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Abstract This paper presents a model in which fun-
damentalists, absolute momentum traders, and cross-
sectional momentum traders interact in a financial mar-
ket with two risky assets. We assume that the excess
demand of fundamentalists is described by a general
polynomial function, with terms up to cubic order. We
demonstrate that the combined effect of nonlinearity,
fundamentalists, and momentum traders is effective in
generating both bull and bear market dynamics. Addi-
tionally, we employ a stochastic version of our deter-
ministic model to generate simulated time series that
replicate the stylized facts—such as asymmetry, excess
kurtosis, and volatility clustering—of two energy mar-
kets: the Pennsylvania–New Jersey–Maryland (PJM)
electricity market and the Queensland electricity mar-
ket (QLD).
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1 Introduction

The role of heterogenous agents models (HAM) in
explaining many stylized facts and market anoma-
lies has demonstrated its effectiveness in detecting the
impact of behavioral forces on market stability (see,
e.g., [1] and [2] for a survey). [3] and [4], among oth-
ers, have documented the key stylized facts observed
in financial markets, which are the main focus of HAM
(see [5–7], for example). The underlying mechanism
that explains these empirical findings is the nonlinear
building-block introduced in the models, which serves
as the basis for understanding the dynamics of the
endogenous variables. In this context, this paper anal-
yses a nonlinear HAM with fundamentalists, momen-
tum and cross-sectional traders to account for empir-
ical evidence in the energy market sector, specifically
the electricity market. Since 1990, following a period
of liberalization in the electricity sector, the electric-
ity has become a traded commodity ([8,9]), making
it important to study its statistical properties using a
behavioral model. We follow the literature on HAM to
develop a nonlinear dynamical system with three types
of agents trading in a financial market with two risky
assets: fundamentalists, absolutemomentumandcross-
sectional momentum traders. The link between these
two assets is provided by the cross-sectional momen-
tum traders. The financial literature has established
the destabilizing role of momentum traders in mar-
kets (see [10,11] and [12], for example). Moreover,
given the nature of the trading strategy of the cross-
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sectional momentum agents, who act simultaneously
in both assets, the instability of the system could be
amplified. An additional feature of our model is the
functional form of the excess of demand of fundamen-
talists. This approach is inspired by [13], who consid-
ers a general polynomial functional form with entries
up to cubic order in the excess of demand of funda-
mentalists and chartists when estimating the parame-
ters of a collection of behavioral models. To preserve
the analytical tractability of our model, we apply this
functional specification only to fundamentalists. It is
important to note that a nonlinear trading rule for fun-
damentalists has also been considered in [14].Ahigher-
order nonlinear trading rule for fundamentalists leads
to a more pronounced reaction to large mispricings of
the price from its fundamental value. In this regard,
the greater the deviation of the price from its funda-
mental value, the more aggressive the fundamental-
ists become. The final model results in a system of
second-order difference equations which, when nec-
essary, can be reduced to a system of first-order dif-
ference equations. We demonstrate several interesting
results. First, our final system can admit between 1 and
9 fixed points, depending on parameter values. This
results in the coexistence of the fundamental equilib-
rium with other types of fundamental equilibria, intro-
ducing uncertainty about the fundamental value (see
[15,16], for example). Second, through our bifurcation
analysis, we confirm the occurrence of the Neimark–
Sacker bifurcation, which is responsible for the market
price fluctuations around the fundamental equilibrium
and justifies the time-series momentum in the short-run
and mean reversion in long-run, in line with [11] and
[10]. Third, we find results consistent with the analysis
of [13] regarding the impact of the different polynomial
terms. Specifically, we do not exclude the relevance of
the linear component in explaining key dynamics, and
by using different model specifications that incorporate
a stochastic component, we confirm the joint impact of
the quadratic and cubic terms in facilitating the match-
ing of stylized facts.

Our contributions to the existing literature are as fol-
lows. We build a dynamic model with fundamentalists,
as well as both absolute and cross-sectional momen-
tum traders, specifying a general functional form for
the excess demand of fundamentalists, including non-
linear terms up to cubic order, following [13]. This
component, which introduces significant nonlinearity
into the model, combined with the destabilizing role of

cross-sectional momentum traders, generates interest-
ing and complex dynamics in electricitymarket returns.
Second, based on the results of our stability analy-
sis, we find that the model can admit multiple funda-
mental equilibria. This is an important contribution to
the literature examining the role of sentiment indices
in the presence of uncertainty about the fundamental
value ([15,16]). However, while in these models the
uncertainty in the fundamental value is assumed by
the authors, in our model this uncertainty is intrinsic
and arises directly from the tuning of the parameters.
Third, we complement the literature on HAM by ana-
lyzing the empirical distribution of log-returns from
two international energy markets: the Pennsylvania–
New Jersey–Maryland (PJM) power market, and the
Queensland electricity market (QLD). While most of
the HAM literature focuses on financial markets, we
validate our results by considering the stylized facts of
energy markets. We account for a stochastic version of
our model in order to match their empirical evidence.

The paper is organized as follows. In Sect. 2 we
introduce the model. In Sect. 3 we analytically study
the model’s properties and verify them through several
numerical simulations. Section 4 presents a stochas-
tic version of the model to match the stylized facts of
the PJM and QLD markets, particularly the asymme-
try, excess kurtosis, and volatility clustering. Section 5
concludes.

