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A B S T R A C T

We present a theoretical model examining household, firm, and municipal strategies in urban waste manage-
ment. The model incorporates co-production by households and firms and introduces a private collector as
a municipal competitor in waste management. Households can only dispose of recycled waste through the
municipal system, while firms can choose between municipal waste management and selling recycled waste
to the private collector. The model resolves a sequential game between the municipality and firms, with the
municipality setting rules on recycling capital and tax incentives, while firms and households decide on their
optimal waste disposal practices.

The aim is to explain the decision-making process of municipalities, the impact of tax incentives on firms’
waste management choices, and the implications of citizens and firms involvement in co-production activities.
Findings contribute to the development of sustainable waste management practices towards the achievement
of sustainable goals.
1. Introduction

Municipal waste, often referred to as urban waste, is defined as
‘‘waste from households and waste from other sources, such as retail,
administration, education, health services, accommodation and food
services, and other services and activities, which is similar in nature and
composition to waste from households’’ (Directive 2018/851/EU). It
represents about 27% of the total waste generated within the EU. Waste
management covers the handling of waste generated by individuals and
businesses, involving collection, transportation, monitoring, disposal,
and recycling. This process ensures that waste is managed safely from
its origin until it is either recycled or properly disposed of, preventing
harm to the environment and human health.

Waste management represents a core responsibility of local gov-
ernments and holds a prominent position on the urban policy agenda
due to its critical implications for the environment, public health, and
public investments. It presents also one of the major challenges for EU
institutions. Recent EU directives have established ambitious targets
for municipal waste collection and recycling, necessitating substantial
investments in infrastructure, technologies, capacities, and processes in
the near future.

∗ Corresponding author.
E-mail addresses: f.fiorillo@univpm.it (F. Fiorillo), e.merkaj@univpm.it (E. Merkaj).

1 The EU encourages the involvement of private operators in waste management but leaves the organization and division of responsibilities between the public
and private waste management sectors to the discretion of member states. Private waste management companies in EU countries typically operate within the
industrial and commercial sector and secure contracts for municipal waste management [1].

Effective waste management is a multifaceted challenge influenced
by a complex interplay of policies, regulations, socio-cultural con-
texts, environmental conditions, economic factors, and available re-
sources [3–6]. Numerous stakeholders are involved in waste manage-
ment, each with unique interests and concerns. Local governments
are responsible to manage urban waste and coordinate the complex
interactions among processes and stakeholders, with the goal of safe-
guarding the environment and conserving resources. It involves the
careful balancing of costs and revenues, adherence to EU regulations,
public education, and strategic investments in infrastructure and tech-
nology to meet ambitious recycling objectives. They implement various
measures/policies to reduce waste, increase recycling, and minimiz-
ing landfill to ensure an efficient management of waste (The Waste
Framework Directive 2008/98/EC). Another stakeholder in waste man-
agement are private waste management companies that handle waste
collection, transportation, and disposal services. They offer services that
complement or, in some cases, compete with municipal or government-
run waste management programs. These companies often operate inde-
pendently of government waste management agencies, although they
may also engage in public–private partnerships (PPPs) or compete
for service contracts awarded by municipalities through a bidding
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process.1 Households generate waste and are concerned about timely
and convenient waste collection services. They may have an interest
in recycling programs and actively engage in co-production activ-
ities to reducing waste and minimize environmental impact [8,9].
Firms produce waste, and their interests may include cost-effective
waste disposal and adherence to waste management regulations. Some
businesses may also aim to improve sustainability and reduce waste
generation [10,11]. Government agencies at various levels (local, re-
gional, and national) are responsible for setting and enforcing waste
management regulations. Their interest is to protect public health and
the environment by ensuring compliance with waste laws (The Waste
Framework Directive 2008/98/EC).

Theoretical research has shown that government measures, like
penalties and incentives, significantly influence the willingness of var-
ious participants to engage in waste recycling efforts. Previous studies
have explored various aspects of waste management, using partial
equilibrium approach, focusing on specific waste types or individual
stakeholder behaviors. Du et al. [11] use an evolutionary game the-
ory model to analyze how construction firms and the public behave
with regard to illegal dumping of construction waste. They find that
well-structured penalties and incentives can effectively reduce ille-
gal dumping and encourage household participation. However, their
analysis solely considers construction waste and does not account for
other operational factors of the actors. In contrast, Choe and Fraser
[12] develop a model for household waste management policies that
addresses waste reduction efforts by firms and households, as well as
the issue of illegal waste disposal by households. They conclude that
government policies should adapt to varying levels of household waste
reduction efforts, sometimes requiring explicit monitoring of illegal
waste disposal. Other studies have considered waste management as
a generic concept but often treated municipal decisions as exoge-
nous. Tan and Guo [13] models a manufacturer, retailer and consumer
decision-making under the impact of 4 exogenous government poli-
cies (no policies, incentive promotion, strong regulation, joint policy).
They find that the government’s policy can improve product recycling
quality and remanufacturing technology, and therefore influence the
effectiveness of the trading market. Other studies explore the influence
of municipal policies on consumer or firm behavior related to recycling
or co-production [9,14], without exploring the intricate interactions
among all stakeholders.

Our research bridges this gap by taking a comprehensive approach,
considering the entire waste management ecosystem and the interde-
pendent decision-making strategies of households, firms, and munic-
ipalities. This novel perspective allows us to evaluate the strategies
employed by municipalities in waste disposal and analyze the signif-
icant role played by tax incentives and co-production in achieving
sustainable solutions for all actors.

An additional aspect of the model is the inclusion of a private
waste management entity, which is a competitor of the municipal
waste collection services, concerning the disposal of waste generated
by firms. Citizens must decide how much time to allocate to recycling
versus leisure and work to maximize their utility, while firms choose
between municipal waste management and selling their recyclables
to private collectors based on profit optimization. Municipalities play
a pivotal role in managing waste by deciding on capital allocation
and tax incentives to influence firms’ choices while ensuring cost and
target constraints are met. Co-production of citizens and firms is a
critical aspect, involving various activities aimed at reducing waste,
minimizing environmental impact, and conserving resources.

By solving a sequential game with three players, we can exam-
ine how changes in citizens’ and firms’ behavior regarding recycling
efforts and their cost–benefit considerations influence municipalities’
optimal solutions. We assess the municipality’s behavior concerning the
inclusion or exclusion of firms from the municipal waste system and
discuss the redistributive implications of this behavior. We analyze the
2

strategies employed by municipalities in waste disposal management p
and the roles played by tax incentives and co-production in achieving
sustainable optimal solutions.

This research enhances the understanding of optimal strategies for
municipalities in waste management systems. The insights derived from
this theoretical model can provide guidance to policymakers and stake-
holders in formulating effective fiscal strategies for waste management
that harmonize economic, environmental, and social objectives.

2. Literature review

2.1. The role of the municipality in urban waste management in EU coun-
tries

In European Union (EU) countries members, local governments are
responsible for waste management with the objective of safeguarding
the environment and conserving valuable resources. This multifaceted
role encompasses various critical functions, including waste collection,
recycling program, and eco-friendly disposal practices. Through their
efforts, municipalities contribute significantly to the well-being of their
communities and the preservation of our planet’s ecological balance.
(Waste Framework Directive 2008/98/EC).

Municipalities are obligated to align their waste management prac-
tices with EU directives and regulations.2 They are bound to achieve
specific recycling targets. Waste policies and targets established by the
EU consist of fundamental standards for the management of specific
waste categories. In 2015, the European Commission proposed new
targets for municipal waste of 60 percent recycling and preparing for
reuse by 2025 and 65 percent by 2030 [19].

The design of waste management programs, tailored to meet EU
recycling rate objectives, exhibits variation among countries, high-
lighting the decentralized structure of waste management in Europe.
According to the European Parliament [20] in 2021, nearly half of
all municipal waste in the EU was recycled or composted. Countries
such as Germany, Bulgaria, Austria, and Slovenia have already met or
exceeded the 60 percent recycling target. However, Portugal, Romania,
Malta, and Greece are currently lagging in terms of performance in this
regard.

Local governments use a variety of policy instruments to prevent
waste generation and encourage recycling and material reuse. Accord-
ing the European Environmental Strategy, the main policies used by EU
Countries are landfill tax, pay-as-you throw taxation or other tax incen-
tives, incineration tax, landfill ban on organic waste or non-pretreated
waste and Mandatory Separate collection of bio-waste fractions [19].
Studies emphasize the positive impact of policies like taxation and unit
pricing systems on waste reduction, though the outcomes vary across
countries. For instance, in Sweden, a tax of approximately 0.2 USD/kg
resulted in a 35 percent reduction in waste [21]. Bueno and Valente
[22] highlighted the success of the unit pricing system in Trento, Italy,
leading to a substantial 38 percent reduction in unsorted waste. In the
canton of Vaud in Switzerland, the introduction of a tax on unsorted

2 The EU has progressively enriched the waste management legislation
n the aim to accelerate the transition towards a circular economy. There
re five directives that set the targets for municipal waste collection and
anagement: (i) (The Landfill Directive 1999/31/EC), which sets out strict

perational requirements for landfill sites limiting the municipal waste that can
e landfilled from 2035 to 10%. (ii) (Waste Framework Directive 2008/98/EC)
ays down waste management principles, defines the waste hierarchy empha-
izing the importance of municipal waste management and sets some ambitious
arget for municipal waste recycling. (iii) The Single-Use Plastics Directive
019/904/EU (amended in 2018) sets separate collection targets for plastic
aste. (iv) The Packaging and Packaging Waste Directive 94/62/EC (amended

n 2018) focuses on the management of packaging waste. (v) In 2020 the EU
eleased the new Circular Economy Package [18] which seeks to accelerate
he transition towards a circular economy containing targets on sustainable
roducts, circular textile and new regulation regarding construction waste.
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waste, ranging from 0.24 to 1.95 CHF in 2013, increased the price of
a 35-liter bag from 0.24 to 1.95 CHF, resulting in a roughly one-fourth
decrease in yearly unsorted household waste per inhabitant [23]. These
studies underscore the importance of complementing such policies with
accessible recycling facilities to further enhance their effectiveness in
waste management.

Municipalities are responsible also for educating and raising aware-
ness among citizens and businesses about responsible waste manage-
ment, recycling practices, and adherence to local waste regulations
(The Waste Framework Directive 2008/98/EC). Educational initiatives
and awareness campaigns play a significant role in achieving these
objectives [24,25] leading to long term behavioral-changes [26].

Waste management carries various costs for municipalities, includ-
ing those associated with waste collection, transportation, and recy-
cling. These costs include expenses related to labor, fuel, maintenance
of waste collection vehicles and organizational cost [27]. Municipalities
also invest in recycling facilities to enhance the effectiveness of waste
management [28] and to comply with fast changing EU and national
waste management regulations. Expenses arise from conducting public
awareness campaigns, educating residents about proper waste disposal,
and promoting recycling and waste reduction [29].

Municipalities often charge residents and businesses for waste col-
lection services. The fee structure can vary, including flat rates, volume-
based charges, or ‘‘pay-as-you-throw’’ models. While specific fee struc-
tures are not outlined in EU directives, the principles of cost recovery
and incentives are encouraged in The Waste Framework Directive
2008/98/EC. The specific fee structure can vary by region or munic-
ipality within a country. For example, different region in the same
country may use various fee structure, including flat rates and pay-
as-you-throw model as in UK, Germany and Italy among others. Some
municipalities generate revenue from other sources, such as the sale of
recyclable materials, energy production from waste-to-energy facilities,
government subsidies, fines for non-compliance, and grants to support
waste management initiatives.

Balancing costs and revenues is essential for municipalities to main-
taining an economically sustainable and environmentally responsible
waste management system. Achieving financial equilibrium in waste
management allows municipalities to provide consistent and high-
quality services, meet regulatory requirements, invest in environmen-
tally responsible practices, and reduce the financial burden on their
constituents. The Waste Framework Directive 2008/98/EC promotes
cost-effective waste management and resource efficiency.

2.2. Co-production in waste recycling

Co-production, defined as the ‘‘involvement of citizens, clients,
consumers, volunteers and/or community organizations in producing
public service’’ [30], has gained significant attention in recent years.
The literature suggests that public services can be provided more
efficiently by adopting a co-producing approach involving service re-
cipients [31]. Co-production can have various influences on public
services, such as enhancing citizens’ involvement, facilitating more
targeted and responsive services [32], and improving the efficiency and
effectiveness of service delivery [33].

In the context of waste management, co-production can involve
various activities such as sorting and separating recyclable materials,
participating in recycling programs, and engaging in waste reduction
practices. Co-production can influence the cost and efficiency of waste
management. If citizens are actively involved in waste management
activities, it can lead to cost savings for the entire society. For ex-
ample, if citizens sort waste properly, it can reduce the cost of waste
treatment and disposal. Overall, the benefits of co-production in waste
management can include a reduction in the overall volume of waste
that needs to be handled by municipal waste management systems,
3

a decrease in environmental pollution, conservation of resources, and
potential economic benefits through the recovery of valuable materials
from waste refer to (see Landi and Russo [34], Alonso et al. [35]).

Co-production in waste recycling can be seen as a common good
due to its potential benefits and value to society as a whole. It is a
shared resource or activity that benefits everyone, regardless of their in-
dividual contributions. The collective action of firms and households in
co-producing waste management services contributes to the well-being
and sustainability of the community, making it a common good.

