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e-mail: m.serpilli@univpm.it appear. The paper describes the mechanical behavior
of a composites made of two solids, bonded together
by a thin layer, in the framework of strain gradient and
micropolar elasticity. The adhesive layer is assumed
to have the same stiffness properties of the adherents.
By means of the asymptotic methods, the contact laws
are derived at order 0 and order 1. These conditions
represent a formal generalization of the hard elastic
interface conditions. A simple benchmark equilibrium
problem (a three-layer composite micro-bar subjected
to an axial load) is developed to numerically assess
the asymptotic model. Size effects and non-local
phenomena, due to high strain concentrations at
the edges, are highlighted. The example proves the
efficiency of the proposed approach in designing
micro-scale layered devices.

1. Introduction

Adhesive bonding offers numerous benefits, such as the
ability to join various materials, enhance mechanical
properties of assemblies, improve individual material
characteristics, and meet specific strength and comfort
needs.
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As a result, adhesive bonding technology is widely used in layered devices. When composites
scale down in size, the influence of the material microstructure become more pronounced,
and significantly affects the overall performance of the assemblies, as highlighted in various
research papers (e.g., [1-3]). Thus, precise theoretical modeling of imperfect contact among the
composite constituents is indispensable in engineering design. The adhesive layer is classically
treated as an interphase with decreasing thickness. By letting the thickness tend to zero, the
interphase reduces to a two-dimensional surface, called the imperfect interface, on which ad-
hoc jump conditions of selected physical fields are considered, e.g. displacements and stresses.
During the last decades, numerous interface models have emerged based on classical continuum
mechanics. However, these theories are unable to accurately describe the mechanical behavior
of materials with microstructure, such as molecules, grains, fibers, or pores, and also size-
dependent phenomena. The effect of microstructure and size effects can be adequately taken into
account with generalized continuum theories such as strain gradient elasticity and micropolar
elasticity. The first one has been developed in the pioneering works by Mindlin [4,5] and, more
recently, in [6-12]. These theories have been extended and generalized in several works by
Polizzotto [13-17]. For a detailed review on gradient elasticity theories, the reader can refer to [18].
The second one establishes its roots in the milestone work of the Cosserat brothers [19], and
various extensions have been explored in several books and papers, including those authored
by Eringen [20,21] and Nowacki [22], as well as the overview analysis provided by Maugin
[23]. These models are commonly used to characterize complex media, especially composite
materials with internal microstructures. Examples include fibrous and granular materials, liquid
crystals, cellular solids and foams, high-performance and glassy polymers, lattices, and masonry,
among others [24-28]. In recent years, significant progress has been made in the theoretical
understanding of thin adhesive modeling, with the development of imperfect interface laws
using advanced mathematical techniques, such as the asymptotic analysis. These include linear
elasticity [29-37], coupled thermoelasticity [38], piezoelectricity [39,40], magneto-electro-thermo-
elasticity [41], poroelasticity [42] and general multiphysics theories [43,44]. Only a limited number
of studies focus on investigating the impact of microstructure and size effects of micro-scale
adhesives, particularly when considering higher order continua. For instance, [45,46] provide an
initial contribution to the understanding of the mechanical behavior of a Cosserat bonded joint
through the asymptotic analysis, by analysing a composite comprising two micropolar solids
joined by a thin soft and rigid micropolar intermediate layer. In [47,48] the authors developed
models for soft imperfect interfaces through the asymptotic methods for flexoelectricity and
strain gradient elasticity, highlighting the size effect properties. The work [49] introduced a size-
dependent model for adhesively bonded layered structures within the context of strain gradient
elasticity, utilizing standard tools. Consequently, there remains a lack of theoretical modeling that
adequately tackles the influence of microstructure and the size effects, particularly evident in
micro-adhesive layers.

The goal of the present work is to identify a novel form of the contact laws, in the framework
of strain gradient elasticity and micropolar elasticity, by means of an asymptotic analysis. The
composite is constituted of a thin plate-like layer (adhesive), whose thickness depends on a
small parameter ¢, surrounded by two generic bodies (adherents). We analyze the case of a hard
interface, where the material coefficients of both adhesive and adherents are of the same order
of magnitude and are independent of €. Following the asymptotic approach developed in [43], it
is possible to define a novel form of hard interface at order 0 and order 1, within the context of
strain gradient elasticity and micropolar elasticity.

The outline of the paper is the following. Section 2 presents the hard interface conditions in
strain gradient elasticity. More precisely, the theoretical framework of the strain gradient elastic
theory is presented, then the rescaling and the asymptotic expansions method are applied to
the variational formulation of the problem; finally, the interface conditions at order 0 and 1 are
identified in terms of the jumps of the displacements and microrotation, and their conjugated
counterparts, namely the stress and couple stress vectors. Section 3 presents the hard interface
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conditions in micropolar elasticity. The same structure of Section 2 is maintained. In Section 4, we
present a benchmark problem of a layered bar subjected to an axial load. Section 5 is devoted to
the concluding remarks.

2. Hard interface conditions in strain gradient elasticity

(a) Theoretical settings

In the sequel, Greek indices range in the set {1, 2}, Latin indices range in the set {1, 2, 3}, and the
Einstein’s summation convention with respect to the repeated indices is adopted. Let us consider
a three-dimensional Euclidean space identified by R? and such that the three vectors e; form
an orthonormal basis. We introduce the following notations for the scalar and vector products:
a-b:=a;b;anda Ab=a;e; Abje; :=a;bje; ey, forall vectors a = (a;) and b = (b;) in R?, with
€; 51 the alternator Ricci’s symbol.

