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A Beta-Bernoulli composite index

Mariateresa Ciommia, Paolo Giudicib, Francesca Mariania, Gloria Polinesic and Maria Cristina Recchionia 

aMarche Polytechnic University, Ancona, Italy; bUniversity of Pavia, Pavia, Italy; cUniversity of Macerata, Macerata, Italy 

ABSTRACT 
Recent studies highlight the need for composite indices capable of integrating individual 
component indicators (or simply indicators) with expert opinions. To address this challenge, 
we propose a method for constructing composite indices that incorporates expert opinions 
in a fully endogenous manner through a Beta-Bernoulli process. The process parameters 
determine the performance of each unit in the phenomenon of interest across the different 
indicators. These parameters are estimated from the observed indicator values, which are 
scaled using expert opinion-based goalposts, independently of the units under consider
ation. The composite index is obtained as the mean of the Beta-Bernoulli variables, but 
penalised for the degree to which they deviate from the mean—captured in this model by 
their correlation. By varying the goalposts, the approach enables identification of which indi
cators play a crucial role in improving the composite index—namely, in improving unit per
formance—thus providing an effective monitoring tool. 

PRACTITIONER SUMMARY 
� The paper proposes a new methodological approach to build composite indices, that can 

incorporate expert opinions into their calculation. The proposal offers three key 
advantages.

� First, it provides a composite index rooted in a consistent statistical framework, that of 
Beta-Bernoulli processes.

� Second, the methodology defines a composite index which can embed expert opinions 
from practitioners in a transparent manner, without resorting to exogenous variables and 
hidden assumptions.

� Third, it provides a procedure for assessing the effect of expert opinions, expressed by pol
icy makers, on the mean performance of a set of units.

� This can enable policy makers and investors, among others, to set realistic targets for the 
units under study, which can thereby be employed as motivation factors.
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1. Background

In recent years, researchers and policymakers have 
shown growing interest in consolidating multiple 
indicators into a single composite index. Major gov
ernmental institutions have developed such compos
ite indices to capture information about complex 
phenomena. The methodologies available in the lit
erature for defining and constructing composite 
indices vary according to their specific applications 
and contexts. Despite these variations, researchers 
commonly employ certain approaches to ensure 
robustness against data anomalies and to maintain 
the reliability and meaningfulness of the resulting 
classifications (see for details Hoffmann et al., 2008).

These approaches require defining a theoretical 
framework that determines the selection and com
bination of individual indicators to accurately reflect 
the dimensions and structure of the phenomenon 
under investigation (see Mazziotta & Pareto, 2017; 
Salzman, 2003).

Each framework requires normalising, weighting, 
and aggregating the selected indicators. Multiple 
approaches have been proposed for each of these 
three steps (Greco et al., 2019). For normalisation, 
practitioners can employ minimum-maximum scal
ing, distance-to-reference methods, or percentage 
change approaches. Aggregation weights can be 
determined through statistical methods, expert ana
lysis, or participatory decision models (see, for 

CONTACT Paolo Giudici giudici@unipv.it University of Pavia, Pavia, Italy 
Supplemental data for this article can be accessed online at https://doi.org/10.1080/01605682.2026.2731154. 

� 2026 The Author(s). Published by Informa UK Limited, trading as Taylor & Francis Group 
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0/), which permits 
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. The terms on which this article has been published allow 
the posting of the Accepted Manuscript in a repository by the author(s) or with their consent.

JOURNAL OF THE OPERATIONAL RESEARCH SOCIETY 
https://doi.org/10.1080/01605682.2026.2731154 

http://crossmark.crossref.org/dialog/?doi=10.1080/01605682.2026.2731154&domain=pdf&date_stamp=2026-09-15
https://doi.org/10.1080/01605682.2026.2731154
http://creativecommons.org/licenses/by/4.0/
http://www.tandfonline.com
https://doi.org/10.1080/01605682.2026.2731154


example, Ceriani et al., 2016; Chen et al., 2023; 
Chen & Li, 2010; Shemshadi et al., 2011). Finally, 
the available aggregation techniques include linear 
methods (weighted sums) or nonlinear methods 
(complex aggregation functions).

Several well-knowon global indices illustrate dif
ferent approaches to indicator aggregation and 
weighting. The Global Innovation Index (GII) 
employs a weighted arithmetic mean to combine 
various indicators into a single composite measure. 
The Human Development Index (HDI) uses a geo
metric mean of three normalised dimensions: health, 
education, and income. The Global Competitiveness 
Index (GCI) aggregates multiple pillars—including 
infrastructure and macroeconomic stability—using 
specific weights determined through both empirical 
and theoretical analysis. The Environmental 
Performance Index (EPI) normalises indicators on a 
0–100 scale, applies relative importance weights, and 
aggregates them linearly. Finally, the Ease of Doing 
Business Index (EDBI) derives its weights from 
regression analysis based on the economic impact of 
individual indicators.

The recent literature highlights the importance of 
the aggregation phase and explores alternatives, 
such as unit-dependent weights, computed through 
the Benefit of Doubt (see, for example, Blancard & 
Hoarau, 2013; Karagiannis, 2017; Walheer, 2024); 
using the Data Envelopment Analysis approach (see, 
for example, Blancas et al., 2013; Cherchye et al., 
2008; Zanella et al., 2015); or using penalised means 
(as Mariani et al., 2024; Verbunt & Rogge, 2018). 
All of these alternatives aim to better capture the 
specificity of individual units, enhancing the reliabil
ity of the composite indices by increasing their 
robustness to small data variations.

The importance of appropriately selecting nor
malisation, weighting, and aggregation techniques in 
constructing composite indices is emphasised in a 
recent review by Kuc-Czarnecka et al. (2020), which 
also examines the advantages and disadvantages of 
employing composite indices in real-world policy
making. Among the advantages, the work highlights 
their ability to summarise and simplify complex 
phenomena to aid decision-making, assess progress 
over time, and provide rankings of the units under 
examination.

Among the disadvantages, the authors warn 
against potentially misleading or overly simplistic 
policy messages, the possibility of political conten
tion in selecting indicators and their weights, and 
the risk of implementing inappropriate policies 
when difficult-to-measure dimensions are not 
adequately considered.

