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Abstract—Spatially coupled low-density parity-check (SC-
LDPC) codes have recently attracted a lot of attention because of
their optimal asymptotic performance. Time-invariant and peri-
odically time-varying SC-LDPC codes are particularly interesting
code families, since they have good finite-length performance
and allow for a very compact representation. However, one of
the key challenges to make SC-LDPC codes practical consists
in finding efficient techniques for their encoding. In this paper,
we propose a method to construct polynomial generator matrices
for time-invariant and periodically time-varying SC-LDPC codes,
based on their polynomial parity-check matrix. We show that
it is always possible to find a polynomial generator matrix in
quasi-standard form, where the systematic part consists of a
diagonal matrix with identical entries, enabling efficient and non-
catastrophic encoding. We also show that it is always possible
to compute an equivalent rational function generator matrix
in standard form that guarantees recursive, systematic (and
therefore also non-catastrophic) encoding. Finally, to illustrate
the method, we introduce a family of time-invariant SC-LDPC
codes characterized by a binary parity-check matrix associated to
a Tanner graph with girth larger than 4 and by good asymptotic
and finite length performance. These codes naturally admit a
quasi-standard polynomial generator matrix that, depending on
the number of control symbols per period, either can be efficiently
converted into polynomial standard form or remains in quasi-
standard form but is relatively sparse. Both these features enable
fast and efficient encoding.

Index Terms—Generator matrix, LDPC codes, spatially cou-
pled codes.

I. INTRODUCTION

HE family of spatially coupled low-density parity-check

(SC-LDPC) codes has been introduced in the late ’90s,
as LDPC convolutional codes [1]. Regular SC-LDPC codes
have been shown to approach and even asymptotically achieve
the channel capacity under belief propagation decoding over
binary memoryless symmetric (BMS) channels [2], [3]. Also
for irregular SC-LDPC code ensembles, as proven in [4],
the belief propagation threshold saturates to the conjectured
maximum a posteriori (MAP) threshold of the underlying
irregular ensembles over BMS channels. SC-LDPC codes can
be classified as time-invariant, periodically time-varying, or
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fully time-varying. Although, generally speaking, performance
improves across these categories in the given order, having
a simpler representation is a key advantage of time-invariant
[5], [6] and periodically time-varying (with small period)
SC-LDPC codes [7], [8]. The structure and regularity of
time-invariant codes enables fully parallel decoding, with
throughput in the range of hundreds of Gbit/s [9]. For all
these reasons, SC-LDPC codes stand out as promising error-
correction alternatives in optical communications [10] and
next-generation wireless communications [11].

In digital communication systems and networks, channel
coding must not only ensure reliable transmission but also
operate with minimal delay to match stringent processing
requirements. In modern communication scenarios, the im-
portance of fast and efficient encoding is therefore amplified
by the tight latency and complexity constraints of emerg-
ing technologies. Applications such as massive machine-
type communications (mMTC) and ultra reliable low-latency
communications (URLLC) also demand extremely fast and
lightweight processing at the device level. In these con-
texts, the encoding stage can become a bottleneck, making
structured and hardware-friendly implementations essential.
Consequently, the design of encoding strategies that balance
low complexity with good error-rate performance is gaining
increasing relevance for next-generation networks. In this
regard, an important yet relatively underexplored aspect in the
literature concerns the encoding of SC-LDPC codes (see [12,
Section VI-M]). In [13], two encoding methods — namely the
syndrome former and partial syndrome former realizations —
are proposed, both based on the parity-check matrix. These
methods require the top-right portion of the transposed syn-
drome former matrix to be an identity matrix, which reduces
the degrees of freedom in the code design. Moreover, these
techniques are general, work well with sparse matrices, but do
not take into account the potential representation and structural
advantage of codes which are not fully time-varying. The
recent paper [14] also describes encoding based on the partial
syndrome former realization. Instead, very little attention has
been paid to the generator matrix of SC-LDPC codes. Some
examples are shown in [15] but, to the best of our knowledge,
a formalized way to obtain a structured generator matrix is
missing in the literature, and this motivates our work.

A. Our contribution

In this paper, we propose a method to construct the gener-
ator matrix (with entries being polynomials) of time-invariant
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and periodically time-varying SC-LDPC codes, and show that
these families of SC-LDPC codes can be easily encoded
using their generator matrix, which is in quasi-standard form.
By quasi-standard, we mean that the polynomial generator
matrix contains a diagonal submatrix in which all diagonal
elements are identical (and therefore not necessarily an identity
submatrix). This structure preserves the systematic nature of
the encoding while introducing a uniform “scaling” factor
across all information bits. The method we propose uses
minors of the polynomial parity-check matrix to construct
the polynomial generator matrix of the code. The algebraic
description of SC-LDPC codes is very useful in terms of
the realization and classification of the encoder. More im-
portantly, our method is hardware-friendly, since it is well
known that polynomial multiplication and division can be
efficiently implemented in practice. We also show how to
always obtain the standard form of the generator matrix, which
enables systematic (but recursive) encoding. Beyond being a
desirable property for (n, k) error-correcting codes in general,
since it allows the inclusion of k information symbols without
additional overhead, systematic encoding is particularly crucial
for convolutional codes. This is because it guarantees that
encoding remains non-catastrophic, meaning that any input
sequence with a finite number of nonzero symbols produces
an output sequence with a finite number of nonzero symbols.
On the one hand, without systematic encoding, certain encoder
realizations may cause small errors to produce arbitrarily long
error sequences, severely degrading error correction perfor-
mance. On the other hand, non-systematic encoders are not
necessarily catastrophic. We will show that, in the context
of SC-LDPC codes, a polynomial generator matrix which is
not in standard form (and therefore does not allow systematic
encoding) might be sparse and non-catastrophic. In some
applications, sparsity may be a more desirable feature than
encoding systematicity. The computational complexity of the
proposed methods is also assessed.