2 The model

We work in a financial market with two risky assets,
denoted as A and B.1 Both fundamental values are
assumed to be constant: F A

t = F A and FB
t = FB ,

∀t .
The market is populated by three types of inver-

stors: fundamentalists, absolute momentum (chartists)
and cross-sectional momentum.

Following [13], we introduce the following excess
demand functions for each type of traders:

1. Fundamentalists react on deviations between the
fundamental value and the market price:

pit+1 − pit = β f 1(F
i − pit ) + β f 2(F

i − pit )
2

+β f 3(F
i − pit )

3

1 A and B could represent two markets for the same asset.
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2. Absolute momentum agents act according to price
changes in the short run:

pit+1 − pit = βa(p
i
t − pit−1)

3. Cross-sectional momentum traders take a long
position in one asset and a short position in the
other2:

pit+1 − pit = βc[(pit − pit−1) − (p j
t − p j

t−1)]

with i, j = A, B and i �= j , β f 1, β f 2, β f 3, βa, βc >

0.
Assuming fixed proportions of agents (αi

f , α
i
a, α

i
c ∈

(0, 1) such that αi
f + αi

a + αi
c = 1) and working in

terms of deviations of fundamentals (xit = pit − Fi ),
the overall excess demand is given by:

xit+1 − xit = − γ i
f 1x

i
t + γ i

f 2(x
i
t )

2 − γ i
f 3(x

i
t )

3+
+ γ i

c (x
i
t − xit−1) − γ i

c (x
j
t − x j

t−1)+
+ γ i

a(x
i
t − xit−1)

where μi > 0 is the speed of the price adjustment
made by the market maker and γ i

f 1 = μiαi
f β f 1,

γ i
f 2 = μiαi

f β f 2, γ i
f 3 = μiαi

f β f 3, γ i
a = μiαi

aβa ,

γ i
c = μiαi

cβc.
Thus, the final system S is given by:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x A
t+1 = HA(x A

t , x Bt , x A
t−1, x

B
t−1) = −γ A

f 3(x
A
t )3+

+γ A
f 2(x

A
t )2+(1 − γ A

f 1)x
A
t

+(γ A
c +γ A

a )(x A
t −x A

t−1) − γ A
c (x Bt − x Bt−1)

x Bt+1 = HB(x A
t , x Bt , x A

t−1, x
B
t−1) = −γ B

f 3(x
B
t )3

+γ B
f 2(x

B
t )2 + (1 − γ B

f 1)x
B
t

+(γ B
c +γ B

a )(x Bt −x Bt−1)−γ B
c (x A

t −x A
t−1)

(1)

When necessary, we introduce the auxiliary vari-
ables yAt+1 = x A

t and yBt+1 = x Bt to transform it into a

2 The cross-sectional momentum strategy is well documented in
[10].

first-order difference equation system:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x A
t+1 = HA(x A

t , x Bt , yAt , yBt )

x Bt+1 = HB(x A
t , x Bt , yAt , yBt )

yAt+1 = x A
t

yBt+1 = x Bt

(2)

In the following section, we perform a dynamical
analysis using both analytical and numerical tools.

3 Dynamical analysis

Before investigating the existence of steady states
owned by the system, we provide the following def-
inition to classify the different types of equilibrium.

Definition 1 The fixed points (x A, x B) of System (1)
are classified as:

• Fundamental steady state iff xA = 0 and xB = 0
• A-fundamental steady state iff xA = 0 and xB �= 0
• B-fundamental steady state iff xA �= 0 and xB = 0
• Non-fundamental steady state iff xA �= 0 and xB �=
0

As a preliminary result, we observe that the funda-
mental steady state (0, 0) exists for any range of param-
eter values. In contrast, for the other types of equilibria,
the following proposition holds.

Proposition 1 Let�A = (γ A
f 2)

2−4γ A
f 3γ

A
f 1 and�B =

(γ B
f 2)

2−4γ B
f 3γ

B
f 1. The system defined by (1) can admit

up to nine fixed points:

• The fundamental equilibrium: (x A
F , x BF ) = (0, 0),

for any range of the parameter values
• Two A−fundamental equilibria: (0, x B� )with x B� =

γ B
f 2±

√
�B

2γ B
f 3

, iff �B ≥ 0

• Two B−fundamental equilibria: (x A
� , 0)with x A

� =
γ A
f 2±

√
�A

2γ A
f 3

, iff �A ≥ 0

• Four non-fundamental equilibria: (x A
� , x B� ) with

x A
� = γ A

f 2±
√

�A

2γ A
f 3

and x B� = γ B
f 2±

√
�B

2γ B
f 3

iff �A,�B ≥
0

Proof After imposing equilibriumconditions x A
t = x A

and x Bt = x B ∀t , System (1) becomes:

{
x A = −γ A

f 3(x
A)3 + γ A

f 2(x
A)2 + (1 − γ A

f 1)x
A

x B = −γ B
f 3(x

B)3 + γ B
f 2(x

B)2 + (1 − γ B
f 1)x

B
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Table 1 Number and type of fixed points in different parameter regions, where �A = (γ A
f 2)

2 −4γ A
f 3γ

A
f 1 and �B = (γ B

f 2)
2 −4γ B

f 3γ
B
f 1

Parameter regions �A > 0 �A = 0 �A < 0

�B > 0 1 fundamental 1 fundamental 1 fundamental

2 A-fundamental 2 A-fundamental 2 A-fundamental

2 B-fundamental 1 B-fundamental

4 non-fundamental 2 non-fundamental

�B = 0 1 fundamental 1 fundamental 1 fundamental

1 A-fundamental 1 A-fundamental 1 A-fundamental

2 B-fundamental 1 B-fundamental

2 non-fundamental 1 non-fundamental

�B < 0 1 fundamental 1 fundamental 1 fundamental

2 B-fundamental 1 B-fundamental

whose solutions get to the vectors defined in the propo-
sition. ��

According to Proposition 1, our model can admit
between 1 and 9 fixed points, depending on the param-
eter values. Table 1 summarizes the existence of steady
states in the corresponding parameter regions, accord-
ing to the signs of �A,B .