Furthermore, Kuc-Czarnecka et al. (2020) empha
sise that composite indices suffer from a degree of 

subjectivity and can potentially become “an end” 
rather than “a means”—that is, improving the index 
may become an end in itself, regardless of actual 
outcomes. This highlights the need to construct a 
composite index that properly accounts for indicator 
values while ensuring robustness to small data varia
tions, and aggregates them in as endogenous man
ner as possible—that is, independently of subjective 
external factors.

In this paper, we propose a composite index 
defined, for each unit as the mean of latent variables 
underlying the individual indicators of that unit, 
penalised by their dispersion from the mean (i.e., the 
correlation), see for details, Mariani et al. (2024), 
Mazziotta and Pareto (2018), and Polinesi et al. 
(2026). The latent performance is captured by a Beta- 
Bernoulli conjugate model, where the latent variable 
is Bernoulli-distributed with a Beta prior on the 
probability of success. The observed values of the 
success probabilities are obtained by scaling the ori
ginal indicator through min-max goalposts defined 
by policymaking experts according to the scenario of 
interest. The sequence of the latent variables follows 
a Beta-Bernoulli process and contributes to measur
ing the overall performance of the unit.

In doing so, we provide a fully endogenous 
aggregation method that ensures robustness to small 
data variations, penalises highly correlated perform
ances, and embeds expert opinions through the spe
cification of goalposts chosen independently of the 
units under consideration.

Our paper is closely related to the recent work of 
Chen et al. (2023), which represents one of the few 
attempts to incorporate expert opinions into a com
posite index. In that paper, the authors propose a 
composite index defined as a linear combination of 
individual indicators, with weights that incorporate 
expert opinions, computed by solving an optimisation 
problem for principal components with an additive 
penalty term that reflects expert opinions and their 
reliability. Along this line, Ravanos and Karagiannis 
(2021) combine the Benefit of Doubt model with 
Value Efficiency Analysis, encoding external preferen
ces and value judgments through a “model” decision- 
making unit that serves as a benchmark in the 
Benefit of Doubt weighting scheme.

In line with these contributions, we incorporate 
expert opinions but in a fundamentally different 
manner under mild assumptions. Specifically, for 
each individual component indicator, alternative 
expert beliefs are considered by modifying the 
goalposts of the indicator’s range (minimum and 
maximum values), chosen independently of the 
units under analysis. The individual indicators are 
then scaled using these pairs of goalposts to 
obtain scores in the interval ½0, 1�: The scores 
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associated with a unit are assumed to be realisa
tions of a Beta distribution with unit-dependent 
parameters.

In our approach, the only exogenous element in 
normalisation/weighting/aggregation methodology 
concerns the specification of the goalposts (i.e., the 
expert opinions), whereas the remaining compo
nents of the approach are entirely endogenous.

Summarising the proposed methodology offers 
several advantages. First, the composite index 
accommodates min-max ranges that reflect different 
expert opinions at a given time for cross-sectional 
data and across different time periods for panel 
data. Second, by varying the min-max ranges, we 
can obtain the sample distribution of the composite 
index, enabling comparison of how alternative pol
icy specifications of the goalposts affect the compos
ite index. Third, the weighting scheme is 
endogenously determined, with the importance 
(weight) of each indicator based on its actual per
formance rather than on any a priori exogenous 
choices.

To illustrate the proposed Beta-Bernoulli compos
ite index, we apply it to compute composite indices 
that measure and compare the financial sustainabil
ity of a set of small and medium-sized enterprises 
over the period 2020–2022.

Two empirical analyses are conducted. The first 
shows that the composite index captures findings 
about enterprise performance already established in 
the liability theory of Fichman and Levinthal (1991) 
regarding the “honeymoon period” and of Lukason 
et al. (2016) concerning the need for micro firms to 
overcome post-foundation challenges to survive.

The second analysis focuses on the effect of 
enterprise objectives expressed through suitable 
pairs of goalposts. Empirical analysis shows that 
increasing the maximum goalposts leads to higher 
composite index values only up to a certain point 
(corresponding to an increase of 35%), after which 
the values decrease. This finding is consistent with 
the established principle that “overly ambitious 
demands can be discouraging, whereas modest ones 
may not capture attention effectively.” This concept 
is supported by the Yerkes-Dodson Law (Yerkes & 
Dodson, 1908).

The remainder of this paper is organised as fol
lows. Section 2 introduces the proposed method
ology, consisting of the scaling approach to embed 
expert opinions and the proposed composite index. 
Section 3 illustrates the empirical results derived 
from applying the approach to a set of small and 
medium enterprises. Finally, Section 4 presents con
cluding remarks while the online Appendix presents 
several robustness checks for the results of 
Section 3.

2. Methodology

Our aim is to develop a methodology that can 
combine K indicators, describing individual charac
teristics of a population of interest, into a single 
one-dimensional construct: a composite index that 
can adequately summarise and rank the N units of 
the population.

For example, the indicators could include 
income, health, and education levels measured 
across N regions of a country to assess and compare 
quality of life. At the company level, indicators 
might comprise financial ratios measured for N 
companies to evaluate financial sustainability. 
Finally, at the individual level, indicators could 
describe the mathematical, programming, and com
munication skills of N graduates to assess and com
pare their potential for data science positions.

In all the described examples, it seems intuitive to 
consider individual indicators that are standardised, 
that is, expressed in a similar scale; and that have a 
positive polarity, that is, having a positive effect on 
the composite index: the higher the level of each 
indicator, the higher the level of the composite index.

From a mathematical viewpoint, standardisation 
and positive polarity can be achieved by means of a 
linear transformation of the indicators in the set of 
positive real numbers, that will be described in the 
next subsection. In the following subsection we will 
then introduce a probabilistic model to build a com
posite index.

2.1. Scaling the individual indicators

In this subsection, we introduce a linear transform
ation of the indicators1 to standardise them and 
ensure they all have positive polarity.