The literature highlights the potential benefits of co-production in
public services and its relevance to waste management. It emphasizes
the role of citizen participation in waste reduction, sorting behaviors,
and the importance of creating convenient waste management practices
through tax policies [36]. Di Liddo and Vinella [9] demonstrates that
citizen engagement in waste management could expand the production
possibility frontier if the municipality implement tax policies that
make sorting more convenient relative to work. Wang et al. [37]
describe a game that focuses on government strategies to encourage
cooperation between consumers and waste collectors. Their findings
suggest that appropriate incentives and penalties can make collectors
and recyclers to engage more actively in recycling and reusing plastic
waste. However, these policies are less powerful when citizens are less
concerned about environmental preservation and particularly when the
associated costs are high [38]. This implies that participation in co-
production is influenced not only by public policies but also by various
economic, environmental, and social factors. Cohen et al. [14] reached
a similar conclusion while modeling the voluntary participation of cit-
izens in recycling within the framework of specific government policy
schemes. Their research underscores that effective waste management
necessitates trust and cooperation between residents and the munic-
ipality. Czajkowski et al. [39] find that factors like social pressure,
moral motivation and effort exert an impact on pro-environmental
behaviors. These theories find evidence in various countries, including
France [36], Serbia [39], and across the entire European Union [40].

In our model, we consider the effort invested in co-production
activities, which include sorting and recycling, by both households and
firms. We use two measures to assess household co-production. The first
measure reflects their preference for civicness, which is determined by
the importance they attach to the cleanliness of the city. The second,
considers recycling productivity, evaluated based on the quality of the
recycled waste they generate. Conversely, the extent of firms’ involve-
ment in recycling is assessed by the productivity of recycled waste.
Firms that are more productive allocate greater effort to co-production,
resulting in a higher quality of recycled waste. We contribute to the
co-production literature by assessing its impact on the optimal choices
made by households, firms, and municipalities in their interconnected
interactions. Our findings underscore the critical role played by waste
productivity, due to the co-production efforts of both citizens and firms,
in determining the optimal waste management solutions for all the
stakeholders. This underscores the intricate and interdependent nature
of co-production behavior.

The implications of our research extend to policymakers, as we offer
insights that can inform the development of effective policy initiatives.
By recognizing the importance of co-production and its potential bene-
fits, policymakers can design strategies and interventions that promote
sustainability and facilitate the transition to a more circular economy.

3. The model

In our economic model, waste recycling is conceptualized as a co-
produced service involving citizens and firms. There exist two possible
collectors of waste: the municipal government and a private competitor
company specializing in waste recycling and disposal. Different rules
and considerations govern the recycling practices of citizens and firms.
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Citizens. Households, who prioritize the cleanliness and tidiness of
their city, choose to dedicate their time to earning a wage (𝑤) for
urchasing consumer goods (X). Simultaneously, they allocate a portion
f their non-working time to actively participate in waste reduction
nd recycling activities, aligning with the principles of co-production
heory. They exclusively dispose of their waste through the urban waste
anagement system operated by the local government. Recycling plays
vital role in maintaining a clean environment, and citizens actively

onsider the cleanliness of their city when making decisions regarding
heir recycling efforts. This recognition of the intrinsic link between
ecycling and the overall cleanliness of the city underscores the im-
ortance of waste management co-production practices in ensuring
nvironmental sustainability of the territory.

irms. Firms operate within the municipality to produce consumption
oods (Y) using the available local labor force. These consumption
oods are then distributed to residents both within and outside the
unicipality. In our analysis, we assume that these consumer goods

re perfectly identical, leading to a state of perfect competition among
irms in the consumer goods market.3 Moreover, firms are subject to
ore stringent waste production regulations. A portion of their waste

s categorized as special and non-urban waste 𝑊𝑆𝑇𝑆 , necessitating
pecialized and costly treatment methods. This particular waste falls
utside the purview of the municipal waste management system. The
emaining portion of firms’ waste can be disposed of through either the
unicipal waste management 𝑊𝑆𝐹𝐹 , referred to as Non-Autonomous
ecycling (NAR), or private recycling collector (𝑊𝑆𝑇𝐴𝑅), defined as

Autonomous recycling (AR). Unlike citizens, firms have the autonomy
to choose between these two competing waste management service
providers.

Municipality. The local government is responsible for organizing ur-
ban waste services to achieve recycling targets while simultaneously
determining the tax burden on citizens and firms to cover the costs
associated with municipal waste management.

The municipality has the ability to differentiate the fiscal treatment
between the two regimes, leading to different tax rates (𝜏𝐴𝑅𝐹 ≠ 𝜏𝑁𝐴𝑅

𝐹 ).
et us define the difference in fiscal treatment between the two waste
anagement regimes as: 𝐷 = 𝜏𝐴𝑅𝐹 − 𝜏𝑁𝐴𝑅

𝐹 ,
The value of 𝐷 reflects the fiscal policy implemented by the munici-

ality to promote or discourage certain waste management practices. If
> 0, it indicates that there is a fiscal incentive for firms to opt for the
unicipal waste system (NAR). Conversely, if 𝐷 < 0, firms receive by

he municipality an incentive to dispose of waste through autonomous
ecycling (AR).

aste. The total waste generated in the city can be defined as follows:

𝑆𝑇 = 𝑊𝑆𝑇𝑆 +𝑊𝑆𝑇𝐴𝑅 +𝑊𝑆𝑇𝑁𝐴𝑅 +𝑊𝑆𝑇𝐹 +𝑊𝑆𝑇𝑌 , (1a)

here 𝑊𝑆𝑇𝑆 , 𝑊 𝑆𝑇𝐴𝑅, 𝑊 𝑆𝑇𝑁𝐴𝑅 and 𝑊𝑆𝑇𝐹 represent waste pro-
duced by firms and considered as special waste (𝑊𝑆𝑇𝑆 ), waste recycled
through private collectors (𝑊𝑆𝑇𝐴𝑅), waste recycled through urban
waste collector (𝑊𝑆𝑇𝑁𝐴𝑅), and waste that is accounted as not recycled
urban waste (𝑊𝑆𝑇𝐹 ), respectively. 𝑊𝑆𝑇𝑌 represents the waste em-
bodied in the goods produced by firms and consumed by citizens, both
within and outside the municipality. Consequently, the overall amount
of waste produced in the city (𝑊𝑆𝑇 ) exceeds the waste resulting solely

3 The assumption of perfect competition, coupled with the mobility of goods
cross different regions and the immobility of the labor force, results in the
age rate (𝑤) adjusting endogenously to maintain a zero-profit condition for
usinesses. This implies that, in the absence of income distribution considera-
ions, our model is equivalent to a scenario where a fixed value for 𝑤 is set,
nd all incomes, including profits, are distributed to the residents within the
4

unicipality.
from consumption.4 Note that the total waste to be disposed through
municipality waste management is 𝑊𝑆𝑇 − 𝑊𝑆𝑇𝑌 + 𝑊𝑆𝑇𝑋 , since a
quote of consumption goods is exported out of the municipality and a
quote is imported. If municipality is a net importer of goods 𝑋−𝑌 > 0,
t imports also waste 𝑊𝑆𝑇𝑋 − 𝑊𝑆𝑇𝑌 > 0, the converse is true when
unicipality is a net exporter of goods. For simplicity we assume that

ach unit of consumption good consumed equal to a unit of waste, thus
= 𝑊𝑆𝑇𝑋 and 𝑌 = 𝑊𝑆𝑇𝑌 .

.1. Timing of the sequential game

The problem under consideration can be conceptualized as a se-
uential game. Initially, the central government establishes the criteria
or classifying waste as urban waste and determines the recycling tar-
ets for municipalities. These factors are treated as exogenous variables
n our model.

Next, the municipality decides on the allocation of resources to
e distributed among citizens and firms for recycling purposes. The
rimary objective of the municipality is to minimize the cost associated
ith waste collection services while meeting the recycling targets set
y the government. Consequently, the municipality must carefully set
he taxation levels imposed on both citizens and firms to cover the costs
n order to achieve the optimal solution. Additionally, taxes determine
iscal incentives influencing the decision-making of firms.

In the subsequent step, citizens and firms make their respective de-
isions. Citizens are responsible for choosing their consumption levels,
abor supply, and the effort they will dedicate to waste co-production
nd recycling as an alternative to work and leisure. Firms, on the other
and, decide the level of production and whether to allocate waste to
he municipal waste collector or a private waste management entity.

To solve this game, we employ a backward induction approach. Ini-
ially, we determine the optimal choices made by firms and households.
ubsequently, we establish the municipal instruments and examine
he impact of government measures on the optimal behavior of the
unicipality.

. Production side

The production side of each municipality involves multiple firms
hat are considered collectively. These firms employ one unit of labor
o produce a unit of consumption goods (𝑌 ) and 𝑏 units of waste (𝑊𝑆𝑇 )
hich, if not properly managed, can reduce the city’s cleanliness.

Firms generate waste, but they are not responsible of the one
mbodied in the consumption of citizens (𝑊𝑆𝑇 − 𝑊𝑆𝑇𝑌 = (𝑏 − 1)𝑌 ).
ere, 𝑏𝑌 represents the total production of waste, and 𝑌 corresponds to

the waste generated by citizens within and outside the municipalities
through their consumption.

The waste on which firms are responsible can be classified into
special and normal waste:

(𝑏 − 1)𝑌 = 𝑊𝑆𝑇𝑆 +𝑊𝑆𝑇𝐴𝑅 +𝑊𝑆𝑇𝑁𝐴𝑅 +𝑊𝑆𝑇𝐹 . (1b)

pecial waste. Special waste (𝑊𝑆𝑇𝑆 ) refers to waste that requires
pecial treatment and processes for proper disposal. Examples include
azardous chemicals, construction materials, and heavy waste. Special
aste is expressed as 𝑊𝑆𝑇𝑆 = 𝑠𝑌 , where 𝑠 ≤ 𝑏 − 1 represents

the percentage of special waste generated by firms during production.
Special waste does not contribute to urban waste and is not subject to
taxation. However, the special treatment required for this type of waste
incurs a cost for the firms, denoted as 𝜒𝑊 𝑆𝑇𝑆 = 𝜒𝑠𝑌 , where 𝜒 is the
nit cost of special waste.

4 Further elaboration on this aspect will be provided in subsequent sections.
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Urban waste. Urban waste, also referred to as normal waste can be
managed through two different approaches: the municipal waste man-
agement and private waste management. When firms choose to dispose
of their waste through the municipal waste collector, it is categorized
as urban waste or non-autonomous recycling (𝑖 = 𝑁𝐴𝑅). On the
other hand, if firms opt for private waste management collectors, it is
considered autonomous recycling (𝑖 = 𝐴𝑅), usually it not considered

ithin waste recycled by municipality.
The recycling activity of firms depends on the production factors

sed. We define the aggregation of all production factors used for
ecycling activity as capital (𝐾𝑖). More properly, capital includes all
quipment used for collection of waste, such as bins, trucks, sorting
ags for recycling, as well as the organizational measures required for
ecycling. In particular, we assume that the quantity of recycled waste
roduced by firms is 𝑊𝑆𝑇𝑖 = (1 + 𝛼)𝐾𝑖. Where 𝐾𝑖 is the quantity of

production factors used in recycling.5 1 + 𝛼 represents the marginal
productivity in recycling of capital used by firms, or for shortness the
recycling productivity of the firms.6

In the context of autonomous recycling, firms have the option to
ell their recyclable materials (𝑊𝑆𝑇𝐴𝑅) to private waste managers at a

unit price of 𝑝𝑅. In this case, the decision on the amount of capital 𝐾𝐴𝑅
s made by firms. Hence, engaging in autonomous recycling activities
ncurs a cost for firms, represented by 𝛾𝐾𝐴𝑅. The quantity of recycled
aste destined for private waste management providers is determined
y the capital required for recycling and recycling productivity, given
s 𝑊𝑆𝑇𝐴𝑅 = 𝑟𝑌 = (1 + 𝛼)𝐾𝐴𝑅, where 𝑟 denotes the rate at which
irm dispose of their waste through AR. In the case of non autonomous
ecycling, the amount of capital 𝐾𝑁𝐴𝑅 is provided by municipality,
ot by firm. In this case, the amount of recycled waste is 𝑊𝑆𝑇𝑁𝐴𝑅 =
1 + 𝛼)𝐾𝑁𝐴𝑅.

Obviously, the amount of recycled waste cannot exceed the maxi-
um amount of waste produced, leading to the constraint:

𝑆𝑇𝑖 = (1 + 𝛼)𝐾𝑖 ≤ (𝑏 − 1 − 𝑠) 𝑌 , 𝑖 = 𝐴𝑅,𝑁𝐴𝑅. (2)

.1. Maximization problem of firms

This section focuses on the maximization problem faced by firms
n the context of waste management. The assumptions made include
he restriction that firms can only hire labor from within the munic-
pality, the assumption of perfect substitution between consumption
oods produced within the municipality and those produced elsewhere,
oupled with free entry of firms, ensures perfect competitive market
f consumption goods with zero-profit condition; it is clear that since
orkers are not mobile while goods are, the wages in each municipal

ould be different.
The objective is to determine the optimal choices of waste manage-

ent and labor demand that maximize firm profits.
The joint production function of firms is expressed as follows:

= 𝐿;𝑊𝑆𝑇 = 𝑏𝑌 = 𝑏𝐿.