Note that once �B is fixed, the number of A-
fundamental steady state remains constant. In con-
trast, the number of B-fundamental fixed points varies.
Specifically, for any �B , there are two B-fundamental
steady states if�A > 0. As�A decreases through zero
and becomes negative, the two B-fundamental fixed
points coalesce and disappear. The same story holds if
A and B interchange. Therefore, the qualitative change
in the number of A− (or B−) fundamental equilibria is
associated with fold bifurcations, that occur at�B = 0
(or �A = 0).

Moreover, from Proposition 1, we can immediately
derive conditions on the parameter values that guaran-
tee the uniqueness of the fundamental steady state, as
stated in the following corollary.

Corollary 1 Let �A = (γ A
f 2)

2 − 4γ A
f 3γ

A
f 1 and �B =

(γ B
f 2)

2 −4γ B
f 3γ

B
f 1. The fundamental equilibrium (0, 0)

is the unique steady state of the system iff �A < 0 and
�B < 0.

Now, we turn our attention to the local stability
analysis of the fundamental equilibrium. To this end,
we need to consider the system as defined in (2).
The trace and determinant of the Jacobian matrix are
given by: Tr(xA, xB) = ∂HA

∂x At
(xA, xB)+ ∂HB

∂x Bt
(xA, xB),

Det (xA, xB) = ∂HA
∂yAt

(xA, xB) · ∂HB
∂yBt

(xA, xB) − ∂HA
∂yBt

(xA, xB) · ∂HB
∂yAt

(xA, xB). Hence:

Tr(0, 0) = 2 + γ A
c + γ A

a + γ B
c + γ B

a − γ A
f 1 − γ B

f 1

Det (0, 0) = (γ A
c + γ A

a ) · (γ B
c + γ B

a ) − γ A
c γ B

c

The following proposition proves that the funda-
mental equilibriumundergoes aNeimark–Sacker bifur-
cation.

Proposition 2 The Neimark–Sacker bifurcation of the
fundamental steady state occurs at γ A

c γ B
a + γ A

a γ B
c +

γ A
a γ B

a = 1, if γ A
f 1 + γ B

f 1 < 4 + γ A
c + γ A

a + γ B
c + γ B

a

and γ A
f 1 + γ B

f 1 > γ A
c + γ A

a + γ B
c + γ B

a .

Proof The fixed point (0, 0) is locally asymptotically
stable iff:

⎧
⎪⎨

⎪⎩

1 + Tr(0, 0) + Det (0, 0) > 0

1 − Tr(0, 0) + Det (0, 0) > 0

1 − Det (0, 0) > 0

and a bifurcation results from the violation of one
of such conditions. In particular, the Neimark-Sacker
occurs when Det (0, 0) = 1 while 1 + Tr(0, 0) +
Det (0, 0) > 0 and 1 − Tr(0, 0) + Det (0, 0) > 0.
The last two conditions are guaranteed if Tr(0, 0) ∈
(−2, 2), that in our case are γ A

c + γ A
a + γ B

c + γ B
a >

γ A
f 1 + γ B

f 1 − 4 and γ A
c + γ A

a + γ B
c + γ B

a < γ A
f 1 + γ B

f 1,

while γ A
c γ B

a +γ A
a γ B

c +γ A
a γ B

a = 1means Det (0, 0) =
1. ��
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Fig. 1 Attractor in the plane (x A
t , x Bt )when conditions γ A

c γ B
a +

γ A
a γ B

c + γ A
a γ B

a < 1, γ A
f 1 + γ B

f 1 < 4 + γ A
c + γ A

a + γ B
c + γ B

a

and γ A
f 1 + γ B

f 1 > γ A
c + γ A

a + γ B
c + γ B

a hold. Parameter values:

γ A
f 3 = 0.45, γ B

f 3 = 0.59, γ A
f 2 = 0.7, γ B

f 2 = 0.6, γ B
f 1 = 2.2,

γ A
a = 0.4142, γ B

a = 0.4, γ A
c = 0.201, γ B

c = 0.4, and γ A
f 1 = 2.4

in (a), while γ A
f 1 = 2.026 in (b). Initial conditions x A

0 = 0.2,

x B0 = 0.2

Fig. 2 Attractor in the plane (x A
t , x Bt )when conditions γ A

c γ B
a +

γ A
a γ B

c + γ A
a γ B

a < 1, γ A
f 1 + γ B

f 1 < 4 + γ A
c + γ A

a + γ B
c + γ B

a

and γ A
f 1 + γ B

f 1 > γ A
c + γ A

a + γ B
c + γ B

a hold. Parameter values:

γ A
f 3 = 0.45, γ B

f 3 = 0.59, γ A
f 2 = 0.7, γ B

f 2 = 0.6, γ B
f 1 = 2.2,

γ A
a = 0.4142, γ B

a = 0.4, γ A
c = 0.201, γ B

c = 0.4, and γ A
f 1 =

2.46 in (a),whileγ A
f 1 = 2.033 in (b). Initial conditions x A

0 = 0.2,

x B0 = 0.2

Given the importance of this kind of bifurcation in
the literature, we highlight the dynamics of the price in
Figs. 1, 2 and 3. Figure 1 illustrates the loss of stabil-
ity of the fundamental fixed point and the appearance
of a closed invariant curve around it, a typical pattern
of the Neimark–Sacker bifurcation. Figure 2 shows the
complex attractors that arise when the level of activity
of fundamentalists it too high. The same result is con-
firmed in Fig. 3 via a bifurcation diagram when γ A

f 1,
i.e. the level of activity of fundamentalists in market A,
is varied. Finally, Fig. 4, illustrates the price dynam-
ics of both markets as γ A

f 1 increases. One can observe

Fig. 3 Bifurcation diagram on varying γ A
f 1 ∈ [2.01, 2.033] for

parameter values: γ A
f 3 = 0.45, γ B

f 3 = 0.59, γ A
f 2 = 0.7, γ B

f 2 =
0.6, γ B

f 1 = 2.2, γ A
a = 0.4142, γ B

a = 0.4, γ A
c = 0.201, γ B

c =
0.4. Initial conditions x A

0 = 0.2, x B0 = 0.2

Fig. 4 Trajectories of asset A (in red) and B (in blue) in the
plane (t, xit ), with i = A, B. Parameter values: γ A

f 3 = 0.45,

γ B
f 3 = 0.59, γ A

f 2 = 0.7, γ B
f 2 = 0.6, γ B

f 1 = 2.2, γ A
a = 0.4142,

γ B
a = 0.4, γ A

c = 0.201, γ B
c = 0.4, and γ A

f 1 = 2.026 in (a),

while γ A
f 1 = 2.033 in (b). Initial conditions x A

0 = 0.2, x B0 = 0.2

that the trajectories change from periodic (Fig. 4a) to
quasi-periodic (Fig. 4b).

Wewould like to highlight that the fixed-point analy-
sis conducted thus far demonstrates that our model can
exhibit the coexistence of multiple locally stable equi-
libria. Specifically, following a saddle-node (or fold)
bifurcation, at least one stable equilibrium emerges,
either an A- or B- fundamental fixed point, depending
on the parameters �A and �B . In this context, the fun-
damental steady state can be locally stable, in accor-
dance with the conditions established in the proof of
Proposition 2. In other words, there may exist a range
of control parameter values for which themodel admits
multiple stable equilibria.

Interestingly, this result still holds even in the
absence of cross-sectionalmomentum trading (γ A,B

c =
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0),when the two assets are independent of each other. In
this case, our nonlinear demand function can generate
up to three equilibria for each asset. Similarly to the pre-
vious case, for i = A, B, if�i = (γ i

f2
)2−4γ i

f3
γ i
f1

≥ 0
then asset i admits two non-fundamental steady state
(possibly coinciding) in addition to the fundamental
one; otherwise, the latter is unique. A saddle-node
bifurcation occurs when �i = 0. Also in this case,
the parameter values that ensure the local stability of
the fundamental equilibrium are consistent with those
of the saddle-node bifurcation,which leads to the emer-
gence of an additional locally stable steady state.

However, Proposition 2 highlights the destabiliz-
ing effect of cross-sectional momentum trading on the
fundamental equilibrium, as indicated by the fact that
the determinant Det (0, 0) increases as the parameters
γ
A,B
c increase, once the other parameters are fixed. This

implies that the presence of such agents pushes thefixed
point toward the Neimark–Sacker bifurcation.

From Proposition 2, one can directly obtain the
following bifurcation curve in the parameter plane
(γ A

c , γ B
c ), once the other parameters are fixed:

Corollary 2 TheNeimark–Sacker bifurcation curve in
the parameter plane (γ A

c , γ B
c ) is defined by: γ A

c γ B
a +

γ A
a γ B

c +γ A
a γ B

a = 1 such that γ A
f 1 +γ B

f 1 −γ A
a −γ B

a −
4 < γ A

c + γ B
c < γ A

f 1 + γ B
f 1 − γ A

a − γ B
a .

For what concerns the Neimark–Sacker bifurcation,
the parameters γ A

f 1 and γ B
f 1 do not directly influence

theNeimark–Sacker bifurcation curve 1−Det (0, 0) =
0, but they they contribute to the emergence of more
complex dynamics immediately after the bifurcation.
Moreover, they are the leading actors in the period-
doubling bifurcation of the fundamental equilibrium,
as proved in the following proposition.

Proposition 3 Let (γ A
c +γ A

a )·(γ B
c +γ B

a )−γ A
c γ B

c < 1,
then the fundamental steady state undergoes a period
doubling bifurcation if γ A

f 1 + γ B
f 1 is big enough.

Proof The hypotheses (γ A
c + γ A

a ) · (γ B
c + γ B

a ) −
γ A
c γ B

c < 1 means 1 − Det (0, 0) > 0. Moreover,
observe that Tr(0, 0)goes to−∞whenγ A

f 1+γ B
f 1 tends

to +∞, in other terms 1 − Tr(0, 0) + Det (0, 0) > 0
while 1 + Tr(0, 0) + Det (0, 0) becomes negative if
γ A
f 1 + γ B

f 1 is big enough. ��
In the next subsection we investigate the role of dif-

ferentmarket agents in the final dynamics, applying our
theoretical results, and performing numerical analysis,
as well.