We also comment on the binary representation of the gen-
erator matrix. Moreover, we consider both conventional and
tail-biting termination methods for SC-LDPC codes, showing
that the latter approach yields remarkable advantages from the
encoding standpoint.

Finally, to validate our theoretical analysis, we introduce
a family of time-invariant SC-LDPC codes, called polyno-
mial generator sequentially multiplied columns (PG-SMC)
SC-LDPC codes, which serve as a concrete example illus-
trating the applicability of our approach. For the sake of
readability, we refer to them simply as PG-SC codes. These
codes are characterized by a polynomial generator matrix
in quasi-standard form and, depending on the number of
control symbols per period, the latter can either be efficiently
converted into standard form or remains in quasi-standard form
but is relatively sparse. Beyond encoding efficiency, PG-SC
codes can be designed with girth larger than 4. Moreover,
they exhibit good asymptotic protograph extrinsic information
transfer (PEXIT) thresholds [16], and their finite-length error-
rate performance is comparable to that of other codes with
similar parameters.

B. Related works

Polynomial generator matrices based on minors were first
constructed for quasi-cyclic LDPC (QC-LDPC) codes in [17].
This idea was later developed also in [18] for QC-LDPC codes,
whereas [19] studies encoding of generalized QC-LDPC codes
through the polynomial generator matrix. All these papers are
based on the codeword construction technique proposed in [20,
Lemma 6]. None of them deals with SC-LDPC codes, though.
We already mentioned [13], where encoding of SC-LDPC
codes based on the binary parity-check matrix is proposed.
Our approach is different, since we focus on the generator,
which results in a distinct encoding perspective and different
implementation complexity compared to parity-check-based
methods. Tanner et al. show some generator matrices of
LDPC convolutional codes in [15], found through Gaussian
elimination. Instead, we propose to construct generator ma-
trices based on the permanent of minors of the polynomial
parity-check matrix. In certain cases, this approach offers
advantageous properties, such as the ability to work with
polynomial generator matrices instead of rational function
matrices, as well as possible sparsity, which is extremely rare
to obtain through Gaussian elimination. Both characteristics
are particularly beneficial for hardware implementations.

Recently, SC low-density generator matrix (SC-LDGM)
codes have attracted growing interest [4], [21]-[23]. In this
work, we take a first step toward developing a framework in
which both the generator and parity-check matrices are sparse
and structured which, besides the applications considered in
the aforementioned papers (i.e., lossy compression and write-
once memories), might also be of interest for the construction
of Calderbank-Shor-Steane (CSS) quantum codes. Although
these are undoubtedly active and stimulating areas of research,
they fall beyond the scope of this paper.

C. Paper outline

The paper is organized as follows. In Section II, we intro-
duce the notation and provide some background. In Section
III, we propose a construction for the generator matrix of SC-
LDPC codes. In Section IV, we provide some insight into the
asymptotic complexity of the proposed approach. In Section
V we introduce a family of time-invariant codes enabling
efficient encoding. In Section VI, we assess the asymptotic and
finite-length error rate performance of the proposed family of
codes. In Section VII, we provide some concluding remarks.

II. NOTATION AND PRELIMINARIES

Given two integers a and b, we denote by [a,b] the set
of integers {yla < y < b}. The symbol ®y represents
multiplication mod N.

We use upper case and lower case bold letters to denote
matrices and vectors, respectively. For a vector v of length
n, the i-th entry is indicated as v;. For an m X n matrix M,
the entry at position (4, j) is indicated as m; ;, the ith row as
M; . and the j-th column as M. ;. Given an m X n matrix M,
and a set S C [0,n—1], Mz is the submatrix of M formed
by the columns of M with indexes in S. Given a set S, |S5]
represents its cardinality. The all-zero matrix of size m X n is
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denoted as 0,,x,. Transposition is denoted with T.The nxn
identity matrix is denoted as I,,, whereas the n x n lower
shift matrix, which is a binary matrix with ones only on the
subdiagonal, is denoted as L,,. Fraktur-style letters are used
for rational functions and polynomials. The operator perm(-)
returns the permanent of its argument, that is,

n—1
perm(Q) £ > [] ¢jo(i)s

€S, j=0

where Q is an n x n matrix and S, is the symmetric group,
i.e., the set of all n! bijections from [1,n] to [1,n].

Z/NZ denotes the ring of integers mod N. F5[D] denotes
the ring of polynomials with coefficients in the Galois field
Fy. F2[D]/(DL — 1) denotes the ring of polynomials in F3[D]
mod (DL - 1). Fy(D), instead, denotes the field of rational
functions over Fy. Moreover, Fo(D) denotes the field of
Laurent series over . Finally, F5 denotes the n-dimensional
vector space over [Fs.

The function returning the degree of a polynomial is denoted
as deg(-). The polynomial Y7 _. D=, is denoted as il;;(D).
We define W(-) as an operator that, given a polynomial as
input, returns the number of its nonzero coefficients, which we
call weight of the polynomial. When applied to a polynomial
matrix (or vector), W(-) acts entrywise, producing a matrix
(or vector) whose elements correspond to the weights of the
corresponding polynomial entries.