Denote the observed value of the j-th indicator 
for the i-th unit as yi

j; for j ¼ 1, 2, :::, K, 
and i ¼ 1, 2, :::, N:

The most common way to obtain standardised 
indicators with positive polarity is to subtract each 
indicator’s minimum value from all its values and 
divide by its range, as follows:

pi
j, 0 ¼

yi
j − mj

Mj − mj
, (1) 

where mj ¼ minimum y1
j , y2

j , :::, yN
j

n o
and Mj ¼

maximum y1
j , y2

j , :::, yN
j

n o
: In this way we obtain a 

transformed set of K indicators, pj, 0; all defined 
in ð0, 1Þ:

The “classic” transformation in Equation (1) is 
convenient, as all transformed indicators assume 
values in the same unit range. There may be situa
tions, however, in which the normalisation in 
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Equation (1) is “too strong.” For example, when 
comparing different regions in terms of quality of 
life, we may have regions with much larger values, 
leading to a normalisation that does not allow for 
comparing regions with small values among each 
other. When comparing different companies in 
terms of financial sustainability, there may be com
panies with very low values of all ratios and, in this 
case, it becomes difficult to distinguish among the 
remaining companies. Finally, when comparing 
individual skills for a data science position, we may 
want to focus the comparison on the top profiles, 
but their normalised values may be very close to 
each other if the normalisation is carried out using 
the minimum and the maximum.

These considerations suggest generalising the 
classic transformation in Equation (1). Consider dif
ferent expert opinions embedded in R alternative 
specifications. For each expert opinion, r ¼
1, 2, :::, R, replace mj and Mj in Equation (1) with 
the following pair of “goalposts”:

mj, r ¼ mj 1 − Dm, rð Þ, (2) 
Mj, r ¼ Mj 1þ DM, rð Þ, (3) 

where mj; Mj are positive while Dm, r and DM, r are 
non-negative constants, whose values range between 
zero and one. Note that, when Dm, r and DM, r are 
both equal to zero, the goalposts simplify to the 
minimum and the maximum observation, as in 
Equation (1).

The goalposts in Equation (2) and (3) are 
employed to obtain different transformations of the 
individual indicators, that guarantee values in ½0, 1�
and positive polarity while allowing for a more flex
ible range definition, specified in terms of expert 
opinions, r ¼ 1, 2, :::, R; for each indicator j ¼
1, 2, :::, K, and unit i ¼ 1, 2, :::, N, as follows:

pi
j, r ¼

yi
j − mj, r

Mj, r − mj, r
: (4) 

The following proposition shows when the trans
formed values pi

j, r are higher (or lower) than those 
obtained with the classic transformation pi

j, 0 in 
Equation (1).

Proposition 2.1. Let pi
j, 0 be the classic min-max 

transformation in Equation (1). If yi
j >

mjMjðDm, rþDM, rÞ

MjDM, rþmjDm, r 

then pi
j, r < pi

j, 0; otherwise, if yi
j �

mjMjðDm, rþDM, rÞ

MjDM, rþmjDm, r 
then 

pi
j, r � pi

j, 0

Proof. The proof is obtained through a simple com
putation by rewriting pi

j, r < pi
j, 0 as follows:

yi
j − mjð1 − Dm, rÞ

Mjð1þ DM, rÞ − mjð1 − Dm, rÞ
<

yi
j − mj

ðMj − mjÞ
:

w

Figure 1 illustrates Proposition 2.1 from a graph
ical viewpoint. It shows the straight lines represent
ing the transformed values for Dm, r ¼ DM, r ¼ 0 
(solid blue line) and for Dm, r ¼ 0:5; DM, r ¼ 0:25 
(dashed red line). The value xj, r ¼

mjMjðDm, rþDM, rÞ

MjDM, rþmjDm, r 

corresponds to the x-value where the two lines 
intersect.

Figure 1 shows that, when Dm, r and DM, r are 
greater than zero, the slope of the dashed line 
becomes lower than the slope of the solid line. The 
difference between the two slopes increases when 
DM, r and Dm, r increase.

From an interpretational viewpoint, goalposts can 
be interpreted in terms of decision making. When 
the upper goalpost (DM, rÞ is greater than zero, the 
decision maker sets a limit for each indicator that is 
higher than the maximum ever reached by the units 
under study. This reduces the probability that a 
given unit achieves a high performance.

Conversely, when the lower goalpost (Dm, rÞ is 
greater than zero, the decision maker sets a limit for 
each indicator that is lower than the minimum ever 
reached by the considered units. This increases the 
probability that a given unit achieves a high 
performance.

The advantage of using goalposts different from 
the minimum and the maximum allows to evaluate 
the effects of alternative policy targets, set by the 
decision makers.

Figure 1. Graphical representation of the scaling in the ðx, yÞ
plane. The x-axis shows the values of the j-th indicator while 
the y-axis is the scaled indicator. The blue-solid line is the scal
ing corresponding to Dm ¼ 0 ¼ DM ¼ 0 while the red-dashed 
line is the scaling with a non-zero goalposts. The points have 
the following coordinates: P1 ¼ ðmj; 0Þ; P2 ¼ ðMj; 1Þ; Q1 ¼

ðmjð1 − Dm, rÞ; 0Þ and Q2 ¼ Mjð1þ DM, rÞ; 1Þ.
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We remark that the transformation described 
above can be usefully extended to panel data. In 
that context, each individual indicator is usually 
scaled using the smallest and largest values across 
different years. However, as demonstrated by the 
COVID-19 pandemic, exogenous events can gener
ate outliers that may distort the scaling, flattening 
the importance of time periods in which extreme 
values were not observed, thereby compromising the 
reliability of composite indices. The transformation 
in Equation (4) can address this issue selecting, for 
each indicator j, the intervals ½mj, r; Mj, r� as the 
annual, monthly, or daily min-max ranges, where 
the values of r, r ¼ 1, 2, :::, R; represent the years, 
months, or days considered, as illustrated in 
Section 3.2.2.

2.2. Building a composite index

In this subsection, we define a probabilistic model 
that leads to the definition of a composite index as 
a function of the scaled indicators introduced in the 
previous subsection. To achieve this, we recall the 
Beta distribution and Beta-Bernoulli process.

A Beta distribution for random proportion P, 
with left parameter a > 0 and right parameter b > 0 
has a probability density function f given by:

f ðp; a, bÞ ¼
pa−1ð1 − pÞb−1

Bða, bÞ
, p 2 ð0, 1Þ, (5) 

where Bða, bÞ is a normalising constant, B is the 
Beta function, Bða, bÞ ¼ CðaÞCðbÞ

CðaþbÞ
; and C the Gamma 

function. For the Beta distribution, the mean and 
variance are given by EðPÞ ¼ a

aþb
; and varðPÞ ¼

a b

ðaþbÞ
2
ðaþbþ1Þ

; respectively.
The Beta-Bernoulli process is as follows.