3.1 The role of heterogeneous traders

We would like to highlight the role of cross-sectional
momentum traders in our model, given their signifi-
cance in the literature ([10,11]). In fact, as shown in
Corollary 2, the destabilizing effect of cross-sectional
momentum traders is mitigated by the action of fun-
damentalists. Two key points should be emphasized.
First, the occurrence of the Neimark–Sacker bifurca-
tion requires the coordination of the cross-sectional
momentum traders across both markets. Second, the
bifurcation can also occur if the overall activity of the
absolute momentum traders is lower than that of funda-
mentalists in both markets. If we read Proposition 3 in
conjunction with the result of Corollary 2, we find two
routes to complicated dynamics generated by funda-
mentalists. In the first case, when fundamentalists are
excessively aggressive in their trading strategies, they
may destabilize the market, leading to the occurrence
of a period-doubling bifurcation. This corresponds to
the case in which γ A

f1
+ γ B

f1
is sufficiently large. How-

ever, another route emerges when the overall activity of
absolute momentum traders is lower than that of funda-
mentalists in both markets. In this scenario, the funda-
mentalists’ relative aggressiveness is further amplified
by the influence of cross-sectional momentum traders,
resulting in complex market dynamics.

To better understand the role of different market
agents in ensuring stability, Figs. 5, 6 and 7 illustrate
the joint effects of their trading activity through a two-
dimensional bifurcation diagram. Our focus here is
on the role of fundamentalists for two main reasons.
First, according to the literature on HAM, fundamen-
talists are viewed as stabilizing agents in the market
([17,18]). Second, we have introduced a specific poly-
nomial excess demand function for these traders, which
includes terms up to cubic order (following [13]). The
nonlinear terms can be interpreted as reflecting the level
of aggressiveness exhibited by fundamentalists in the
market. Additionally, we note that our model does not
incorporate the switching mechanism of traders (see,
for example, [19] and [20]) but instead focuses on their
trading strategies as outlined in the seminal work of
[17]. We leave the exploration of this aspect for future
developments in our work.

Figures 5 and 6 represent the stability region (in
blue) when different combinations of the parameters
for fundamentalists operating within the same market
are considered. Specifically, we examine the stability
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Fig. 5 Two-dimensional bifurcation diagram in the plane
(γ A

f 1, γ
A
f 2) in panel (a), (γ A

f 1, γ
A
f 3) in panel (b), (γ A

f 2, γ
A
f 3) in

panel (c). Parameter values: γ A
f 3 = 0.45, γ B

f 3 = 0.59, γ A
f 2 = 0.7,

γ B
f 2 = 0.6, γ B

f 1 = 2.2, γ A
a = 0.4142, γ B

a = 0.4, γ A
c = 0.201,

γ B
c = 0.4, and γ A

f 1 = 2.026. Initial conditions x A
0 = 0.2,

x B0 = 0.2

effects in market A of a simultaneous increase in the
linear and quadratic terms (Fig. 5a), the linear and cubic
terms (Fig. 5b), and the quadratic and cubic terms (Fig.
5c). The same sequence of combinations is presented
in Fig. 6 for market B. It is evident that the effects on
stability are not symmetric across both markets, espe-
cially when the linear term interacts with the quadratic
term. In this case, market A exhibits instability for large
values of the quadratic term, while market B faces peri-
ods of instability even for low values of the quadratic
term, provided the linear term is sufficiently high. A
clear pattern emerges when the linear term interacts
with the cubic term in both markets and when the
quadratic and cubic terms are considered together. In
the first scenario, both markets A and B undergo peri-
ods of instability if the linear and cubic terms are large
enough. Notably, the adjustment of the quadratic and
cubic terms ensures stability in the market.

Finally, in Fig. 7, we analyze the simultaneous inter-
action of the parameters for fundamentalists trading
across different markets. A closer inspection of panels
(a) and (b) of Fig. 7 reveals that the loss of stability may
be attributed to higher values of the higher-order com-
ponents (quadratic and cubic terms) in the model. This
suggests an overreaction by fundamentalists tomispric-
ing relative to the fundamental value. In contrast, Fig.
7(c) confirms the continued stabilitywhen the quadratic
and cubic components are adjusted together.

Overall, our analysis provides evidence of the desta-
bilizing role of cross-sectionalmomentum traders, sup-
porting the findings in the existing literature on this
topic. Furthermore, fundamentalists may contribute to
instability if their activity level becomes sufficiently

Fig. 6 Two-dimensional bifurcation diagram in the plane
(γ B
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high. To maintain the proper equilibrium in the sys-
tem, fundamentalists must avoid overreacting to mis-
pricing relative to the fundamental value. Lastly, our
results are consistent with the evidence presented by
[13] regarding the impact of higher-order components
in the excess demand of traders. In the next section,
we will show that it is the combined effect of all poly-
nomial terms that ensures the model works correctly,
capturing the stylized facts.