A. Background on LDPC and SC-LDPC codes

A binary linear block code C with length n is a k-
dimensional linear subspace of 3. The code can be repre-
sented by a parity-check matrix H, such that its null space
is the code itself. In other words, C = {c|cH' = 0}, being
0 an all-zero vector, and c are codewords. The code is also
represented by the generator matrix G, whose rows form a
basis for the code, i.e., the codewords can be obtained as
¢ = uG, where u € F5. The code rate is R £ £. A code is
said to be an LDPC code if its parity-check matrix is sparse.

The parity-check matrix can be written as

H (0) -~ Hp,, (ms)
T ) . .
H[O,L—l] = - " - )
Hy(L—-1) - H), (L+ms—1)

(D

which describes a terminated SC-LDPC code with frame

length n = La and coupling length L. When the coupling

length tends to infinity, i.e., for L — oo, the matrix represents

an unterminated SC-LDPC code, defined as

{c S IF%“ | CH[TO,L—l] = ()}.
Each block H;(t) € F§*“, i = [0,m] is given as

SRR 0
H(t) = | : L )
hgc—l,o) (t) hEC—l,a—l)(t)

The design rate of an SC-LDPC code is R > R, — 7220,
where R., = #=¢ is its asymptotic rate.! An SC-LDPC code
terminated in tail-biting fashion, or briefly a tail-biting SC-
LDPC code, with coupling length L > mg, is obtained by
wrapping back the last mgc columns of (1) after L times
instants.

We also define
[H,, (t)[H,, ()] [Hg (t)]

as the t-th syndrome former matrix. The variable mg is the
syndrome former memory order (sometimes simply addressed
as the memory) of the code and vy = (ms + 1)a is the
syndrome former constraint length. If H;(¢t) = H;(t + T)
for a finite value of 7', the corresponding code is said to
be periodically time-varying with period T. When T = 1,
we say that the code is time-invariant. Time-invariant codes
are characterized by a unique syndrome former matrix. If the
above conditions are not met, the code is fully time-varying.

For time-invariant and periodically time-varying codes it is
convenient to represent the following matrix

H,(t)
oyt | ey |
Hi o, (t+ms)
where 0 < ¢ < T — 1, in polynomial form. We get
byo(D) - by (D)
f)(t)(D) — :
0010D) o by, (D)

where hftj)(D) € Fy[D]. To go from the binary form to the
polynomial form, apply

bi' /(D) =Y h{W)(t + 2)D?.
z=0
Codewords, in polynomial form, can thus be expressed as
¢(D), and the code is
{¢(D) € F2(D)* | ¢(D)$H(D) " = 0}, 3)
where
HD) 2 [ 59D) | DHP(D)|... | DT 1TV (D) .

When dealing with time-invariant codes, we will drop the
dependence on t.
We restrict our attention to codes for which

W(HY (D)) =w(sD (D)), Vi
Then, for some t, we define the base matrix of the code as
B 2 W(5"(D)).

We then define an ensemble of codes £(B) as the collection
of all codes characterized by the same base matrix B. In the

!'The inequality sign in the definition of rate for terminated SC-LDPC codes
is due to the fact that the parity-check matrix may not have full rank.
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time-varying case, if the above condition holds, without loss
of generality we assume that B = W (% (D)).

For example, if H® (D) contains only nonzero monomial
entries V¢, i.e.,

1 1 1
Bmon — 1 1 i 1 (4)
11 ... 1

it defines a fully monomial code. The set of all such codes
defines the fully monomial ensemble, which has been exten-
sively investigated in the literature (see, for instance, [24] for
the block case and [15] for the convolutional case).

We anticipate here that the base matrix of the polynomial
generator sequentially multiplied columns (PG-SMC) ensem-
ble proposed in Section V of this paper is

1 0 -~ 0 1 1 1 - 17
1 1 0 - 0 1 1 - 1
BF¢=10 1 1 . S 6
: . . .0 1 1 o]
o -~ 0 1 1 1 1 - 1]

More details are given in the mentioned section.

Remark 1 If we apply the tail-biting termination to a time-
invariant SC-LDPC code, we can see the corresponding parity-
check matrix as that of a QC-LDPC code with block length
al, as defined in [25]. The well-known size-L circulant-
block form of the parity-check matrix of this QC-LDPC code
introduced in [26] is easily obtained by reordering the rows
and columns of the parity-check matrix.

Analogously to the definition of $3(D), one can define the
polynomial generator matrix of a time-invariant code?

go,0(D) g0,a—1(D)

ga—c—l,O(D) ga—c—l,a—l(D)
Definition 1 An (a —¢) X a generator matrix & (D) is said to
be in standard form if its rightmost (a — ¢) X (a — ¢) submatrix
is the identity matrix. It is said to be in quasi-standard form
if that submatrix is diagonal and all its elements are equal.

We loosely define the girth g of a code (or equivalently,
of its binary parity-check matrix H) as the girth — that is,
the length of the shortest cycle — in the Tanner graph [27]
corresponding to H.

ZNote that it is not necessary to define a polynomial generator matrix
specifically for time-varying codes, as the codes we consider are either time-
invariant or time-varying with a small period. In the latter case, we will show
that the definition of a polynomial generator matrix for time-invariant codes
remains sufficient.