Let us consider a material body {2 made of a strain gradient elastic material, whose constitutive
law is defined as follows, [6-8]: o4 = c; nient, Tijk = eQCijhﬂ]}le = éQJing, where (o) and (74;1)
denote the Cauchy’s stress tensor and the double-stress tensor, respectively, (c;;x;) represents the
elasticity tensor, / is the internal length scale parameter, and e;; = %(u2 § T Uia), Mgk = €ij g =
%(ui’jk + u; i%), with u; the displacement field. We note with &;; := 045 — Tyjk k= Cijriers —
€2cijhlehl, ki the so-called total stress tensor. The body is subjected to body forces f;, acting in
12, and to surface forces g;, surface double forces g;, applied to the boundary Iy C 92. No edge
forces are considered. The body is mechanically clamped on I'y. The work of external sources is
given by

L(u) ::J fiugdx + J {giu; + q;Onu; }dI.
2 Iy

The variational formulation of the problem takes the following form:

@.1)

Find v e V(2) :={ve H>(2,R%): v=0, d,v=0on I}, such that
A(u,v)=L(v), forall ve V(£2),

with

A, v) = JQ {oijei (V) + Tijemije(v) } do = JQ {Cijhlehl(u)eij (v)+ £2Cijhlehl,k(u)eij,k(v)} dz.

By virtue of Gauss-Green’s theorem, the differential form of the governing equations can be easily
derived:

- JQ Gijjvide + Jan {5'ij”j + D[ (n)ngn;Tijr. — Dj (nkﬂ'jk)} v dl’

+J TijknjnkﬁnvidFJrZ{; A(niijijk)wkds:L(v),

an e JC,

where (n;) denotes the outer unit normal vector to the boundary 92, D(-) := (8;5 — nin;)(-), 4
and On(-):=n;(-),; are the tangential and normal derivative operators on the boundary,
respectively, (k;) is the surface unit vector normal to the m-th sharp edge Cy, of the boundary,
and A represents the difference between the bracketed terms on the two sides of the edge. Thus,
the equilibrium problem takes the following expression:

Gij,5 + fi =0, in §2,
T; :=Gijn; + Df (n)ngn;ije — Df(nmije) =gi  on I,
R; :==1ijpming = g; on I,
P; = A(ngkjty ) =0 on Cy,
u; =0, Onpu; =0, on Ip.

T;, R; and P; are, respectively, the traction vector, the higher-order traction vector on Iy, and the
line traction vector on the sharp edge Cyy.
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(b) Statement of the problem

Let us define a small parameter 0 < € < 1. We consider a composite structure made of two disjoint
solids 25 C R3, bonded together by an intermediate thin layer B := S x (— h—;, h;) of thickness
h€ = ch, with cross-section S C R%. Let S be the planar interfaces between the interphase and
the adherents and let 2° := 25 U B® U £2° denote the reference configuration of the composite,
including the interphase and the adherents, (cf. Figure 1la). We note with v =853 the sharp
edges, along the boundary of the surfaces S%. The equilibrium problem can be written in its

£ I I
w1 Fo NN I\

£ e Q |
x; Q+ B£ X3 + B B 73 Q+ S
Q¢ Q_
e — L=
0 FO
(a) (b) (c)

Figure 1. Initial (a), rescaled (b) and limit (c) configurations of the composite.

variational form as follows:

Find u® € V(£2°), such that 22)
A% (uf,vE) + A% (uf,v®) + A%(uf,v®) = LF(v®), for all v¢ € V(£2°), :
where V(2°) := {v* € H*(29,R?), ¥* € H*(B®,R®): ¥°|gs =¥%|gc, V[se =V¥%[sg, V" =
959°=0on I§},and A% (-,-) and A°(, ) are the strain gradient elasticity bilinear forms on 25

and B¢, respectively:

A% (uf,v) = J'QE {Efjhleiz(us)efj(ve) + Zazé?jhleil,k(Ua)efg‘,k(ve)} dz®,
+

A% (u®,v®) = JB {éfjhzeiz(ug)efj (Vo) + éa%fjhze}iz,k(ua)efj,k(va)} dx®.
€

Only if necessary, a® and G° will note the restrictions of functions u® to 25 and B, respectively.

(c) Rescaling

In order to apply the asymptotic expansions method [50], problem (2.2), defined on an e-
dependent domain, must be reformulated on a fixed domain, independent of . We consider the
coordinate transformation 7° : z € 2 — z° € 2° given by

_e _ hiq —
ﬂ_g:{ 7% (z1,w2,73) = (21, 22,23 F 5(1 —¢)), forallze 4, 23)

#%(x1, 22, w3) = (T1, T2, €73), forall z € B,

where, after the change of variables, the adherents occupy 2+ := 2% £ %(1 —¢)e3 and the
interphase B = {z €R®: (z1,22) €S, |z3| < 1}. Thesets Sy = {z €R?: (x1,22) €S, z3==+2}
denote the interfaces between B and (24, with v+ = 9S54 their sharp edges, and 2=, U 2_ U
B is the rescaled configuration of the composite, see Fig. 1b. Lastly, Iy and I indicate the images
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through 7° of I'§ and It (Cf Figure 1.b). Consequently, 5% =

o _ 0 1
0xg, — Oxq dz§ — 6813 in B.