4 Empirical model

To gain a better understanding of the properties of
our model, we conduct a more comprehensive analysis
to evaluate its ability to match the statistical proper-
ties of two key energy markets: the Pennsylvania–New
Jersey–Maryland (PJM) and the Queensland (QLD)
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Fig. 8 Historical behavior of log-returns of PJM (panel (a) and
our stochastic model (panel (b)), while in panels (c) and (d) the
corresponding autocorrelations of absolute returns (ACF)

electricity markets. We begin by analyzing the PJM
market. Specifically, we use the time series of daily
electricity prices, which are weighted averages of the
24hly market prices expressed in nominal dollars per
megawatt-hour ($/MWh), from April 2014 to March
2024 in the PJM power market (US Northeast region).
The data are freely available for download at www.eia.
gov/electricity/wholesale. In our analysis, we focus on
daily log-returns. We added a noise component to each
equation of System 1, extracted from a normal distri-
bution with a mean of zero and a standard deviation
of σ = 5. The set of parameters used to simulate the
stochastic returns comes from the analysis performed
in Section 3, where it is shown that these parameters
were effective in generating interesting dynamics in
financial markets. For this purpose, we use the follow-
ing parameter set: γ A

f 3 = 0.45, γ B
f 3 = 0.59, γ A

f 2 = 0.7,

γ B
f 2 = 0.6, γ B

f 1 = 2.2, γ A
a = 0.4142, γ B

a = 0.4,

γ A
c = 0.1, γ B

c = 0.4, γ A
f 1 = 2.033, σ = 5, and initial

conditions x A
0 = 0.2, x B0 = 0.2. The value of σ aligns

with the results of [21], representing the mean of low-
frequency volatility (i.e. the standard deviation of log-
arithmic daily price changes). Panels (a) and (b) of Fig.
8 display the returns of PJM market and those from
our stochastic model (SM), respectively. It is evident
that temporary deviations of market returns from their
mean can be significant at times. Indeed, the time series
exhibit intermittent and large fluctuations correspond-
ing to periods of high and low volatility. This charac-
teristic is known as volatility clustering. This property

Table 2 Several specification of the SM model accounting for
different combinations of quadratic and cubic terms of funda-
mentalists

Model specification

Model 1 xt+1 = γ i
f 2(x

i
t )

2 + εit

Model 2 xt+1 = −γ i
f 3(x

i
t )

3 + εit

Model 3 xt+1 = −γ i
f 3(x

i
t )

3 + γ i
f 2(x

i
t )

2 + εit

is confirmed by the sample autocorrelation functions
(ACF), which show statistically significant long-term
correlations in the absolute returns, as seen in Fig. 8(c–
d). Based on the analysis of Fig. 8, we conclude that
our model replicates the volatility clustering observed
in the PJM market quite well.

In Table 2, we present threemodels that include only
fundamentalists. In the literature,modelswith only fun-
damentalists assume that traders have different beliefs
about the fundamental value,which introduces a degree
of uncertainty into the dynamics of price over time
(see, for example, [15]). Regarding our models 1–3,
the inclusion of the cubic, quadratic, or both compo-
nents of γ account for the overall activity of funda-
mentalists in the market: when we consider both the
cubic and the quadratic components of γ the influence
of fundamentalists in driving the price toward equilib-
rium is amplified. The role of fundamentalists in our
model is significant, as highlighted in the analysis per-
formed in Section 3, where different fundamental equi-
libria emerged. To this end, in the empirical analysis,
we include models 1–3 to assess whether fundamen-
talists alone can explain the stylized facts of electricity
markets.

The results for Models 1–3 are reported in Table
3, where they are compared with the real data from
the PJM market. As shown, considering the cubic,
quadratic, or both components of γ drives the price
towards the equilibrium but worsens the fit with the
real data. This finding is consistent with the results of
[13], who observed relatively small improvements in
the goodness-of-fit when considering only a quadratic
or cubic term.

Based on the results obtained in Table 3, we expand
our analysis with additional specifications of the SM
model, as reported in Table 4. In this context, we aim
to highlight two key points. First, our model is capable
of replicating other stylized facts of the PJM market,
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Table 3 Summary statistics for PJM and Models 1–3

PJM Model 1 Model 2 Model 3

rmin − 1.5302 − 0.4292 − 0.3026 − 0.3027

rmax 1.6373 0.3967 0.3095 0.3101

sd 0.2075 0.1102 0.0852 0.0852

Skewness 0.1317 0.0203 0.0072 0.0078

Kurtosis 8.8662 3.0554 3.0135 3.0170

J–B statistic 9157.52 0.9358 0.0727 0.0999

Tsay test 2.3724 1.5371 42.213 41.293

Hr 0.2526 0.3947 0.5058 0.5055

H|r | 0.6887 0.5749 0.4661 0.4666

The table reports the summary statistics including minimum (rmin) and maximum (rmax ) returns, standard deviation (sd), skewness,
kurtosis, Jarque–Bera statistic (J–B statistic), the Tsay nonlinearity test (Tsay test), the Hurst exponent for returns (Hr ) and absolute
returns (H|r |), respectively

Table 4 Several specification of the SM model accounting for the quadratic and cubic terms of fundamentalists

Model specification

Model 4 xit+1 = xit + εit

Model 5 xit+1 = (1 − γ i
f 1)x

i
t + (γ i

c + γ i
a )(x

i
t − xit−1) − γ i

c (x
i
t − xit−1) + εit

Model 6 xit+1 = γ i
f 2(x

i
t )

2 + (1 − γ i
f 1)x

i
t + (γ i

c + γ i
a )(x

i
t − xit−1) − γ i

c (x
i
t − xit−1) + εit

Model 7 xit+1 = −γ i
f 3(x

i
t )

3 + (1 − γ i
f 1)x

i
t + (γ i

c + γ i
a )(x

i
t − xit−1) − γ i

c (x
i
t − xit−1) + εit

Model 8 xit+1 = −γ i
f 3(x

i
t )

3 + γ i
f 2(x

i
t )

2 + (1 − γ i
f 1)x

i
t + (γ i

c + γ i
a )(x

i
t − xit−1) − γ i

c (x
i
t − xit−1) + εit

in addition to volatility clustering. Second, we seek
to demonstrate the explanatory power of our complete
nonlinear agent-based model in comparison to its lin-
ear or simplified counterpart. Our simulations consider
several specifications of the model (Model 8). As a
robustness check, we also include a simple random
walk (Model 4) to assess whether the replication of
empirical stylized facts can be attributed to both the
nonlinear specification and the behavioral component.
Regarding the other models, we proceed as follows.
Model 5 incorporates only one “behavioral” compo-
nent, namely the linear one. Models 6 and 7 consider
combinations of two components at once: quadratic and
linear (Model 6), cubic and linear (Model 7).