III. GENERATOR MATRIX OF SC-LDPC CODES

In this section, we first deal with the rational function
representation of the generator matrix of time-invariant and
periodically time-varying SC-LDPC codes; then, we shift to
the binary representation, which is important to understand the
role of termination for encoding.

A. Generator matrix of SC-LDPC codes based on minors

Let us consider the following result.

Lemma 1 [20, Lemma 6] Given a time-invariant SC-LDPC
code described by $(D) € Fo[D]°*“, there exist (,{,)
codewords denoted as

m0) = [ w? D) ... w0 |,

whose entries are

m(5>(D):{perm(ﬁ{S\i}(D)) fie§
0 otherwise

(6)

?

where S is the s-th size-(c¢ + 1) subset of [0,a — 1], s €
[0’ (c-(ll—l) - 1]

Note that, since we assume $)(D) € Fo[D]°*%, it follows by
construction that m(s)(D) € Fy[D]?, VS. These polynomial
vectors represent only a subset of all possible codewords,
which, in general, belong to Fo(D)®, as previously noted.

Corollary 1 Given a polynomial codeword m(D) and a non-
zero p(D) € F3[D] such that m(D) = m(D)p(D), then also
m(D) is a codeword.

Proof: We have m(D)$H(D) = p(D)m(D)$H(D) = 0.
Since p(D) is non-zero, m(D)$H (D) = 0, which implies that
m(D) is also a codeword. [ |

Starting from Lemma 1, for time-invariant SC-LDPC codes
we are able to construct a polynomial generator matrix as
follows.

Theorem 1 Given a time-invariant SC-LDPC code C de-
scribed by $(D) € Fo[D]°*®, with a > ¢, then

m([(),cfl]u{c})(D)
m([O,cfl]U{c+1})(D)

&(D) = € Fy[D]@=9xa (7)

m(0e-1Uta=13) (D)
is a (polynomial) generator matrix for C.

Proof: We need to prove that &(D)$H (D) = 0. This is
immediate, since according to Lemma 1 each of the rows of
(7) is in F3[D]* and is a codeword, therefore satisfying (3).

]

The codewords to be included in (7) are chosen in such a

way that the rightmost (@ — ¢) x (a — ¢) submatrix of & (D)
is diagonal. This potentially enables systematic encoding.
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Remark 2 Suppose that for each row i of & (D), there exists
a polynomial p;(D) € F3[D] such that every nonzero entry
g;;(D) in that row can be written as

9i,;(D) = pi(D)g:,; (D).
Then, according to Corollary 1, the matrix formed by the

polynomials g, ;(D) is also a valid polynomial generator
matrix.

Let us recall some fundamental results from classical con-
volutional coding theory, which establish whether a given
generator matrix leads to catastrophic encoding or not. For
brevity, we omit their proofs, as they are well known [28]—
[30].

Definition 2 A convolutional encoder is said to be catas-
trophic if there exists an input sequence with infinite weight
that produces a codeword of finite weight.

In other words, a catastrophic encoder allows error prop-
agation: a small number of channel errors can cause the
decoder to produce an output sequence that differs from the
transmitted information sequence in infinitely many positions.
For example, suppose an information sequence with infinite
Hamming weight is mapped by the encoder to a codeword
of finite Hamming weight, for instance, with only a few
nonzero symbols. If this codeword is transmitted over a noisy
channel, such as a binary symmetric channel, and the channel
flips exactly the few nonzero bits, the received sequence
may coincide with another valid codeword (precisely, the all-
zero codeword). The decoder may thus interpret the received
sequence as having originated from the all-zero input. As a
result, it outputs an information sequence (in this case, the
all-zero sequence) that differs from the transmitted one in
infinitely many positions, even though the channel introduced
only a small number of errors.

Proposition 1 [28, Chapter 2] A generator matrix & (D)
ensures non-catastrophic encoding if and only if the greatest
common divisor of the permanents A;(D) of all (,* ) distinct
(a — ¢) x (a — ¢) submatrices of & (D) satisfies

gcd{Ai(D)|i:1,2,...,< “ )}:Dl (8)
a—C

for some integer | > 0.

Corollary 2 [29, Section 11.1] A generator matrix in stan-
dard form guarantees non-catastrophic encoding.

Definition 3 A convolutional encoder is said to be minimal
if it has the smallest possible number of memory elements
among all encoders that generate the same code.

Corollary 3 [29, Section 11.1] A minimal non-systematic
encoder is non-catastrophic.

The construction proposed in Theorem 1 is particularly
useful, because it enables efficient encoding. The following
corollary also holds.

Corollary 4 Given a time-invariant SC-LDPC code repre-
sented by &(D) € Fy[D](*=¢)*@ obtained as described in
Theorem 1, suppose that

gi}j(D) = 90,6(D>gi,j(D)7 YO0 S 7 S a—c—l, 0 S ] S c—1.
Then, & (D) admits an equivalent generator matrix in standard

form in Fy[D](@=¢)* a5

[&(D)| L.

Proof: We have established in Corollary 1 that it is pos-
sible to derive one valid codeword from another by “factoring
out” the common polynomials in its entries. It can be easily
shown that g;, c+i, (D) = g4y c44, (D) for all 4 # 41. In fact,
for any pair 0 < 79,721 < a—c— 1, we have

Gig.crio (D) =m0 (D) = perm($70,—13 (D))

= ml® T Dy = g, (D).