In order to derive a hard interface law, the adherents 25 and the adhesive B® present the
same stiffness properties. Thus, the elastic coefficients are assumed to be independent of ¢,
namely &, = €k and &5, = ¢k The internal length scale parameter measures the size of the
microstructure. In this case, the internal length of the adherents is considered to be independent
of €, £ =¢. The characteristic length of the adhesive is supposed to be of the same order of
magnitude of its thickness (h® =¢h) and, thus it linearly depends on ¢, so that /¢ =¢l. The
external loads present the following dependence with respect to e: f (%) = f;(x), « € 2+, and
g5 (%) = gi(z), ¢; (z°) = gi(x), x € I'1. Thus, LF(v®) = L(v). The displacements and test functions
depend on ¢ as follows, see [48,51]:

9 _ 0
o and 90z = Daz N 4, and

a°(z), v (z%) =v(z) x €y,
0% (2%) =we(z) + e¢°(z), V°(a°) =s(z) +ep(z) z€B,

with W€|Si = ﬁE|Sir W?3|Si =0, S|Si = ‘7|Si/ S,B‘Si =0, ¢?3|Si = ﬁ?S‘Si/ ¢€|Si =0, ¢,3|Si =
‘7,3|Si/ and w‘si =0.

According to the previous rescalings, problem (2.2) can be rewritten on a fixed domain {2,
independent of e:

Find u® = (0%, 0°*=w® +¢ ) V(£2), such that
A (u,v) + Ay (05, v) + A@u®,v) = L(v), (2.4)
forall v=(v,v =s+e1p) € V(02),

where V(2) —{VEHQ(Qi RS) Ve H2(B,R3):V|Si=S|Si,S73|Si=0, {’»3|Si:¢,3lsi7¢|si:

0, v=0,v=0o0n Iy}, and
J Gijnien (u¥)ei; (V) + e jnien i (u®)es;, k(V)} dz,
A(u ,V) = (u V) +ag(u®,v) + ear (v, v) + 2az(uf, v) 4 3az(u, v),
with
a_1(u®,v):= JB { K33u% - v,3 + (°Kszus - V,33} de,

> 5 2 5 2 1o 5 2 5
Kosuo - v+ Kiauz - via +£7(Kasulas - v 33 + Kzaujss - V,a3)} dx,

ap(u®,v) J
B {
a1 (u®,v): J {Kaﬁu"eﬁ “V.a+ 62(K33u"€35 “Vi3g+ KaB“iBS . V7a3} dx,
B
az(u®,v): A

J {K(xiiuixﬁ “V3p+ K3all,835 : V,aﬂ} dx,
B

az(u®,v) ::J €2Ka5u’550 “V,acdz,
B

where Kgg = (éigjg), Ka3 = (éi3ja)r Kga = (éiaj3) = Kg:g‘ and KO‘B = (ézaﬂg) We can now
perform an asymptotic analysis of the rescaled problem (2.4). Since the rescaled problem (2.4)
has a polynomial structure with respect to ¢, its solution can be expressed as a series of powers of
e:

ci

e=qg' + +e2ﬁ2+ , ﬁE:ﬁ0+5ﬁ1+e2ﬁ2+...,

N 2.5
fewltew! 2wl 4., @ =g tep! +e2p% + ... 23)

€>

where i =u® o 7€ and 6° = u o fr Recalling that 6* = w® + £¢° and using (2.5), one has: 0"
Yoo =wW"+o"" 1, with @ = w'. By substituting expressions (2.5) into equation (2.4) and by
identifying the terms with identical powers of ¢, we can finally characterize the limit problems at
order 0 and the first order corrector term.
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(d) The asymptotic expansions method

The present section is devoted to the computations associated with the asymptotic analysis, which
will allow us to identify the limit model for a hard strain gradient interface. Let us inject (2.5) into
(2.4) and obtain the following set of variational problems P,:

P_1:a—1 wo,s):(),
Po: A_(u0,v)+ Ay (u’,v) +a_q(at,s) + ag(w’,s) = L(v),
Pr: A_(ul

Let us consider variational problem P_1. After an integration by parts along the z3-coordinate,
one has:
Ks3 W?3 - €2W?333) |,@3::|:% =0 onbSi.

Recalling that w03|$37 L »n =0, one obtains that w9 =wd (%), T =1xaq, is independent of z3 and
’ - 2

thus, by the continuity on the upper and lower interfaces S+, [w’] =0 and (w?) = (@®), where
[¢] ;=T — ¢~ and (p):= %(goJr +o7), ot = ¢|s,, denote, respectively, the jump and mean
values of the restrictions of ¢ at the interface S+ .
Let us consider the variational problem Py and perform the integration by parts by means of
the Gauss-Green's theorem, as follows:
—J czrloj,jvidx + J {Tiovi + R?@nvi} dr + ﬁ; piovids
24 I m JCmUv+
—J K3 (ﬁ,l33 - 4213,13333) - sdx :FJ (EO - K3 (fl,l?, - 5213,1333) - Koz?)Wg) -sdl’ = L(v),
B S.
- .7)
where n(z, i%) = TFe3 on S+. From equation (2.7), using standard variational arguments, the

following set of equilibrium equations is derived:

5?j,j+fi20 in 24,
) =g;, RY=g¢ only,
P2=0 on Cpy Uy,
ﬂ? =0, ana? =0, on Iy, 2.8)
K3 (ﬁ,l33 - 5213,13333) =0 in B,

t0 — K3 (0l — ik, ) — Kagwd =0 S
F(t 33 (U3 U 333 a3W o h on o4,

! :E3::|:§

=0
r =0 on S+,

where 9 := (5% + %Zoag’a) and ¥ := (7) represent, respectively, the traction and the double-

traction vectors evaluated at the interfaces S+.

