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Abstract: Invariant manifolds are fundamental geometric structures in the field of nonlinear 

dynamical systems, providing insights into the system's long-term global behavior. In the context of 

nondeterministic dynamical systems (e.g., stochastic or random dynamical systems), the concept of 

invariant manifolds generalizes but becomes more nuanced due to the presence of randomness or 

uncertainty and the definition of invariance must account for the probabilistic behavior. In this work, 

the theory of measurable dynamics is applied to compute the stable and unstable manifolds 

distributions and observables of saddles of nondeterministic dynamical systems. First, all necessary 

definitions are introduced, including the flow map, the transfer operator and its dual in both closed and 

open spaces, and the classical discretization over the space of constant distributions along with its 

corresponding dual. Next, invariant manifolds for nondeterministic systems are defined, and a proof 

of existence is provided for a marginal distribution 𝑓𝑊𝑢 over the unstable manifold, along with its dual 

observable 𝑔𝑊𝑠 over the stable manifold. Finally, a discretization strategy for the open-flow transfer 

operator is presented, along with a method for computing 𝑓𝑊𝑢  and 𝑔𝑊𝑠 . This theory provides a 

definition and proof of the existence for both stable and unstable manifolds, based on the spectrum of 

the open-flow transfer operator. These theoretical concepts are then applied to an electrically actuated 

microarch, where the effects of noise and damping uncertainty on the distributions of invariant 

manifolds are demonstrated. In summary, the main contribution of the present work is to employ the 

theory of measurable dynamics to define and prove the existence of unstable manifold distributions 

and stable manifold observables via the spectrum of an open-flow transfer operator. In addition, a 

computational discretization procedure, based on the Ulam method, is introduced alongside analysis 

of the operator's spectral properties. The results of the electrically actuated microarch reveal three 

interconnected stochastic phenomena: diminished convergence probability, expansion of the stable 

manifold across its basin, and fusion of the unstable manifold with the attractor. 

Keywords: Global dynamics; transfer operators; stable and unstable manifolds; stochastic 

dynamics; basin of attraction; electrically actuated microarch. 
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1 Introduction 

The dynamical systems theory is essential for modeling a wide range of natural phenomena. 

Among the various geometrical structures these systems can exhibit, stable and unstable manifolds 

associated with saddle solutions are particularly significant, as highlighted in the literature [1, 2]. These 

invariant manifolds provide structure to the flow of solutions and reveal key characteristics of a 

system's dynamics [3]. Stable manifolds delimit regions of convergence and act as separatrices for 

basins of attraction, while unstable manifolds can connect to attractors, infinity, or other saddles, 

revealing the phase-space flow structure and the decay rates of solutions. The interaction between these 

manifolds is also critical; for instance, the tangency of stable and unstable manifolds is a well-studied 

phenomenon that often leads to chaotic behavior and basin erosion [1, 2]. These aspects underscore 

the importance of invariant manifolds in fully characterizing the underlying global dynamics of a 

system. 

While invariant manifolds are of great importance, computing them is highly challenging. 

Analytical solutions exist for only a few systems [1], so numerical or semi-analytical strategies are 

often required. For instance, in systems with fast-slow dynamics, invariant manifolds can be 

constructed by continuing solutions along the slow variable, treated as a parameter [4, 5]. Autonomous 

dynamical systems’ manifolds can be obtained through an ordered upwind method, a strategy with a 

relatively low computational cost [6], although it is not parallelizable. For a general time-series, a 

nonparametric Bayesian approach can be employed to compute the global stable manifold [7]. This 

method relies solely on time-series data rather than requiring the exact equations of the dynamical 

system. Over the past decades, this data-focused paradigm has been extensively explored, particularly 

through the lens of Koopman theory [8] and Perron-Frobenius theory [9], which together form the 

foundation of measurable dynamics [10]. 

Many contributions rely solely on the data paradigm. Dellnitz and coworkers [9, 11, 12] developed 

the subdivision and selection algorithm for computing both stable and unstable manifolds by treating 

the phase space as a disjoint collection of regions. The underlying idea is that trajectories converge 

toward the stable or unstable manifold over positive or negative time, respectively. These manifolds 

can be approximated by identifying regions that remain persistent under backward or forward time 

integration, resulting in a box-covering of the relevant regions. The algorithm is implemented in the 

software package GAIO [13], which also supports other dynamical analyses based on the box-covering 

of the phase space. GAIO provides a robust framework for such computations, making it a valuable 

tool in the study of dynamical systems. Another strategy, designated as compatible cell-mapping, was 

proposed by Yue and coworkers. This method can be applied to stable and unstable manifolds of 

saddles [14] and to global attractors of stochastic dynamical systems [15]. More recently, the authors 

proposed a different adaptive phase-space discretization, the generalized Ulam method [16, 17], which 

can be applied to deterministic, stochastic, and parametric uncertainty systems. All three strategies are 

adaptive phase-space discretization methods that employ a Monte Carlo approximation of the phase-

space flow over a disjoint partition 
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The original data-driven and box-covering of phase space strategy is the classical Ulam method 

[10], which is used to approximate invariant measures in dynamical systems. It approximates the 

transfer operator over the phase-space as a Markov matrix 𝑃ℎ through a Monte Carlo approximation 

of the phase-space flow. This matrix encodes the entire flow structure of the underlying dynamics in 

phase space, providing critical insights into the system's behavior. From this, Sinai-Bowen-Ruelle 

measures – specifically, the invariant distributions of attractors over the phase-space – are derived as 

fixed points of the operator 𝑃ℎ. These fixed points are represented by vectors satisfying the equation 

𝑓𝑃ℎ = 𝑓 (see [9, 18, 19]). Transient analysis also reveals how distributions evolve towards the fixed 

points of the operator 𝑃ℎ  [20, 21]. This analysis can identify P-bifurcations, which occur due to 

parameter variations and indicate qualitative changes in the stationary distribution. In [22] the extended 

composite cell coordinate system method is employed to investigate the effects of noise on basins of 

attraction. Particularly suited for such transfer operator analysis is the concept of committor functions, 

as defined by Lindner and Hellmann [23], which extends the notion of a region of attraction to 

stochastic systems. 

The remaining spectrum of matrix 𝑃ℎ, 𝑓𝑃ℎ = 𝜇𝑓 for |𝜇| < 1, encodes how the flow is organized 

in the phase-space, in particular the functions with 𝜇 close to 1. This fact motivated the definition of a 

corresponding open-flow matrix, 𝑃ℎ, with fixed points of 𝑃ℎ being removed. As a result, stable and 

unstable manifolds are encoded into the maximum spectrum of 𝑃ℎ [24, 25]. In the transfer operator 

literature, this spectrum is also referred as almost-invariant sets [9, 26–30]. 

A key feature of stable and unstable invariant manifolds is that their tangency can signal the 

presence of chaotic solutions [1, 2]. In particular, for non-autonomous smooth nonlinear systems where 

the forcing term is periodic, the Melnikov method has proven to be effective in predicting the 

emergence of chaos [2, 3]. This method involves constructing a function known as the "Melnikov 

function," which computes the distance between stable and unstable invariant manifolds in the 

Poincaré map. When this function equals zero, the manifolds intersect transversally, and this 

intersection is a precursor to chaotic behavior in the system. The Melnikov method thus provides a 

powerful tool for analyzing the conditions under which chaos arises in dynamical systems. 

The theory of stable and unstable invariant manifolds for deterministic dynamics is well developed, 

with various available strategies for their computation. The theory for nondeterministic dynamical 

systems is considerably more complex, owing to complications arising from noise or parameter 

randomness. Arnold [31] presents a comprehensive theory of dynamical systems with noise, including 

detailed definitions of invariant manifolds. Analyzing these manifolds is not trivial, as they are 

governed by stochastic processes. In fact, tools designed for deterministic systems, such as the 

aforementioned Melnikov method, need to be adjusted if they are applied to nondeterministic systems 

[32–34]. This particular case enables the prediction of stochastic chaos, a phenomenon where the 

existence of chaotic solutions depends on the sampled noise, making the solutions themselves random 

processes. This construction is interesting because it bridges deterministic and stochastic chaos. 

Furthermore, the Melnikov process can be evaluated within the framework of stochastic bifurcation 

theory, which identifies the parameters at which the system undergoes bifurcations. In contrast to 

noise-driven systems, the theory for random-parameter dynamics is somewhat simpler. Here, the focus 

is on a pointwise definition of flows: for each parameter value, a flow map and structure are defined, 
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distributed according to the parameter space [35]. While this approach simplifies certain aspects, the 

overall behavior of such systems can still be highly complex, depending on the interplay between 

parameter variations and system dynamics. 

An important advantage of combining the data paradigm with the Ulam method lies in its broad 

applicability to nondeterministic systems. The Markov matrix representation of the flow, 𝑃ℎ, describes 

the convergence behavior between different regions in phase-space for a fixed time-step. This 

approach can be extended to noisy systems using Monte-Carlo computations, which involve sampling 

initial conditions and integrating them over time [10]. For instance, [10] demonstrates how this method 

effectively captures the influence of stochastic noise on system dynamics. This principle was 

extensively applied in the literature, with applications in the detection of transport barriers [36], the 

analysis of dynamical systems with parameter uncertainty [37], invariant sets of infinite-dimensional 

dynamical systems [38, 39], and a set-oriented path-following method for computation of parameter-

dependent attractors [40]. Other strategies to approximate the Markov matrix 𝑃ℎ  had also been 

investigated, such as applying piecewise linear and quadratic functions [41], higher-order 

approximations [42], spline [43], least-squares approximation [44], and adaptative phase-space 

discretization [16, 45]. Strategies based on the Koopman theory can also be considered because of the 

duality between the transfer and Koopman operators [46]. Cell-mapping methods have been developed 

as well [14, 15], with applications for nonautonomous systems [21] under colored noise [47], stochastic 

bifurcations in a turbulent swirling flow [48], and a combination with digraph algorithms [49]. It is 

worth citing that one main advantage of data-based strategies is the application of high-performance 

computing [50, 51], reducing the computational time considerably. 

The analytical framework of transfer operators and manifold analysis has broad utility in 

deterministic and stochastic dynamics, as demonstrated by recent research. Siettos and Russo [52] 

formulated an expansion of stable and unstable manifolds in a polynomial basis over the phase space 

and adapted this approach for data-driven systems with unknown governing equations using a 

technique related to the dynamical mode decomposition [46]. Other advances in manifold computation 

include the use of physics-informed machine learning for their approximation [53]. A major 

application area combines cell-mapping with deep learning. Building on earlier generalized cell-

mapping methods, Yue and colleagues [54–56] have developed this synergy for global analysis, 

parameter identification, and response prediction of deterministic dynamical systems. This framework 

has also been used to analyze global dynamics and noise-induced transitions in specific physical 

systems, such as a two-dimensional panel in flow [57]. Further applications extend also to algorithm 

design and global manifold learning, with examples including the creation of gradient-free 

optimization algorithms for hybrid systems [58] and the development of methods to globalize reduced 

order models from both equations and data [59]. Still, understanding how nondeterminism affects 

physical models, especially manifolds, requires a proper theoretical framework. The theory of Arnold 

describes invariant manifolds also as stochastic processes [31], with their behavior depending on the 

underlying noise. Therefore, there are many invariant manifolds, each with a corresponding noise 

sample, forming a set that continuously depends on the noise space. The same statement is found in 

the theory of stochastic invariant manifolds of continuous systems driven by noise, proposed by 

Chekroun et al. [60]. This behavior points to the existence of a distribution function of invariant 

manifolds over the phase-space, an object without proper definition or proof in the current literature. 
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This distribution, if it exists, would quantify the random behavior of the manifolds in the same manner 

as a random variable is described by its distribution, with statistics readily available from this function. 

One way to address this issue is to investigate the spectrum of 𝑃ℎ with eigenvalues |𝜇| < 1, which has 

been shown in [24, 25] to be connected to both stable and unstable manifolds. Available strategies for 

computing 𝑃ℎ and its spectrum can be adapted to address invariant manifolds distributions and, since 

𝑃ℎ is general for both deterministic and nondeterministic dynamics, they can be applied to stochastic 

systems. 

The analysis of saddle manifolds presents a significant challenge in both deterministic and 

stochastic dynamics, with numerous numerical and analytical strategies proposed in the literature. 