Given that, by construction, the submatrix (&(D)) is
diagonal, we have just proved that

&) = [(6(]))) [0,c—1] [ To—c gO,c(D)]'

If we suppose that go (D) is a common factor for every
entry g; ;(D) in the first ¢ columns, i.e.,

[e,a—1]

gzj(D) = gO,c(D>gi,j(D>7 VO S ’L S a—c—l, 0 S] S C—l,

then also R
[&(D) [Lo—]

is a valid generator matrix in standard form, where @(D)
consists of the polynomials g, ;(D). |

Remark 3 The proof of Corollary 4 further reveals that all
entries in the (a—c) x (a— ¢) rightmost diagonal submatrix of
& (D) are identical. When this condition holds, as anticipated
in Section II, we refer to &(D) as being in quasi-standard
form.

A polynomial generator matrix in standard form, if at-
tainable, would greatly simplify implementation, making it
an important asset for practical applications. However, the
hypotheses of Corollary 4 are often not met. For general
polynomial parity-check matrices, in order to obtain systematic
encoding, one needs to consider a rational function generator
matrix.

Corollary 5 Given &(D), obtained as described in Theorem
1 (and therefore in quasi-standard form), a rational function
generator matrix in standard form for a time-invariant SC-
LDPC code can always be obtained as

&"(D) = 6(D)/go,.(D) € Fo(D)\ 7. ©)

Proof: 1t easily follows from Corollary 1 and from the
proof of Corollary 4. We obviously need to take into account
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that, unlike Fy[D], Fo(D) is a field, hence endowed with
division. ]

Corollary 5 is very important, since a rational function
generator matrix as that in (9) always enables systematic (and
thus non-catastrophic) encoding, whereas it is not guaranteed
that Theorem 1 provides a generator matrix that enables non-
catastrophic encoding.

Let us now generalize Theorem 1 to the case of periodically
time-varying SC-LDPC codes.

Corollary 6 Given C, a periodically time-varying SC-LDPC
code of period 7', described by

(RO, HTDY g ppxmate

then we can find a valid $(D) € Fo[D]7¢*T, from which

m[0,Te=1Ju{Tc}) (D)
m([O,Tc—l]U{Tc+1}) (D)

6(]:)) — c ]F2[D]T(a—c)><Ta

m([O,TC—l]U'{Ta—l}) (D)
(10)
is a (polynomial) generator matrix for C.

Proof: To prove the corollary, let us assume without
loss of generality that HTTn (t) is not an all-zero matrix,
Vt € [0,T — 1]. We need to consider that a periodically time-
varying code represented by 7' matrices HY, t e [0,T —1],
of size a X (ms + 1)c, can be seen as a time-invariant code
represented by the single T'a X (T' 4+ mg)c matrix

[ Hy(0) 0 0 1
y o |Hmlme) 0 (11)
0 Hy(T-1)
| 0 0 H, (T+ms—1)]
Then, the proof is the same as that of Theorem 1. ]

The different points of view from which a periodically time-
varying code can be seen were discussed, for example, in
[31, Section II-A]. The properties of (D) € Fo[D]7*T are
described in [8, Lemma 1]. Corollary 5 also naturally extends
to the periodically time-varying case.

For better clarity, next we provide two toy examples.

Example 1 Let us consider the time-invariant SC-LDPC code
with ¢ = 2 and a = 4, having girth g = 6, represented by

1 1 1 1
‘6(D): 1 D DS D25 5

then, according to Theorem 1, we get

m@WWEYMD)=[D+D® 1+D® 1+D 0],
m@VBHM)=[ D+D*» 14+D®» 0 1+D ],

and thus the following polynomial generator matrix in quasi-
standard form

1+D® 14D 0
1+ D3 0 1+D |-

D + D8
®(D) - D+ D25
In this case, given the permanents A; of all the 2 x 2
submatrices of &(D), we have ged{A;}(D) = D? + 1,
and therefore encoding would be catastrophic. However, by
removing the common factors in each row, we get the standard
form

&*(D) = m®?(D) M+1)7 1 0
mgo,l]u{?)}(D) m[lo,l]u{B}(D) 0 1
where
m{"? (D) =D(D? + D + 1)

my I B(D) =D(D +1)7(D? + D + 1)
mi” Y EHD) =(D* + D* + D2+ D + 1)
(D* + D' + D' + D° +1).

It is important to emphasize that, in this simple example,
&*(D) is defined over Fy[D](@—¢)*e,

Example 2 Let us consider the periodically time-varying SC-
LDPC code with a = 2, ¢ = 1, period T' = 2 and girth g = 6,
represented by

@_[1 0 1] ;i [t 10
H [1 1 0]’% {1 0 1)

We readily obtain, according to (11),

11
T 1o
Ho=1g 1

_ O =

1
1|
0

which allows us to treat this periodically time-varying code as
a time-invariant code with o’ =Ta =4 and ¢/ = Tec = 2. We
thus get

and then, from (10),

1+ D?

1+D

®ﬂﬂ=[ 1+4D 1+D 0 }_

1+D 0 1+D

Also in this case, ged{A;}(D) = D%+ 1. Applying Corollary
4, we get
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B. Tail-biting SC-LDPC codes

The generator matrix of a tail-biting SC-LDPC code with
block length aL can be obtained as described in Theorem 1,
but with an important difference: the entries of & (D) should
now be reduced mod (D’ + 1). This is because, as recalled
in Remark 2, a tail-biting SC-LDPC code can be seen as a
quasi-cyclic code with length aL.