Here, 1
𝑏 represents the constant input of labor required to produce

ne unit of waste. Firms can hire labor (𝐿) only within the municipality

5 We assume that the quantity of waste recycled by firms is independent of
he labor force they employ for the production of consumption goods. Instead,
t relies on additional factors, which we have define as ‘‘capital’’ for brevity.
t is essential to note that the possibility of allocating both labor and capital
o the production of consumption goods and recycled waste does not alter the
ore results of our model. We discuss this aspect in our concluding remarks.

6 The assumption of constant returns to scale is justified by our definition of
apital, which includes all the production factors used by firms. Furthermore,
e consider that a unit of capital generates the same quantity of recycled
aste, regardless of whether it is acquired by companies (AR) or provided by
5

he municipality (NAR). s
but have the flexibility to sell consumption goods both within and out-
side the municipality. The price of consumption goods (𝑝𝑌 ) is assumed
to be given and equal in all municipalities, with 𝑝𝑌 = 1.

The firms’ maximization problem can be formulated as follows:

max
𝑟,𝐿

𝛱 = max
𝑟,𝐿

𝐿 +
(

𝑝𝑅 −
𝛾

1 + 𝛼

)

𝑟𝐿 + (3)

−𝑤𝐿 − 𝜒𝑠𝐿 − (𝑏 − 1 − 𝑠)𝜏𝐹𝐿.

In the objective function (3), 𝐿+ 𝑝𝑅𝑟𝐿 represents the revenues gen-
erated from production and selling waste to private waste management.
𝑤𝐿 denotes the cost of the production input, 𝛾𝐾𝐴𝑅 = 𝑟 𝛾

1+𝛼𝐿 represents
the costs incurred in the case of autonomous recycling, 𝜒𝑠𝐿 represents
the cost of special waste, and (𝑏 − 1 − 𝑠)𝜏𝐹𝐿 is the tax that firms must
ay for waste production.

To find the optimal solutions, we aim to determine the values of 𝑟
nd 𝐿 that maximize the objective function. In this case, the objective
unction is linear with respect to 𝑟 and 𝐿, indicating that the optimal
olutions will be corner solutions.

Maximizing with respect to 𝑟 allows us to determine the optimal
evel of waste disposal through autonomous recycling (𝑟) in alternative
o NAR. This decision depends on the relative profitability of the two
ptions. If the price received for selling waste is greater than the cost of
aste disposal through autonomous recycling (𝑝𝑅 > 𝛾

1+𝛼 ), it is optimal
for the firms to dispose all their waste through autonomous recycling,
which corresponds to the maximum value of 𝑟 (i.e., 𝑟 = 𝑏 − 1 − 𝑠). On
the other hand, if 𝑝𝑅 is lower than 𝛾

1+𝛼 , it is optimal for the firms to set
𝑟 to its minimum value of 0.

Maximizing with respect to 𝐿 allows us to determine the optimal
level of employment for the firms that maximize revenues generated
by production and waste disposal while considering the associated
costs of labor and other inputs. Additionally, we impose a zero profit
condition to allow free entry of firms and ensure that firms operate in
a competitive environment, where the entire value added is allocated
as wages. The wage rate adjusts accordingly to satisfy the zero profit
condition7:

𝑤 = 1 − 𝜒𝑠 − (𝑏 − 1 − 𝑠)𝜏𝐹 (4a)

+
(

𝑝𝑅 −
𝛾

1 + 𝛼

)

𝑟.

Here,
(

𝑝𝑅 − 𝛾
1+𝛼

)

represents the profit (or loss) per unit of waste
obtained by selling normal waste to private waste management (in the
case of autonomous recycling, AR). The zero profit condition ensures
that the entire value added produced by firms is distributed to citizens
as wages. It means that firms do not retain any profits for themselves,
but instead allocate the entire value created by their activities to
compensate their employees. By imposing the zero profit condition,
the decision-making process focuses on maximizing the distribution of
value added to citizens rather than accumulating profits for the firms.
This approach is aligned with the idea that the profit generated by
firms should directly benefit the local community. In this way, the zero
profit condition emphasizes the role of firms in contributing to the local
economy.

7 If we do not consider free entry, we can achieve the same outcomes by as-
uming that all the value added, which comprises wages and profits generated
y the firms, is distributed among the workers. In this scenario, the right-hand
ide of Eq. (4a) would be equal to 𝑤+𝛱 , where 𝛱 represents the profits earned
y the firms. However, when we take into account distributive aspects, profits
eed to be allocated to consumers distinct from the workers. We discuss briefly

ome redistribution extension of our model in the concluding remarks.
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4.2. The choice of firms between municipal (NAR) or private waste man-
agement (AR) and fiscal incentives

In the context where all firms’ profits are allocated to the citizens
through wages, firms’ objective becomes the selection of the waste
management regime (AR or NAR) that maximizes the value added
distributed as wages to the citizens. The value added represents the net
economic gain or the contribution of the firms’ activities to the local
economy.8

When considering autonomous recycling, the value added produced,
hich takes into account various parameters such as the waste collec-

ion cost, the fiscal premium, and the quantity of waste disposed, is
iven by:

𝑤𝐴𝑅 = 1 − 𝜒𝑠 − (𝑏 − 1 − 𝑠)𝜏𝐴𝑅𝐹
+

(

𝑝𝑅 − 𝛾
1+𝛼

)

(𝑏 − 1 − 𝑠).
(4b)

On the other hand, when waste is disposed to the municipal waste
management system (NAR), the value added produced is:

𝑤𝑁𝐴𝑅 = 1 − 𝜒𝑠 − (𝑏 − 1 − 𝑠)𝜏𝑁𝐴𝑅
𝐹 . (4c)

Firms will choose the disposal regime by comparing the value added of
AR (𝑤𝐴𝑅) with the value added of NAR (𝑤𝑁𝐴𝑅). This can be expressed
as the difference between (4b) and (4c):

𝑤𝐴𝑅 −𝑤𝑁𝐴𝑅 =
[(

𝑝𝑅 −
𝛾

1 + 𝛼

)

− (𝜏𝐴𝑅𝐹 − 𝜏𝑁𝐴𝑅
𝐹 )

]

(𝑏 − 1 − 𝑠) (5)

=
[(

𝑝𝑅 −
𝛾

1 + 𝛼

)

−𝐷
]

(𝑏 − 1 − 𝑠).

If this difference is negative (𝑤𝐴𝑅−𝑤𝑁𝐴𝑅 < 0), firms will prefer the
NAR regime when 𝑝𝑅 − 𝛾

1+𝛼 < 𝐷. In other words, if the fiscal premium
ffered by the municipality (𝐷) is higher than the potential profit from
he private waste collector (𝑝𝑅−

𝛾
1+𝛼 ), firms will choose the NAR regime.

onversely, if the difference in wages between AR and NAR regimes is
ositive (𝑤𝐴𝑅 −𝑤𝑁𝐴𝑅 > 0), firms will prefer the AR regime.9

The derivatives with respect to various parameters show how
hanges in those parameters affect the difference in value added
etween the two regimes providing additional insights into the firms’
ecision-making process.

roposition 1. 𝑑
𝑑𝑝𝑅

(

𝑤𝐴𝑅 −𝑤𝑁𝐴𝑅) ≥ 0, 𝑑
𝑑𝛼

(

𝑤𝐴𝑅 −𝑤𝑁𝐴𝑅) ≥ 0,
𝑑
𝑑𝜒

(

𝑤𝐴𝑅 −𝑤𝑁𝐴𝑅) ≤ 0 and 𝑑
𝑑𝐷

(

𝑤𝐴𝑅 −𝑤𝑁𝐴𝑅) ≤ 0.

Proof. Proof is straightforward. □

The derivatives demonstrate that a decrease in the revenue for
ecycling (𝑝𝑅) or the firm recycling productivity (𝛼), an increase in the

recycling cost (𝛾), or an increase in the fiscal premium (𝐷) would make
firms more likely to choose the municipal waste collector. Conversely,
a decrease in these variables favors autonomous recycling.

Proposition 2. If 𝑠 < 𝑏− 1, 𝑑
𝑑𝑠

(

𝑤𝐴𝑅 −𝑤𝑁𝐴𝑅) ⋛ 0 if 𝑤𝐴𝑅 −𝑤𝑁𝐴𝑅 ⋚ 0.
oreover 𝑤𝑁𝐴𝑅 = 𝑤𝐴𝑅 if 𝑠 = 𝑏 − 1.

roof. Proof in the appendix □

roposition 3. 𝑑
𝑑𝑏

(

𝑤𝐴𝑅 −𝑤𝑁𝐴𝑅) ⋛ 0 if 𝑤𝐴𝑅 −𝑤𝑁𝐴𝑅 ⋛ 0

Proof. Proof in the appendix □

Propositions 2 and 3 state that the amount of special waste (𝑠) and
the total waste production (𝑏), exogenously imposed by the govern-
ment, does not influence firms’ decision in choosing the collector, but
they does affect the economic advantage associated with that choice.

8 Details in the appendix.
9 This is true since 𝑏 − 1 − 𝑠 ≥ 0.
6

An increase in the amount of special waste (𝑠) and a decrease in
total waste production (𝑏), diminishes the economic advantages of the
preferred waste management regime compared to the alternative. This
relationship arises because in both cases firms will need to dispose of a
lower volume of urban waste through their chosen waste management
regime (either AR or NAR). Conversely, the opposite holds. Moreover,
when 𝑠 = 𝑏 − 1, firms become indifferent between the two regimes, as
they cannot dispose of waste through the municipal collector.

The government and municipality can shape the decision-making
process of firms towards more sustainable waste management practices,
promote waste recycling and create a favorable environment for a
circular economy.

5. Households

In this section, we aim to investigate the behavior of households
considering their preferences and waste taxation. In our model, we
assume that each citizen possesses one unit of time that can dedi-
cate to labor, leisure or recycling [8]. Citizens collectively ‘‘own’’ the
cleanliness of the city and pay waste taxes.

The utility of each citizen, denoted as 𝑢𝑖, with 𝑖 = 𝐴𝑅, 𝑁𝐴𝑅, is
positively influenced by their consumption (𝑥𝑖), by the fraction of time
edicated to leisure (1−𝑙𝑖−ℎ𝑖), where (𝑙𝑖) represents the fraction devoted
o work, and by the level of recycling activity, where (ℎ𝑖) represents
he fraction devoted to recycling. Let 𝑋𝑖 = 𝑥𝑖𝑁 , 𝐿𝑖 = 𝑙𝑖𝑁 and
𝑖 = ℎ𝑖𝑁 denote the aggregate quantities of consumption, labor, and

ecycling time, respectively, where 𝑁 represents the total population.
he aggregate citizens’ income gross of taxes is 𝑀 𝑖 = 𝑤𝑖𝐿𝑖.

Following Di Liddo and Vinella (2020), we consider households as a
hole, maximizing their aggregate utility function in two steps. In the

irst step, households decide how to allocate their time between labor
𝐿) and consumption (𝑋). Subsequently, they allocate the remaining
ime between leisure and recycling.

In the first step, the objective is to maximize the utility 𝑈 𝑖 with
espect to consumption 𝑋 and labor input 𝐿, subject to the budget
onstraint:

ax
𝑋,𝐿

𝑈 𝑖 = 𝜃 ln𝑋𝑖 + (1 − 𝜃) ln(𝑁 − 𝐿𝑖) (6a)

s.t. (1 + 𝜏𝐶 )𝑋𝑖 = 𝑀 𝑖

The parameter 𝜃 captures the preference for consumption over other
ctivities, while 𝜏𝐶 represents the waste taxation rate payed by citizens
nd 𝑀 𝑖 represents the citizens gross income in scenario 𝑖.10 Taxation
n citizens reduces consumption and, consequently, waste.

The solutions to this optimization problem are straightforward:
𝐿𝑖 = 𝜃𝑁 , 𝑁 − 𝐿𝑖 = (1 − 𝜃)𝑁 and 𝑋𝑖 =

𝑤𝑖

1+𝜏𝐶
𝜃𝑁 .

Moving to the second step, citizens maximize their utility by deter-
mining the optimal level of recycling activity 𝐻 . The objective is to
maximize:

max
𝐻

𝛽𝑅𝑖
𝐶 + ln[(1 − 𝜃)𝑁 −𝐻 𝑖] (6b)

.𝑡.𝑅𝑖
𝐶 = 𝐾 𝑖

𝐶 (1 +𝐻 𝑖)

n this equation, 𝛽 represents the preference for civicness, which reflects
he willingness of citizens to participate in recycling and restoring the
leanliness of the city.11

10 It is important to remind that waste and consumption are jointly produced
in a 1-to −1 relationship. Therefore, a tax on waste increases the relative price
of consumption compared to leisure.