However, the prevailing focus has largely been on the sampling of these manifolds, leaving a 

comprehensive description of their phase-space distribution notably underdeveloped. The present 

work applies the theory of measurable dynamics to define and prove the existence of both unstable 

manifold distributions and stable manifold observables from the spectrum of the open-flow transfer 

operator. These objects are formally constructed, with the distributions residing in the space of 

piecewise constant functions, Δℎ ⊂ 𝐿
1(𝕏), and the corresponding observables in dual space, Δℎ

∗ ⊂

𝐿∞(𝕏). Then, a computational procedure to obtain their discretization is proposed, based on the 

classical Ulam method. From the definition of an open-flow operator, properties of its spectra are 

proven, and a new discretization parameter is proposed. Finally, an electrically actuated microarch 

[17] is analyzed, where the effects of noise and damping uncertainty over invariant manifolds’ 

distributions are demonstrated. The results illustrate three interconnected phenomena: the loss of 

convergence probability under stochastic forcing, the expansion of the stable manifold across the 

stochastic basin, and the merging of the unstable manifold with the attractor. 

This work is organized as follows. In Section 2, the theory of transfer operators over open and 

closed nondeterministic flows is explored. Initially, all necessary definitions are exposed, including 

the flow map, the transfer operator and its dual in both closed and open spaces, the classical 

discretization over the space of constant distributions and corresponding dual. Next, invariant 

manifolds for nondeterministic systems are defined, with proof of existence of a marginal distribution 

𝑓𝑊𝑢  over the unstable manifold with its dual observable 𝑔𝑊𝑠  over the stable manifold. Lastly, a 

discretization strategy for the open flow transfer operator and computation of both 𝑓𝑊𝑢 and 𝑔𝑊𝑠 are 

presented. In Section 3, the results of the previous section are applied to an electrically actuated 

microarch device. Section 4 presents the final remarks. 

 

2 Nondeterministic dynamics and flow-map structures  

2.1 Closed-flow transfer operator general definitions 

First, following [16], a general dynamical system defined as  

𝜑𝑡: 𝕋 × Ω × 𝕃 × 𝕏 → 𝕏, (1) 
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(𝑡, 𝜔, 𝜆, 𝒙) ↦ 𝜑𝑡(𝜃𝑡𝜔, 𝜆, 𝒙), 

is considered, where 𝒙 ∈ 𝕏, 𝕏 is the phase-space (Lebesgue measurable), 𝑡 ∈ 𝕋 is a time dimension 

(continuous or discrete), 𝜔 ∈ Ω is the noise with evolution governed by 𝜃, and 𝜆 ∈ 𝕃 is a random 

parameter. The dependency of 𝜑𝑡 over the nondeterministic parameters 𝜃 and 𝜆 can be suppressed to 

𝜑𝑡(𝒙) when the context is clear. For general definitions regarding random dynamical systems, refer to 

the work of Arnold [31]. Here, it is assumed that there exists at least one invariant or periodic-invariant 

measure, where 𝑓𝐴(𝜆)(𝒙): 𝕏 → ℝ+ is the probability density function of an attractor 𝐴(𝜆) ∈ 𝕏, and a 

corresponding map of probability of convergence 𝑔𝐴(𝜆)(𝜀, 𝒙): (0; 1] × 𝕏 → [0; 1] at a time horizon 

1/𝜀. Functions 𝑔𝐴(𝜆)(𝜀, 𝒙) have the same characteristics of the basin of attraction of 𝐴(𝜆), defined by 

Lindner and Hellmann [23] as generalized committor functions. The attractors are noise-dependent, 

varying in the phase space 𝕏 according to the function 𝜃𝑡𝜔. However, their corresponding distribution 

𝑓𝐴(𝜆) and generalized committor function 𝑔𝐴(𝜆) are defined by marginalizing over the noise space; 

consequently, they carry no explicit noise argument. This marginalization is not applied to the 

uncertainty parameter 𝜆, which therefore remains an explicit argument. Furthermore, for conciseness, 

explicit dependence on the phase-space variable 𝕏 will be suppressed throughout the manuscript when 

clear from context. Thus, 𝑓𝐴(𝜆)(𝑥)  and 𝑔𝐴(𝜆)(𝜖, 𝑥)  will be referred to simply as 𝑓𝐴(𝜆)  and 𝑔𝐴(𝜆) , 

respectively, as well as general distributions 𝑓 and observables 𝑔. 

Probability densities 𝑓𝐴(𝜆)  belong to the function space 𝐿1(𝕏). Associated with the dynamical 

system in Eq. (1) is a transfer operator 𝒫𝑡(𝜆) acting over 𝐿1(𝕏), defined as [16] 

𝒫𝑡(𝜆): 𝐿
1(𝕏) → 𝐿1(𝕏), 

∫ 𝒫𝑡(𝜆)[𝑓] 𝑑𝒙

𝐵

= ∫ {∫ id𝐵(𝜑𝑡(𝜔, 𝜆, 𝒙))𝑑𝑃𝜔
Ω

}𝑓 𝑑𝒙

𝕏

, 
(2) 

where id𝐵(∙) is the indicator function of the set 𝐵 ⊆ 𝕏. According to this formal definition, 𝒫𝑡(𝜆) 

operates not only over attractors distributions 𝑓𝐴(𝜆), but also over any 𝑓 ∈ 𝐿1(𝕏). It is known as the 

Foias operator [61], a generalization of the Perron-Frobenius operator for stochastic systems. Taking 

Ω = {𝜔}  and 𝕃 = {𝜆}  as singleton sets, with 𝜃𝑡𝜔 = 𝜔 , and considering the property id𝐵(𝜑𝑡) =

id𝜑𝑡−1(𝐵)(𝒙), where 𝜑𝑡
−1(𝐵) is the pre-image of the set 𝐵 under the dynamics 𝜑𝑡, reduces the definition 

(2) to the classical Perron-Frobenius operator, 

𝒫𝑡: 𝐿
1(𝕏) → 𝐿1(𝕏), 

∫ 𝒫𝑡[𝑓] 𝑑𝒙

𝐵

= ∫ 𝑓 𝑑𝒙

𝜑𝑡
−1(𝐵)

. 
(3) 

For both deterministic and nondeterministic systems, 𝒫𝑡 has the following properties [61]: 

1.  𝒫𝑡[𝑐1𝑓1 + 𝑐2𝑓2] =  𝑐1𝒫𝑡[𝑓1] + 𝑐2𝒫𝑡[𝑓2], ∀ 𝑐1, 𝑐2 ∈ ℝ, (4) 
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2.  𝒫𝑡[𝑓] ≥ 0 if 𝑓 ≥ 0, 

3.  ∫ 𝒫𝑡[𝑓] 𝑑𝒙

𝕏

= ∫ 𝑓 𝑑𝒙

𝕏

 if 𝑓 ≥ 0, 

4.  ∫|𝒫𝑡[𝑓]| 𝑑𝒙

𝕏

≤ ∫|𝑓| 𝑑𝒙

𝕏

 . 

These are the linearity, the positivity, the integral-preserving, and the contraction properties, 

respectively. Notice the distinction between the third and fourth properties. While the contraction 

property is valid for all distributions 𝑓 ∈ 𝐿1(𝕏), the integral-preserving property is valid only for 

positive distributions. For instance, any probability distribution is integral-preserving under the action 

of 𝒫𝑡, including attractors’ distributions 𝑓𝐴(𝜆). 

The contraction property in Eq. (4) implies that the spectra of 𝒫𝑡 is limited, with radius 1, resulting 

in eigenfunctions 𝜙(𝜆)(𝒙): 𝕏 → ℂ with eigenvalues 𝜇(𝜆) ∈ ℂ, |𝜇(𝜆)| ≤ 1. In particular, all attractors’ 

distributions, 𝑓𝐴(𝜆), are fixed points of 𝒫𝑡(𝜆), where 𝒫𝑡(𝜆)[𝑓𝐴(𝜆)] = 𝑓𝐴(𝜆). They constitute the fixed 

space of 𝒫𝑡(𝜆), that is, 𝑓𝐴(𝜆) ∈ fix{𝒫𝑡(𝜆)}, having eigenvalue 𝜇(𝜆) = 1. The space fix{𝒫𝑡(𝜆)} was the 

main focus of our previous development [16, 45], discretizing attractors’ densities 𝑓𝐴(𝜆) and basin 

observables 𝑔𝐴(𝜆). 

For the remaining spectra, |𝜇(𝜆)| < 1, it can be shown that corresponding eigenfunctions 𝜙(𝜆) have 

zero 𝐿1-norm. For simplicity, let’s consider only the deterministic case, where the eigenproblem is 

written as 𝒫𝑡(𝜆)[𝜙(𝜆)] = 𝜇(𝜆) 𝜙(𝜆). As the image of 𝜙(𝜆) is in the complex plane, ℂ, we define that 

𝜙(𝜆) = (𝜙ℜ+ + 𝜙ℑ+𝑖) − (𝜙ℜ− + 𝜙ℑ−𝑖), where each component is 

𝜙ℜ+ = max(0,ℜ[𝜙(𝜆)]),  

𝜙ℜ− = max(0,−ℜ[𝜙(𝜆)]), 

𝜙ℑ+ = max(0, ℑ[𝜙(𝜆)]), 

𝜙ℑ− = max(0, −ℑ[𝜙(𝜆)]), 

(5) 

𝑖 = √−1, ℜ[ ] is the real part and ℑ[ ] is the imaginary part. Then, 

∫ 𝒫𝑡(𝜆)[(𝜙ℜ+ + 𝜙ℑ+𝑖) − (𝜙ℜ− +𝜙ℑ−𝑖)] 𝑑𝒙

𝕏

= 𝜇(𝜆)∫[(𝜙ℜ+ + 𝜙ℑ+𝑖) − (𝜙ℜ− + 𝜙ℑ−𝑖)] 𝑑𝒙

𝕏

. 

(6) 

Applying the integral-preserving property, 
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∫ 𝒫𝑡(𝜆)[𝜙ℜ±] 𝑑𝒙

𝕏

= ∫ 𝜙ℜ± 𝑑𝒙

𝕏

, 

∫ 𝒫𝑡(𝜆)[𝜙ℑ±] 𝑑𝒙

𝕏

= ∫ 𝜙ℑ± 𝑑𝒙

𝕏

, 

(7) 

results in  

(1 − 𝜇(𝜆))∫[(𝜙ℜ+ + 𝜙ℑ+𝑖) − (𝜙ℜ− + 𝜙ℑ−𝑖)] 𝑑𝒙

𝕏

= 0. 
(8) 

The conclusion is that 

|𝜇(𝜆)| < 1 ⟺ ∫ 𝜙(𝜆) 𝑑𝒙

𝕏

= 0 ∀𝜙(𝜆) ∈ 𝐿
1(𝕏). (9) 

The result in [25] is limited to real signed distributions, whereas the result in Eq. (9) applies to all the 

spectra of 𝒫𝑡(𝜆)  with |𝜇(𝜆)| < 1 , including complex distributions. Therefore, each complex 

distribution has an escape rate from its support given by − log(|𝜇(𝜆)|), see [25]. 

The properties discussed so far are applicable to both deterministic and stochastic dynamics. This 

comes from the fact that both cases are represented by a Markov operator, specifically, the Perron-

Frobenius for deterministic and the Foias for stochastic dynamics [61]. Since the only restriction is 

that 𝒫𝑡 is a Markov operator, the conclusion follows through. It should be clear that distributions 𝜙(𝜆) 

with |𝜇(𝜆)| < 1 do not quantify uncertainty in the classical sense of a probability distribution. For 

closed flows discussed so far, the sign of the distribution separates almost invariant regions in the 

phase-space, see [26], for both deterministic and stochastic dynamics. The true quantification of the 

flow comes from the analysis of the open-flow dynamics, which will be addressed in the next 

subsections. 

2.2 Classical Ulam discretization of transfer operators and their duals 

The discretization of transfer operators over general partitions of the phase-space is based on [16]. 

It follows the description proposed by Ding et al. [62]: starting from a disjoint partition of the phase-

space 𝕏  as 𝔹 = {𝑏1, … , 𝑏𝑖} with characteristic size ℎ , a projection operator 𝑄ℎ  from the space of 

distributions 𝐿1(𝕏)  to the space of piecewise constant functions Δℎ = {𝟏1, … , 𝟏𝑖} , where 𝟏𝑖 =

id𝑏𝑖/𝑚(𝑏𝑖) is a constant density function supported in 𝑏𝑖 with measure 𝑚(𝑏𝑖) = ∫ 𝑑𝒙
𝑏𝑖

, is defined as, 

𝑄ℎ: 𝐿
1(𝕏) → Δℎ, (10) 
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𝑄ℎ[𝑓] =∑𝟏𝑖 ∫ 𝑓 𝑑𝒙

𝑏𝑖𝑖

. 