Equations (2.8)1,2,3 represent the equilibrium equations at order 0 on the adherents with the
suitable boundary conditions. By integrating equation (2.8)s, the characterization of a' within the
adhesive B as an exponential function of the thickness coordinate is obtained:

fll (z, J33) =cg + x3c1 + Cgew73 + Cge_g%g, (2.9)

where the integration constants cyx can be found explicitly imposing the continuity
conditions ' =al| . and 1! = ¢ = . By summin

) |J«3:i% P .3 za=£ 3 ry=+1 y &
and subtracting equations (2.8)¢,7, combined with the expressions (2.9), one can evaluate the
jumps and mean values of the traction and double-traction vectors at the interface:

[£°]=0, (&%) =%/OKas[u']+ (1 - F(1)Kaz(u%) + Kaz(uh), []=0, (%) =0, (210)

with f(1) := Sli= %, the internal length scale function.

I S
17% tanh

N|=~|

ul,v) + A (' v) +asy (82,8) + a1 (@), ) + ag (@', 8) + ao(w?, ) + a1 (w?, ) = 0.
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Let us consider the variational problem P;. After an integration by parts, we get:

—J a:'ilj,jvidl’-‘rj {T}vi+R%8nvi}dF+ng pilvids
4 In m

Cﬂl
- JB {K33 (ﬁ,233 - 4211,23333) + (Kas + Ksa) (ﬁ,la3 - fQﬁ,la333) + Kaﬁw?aﬁ)} - sdz
1 g (a2 2.2 s 1 2,7 o1
:FJS (t - Kas3 (0,3 -/ u,333) —Kasljy + £ (Kasz + K3a)u,a33) -sdl’ (2.11)
+

:FJ (1_”1 - €2K33f1,133) ¢ 3dl i% (f)l - é2K3aVaﬁ,133) -sdy
S+ Y+
+J Vo (Kga(u}g - €2u}333) + Ka/_gwoﬁ) -sdl’ = 0,

I

at

where p' = (A(vgT3p;)) denotes the edge traction vector on v+, and I3, represents the lateral
surface of B, with unit normal vector (v ). This yields to the following differential system:

51 51
=0, Rl =0 on 7,
_il =0 on C,
a} =0, dpaf =0 on Iy,
K (02, — (202 Ros + Kaa) (0l — Piligs) + Kagwlis =0 in B
33 (W33 03333 ) + (Kas + Ksa) (043 U333 ) + BapW (5= In b5,
- ( - Kas (u3 —¢ u333) Kosily + 2(Kas +K3a)ﬁ}a33) ., =0 onSi,
3=+ 3
F (f'l — £2K33ﬁ}33)’ N =0 on Sj:;
I3:i§
+(p! — *Kaatlgva ) |,y —n =0 on .

(2.12)
The governing equations at order 1 are homogeneous since no external forces are applied.
The order 0 terms act as known source charges, obtained by solving the order 0 problem. By
integrating (2.12)5 along 23, we can characterize a2 as follows:

o @ X 2 2
4% (2, 23) =do + 23d; +dae? +dge” ¢ — Hq (x?,co,a + %c17a> - %Haﬁw?am (2.13)

with Hy := (Kgg)_l(Kag + Kga) and I:Ialg = (Kgg)_lKaﬁ. Constants dy are independent
1

= (1)73 =

of z3 and can be found by virtue of the continuity conditions 0%
’ 13:i%

$3:i%
) -2 )
u’y N and 4 I =1 |w3:i% on St.

From (2.12)6,7,8, it is possible to obtain the expressions of the jump and mean values of the

stress vector, the double-forces and edge forces at the interface, respectively:

[ 1} = *K3a [u oc] - hKaﬁ<ﬁ aﬂ):
(t") =+ F(DKz3[0®] + (1 - (l))K33

A (a 3> + Ka3§ﬁ}a> - jg(l)(KoB + K3oc)[u Sa] (2.14)
[F']= (1 - f(1)Kss([n" ]* h(u%)), (¢ >:§ ()Ks33[0%5]
[p']=(1— f(1)K3ava([0'] - <ﬁ0 ), (') =tg()Kzavalu]

)

where g(1) := 5 coth L

By using the approach developed in [43], it is possible to obtain a condensed form of the
transmission conditions summarizing both orders 0 and 1. To this end, we denote e =t +et!,
=1’ 4 er!, p° =p° + ep! and u° = u’ + cu’ + £2u?, four suitable approximations of t, r°,
p° and u®. After rescaling back to the initial domain £2°, thus 8% = ag and h = 1h¢, and

by considering that the constitutive coefficients K;; = Kfj, (=1 65 IF= e in Bf, one can obtain
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an explicit form of the transmission conditions, comprising order 0 and 1:

] = —Kga[ﬁga} hKE 5 (85,5) + o(e), A A )
t5) =L f() a3[@°] + (1 — F(1%)) K53 (%) + K33<1;1,Ea> —A% ls)(K33 + K:E’,a)[ﬁf?,a] + o(e),
] = (1 - f°)K53([0°] — A5 (033)) + o(e), (F°) = Sy ls K3

Pl = (1 — f(I°))Kiqva([@®] — h5(0%)) + o(e), (

—_—— o~ —

(2.15)

(e) The interface conditions

Thanks to the results of the asymptotic methods, derived in Section 2(d), we can now recover the
expression of the hard contact laws for a strain gradient elastic interface. Using relations (2.10),
the transmission problem at order 0 can be summarized as follows:

Governing equations:
Interface conditions on S+:

gy J+fl_0 ian:,

g 0 . —07 _ 707 _
_927 R’L —Ch Onpla [u _07 [t ]_07

on on Cyp U v+, =0

6920, anﬁ?:O, onIy.