A closer inspection of Table 5 reveals that only our
model is able to match all the empirical evidence from
thePJMmarket.Whenconsidering theminimum(rmin)
and maximum (rmax ) values of returns, we note that
onlyModel 8 achieves values that are closest to those of
the PJM market in both cases simultaneously. Indeed,
Model 4 exhibits a larger negative value for rmin , while

Models 5–7 underestimate both rmin and rmax . The
same pattern holds for the standard deviation (sd).

Another key characteristic of the PJM time series is
the distribution of returns, which differs from that of a
normal distribution. In fact, the kurtosis and skewness
indices show that it is characterized by fat tails and a
right-skewed distribution. Moreover, the Jarque–Bera
test (J–B statistic) confirms the non-normality of PJM
returns at the 1% significance level. Beyond Model 4,
which exhibits negative skewness, Models 5–7 present
skewness indices close to zero, while the skewness of
Model 8 closely matches the empirical distribution.
Model 8 has a kurtosis index greater than 3 and, as a
result, has heavier tails compared to the Normal distri-
bution when compared to the other models, and there-
fore, better captures real data. Models 4 and 8 reject
the null hypothesis that the simulated distribution of
returns is normal. It is worth noting that a simple ran-
dom walk outperforms Models 5–7 in the J–B test. We
have conducted the Tsay nonlinearity test to verify that
the nonlinear specification of our models is appropriate

123



31810 S. Brianzoni et al.

Table 5 Summary statistics for PJM and Models 4–8

P JM Model 4 Model 5 Model 6 Model 7 Model 8

rmin − 1.5302 − 5.39 − 0.4292 − 0.4516 − 0.4016 − 1.1860

rmax 1.6373 1.5778 0.3967 0.3933 0.3784 1.7798

sd 0.2075 1.7284 0.1102 0.1119 0.1111 0.2668

Skewness 0.1317 − 0.4157 0.0203 0.0043 0.0079 0.1178

Kurtosis 8.8662 1.8253 3.0554 3.0915 3.0650 4.7559

J–B statistic 9157.52 422.85 0.9358 1.6753 0.8791 638.77

Tsay test 2.3724 0.0049 0.9657 1.6038 1.6524 3.2135

Hr 0.2526 0.9895 0.3947 0.3889 0.3928 0.4198

H|r | 0.6887 0.9822 0.5749 0.5918 0.5670 0.7289

The table reports the summary statistics including minimum (rmin) and maximum (rmax ) returns, standard deviation (sd), skewness,
kurtosis, Jarque–Bera statistic (J–B statistic), the Tsay nonlinearity test (Tsay test), the Hurst exponent for returns (Hr ) and absolute
returns (H|r |), respectively

for this analysis. Specifically, the Tsay test is based on
the F-statistic: under the null hypothesis, the process
is linear, whereas a significant F-statistic provides evi-
dence of nonlinearity in the series. The results indicate
that the test detects significant nonlinearity in Models
7 and 8. Finally, the last two rows of Table 5 confirm
the absence of autocorrelation in the return series and
the persistence of correlations in absolute returns for
PJM, employing theHurst exponent of returns (Hr ) and
absolute returns (H|r |). According to our simulations,
Models 5, 6, 7 and 8 are able to fit the Hurst exponents
of PJM. Overall, our results demonstrate that the pro-
posed model is capable of replicating the stylized facts
of electricity market returns using the PJM index data.
When compared with other nested models, the only
one that can simultaneously replicate all the empirical
evidence from the PJM index is the nonlinear model
that incorporates both cubic and quadratic behavioral
components, consistent with the findings of [13].

We have conducted a similar analysis for the Aus-
tralian electricity market, in particular the Queensland
(QLD) electricity market. The inclusion of another
market allows for an international comparison between
electricity markets. The data for the Australian mar-
ket were obtained from the Australian Energy Mar-
ket Operator (AEMO) and are freely available at
https://www.aemo.com.au. As with the PJM market,
we use the daily average spot prices, which are cal-
culated as weighted averages of the 24hly market
prices, expressed in nominal dollars permegawatt-hour
($/MWh). The data cover the period from April 2014
toMarch 2024.We use the same parameter values as in

Fig. 9 Historical behavior of log-returns of QLD (panel (a) and
our stochastic model (panel (b)), while in panels (c) and (d) the
corresponding autocorrelations of absolute returns (ACF)

the PJM case with σ = 7.79 for QLD (in line with the
analysis of [21]). In Fig. 9, panels (a) and (b), we note
that the volatility of QLDmarket is larger than those of
PJM market and our model. Moreover, panels (c) and
(d) of Fig. 9 highlight that the SMmodel is able to cap-
ture the correlations in the absolute returns of QLD but
only for the first 25 lags. In Tables 6 and 7, we report
the summary statistics for the Queensland (QLD) elec-
tricity market. Table 6 presents the results for a model
that includes only fundamentalists in the market. Once
again, we find evidence that the magnitude of the expo-
nent γ influences the dynamics towards equilibrium,
with fundamentalists driving the price toward equilib-
riumwhen they trade more aggressively. This also sug-
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Table 6 Summary statistics for Queensland and Models 1–3