This way, the conditions in Corollary 4 relax as follows.

Corollary 7 Given a tail-biting time-invariant SC-LDPC code
represented by & (D)
€ Fy[D](e=9)>e /(DL 4 1), if

ged (go,o(D),D* +1) =1, (12)

then (D) has an equivalent standard form in
Fy[D](@=<)xe /(DL + 1), which is &*(D) = &(D) g (D).

Proof: Equation (12) provides the condition for the invert-
ibility of go,.(D) mod (D% + 1). Indeed, if this polynomial
is invertible in Fo[D](@=¢)*¢ /(DL 4 1), then we can obtain
the standard form of & (D) by multiplying it by the inverse
of gO,c(D)‘ u

All the theoretical and numerical results presented above
are fully consistent with the scenario in which unterminated
SC-LDPC codes as well as tail-biting SC-LDPC codes are
considered. We dedicate the remainder of this section to
the binary representation of the generator matrix, which is
particularly useful in the case of terminated SC-LDPC codes.

C. Binary representation of the generator matrix of SC-LDPC
codes

Given m(®) (D), a codeword obtained by exploiting Lemma
1, let us define

9 = max {deg (m{¥ (D))}

The binary representation of m(%)(D), simply denoted as
m(s), can be easily obtained as described in [30, Section
4.4.1], by multiplexing in a round-robin fashion. An example
is shown next.

Example 3 Consider a polynomial codeword from Exam-
ple 2, that is

m(D)=[1+D? 14D 1+D 0].

We can extract the binary pattern by listing the coefficients of
D? =1, D! = D, and D? for each entry, ordered by increasing
powers of D. Specifically:

o the coefficients of D (constant terms) are [1, 1, 1, 0],

o the coefficients of D! are [0, 1, 1, 0],

o the coefficients of D? are [1, 0, 0, 0].
By concatenating these rows, we obtain the binary semi-
infinite codeword

m=1[1,1,1,0/0,1,1,0|1,0,0,0] ...],

where all subsequent entries are zero.

Definition 4 Given a binary semi-infinite codeword m®), its
right cyclic shift by ja positions is denoted by mf]) with
zeros inserted in the first (j — 1)a positions.

Corollary 8 The binary generator matrix corresponding to (7)
can thus be constructed as

M (e 1ufe) 7

—
([0,e—1])U{c+1}

m_,,

O,cfl. a—
m (e D1
([0,e=1])u{c}

G=| m, (13)
0,c—1])U{c+1
m{0e1u{er1}
O,cfl. a—1
m(0e-1Duta=1}
[Go Gi ... G,
= Go Gi Gy (14)

where G; € FY""9* Vi, and 5 = maxg{8®}.

Proof: Easily follows from the polynomial to binary
conversion for codewords. |
We define

G=[Gy Gy G,). (15)

Example 4 Let us consider the generator matrix in systematic
form obtained in Example 2:

So, we have
m 9~ 1110(1000] .. ]
m %2 — j0000(1110(1000] .. ]

m %G Z 110110000] .. ]
m%YB — 10000(1101]0000] .. ]

—

from which
(11101000 i
11010000
11101000
G — 11010000

1110100 0
1101000 0

Let us now consider a terminated time-invariant SC-LDPC
code with length aL. We recall that its design rate is R = 1 —
w > R, — <. Therefore, the generator matrix should
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L(a—c¢) —mge

L(a—c)

Fig. 1. Generator matrix of a terminated SC-LDPC code with a full rank
parity-check matrix.

have size [aL — rank(H)] x aL. For the sake of simplicity,
we first assume that the parity-check matrix has full rank.
Then, G € F[L(a e)=mselxle Given the polynomial generator
matrix &(D ), we can proceed as follows to easily compute
the binary generator matrix:

1) Obtain the binary representation of & (D), which is G;

2) Construct an [L(a — ¢)] x [a(L + n)] matrix, as in (14),
but considering only L replicas of G;

3) Remove the last an columns and m4c rows of the matrix
constructed in Step 1.

A general scheme of this procedure is shown in Fig. 1. The
resulting final binary generator matrix is the one included in
the top-left rectangle.

If instead the rank of H is not full, we need to include

¢(L 4+ mg) — p — rank(H) (16)

additional linearly independent rows in G, where in (16) we
also take into account the fact that, by construction, the parity-
check matrix may have p null rows. The additional linearly
independent rows can be found through the transform theory
approach proposed by Tanner in [32].

All the above reasoning is easily extended to the case of
time-varying SC-LDPC codes of period T, by considering a
Tc x Ta polynomial parity-check matrix, as discussed earlier.

The following example helps clarifying how the generator
matrix of an SC-LDPC code with small constraint length is
constructed.