11 In contrast to Di Liddo and Vinella [9], who model citizens’ behavior
using a quasi-linear utility function in the first stage and a Cobb–Douglas
function in the second, our approach employs a Cobb–Douglas function for
the first stage and a quasi-linear utility function for the second. This choice is
driven by the properties of the Coob-Douglaus that permits internal solutions

and of the quasi-linear utility function, which allows for a potential corner
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Higher is 𝛽, higher is the engagement of citizens in co-production
ctivities in waste management. 𝑅𝑖

𝐶 represents the quantity of waste re-
ycled by citizens which is co-produced using 𝐾 𝑖

𝐶 , the capital provided
hem by municipality, and the time of citizens. It is evident that the pro-
uctivity of capital provided depends by citizens time used in recycling
ctivity (1+𝐻 𝑖). 𝑁 represents the total available time for citizens. The
erm (1 − 𝜃)𝑁 −𝐻 𝑖 represents the remaining time that citizens allocate
o leisure activities after considering their preference for consumption
nd the time devoted to work and recycling (considered in the first
tep). This formulation captures a plausible behavior of citizens, where
heir level of civicness and willingness to engage in recycling activities
re not solely determined by the waste taxation they pay. Instead, it is
nfluenced by the labor supply conditions.

The solution of (6b) is the optimal level of recycling activity given
y:

𝑖 = (1 − 𝜃)𝑁 − 1
𝛽𝐾 𝑖

𝐶
. (7a)

Therefore, the time devoted to recycling by citizens is increas-
ng with the capital provided them by municipality (𝐾 𝑖

𝐶 ) and with
their civicness (𝛽), while decreases with consumption preferences (𝜃).
Therefore the optimal quantity of waste recycled is determined by the
equation:

𝑅𝑖
𝐶 = 𝐾 𝑖

𝐶 [(1 − 𝜃)𝑁 + 1] − 1
𝛽

(7b)

here (1 − 𝜃)𝑁 + 1 is the marginal productivity in recycling of the
apital used by citizens, or for shortness the productivity of citizens
n recycling.

roposition 4. 𝑑𝑅𝑖
𝐶

𝑑𝐾𝐶
> 0, 𝑑𝑅𝑖

𝐶
𝑑𝛽 > 0 and 𝑑𝑅𝑖

𝐶
𝑑𝜃 < 0

Proof. Proof is straightforward □

The model suggest that the quantity of waste recycled by citizens,
denoted as 𝑅𝑖

𝐶 , increases with the capital destined by the municipality
to citizens’ recycling (𝐾𝐶 ). This means that increasing the availability
and accessibility of recycling infrastructure can encourage citizens to
participate in recycling activities and contribute to the cleanliness of
the city. Moreover, the preference for civicness (𝛽) plays also a signif-
icant role in determining citizens’ willingness to engage in recycling
and co-production activities. As 𝛽 increases, citizens are more likely to
allocate their time and resources towards recycling and co-production,
even in the presence of waste taxation or other factors that might
discourage participation.

Conversely, the waste recycled decreases with the citizens’ prefer-
ence for consumption (𝜃),12 highlighting the trade-off between con-
sumption and waste generation. As 𝜃 increases, indicating a stronger
preference for consumption, citizens allocate more of their time and
resources towards consumption and less towards recycling activities.
Therefore, a higher value of 𝜃 leads to a decrease in the quantity of
waste recycled by citizens.

Overall, the model suggests that waste taxation can be an effective
policy tool for reducing waste production and promoting recycling. By
increasing the relative price of consumption compared to leisure, waste
taxation can incentivize households to allocate more time and resources

solution where no consumption occurs, which may not be realistic. Indeed,
the use of the Cobb–Douglas utility function ensures that an internal solution
exists for both consumption and time allocation. In this case, the time allocated
to work is represented as a share of the total available time, denoted by 𝜃 < 1,
which is a more reasonable outcome.

12 It is worth noting that the net amount of waste produced, accounting for
recycling, is given by: 𝑊𝑆𝑇𝑋 − 𝑅𝐶 =

(

𝑤𝑖

1+𝜏𝐶
−𝐾𝐶

)

𝜃𝑁 + 𝐾𝐶 (𝑁 + 1) + 1
𝛽
. This

xpression represents the remaining waste after the recycling process has taken
lace.
7

towards recycling activities. Additionally, as waste taxation reduces
citizens’ preference for consumption (𝜃), it can indirectly increase the
quantity of recycled waste.

6. Municipality

The objective of the municipality is to minimize the cost of recycling
under two constraints. The first constraint is that tax revenues should
cover the costs of recycling. The second constraint is imposed by the
government, which sets a recycling target for the municipality, as a
percentage 𝜎 of recycled waste relative to the total waste generated.
Thus we may write:

𝜎 =
𝑅𝑖
𝐶 + 𝑅𝑖

𝐹

𝑊𝑆𝑇 𝑖
𝑋 + 𝑅𝑖

𝐹 +𝑊𝑆𝑇 𝑖
𝐹
, (8)

where we recall that 𝑊𝑆𝑇 𝑖
𝑋 = 𝑋𝑖 and 𝑅𝑖

𝐶 = 𝐾𝐶 (1 + ℎ𝑖). Moreover,
we can define 𝑅𝑖

𝐹 as the recycled waste collected by municipality from
firms and 𝑊𝑆𝑇 𝑖

𝐹 is the non recycled waste collected by municipality
from firms in scenario 𝑖. Recalling that 𝑅𝐴𝑅

𝐹 = 0 since in this sce-
narios no waste is dispose throughout municipal waste management
and 𝑊𝑆𝑇𝐴𝑅

𝐹 = 0 since in case of opting for autonomous recycling,
all waste is recycled. On the contrary the quantity recycled through
municipal waste management depends on capital provided and firm
productivity 𝑅𝑁𝐴𝑅

𝐹 = 𝑊𝑆𝑇𝑁𝐴𝑅 = 𝐾𝑁𝐴𝑅(1 + 𝛼) ≤ (𝑏 − 1 − 𝑠)𝜃𝑁 , hence
𝑊𝑆𝑇𝑁𝐴𝑅

𝐹 = (𝑏 − 1 − 𝑠)𝜃𝑁 − 𝑅𝑁𝐴𝑅
𝐹 . Recycling waste cannot be greater

of the total normal waste of which firms are responsible (that is equal
to (𝑏 − 1 − 𝑠)𝜃𝑁).

To achieve its objective, the municipality needs to make decisions
regarding the allocation of capital to firms and citizens for recycling,
taxes on waste for both citizens and firms, and incentives provided to
firms. The municipality aims to minimize its cost function, which can
be expressed as:

min
𝜏𝐶 ,𝜏𝑁𝐴𝑅

𝐹 ,𝐷,𝐾𝐶 ,𝐾𝑁𝐴𝑅

𝑐𝐾𝐶 + 𝑐𝐾𝑁𝐴𝑅 = min
𝜏𝐶 ,𝜏𝑁𝐴𝑅

𝐹 ,𝐷,𝐾,𝐾𝑁𝐴𝑅 ,𝑠
𝑐𝛷 (9)

where 𝑐 represents the average unit cost of capital for the municipality,
𝐾𝐶 and 𝐾𝑁𝐴𝑅 denote the capital for waste recycling provided to
citizens and firms, respectively, 𝛷 is the total capital provided by
municipality.

6.1. Cost coverage constraint

The cost coverage constraint can be expressed in terms of capital to
be provided. There are two scenarios to consider:

AR regime. In the scenario where firms choose the private collector
(AR), the constraint is given by:

𝛷 ≤ 𝛷
𝐴𝑅

= 𝜃𝑁
𝑐

[

1 − 𝜒𝑠 +
(

𝑝𝑅 −
𝛾

1 + 𝛼

)

(𝑏 − 1 − 𝑠)
]

− 𝑋𝐴𝑅

𝑐
(10a)

where 𝛷
𝐴𝑅

is the maximum capital that can be provided in the AR
scenario in order to cover the costs.

NAR regime. In the scenario where firms dispose of their waste to the
municipal waste manager (NAR), the constraint for the municipality is
given by:

𝛷 ≤ 𝛷
𝑁𝐴𝑅

= 𝜃𝑁
𝑐

[

1 − 𝜒𝑠
]

− 𝑋𝑁𝐴𝑅

𝑐
(10b)

Here, 𝛷
𝑁𝐴𝑅

represents the maximum capital that can be provided in
the NAR scenario. In both scenarios, the cost of providing capital to
citizens is negatively influenced by the consumption level.13

13 Passages in Appendix A.
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6.2. The recycling target constraint

The second constraint imposed on the municipality is to achieve the
recycling target set by the government, represented by the percentage
𝜎 of recycled waste in relation to the total waste generated (8).

The specific form of the constraint depends on the chosen scenario
y the firms.

R regime. If the firms choose the AR scenario, the target constraint in
erms of capital can be expressed as follows14:

≥ 𝛩𝐴𝑅 = 𝜎
(1 − 𝜃)𝑁 + 1

𝑋𝐴𝑅 + 1
[(1 − 𝜃)𝑁 + 1]𝛽

(11a)

This equation represents the minimum capital that should be allo-
ated to achieve the recycling target. It depends mostly on variables
uch as the recycling rate (𝜎), the total waste generated by citizens
𝑋𝐴𝑅), the preference for consumption compared to leisure or recycling
𝜃), the preference for civicness (𝛽), the proportion of special waste.

NAR regime. In case firms choose NAR scenario, the recycling target
constraint is slightly more complex:

𝛩 ≥ 𝛩𝑁𝐴𝑅 = 𝜎
[(1 − 𝜃)𝑁 + 1]

𝑋𝑁𝐴𝑅 + (𝑏 − 1 − 𝑠) 𝜃𝑁
[(1 − 𝜃)𝑁 + 1]

+
(1 − 𝜃)𝑁 − 𝛼
[(1 − 𝜃)𝑁 + 1]

𝐾𝑁𝐴𝑅 + 1
[(1 − 𝜃)𝑁 + 1]𝛽

(11b)

with (1 + 𝛼)𝐾𝑁𝐴𝑅 ≤ (𝑏 − 1 − 𝑠)𝜃𝑁.

In this scenario, the recycling target constraint takes into account
arious factors, including the waste generated by citizens (𝑋𝑁𝐴𝑅), the
roportion of waste generated by citizens (𝜃), the proportion of firms’
pecial waste (𝑠), the productivity difference between firms and citizens
𝛼), and the capital allocated to firms (𝐾𝑁𝐴𝑅), the citizens’ preference
or civicness (𝛽), among others.

To minimize costs, the municipality aims to allocate the minimum
mount of capital required to satisfy the recycling target constraint. The
ecision regarding the allocation of capital to firms becomes crucial. Al-
ocating capital to firms may be wasteful if they choose the AR regime,
here the entire waste is collected by private collectors. Therefore, it
ay be optimal to allocate capital to firms only in the NAR scenario.

It is important to note that the decision-making process of the
unicipality depends on the slope of the target constraint in the
AR scenario. The slope, represented by

(

𝑑𝛷̂𝑁𝐴𝑅

𝑑𝐾𝑁𝐴𝑅
= (1−𝜃)𝑁−𝛼

(1−𝜃)𝑁+1

)

, can be
ositive or negative depending on whether firms are less or more
roductive than citizens (𝛼 < (1 − 𝜃)𝑁 or 𝛼 ≥ (1 − 𝜃)𝑁). This influences
he municipality’s decision on capital allocation.

In this context, we further analyzing Eq. (11b) that describe the
ecycling target constraints for firms that are less productive or more
roductive than citizens.

AR regime when firm are less productive than citizens. In this case,
𝛼 < (1 − 𝜃)𝑁), we have:

̂𝑁𝐴𝑅 = 𝜎
[(1 − 𝜃)𝑁 + 1]

𝑋𝑁𝐴𝑅 +
(𝑏 − 1 − 𝑠)𝜃𝑁
[(1 − 𝜃)𝑁 + 1]

(11c)

+ 1
[(1 − 𝜃)𝑁 + 1]𝛽

;

AR regime when firm are more productive than citizens. In a context
ith firms more productive than citizens: 𝛼 ≥ (1 − 𝜃)𝑁 the target

onstraint is expressed:

̂𝑁𝐴𝑅 = 𝜎
[(1 − 𝜃)𝑁 + 1]

𝑋𝑁𝐴𝑅 +
(𝑏 − 1 − 𝑠)𝜃𝑁
[(1 − 𝜃)𝑁 + 1]

(1 − 𝜃)𝑁
1 + 𝛼

(11d)

+ 1
[(1 − 𝜃)𝑁 + 1]𝛽

.

or the optimal solution of municipality, if firms are less productive
han citizens, the capital allocation to firms (𝐾𝑁𝐴𝑅) does not play a

14 See the Appendix for more details.
8

significant role in the recycling target constraint therefore it is set to
zero. The focus is mainly on factors that depend on citizens like waste
generation (𝑋𝑁𝐴𝑅), the preference for consumption (𝜃), preference for
civicness (𝛽), and other exogenous factors set by the government like
the target of recycling and the definition of urban waste. In the case
when firms are more productive in waste recycling than citizens, the
capital allocation to firms (𝐾𝑁𝐴𝑅) becomes a more crucial factor in
the recycling target constraint. Moreover, the recycling target depends
not only on, same as before, factors characteristic to citizens like
waste generation (𝑋𝑁𝐴𝑅) and the proportion of waste generated by
citizens (𝜃) or preference for civicness (𝛽), but also on the productivity
difference between firms and citizens (𝛼).

These additional results highlight the importance of the productivity
comparison between firms and citizens in the decision-making process
of the municipality. The municipality needs to carefully consider the
productivity levels of firms and citizens when determining the capital
allocation strategy to achieve the recycling target set by the govern-
ment. The optimal allocation of capital depends on whether firms are
less productive or more productive than citizens, as reflected in the
recycling target constraints.