The projected transfer operator is obtained as 𝑄ℎ[𝒫𝑡(𝜆)] = 𝑃ℎ(𝜆), that is, 

𝑃ℎ(𝜆): Δℎ → Δℎ, 

𝑓ℎ𝑃ℎ(𝜆) =∑𝑓𝑖𝑝𝑖𝑗(𝜆)𝟏𝑗
𝑖,𝑗

, 
(11) 

where 𝑓ℎ = 𝑄ℎ[𝑓(𝒙)]. The row vector 𝑓𝑖 is  

𝑓𝑖 = ∫ 𝑓 𝑑𝒙

𝑏𝑖

, (12) 

and matrix 𝑝𝑖𝑗 is, considering noise 𝜔 and random parameter 𝜆, 

𝑝𝑖𝑗(𝜆) =
1

𝑚(𝑏𝑖)
∫ {∫ id𝑏𝑗(𝜑𝑡(𝜔, 𝜆, 𝒙))𝑑𝑃𝜔

Ω

}𝑑𝒙

𝑏𝑖

. (13) 

The dependence on a random parameter 𝜆 defines a distribution of discretized transfer operators 

over 𝕃. Global dynamics statistics, such as mean attractors and basins over 𝕃, were investigated in 

[16]. Importantly, while the random parameter 𝜆 does not change the dynamics of a specific system 

over time, it results in a distribution of dynamical systems by extending the pointwise definition 

introduced by Ashwin [35]. Specifically, there exists a one-to-one mapping between the parameter 𝜆 

and the dynamics 𝑝𝑖𝑗(𝜆), which fully determines the system's behavior. For further details, the reader 

is referred to [16]. In the deterministic case, this discretization approach reduces to the well-known 

Ulam method 

𝑝𝑖𝑗 =
𝑚(𝑏𝑖⋂𝜑𝑡

−1(𝑏𝑗))

𝑚(𝑏𝑖)
. (14) 

For both nondeterministic and deterministic dynamics (Eqs. (13) and (14), respectively), a Monte 

Carlo strategy can be applied to estimate each entry 𝑝𝑖𝑗. This involves sampling elements from each 

set 𝑏𝑖  and performing numerical integration over a single time-step. The key distinction between 

deterministic and noisy dynamics lies in the numerical integration of 𝜑𝑡(𝜔,∙,∙) and the required sample 

size of initial conditions in 𝑏𝑖. Specifically, noisy dynamics may require a larger sample size to account 

for stochastic effects, while deterministic dynamics rely on precise integration methods. For a 

comprehensive discussion of these techniques, see [37]. 
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The discretized transfer operators 𝑝𝑖𝑗 in Eqs. (13) and (14) can be understood as Petrov-Galerkin 

projections [46]. Taking the dual space Δℎ
∗ = {𝟏1

∗ , … , 𝟏𝑖
∗}, where 𝟏𝑖

∗ = id𝑏𝑖 is the indicator function of 

the set 𝑏𝑖 ⊂ 𝕏, the Petrov-Galerkin projection of 𝒫𝑡 over Δℎ with test functionals in Δℎ
∗  is the unique 

operator 𝑃ℎ: Δℎ → Δℎ satisfying the equality 

∫ 𝟏𝑗
∗ 𝒫𝑡(𝜆)[𝟏𝑖] 𝑑𝒙

𝕏

= ∫ 𝟏𝑗
∗ 𝟏𝑖𝑃ℎ(𝜆) 𝑑𝒙

𝕏

,   ∀ 𝑖, 𝑗. (15) 

In order to apply Eq. (15) and validate the dual space Δℎ
∗ , it is necessary to define the composition 

operator, also known as Koopman operator [61]. It acts on the space of observables 𝐿∞(𝕏) , 

propagating functions 𝑔(𝒙) ∈ 𝐿∞(𝕏) forward in time along trajectories of the system (1), 

𝒦𝑡(𝜆): 𝐿
∞(𝕏) → 𝐿∞(𝕏), 

𝒦𝑡(𝜆)[𝑔] = ∫ 𝑔 ∘ 𝜑𝑡(𝜔, 𝜆, 𝒙) 𝑑𝑃𝜔
Ω

, 
(16) 

where ∘ is the composition operator. Also, taking Ω = {𝜔} and 𝕃 = {𝜆} as singleton sets, with 𝜃𝑡𝜔 =

𝜔, the definition reduces to the deterministic case, i.e., 

𝒦𝑡: 𝐿
∞(𝕏) → 𝐿∞(𝕏), 

𝒦𝑡[𝑔] = 𝑔 ∘ 𝜑𝑡(𝒙). 
(17) 

Finally, the adjoint property between 𝒫𝑡 and 𝒦𝑡 can be written as 

∫ 𝑔 𝒫𝑡(𝜆)[𝑓] 𝑑𝒙

𝕏

= ∫ 𝒦𝑡(𝜆)[𝑔] 𝑓 𝑑𝒙

𝕏

, (18) 

and properties in Eq. (4) also apply to 𝒦𝑡(𝜆). With the definitions of 𝒦𝑡(𝜆) in Eqs. (16) and (17), the 

adjoint property, Eq. (18), and the definitions of functions 𝟏𝑖 and 𝟏𝑖
∗, the Petrov-Galerkin projection 

in Eq. (15) can be developed. By expanding the left-hand side of (18), one obtains 

∫ 𝟏𝑗
∗ 𝒫𝑡(𝜆)[𝟏𝑖] 𝑑𝒙

𝕏

= ∫ 𝒦𝑡(𝜆)[𝟏𝑗
∗] 𝟏𝑖 𝑑𝒙

𝕏

 

= ∫ {∫ 𝟏𝑗
∗ ∘ 𝜑𝑡(𝜔, 𝜆, 𝒙) 𝑑𝑃𝜔

Ω

}𝟏𝑖 𝑑𝒙

𝕏

 

=
1

𝑚(𝑏𝑖)
∫ {∫ id𝑏𝑗(𝜑𝑡(𝜔, 𝜆, 𝒙))𝑑𝑃𝜔

Ω

}𝑑𝒙

𝑏𝑖

, 

(19) 
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which is exactly the definition of matrix 𝑝𝑖𝑗(𝜆) given in Eq. (13). The deterministic case is obtained 

considering Ω = {𝜔}  and 𝕃 = {𝜆}  as singleton sets, with 𝜃𝑡𝜔 = 𝜔 , resulting in Eq. (14). The 

expansion of the right-hand side of (15) is given by 

∫ 𝟏𝑗
∗ 𝟏𝑖𝑃ℎ 𝑑𝒙

𝕏

= ∫ 𝟏𝑗
∗ ∑{∫ 𝟏𝑖 𝑑𝒙

𝑏𝑘

}𝑝𝑘𝑙𝟏𝑙
𝑘,𝑙

𝑑𝒙

𝕏

 

= ∫ id𝑏𝑗  ∑{∫
id𝑏𝑖
𝑚(𝑏𝑖)

𝑑𝒙

𝑏𝑘

}𝑝𝑘𝑙
id𝑏𝑙
𝑚(𝑏𝑙)

𝑘,𝑙

𝑑𝒙

𝕏

 

=∑{∫ 𝑝𝑖𝑙
id𝑏𝑙
𝑚(𝑏𝑙)

𝑑𝒙

𝑏𝑗

}

𝑙

 

= 𝑝𝑖𝑗 , 

(20) 

where the definition of 𝑃ℎ in Eq. (11) was considered and summation over indexes 𝑘, 𝑙 are canceled 

by the indicator functions id𝑏𝑖 , id𝑏𝑗 , contracting as 𝑘 = 𝑖, 𝑙 = 𝑗 . Therefore, it is shown that the 

discretized dual space where observable functions 𝑔 reside is Δℎ
∗ = {𝟏1

∗ , … , 𝟏𝑖
∗}, as previously stated. 

This information will be used in the next section for the computation of discretized global stable 

manifolds.  

As in the case of transfer operators, composition operators can be discretized over the adjoint space 

Δℎ
∗ . For this, the projection operator over Δℎ

∗  is defined as, 

𝑄ℎ
∗ : 𝐿∞(𝕏) → Δℎ

∗ , 

𝑄ℎ
∗[𝑔] =∑𝟏𝒊

∗ ∫
𝑔

𝑚(𝑏𝑖)
𝑑𝒙

𝑏𝑖𝑖

. 
(21) 

The projected composition operator is obtained as 𝑄ℎ
∗[𝒦𝑡(𝜆)] = 𝐾ℎ(𝜆), that is, 

𝐾ℎ(𝜆): Δℎ
∗ → Δℎ

∗ , 

𝐾ℎ(𝜆)𝑔ℎ =∑𝟏𝑗
∗𝑝𝑗𝑖(𝜆)𝑔𝑖

𝑖,𝑗

, 
(22) 

where 𝑔ℎ = 𝑄ℎ
∗[𝑔]. The column vector 𝑔𝑖 is  

𝑔𝑖 = ∫
𝑔

𝑚(𝑏𝑖)
𝑑𝒙

𝑏𝑖

, (23) 
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and the matrix 𝑝𝑗𝑖(𝜆) is the transpose of the transfer operator in Eq. (13) for nondeterministic dynamics 

and Eq. (14) for deterministic dynamics. This result is expected since 𝒦𝑡(𝜆) is the adjoint operator of 

𝒫𝑡(𝜆), and can be summarized as 𝐾ℎ(𝜆)𝑔ℎ = 𝑃ℎ
𝑇(𝜆)𝑔ℎ for discretized operators. 

2.3 Stable and unstable manifolds of deterministic and nondeterministic dynamics: definitions, 

and weak and strong convergence in measure 

The transfer operator 𝒫𝑡 is a Markov operator that is linear, positive, and integral-preserving [23]. 

Its matrix discretization 𝑝𝑖𝑗 , whether deterministic or non-deterministic, is a row-stochastic matrix 

with a spectral radius equal to one. In previous work, the authors developed strategies to approximate 

the fixed space fix{𝒫𝑡}, which encodes distributions of attractor densities and their basins [16, 45]. 

Additionally, the matrix 𝑝𝑖𝑗 can be used to extract information about the stable and unstable manifolds 

of the flow 𝜑𝑡 [24]. Building on these works, these concepts are here revised and the analysis expanded 

from the perspective of function spaces. 

Following [24, 25], the starting point is the disjoint partition of the phase-space between attracting 

regions, i.e., the attractors’ supports, and wandering regions. The attractors’ supports form a set ℍ ⊆

𝕏, explicitly defined as ℍ = supp{fix{𝒫𝑡(𝜆)}}, see Fig. 1(a). The type of attractor, such as fixed point, 

periodic, aperiodic, chaotic, or stochastic, is not relevant to this formulation. The complement of ℍ, 

named 𝕏 = 𝕏\ℍ , represents all the wandering regions of the phase-space. Then, an open-flow 

dynamical system is defined in the wandering region as 

𝜑
𝑡
∶ 𝕋 × Ω × 𝕃 × 𝕏 → 𝕏, 

(𝑡, 𝜔, 𝜆, 𝒙) ↦ 𝜑
𝑡
(𝜃𝑡𝜔, 𝜆, 𝒙), 

(24) 

where the same variable definitions for system (1) apply. Fig. 1(b) represents 𝜑
𝑡
, with 𝜕ℍ being a one-

way boundary through which trajectories leave the wandering region 𝕏 with increasing probability as 

time increases. Once a trajectory enters ℍ, it cannot return to 𝕏. The main property of the flow 𝜑
𝑡
 is 

that the pre-image of ℍ under 𝜑
𝑡
 lies within 𝕏; that is, 𝜑

𝑡

−1
(ℍ) ⊆ 𝕏. Because the set ℍ is not in the 

domain of 𝜑
𝑡
, the flow is not defined there. This observation leads directly to the property above. An 

important and non-standard consequence is that 𝜑
𝑡
 cannot have attractors. This is because regions ℍ 

that are forward-invariant under the original flow 𝜑𝑡 lie outside the domain of 𝜑
𝑡
, which justifies the 

definition of ℍ as a "hole" in 𝕏 



13 

 

  
(a) attracting regions ℍ and wandering regions 𝕏 (b) open-flow dynamics 𝜑

𝑡
 

Fig. 1 – Definitions of attracting regions, wandering regions, and open-flow dynamics 

Associated with 𝜑
𝑡
 is the conditional transfer operator 𝒫𝑡 for nondeterministic dynamics defined 

as  

𝒫𝑡(𝜆): 𝐿
1(𝕏) → 𝐿1(𝕏), 

∫ 𝒫𝑡(𝜆)[𝑓] 𝑑𝒙

𝐵

= ∫ {∫ id𝐵 (𝜑𝑡(𝜔, 𝜆, 𝒙)) 𝑑𝑃𝜔
Ω

}𝑓 𝑑𝒙

𝕏

 
(25) 

which can be expanded, following Froyland and Stancevic [25], as 

𝒫𝑡: 𝐿
1(𝕏) → 𝐿1(𝕏), 

∫ 𝒫𝑡[𝑓] 𝑑𝒙

𝐵

= ∫ 𝑓 𝑑𝒙

𝜑𝑡
−1
(𝐵)

,  
(26) 

for deterministic dynamics, ∀𝐵 ⊂ 𝕏, where 𝜑
𝑡

−1
(𝐵) is the preimage of 𝐵 under the action of 𝜑

𝑡
. The 

hole ℍ implies that the integral-preserving property is no longer true. To see it, consider a density 

function 𝟏𝕏 supported over the entire phase-space under the action of 𝒫𝑡, 

∫ 𝒫𝑡[𝟏𝕏] 𝑑𝒙

𝕏

= ∫ 𝟏𝕏 𝑑𝒙

𝜑𝑡
−1
(𝕏)

. (27) 

Since 𝜑
−𝑡
(𝕏) ⊂ 𝕏, 

∫ 𝟏𝕏 𝑑𝒙

𝜑𝑡
−1
(𝕏)

< ∫ 𝟏𝕏 𝑑𝒙

𝕏

< ∫ 𝟏𝕏 𝑑𝒙

𝕏

= 1, (28) 

resulting in the following inequality, 



14 

 

∫ 𝒫𝑡[𝟏𝕏] 𝑑𝒙

𝕏

< 1. (29) 

For general distributions with complex image, the contraction property is obtained,  

∫|𝒫𝑡[𝑓]| 𝑑𝒙

𝕏

< ∫|𝑓| 𝑑𝒙

𝕏

. (30) 

The proof for nondeterministic systems follows the same structure. 