Concerning the order 0 problem, the transmission conditions provide the continuity of the
displacements and the traction vector at the interface, which is typical for an adhesive having
the same stiffness as the upper and lower bodies. In this case, from a macroscopic point of view,
the adherents are perfectly bonded together and no interactions with the intermediate layer can
be highlighted. The double traction vector ¥ vanishes at the interface and no conditions can be
imposed on the normal derivative of the displacement ﬁ%. Hence, it is necessary to look at the
order 1 transmission problem, in order to get a better approximation of the interface mechanical
behavior. Combining (2.10) and (2.14), the order 1 equations read as follows:

Interface conditions on Si:
Governing equations:

S, oL [rﬂ]:fz)(K331<EO>—<1—f<Z>><a?3i K Ka3<a )

ij.] 1 h (. ¥e—170
7'l0, Rl= on 1, O i 1] (K33K33 (t0) — (1 - f())Ksa(u )
Pl = on Cp, —hLag(U4p),
1111 =0, (9711111 =0, only. [ﬁl 1= [ﬁ?3]7

with L, 8= K B — ( 7 K3(,K33 K g3- Alternatively, one can also impose the conditions related
to the edge tractions defined on the boundary of the interface v+: [p =01 - f(1)Ksava([al] -
h(@® .3))- At order 1, we obtain a mixed interface model in which both the kinematical quantities,
namely displacements and their normal derivatives, and the conjugated counterparts are
discontinuous through the interface and their jumps depend on the order 0 solution. The hard
strain gradient elastic transmission problems above present the same structures of the analogous
linear elastic hard interface models [34,35,43]. Indeed, fixing h and letting [ — oo, ie. £—0,
lim;_, o f(I)=1and t! coincides with the Cauchy’s traction vector, and the double forces r! and
all the strain gradient contributions can be neglected. Thus, the classical hard interface conditions
at order 1 are recovered (see [43]):

') = hKyy () - Kas(@h)), [']= —hKsaKgy (€a) — has(als).

It is worth-mentioning that the above contact laws establish a generalization to the case of strain
gradient elasticity of the so-called coherent or Gurtin-Murdoch’s interface model, according to
which the traction vector suffers a jump discontinuity, satisfying a two-dimensional Laplace-
Young equation. This particular model has been firstly developed for continuum theories with
surface effects by the early work of M.E. Gurtin and A.I. Murdoch [52], and applied to surface and
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interfacial waves propagation by [53-55]. Indeed, the term hL,, 8 <ﬁ?a 3) represents the divergence
of a surface stress tensor defined on the plane of the interface, equivalent to the one introduced
in [52]. Finally, the hard strain gradient elastic conditions show new features with respect to the
mechanical behavior of the interface. The formal asymptotic derivation allowed us to consider the
intrinsic second gradient nature of the adhesive layer and size-dependent phenomena, typical of
micro- and nano-structures, as also shown in [48].

3. Hard interface conditions in micropolar elasticity

(a) Theoretical settings

Let us consider a material body {2 constituted by a centrosymmetric micropolar linear elastic
material, whose constitutive law is defined as follows: o; = c;;pie;, and pj; = azjp1x1n, Where
(0;j) denotes the nonsymmetric stress tensor, associated with the nonsymmetric strain ej; =
ui j + €Wk, (i5) is the couple stress tensor, conjugated with the curvature tensor xj; = w; j,
with u; and w; the displacement and microrotations fields, respectively. (c;;r;) and (a;jxi)
represent the fourth-order micropolar elasticity tensors,satisfying the following major symmetry
property: ¢;jr; = crii; and a; i = ag;;- The micropolar elastic state at the equilibrium is fully
determined by the pair s = (u, w). The material body is clamped on a portion of the boundary Iy,
so that u; = w; =0, and it is subjected to body forces f; and body couples m;, acting in {2, surface
forces g; and surface couples [;, applied to the boundary I'1. The work of external sources is given

by

L(s) :J {fivi + miw; }dx + J {giui + lLiw; }dI.
? I
The variational formulation of the problem takes the following form:

{ Find s = (u, w) € W(£2) x W(£2), such that 51)

A(s,r)=L(s), forallr = (v,w) € W(£2) x W(£2),
with W () :={ve H' (2,R%): v=0on Iy} and
A(s,r) = JQ {ojieji(r) + pjix;i(w)} doe = JQ {cijniein(s)eji(r) + aijnixin(w)x;i(w)} da.

By virtue of Gauss-Green’s theorem, the differential form of the governing equations can be easily
derived:

—J aji’jvida: — J (/Lji,j - EkjiUkj)widw + J (ajinjvi + ,ujmjwi)df = ,C(T).
2 2 os2

Thus, the equilibrium problem can be written, as customary:

03jij + fi=0, in £2,
Kjij — €kjiTk; +m; =0, in {2,
04iNj = Gi, Ol’lFl,
pging =1, onl7y,
u; =0, w; =0, on Iy.

(b) Statement of the problem and rescaling

In the sequel, the composite assembly presents the same geometry and features shown in Section
2(b) and illustrated in Figure 1. Considering the micropolar case, the variation formulation of the
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problem can be written as follows:

{ Find s € W(£2°) x W(£2°), such that (32)

AC (55,7°) + A5 (55, 7°) + A°(s5,7°) = L5 (1), forall ¥ € W(2°) x W(£2°),
where

A% (s5,7°) = JQE {&jniein (s%)€5: (r%) + a5 jpixin (W) x5 (W) } da®,
+

A (s5,r%) = JBE {&niein (s%)€5:(r®) 4 a5 jpixin (W) X5 (W) } da®.

In order to apply the asymptotic expansions method [50], problem (3.2), defined on an e-
dependent domain, must be reformulated on a fixed domain, independent of ¢, using the change
of variables defined in (2.3). The rescaled configuration of the composite domain has the same
geometry characteristics shown in Section 2(c).

