly, future research efforts could be made to define a more sophisticated metric):

µi =
nri · nfi
ndi

(1)

Here, nri represents the number of reviews performed by the 3-bridge ui, nfi denotes the dimension

of the network of her friends, and, finally, ndi indicates the number of days ui is enrolled in the platform.

Here, nri directly measures the activity level of ui; however, this is not sufficient because early adopters

of the platform typically make a very high number of reviews in a very short amount of time, but not

all of them remain active over time. For this reason, we consider two other important factors, i.e., the
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number of friends and the time interval in which they performed their activities. As the creation of a

strong and rich network of friends requires time, nfi allows us to exclude early adopters who left the

platform too soon. Instead, ndi acts as a weight and allows the estimation of the real activity level

over time.

Now, the business can use the metric above to sort the set of 3-bridges according to their capability

of promoting its services. Finally, it selects the top bridges as the target for its marketing campaign.

The fact that the selected 3-bridges are members of all the three categories of interest increases the

possibility that they can help the business to be known in the new communities.

The solution above, sketched for the simple example considered, can be easily extended and gener-

alized for any similar application scenario with any number of involved categories. The overall process

is described by Algorithm 2.

Algorithm 2 Algorithm for finding the best targets of a marketing campaign
Input

� D, a dataset of a Social Network

� k, the number of communities of interest for the marketing campaign

Output

� Bk, the k-bridges to consider for the marketing campaign

Require: getInfo(ui), a function returning a DataFrame containing information about the number of reviews, the num-

ber of friends, and the days of enrollment in the platform of a user ui; bridgeExtraction(k), a function implementing

Algorithm 1 and returning the set of k-bridges; Sk, a set of scores

Bk = bridgeExtraction(k)

for ui ∈ Bk do

infoui = getInfo(ui)

nri = infoui [“reviews”], nfi = infoui [“friends”], ndi = infoui [“days”]

µi = (nri · nfi)/ndi
add µi to Sk

end for

Bk = sort Bk by Sk

return Bk

7.2 Case B: Finding new products/services to propose

This second case study is strictly related to the previous one. However, it deals with a situation

in which a business is still conducting a market analysis to identify new services, belonging to new

categories, that it can propose. In this context, the knowledge acquired by analyzing k-bridges can be

used to know the most popular categories related to the ones already covered by the business. Indeed,

in this scenario, the review activities of k-bridges implicitly encode association rules among categories.

Such rules can be represented as:

review(Ck)⇒
k−1∧
i=1

review(Ci)
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Here, the term
k−1∧
i=1

review(Ci) represents the logic conjunction of a sequence of reviewing activities

in k − 1 different categories.

Intuitively, the larger k the more disparate are the different categories included in the conjunction.

For this reason, it is first necessary to identify the optimal value of k in the extraction of meaningful

association rules among categories. For this purpose, it is possible to adopt a modified version of the

Elbow-method [31], a very common strategy to identify the correct number of clusters in a typical

clustering scenario. The basic idea underlying our approach to perform this task is to carry out an

iterative task. At each iteration:

1. the value of k is increased;

2. Algorithm 2 is used to identify k-bridges;

3. k-bridges being members of the original category of the business are selected;

4. all the additional categories (involved by the identified k-bridges) are considered;

5. their average semantic distance with respect to the starting ones is estimated.

This procedure ends when, during an iteration, the average estimated distance for the new cate-

gories is considered too high with respect to the marketing objectives of the business.

At this point, by analyzing the k-bridges involving the original categories and the closest ones

identified during the iterations, it is possible to identify a set of association rules between the original

categories of the business and the new ones. For each rule, it is possible to estimate the corresponding

support and confidence6. The obtained information can be used by the business to decide which new

categories are more suitable for its development.

8 Conclusion

In this paper, we have introduced the concept of k-bridge and we have found that it enjoys the anti-

monotone property. Starting from this result, we have proposed an algorithm for detecting k-bridges

from a social network. With Yelp as the main reference platform, we have discovered several features

characterizing k-bridges and we have detected several knowledge patterns about them. Afterwards,

by performing on Reddit and the network of patent inventors some of the experiments we had already

carried out on Yelp, we have seen that the properties and the knowledge patterns characterizing k-

bridges, that we have found through Yelp, are general and not limited to this social network. Finally,

we have presented two use cases that could benefit from the presence of k-bridges; the former regards

the application of k-bridges to find the best targets for a marketing campaign. The latter concerns

the role of k-bridges to find new products/services to propose.

6Observe that, borrowing some ideas from the association rules theory, in our scenario, support can be defined as a

measure of how frequently the new categories and the old ones appear together in k-bridges; instead, confidence quantifies

how often the new categories appear in those k-bridges where the original categories appear too.
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In the future, we plan to extend this research in several directions. First of all, we would like to

investigate other properties of k-bridges, for instance their capability of being influencers in a social

context. Negative influencers are particularly interesting for us because this user stereotype is less

studied in the literature even if its impact in real life is enormous. Then, we would like to extend the

analysis of k-bridges from Yelp to other platforms similar to it, for instance TripAdvisor, to understand

the analogies and the difference with Yelp. Afterwards, we would like to extend, realize and test the

approaches described in the two use cases described in this paper. Finally, we plan to realize a research

campaign that performs a profile-based analysis of users for most of the challenges described in this

paper in order to extract a deep knowledge about k-bridges and their behaviors in the social platforms

they belong to.
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