As previously demonstrated, eigenfunctions 𝜙(𝜆)  of 𝒫𝑡(𝜆) with |𝜇(𝜆)| < 1 satisfy ∫ 𝜙 𝑑𝒙
𝕏

= 0. 

However, the same cannot be asserted for 𝒫𝑡(𝜆) due to the lack of an integral-preserving property. Let 

𝜙(𝜆)(𝒙): 𝕏 → ℂ  be an eigenfunction of 𝒫𝑡(𝜆), that is, 𝒫𝑡(𝜆) 𝜙(𝜆) = 𝜇(𝜆) 𝜙(𝜆) . Only real positive 

eigenfunctions, 𝜙
ℜ+
: 𝕏 → ℝ+ are considered. Note the distinction between 𝜙

ℜ+
, an eigenfunction by 

itself, and the previous definition in (5), where 𝜙ℜ+ is the part of 𝜙(𝜆) with real and positive image. 

Integrating the eigenvalue equation over 𝕏 yields 

∫ 𝒫𝑡(𝜆)[𝜙ℜ+] 𝑑𝒙

𝕏

= 𝜇(𝜆)∫ 𝜙
ℜ+
𝑑𝒙

𝕏

. (31) 

By considering the contraction property, Eq. (30), 

∫ 𝒫𝑡(𝜆)[𝜙ℜ+] 𝑑𝒙

𝕏

< ∫ 𝜙
ℜ+
𝑑𝒙

𝕏

, (32) 

and, finally, the following inequality is obtained, 

0 < (1 − 𝜇(𝜆))∫ 𝜙
ℜ+
𝑑𝒙

𝕏

. (33) 

Recalling that |𝜇(𝜆)| < 1, the conclusion is that inequality (33) allows for the existence of positive 

real-valued eigenfunctions 𝜙(𝜆)  with corresponding eigenvalues 𝜇(𝜆) ∈ ℜ(−1,1) . In contrast, the 

demonstration of Eq. (9) results in a contradiction if such a positive real distribution exists for 𝒫𝑡(𝜆), 

whereas the conditional transfer operator 𝒫𝑡(𝜆) permits their existence. 

Another property of the eigenfunctions 𝜙(𝜆) of 𝒫𝑡(𝜆) is that they vanish over ℍ. To prove this, a 

general eigenfunction of 𝒫𝑡(𝜆) is separated into two components over the domains 𝕏 and ℍ, that is, 
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𝜙(𝜆) = 𝜙
(𝜆;𝕏)

+ 𝜙(𝜆;ℍ). Considering the phase-space partition 𝕏 = 𝕏 ∪ℍ, the eigenvalue problem in 

its integral form consequently splits into separate equations for the domains 𝕏 and ℍ, 

∫ 𝒫𝑡(𝜆) [𝜙(𝜆;𝕏) + 𝜙(𝜆;ℍ)] 𝑑𝒙

𝕏

= 𝜇(𝜆)∫ {𝜙
(𝜆;𝕏)

+ 𝜙(𝜆;ℍ)} 𝑑𝒙

𝕏

, (34) 

∫ 𝒫𝑡(𝜆) [𝜙(𝜆;𝕏) + 𝜙(𝜆;ℍ)] 𝑑𝒙

ℍ

= 𝜇(𝜆) ∫ {𝜙
(𝜆;𝕏)

+ 𝜙(𝜆;ℍ)} 𝑑𝒙

ℍ

. 
(35) 

The preimage of any region in 𝕏 under the open-flow is 𝜑
𝑡

−1
(𝕏) ⊂ 𝕏, see Eq. (24). Since 𝜙(𝜆;ℍ) = 0 

over 𝕏, and applying the transfer operator definition in Eq. (25), the left side of Eq. (34) results in 

∫ 𝒫𝑡(𝜆) [𝜙(𝜆;𝕏) + 𝜙(𝜆;ℍ)] 𝑑𝒙

𝕏

= ∫ ∫ id𝕏 (𝜑𝑡(𝜔, 𝜆, 𝒙)) 𝑑𝑃𝜔
Ω

{𝜙
(𝜆;𝕏)

+ 𝜙(𝜆;ℍ)} 𝑑𝒙

𝕏

 

= ∫ ∫ id𝕏 (𝜑𝑡(𝜔, 𝜆, 𝒙)) 𝑑𝑃𝜔
Ω

{𝜙
(𝜆;𝕏)

} 𝑑𝒙

𝕏

, 

(36) 

while the left side of Eq. (35) results in  

∫ 𝒫𝑡(𝜆) [𝜙(𝜆;𝕏) + 𝜙(𝜆;ℍ)] 𝑑𝒙

ℍ

= ∫ ∫ idℍ (𝜑𝑡(𝜔, 𝜆, 𝒙)) 𝑑𝑃𝜔
Ω

{𝜙
(𝜆;𝕏)

+ 𝜙(𝜆;ℍ)} 𝑑𝒙

𝕏

 

= 0, 

(37) 

since idℍ (𝜑𝑡(𝜔, 𝜆, 𝒙)) = 0. Eqs. (36) and (37) imply that 𝒫𝑡(𝜆) acts only on distributions valued 

over 𝕏. Finally, expanding the right sides of Eqs. (34) and (35), and considering Eqs. (36) and (37) 

results in 

∫ ∫ id𝕏 (𝜑𝑡(𝜔, 𝜆, 𝒙)) 𝑑𝑃𝜔
Ω

𝜙
(𝜆;𝕏)

𝑑𝒙

𝕏

= 𝜇(𝜆)∫ 𝜙
(𝜆;𝕏)

𝑑𝒙

𝕏

, (38) 

∫ 𝜙(𝜆;ℍ) 𝑑𝒙

ℍ

= 0. (39) 
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since 𝜙
(𝜆;𝕏)

= 0 over ℍ. Restricting to the case where 𝑚(ℍ) = ∫ 𝑑𝒙
ℍ

> 0, Eqs. (38) and (39) shows 

that all eigenfunctions 𝜙(𝜆) of 𝒫𝑡(𝜆) vanish over ℍ, as stated earlier. However, cases where 𝑚(ℍ) =

0 are not uncommon, with the main example being a fixed-point attractor of a deterministic system. 

To address this issue, a numerical strategy is proposed in subsection 2.4. Finally, the leading 

eigenvalue of 𝒫𝑡(𝜆) with real value 0 < 𝜇(𝜆) < 1 and positive eigenfunction ∫ 𝜙(𝜆) 𝑑𝒙𝕏
> 0 is the 

so-called eigenvalue of the measure 𝑑𝑀 = 𝜙(𝜆)𝑑𝒙 in 𝕏 with respect to 𝕏. The rate of escape from 𝕏 

to ℍ is given by − log 𝜇(𝜆) [25], extended here to systems with nondeterministic parameter 𝜆 with 

measure 𝑃𝜆 over 𝕃. 

The conditional transfer operator 𝒫𝑡(𝜆) is considered in the definitions of distributions of globally 

unstable manifolds and observables of globally stable manifolds, respectively. The existence of a 

nondeterministic saddle is assumed, here identified as 𝒙𝑝(𝜔, 𝜆), with positive measure 𝑓𝒙𝑝(𝜆)(𝒙) in 𝕏, 

that is, ∫ 𝑓𝒙𝑝 𝑑𝒙𝕏
= 1. The deterministic case, where stable and unstable manifolds of 𝒙𝑃 are denoted 

𝑊𝑠(𝒙𝑝) and 𝑊𝑢(𝒙𝑝), has been extensively investigated in the literature, with definitions available in 

[1, 29]. In contrast, for stochastic systems, the definitions differ, as discussed in Chapter 7 of [31]. To 

address this difference, recall that 𝒙𝑝(𝜔, 𝜆) is a random point in 𝕏. Consequently, the sets of points 

converging to 𝒙𝑝 forward or backward in time also become random, that is, 𝑊𝑠(𝒙𝑝) ↦ 𝑊𝑠(𝒙𝑝, 𝜔, 𝜆) 

and 𝑊𝑢(𝒙𝑝) ↦ 𝑊𝑢(𝒙𝑝, 𝜔, 𝜆) . As random objects, these manifolds are described by probability 

distributions over the phase space, denoted 𝑓𝑊𝑠 and 𝑓𝑊𝑢. The physical observation of 𝑓𝑊𝑠 and 𝑓𝑊𝑢 is 

only possible indirectly through Monte Carlo or statistical analysis, like any random experiment. In 

practice, the sampling of 𝑓𝑊𝑠 requires backward time evolution, making it preferable to obtain the dual 

of 𝑓𝑊𝑢, that is, the observable 𝑔𝑊𝑠. Since 𝑊𝑠 and 𝑊𝑢 are random, it is natural to inquire how these 

objects are distributed and observed in the phase-space 𝕏 . This section formally defines the 

distribution  𝑓𝑊𝑢 and observable 𝑔𝑊𝑠. A discretization strategy through the Ulam method is discussed 

in the following subsection. 

In the nondeterministic setting, the definitions of stable and unstable manifolds are extended as 

follows: they are regions of 𝕏  that converge, with probability one, to 𝑥𝑝(𝜔, 𝜆)  in forward and 

backward time, respectively: 

𝑊𝑠(𝒙𝑝, 𝜔, 𝜆) = {𝒙 ∈ 𝕏|𝑃𝜔 ( lim
𝑛→∞

𝜑
𝑡

𝑛
(𝜔, 𝜆, 𝒙) = 𝒙𝑝(𝜔, 𝜆)) = 1}, (40) 

𝑊𝑢(𝒙𝑝, 𝜔, 𝜆) = {𝒙 ∈ 𝕏|𝑃𝜔 ( lim
𝑛→∞

𝜑
−𝑡

𝑛
(𝜔, 𝜆, 𝒙) = 𝒙𝑝(𝜔, 𝜆)) = 1}. (41) 

For simplicity, their arguments will be suppressed hereafter with 𝑊𝑠 and 𝑊𝑢 referring to the stable 

and unstable manifolds, Eqs. (40) and (41), respectively. Initially, the unstable manifold is addressed. 