We assume that the elastic and micropolar coefficients of the adherents and adhesive are
independent of &, namely &;;1; = Cijk1, €3 = Cijhis G55 = Qigkt and G55 = Q-

The data verify the following scaling assumptions: f; (z°) = f;(z) and mj (z°) =m;(z), z €
4, and g5 (2F) = gi(z) and {5 (%) =1;(x), « € I'1. Thus, L5 (r®) = L(r). The unknowns and test
functions depend on ¢ as follows:

% (zf) =0 (z), @°(2°)=w%(x) v (z°)=v(z) W(z°)=w(x) ze€y,
a*(z%) =0 (z), w o (z) v (z%)=v(z) W (2®)=w(z) z€B.

According to the previous rescaling hypothesis, problem (3.2) can be reformulated on a fixed
domain §2:

{ Find 5* € W(£2) x W(£2), such that 33)
A_(s5,7) + Ay (s5,7) + A(s5,7) = L(r), forall r € W(£2) x W(£2),
where
Ax(s%,7) J {Cijniein(s%)eji(r) + @ijnixin (W) xji(w) } de,
A(s,7) = Lo (s )+ bo(s%, 1) 4 b1 (s°, 1),
with

B
J {ng,u?, (63/\W)+C33(63/\w) V3++Ca3(ua+ea/\w) v,3
B

bo1(s°,7) ::J {(53311 3V + Agzw - w 3} dz,
+Cgau’3 (Vat+eaAw)+ Aa3w7a w3+ Agaw73 . w,a} dx,

bO(SE,T)
by (s%,7): J {ng(eg, Aw®) - (e3 Aw) + Ca;;(uix +eq Awt) - (e3 Aw)+ Aaﬁwfﬂ “Woo
B
+C30(e3 Aw®) - (V.o +€a AW) + Calg(ufﬂ +egAw) - (Va+eaA w)} dzx,
where Cj3:= (Cizj3), Cos = (cz3jo¢) Csa = (¢iaj3) = Cls, Cap = (Ciajp), Ass:=(Gizj3),

Az = (Gizja), Ag, = (Giag3) = T, and Aa5 = (@;q;8)- In order to apply the asymptotic
expansions method to (3.3), the solutlon is expanded as a series of powers of e:

C |

= —|—Eu +€2f12+...,
Ot eal +e%a2 +.

@O+aa1+s2a;2+...,

:w —|—5w +5w +.

;>
||

sf=s"+est 2P+ = c (3.4)

& &

Hence, by substituting expressions (3.4) into equation (3.3) and by identifying the terms with
identical powers, we can finally characterize the limit problems at order 0 and order 1.
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(c) The asymptotic expansions method

Following the steps of Section 3(b), the following set of variational problems Py can be defined:

P_y:b_1(s"r)=0,
Po : ft_( O r)+ A (sY, 7)) +b_q(st,r) +bo(s0,7) = L(r),
Py AL (s r) + Ay (shor) + by (s r) + bo(shs ) + by (s0, ) = 0.

Let us consider variational problem P_j. After an integration by parts along z3, we get
that both @” and & are constant with respect to the thickness coordinate. By applying the
continuity conditions at the interfaces, one has [G°]=0 and [@°]=0. Following the same
procedure of Section 2(d), let us apply the Gauss-Green’s formulae to problem Pg. We obtain a
set of equilibrium equations at order 0 on {24, coupled with additional conditions on the traction
vectors:

]'L,j +f2_0 in\in
ﬂ?z j Ek]zak] +m; =0, in 24,
6jinj = Gi> :u]znj *lz on 7,
w0 =0, wf=0, on I, (3.5)
ﬁ}gg = 07 L:’,l33 =0 in .B7
F (6 Cs (8 +es A 6°) — Cas(@la+ean@’)| | =0 onS,

r3= b3
(10— Ags@ls - Angel)| =0 on 54,
T3 :t2

where &%= (5%) and ° = (1il3) are the stress and couple-stress vectors evaluated at the
interface S4. From equations (3.5)5 and thanks to the continuity properties at the interface, the
displacements and microrotations are affine functions of x3, i.e. 4! (z,z3) = (') (&) + a3 [al](z)
and &1 (z, z3) = (@) (&) + %[Ql}(i) Moreover, from (3.5)¢,7, we obtain

([’1] + hes A (a;O)) + Cas3((@%) +ea A (@),

[]: <6°>=%
LAgs[@'] + Anz(@%).

[5]=0, (p°)=

Let us consider problem P;. Using the Gauss-Green’s theorem, we get an homogenous
equilibrium system at order 1 and we can also characterize the jumps and mean values of the
stress vector and couple stress vector at order 1, respectively:

Css
A;

[ ] + heg A (@ >)—héag(<-0a5>+e5A<o?a>):—Ta,a,
( a2 + heg A (@ >)+ca3<< o) +ea A (@),

[B'] = —Asa[@la] = hAag (@S, 5) + 1(6°) Aes — Th Aea,

(1) = A (e + Aas(@la),

where T} :=Cs, ([ﬁl] + hes A (GJO>) + Cag ((ﬁ?ﬂ) +eg A (GJO)) can be interpreted as a
generalized membrane stress vector, (see [43]). By using the same methodology of Section 2(d), it
is possibile to combine the order 0 and order 1 conditions in order to have a better approximation
of the interface transmission problem Noting with 6° =0 +eo!, 5° = pu° +ep?, &° =w® +
ew! +2w? and @° = u’ + cu'! + £2u?, one has:

[6°] = ~Cha ([@%] + hes A (@%)) - z(< @5,5) + € A (@) + 0(e) = —Th o + ofe),
&%) = 7= G55 ([8°] + heq A (&%) + éz (%) + ea A (@) +0(e),

7] = ~Af (@] — 1A% 5(@%,5) +%(6%) A es — T Aea + o(e),

(1) = 7= A%y [57] + AZy (5] T ofe).