6.2.1. Graphical representation of the second constrain
The graphical representation in Fig. 1 provides an intuitive under-

standing of the second constraint and its implications for the munici-
pality’s decision-making process regarding the allocation of capital for
recycling.15

The figure consists of two graphs, each representing a different
productivity comparison between firms and citizens in recycling. The
𝑥-axis represents the capital allocation to firms (𝐾𝑁𝐴𝑅), while the 𝑦-axis
represents the total recycling capital (𝛷).

The left side presents the case when firms are less productive than
citizens regarding recycling. Whereas the right graph considers the case
of firms more productive than citizens. The dashed lines represent the
cost that needs to be minimized (9), which decreases with an increase
in capital allocation (𝐾). The solid line represents the recycling target
constraint when firms choose municipal collectors (11b). The constraint
is a straight line that starts from point 𝐴 (where 𝐾𝑁𝐴𝑅 = 0) and
intersects the cost curves. At point 𝐸, the municipality provides firms
with the amount of capital (𝐾𝑁𝐴𝑅 = (𝑏−1−𝑠)) required to recycle all the

aste they produce. This point corresponds to the intersection of the
ost curve and the recycling target constraint for municipal collectors.

The dotted line represents the recycling target constraint when firms
hoose private collectors. The constraint is parallel to dashed lines but
hifted upwards. At point 𝐸, the municipality provides firms with the
ptimal amount of capital (𝐾𝑁𝐴𝑅) required to recycle all the waste they
roduce.

If firms are less productive in recycling than citizens (1 − 𝜃)𝑁 <
((11c), graph in the left), the solid line is increasing, hence, the

ptimal capital allocation for firms in this case is zero (point 𝐴). The
unicipality does not allocate any capital to firms, and the recycling

arget is achieved solely through citizen participation and municipal
fforts.

If firms are more productive ((11d), graph in the right), the solid
ine representing the recycling target constraint is decreasing. Then,
oint 𝐸 represents the optimal allocation of capital by the municipality,
nsuring that firms can achieve the recycling target efficiently. At this
oint, firms receive the necessary capital (𝐾𝑁𝐴𝑅 = 𝑏−1−𝑠

1+𝛼 𝜃𝑁) to recycle
all the waste they produce.

This graphical representation highlights the importance of the pro-
ductivity comparison between firms and citizens in determining the
optimal allocation of capital for recycling. It visually demonstrates how
the recycling target constraint and the choice between municipal and
private collectors vary based on the relative productivity levels.

15 The figure considers 𝑋𝑖 as given.
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.3. The optimal scenario for the municipality

The optimal scenario for the municipality can be determined by
nalyzing the equilibrium graph shown in Fig. 2. In this graph, the
onstraint of cost coverage (𝛷̂𝑖, (10a) or (10b)) and the recycling target
𝛷

𝑖
, (11a) or (11b)) are both satisfied when the consumption level is

𝑋𝑖 = 𝑋𝑖∗. If the consumption exceeds 𝑋𝑖∗, the resources collected are
ot sufficient to cover the cost of the target capital. Conversely, if the
onsumption is below 𝑋𝑖∗, there is an excess of tax revenues compared
o the cost of capital.

The municipality faces an optimization problem in choosing the
ppropriate tax rates (𝜏𝐶 , 𝜏𝐹 ) to achieve the equilibrium values of

consumption and capital.

Proposition 5. Let 𝑋𝑖∗ and 𝛷𝑖∗ represent the equilibrium values that
determine the optimal scenario for a municipality. If 0 < 𝑠 < 𝑏 − 1,
there exists an infinite set of combinations (𝜏𝐶 , 𝜏𝐹 ) that the municipality can
choose, while satisfying the constraint 𝑋𝑖 = 𝑋𝑖∗. Within this set, it holds that
𝑑𝜏𝑖𝐹
𝑑𝜏𝐶

< 0. Conversely, if 𝑠 = 𝑏 − 1, all the tax burden falls on the citizens,
resulting in the existence of only one level of 𝜏𝐶 that allows the attainment
of this equilibrium.

Proof. The proof is straightforward by applying the implicit function
theorem to the constraint 𝑋𝑖 = 𝑋𝑖∗. □

The proposition implies that if the ratio of firms urban waste (𝑠),
xogenously set by the government, is within a certain range, the mu-
icipality has flexibility in choosing the tax rates for firms and citizens
9

P

o achieve the equilibrium consumption level. In this range, there are
ultiple combinations of tax rates that lead to optimal the consumption

evel that satisfies both constraints. However, if the parameter 𝑠 reaches
its maximum value, it implies that all waste generated by firms is
classified as special waste. This means that there is no distinct category
for urban waste produced exclusively by firms. As a result, the tax
burden is completely transferred to the citizens, and there exists only
one tax rate that satisfies the equilibrium condition in this scenario.

Note that taxation on firms and on citizens are strategic substitutes.
The choice of tax rates combination depends on the municipality’s
redistribution goals. If the municipality has no concerns regarding
redistribution, it is free to select any combination of taxes, including
the option of setting 𝜏 𝑖𝐹 = 0. However, if the municipality aims to
edistribute resources towards citizens, it may opt to decrease taxes
n citizens while increasing the tax burden on firms. The study of
he determinants of the equilibrium consumption level 𝑋∗ provides
nsights into the municipality’s redistributive goals.

By comparing the costs of 𝛷∗𝐴𝑅 and 𝛷∗𝑁𝐴𝑅 and considering the
pecific values of the influencing factors, we can identify the optimal
cenario that offers the municipality lower costs and, consequently,
ower capital expenditure. Selecting the scenario with lower costs
lower capital) allows the municipality to respect the target on recy-
ling, efficiently allocate resources, optimize waste management pro-
esses, and contribute to a more sustainable and economically viable
unicipality.

From the calculus that we present in Appendix C, we find that

∗𝑁𝐴𝑅 −𝛷∗𝐴𝑅 = 𝜎
(𝑏 − 1 − 𝑠)𝜃𝑁

𝜎𝑐 + (1 − 𝜃)𝑁 + 1
(𝜌(𝛼) − 𝜋(𝛼)) (12)

here

(𝛼) = 𝑝𝑅 −
𝛾

1 + 𝛼
,

is the profit from recycling and

𝜌(𝛼) =

{ 1
𝜎 for 𝛼 < (1 − 𝜃)𝑁

1
𝜎

(

1+(1−𝜃)𝑁
1+𝛼

)

for 𝛼 ≥ (1 − 𝜃)𝑁
,

is a measure of the impact on target of recycling of the relative
productivity of citizens on respect to firms.

Therefore, in order to minimize the cost and respect the target, it is
sufficient to compare 𝜌(𝛼) and 𝜋(𝛼). In Fig. 3 we represent the threshold,
the dashed line is 𝜌(𝛼) the thick line is 𝜋(𝛼). From the calculus presented
in appendix and Fig. 3, we prove the following propositions

Proposition 6. There exists a threshold 𝛼 such that, for 𝛼 ⋚ 𝛼, 𝛷∗𝐴𝑅 ⋚
∗𝑁𝐴𝑅, for which 𝑑𝛼

𝑑𝜎 < 0, 𝑑𝛼
𝑑𝑝𝑅

< 0, 𝑑𝛼
𝑑𝜃 < 0, and 𝑑𝛼

𝑑𝛾 > 0 𝑑𝛼
𝑑(1−𝜃)𝑁 > 0.
roof. Proof in appendix □
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Fig. 3. The threshold for determining the optimal choice of municipality.

This proposition suggests that firms recycling productivity 𝛼 plays a
pivotal role in determining the cost-effective solution for the municipal-
ity. The optimal scenario for the municipality entails incentivizing firms
with low productivity (𝛼 < 𝛼) to opt for autonomous recycling (AR)

hile encouraging productive firms (𝛼 > 𝛼) to choose the municipal
waste collector (NAR).

Increasing the threshold value by the municipality (𝛼) of firms’
ecycling productivity means that firms with lower productivity levels
re not allowed to participate in the municipal waste management
ystem. In this case, only those with higher productivity levels are
ccepted. Therefore, increasing the threshold value leads to a higher
robability that firms choose Autonomous Recycling (AR). Conversely,
f the municipality lowers the threshold value, it would increase the
ikelihood of firms choosing Non-Autonomous Recycling (NAR).

Let us analyze all the factors that influence the threshold value
mentioned in the proposition) and, consequently, the optimal solution
or the municipality in waste management.

If the government decides to increase the recycling target (𝜎), the
municipality will need to raise the volume of recycled waste to meet
the new target. In response, the municipality may choose to lower the
threshold value, allowing low-productivity firms to participate in its
waste management system. This decision increases the likelihood of
the NAR regime. An increase in citizens’ recycling productivity (1 −
)N leads the municipality to raise the threshold value (𝛼) for firms
articipating in municipal waste management activities. When citizens
edicate more time to recycling, they contribute to the government’s
ecycling targets more effectively (low 𝜃). This increased citizens partic-
pation reduces the overall demand for firms dealing with unproductive
aste in the system, prompting the municipality to raise the productiv-

ty threshold value. This demonstrates that citizen co-production efforts
nhances the recycling capacity of firms accepted into the municipal
aste system, underscoring the importance of co-production and civic
ngagement within the waste management system.

In the scenario where the price of recycling waste paid by private
aste collectors (𝑝𝑅) increases or the unit cost of recycling (𝛾) de-

creases, it implies that autonomous recycling becomes more profitable
for firms. This increase in profitability leads to a rise in the value added
by firms, which is distributed through wages to citizens. Consequently,
for a given number of citizens and firms, there is a subsequent increase
in the total waste produced within the system. As the total waste
10

generated increases, the probability of the municipality failing to reach
the recycling target also rises. To address this situation and improve the
likelihood of achieving the recycling target, the optimal choice for the
municipality would be to lower the threshold for admission into the
waste management system. By accepting even low-productivity firms
into the system, the municipality can increase the participation of firms
and potentially enhance the overall recycling capacity. Through such
channel, private and municipal waste collectors compete for the more
productive firms.

The central government decisions have an impact in the optimal
choice of the municipality. Note that when central government changes
the definition of urban waste modifying 𝑠, it does not directly influence
the optimal choice of the municipality, but rather affects the magnitude
of the incentive associated with this choice.

Proposition 7. When 𝑠 < 𝑏− 1, 𝑑(𝛷∗𝑁𝐴𝑅−𝛷∗𝐴𝑅)
𝑑𝑠 ⋛ 0 if 𝛷𝑁𝐴𝑅 −𝛷𝐴𝑅 ⋚ 0.

oreover 𝛷∗𝑁𝐴𝑅 = 𝛷∗𝐴𝑅 if 𝑠 = 𝑏 − 1.

Proof. Proof in appendix. □

As the value of 𝑠 increases (while 𝑠 < 𝑏 − 1), the preference for the
chosen scenario decreases because the cost difference |𝛷∗𝑁𝐴𝑅 −𝛷∗𝐴𝑅

|

iminishes, which leads to a reduced preference for the chosen scenario
either AR of NAR). Moreover, when 𝑠 = 𝑏−1, meaning that there is no
rban waste produced by firms, the municipality becomes indifferent
o the scenarios.

.4. The incentive compatibility solution

The recycling productivity of firms plays a crucial role in determin-
ng the optimal choice between firms and the municipality for waste
anagement. More productive firms find it more convenient to opt for
private waste manager (AR) rather than the municipal waste collector

NAR). Conversely, the municipality reaches an optimal solution when
roductive firms choose its waste management services. This conflicting
reference between firms and the municipality creates an incentive
ompatibility problem that becomes more pronounced as the waste of
irms are considered urban (for low 𝑠).

ptimal taxation incentives. To address the conflicting preferences be-
ween firms and municipality regarding waste management options,
he municipality should utilize tax instruments to incentivize firms
o choose its optimal waste management scenario.16 Recalling (5),
he incentive-compatible solution must satisfy the following condition:
hen 𝛷∗𝐴𝑅 ⋚ 𝛷∗𝑁𝐴𝑅 it should also holds 𝑤𝐴𝑅 ⋛ 𝑤𝑁𝐴𝑅. If the

municipality would prefer firms to choose AR (𝛼 < 𝛼), the tax structure
should be set to ensure a higher value added for firms (𝑤𝐴𝑅 > 𝑤𝑁𝐴𝑅).

ecalling that firm is indifferent if 𝐷 = 𝜏𝐴𝑅𝐹 − 𝜏𝑁𝐴𝑅
𝐹 = 𝑝𝑅 − 𝛾

1+𝛼 and
that, for Proposition 1, 𝑑

𝑑𝐷

(

𝑤𝐴𝑅 −𝑤𝑁𝐴𝑅) ≤ 0. Thus 𝑤𝐴𝑅 > 𝑤𝑁𝐴𝑅 can
be achieved by ensuring that the difference in taxation between the
scenarios 𝐷 = 𝜏𝐴𝑅𝐹 − 𝜏𝑁𝐴𝑅