An important question is what the marginal distribution of 𝑊𝑢 over 𝕏 is. To investigate this, a weaker 

form of convergence is considered, namely, the weak convergence of measures, as defined in [61], 
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lim
𝑛→∞

∫ 𝑔 𝑓𝑛(𝜆, 𝒙) 𝑑𝒙

𝕏

= ∫ 𝑔 𝑓𝒙𝑝(𝜆) 𝑑𝒙

𝕏

, ∀ 𝑔 ∈ 𝐿∞(𝕏), (42) 

where 𝑔 are observables in the dual space 𝐿∞(𝕏), and 𝑓𝑛 ∈ 𝐿
1(𝕏) form a sequence of distributions. To 

verify Eq. (42), the value of 𝜆 is prescribed and a sequence of iterated distributions 𝑓𝑛 ≡ 𝑓𝑛(𝜆, 𝒙) is 

formed via the open-flow 𝜑
𝑡

𝑛
, with 𝒙𝑝(𝜔, 𝜆) ∉ ℍ, that is, 𝑓𝑛(𝜆, 𝒙) = 𝒫𝑡

𝑛
(𝜆)[𝑓0]. It can be shown that 

the closed-flow operator 𝒫𝑡(𝜆) produces a distinct distribution 𝑓𝑛
′(𝜆, 𝒙), whose support lies entirely 

within ℍ, independently of the choice of 𝑓0. For this reason, the open-flow operator 𝒫𝑡(𝜆) must be 

employed in place of 𝒫𝑡(𝜆). Therefore, the limit is expanded as 

lim
𝑛→∞

∫ 𝑔 𝒫𝑡
𝑛
(𝜆)[𝑓0] 𝑑𝒙

𝕏

= ∫ 𝑔 𝒫𝑡
𝑛
(𝜆) [𝑓𝒙𝑝(𝜆)] 𝑑𝒙

𝕏

, 

lim
𝑛→∞

∫ {∫ 𝑔 ∘ 𝜑
𝑡

𝑛
(𝜔, 𝜆, 𝒙) 𝑑𝑃𝜔

Ω

}  𝑓0 𝑑𝒙

𝕏

= ∫ {∫ 𝑔 ∘ 𝜑
𝑡

𝑛
(𝜔, 𝜆, 𝒙) 𝑑𝑃𝜔

Ω

}  𝑓𝒙𝑝(𝜆) 𝑑𝒙

𝕏

, 

(43) 

where the duality property of 𝒫𝑡(𝜆) and 𝒦𝑡(𝜆) was considered, as in Eq. (18). Taking the limit 𝑛 →

∞ results in 

∫ {∫ 𝑔 ∘ 𝒙𝑝(𝜔, 𝜆) 𝑑𝑃𝜔
Ω

}  𝑓0 𝑑𝒙

𝕏

= ∫ {∫ 𝑔 ∘ 𝒙𝑝(𝜔, 𝜆) 𝑑𝑃𝜔
Ω

}  𝑓𝒙𝑝(𝜆) 𝑑𝒙

𝕏

, 

𝔼𝜔 [𝑔 (𝒙𝑝(𝜔, 𝜆))] ∫ 𝑓0 𝑑𝒙

𝕏

= 𝔼𝜔 [𝑔 (𝒙𝑝(𝜔, 𝜆))]∫ 𝑓𝒙𝑝(𝜆) 𝑑𝒙

𝕏

, 

∫ 𝑓0 𝑑𝒙

𝕏

= ∫ 𝑓𝒙𝑝(𝜆) 𝑑𝒙

𝕏

, 

(44) 

where 𝔼𝜔[⋅] is the expectation operator over 𝑃𝜔. The last equality in Eq. (44) is trivial since both 𝑓0 

and 𝑓𝒙𝑝(𝜆)  are positive 𝐿1(𝕏) distributions. Consequently, a positive distribution 𝑓0 ∈ 𝐿
1(𝕏) exists 

which, when iterated under the conditional Perron-Frobenius operator 𝒫𝑡(𝜆), forms a sequence of 

positive distributions 𝑓𝑛 that converges weakly in measure to 𝑓𝒙𝑝(𝜆). 

Now, consider the strong convergence in measure given in [61], 

lim
𝑛→∞

|∫ 𝑓𝑛(𝜆, 𝒙) 𝑑𝒙

𝐵

− ∫ 𝑓𝒙𝑝(𝜆) 𝑑𝒙

𝐵

| = 0, ∀𝐵 ⊂ 𝕏. (45) 
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Considering 𝑓𝑛(𝜆, 𝒙) = 𝒫𝑡
𝑛
(𝜆)[𝑓0(𝒙)] and 𝑓𝒙𝑝(𝜆) = 𝒫𝑡

𝑛
(𝜆) [𝑓𝒙𝑝(𝜆)], and that Eq. (45) is also valid for 

the unitary partition, 𝐵 = 𝕏, Eq. (45) leads to 

lim
𝑛→∞

|∫ 𝒫𝑡
𝑛
(𝜆)[𝑓0] 𝑑𝒙

𝕏

− ∫ 𝒫𝑡
𝑛
(𝜆) [𝑓𝒙𝑝(𝜆)] 𝑑𝒙

𝕏

| , 

lim
𝑛→∞

|∫ {∫ id𝕏 (𝜑𝑡
𝑛
(𝜔, 𝜆, 𝒙)) 𝑑𝑃𝜔

Ω

}𝑓0 𝑑𝒙

𝕏

− ∫ {∫ id𝕏 (𝜑𝑡
𝑛
(𝜔, 𝜆, 𝒙)) 𝑑𝑃𝜔

Ω

}𝑓𝒙𝑝(𝜆) 𝑑𝒙

𝕏

|, 

(46) 

where the definition of 𝒫𝑡(𝜆), Eq. (25), was applied. Taking the limit 𝑛 → ∞ results in the pull-back 

of 𝑓0 to id𝕏 (𝒙𝑝(𝜔, 𝜆)), that is, 

|∫ {∫ id𝕏 (𝒙𝑝(𝜔, 𝜆))𝑑𝑃𝜔
Ω

}𝑓0 𝑑𝒙

𝕏

− ∫ {∫ id𝕏 (𝒙𝑝(𝜔, 𝜆))𝑑𝑃𝜔
Ω

}𝑓𝒙𝑝(𝜆) 𝑑𝒙

𝕏

| , 

|∫ id𝕏(𝔼𝜔[𝒙𝑝(𝜔, 𝜆)])𝑓0 𝑑𝒙

𝕏

− ∫ id𝕏(𝔼𝜔[𝒙𝑝(𝜔, 𝜆)])𝑓𝒙𝑝(𝜆) 𝑑𝒙

𝕏

| , 

|∫ 𝑓0 𝑑𝒙

𝕏

− ∫ 𝑓𝒙𝑝(𝜆) 𝑑𝒙

𝕏

|, 

(47) 

since𝔼𝜔[⋅] is the expectation operator of the measure 𝑃𝜔  and 𝔼𝜔[𝒙𝑝(𝜔, 𝜆)] ∈ 𝕏 . Therefore, both 

integrals result in one in the last line of Eq. (47), resulting in zero. Therefore, 𝑓0 ∈ 𝐿
1(𝕏)  also 

converges strongly in measure to 𝑓𝒙𝑝(𝜆) when iterated under 𝒫𝑡(𝜆). 

The distribution 𝑓0 can be expanded in the space of real positive eigenfunctions 𝜙
𝑖,(𝜆)

 of 𝒫𝑡(𝜆), 

with eigenvalues 0 < 𝜇𝑖,(𝜆) < 1 . Thus, 𝑓0 = ∑ 𝑣𝑖𝜙𝑖,(𝜆)
∞
𝑖=1 , with coefficients 𝑣𝑖 ≥ 0 . Taking that 

𝒫𝑡(𝜆)𝜙𝑖,(𝜆) = 𝜇𝑖,(𝜆)𝜙𝑖,(𝜆) there is a decay under the action of 𝒫𝑡(𝜆), with rate given by − log 𝜇𝑖,(𝜆). As 

already mentioned, given a parameter 𝜆 ∈ 𝕃, the largest eigenvalue 𝜇𝑖  gives the minimum rate of 

escape from 𝕏  towards ℍ . The marginal distribution 𝑓𝑊𝑢(𝜆)  of ∫ 𝑊𝑢(𝒙𝑝, 𝜔, 𝜆)𝑃𝜔Ω
 over 𝕏  is the 

corresponding eigenfunction. This definition is general, being applicable to both deterministic and 

nondeterministic systems. The final mean distribution 𝑓𝑊𝑢 = 𝔼𝜆[𝑓𝑊𝑢(𝜆)] over 𝕏 is obtained through 

simple integration, 
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𝑓𝑊𝑢 = ∫ 𝑓𝑊𝑢(𝜆) 𝑑𝑃𝜆
𝕃

= ∫ 𝜙
1,(𝜆)

𝑑𝑃𝜆
𝕃

. (48) 

The definition of 𝑊𝑠(𝒙𝑝, 𝜔, 𝜆) is trickier than the previous case. A distribution 𝑓𝑊𝑠(𝜆) can only be 

obtained through the backward open flow 𝜑
−𝑡

, which would require a construction of another transfer 

operator 𝒫−𝑡(𝜆), a difficult task since the operator 𝒫𝑡(𝜆) is not, in general, invertible. There are 

strategies for the construction of an invertible operator to address this issue, see [29] for deterministic 

dynamics. Nevertheless, it is possible to define an observable function over the stable manifold 𝑔𝑊𝑠(𝜆) 

from the forward transfer operator 𝒫𝑡(𝜆). Expanding a general observable 𝑔0 ∈ 𝐿
∞(𝕏) in the dual of 

the space positive eigenfunctions of 𝒫𝑡(𝜆), that is, 𝑔0 = ∑ 𝑢𝑖  𝜙𝑖,(𝜆)
∗

𝑖 , and applying 𝒦𝑡

𝑛
(𝜆) to both 

sides, one obtains, using the definition in Eq. (16) and taking that it is a linear operator satisfying 

properties 1 and 2 in Eq. (4),  

𝒦𝑡

𝑛
(𝜆)[𝑔0] = ∑𝑢𝑖  𝒦𝑡

𝑛
(𝜆) [𝜙

𝑖,(𝜆)

∗
]

𝑖

, 

∫ 𝑔0 ∘ 𝜑𝑡
𝑛
(𝜔, 𝜆, 𝒙) 𝑑𝑃𝜔

Ω

=∑𝑢𝑖  𝜇𝑖
𝑛
(𝜆) 𝜙

𝑖,(𝜆)

∗

𝑖

, 

∑𝑢𝑖 ∫ 𝜙
𝑖,(𝜆)

∗
∘ 𝜑

𝑡

𝑛
(𝜔, 𝜆, 𝒙) 𝑑𝑃𝜔

Ω𝑖

=∑𝑢𝑖  𝜇𝑖
𝑛
(𝜆) 𝜙

𝑖,(𝜆)

∗

𝑖

, 

(49) 

where 𝑢𝑖 ∈ ℝ
+ and 𝜙

𝑖,(𝜆)

∗
 are eigenfunctions of 𝒦𝑡(𝜆) in the space 𝐿∞(𝕏). Taking the limit 𝑛 → ∞, 

the expression reduces to 

𝔼𝜔 [𝜙𝑖,(𝜆)
∗

(𝒙𝑝(𝜔,𝜆))] = 𝜇𝑖
𝑛
(𝜆) 𝜙𝑖,(𝜆)

∗
. (50) 

Since |𝜇𝑖(𝜆)| < 1 and |𝜇𝑖(𝜆)| > |𝜇𝑖+1(𝜆)|, the right side of Eq. (50) decays to zero for 𝑛 → ∞. The 

first mode exhibits the slowest rate of decay within the spectrum of 𝒦𝑡(𝜆) from 𝕏 to ℍ. Given 

that  𝜇1,(𝜆) is the leading eigenvalue, 𝑔𝑊𝑠(𝜆) is defined as the corresponding eigenfunction 𝜙
1,(𝜆)

∗
 in 

the dual space 𝐿∞(𝕏), in direct analogy with the definition of 𝑓𝑊𝑢(𝜆). This definition will enable a 

simpler discretization in the spaces Δℎ and Δℎ
∗ . For mean observables, where 𝑔𝑊𝑠 = 𝔼𝜆[𝑔𝑊𝑠] over 𝕏, 

the measure 𝑃𝜆 is applied, 

𝑔𝑊𝑠 = ∫ 𝑔𝑊𝑠(𝜆) 𝑑𝑃𝜆
𝕃

= ∫ 𝜙
1,(𝜆)

∗
𝑑𝑃𝜆

𝕃

. (51) 
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2.4 Discretization of the open-flow transfer operator and computation of 𝒇𝑾𝒖
(𝝀) and 𝒈𝑾𝒔

(𝝀) 

Consider again a disjoint partition of the phase-space 𝕏 as 𝔹 = {𝑏1, … , 𝑏𝑖} with characteristic size 

ℎ . Taking 𝑄ℎ  as defined in Eq. (10), the projected conditional transfer operator is obtained as 

𝑄ℎ[𝒫𝑡(𝜆)] = 𝑃ℎ(𝜆): 

𝑃ℎ(𝜆): Δℎ → Δℎ, 

𝑓ℎ𝑃ℎ(𝜆) =∑𝑓𝑖𝑝𝑖𝑗(𝜆)𝟏𝑗
𝑖,𝑗

, 
(52) 

where 𝑓ℎ = 𝑄ℎ[𝑓(𝒙)] and the row vector 𝑓𝑖  is as defined in (12). The conditional transfer matrix 

𝑝
𝑖𝑗
(𝜆) is given by, for nondeterministic dynamics,  

𝑝
𝑖𝑗
(𝜆) =

1

𝑚(𝑏𝑖)
∫ {∫ id𝑏𝑗 (𝜑𝑡(𝜔, 𝜆, 𝒙)) 𝑑𝑃𝜔

Ω

}𝑑𝒙

𝑏𝑖

. (53) 

and for deterministic dynamics, 

𝑝
𝑖𝑗
=
𝑚(𝑏𝑖⋂𝜑𝑡

−1
(𝑏𝑗))

𝑚(𝑏𝑖)
, (54) 

where the only difference of Eq. (53) from Eq. (13) and Eq. (54) from (14) is the open-flow dynamics, 

𝜑
𝑡
, as defined in Eq. (24). The definition for the projected conditional composition operator is obtained 

from 𝑄ℎ
∗[𝒦𝑡(𝜆)] = 𝑃ℎ

𝑇
(𝜆), resulting in the same conditional transfer matrix 𝑝

𝑖𝑗
(𝜆) as in Eqs. (53) and 

(54). 