QLD Model 1 Model 2 Model 3

rmin − 3.7144 − 0.5689 − 0.3919 − 0.3921

rmax 4.0443 0.5309 0.4046 0.4057

sd 0.4070 0.1460 0.1108 0.1109

Skewness 0.1733 0.0165 0.0088 0.0097

Kurtosis 15.97 0.0411 0.0139 0.0200

J–B statistic 37551.96 0.5541 0.0854 0.1333

Tsay test 2.7321 0.9083 9.4982 66.223

Hr 0.3459 0.4391 0.5359 0.5357

H|r | 0.8422 0.6157 0.4967 0.4963

The table reports the summary statistics including minimum (rmin) and maximum (rmax ) returns, standard deviation (sd), skewness,
kurtosis, Jarque–Bera statistic (J–B statistic), the Tsay nonlinearity test (Tsay test), the Hurst exponent for returns (Hr ) and absolute
returns (H|r |), respectively

Table 7 Summary statistics for Queensland and Models 4–8

QLD Model 4 Model 5 Model 6 Model 7 Model 8

rmin − 3.7144 − 10.5921 − 0.5689 − 0.6314 − 0.6616 − 1.0818

rmax 4.0443 2.9685 0.5309 0.5567 0.4855 1.6137

sd 0.4070 3.3661 0.1460 0.1506 0.1481 0.2636

Skewness 0.1733 − 0.4154 0.0165 0.004 0.0001 0.0772

Kurtosis 15.97 − 0.4646 0.0411 0.0830 0.0914 1.2538

J–B statistic 37551.96 422.85 0.5541 1.4145 1.6559 319.80

Tsay test 2.7321 0.0049 0.8214 2.1893 0.9870 3.6407

Hr 0.3459 1.02 0.4391 0.4323 0.4368 0.4894

H|r | 0.8422 0.9961 0.6157 0.6402 0.6168 0.7680

The table reports the summary statistics including minimum (rmin) and maximum (rmax ) returns, standard deviation (sd), skewness,
kurtosis, Jarque–Bera statistic (J–B statistic), the Tsay nonlinearity test (Tsay test), the Hurst exponent for returns (Hr ) and absolute
returns (H|r |), respectively

gests that an appropriate model should account for the
effects of all market participants.

In this respect, Table 7 presents additional speci-
fications of the SM model, allowing us to compare
our results with the real data of QLD electricity mar-
ket. The results show that Model 8 remains the best
model among those considered in replicating the styl-
ized facts ofQueensland electricitymarket.When com-
paring these results to those of the PJMmarket, we find
that our model aligns more closely with the stylized
facts of the PJMmarket than with those of the Queens-
land market probably due to the different volatiilty of
the two markets.

From our analysis, we can draw some important
conclusions. First, the choice of the electricity mar-

ket serves to test the ability of our model to replicate
empirical facts. The rationale behind this choice is the
structure of the electricity market, which resembles a
fundamentalists vs. chartists configuration. In this con-
text, regulated electricity companies behave similarly
to fundamentalists, while private companies are more
akin to chartists. Second, as shown in the results of
Tables 5 and 7, themodel successfully describesmarket
dynamics characterized by a moderate level of volatil-
ity. This explains the superior fit of our model with the
PJM market, as compared to the Queensland market.
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5 Conclusions

In this paper, we investigated the price dynamics of
a multi-asset model based on the literature of hetero-
geneous agents. A key feature of our heterogeneous
agent model (HAM) is that it incorporates a general
polynomial excess demand function for fundamental-
ists, specifically including polynomial terms up to the
third order. This results in a high level of aggressive-
ness by fundamentalists in relation to the mispricing
with respect to the fundamental value. Additionally,
we account for the presence of two types of momen-
tum traders: absolute momentum and cross-sectional
momentum traders. There is a large consensus in the
literature on the destabilizing role of cross-sectional
momentum traders. This characteristic, combined with
the nonlinear nature of the excess of demand function
of fundamentalists, gives rise to interesting dynam-
ics in our model. In particular, our stability analysis
reveals that a Neimark–Sacker bifurcation can occur
if there is coordination among cross-sectional momen-
tum traders across both assets and if the overall activ-
ity of absolute momentum traders is lower than that of
fundamentalists. Moreover, the market can be desta-
bilized via period-doubling bifurcation if fundamen-
talists overreact to mispricing with respect to the fun-
damental value. Our findings align with the results of
[13] on the impact of linear and nonlinear terms in
the model. Finally, we focus specifically on the styl-
ized facts of electricity markets, comparing them with
the time series of returns generated by our model. We
demonstrated that, among the two electricity markets
considered, our model was able to replicate key empir-
ical evidences of PJM market, including asymmetry,
excess of kurtosis and volatility clustering. This is due
to the model’s moderate volatility and its structure,
which closely resemble markets where traders act as
both fundamentalists and speculators.

Given the interesting results of our model, we think
that it can offer numerous opportunities for further
development, for example the investigation of the local
stability of the multiple equilibria. Since the analysis
is mathematically rather complex, it may be carried
out with the support of numerical methods in future
research.
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