Example 5 We apply the procedure described in this section
to the code proposed in [33, Eq. (6)], which has particularly
favorable properties in terms of leafless elementary trapping
sets. These objects are known to negatively influence the error
rate performance of SC-LDPC codes in the error-floor region.
The polynomial parity-check matrix of this time invariant SC-
LDPC code with a =5, ¢ = 3, and m, = 33 is

1 D3 1 D¥ 1
D26 1 D14 1 D5
D13 DS D6 1 D28

$H(D) = A7)

The entries of the quasi-standard polynomial generator
matrix are as follows

9070(D> =14 D3 4 D36 + D39 + D44 4 D50

go,1(D) = D° + D' 4+ D' 4+ D* + DY 4+ D,

g02(D) =1 + D? + D* + D* 4+ D56 4 D52,

go.3(D) = D° + D' 4+ D'" + D* 4+ D°7 + D%,

go4(D) = 0,

g10(D) =D+ D® + D'+ D* + D*' + D™, (19
g1.1(D) =D'" + D' + D*" + D** + D** + D™,
g12(D) = D8 + D3 4 D8 4 D 1+ D8 4 D3,
g1,3(D) =

g14(D) = D6 D'+ D'+ D* 4 D + D%,

However, in this case we have that
ged{A;(D)} = D + D% 4 D 4+ D7 + D3 + D%
+ D19 + D17 + D15 + D13 + D8 + D6.

yielding catastrophic encoding. Therefore, the entries of the
corresponding rational function generator matrix in standard
form are as follows

$Uss.33(D) + Usa20(D) + Us311(D) + D2+ D +1

Us0,46(D) + Hzg,35(D) + Uzs 24(D) + thiz6(D)
D57+ D% 4 {55 19(D) + D17 + D% + D13 + D1 4+ D? + D7+ D° + D + D2 + 1
D54 + D2 + 50 92(D) + D + D18 + D16 + D 4 D12 4 $(19 6(D) + D* + D2 + 1’
Usz.48(D) + Uss 40(D) + Usy 32(D) + Usg 24(D) + Lhig 16(D) + Uyo,s(D) + Uz 0(D)

90,0(D) =

90.(D) =

D 5 )
%2(D) = Us3,49(D) + Lys 41(D) + Us7 33(D) + oo 25(D) + D2 + Lhy6,14(D) + thz 6(D)
63D =1, g54(D) =0,

N ~ Us54.44(D) + Uz 24(D) 4 U1 13(D) + D + 1
a1,0(D) = T »

Ha4,40(D) + HUsz,29(D) + Ua2.18(D) + s 0(D)

< (D) = D + D 4+ D2 + D10 + D 4 D30 + D + D22 4 £ly,41(D) + D? + D7 + D®
9118 = DR D% § 150 55(D) + DP + D18 + D16 + DI + D2 + Sl (D) + D + D2 +1'
ai,(D) = Ugo,62(D) + Usz,a6(D) + sz 34(D) + Lo 26(D) + Us1,18(D) + U14,10(D) + Us 2(D)

12 U47,43(D) + LUz9 35(D) + Uz1 27(D) + L3 19(D) + D1® + D10 + DY + D® + 8l o(D)’
013(D) =0, g7,D)=1,

(19)

where 4;,(D) = >"7_, D, as defined in Section IL
Regarding termination, we consider L = 300 as in [33].
The resulting 999 x 1500 binary parity-check matrix actually
contains 12 null rows, and its rank is 985. Therefore, according
to (16), we need to insert 2 additional rows to the binary

generator matrix to compensate the rank deficiency.

IV. REMARKS ON ASYMPTOTIC COMPUTATIONAL
COMPLEXITY

Generally speaking, while finding a general generator or
parity-check matrix for a code is a relatively simple task from
a computational standpoint, finding a specific generator or
parity-check matrix, possibly with some particular property,
can be a computationally intensive task, to the point of
becoming prohibitively expensive in some cases. For such
reason, in this section we study the computational complexity
of the methods we have introduced in the previous sections.
For this purpose, let us consider separately the construction
phase of the generator matrix and the encoding phase.

A. Construction of the polynomial generator matrix

The polynomial generator matrix incurs a one-time overhead
cost during its construction. Precisely, it requires computing
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a — c¢ codewords following Lemma 1. The cost of computing
a single codeword corresponds to the cost of computing
¢ permanents on a polynomial matrix. Let M (m,) denote
the cost of multiplying two polynomials of degree ms. For
example, considering classical multiplication and fast Fourier
transform (FFT)-based multiplication, we get [34]

m2
Mm,) = {0< 2)

(classical),
O(mslogms) (FFT-based).

Using Ryser’s algorithm [35], the permanent of a ¢ X ¢
polynomial matrix (with entries of maximum degree mg) can
be computed in’

@) (ZC c M(cm5)>

operations. Since computing a single codeword requires the
computation of ¢ such permanents, and we need to compute
a — ¢ many codewords, the total cost for obtaining the
polynomial generator matrix is given by

Clotal = (a - C) Ccodeword7
where

o) (QC c? mf) (classical),

CYcodeword =

0 (20 my log(cms)) (FFT-based).
Thus, we have
O(2¢c3m? (a — c))
O(2¢ ¢* mslog(ems) (a — c)) (FFT-based).

(classical),
Clolal =

We remark that the cost of computing the polynomial gen-
erator matrix & (D) is independent of L, which represents a
fundamental difference with methods that rely on the generator
or parity-check matrix with scalar entries.

These cost estimates are conservative, as we assume the
worst case in which every square submatrix of $)(D) contains
at least one polynomial of degree m,. Furthermore, opti-
mizations can be applied by leveraging, for example, the fact
that the computation of multiple permanents involves square
submatrices $3(D) that differ by only a single column from a
previously computed one. It is possible to exploit this struc-
ture to avoid redundant calculations: instead of recomputing
each permanent from scratch, efficient update techniques can
be applied to reuse previously computed values, leading to
significant computational savings, which, however, are outside
the scope of this paper and are not discussed further.