The definitions in Eqs. (24), (53) and (54) are resumed in a relationship between 𝑝
𝑖𝑗
(𝜆) and 𝑝𝑖𝑗(𝜆), 

𝑝
𝑖𝑗
(𝜆) = {

𝑝𝑖𝑗(𝜆), ∀𝑏𝑖 ⊂ 𝕏, ∀𝑏𝑗 ⊂ 𝕏

0, ∀𝑏𝑖 ⊆ ℍ,∀𝑏𝑗 ⊂ 𝕏.
 (55) 

Definition (55) differs from the one proposed by Klünker et. al. [24]. While in [24] the conditional 

transfer matrix is defined by setting to zero both rows and columns of 𝑝𝑖𝑗(𝜆) corresponding to ℍ, here 

only the rows are set to zero. The justification comes by examining the definitions of 𝑝
𝑖𝑗
(𝜆). Consider 

two boxes, 𝑏𝑖 ⊂ 𝕏 and 𝑏𝑗 ⊂ 𝕏. Because the preimage of 𝕏 is 𝜑
𝑡

−1
(𝕏) ⊈ ℍ by definition, the value of 

𝑝
𝑖𝑗
(𝜆) depends if either 𝑏𝑖 or 𝑏𝑗 are in ℍ or 𝕏. The result is 
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∫ {∫ id𝑏𝑗 (𝜑𝑡(𝜔, 𝜆, 𝒙)) 𝑑𝑃𝜔
Ω

}𝑑𝒙

𝑏𝑖

=

{
 
 

 
 𝑟 ≥ 0, ∀𝑏𝑖 ⊂ 𝕏, ∀𝑏𝑗 ⊆ ℍ,

𝑟 ≥ 0, ∀𝑏𝑖 ⊂ 𝕏, ∀𝑏𝑗 ⊂ 𝕏,

0, ∀𝑏𝑖 ⊆ ℍ,∀𝑏𝑗 ⊆ ℍ,

0, ∀𝑏𝑖 ⊆ ℍ,∀𝑏𝑗 ⊂ 𝕏,

 (56) 

for nondeterministic dynamics, and 

𝑚(𝑏𝑖⋂𝜑𝑡
−1
(𝑏𝑗)) =

{
 
 

 
 𝑟 ≥ 0, ∀𝑏𝑖 ⊂ 𝕏, ∀𝑏𝑗 ⊆ ℍ,

𝑟 ≥ 0, ∀𝑏𝑖 ⊂ 𝕏, ∀𝑏𝑗 ⊂ 𝕏,

0, ∀𝑏𝑖 ⊆ ℍ,∀𝑏𝑗 ⊆ ℍ,

0, ∀𝑏𝑖 ⊆ ℍ,∀𝑏𝑗 ⊂ 𝕏,

 (57) 

for deterministic dynamics. In summary, 𝑝
𝑖𝑗
(𝜆) = 𝑝𝑖𝑗(𝜆)  if 𝑏𝑖 ⊂ 𝕏  and 𝑝

𝑖𝑗
(𝜆) = 0  if 𝑏𝑖 ⊆ ℍ , 

validating Eq. (55). In fact, the open-flow operator 𝑃ℎ(𝜆) is a discretization of the conditional transfer 

operator proposed by Froyland and Stancevic [25], also extended here to random parameters and noise 

cases. 

The open flow operator 𝑃ℎ(𝜆) is constructed from the original operator 𝑃ℎ(𝜆) and its invariant 

distributions 𝑓𝐴(𝜆). It should be observed that the original strategy in [24] assumes that attractor sets 𝑏𝑖 

are such that 𝑝𝑖𝑖(𝜆) = 1, which is based only on the discrete setting. However, it can miss periodic, 

quasi-periodic, and chaotic attractors, since their distributions are spread over many sets 𝑏𝑖, all with 

𝑝𝑖𝑖(𝜆) < 1, as demonstrated by Lasota and Mackey [61], and by Hsu [63]. This is also problematic for 

stochastic systems, where attractors are diffused over large regions of the phase-space, as shown by 

Sun and Hsu [64]. Therefore, the boxes that cover the entire support of the attractors’ distributions, 

supp{𝑓𝐴(𝜆)}, are considered, allowing other types of attractors to be analyzed. Still, it was observed 

that if 𝑓𝐴(𝜆) is too concentrated (having a small covering over 𝕏), then its vicinity could behave as a 

long transient in the discrete space, hindering the manifold identification. Theoretical justification for 

this phenomenon comes from analyzing the spectrum of 𝒫𝑡(𝜆) over ℍ. According to Eq. (39), the 

spectrum of 𝒫𝑡(𝜆) will be zero only if ℍ is a measurable subset of  𝕏 with positive measure, that is, 

𝑚(ℍ) > 0 . Fixed-point attractors violate this condition, as a single point has zero measure, 

𝑚({𝒙𝑝}) = 0. Consequently, the spectrum of 𝒫𝑡(𝜆) can contain Dirac distributions centered on ℍ. In 

a discrete approximation, these Dirac measures correspond to any probability measure concentrated 

on a single partition element 𝑏𝑖 . To prevent such spectral artifacts, a regularization parameter 𝑐 is 

introduced. This parameter effectively enlarges the support of the attractors, thereby ensuring the 

measurability of ℍ. 

The process starts by verifying if an attractor’s distribution 𝑓𝐴(𝜆)  is too concentrated. This is 

checked by the ratio between the measures of the distribution’s support and of the phase-space window, 

𝑚(supp(𝑓(𝑘))) > 𝑐 𝑚(𝕏), (58) 
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𝑐 ≥
min𝑚(𝑏𝑖)

𝑚(𝕏)
, 

where 𝑓(0) = 𝑄ℎ[∑𝑓𝐴(𝜆)]  in the first iteration with ∑𝑓𝐴(𝜆)  being the sum of all attractors’ 

distributions, min𝑚(𝑏𝑖) is the minimum measure of the phase-space partition 𝑏𝑖 , and 𝑚(𝕏) is the 

phase-space window measure. If condition (58) is false, given a predefined value 𝑐 , then 𝑓(𝑘) is 

backpropagated through the Koopman operator, that is, 𝑓(𝑘+1) = 𝑃ℎ
𝑇(𝜆)𝑓(𝑘), and condition (58) is 

evaluated again. This process repeats until the condition is satisfied. Then, the box-covering of the 

attracting region is defined as ℍ = supp(𝑓(𝑘)), and the ith lines of 𝑝
𝑖𝑗
(𝜆) corresponding to ℍ are set 

to zero. All other entries of 𝑝
𝑖𝑗
(𝜆)  are identical to 𝑝𝑖𝑗(𝜆) , satisfying Eq. (55). The algorithm is 

summarized in Table 1. At the end, an open-flow discretized transfer operator 𝑃ℎ(𝜆) is constructed. 

Table 1– Construction of open-flow discrete transfer matrix 𝑝
𝑖𝑗

 

0. Take 𝑘 = 0, 𝑓(𝑘) = 𝑄ℎ[∑ 𝑓𝐴(𝜆)] 

1. Evaluate condition (58). If true, then go to 3, else continue 

2 
Backpropagate 𝑓(𝑘) through the Koopman operator, 𝑓(𝑘+1) = 𝑃ℎ

𝑇(𝜆)𝑓(𝑘).  Set 𝑘 ≔ 𝑘 + 1 

and go to step 1 

3. Define ℍ = supp(𝑓(𝑘)) 

4. Define 𝑝
𝑖𝑗
(𝜆) = 𝑝𝑖𝑗(𝜆). Next, set to zero its ith lines corresponding to 𝑏𝑖 ⊆ ℍ 

The eigenvalues 𝜇(𝜆) of 𝑃ℎ(𝜆) are equal to those of 𝑃ℎ(𝜆), with the exception of the fixed space, 

where 𝜇(𝜆) = 1. Spectral analysis of 𝑃ℎ(𝜆) follows, where the left-eigenvectors with largest real 𝜇(𝜆) 

are the discretizations of 𝑓𝑊𝑢(𝜆) over Δℎ, and corresponding right-eigenvectors are the discretizations 

of 𝑔𝑊𝑠(𝜆) over Δℎ
∗ . The correspondence between the left and right spectra of 𝑃ℎ(𝜆) and 𝒫𝑡(𝜆) is easy 

to check. First, the general eigenvalue problem of 𝒫𝑡(𝜆) is projected over Δℎ, 

𝑄ℎ[𝒫𝑡(𝜆)𝑓𝑊𝑢(𝜆)] = 𝑄ℎ [𝜇(𝜆)𝑓𝑊𝑢(𝜆)]. (59) 

Then, considering the projected distribution, Eq. (10), and the projected conditional transfer operator, 

Eq. (52), the following matrix left eigenvalue problem is obtained, 

∑𝑓𝑖(𝜆)𝑝𝑖𝑗(𝜆)𝟏𝑗
𝑖,𝑗

= 𝜇(𝜆)∑𝟏𝑖𝑓𝑖
𝑖

(𝜆), (60) 

where each entry 𝑓𝑖(𝜆) is 

𝑓𝑖(𝜆) = ∫ 𝑓𝑊𝑢(𝜆) 𝑑𝒙

𝑏𝑖

. (61) 
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Therefore, isolated solutions of Eq. (60) with highest 𝜇(𝜆)  will be discretizations of the unstable 

manifolds’ distributions 𝑓𝑊𝑢(𝜆) over Δℎ . The analysis of the right spectra of 𝑃ℎ(𝜆) is considered 

through the general eigenvalue problem of the Koopman operator, projecting it over Δℎ
∗ , 

𝑄ℎ
∗
[𝒦𝑡(𝜆)𝑔𝑊𝑠

(𝜆)] = 𝑄ℎ
∗
[𝜇

(𝜆)𝑔𝑊𝑠
(𝜆)]. (62) 

Then, considering the projected observable, Eq.(23), and the projected conditional transfer operator, 

Eq. (52), the following matrix right eigenvalue problem is obtained, 

∑𝟏𝑗
∗𝑝
𝑗𝑖
(𝜆)𝑔𝑖(𝜆)

𝑖,𝑗

= 𝜇(𝜆)∑𝟏𝑖
∗𝑔𝑖(𝜆)

𝑖

, (63) 

where each entry 𝑔𝑖(𝜆) is 

𝑔𝑖(𝜆) = ∫
𝑔𝑊𝑠(𝜆)

𝑚(𝑏𝑖)
𝑑𝒙

𝑏𝑖

. (64) 

Therefore, isolated solutions of Eq. (63) with highest 𝜇(𝜆) will be discretizations of the stable 

manifolds’ observables 𝑔𝑊𝑠(𝜆) over Δℎ
∗ . Computationally, once the transfer matrix 𝑝

𝑖𝑗
(𝜆) is obtained, 

its left-eigenvectors 𝑓𝑖(𝜆)  and right-eigenvectors 𝑔𝑖(𝜆)  with highest 𝜇(𝜆)  are calculated, 

approximating 𝑓𝑊𝑢(𝜆)  and 𝑔𝑊𝑠(𝜆) , respectively. The ease with which both stable and unstable 

manifolds are derived from the given transfer matrix 𝑝𝑖𝑗(𝜆) validates the definitions of 𝑓𝑊𝑢(𝜆) and 

𝑔𝑊𝑠(𝜆) in the previous section. This approach also enables a direct extension for stochastic dynamics, 

since 𝑝𝑖𝑗(𝜆) represents both the Perron-Frobenius, Eq. (14), and the Foias operator, Eq. (13). Finally, 

systems with parametric uncertainty are analyzed through mean distributions and observables, 

computed via Eqs. (48) and (51), respectively. 