(3.6)
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(d) The interface conditions

Using the results of Section 3(c), the contact conditions for hard micropolar interface can be
recovered. The transmission problem at order 0 can be summarized as follows:

Governing equations:
Interface conditions on S+:

5'%91’ + f; =0, in 24,
Rjij — €kjih; +m; =0, ins, [@ =0, [t]=o0,
521”] =i, ﬂ]zn] = l’i? on Fla [‘;‘0} = 07 [ﬁo] =0.
uw) =0, w?=0, on Iy.

The zero-th order transmission conditions provide the continuity of the displacements and
microrotation, and of their conjugated counterparts, namely the stress vector and couple stress
vector. As shown in [43], this result is typical of adhesives having similar rigidities of the
adherents. In this case, the interface is perfect.

The order 1 transmission problem states:

Interface conditions on S4:

Governing equations: [all=nh ( C 531 (&%) — ez A (@)
-1 : ~—1FA = —
(ijl.m. =0, B %n 24, —0331(3,13((11?@ +ea N <wo>)> )
jid T hiiOk; =0 in [6'] = —hC3,C33 (6%) — hDag((00,5) +eg A (@%)),
5l =0, gl =0 r 7 A1/~ ATA 0
opn = D =R O (@l = hAg () — hAg Aag (@),
ui_O, w; =0, on [y. [ﬁl]

= _hA3OLA??31 <ﬁ?a> - hBaH <"_')?aﬁ>
+h(6°) A ez — T, Aea,

with lﬁag = Cag - Cgaégsléﬁg and Eag ::AQB — A3QA§31A53‘ At order 1, we obtain a
mixed interface model in which the displacements, microrotations, traction vector, and couple
stress vector are discontinuous across the interface. The right-hand sides of the above relations
depend all on the micropolar state at order 0 and its in-plane derivatives. The contact model
provides a generalization of the conditions obtained for elastic hard interfaces to the case of
micropolar elasticity, see [43]. Following the same approach adopted in [43], it can be shown
that the above relations comprise also the soft micropolar interface model, derived in [48]. The
inspection of order 1 conditions highlights that the jumps of [5'] and [2'] present a discontinuity
at the interface, depending, respectively, on the divergence of a surface stress tensor, namely
D, 8 ((ﬁ?a 3 teg N (G:?a)), and of a surface couple stress tensor, namely B, 8 (G;?a 3)- This yields
to a micropolar membrane equilibrium problem defined on the the interface plane. We can
state that the above conditions represent a micropolar version of the Gurtin-Murdoch'’s interface
model [52-55], which take into account not only the presence of surface stresses, but also the
effects of surface couple stresses. Moreover, [f!] contains also bending and torsional moments
contributions coming from the stress vectors (%) and T}

4. A benchmark problem

In the present section, the equilibrium problem of a composite bar subjected to an axial load
is studied in the framework of classical (C), micropolar (M) and strain gradient (SG) elasticity.
The composite beam comprises two adherents and an intermediate adhesive. The closed-form
solutions are known (see [56,57]) and will be employed to analytically and numerically assess
the imperfect contact problem in the framework of micropolar and strain gradient elasticity,
respectively. In the sequel, the exact solution of the equilibrium problem for a three-phase bar
is compared with the solution of the asymptotic model, i.e., a two-phase bar with an imperfect
interface. For the sake of simplicity, we omitted the dependences on ¢ of the unknown functions
and constitutive coefficients. The geometry of the composite beam is illustrated in Fig. 2. The
bar axis is identified with the abscissa w3, while z, denotes the cross-section coordinates. The
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To

Figure 2. The composite bar geometry under an axial load

adherents are 2_ := A x (0,L), 24 := A X (L + h,2L + h), and the adhesive B:= A x (L,L +
h), with h << L. We note with A the beam cross-sectional area. The boundary I'p = {0} is fully
clamped, while It = A x {2L + h} is a free end. The materials are assumed to be isotropic with
Lamé’s constants A and p, and Cosserat’s couple modulus . The classical £ and micropolar
Young’s moduli £ are defined in terms of the Lamé’s constants as follows: E = “(%Jf“) and

E= % The material properties of the adherents {2+ and adhesive B are shown in

Table 1. In the absence of distributed longitudinal loads, the solution of a bar under an axial load

Table 1. Constitutive material properties, [58].

Moduli 24 B

A (MPa) 78500 75900
4 (MPa) 13700 13500
x(MPa) 139 149

takes the following form [56,57]:

SG solution : u(z3) = ap + ajz3 + age™3/t 1 aze=*3/ C, M solution : u(z3) =bg + b1s,

where u represents the axial displacement, with integration constants a and by . The analytical
solution is valid for both the adherents {2+ and the adhesive B. The chosen boundary conditions
at the extremities of the composite beam are:

u(0)=0 7(0)=0 on I, u(0) =0 on I,
(BO)sa : { (2L+h)=N W/ (2L+h)=¢ onI1, (BE)om - { oc(2L+h)=N onIy,
where 7 = EA?u” and 6 = EA(u’ — ¢*u"") denote the boundary axial double force and the axial
force for the SG model, respectively, o = E Av/ is the axial force for the C model (for the M case, £
must be switched with its micropolar version E), and € a prescribed boundary strain. Note that
the boundary conditions are valid for both the exact three-phase model and two-phase model
with imperfect contact. For the three-layer composite bar, classical interface continuity conditions
(CC) are considered on z3 = L and x3 = L + h so that

(CC)SGZ{ [%]:0’ [] =0,

[u] =0,
[o]=0.