𝐹 satisfies 𝐷 < 𝑝𝑅 − 𝛾
1+𝛼 . Conversely, if the

municipality prefers firms to choose its waste services (𝛼 > 𝛼), the tax
structure should be set such that 𝑤𝐴𝑅 < 𝑤𝑁𝐴𝑅. This can be achieved by
ensuring that the difference 𝐷 = 𝜏𝐴𝑅𝐹 − 𝜏𝑁𝐴𝑅

𝐹 satisfies 𝐷 > 𝑝𝑅 − 𝛾
1+𝛼 . In

this case, firms are incentivized to opt for the municipal waste collector.
Generalizing, let us define 𝐷 = 𝑝𝑅 − 𝛾

1+𝛼 as in Fig. 3, this is the
value of taxes differences for which firms with productivity equal to
𝛼 = 𝛼 are indifferent between the two scenarios. In other words,
when the municipality is indifferent between scenarios, since the firms
productivity is 𝛼, if 𝐷 = 𝐷, also firms would be indifferent between
scenarios. Thus the following proposition holds:

16 If the municipality incurs lower costs when firms opt for a private waste
collector, it corresponds to the case of point 𝐵1 (𝐵1 ≺ 𝐴 or 𝐵1 ≺ 𝐸) on the 1.
Conversely, if the municipality incurs higher costs when firms choose a private
waste collector, it corresponds to the case of point 𝐵2 (𝐵2 ≻ 𝐴 or 𝐵2 ≻ 𝐸) on
the same graph.
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Proposition 8. If 𝛼 < 𝛼, there exists a tax difference value 𝐷1 < 𝐷
such that for 𝐷 < 𝐷1, the tax structure is incentive compatible for firms to
hoose Non-Autonomous Recycling (NAR). Similarly, if 𝛼 > 𝛼 there exists
a tax difference value 𝐷2 > 𝐷 such that for 𝐷 > 𝐷2, the tax structure is
ncentive compatible for firms to choose Autonomous Recycling (AR). Given
certain level of productivity 𝛼, when the price received for recycled waste
ncreases, in order to satisfy the condition of incentive compatibility, also
he difference in taxes 𝐷 has to increases 𝑑𝐷

𝑝𝑅
> 0.

roof. Proof can be deducted immediately from Fig. 3. □

The tax difference 𝐷 plays a crucial role in influencing firms’
ecisions regarding waste management options. The municipality has
he power to set this tax difference at different levels to achieve specific
utcomes.

In the case of low-productivity firms, the municipality aims to
ncourage firms to choose Autonomous Recycling (AR) over Non-
utonomous Recycling (NAR). To achieve this, the municipality should
et the tax difference 𝐷 at a sufficiently low level (as in Fig. 3,
here 𝐷1 < 𝐷), meaning that the tax rate for firms using the private
aste management options (𝜏𝐴𝑅𝐹 ) should be lower than the tax rate for

irms opting for the municipal waste collector (𝜏𝑁𝐴𝑅
𝐹 ). On the other

and, in the case of high-productivity firms, the municipality wants to
ncentivize firms to choose the municipal waste collector (NAR) as the
referred waste management option. In this scenario, the municipality
eeds to set the tax difference 𝐷 at a higher level (as in Fig. 3, 𝐷2 > 𝐷),
ndicating that (𝜏𝐴𝑅𝐹 > 𝜏𝑁𝐴𝑅

𝐹 ). This higher tax difference makes the
unicipal waste management services more financially attractive for

irms. If the tax incentive is set equal to the price for waste disposal
𝐷 = 𝑝𝑅), firms will always choose the municipal waste collectors
egardless of their productivity. On the other hand, if 𝐷 is set as the
ifference between the price for waste disposal and the cost of au-
onomous recycling (𝐷 = 𝑝𝑅− 𝛾), firms will always choose autonomous
ecycling, completely avoiding the use of municipal waste collectors.

Indeed, the tax incentive provided by the municipality is influenced
ot only by the internal dynamics but also by external factors, such as
he pricing offered by competitors and the cost of firms’ autonomous
ecycling. When the profit from autonomous recycling increases (re-
lected by an increase in 𝑝𝑅 or a decrease in 𝜒), productive firms
re more likely to choose this option instead of the municipal waste
ollectors. To counteract this preference and encourage productive
irms to opt for the municipal waste collectors, the tax burden on firms
tilizing this option (𝜏𝑁𝐴𝑅

𝐹 ) should be reduced, making the municipal
ption more financially attractive. As a result, the municipality may
ncrease the tax burden on citizens to compensate for the reduced
ax revenue from firms, ensuring that the cost of the municipal waste
anagement system is covered. Conversely, if there is a reduction in the
rofit from autonomous recycling (a decrease in 𝑝𝑅 or an increase in
), making the AR option less appealing, the municipality may consider

educing the tax incentive provided to firms. Therefore, if the private
ollectors become less competitive, the municipality can reduce the tax
urden on citizens.

ole of central government in the optimal taxation incentives of the mu-
icipality. The parameter 𝑠, determined by the central government,
hich represents the proportion of waste categorized as special and
as an impact on both firms (Proposition 2) and municipality choices
Proposition 7). To assess the significance of the incentive compatibility
roblem, we introduce a measure of incentives 𝑉 , which represents the

absolute value of the total incentives provided to firms to ensure mini-
mum waste collection costs for municipalities: 𝑉 = |

|

|

𝜏𝐴𝑅𝐹 − 𝜏𝑁𝐴𝑅
𝐹

|

|

|

𝜃𝑁 . In
other words, 𝑉 quantifies the magnitude of the incentive compatibility
problem.

𝑑𝑉 < 0 with 𝑉 = 0 when 𝑠 = 𝑏 − 1.
11

Proposition 9. 𝑑𝑠
Proof. The proof can be demonstrated immediately from Proposi-
tion 2. □

As the proportion of waste classified as special (𝑠) increases, the
incentive compatibility problem in waste management diminishes. This
happens because the economic advantage associated with the preferred
choices for both firms and the municipality decreases, leading to a
reduce need for incentives. If all waste generated by firms is classified
as special (i.e., 𝑠 reaches the value of 𝑏 − 1), the incentives become
unnecessary as the two scenarios become economically equivalent.
Thus, 𝑉 becomes zero, indicating the complete elimination of the
incentive compatibility problem.

7. Summary of results and policy implications

The paper models the waste management decisions made by citi-
zens, firms, and municipalities, taking into account the interconnected
nature of their behaviors. Findings offer policy implications aimed
at promoting sustainable waste management practices and improving
recycling outcomes for firms, citizens, municipalities, and the govern-
ment.

Citizens. The results indicate that both citizens’ recycling productivity
and their involvement in co-production activities have a notable influ-
ence on the optimal solution for citizens, firms, and the municipality.
Indeed, increasing citizen involvement and improving their recycling
efficiency decrease the municipality’s demand for firms generating
unproductive waste. Policymakers should focus on promoting public
awareness campaigns and fostering a sense of civic responsibility to
encourage greater participation in recycling and cleanliness initiatives
that can encourage recycling behavior.

Moreover, the model suggests a trade-off between citizens’ prefer-
ence for consumption (𝜃) and the quantity of waste recycled. Policy-

akers need to strike a balance between promoting economic growth
nd meeting citizens’ consumption needs while addressing environmen-
al concerns.

irms. Firms have a choice between Autonomous Recycling (AR) and
on-Autonomous Recycling (NAR) as waste management options,
hich depends on the comparison between the potential profit/value
dded obtained from each regime, as well as the presence of fiscal in-
entives provided by the municipality, taking into account the specific
onditions of production function and labor market. The optimal choice
or firms depends on their recycling productivity levels and the tax
ncentives provided by the municipality. Firms with better recycling
apabilities tend to opt for autonomous recycling methods rather than
elying on municipal waste collectors. Tax incentives can influence
irms’ waste management choices. Lower taxes for NAR option can
ncentivize firms to choose that option.

One limitation of our model arises from our assumption that firms
re homogeneous. In reality, firms exhibit variations in their recycling
roductivity, which can influence their waste management decisions.
hen a single incentive scheme is applied uniformly, some less pro-

uctive firms may still opt for municipal waste collection, even if the
unicipality prefers otherwise. Conversely, highly productive firms

hat the municipality seeks to attract may choose to remain outside
he established system. To address this limitation, a more nuanced
pproach that tailors the incentive structure to accommodate varying
evels of firm productivity is necessary. However, the implementation
f this differentiated incentive modulation may face technical hurdles
r encounter resistance from various stakeholders.

Another limitation of the study is the assumption that the quantity
f waste recycled by firms does not depend on the labor force employed
or the production of consumption goods. Instead, it relies on the
apital. The possibility of allocating both labor and capital to the
roduction of consumption goods and recycled waste adds complexity
o the model posing a problem of internal allocation of labor and
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capital between consumption good and waste,17 but does not alter the
core essence of our model regarding the fact that municipality needs
the most performing firms, the incentive compatibility problem and
solution that derives from the conflicting interest between municipality
and firms.

By considering firms’ productivity levels and implementing effective
tax incentives, the municipality can encourage firms to adopt sustain-
able waste management practices and align their choices with the
municipality’s waste management goals. This collaboration can lead
to more efficient waste management, reduced reliance on municipal
waste collectors, and improved overall environmental outcomes. How-
ever, striking a balance between fairness, effectiveness, and feasibility
becomes a key consideration when designing the incentive scheme.
Policymakers and stakeholders need to carefully evaluate the trade-
offs and determine the most appropriate approach that aligns with
the specific context objectives of waste management and incentive
schemes.

Municipality. The municipality plays a critical role in waste manage-
ment and recycling. It has the authority to set policies, regulations,
and tax incentives that influence the choices of citizens and firms in
waste disposal and recycling methods. The municipality can use tax
incentives and pricing mechanisms to steer the behavior of citizens
and firms towards desired waste management practices. By adjusting
the tax difference (D) between different waste management options,
the municipality can incentivize firms to choose specific methods such
as Autonomous Recycling (AR) or Non-Autonomous Recycling (NAR).
This involves setting the tax difference (D) at levels that promote the
optimal choices for firms while also considering the financial viability
of the municipal waste management system.

In the model, we do not explicitly consider distributive issues since
all the firm’s income is distributed to the households. Further analyses
can assess the re-distribution challenge that arise when productive
firms are incentivized to remain within the urban waste management
system. The question of who bears the tax burden and how it affects the
ability to incentivize productive firms is indeed a crucial consideration.
When lowering taxes for firms to incentivize their participation in the
urban management system, it can result in an increased tax burden on
citizens. This trade-off between efficiency and equity poses a challenge
for the municipality, as they need to strike a balance between en-
couraging productivity and ensuring a fair distribution of tax burdens.
Implementing incentive measures may face resistance from individuals
or groups who would experience higher tax burdens, perceiving it
as unfair or inequitable. The municipality needs to carefully consider
the concerns of different segments of the population and strive for a
solution that promotes both productivity and fairness. Addressing this
issue requires innovative policy design that considers the interests of all
stakeholders involved, including firms, citizens, and the municipality.
Stakeholders’ engagement is crucial to gather diverse perspectives and
ensure that the proposed incentive scheme is acceptable and sustainable
in the long run. Furthermore, ongoing evaluation of the impacts and
effectiveness of the incentive scheme is necessary to make informed
adjustments and optimize the balance between productivity and a fair
tax system. This iterative process allows for continuous improvement
and adaptation to changing circumstances and stakeholder needs.

The municipality should be flexible and adaptable to changing
circumstances, such as shifts in the cost of recycling, market dynamics,
or technological advancements. Adjusting tax incentives and regula-
tions accordingly can help align the choices of citizens and firms
with evolving waste management goals. The municipality should ac-
tively collaborate with citizens and firms in promoting and facilitating
co-production initiatives. Co-production activities, where citizens and
firms work together with the municipality, can enhance the efficiency,
effectiveness, and sustainability of waste management initiatives.

17 In order to equalize the marginal profit coming from production of
onsumption goods and from recycling.
12

p

Central government. The central government shape the regulatory
framework, set recycling targets and define waste categorization. Find-
ings suggest that recycling targets directly affect the municipality’s
waste management choices and the incentives provided to firms. Higher
recycling targets may necessitate adjustments in the threshold value
and tax incentives to encourage firms to participate in waste manage-
ment activities. The government influence with the categorization of
waste, including the proportion of waste classified as special waste
(parameter 𝑠), influences the economic advantage of the firms’ choices
between AR and NAR, as well as the magnitude of the incentive
compatibility problem.

Central government decisions regarding waste categorization can
affect the overall efficiency and effectiveness of waste management
systems. Therefore these choices should be based on a thorough un-
derstanding of local conditions, stakeholder engagement.

Another important task of central government is the definition itself
of the target. Our results rely on the assumption that waste from firms
sent to private collectors is not considered in the fulfillment of the
recycling target set by municipalities. If we include in the target all the
waste produced in territory of the municipality, regardless of whether
it is collected through the municipal waste manager or a private waste
collector the overall results remain unchanged with the case discussed
in the text. However, there are a few changes: it is less likely that
the municipality would prefer firms to opt for a private collector,
and the incentive-compatible tax difference between the two scenarios
(𝜏𝐴𝑅𝐹 − 𝜏𝑁𝐴𝑅

𝐹 ) and the cost associated is reduced. Detailed calculations
or this alternative target can be found in Appendix D

o-production. The research emphasizes the significant role of co-
roduction activities in waste management, particularly in recycling,
nvolving both citizens and firms. The findings highlight that the
roductivity of waste generated by both citizens and firms, which can
e attributed to their efforts in co-production, plays a crucial role in de-
ermining the optimal waste management solutions for firms, citizens,
nd the municipality. Furthermore, the active engagement of citizens in
o-production activities related to recycling and waste disposal can in-
luence the decision-making of firms regarding their waste management
trategies, illustrating the intricate nature of co-production behavior.