Definition 2.1. Siegrist (2022) Let P be a random 
variable drawn from a Beta distribution with left 
and right parameters a and b; respectively. The 
Beta-Bernoulli process of parameters a and b is a 
sequence of binary (0–1) random variables, denoted 
by X ¼ ðX1, X2, :::Þ; with the property that, condi
tional on P ¼ p; the sequence X is a sequence of 
independent Bernoulli trials such that:

XljP ¼ p � BernoulliðpÞ, l ¼ 1, 2, :::, L, (6) 

or equivalently:

PðXl ¼ 1jP ¼ pÞ ¼ p, l ¼ 1, 2, :::, L: (7) 

In other words, once a value p of P is drawn 
from the Beta distribution, the process X is a 
sequence of Bernoulli trials with probability of suc
cess P ¼ p:

In our context, we assume that the distribution 
of “successes” across individual indicators, for a set 
of N units, are N Beta-Bernoulli processes. Thus, 
different goalposts assigned by R different experts 
generate R� N replications of the indicators.

In this way, each of the K indicators, for a given 
unit i, and an expert opinion r, can be a “success” 
with a common probability of success P ¼ p;
unknown, and to be learned from the observations. 
What is observed, for a given unit i, and an expert 
opinion r, are a set of K realisations of the Beta- 
Bernoulli random variables or the set of the K prob
abilities of success defined in Equation (4).

Before proceeding, it is useful to recall the properties 
of a Beta-Bernoulli process X : It can be shown that:

EðXlÞ ¼
a

aþ b
, l ¼ 1, 2, :::, L, (8) 

varðXlÞ ¼
a

aþ b
�

b

aþ b
, l ¼ 1, 2, :::, L, (9) 

covðXl, XsÞ ¼
a

aþ b
�

b

aþ b
�

1
aþ bþ 1

, l 6¼ s,

l, s ¼ 1, 2, :::, L,
(10) 

corðXl, XsÞ ¼
1

aþ bþ 1
, l 6¼ s, l, s ¼ 1, 2, :::, L,

(11) 

where Eð�Þ denotes the expectation, varð�Þ the vari
ance, covð�, �Þ the covariance, and corð�, �Þ the 
correlation.

Remark 2.1. Note that aþ b represents the concen
tration of the random variable P and measures the 
reliability of the mean. Specifically, as the concentra
tion goes to infinity and the ratio a

aþb 
approaches a 

constant, the Beta distribution reduces to a Dirac delta 
distribution; in this limit, P becomes deterministic and 
equal to this constant. Therefore, the correlation in 
Equation (11) is an inverse measure of concentration: 
the higher the correlation, the higher the dispersion 
from the mean; conversely, lower correlation implies 
higher concentration around the mean.

From the above properties, we note several key 
features. First, EðXlÞ equals the mean of the Beta 
distribution of P. Second, the variance is a function 
of the mean. Third, the covariance equals the vari
ance multiplied by a correction factor. Finally, the 
correlation is positive, which relates to the fact that 
the process is exchangeable due to the expression of 
the joint probability mass function of the Beta- 
Bernoulli process:

P X1 ¼ x1, X2 ¼ x2, :::, XL ¼ xLð Þ ¼
a

PL

l¼1
xlb

L−
PL

l¼1
xl

ðaþ bÞ
L

(12) 
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which depends only on the sum of the observations 
x1; x2, :::, xL; and not on their order.

All of the above moments (see, Equations (8)–
(11)) are functions of the two Beta distribution 
parameters, a and b; and can therefore be estimated 
once these parameters are inferred from the data.

We associate with each unit i a vector of success 
performances X i ¼ ðXi

1, Xi
2, :::, Xi

KÞ; where Xi
j repre

sents the impact of the j − th indicator on unit i. 
Specifically, Xi

j ¼ 1 indicates the best possible per
formance for that indicator, while Xi

j ¼ 0 indicates 
the worst.

Thus, we assume that the vector of the success 
performances X i ¼ ðXi

1, Xi
2, :::, Xi

KÞ � BBetaðai, biÞ;

where BBeta indicates a Beta-Bernoulli process with 
success probability Pi � Betaðai, biÞ

2.
For each unit i, the scaled values pi

j, r in Equation 
(4) are assumed to be realisations of the probability 
of success Pi:

We now define a composite index named Beta- 
Bernoulli Composite index (BBC for short) for the 
unit i as follows:

Ii ¼ EðXiÞ 1 −
1

K − 1

X

k6¼j
corðXi

j , Xi
kÞ

 !

,

8i ¼ 1, :::, N:

(13) 

The BBC index is a composite index defined as 
the mean of the Beta-Bernoulli process that defines 
the phenomenon, penalised by the correlation 
among the random Beta-Bernoulli variables. The 
penalty is a function of the indicators’ correlation, 
i.e., a dispersion from the mean, and, as a conse
quence, units with lower correlation among indica
tors (i.e., the success performances) are preferred 
because they lead to a higher value of the composite 
index.

The correlation among indicators plays a crucial 
role because it reduces the impact of extreme events, 
such as COVID-19. When such events occur, all 
indicators become highly correlated, and therefore a 
composite index that is not corrected becomes 
biased. Our composite index, in contrast, incorpo
rates a correction that causes it to decrease when 
extreme events increase the correlation.

We now prove some useful properties of the pro
posed composite index.

Proposition 2.2. Equation (13) can then be rewrit
ten as follows:

Ii ¼ li 1 −
1

�i þ 1

� �

, 8 i ¼ 1, :::, N, (14) 

where li is the mean of Pi and �i represents its con
centration, given by

li ¼
ai

ai þ bi
, �i ¼ ai þ bi, 8i ¼ 1, :::, N: (15) 

Proof. From Definition 2.1 we have:

EðXi
j jP

iÞ ¼ Pi: (16) 

Therefore, from Equation (16) using the law of 
iterative expectations, we have:

EðXi
jÞ ¼ EðEðXi

j jP
iÞÞ ¼ EðPiÞ ¼

ai

ai þ bi
¼ li: (17) 

Bearing in mind that according to Equation (11)
1

K − 1

X

k6¼j
corðXi

j , Xi
kÞ ¼

1
K − 1

X

k6¼j

1
ai þ bi þ 1

¼
1

�i þ 1
: (18) 

This concludes the proof.                             w

Note that, when �i approaches infinity, the beta 
distribution concentrates at its mean li: When li ¼

1 and �i ! þ1; unit i is successful in terms of all 
indicators, while when li ¼ 0 and �i ! þ1; unit i 
is always unsuccessful.