Two points must be emphasized. First, following the analysis in the previous section, function 

𝑓𝑊𝑢(𝜆) is a positive distribution over 𝐿1(𝕏), and 𝑔𝑊𝑠(𝜆) is a positive observable over 𝐿∞(𝕏). The 

graphical representation of each case is different: 𝑓𝑊𝑢(𝜆) is normalized as ‖𝑓𝑊𝑢(𝜆)‖1 = 1 , while 

𝑔𝑊𝑠(𝜆) is normalized as ‖𝑔𝑊𝑠(𝜆)‖∞ = 1. This distinction is expected, since these functions belong to 

different spaces, and the same occurs for their discretizations 𝑓𝑖(𝜆) and 𝑔𝑖(𝜆). Second, there can exist 

more isolated positive eigenvalues 𝜇(𝜆). Such cases correspond to the existence of multiple isolated 

stable and unstable manifolds, as reported by Klünker et. al. [24]. This is no problem for the analysis, 

being dealt with ease by usual numerical eigensolvers, such as Spectra C++, available at 

https://spectralib.org/. 

https://spectralib.org/
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3 Random manifolds of a microarch device 

In [17] the authors investigated the effect of uncertainties and noise on the nonlinear global 

dynamics of a micro-electro-mechanical arch obtained from an imperfect microbeam under axial load 

and electric excitation, using an operator approach. The microarch was assumed to be shallow and 

modeled using a nonlinear Bernoulli–Euler beam theory and was discretized by the Galerkin method 

using as interpolating function the linear vibration modes. Then, from the discretized multi degree of 

freedom model, an accurate single degree of freedom reduced order model, based on theory of 

nonlinear normal modes, was derived. Here the random stable and unstable manifolds of the 

electrically actuated microarch are investigated, considering the sdof nonlinear reduced order model 

(ROM) reported in [17]. Assuming a direct actuation voltage 𝑉𝑑𝑐 = 0.7𝑉, the equations of motion of 

the deterministic system are given by 

𝑑

𝑑𝑡
𝑤1 = 𝑤̇1, 

𝑑

𝑑𝑡
𝑤̇1 = 5.0854𝑤1

5 + 14.3037𝑤1
4 − 2.4554 × 10−6𝑤̇1

4 + 0.0035𝑤̇1
2

− (121.6181 + 0.0224𝑤̇1
2)𝑤1

3 + (762.4990 − 0.0114𝑤̇1
2)𝑤1

2

− (1385.5761 − 0.0172𝑤̇1
2 + 1.5913 × 10−5𝑤̇1

4)𝑤1 − 𝑐1𝑤̇1

+ (𝑐1 − 𝑐2)[−0.0104𝑤1𝑤̇1 − 0.1449𝑤̇1

+ (0.0351𝑤1
4 + 1.0034 × 10−5𝑤1

2𝑤̇1
2)𝑤̇1

+ (0.0164𝑤1
2 + 6.5676 × 10−7𝑤̇1

2)𝑤1𝑤̇1

− (0.0193𝑤1
2 − 5.2796 × 10−6𝑤̇1

2)𝑤̇1]

+ 𝑉𝑎𝑐[0.6280 + 1.0091 × 10
−5𝑤1

2𝑤̇1
2 + 0.0399𝑤1

4 + 0.098𝑤1
3

+ 7.2601 × 10−6𝑤1𝑤̇1
2 + 1.0335 × 10−6𝑤̇1

2 + 0.2257𝑤1
2 + 0.4405𝑤1]

+ 𝑉𝑎𝑐
2 [0.07𝑤1

3 + 5.1858 × 10−6𝑤1𝑤̇1
2 + 0.1612𝑤1

2 + 7.3821 × 10−7𝑤̇1
2

+ 0.3146𝑤1 + 0.4486], 

(65) 

where 𝑤1 and 𝑤̇1 are modal amplitude and velocity of the nonlinear ROM, (𝑤1, 𝑤̇1) = (0,0) is the 

energy local minimum, 𝑐1 = 2𝜉𝜔1 and 𝑐2 = 2𝜉𝜔2 are damping coefficients of the first and second 

linear symmetric modes, with 𝜉 as the damping ratio, and 𝑉𝑎𝑐 = 𝐴 cos(Ω 𝑡) is the alternating current 

(AC) actuation. The first and second natural frequencies are 𝜔1 = 37.7 and 𝜔2 = 116.8 . For 

completeness, deterministic global dynamics results are reported first.  

In [17], two softening resonance regions were observed, one at Ω = 37.2 and other at Ω = 18.6. 

The former corresponds to the first mode natural frequency, while the latter is a superharmonic 

resonance. The superharmonic resonance is more prominent, with larger displacement values. So, the 

superharmonic resonance region was investigated here, considering a forcing frequency Ω = 15 and 

amplitude of excitation 𝐴 = 17𝑉 . The fourth order Runge-Kutta integrator is adopted for the 

construction of the flow 𝜑𝑇, with time-step 𝑇/2000, where 𝑇 is the period of excitation, 𝑇 = 2𝜋/Ω. 
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The analyzed phase-space window is 𝕏 = {−2,3} ⊗ {−70,60} , which contains all the relevant 

attractors. An adaptative phase-space discretization proposed in [16] was applied, with a starting 

subdivision of 32 boxes in each dimension. The changes in the basins of attraction and escape region 

topology with the damping ratio 𝜉 are shown in Fig. 2, together with the corresponding attractors. For 

𝜉 = 0.05, the two basins are robust, with well-defined smooth boundaries. As the damping ratio 

decreases, both basins’ integrity degrades, with escape tongues gradually eroding them, and the 

resonant basin being more affected than the nonresonant one. Note that the phase-space discretization 

of the operator approach entails small numerical diffusion (red color grades) along classical 

deterministic boundaries. According to Ulam, in the limit of infinity resolution, the method converges 

to the expected sharp boundaries. The internal saddle is represented by a blue dot in all cases. As basins 

degrade, the internal saddle moves along the boundary, and at 𝜉 = 0.01, it is located at a triple point 

where the resonant, nonresonant, and escape basins meet. 

    

    

    
(a) 𝜉 = 0.05 (b) 𝜉 = 0.03 (c) 𝜉 = 0.02 (d) 𝜉 = 0.01 

Fig. 2 – Deterministic system. Basins' dependency on the critical damping ratio 𝜉, for 𝐴 = 17𝑉 and Ω = 15, in 

(𝑤1, 𝑤̇1) ∈ {−2,3} ⊗ {−70,60}. Attractors marked in red, saddle points marked in blue. First row: nonresonant region, 

second row: resonant region, third row: escape region. 

Fig. 3 illustrates the evolution of the unstable manifold distribution, 𝑓𝑊𝑢, and the stable manifold 

observable, 𝑔𝑊𝑠, for the saddle point on the basin boundary as the damping ratio decreases. For ξ = 

0.05 (Fig. 3a), the manifolds exhibit their simplest form, which aligns with the smooth basin 

boundaries seen in Fig. 2a. As the damping ratio decreases (Fig. 3b-d), the manifolds grow increasingly 
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complex. The stretching and folding of the stable manifold, visible in panels 3(a.1-d.1), lead to greater 

basin fractality and heightened sensitivity to initial conditions near the boundaries. These effects would 

be further amplified by the introduction of noise. Similarly, the unstable manifolds that converge to 

the two attractors also develop a more intricate structure with reduced damping, as shown in panels 

3(a.2-d.2). Fig. 3b, in particular, reveals variations in density within the manifolds. These density 

fluctuations reflect the underlying flow structure, indicating that certain branches are more 

dynamically significant than others. Regions farther from the attractor generally exhibit lower density, 

forming the tail of the distribution. 

    
(a.1) 𝜉 = 0.05, stable 

 manifold 

(b.1) 𝜉 = 0.03, stable 

 manifold 

(c.1) 𝜉 = 0.02, stable 

 manifold 

(d.1) 𝜉 = 0.01, stable 

 manifold 

    
(a.2) 𝜉 = 0.05, unstable 

 manifold 

(b.2) 𝜉 = 0.03, unstable 

 manifold 

(c.2) 𝜉 = 0.02, unstable 

manifold 

(d.2) 𝜉 = 0.01, unstable 

 manifold 

Fig. 3 – Deterministic system. Dependency of the stable manifold observable 𝑔𝑊𝑠  and unstable manifold distribution 𝑓𝑊𝑢 

on the critical damping ratio 𝜉, in (𝑤1, 𝑤̇1) ∈ {−2,3} ⊗ {−70,60}. 𝐴 = 17𝑉, Ω = 15 

Fig. 4(1) shows the intersection of the stable (blue) and unstable (green) manifold supports, known 

as the saddle support, highlighted in red. For low damping ratios, numerous transverse intersections 

are observed, making visible the presence of a topological horseshoe. These findings demonstrate that 

the damping coefficient, a parameter often difficult to determine, plays a significant role in shaping 

the system's global dynamics. The proposed methodology is validated in Fig. 4(2). Using the box-

covering algorithm from the software GAIO [13], both stable and unstable manifolds were traced. 

Qualitatively, the results from both methods agree, with differences restricted to the tail regions of the 

distribution (i.e., areas of low density). Due to the adaptive phase-space discretization, these tail 

regions are not always marked for refinement. This results in the gaps visible as green squares, 

primarily in Fig. 4(b.1). While the refinement criteria can be adjusted to resolve these regions, this 

comes at the cost of increased computational expense. A qualitative convergence analysis was 

conducted to balance this trade-off, comparing three levels of phase-space sampling with 10², 20², and 

30² initial conditions per box in the initial subdivision (Fig. 5). It was found that 20² initial conditions 



27 

 

provided an optimal compromise between result quality and computational cost, and this value was 

adopted for the study. 

    
(a.1) 𝜉 = 0.05, 

Ulam method 

(b.1) 𝜉 = 0.03, 

Ulam method 

(c.1) 𝜉 = 0.02, 

Ulam method 

(d.1) 𝜉 = 0.01, 

Ulam method 

    
(a.2) 𝜉 = 0.05, 

box covering 

(b.2) 𝜉 = 0.03, 

box covering 

(c.2) 𝜉 = 0.02, 

box covering 

(d.2) 𝜉 = 0.01, 

box covering 

Fig. 4 – Stable (blue), and unstable (green) manifolds’ support for varying damping ratio 𝜉, with intersections marked as 

red. 1) Ulam method, 2) box-covering, in (𝑤1 , 𝑤̇1) ∈ {−2,3} ⊗ {−70,60}. 𝐴 = 17𝑉, Ω = 15 

   
(a.1) 102 initial points, stable 

manifold 

(b.1) 202 initial points, stable 

manifold 

(c.1) 302 initial points, stable 

manifold 

   
(a.2) 102 initial points, unstable 

manifold 

(b.2) 202 initial points, 

unstable manifold 

(c.2) 302 initial points, 

unstable manifold 

Fig. 5 – Convergence of stable manifold observable 𝑔𝑊𝑠  and unstable manifold distribution 𝑓𝑊𝑢 with the number of 

initial integration points per box in (𝑤1, 𝑤̇1) ∈ {−2,3} ⊗ {−70,60}. 𝜉 = 0.03, 𝐴 = 17𝑉, Ω = 15 

The necessity of the proposed localization correction in Eq. (58) and Table 1 is demonstrated in 

Fig. 6. Here, the nonresonant attractor's support is very small, represented by only a single box in the 
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discretized phase-space. This example contrasts two scenarios: one without support expansion (Fig. 

6(a)) and another with it (Fig. 6(b)). Without the support expansion, the numerical method fails to 

correctly capture the distribution of the unstable manifold and the observable of the stable manifold. 

This inaccuracy arises from both numerical and analytical limitations, specifically from the phase-

space discretization, the flow approximation, and the constraints of considering only Dirac measures 

on 𝕏. The issue is effectively resolved by implementing a simple minimal support expansion within 

the Ulam discretization framework, as shown here. 

  
(a.1) Detected stable manifold 

without size control 

(b.1) Detected stable manifold 

with size control 

  
(a.2) Detected unstable manifold 

without size control 

(b.2) Detected unstable manifold 

with size control 

Fig. 6 – Algorithm comparison with and without measure support control. Stable manifold observable 𝑔𝑊𝑠   and unstable 

manifold distribution 𝑓𝑊𝑢 for 𝜉 = 0.03026093, 𝐴 = 17𝑉, Ω = 15, in (𝑤1, 𝑤̇1) ∈ {−2,3} ⊗ {−70,60}. 