Moreover, co-production has implications for the overall cleanliness
f the city. When citizens actively participate in waste management
ctivities, such as the proper disposal of special waste, it contributes to
aintaining a cleaner environment. This cleanliness has positive effects

n firms, the municipality, and the government. A clean city enhances
he overall attractiveness and image of the municipality, which can
otentially benefit the business operations of firms. Therefore, the
nvolvement of citizens and firms in co-production activities not only
osters effective waste management but also contributes to the overall
ell-being and success of the municipality.

Various policy implications derive from the findings. Given the
ital role of co-production in the waste management system and its
otential to drive sustainable solutions for the entire community, it is
rucial to actively promote its implementation. Co-production activities
equire strong support from the municipality or government to thrive
nd deliver desired outcomes. By actively supporting co-production,
he municipality can foster collaboration between citizens, firms, and
overnment entities, creating a synergy that leads to more efficient
aste management practices. The municipality can provide financial

ncentives, educational programs, and logistical support to encour-
ge citizens and firms to actively engage in co-production activities.
urthermore, the municipality should establish clear guidelines and
egulations that promote co-production practices, ensuring compliance
ith environmental standards and fostering a culture of sustainabil-

ty within the community. By creating an enabling environment for
o-production, the municipality can harness the collective efforts of
itizens and firms, leading to more sustainable waste management

ractices and a healthier, cleaner community.
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Private waste management. The presence of a private manager as a
competitor motivates the municipality to prioritize the productivity of
firms. If the municipality fails to provide suitable incentives to firms,
the private collector may attract the most efficient firms. Consequently,
the municipality becomes more focused on measuring firm performance
and implementing innovative strategies to collaborate with them in
recycling efforts. This dynamic encourages the municipality to contin-
uously enhance its waste management system and explore innovative
approaches to achieve optimal solutions. In this way, competition
can serve as a catalyst for the municipality to improve its waste
management practices and consistently seek innovative methods.

8. Conclusions

In this study we model through sequential game theory the intricate
web of waste management decisions made by citizens, firms, munic-
ipalities. Exogenous players are considered the central government
and the private waste manager that is the competitor of municipal
waste management system. The findings have significant implications
that help develop effective waste management policies and promote
sustainability.

The study highlights the significance of recycling productivity for
both citizens and firms in determining the optimal solution for the
municipality. The allocation of recycling capital to citizens and firms is
contingent upon their respective productivity levels. If citizens demon-
strate higher productivity compared to firms, the municipality may
decide that it is optimal not to provide capital to firms. Conversely,
evaluating the recycling productivity of firms becomes crucial in iden-
tifying those that exceed the optimal threshold, enabling the munic-
ipality to achieve its optimal solution. High-performing firms may
be preferred by the municipality to collaborate with the municipal
waste collector, ensuring efficient waste management. However, high
performing firms prefer to dispose their waste to the private waste
manager. This creates an incentive compatibility problem, as the mu-
nicipality should design an appropriate incentive scheme to achieve
optimal solutions. As discussed in the previews section, the munici-
pality has to face several challenges in the implementation of these
schemes.

Therefore, the municipality should explore methods to enhance the
recycling productivity of both citizens and firms to attain a superior
optimal solution. Additionally, implementing protocols to measure the
productivity of citizens and particularly firms is essential. By under-
standing the productivity level of recycled waste (𝛼), the municipality
can not only monitor the quality of recycled waste within the city but
also make informed decisions regarding the optimal solution.

Data availability

No data was used for the research described in the article.

Appendix A. The choice of firms: proof of Propositions 2 and 3

The derivatives of Eq. (4b) are:

𝑑𝑤𝐴𝑅

𝑑𝑝𝑅
> 0; 𝑑𝑤

𝐴𝑅

𝑑𝛾
< 0; 𝑑𝑤

𝐴𝑅

𝑑𝛼
> 0; 𝑑𝑤

𝐴𝑅

𝑑𝜒
< 0; 𝑑𝑤

𝐴𝑅

𝑑𝑧
> 0; 𝑑𝑤𝐴𝑅

𝑑𝜏𝐹
< 0.

oreover
𝑑𝑤𝐴𝑅

𝑑𝑠
≤ 0 if 𝜏𝐴𝑅𝐹 − 𝜒 <

(

𝑝𝑅 −
𝛾

1 + 𝛼

)

, otherwise 𝑑𝑤𝐴𝑅

𝑑𝑠
> 0.

This means, in case of autonomous recycle, the value added that firms
produce decreases with the share of special waste (𝑠) if the unit profit
of autonomous recycling is higher than the taxes saved net of the cost
for disposing special waste, otherwise the value added increases with
𝑠.

The derivatives of Eq. (4c) are:
𝑑𝑤𝑁𝐴𝑅

> 0; 𝑑𝑤
𝑁𝐴𝑅

< 0; 𝑑𝑤
𝑁𝐴𝑅

> 0; 𝑑𝑤
𝑁𝐴𝑅

< 0; 𝑑𝑤
𝑁𝐴𝑅

> 0; 𝑑𝑤𝑁𝐴𝑅
< 0.
13

𝑑𝑝𝑅 𝑑𝛾 𝑑𝛼 𝑑𝜒 𝑑𝑧 𝑑𝜏𝐹
oreover
𝑑𝑤𝑁𝐴𝑅

𝑑𝑠
≤ 0 if 𝜏𝑁𝐴𝑅

𝐹 ≤ 𝜒, otherwise 𝑑𝑤𝑁𝐴𝑅

𝑑𝑠
> 0

that is to say, in case of recycling with municipal collector, the value
added decreases with 𝑠 if the tax on a unit of waste is lower than
the cost of special waste. If the tax rate is higher, the value added
increases.18

Since 𝑑
𝑑𝑠

(

𝑤𝐴𝑅 −𝑤𝑁𝐴𝑅) = −
(

𝑝𝑅 − 𝛾
1+𝛼 −𝐷

)

= −𝑤𝐴𝑅−𝑤𝑁𝐴𝑅

𝑏−1−𝑠 and
𝑑
𝑑𝑏

(

𝑤𝐴𝑅 −𝑤𝑁𝐴𝑅) =
(

𝑝𝑅 − 𝛾
1+𝛼 −𝐷

)

= 𝑤𝐴𝑅−𝑤𝑁𝐴𝑅

𝑏−1−𝑠 , we prove Proposi-
tions 2 and 3.

Appendix B. The municipality

The first constraint. states that the cost is covered by tax revenues:

𝑐𝛷
𝑖
= 𝜏 𝑖𝐹 (𝑏 − 1 − 𝑠)𝐿𝑖 + 𝜏𝐶𝑋

𝑖

r

𝑖 = 𝐾 𝑖
𝐶 +𝐾 𝑖

𝑁𝐴𝑅 ≤ 𝛷
𝑖
= 1

𝑐

[

𝜏𝑖𝐹 (𝑏 − 1 − 𝑠) + 𝜏𝐶
𝑤𝑖

1 + 𝜏𝐶

]

𝜃𝑁

where 𝑑𝛷
𝑑𝜏𝐶

> 0 and 𝑑𝛷
𝑑𝜏𝐹

> 0. Since, 𝜏𝑖𝐹 (𝑏 − 1 − 𝑠) = −𝑤𝑖 + (1 − 𝜒𝑠) +
𝑖
(

𝑝𝑅 − 𝛾
1+𝛼

)

we obtain

𝛷
𝑖
= 1

𝑐

[

−𝑤𝑖 + 1 − 𝜒𝑠 + 𝑟𝑖
(

𝑝𝑅 −
𝛾

1 + 𝛼

)

+ 𝜏𝐶
𝑤𝑖

1 + 𝜏𝐶

]

𝜃𝑁

from this we can calculate (10a) and (10b).

The second constraint. derives from target (8), from which we may
calculate the target level of waste recycled by citizen is

𝑅𝑖
𝐶 = 𝜎

(

𝑊𝑆𝑇 𝑖
𝑋 +𝑊𝑆𝑇 𝑖

𝐹 + 𝑅𝑖
𝐹
)

− 𝑅𝑖
𝐹

Thus, the second constraint concerning the target of waste is 𝑅𝑖
𝐶≥𝑅

𝑖
𝐶 .

Recalling that in scenario (𝑁𝐴𝑅), all the waste which firms are re-
sponsible of is collected by municipality, then 𝑊𝑆𝑇𝑁𝐴𝑅 = 𝑅𝑁𝐴𝑅

𝐹 and
𝑊𝑆𝑇𝑁𝐴𝑅+𝑊𝑆𝑇𝑁𝐴𝑅

𝐹 = (𝑏−1−𝑠)𝜃𝑁 . Moreover 𝑅𝑁𝐴𝑅
𝐹 = (1+𝛼)𝐾𝑁𝐴𝑅. On

the contrary in the scenario (𝐴𝑅), 𝑅𝐴𝑅
𝐹 = 0 and 𝑊𝑆𝑇𝐴𝑅+𝑊𝑆𝑇𝐴𝑅

𝐹 = 0,
we have:

𝑅𝑁𝐴𝑅
𝐶 = 𝜎

[

𝑤𝑁𝐴𝑅

1 + 𝜏𝐶
+ (𝑏 − 1 − 𝑠)

]

𝜃𝑁 − (1 + 𝛼)𝐾𝑁𝐴𝑅,

= 𝜎𝑋𝑁𝐴𝑅 + 𝜎𝜃(𝑏 − 1 − 𝑠)𝑁

with (1 + 𝛼)𝐾𝑁𝐴𝑅 ≤ (𝑏 − 1 − 𝑠)𝜃𝑁

𝑅𝐴𝑅
𝐶 = 𝜎

[

𝑤𝐴𝑅

1 + 𝜏𝐶

]

𝜃𝑁 = 𝜎𝑋𝐴𝑅.

Recalling the optimal recycling chosen by citizen (Eq. (7b)) we can
calculate the constraint on target in term of capital:

𝐾𝐶 [(1 − 𝜃)𝑁 + 1] ≥ 𝜎𝑋𝑁𝐴𝑅 + (𝑏 − 1 − 𝑠)𝜃𝑁 − (1 + 𝛼)𝐾𝑁𝐴𝑅 + 1
𝛽
,

𝐾𝐶 ≥ 𝜎 𝑋𝑁𝐴𝑅

(1 − 𝜃)𝑁 + 1
+ (𝑏 − 1 − 𝑠) 𝜃𝑁

(1 − 𝜃)𝑁 + 1

− (1 + 𝛼)
𝐾 𝑖

𝑁𝐴𝑅
(1 − 𝜃)𝑁 + 1

+ 1
[(1 − 𝜃)𝑁 + 1]𝛽

𝛷𝑁𝐴𝑅 ≥ 𝛷̂𝑁𝐴𝑅 = 𝜎 𝑋𝑁𝐴𝑅

(1 − 𝜃)𝑁 + 1
+ (𝑏 − 1 − 𝑠) 𝜃𝑁

(1 − 𝜃)𝑁 + 1

+
(1 − 𝜃)𝑁 − 𝛼
(1 − 𝜃)𝑁 + 1

𝐾𝑁𝐴𝑅 + 1
[(1 − 𝜃)𝑁 + 1]𝛽

with (1 + 𝛼)𝐾𝑁𝐴𝑅 ≤ (𝑏 − 1 − 𝑠)𝜃𝑁

18 Note that, if the unit profit of autonomous recycling
(

𝑝𝑅 − 𝛾
1+𝛼

)

is greater

than 0, the condition for having 𝑑𝑤𝑁𝐴𝑅

𝑑𝑠
≤ 0 is more binding in case of NAR than

of AR, if negative is less binding.
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𝛷𝐴𝑅 ≥ 𝛷̂𝐴𝑅 = 𝜎 𝑋𝐴𝑅

(1 − 𝜃)𝑁 + 1
+ 1

[(1 − 𝜃)𝑁 + 1]𝛽
.

rom which we obtain Eqs. (11a) and (11b).

ppendix C. The optimal scenario and the incentive compatible
axes: proof of Propositions 6 and 7

Considering both constraint, in case of 𝐴𝑅 scenario the first con-
straint (Eq. (10a)) can be written as:

𝑐𝛷𝐴𝑅 +𝑋𝐴𝑅 =
[

1 − 𝜒𝑠 +
(

𝑝𝑅 −
𝛾

1 + 𝛼

)

(𝑏 − 1 − 𝑠)
]

The second constraint (Eq. (11a)) can be written as:

[(1 − 𝜃)𝑁 + 1]𝛷𝐴𝑅 − 𝜎𝑋𝐴𝑅 = 1
𝛽
.

writing them in matrix form.
(

𝑐 1
(1 − 𝜃)𝑁 + 1 −𝜎

)(

𝛷𝐴𝑅

𝑋𝐴𝑅

)

=
⎛

⎜

⎜

⎝

[

1 − 𝜒𝑠 +
(

𝑝𝑅 − 𝛾
1+𝛼

)

(𝑏 − 1 − 𝑠)
]

𝜃𝑁
1
𝛽

⎞

⎟

⎟

⎠

(

𝛷𝐴𝑅

𝑋𝐴𝑅

)

= 1
𝜎𝑐 + (1 − 𝜃)𝑁 + 1

(

𝜎 1
(1 − 𝜃)𝑁 + 1 −𝑐

)

∗
⎛

⎜

⎜

⎝

[

1 − 𝜒𝑠 +
(

𝑝𝑅 − 𝛾
1+𝛼

)

(𝑏 − 1 − 𝑠)
]

𝜃𝑁
1
𝛽

⎞

⎟

⎟

⎠

In case of NAR, we have to compute the constraint firstly in case of low
productive firms, then in case of high productive ones.