More generally, the mean li can be interpreted 
as the mean performance of unit i (i.e., its mean 
probability of success, across all indicators), while 
the concentration �i can be interpreted as a reliabil
ity measure for this mean performance: the higher 
the concentration, the higher the reliability.

Based on Proposition 2.2, we summarise the 
assumptions underlying the composite index: (1)
distributional: each unit’s indicator is assumed to 
follow a Beta distribution on ½0, 1�; with parameters 
ai > 0 and bi > 0 estimated via maximum likeli
hood; (2) monotonicity conditional on concentra
tion: higher values of each indicator reflect better 
performance only when the concentration parameter 
vi ¼ âi þ b̂i is held constant across units. As a direct 
consequence, smaller concentration (i.e., higher dis
persion from the mean) penalises the index, so that 
two units with the same mean âi=ðâi þ b̂iÞ will be 
ranked differently if their concentration differs; (3)
comparability: units can be meaningfully ranked 
against one another on a common scale; (4) positive 
polarity: all indicators are oriented so that larger 
values are preferable; (5) statistical reliability: a suffi
ciently large number of observations per unit is 
required to ensure the stability of the MLE estimates 
âi and b̂i:

These assumptions depart from those of other 
composite indices in several respects. Methods such 
as the Benefit of the Doubt (BoD) and Data 
Envelopment Analysis (DEA) are non-parametric 
and assign unit-specific weights that are most 
favourable to each unit, requiring no assumption on 
polarity beyond the choice of outputs versus inputs, 
and no distributional assumption whatsoever. 
However, they do not penalise units for 
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inconsistency or volatility in their indicator scores, 
and the resulting rankings can be sensitive to the 
choice of the frontier estimation methodology. 
Principal Component Analysis (PCA) based com
posite index instead extracts orthogonal linear com
binations of the indicators that maximise explained 
variance, implicitly assuming that indicators with 
higher variance carry more information; it requires 
no assumption on concentration, but the resulting 
composite indices are often difficult to interpret 
substantively and polarity must be verified post hoc. 
The PCA-based index is sensitive to scale, so indica
tors are typically standardised before running it, 
which itself is an assumption about equal weighting 
of variance across variables.

Proposition 2.3. The index in Equations (13) and 
(14) belongs to the interval ½0, 1�; with 1 reached 
when all indicators are successful with probability 
one, and 0 when all indicators are not successful 
with the same probability.

Proof. Recall that li ¼
ah

aiþbi
; with ai and bi being 

positive values. Therefore, it follows that li 2 ð0, 1Þ:
The endpoints can be approached as limits when 
the parameters approach zero or infinity. The quan
tity 1

1þaiþbi 
is positive and less than one, so 1 − 

1
1þaiþbi 

is also positive and smaller than one. When 
ai ! þ1; the index approaches 1 for any value of 
bi: In contrast, when ai ! 0þ and bi ! þ1; the 
index approaches 0, indicating that all distributions 
are concentrated at zero.                                 w

The composite index Ii in Equation (14) is a the
oretical quantity that depends on the unknown 
parameters of the Beta Bernoulli distribution, ai and 
bi: These parameters are estimated from the avail
able data, which for a given unit i consists of the K 
scaled values in Equation (4) for each expert evalu
ation r, or alternatively, the observed values of the 
indicator random variables. In this regard, the fol
lowing properties hold.

Proposition 2.4. A maximum likelihood estimator 
for bIi can be obtained as:

bIi ¼
âi

âi þ b̂i

 !

1 −
1

âi þ b̂i þ 1

 !

, i ¼ 1, 2, :::, N:

(19) 

where the quantities âi and b̂i are the maximum 
likelihood estimates of the parameters ai and bi:

Recalling that the mean and the variance of Pi 

are given by li ¼
ai

aiþbi 
and vari ¼

aibi
ðaiþbiÞ

2
ðaiþbiþ1Þ

;

respectively, and nothing that the ratio vari=ðlið1 − 
liÞÞ ¼ 1=ðai þ bi þ 1Þ, the composite index 

(Equation (14)) can be equivalently rewritten as:

Î i ¼ Pi 1 −
cvari

Pið1 − PiÞ

 !

, (20) 

where Pi is the sample mean of Pi:

Pi ¼
1

KR

XK

j¼1

XR

r¼1
pi

j, r

 !

, i ¼ 1, 2, :::, N, (21) 

and cvari is the sample variance of Pi:

cvari ¼
1

ðKR − 1Þ

XK

j¼1

XR

r¼1
ðpi

j, r − PiÞ
2

 !

,

i ¼ 1, 2, :::, N:

(22) 

It is important to determine the marginal effect 
of each indicator on the composite index. This is 
derived in the following proposition.

Proposition 2.5. The marginal effect of the j-th 
indicator on the estimated composite index Î i is 
given by:

@Î i

@yi
j
¼

1
KSj

(

1 −
cvari

ð1 − PiÞ
2

" #

−
2RK
ðRK − 1Þ

1
ð1 − PiÞ

XR

r¼1
wj, rðpi

j, r − PiÞ
h i

)

(23) 

where Sj is the harmonic mean of the interval sizes 
of the j-th indicator:

Sj ¼
1
R

XR

r¼1

1
ðMj, r − mj, rÞ

" #−1

, (24) 

while wj, r; r ¼ 1, 2, :::, R; are positive weights sum
ming one:

wj, r ¼
1
R

Sj

Mj, r − mj, r
: (25) 

Proof. The proof follows using Equations (4), (21), 
and (22) with a straightforward computation:

@ Î i

@yi
j
¼
XR

r¼1

@pi
j, r

@yi
j

@Î i

@pi
j, r
¼
XR

r¼1

1
Mj, r − mj, r

� �

1
RK

−
1

RK
cvari

ð1 − PiÞ
2

" #

− 2
ðpi

j, r − PiÞ

ð1 − PiÞ

8
<

:

9
=

;

¼
1

KSj
1 −

cvari

ð1 − PiÞ
2

" #

−
2

ðRK − 1Þ
1

ð1 − PiÞ

XR

r¼1

ðpi
j, r − PiÞ

ðMj, r − mj, rÞ

" #
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¼
1

KSj
1 −

cvari

ð1 − PiÞ
2

" #

−
2

ðRK − 1Þ
1

ð1 − PiÞ

XR

r¼1

yi
j − mj, r − PiðMj, r − mj, rÞ

ðMj, r − mj, rÞ
2

" #

:

(26) 

This concludes the proof.                             w

The marginal effect described in Equation (23)
provides several important insights. First, the 
smaller the mean range of indicator j, denoted Sj;

the greater its effect. This occurs because the inverse 
of the harmonic mean of the range acts as a multi
plicative factor. We recall that the range of a given 
indicator embeds expert opinion and is independent 
of the specific unit. A decision maker can thus affect 
the relative importance of each indicator by varying 
the goalposts, which determine the range.