Noise effects over the stable and unstable manifolds and the flow structures in phase-space are 

investigated next. By adding the term 𝜎𝑊̇ to the right side of the second equation in (65), where 𝑊̇ is 

a white noise and 𝜎 is a control parameter, a system of stochastic differential equations is obtained. In 

[17], the superharmonic resonance region where Ω = 15, 𝐴 = 17𝑉, and 𝜉 = 0.03 was investigated 

with varying 𝜎-values, where a stochastic bifurcation was reported for 𝜎 = 1.6. Here, results for 𝜎 =

1.5 are investigated. In Fig. 7, basins of attraction for increasing time horizons 1/𝜀 are depicted. A 

loss of basin region is observed for 𝜀 ≤ 10−9. For comparison, [17] observed this loss at a smaller 

time horizon, with 𝜀 ≤ 10−7. The difference points to an inverse correlation between the time horizon 

and the noise intensity: the mean escape time of a solution decreases as noise intensity increases. 

However, an analysis based solely on basins is insufficient to identify a stochastic bifurcation. 
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(a) 𝜀 = 10−1 (b) 𝜀 = 10−5 (c) 𝜀 = 10−9 (b) 𝜀 = 10−11 

Fig. 7 – System with noise. Dependency of the nonresonant (first row), resonant (second row), and escape (third row) 

region of convergence (color bar) onto the time-horizon 1/𝜀, in (𝑤1, 𝑤̇1) ∈ {−2,3} ⊗ {−70,60}. 
𝐴 = 17𝑉, Ω = 15, 𝜉 = 0.03, 𝜎 = 1.5 

Fig. 8 illustrates the evolution of the stable manifold observable, 𝑔𝑊𝑠, and the unstable manifold 

distribution, 𝑓𝑊𝑢, under increasing noise levels. As noise intensifies, both 𝑔𝑊𝑠 and 𝑓𝑊𝑢 diffuse across 

the phase space, indicating a loss of certainty in the flow. The unstable manifold is particularly 

affected; the distinct tongues observed in the deterministic case (Fig. 3(b.2)) spread until they are no 

longer distinguishable from one another (Fig. 8(d.2)). At 𝜎 = 2.0, a value beyond the stochastic 

bifurcation point, drastic changes are observed. The stable manifold observable coalesces over the 

entire resonant region, while the unstable manifold distribution merges with the resonant attractor. 

Although the eigenvalues 𝜇 for 𝑔𝑊𝑠 and 𝑓𝑊𝑢 remain close to the deterministic value of 0.5467 when 

𝜎 < 2, the case of 𝜎 = 2.0 reveals a loss of stability in the attractor measure, signaled by an eigenvalue 

of 𝜇 = 0.999996642 . This eigenvalue signifies the formation of a quasi-stationary distribution, 

shown in Fig. 8(d.2), which arises from the merging of an attractor distribution 𝑓𝐴 and the unstable 

manifold distribution 𝑓𝑊𝑢, the latter being signaled by the eigenvalue 𝜇̅ = 0.999967 of the open-flow 

transfer operator. Precisely identifying this phenomenon is computationally complex and highly 

dependent on phase-space refinement and flow representation. The adopted Ulam method [16] requires 

a formal convergence analysis, but current results indicate that the discretization still strongly 

influences the outcomes. Accurately depicting all system attractors and manifolds necessitates a 

sufficiently fine phase-space discretization and a high-fidelity flow representation. 
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The results also illustrate how noise affects the features of the attractors, changing the structure of 

the unstable and stable manifolds and the homoclinic tangencies (HTs), a topic rarely investigated in 

the technical literature [65]. The trajectory of the unstable manifold is driven out of the neighborhood 

of the attractor by noise over a certain number of iterations, causing considerable local deformation of 

the attractor (formation of "tails"). These are observed in the increasing diffusion of the unstable 

manifold over its tongues before the bifurcation, Fig. 8(a.2, b.2, c.2). 

    
(a.1) 𝜎 = 0.5, stable 

manifold 

(b.1) 𝜎 = 1.0, stable 

manifold 

(c.1) 𝜎 = 1.5, stable 

manifold 

(d.1) 𝜎 = 2.0, stable 

manifold 

    
(a.2) 𝜎 = 0.5, unstable 

manifold 

(b.2) 𝜎 = 1.0, unstable 

manifold 

(c.2) 𝜎 = 1.5, unstable 

manifold 

(d.2) 𝜎 = 2.0, unstable 

manifold 

Fig. 8 – Dependency of the stable manifold observable 𝑔𝑊𝑠  and unstable manifold distribution 𝑓𝑊𝑢 onto the noise 

intensity 𝜎, in (𝑤1, 𝑤̇1) ∈ {−2,3} ⊗ {−70,60}. 𝐴 = 17𝑉, Ω = 15, 𝜉 = 0.03 

Finally, Fig. 9 depicts the saddle support (highlighted in red) for increasing noise levels 𝜎. The 

stochastic bifurcation is visually identified as the resonant attractor becomes enveloped by the unstable 

manifold. This is consistent with the established understanding that such bifurcations can be defined 

by a sudden, radical change in the character of stochastic attractors and their basins. The merging of 

an attractor with a manifold, as can be observed, is a key topological feature of this phenomenon. 

    
a) 𝜎 = 0.5 (b) 𝜎 = 1.0 (c) 𝜎 = 1.5 (d) 𝜎 = 2.0 

Fig. 9 – Stable (blue) and unstable (green) manifolds superposition (in red), marking the saddle for different noise 

intensity 𝜎, in (𝑤1, 𝑤̇1) ∈ {−2,3} ⊗ {−70,60}. 𝐴 = 17𝑉, Ω = 15, 𝜉 = 0.03 
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The final analysis examines the influence of parametric uncertainty on the stable and unstable 

manifolds, as well as the flow structures in phase space. The damping ratio is assumed to be uniformly 

distributed, 𝜉~𝑈(𝑎, 0.05). Four cases were investigated, with 𝑎 ∈ {0.04,  0.03,  0.02,  0.01}. Basins 

and escape regions are reported in Fig. 10. For details of the numerical strategy, please refer to [17]. 

As the parameter 𝑎 moves from 0.04 to 0.01, both basins and escape regions diffuse over the phase-

space, corresponding to an increasing uncertainty of the outcome for a given initial condition. 

   
(a.1) escape, 𝜉~𝑈(0.04,0.05) (a.2) nonresonant, 𝜉~𝑈(0.04,0.05) (a.3) resonant, 𝜉~𝑈(0.04,0.05) 

   
(b.1) escape, 𝜉~𝑈(0.03,0.05) (b.2) nonresonant, 𝜉~𝑈(0.03,0.05) (b.3) resonant, 𝜉~𝑈(0.03,0.05) 

   
(c.1) escape, 𝜉~𝑈(0.02,0.05) (c.2) nonresonant, 𝜉~𝑈(0.02,0.05) (c.3) resonant, 𝜉~𝑈(0.02,0.05) 

   
(d.1) escape, 𝜉~𝑈(0.01,0.05) (d.2) nonresonant, 𝜉~𝑈(0.01,0.05) (d.3) resonant, 𝜉~𝑈(0.01,0.05) 

Fig. 10 – Deterministic system with parametric uncertainty. Mean basins and mean escape regions for varying damping 

ratio 𝜉 distributions in (𝑤1, 𝑤̇1) ∈ {−2,3} ⊗ {−70,60}. 𝐴 = 17𝑉, Ω = 15 

The effects of parametric uncertainty on the stable and unstable manifolds of the deterministic 

system are depicted in Fig. 11. The interactions and mixing of the manifolds are illustrated in Fig. 12. 
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As uncertainty increases, the mean structures diffuse across the phase space, leading to greater 

complexity in the flow structure. For the lower uncertainty case, shown in Fig. 11 (a) and Fig. 12(a), 

the unstable manifold remains relatively simple, while the stable manifold is already diffused over a 

large region. Additionally, a diffusion of the saddle is observed in Fig. 12(a), highlighted in red. This 

reflects the basins’ topology in Fig. 10(a), with large nondeterministic regions. The unstable manifolds, 

Fig. 11(2), present regions of high probability, with the support of the nonresonant attractor localized 

in a small region, due to the damping ratio 𝜉 distribution, while the support of the resonant attractor 

spreads along a curve. The stable manifold, Fig. 11(1), develops a complex structure as uncertainty 

increases, with growing regions of intersection, as observed in Fig. 12(d). Lastly, discontinuities are 

observed in all cases, a spurious result due to the adopted 𝑛-point collocation discretization of the 

probability space (𝕃, 𝑃𝜆). This effect is known in the uncertainty quantification literature, motivating 

the development of adaptative discretization techniques of the probability space [66]. 

    
(a.1) stable manifold, 

𝜉~𝑈(0.04,0.05) 
(b.1) stable manifold, 

𝜉~𝑈(0.03,0.05) 
(c.1) stable manifold, 

𝜉~𝑈(0.02,0.05) 
(d.1) stable manifold, 

𝜉~𝑈(0.01,0.05) 

    
(a.2) unstable manifold, 

𝜉~𝑈(0.04,0.05) 
(b.2) unstable manifold, 

𝜉~𝑈(0.03,0.05) 
(c.2) unstable manifold, 

𝜉~𝑈(0.02,0.05) 
(d.2) unstable manifold, 

𝜉~𝑈(0.01,0.05) 

Fig. 11 – Dependency of the stable and unstable manifolds’ distributions on the damping ratio 𝜉 distributions, in 

(𝑤1, 𝑤̇1) ∈ {−2,3} ⊗ {−70,60}. 𝐴 = 17𝑉, Ω = 15 

 

    
(a) 𝜉~𝑈(0.04,0.05) (b) 𝜉~𝑈(0.03,0.05) (c) 𝜉~𝑈(0.02,0.05) (d) 𝜉~𝑈(0.01,0.05) 
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Fig. 12 – Stable (blue), and unstable (green) manifolds superposition (in red), marking the saddle for different damping 

ratio distributions 𝜉, in (𝑤1 , 𝑤̇1) ∈ {−2,3} ⊗ {−70,60}. 𝐴 = 17𝑉, Ω = 15 

4 Final remarks 

This work explored the definitions of stable and unstable manifolds within the framework of 

measurable dynamics of nondeterministic systems. We defined transfer and composition operators for 

nondeterministic systems and revisited the classical Ulam discretization. Our analysis demonstrated 

that the resulting distributions on unstable manifolds reside in the space of piecewise constant 

functions over the phase-space partition. This clarification was essential to establish that the 

corresponding dual space comprises the constant unitary functions over the same partition – a key 

result for defining observables on stable manifolds. Building on this foundation, we integrated 

definitions of invariant manifolds for nondeterministic dynamics with the spectral theory of Markov 

operators. By defining a one-way boundary over attractors’ regions, an open-flow dynamical system 

and corresponding transfer operators 𝒫𝑡 and 𝒦𝑡 were constructed. Their properties were investigated, 

and the existence of distributions of unstable manifolds 𝑓𝑊𝑢 and observables of stable manifolds 𝑔𝑊𝑠, 

considering both weak convergence and strong convergence in measure, was demonstrated. The main 

result characterizes 𝑓𝑊𝑢 and 𝑔𝑊𝑠 as eigenfunctions of 𝒫𝑡 and 𝒦𝑡, respectively, each associated with a 

dominant real eigenvalue |𝜇| < 1. Leveraging their duality relation, a discretization strategy based on 

the Ulam method was developed. This approach introduces a parameter 𝑐 to define the open-flow 

operator, enabling the simultaneous approximation of both 𝑓𝑊𝑢 and 𝑔𝑊𝑠. 

To demonstrate the proposed methodology and investigate the effects of noise and parametric 

uncertainties on invariant manifolds, we applied it to an electrically actuated microarch. The study 

encompassed deterministic, stochastic, and random-parameter regimes. Transfer operators were 

constructed using the discretization strategies previously outlined. The analysis revealed intricate 

dependencies between the invariant manifolds, noise intensity, system parameters, and the saddle point 

dynamics. A key finding is that the loss of convergence probability under noise is associated with an 

expansion of the stable manifold over the stochastic basin and a concurrent merging of the unstable 

manifold with the attractor, forming a quasi-stationary distribution with dominant eigenvalue almost 

one. These results imply that long transient solutions can be anticipated when the stable manifold 

occupies extensive regions of the phase space. 

Future research directions include, but are not limited to, applications of this theory to other 

problems of interest, such as fast-slow dynamics or engineering models. From a computational 

perspective, the classical Ulam discretization, while a powerful general strategy, suffers from slow 

convergence and high computational costs. We aim to explore more complex discretized spaces 

inspired by Koopman theory to address these limitations. 
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