In the first case, 𝐾𝑁𝐴𝑅 = 0

𝑐 1
(1 − 𝜃)𝑁 + 1 −𝜎

)(

𝛷𝑁𝐴𝑅

𝑋𝑁𝐴𝑅

)

=

(
[

1 − 𝜒𝑠
]

𝜃𝑁
(𝑏 − 1 − 𝑠)𝜃𝑁 + 1

𝛽

)

hen
𝛷𝑁𝐴𝑅

𝑋𝑁𝐴𝑅

)

= 1
𝜎𝑐 + (1 − 𝜃)𝑁 + 1

(

𝜎 1
(1 − 𝜃)𝑁 + 1 −𝑐

)

∗

(
[

1 − 𝜒𝑠
]

𝜃𝑁
(𝑏 − 1 − 𝑠)𝜃𝑁 + 1

𝛽

)

.

In the second case,
(

𝛼 > (1 − 𝜃)𝑁 ⇒ 𝐾𝑁𝐴𝑅 = (𝑏−1−𝑠)𝜃𝑁
1+𝛼

)

(

𝛷𝑁𝐴𝑅

𝑋𝑁𝐴𝑅

)

= 1
𝜎𝑐 + (1 − 𝜃)𝑁 + 1

(

𝜎 1
(1 − 𝜃)𝑁 + 1 −𝑐

)

∗

(
[

1 − 𝜒𝑠
]

𝜃𝑁
(𝑏 − 1 − 𝑠)𝜃𝑁 1+(1−𝜃)𝑁

1+𝛼 + 1
𝛽

)

hus let we calculate the difference among scenarios.
When firms are less productive then citizens

𝛷𝑁𝐴𝑅 −𝛷𝐴𝑅

𝑋𝑁𝐴𝑅 −𝑋𝐴𝑅

)

= 1
𝜎𝑐 + (1 − 𝜃)𝑁 + 1

(

𝜎 1
(1 − 𝜃)𝑁 + 1 −𝑐

)

∗

(

−
(

𝑝𝑅 − 𝛾
1+𝛼

)

(𝑏 − 1 − 𝑠)𝜃𝑁
(𝑏 − 1 − 𝑠)𝜃𝑁

)

.

When firm are more productive than citizens
(

1+(1−𝜃)𝑁
1+𝛼

)

≤ 1

𝛷𝑁𝐴𝑅 −𝛷𝐴𝑅

𝑋𝑁𝐴𝑅 −𝑋𝐴𝑅

)

= 1
𝜎𝑐 + (1 − 𝜃)𝑁 + 1

(

𝜎 1
(1 − 𝜃)𝑁 + 1 −𝑐

)

∗

(

−
(

𝑝𝑅 − 𝛾
1+𝛼

)

(𝑏 − 1 − 𝑠)𝜃𝑁

(𝑏 − 1 − 𝑠)𝜃𝑁 1+(1−𝜃)𝑁
1+𝛼

)

𝛷𝑁𝐴𝑅 −𝛷𝐴𝑅 > 0 if

𝜎
(

𝑝 −
𝛾 )

+ 1 > 0
14

𝑅 1 + 𝛼
when
(

1+(1−𝜃)𝑁
1+𝛼

)

> 1 and if

−𝜎
(

𝑝𝑅 −
𝛾

1 + 𝛼

)

+
(

1 + (1 − 𝜃)𝑁
1 + 𝛼

)

> 0

when
(

1+(1−𝜃)𝑁
1+𝛼

)

≤ 1.
From the above calculus, we can derive the general formula for the

difference 𝛷𝑁𝐴𝑅−𝛷𝐴𝑅 > 0, that we use in the main text as (12). Let us
note that 𝜋(0) = 𝑝𝑅 − 𝛾 < 0, and lim𝛼=+∞ 𝜋(𝛼) = 𝑝𝑅. Moreover, 𝜌(0) = 1

𝜎 ,
lim𝛼=+∞ 𝜌(𝛼) = 0.

From the above calculus, we derive Fig. 3. Since 𝜌(𝛼) is decreasing
in 𝛼 and 𝜋(𝛼) is increasing, the unique threshold 𝛼 exists. Applying the
implicit function theorem
𝑑𝛼
𝑑𝜎

< 0, 𝑑𝛼
𝑑𝑝𝑅

< 0, 𝑑𝛼
𝑑𝜃

< 0, 𝑑𝛼
𝑑𝛾

> 0, 𝑑𝛼
𝑑(1 − 𝜃)𝑁

> 0.

roposition 6 is proved.
Finally, deriving Eq. (12),

𝑑
𝑑𝑠

(𝛷𝑁𝐴𝑅 −𝛷𝐴𝑅) = −𝛷𝑁𝐴𝑅 −𝛷𝐴𝑅

𝑏 − 1 − 𝑠
,

Proposition 7 is proved.

Appendix D. Alternative target constraint

(8) defines the percentage that municipal collector has to recycle. It
is possible to consider a different target, in which the objective of recy-
cling is not the waste collected through municipal waste manager but
all the waste collected in municipality, regardless if through municipal
or private waste collector. In this case, we can re-write the target as:

𝜎 =
𝑅𝑖
𝐶 + 𝑟𝑖𝐿𝑖 + 𝑅𝑖

𝐹

𝑊𝑆𝑇 𝑖
𝑋 + 𝑟𝑖𝑌 + 𝑅𝑖

𝐹 +𝑊𝑆𝑇 𝑖
𝐹

(13)

where we recall that 𝑟𝐴𝑅 = 𝑏−1− 𝑠, all waste produced are recycled in
scenario 𝑖 = 𝐴𝑅, while 𝑟𝑁𝐴𝑅 = 0. Therefore in scenario 𝐴𝑅

𝜎 =
𝑅𝐴𝑅
𝐶 + (𝑏 − 1 − 𝑠)𝜃𝑁

𝑊 𝑆𝑇𝐴𝑅
𝑋 + (𝑏 − 1 − 𝑠)𝜃𝑁

,

in scenario NAR

𝜎 =
𝑅𝑁𝐴𝑅
𝐶 + 𝑅𝑁𝐴𝑅

𝐹

𝑊𝑆𝑇𝑁𝐴𝑅
𝑋 + (𝑏 − 1 − 𝑠)𝜃𝑁

.

The target constraint (11a) and (11b) are modified as:

𝛷𝐴𝑅 ≥ 𝛷̃𝐴𝑅 = 𝜎 𝑋𝐴𝑅

(1 − 𝜃)𝑁 + 1
+ (𝜎 − 1)

(𝑏 − 1 − 𝑠)𝜃𝑁
(1 − 𝜃)𝑁 + 1

+ 1
𝛽

1
(1 − 𝜃)𝑁 + 1

𝛷𝑁𝐴𝑅 ≥ 𝛷̃𝑁𝐴𝑅 = 𝜎 𝑋𝑁𝐴𝑅

(1 − 𝜃)𝑁 + 1
+ 𝜎

(𝑏 − 1 − 𝑠)𝜃𝑁
(1 − 𝜃)𝑁 + 1

+ 1
𝛽

1
(1 − 𝜃)𝑁 + 1

+
(1 − 𝜃)𝑁 − 𝛼
(1 − 𝜃)𝑁 + 1

𝐾𝑁𝐴𝑅

Since, for each value of 𝑋𝑖, 𝛷̃𝑖 < 𝛷̂𝑖, the equilibrium pair depicted
n Fig. 2 will be (𝑋𝑖∗, 𝛷̃𝑖∗) where 𝑋𝑖∗ < 𝑋𝑖∗ and 𝛷𝑖∗ > 𝛷̃𝑖∗, therefore
he cost payed by municipality and the tax revenue to cover such a cost
re lower. In this case, when we compare the two scenarios, instead of
(𝛼) we have 𝜌(𝛼) < 𝜌(𝛼)

𝜌(𝛼) =

{ 1
𝜎 for 𝛼 < (1 − 𝜃)𝑁

1
𝜎

(

1+(1−𝜃)𝑁
1+𝛼

)

− 𝛼−(1−𝜃)𝑁
1+𝛼 for 𝛼 ≥ (1 − 𝜃)𝑁,

with lim𝛼→+∞ 𝜌(𝛼) = −∞.
The following proposition holds

Proposition 10. When the waste recycled thorough a private collector
is included in the calculus of the target, ∃𝛼 < 𝛼 such that for 𝛼 ⋚ 𝛼,
𝛷̃𝐴𝑅 ⋚ 𝛷̃𝑁𝐴𝑅. Moreover, moreover the incentive compatible tax structure
in order to convince firms with productivity 𝛼 > 𝛼 is lower than in the case
presented in Proposition 8.
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i
(

t
(

(

F
p

R

Proof. In order to compare the two scenarios, we express the constraint
n matrix form

𝛷𝐴𝑅

𝑋𝐴𝑅

)

= 1
𝜎𝑐 + (1 − 𝜃)𝑁 + 1

(

𝜎 1
(1 − 𝜃)𝑁 + 1 −𝑐

)

∗
⎛

⎜

⎜

⎝

[

1 − 𝜒𝑠 +
(

𝑝𝑅 − 𝛾
1+𝛼

)

(𝑏 − 1 − 𝑠)
]

𝜃𝑁
1
𝛽 + (𝜎 − 1)(𝑏 − 1 − 𝑠)𝜃𝑁

⎞

⎟

⎟

⎠

In case firms are less productive than citizens 𝐾𝑁𝐴𝑅 = 0, then
(

𝛷𝑁𝐴𝑅

𝑋𝑁𝐴𝑅

)

= 1
𝜎𝑐 + (1 − 𝜃)𝑁 + 1

(

𝜎 1
(1 − 𝜃)𝑁 + 1 −𝑐

)

∗

(
[

1 − 𝜒𝑠
]

𝜃𝑁
𝜎(𝑏 − 1 − 𝑠)𝜃𝑁 + 1

𝛽

)

.

In the second case,
(

𝛼 > (1 − 𝜃)𝑁 ⇒ 𝐾𝑁𝐴𝑅 = (𝑏−1−𝑠)𝜃𝑁
1+𝛼

)

(

𝛷𝑁𝐴𝑅

𝑋𝑁𝐴𝑅

)

= 1
𝜎𝑐 + (1 − 𝜃)𝑁 + 1

(

𝜎 1
(1 − 𝜃)𝑁 + 1 −𝑐

)

∗

(
[

1 − 𝜒𝑠
]

𝜃𝑁
(𝜎 + 1)(𝑏 − 1 − 𝑠)𝜃𝑁 1+(1−𝜃)𝑁

1+𝛼 + 1
𝛽

)

Taking the differences among scenarios, when firms are less produc-
ive then citizens

𝛷𝑁𝐴𝑅 −𝛷𝐴𝑅

𝑋𝑁𝐴𝑅 −𝑋𝐴𝑅

)

= 1
𝜎𝑐 + (1 − 𝜃)𝑁 + 1

(

𝜎 1
(1 − 𝜃)𝑁 + 1 −𝑐

)

∗

(

−
(

𝑝𝑅 − 𝛾
1+𝛼

)

(𝑏 − 1 − 𝑠)𝜃𝑁
(𝑏 − 1 − 𝑠)𝜃𝑁

)

.

When firm are more productive than citizens
(

1+(1−𝜃)𝑁
1+𝛼

)

≤ 1

𝛷𝑁𝐴𝑅 −𝛷𝐴𝑅

𝑋𝑁𝐴𝑅 −𝑋𝐴𝑅

)

= 1
𝜎𝑐 + (1 − 𝜃)𝑁 + 1

(

𝜎 1
(1 − 𝜃)𝑁 + 1 −𝑐

)

∗

(

−
(

𝑝𝑅 − 𝛾
1+𝛼

)

(𝑏 − 1 − 𝑠)𝜃𝑁

(𝑏 − 1 − 𝑠)𝜃𝑁 (𝜎+1)[1+(1−𝜃)𝑁]−𝜎(1+𝛼)
1+𝛼

)

= 1
𝜎𝑐 + (1 − 𝜃)𝑁 + 1

(

𝜎 1
(1 − 𝜃)𝑁 + 1 −𝑐

)

∗

(

−
(

𝑝𝑅 − 𝛾
1+𝛼

)

(𝑏 − 1 − 𝑠)𝜃𝑁

(𝑏 − 1 − 𝑠)𝜃𝑁𝜎 [(1−𝜃)𝑁−𝛼]
1+𝛼

+ (𝑏 − 1 − 𝑠)𝜃𝑁 1+(1−𝜃)𝑁
1+𝛼

)

rom this calculus, we may derive the function 𝜌(𝛼) and therefore we
roved Proposition 10. □
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