Second, the marginal effect is linear in the devi
ation of the j-th indicator from the sample mean Pi:

Specifically, the term 
PR

r¼1 wj, rðpi
j, r − PiÞ

h i
repre

sents a weighted average of the deviations of the 
observed performances pi

j, r from the average overall 
performance Pi: This means that greater importance 
is assigned to deviations of observations associated 
with smaller ranges. A decision maker can thus 
affect the relative importance of an extreme devi
ation: the smaller the range, the larger the impact. 
While in terms of the previous comment a small 
range is beneficial, in this case it is not.

In this perspective, the expert specification of 
DM, r and Dm, r and, consequently, of the two goal
posts, is a key aspect, as it affects the range. The net 
effect of the specification depends on the examined 
data, and will be examined in the next Section.

Note also that, bearing in mind (Equations (4)
and (23)) can be expressed as:

@ Î i

@yi
j
¼

1
KSj

(

1 −
cvari

ð1 − PiÞ
2

" #

−
2RK
ðRK − 1Þ

Sj

ð1 − PiÞ

XR

r¼1

1
ðMj, r − mj, rÞ

2 ðy
i
j − mj, r − PiðMj, r − mj, rÞÞ

" #)

:

(27) 

From Equation (27) note that, when the range Sj 
is small, the marginal effect of an indicator is driven 

by the term 1 − bvar i
ð1−PiÞ

2

� �

which depends on the unit 

but not on the specific indicator. This indicates that 
the marginal effect has a weak dependence on the 
value of the indicators.

As we have already remarked, what matters for 
the composite index are the mean value of the indi
cators and their correlations, rather then the specific 
values of the indicators.

We finally remark that, in a panel data setting, 
the harmonic mean Sj of the range can be inter
preted as the average variability of the j-th indicator 
over the considered period. The choice of different 
periods, or time frequencies, in which to calculate 
the composite indices can thus be seen, in a panel 
data setting, as an expert based strategy similar to 
the choice of goalposts.

3. Application

3.1. The composite index

In this subsection we illustrate the effectiveness of 
the proposed composite index, employing as a case 
study a set of 239 manufacturing companies belong
ing to the ATECO code 15 of the Marche region, 
whose financial performance data for the years 
2020–2022 are organised in a publicly available 
database, at https://www.leanus.it/. We, we focus on 
financial performance as the primary metric.

Manufacturing companies will be analysed separ
ately based on both age (year founded) and size 
(number of employees). Specifically, we divide com
panies in “old firms” and “young firms” with the 
latter including those founded after 2010. Each 
group is further divided into “micro size” (less than 
10 workers), “small size” (10 to 49 workers), and 
“medium-large size” (50 or more workers). Thus, 
the analysis includes 33 medium-large firms (among 
which 26 old and 7 young), 161 small firms (118 
old and 43 young), and 45 micro firms (26 old and 
19 young).

The database contains ten individual component 
indicators that concern different key aspects of com
pany performance3. The list of all indicators is pro
vided in Table 1.

From Table 1 note that the indicators can be 
grouped in three main categories: (i) Profitability 
ratios, which include Return on Assets (ROA), 
Return on Equity (ROE), Return on Sales (ROS), 
Return on Investment (ROI), and margins; (ii) 
Liquidity ratios, such as the Current Assets to 
Current Liabilities (CACL) ratio, and the Cash (or 
quick assets) to Current Liabilities (CCL) ratio; (iii) 
Financial leverage ratios, which include the total 
debt to total equity ratio and the percentage of total 
long-term debts.

To construct the composite index defined in 
Equation (19), we first define the samples on which 
its replications will be based. To this end, we set 
Dm, r at 0 and DM, r; r ¼ 1, 2, :::, R; as an ordered 
sequence of R distinct numbers within the interval 
½0, 1�; reflecting various expert opinions. Specifically, 
we consider DM, r ¼ ðr − 1Þ � 0:05, r ¼ 1, 2, :::, R;
where R ¼ 21:
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We then compute the ten scaled indicators using 
Equation (4) for each of the R ¼ 21 expert settings 
and all 239 examined companies4.

The summary statistics of the proposed compos
ite index by different types of firms are reported in 
Table 2.

Table 2 shows that, on average, micro firms 
exhibit higher performance across the considered 
indicators compared to small and medium-sized 
firms, regardless of their age. Since we are analysing 
young but financially mature firms, this finding 
aligns with Lukason et al. (2016), who demonstrate 
that micro firms must overcome post-foundation 
challenges to survive. This also supports the 
“honeymoon period” of normal financial perform
ance described by the liability theory of Fichman 
and Levinthal (1991). This trend is also evident in 
Figure 2, where the right panel shows that micro 
firms have higher composite index values than large 

and small enterprises when considering the young 
and old categories separately.

Further insights into the comparison across dif
ferent companies can be obtained by examining the 
estimated density of the composite index for the six 
considered groups in Figure 3.

Figure 3 shows that, across different government 
policies, firms—regardless of size and age—improve 
their performance in 2022 (blue dotted line), follow
ing the negative trend observed in 2021 (red dashed 
line).

For the year 2022, the bimodal shape of the dens
ity also reveals the existence of “two-speed 
companies,” referring to a situation in which busi
nesses within an economic system or industry 
develop at different rates (i.e., the two modes). This 
typically highlights a gap between companies that 
are more advanced and competitive and those strug
gling to keep pace with new technologies, market 
changes, or global economic dynamics.