Concerning the two-layer bar with imperfect contact (/C), the hard strain gradient (2.15) and
micropolar interface conditions (3.6) are adapted for the one-dimensional case and reduce to:

[61=0, [7]=0,

(CC)o,m :{

[~]:07
o) @)= +20) (L[] + (1 = fD) (), - o] =0,
S9N =1 = FU)A+20)([u] — h(u')), M (o) = EO+ 20+ A)[u]
(m) = £g()(\ +2)[u),
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The adherents length is L =1 mm the thickness of the adhesive h and the internal length of the n
adherents £ are kept constant and both equal to 0.1 mm, while the internal length of the adhesive ¢

can take different values. Following [44], the results are given in terms of the dimensionless units.
For a prescribed normal force N, we set Z = ﬂiﬁﬁ/ and 4 = %u.

1.6 hi€ =100

C three-phase

hie =10 ——— SG three-phase
14 M three-phase
.......... SG two-phase + interface
he=1 worpnase
12 T T | - M two-phase + interface
hit
1.0
084~~~ " =

0.2 0.4 0.6 0.8 107%

Figure 3. Dimensionless axial displacement @ and strain € vs &, for h/L = 0.1

Figure 3 show the comparison between the exact three-phase SG and M solutions (continuous
blue and green lines) and the asymptotic solutions of the two-phase problem with SG and
M imperfect contact (dotted black and dashed grey lines), in terms of the dimensionless axial
displacement % and longitudinal strain €. The plots highlight the influence of the adhesive
characteristic length of the microstructure compared with the classical elastic solution of a three-
layer beam (red continuous line), for which h/¢ — oo, i.e., £ = 0. The diagrams reveal the following
results:
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(i) The imperfect interface solution perfectly matches the solution of the three-phase
problem, for both strain gradient and micropolar cases; as expected, by letting £ — 0 (or
k — 0), the strain gradient (or micropolar) solution converges towards the classical elastic
one.

(ii) The internal length parameter influences the trend of the general solution and its effect
becomes more prominent when h/¢=1. Indeed, when the characteristic length is of
the same order of magnitude as the adhesive thickness, a stiffening phenomenon is
highlighted. In this case, the strain gradient beam appears to be more rigid with respect
to the elastic one. A similar stiffening effect is also highlighted by the micropolar solution,
which is typical of micro-scale devices.

(iii) The longitudinal strain is strongly affected by the size ratio h/¢, implying that the
model is able to describe size effects and, also, can capture high strain gradients at the
extremities.

5. Conclusions

An original form of the hard imperfect interface laws have been derived, through the asymptotic
expansions method, based on the strain gradient elastic theory and the micropolar elasticity
theory. The order 0 and order 1 transmission problem for hard interfaces have been presented
in Section 2(e), for the case of gradient elasticity, and in Section 3(d), for the case of micropolar
elasticity, respectively. The transmission conditions at order 0 and 1 presented a similar structure
compared to other hard adhesives in other different multiphysic frameworks [43].



Concerning the strain gradient elastic model, the order 0 conditions provide the continuity
of the displacements and of the traction vector at the interface, typical of hard adhesives. The
interface model at order 1 represented a mixed model and highlighted a discontinuity of the
whole set of kinematical and conjugated fields, depending on the scale length function f(I). This
function has been proved to produce size effect phenomena in [48].

Concerning the micropolar model, the order 0 conditions provide the continuity of the
displacements, microrotations, stress vector and couple stress vector at the interface level,
generalizing the typical behavior of hard elastic interfaces. At order 1, a mixed interface model is
obtained. Morerover, both the jumps of the order 1 stress vector and couple stress vector depend
on an in-plane micropolar membrane equilibrium problem, containing bending and torsional
moments contributions coming from the stress vectors at order 0.

In order to have a better approximation of the interface transmission problem, a condensed
form of the contact laws (2.15) and (3.6) has been given for both cases, comprising the order 0 and
order 1 models.

The benchmark problem of a composite layered bar subjected to a tensile load, considering
both cases of strain gradient and micropolar elasticity, allowed us to assess the validity of
the previous asymptotic procedures. The diagrams show that the solution of the three-phase
model perfectly coincides and is well-approximated by the solution of the two-phase model with
imperfect contact. The internal length parameter has a significant influence on the mechanical
response, especially when h/¢=1. A stiffening phenomenon, typical of structural components
at the micro-scale, is captured by both the strain gradient and micropolar asymptotic models.
Moreover, the asymptotic models, comprising the order 0 and order 1, allow to predict the
behavior of the bonded joint even for moderately thick adhesives, having relative thickness
h/L=0.1.

Although simple in its design, this analytical/numerical example proves to be efficient in
assessing the impact of the thin adhesive on the structural behavior of the overall system,
taking also into account materials presenting an internal microstructure. As proposed in [43], the
condensed form of the interface conditions can be employed to write the variational formulation
of the transmission problem in the case of strain gradient and micropolar elasticity. The weak
formulation can be easily implemented in a general FE code and represents a key step towards
simulating numerically imperfect interface effects inside composite materials and constructing
structured finite elements with non-classical contact conditions.

Finally, the suggested methodology has shown effectiveness and simplicity, suitable for
various applications involving thin films and interfaces at micro- and nano-scales and considering
the influence of their microstructure.
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