We further investigate the capability of the index 
to distinguish well-performing from poorly perform
ing firms by clustering them according to the mean 
value of their composite index. We focus on small 
firms, both young and old, as they form the back
bone of the considered manufacturing sector. Firms 
are grouped into three contiguous classes based on 
the first and ninth deciles of the mean values of the 
composite index. Specifically, older firms are clus
tered as worst-performing ½0, 0:37�; middle-perform
ing (0.37, 0.427), and best-performing ½0:427, 1�;
while younger firms fall into worst-performing 
½0, 0:33�; middle-performing (0.33, 0.412), and best- 
performing ½0:412, 1�:

We then assess whether the obtained clusters 
align with the actual nature of the firms using indi
cators not included in the composite index within a 
predictive framework. Figure 4 presents summary 
plots of two indicators not used in constructing the 
composite index: the debt-to-equity ratio and total 
short-term debt (as a percentage), for the worst-, 
middle-, and best-performing firm clusters.

Figure 4 clearly shows that the best-performing 
firms have lower levels of total short-term debt and 
debt-to-equity ratios compared to the middle- and 
worst-performing firms. This indicates that the 

Table 1. List of variables.
Category Indicators

Profitability P (or L)/TA (ROA), P (or L)/TE (ROE), EBIT/S (ROS), EBIT/TA (ROI), GP/S, EBITDA
Liquidity CA/CP (CACL), QA/CL (CCL)
Financial leverage TD/TE (Debt Ratio Leverage), % LD

Note: the acronyms have the following meanings: P (or L), balance profit or loss; TA, total assets; CA, current assets; QA, quick 
assets; TD, total debt; LD, total long-term debt; CL, current liabilities; TE, total equity; RE, retained earnings; S, sales revenue; GP, 
gross profit; EBIT, earnings before interest and taxes; EBITDA, earnings before interest, taxes, amortisation and depreciation.

Table 2. Summary statistics of the composite index for the 
years 2020 (a), 2021 (b) and 2022 (c).
(a)

Large-medium size Small size Micro size

Old Young Old Young Old Young

Min 0.3325 0.3047 0.3268 0.3072 0.3376 0.3150
1st Qu. 0.3411 0.3100 0.3347 0.3123 0.3459 0.3206
Median 0.3480 0.3165 0.3411 0.3172 0.3533 0.3274
Mean 0.3470 0.3152 0.3398 0.3165 0.3520 0.3258
3rd Qu. 0.3542 0.3207 0.3465 0.3213 0.3594 0.3310
Max 0.3569 0.3223 0.3486 0.3229 0.3618 0.3331 

(b)

Big-medium size Small size Micro size

Old Young Old Young Old Young

Min 0.3053 0.2789 0.2940 0.2713 0.3069 0.2786
1st Qu. 0.3158 0.2880 0.3026 0.2785 0.3170 0.2866
Median 0.3274 0.2982 0.3125 0.2863 0.3282 0.2954
Mean 0.3282 0.2986 0.3130 0.2864 0.3288 0.2954
3rd Qu. 0.3404 0.3091 0.3232 0.2948 0.3405 0.3043
Max 0.3524 0.3191 0.3335 0.2999 0.3512 0.3109

(c)

Large-medium size Small size Micro size

Old Young Old Young Old Young

Min 0.3709 0.3465 0.3607 0.3412 0.3727 0.3534
1st Qu. 0.4038 0.3757 0.3926 0.3714 0.4103 0.3927
Median 0.4115 0.3818 0.3996 0.3779 0.4177 0.4003
Mean 0.4083 0.3797 0.3974 0.3756 0.4147 0.3971
3rd Qu. 0.4170 0.3873 0.4058 0.3828 0.4241 0.4056
Max 0.4193 0.3890 0.4077 0.3844 0.4264 0.4076
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composite index is a good predictor of the actual 
financial state of the firms.

3.2. The impact of expert opinions

In this subsection, we analyse the impact of expert 
opinions on the composite indices. As previously 
discussed, expert opinions can affect the probability 
of success of a unit (a firm in this application) by 
varying the success performances. It is of interest to 
understand which expert settings are more beneficial 
for achieving higher mean values of the composite 
index. We examine the impact of expert opinions 
first in a cross-sectional framework and then in a 
panel context.

3.2.1. Cross-sectional framework
We focus on the year 2022 to analyse the impact of 
different expert opinions and, specifically, of differ
ent choices of Dm and DM:

Figure 5 presents four panels, each displaying the 
value of the composite index in correspondence to 
the R ¼ 21 scaling approaches described in the pre
vious subsection. We focus on the companies 
belonging to two sub-categories of ATECO code 15 
(manufacture of footwear and manufacture of foot
wear and leather parts), and we also distinguish 
them by size.

In Figure 5 the horizontal axis represents the 
pairs ðDm, r, DM, rÞ; where Dm, r ¼ 0; and DM, r ¼

ðr − 1Þ � 0:05 for r ¼ 1, 2, :::, 21: These pairs can be 

Figure 2. Box plots of the composite index in the specific firm class. Colours refer to different years of the analysis: 2020 
(green), 2021 (red), 2022 (blue).

Figure 3. Density of the composite index by groups of firms. Colours and lines refer to different years of the analysis: 2020 
(green solid line), 2021 (red dashed line), 2022 (blue dotted line).
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interpreted as targets set by policymakers (such as 
public authorities or market investors). The choice 
of Dm, r ¼ 0 indicates no reduction in the minimum 
performance, whereas DM, r; ranging from 0 to 1, 
indicates increasing performance improvement over 
the observed maximum from 0% to 100%.

3.2.2. Panel data framework
Here, we focus on panel data to evaluate whether 
the company ranking provided by the composite 
index is robust to different specifications of expert 
opinions. To achieve this goal, we calculate the 

composite index for three different years and con
sider two different approaches for setting expert 
opinions. The first approach scales each indicator 
using the minimum and maximum values observed 
across all three years. The second approach scales 
each indicator using the minimum and maximum 
values observed in each specific year. Table 3 shows 
the obtained composite index for each group of 
firms.

Table 3 highlights that the ranking of firms is 
robust: it does not vary when changing expert opin
ions, with micro firms showing higher values of the 

Figure 4. Summary plots of total short-term debt (in percentage—right) and debt to equity ratio (left) for old (upper panel) 
and young (bottom panel) small firms in 2022. Colours indicate best (green), middle (grey) and worst (red) performing firms.

Figure 5. Composite index values for two different ATECO 15 sectors in 2022, divided by firm age and size. Colours represent 
firm size: small (green), micro (red), and large (blue). The left panel shows old firms, while the right panel displays young 
firms. The x-axis represents the pairs ðDm, r , DM, rÞ; where Dm, r ¼ 0; and DM, r ¼ ðr − 1Þ � 0:05 for r ¼ 1, 2, . . . , 21: The y-axis 
represents the value of the composite index.
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composite index regardless of their age. Note that 
using the minimum and maximum values across all 
years as goalposts results in slightly higher compos
ite index values.

4. Concluding remarks

In this paper, we have proposed a new methodo
logical approach for composite indices that can 
incorporate expert opinions into their calculation. 
The proposal offers three key advantages.

First, it provides a composite index rooted in a 
new statistical framework, that of Beta-Bernoulli 
processes. This leads to estimated composite index 
values that are simple to understand, being the 
mean of the scaled indicators penalised by their cor
relation for any given unit. The empirical analysis in 
the application section provides evidence of the 
effectiveness of the proposed composite index in 
identifying units (firms) with different performance 
levels, including best-performing units and those 
experiencing difficulties.

Second, the methodology defines a composite 
index which embeds expert opinions in a transpar
ent manner, without resorting to exogenous varia
bles and hidden assumptions. It does so employing 
a Beta-Bernoulli process estimated from real data 
combined with easy to understand goalposts, which 
can reflect expert opinions, and have a light impact, 
as demonstrated by the robustness analysis pre
sented in the panel data framework considered in 
the paper.

Third, it provides a procedure for assessing the 
effect of the expert opinions, expressed by policy 
makers, on the mean performance of a set of units. 
It does so embedding expert opinions in the con
struction of the composite index, without resorting 
to any optimisation problem (as Chen et al., 2023
does), but simply scaling indicators according to the 
goalposts specified by the experts, and using the 
scaled values to calculate the composite index. The 
empirical evidence presented in the cross sectional 
framework of the paper shows how to actually cali
brate expert opinions to improve the overall mean 
value of the indicators. This can enable policy mak
ers and investors, among others, to set realistic tar
gets for the units under study, which can thereby be 
employed as motivation factors.

The methodology is well-suited for case studies 
involving a large number of component indicators. 
Finally, while the Beta-Bernoulli process represents 
one possible approach, alternative processes merit 
further exploration.

Notes

1. We select indicators defined on the set of positive 
real numbers.

2. Note that the vector of success performances X i 

could be known or unknown.
3. In our application, the realizations of the random 

indicator variable, Xi
j ; are unknown. We only observe 

the values yi
j of the component indicator and choose 

the goalposts to scale them.
4. For illustrative purposes, we select Dm, r; r ¼

1, 2, :::, R, equal to 0 and R ¼ 21 expert opinions. 
However, the results are not limited to this specific 
choice and can be generalized to any number of 
expert beliefs.
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Appendix 

A.1. Proof of the properties of Beta-Bernoulli process

In this appendix, we prove Equations (8)–(11) of Section 2. Keeping in mind that Xi for any P ¼ p is a Bernoulli random 
variable with success probability p, we have:

EðXlÞ ¼

ð1

0
EðXljP ¼ pÞf ðp; a, bÞdp ¼

ð1

0
ð1 � pþ 0_1 − pÞÞf ðp; a, bÞdp (A.1) 

Since Bða, bÞ ¼ CðaÞCðbÞ

CðaþbÞ
; Bðaþ 1, bÞ ¼ Cðaþ1ÞCðbÞ

Cðaþbþ1Þ and Cðxþ 1Þ ¼ xCðxÞ we get:

EðXlÞ ¼
Bðaþ 1, bÞ

Bða, bÞ
¼

aCðaÞCðbÞ

ðaþ bÞCðaþ bÞ
�
Cðaþ bÞ

CðaÞCðbÞ
¼

a

aþ b
: (A.2) 

To compute variance end covariance we first compute the second order moments. We have:

EðX2
l Þ ¼

Ð 1
0 EðX2

l jP ¼ pÞf ðp; a, bÞdp ¼
Ð 1

0 ð1 � pþ 0_1 − pÞÞf ðp; a, bÞ dp ¼
ð1

0

pað1 − pÞb−1

Bða, bÞ
dp ¼

Bðaþ 1, bÞ
Bða, bÞ

¼
a

aþ b
,

(A.3) 

therefore, the variance in Equation (9) is equal to

varðXlÞ ¼ EðX2
l Þ − ðEðXlÞÞ

2
¼

a

aþ b
−

a

aþ b

� �2
¼

a

aþ b
�

b

aþ b
: (A.4) 

The mixed moment of the variables which are identically distributed is given by:

EðXlXsÞ ¼
Ð 1

0 1 � p2 þ 0ð2pð1 − pÞ þ ð1 − pÞ2
� �

f ðp; a, bÞdp

¼
Ð 1

0
paþ1ð1 − pÞb−1

Bða, bÞ
dp ¼

Bðaþ 2, bÞ
Bða, bÞ

,
(A.5) 

that is:

EðXlXsÞ ¼
Ð 1

0 p2f ðp; a, bÞdp ¼
Cðaþ 2ÞCðbÞCða þ bþ 2Þ

CðaÞCðbÞCða þ bÞ

¼
ðaþ 1ÞaCðaÞCðbÞCða þ bÞ

CðaÞCðbÞða þ bþ 1Þðaþ bÞCðaþ bÞ

¼
ðaþ 1Þa

ðaþ bþ 1Þðaþ bÞ

(A.6) 

The proof of Equation (10) is:

covðXl, XsÞ ¼ EðXlXsÞ − EðXlÞEðXsÞ ¼
ðaþ 1Þa

ðaþ bþ 1Þðaþ bÞ
−

a

aþ b
�

a

aþ b
¼

¼
a

aþ b

ðaþ 1Þ
ðaþ bþ 1Þ

−
a

ðaþ bÞ

� �

¼
ab

ðaþ bÞ
2
ðaþ bþ 1Þ

:

(A.7) 

The proof of Equation (11) follows recalling the corðXl, XsÞ ¼ covðXs, XsÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
varðXlÞvarðXsÞ

p
with varðXlÞ ¼ varðXsÞ:
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