Remark 4 Note that applying FFT-based approaches to poly-
nomial multiplication over Fy[D] may not be the most con-
venient method in practice. Although FFT-based algorithms
offer an asymptotic complexity of O(mgslogms), which is
theoretically superior to the classical O(m?) methods, several
practical issues can make them less attractive, especially
for polynomials of moderate degree. In fact, standard FFT
algorithms require the existence of sufficiently many roots of

3Unlike the determinant, which is computable in polynomial time, eval-
uating the permanent is substantially more complex and currently requires
exponential-time algorithms.

unity in the working field. However, Fy does not contain non-
trivial roots of unity. This forces one to either work in an
extension field of s (which introduces additional complexity)
[36] or to employ FFT variants, such as additive FFT methods
[37]. FFT-based methods come with significant overhead due
to the need for forward and inverse transforms, as well as other
setup costs. When the polynomial degrees are not extremely
large, these constant factors can outweigh the asymptotic
benefits, making simpler algorithms more efficient in practice.
Moreover, since their coefficients are binary, polynomials over
F5 can be represented as bit strings. This enables the use of
highly optimized bit-level operations and hardware-accelerated
instructions.

B. Encoding complexity

Let us study the complexity of different encoding methods.
1) Encoding with a rational function generator matrix in
standard form: In general, encoding is performed as

¢(D) =u(D) &(D),
where ¢(D) € Fo(D)*, u(D) € Fo(D)*~¢, and
&(D) = [és(D) ] IH} € Fy(D)(a-9xa,

Encoding is systematic and recursive. Since & (D) contains
rational function entries, the encoding process is naturally
separated in the two following parts. Let

deg,,., = maxdeg(u;(D)),
J

and assume that the numerator polynomials satisfy
deg(PB;;(D)) < dp, while the denominator polynomials have
degree at most dg.

o Feedforward convolution: each parity polynomial p,;(D)
is given by

(D) = YR (D) (D),

where 33;; (D) are the numerator polynomials of the ratio-
nal functions in QS(D) Using naive polynomial multipli-
cation, each product ;;(D) u;(D) involves polynomials
of degrees at most dp and deg,, .., and therefore requires
O((dp + 1) (degpax +1)) operations. Since there are
¢(a — ¢) such products, the feedforward contribution to
the encoding complexity is

O(C(CL —c¢)(dp + 1) (degpax +1)).

o Feedback (recurrence) solving: each parity stream must
satisfy a recurrence induced by a denominator polyno-
mial of degree at most dg. Applying such a recurrence
to a polynomial of degree deg,,. requires O((dQ +
1) (degay +1)) operations per parity stream. For all ¢
parity polynomials, the feedback contribution is therefore

O(c (dg + 1) (deg, oy +1)).

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



This article has been accepted for publication in IEEE Transactions on Information Theory. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TIT.2026.3695390

Summing the two components, the overall encoding complex-
ity is

O(c (degax +1) [(a —c)(dp+1)+ (dg + 1)])

Disregarding lower-order terms, this can be written more
compactly as

O(c degyax [(a —¢)dp + dQ}),

which shows that the encoding complexity grows linearly with
the degree of the information polynomials and depends on
the degrees dp and dg of the numerator and denominator
polynomials in (D). In practice, additional structure or
sparsity in & (D) may further reduce this cost.

2) Encoding with a quasi-standard polynomial generator
matrix: Let

(D) = |&(D) | 4(D) L],

such that:

o &(D) € Fy[D](*=9)%¢, where each entry %;;(D) has
degree at most dp;
o §(D) € F5[D] is a polynomial of degree ds.

The encoding process consists of the following steps:

« Parity computation (feedforward convolution): as above,
the total contribution to the encoding complexity due to
feedforward convolution is

O(c(a— o) (dp + 1)(degyyae +1) ).

o Diagonal multiplication (systematic part): each system-
atic component is given by

(D) u;(D).

This requires O((ds + 1)(deg.x +1)) operations per
symbol, yielding

O((a =€) (ds + 1)(degyya +1) )

total operations.

Summing the two contributions, the overall encoding complex-
ity is

O((a =€) (degypax +1) [ ¢ (dp + 1) + (ds + 1)] ).
Up to lower-order terms, this can be expressed as
O((a~ ) degy [edp + ds]).

which highlights that the encoding complexity grows linearly
with the degree of the information polynomials and with dp
and d;. If the generator matrix is polynomial and in standard
form (i.e., §(D) = 1), this expression simplifies to

O((a — )¢ degax dp).

C. Comparison with Gaussian-elimination—based encoding

We now compare the proposed encoding approach with
the conventional method based on Gaussian elimination. In
traditional encoding, where the parity-check matrix of a ter-
minated SC-LDPC code is treated as that of a block code,
the generator matrix can be obtained via Gaussian elimination
from the binary parity-check matrix, and the encoding is then
carried out entirely in the binary domain, rather than in the
polynomial domain.

In the Gaussian-elimination-based approach, a generator
matrix G in standard form can be derived from (1) for finite
L, after which the encoded codeword is obtained through the

matrix-vector product ¢ = uG. Let H € Fy (Ema)xLa and
assume that H has full row rank r = ¢(L+m). The resulting

generator matrix G € g™ thus has

k=n—r=La—c(L+ms) = L(a—c)—cmsg, n = La.

(i) Cost to obtain G from H. Row-reduction of a rectangular
r X n matrix over o with » < n requires

O(nr?) = O(La [e(L + ms)]2)

operations in the worst case.

(ii) Cost to encode with . Given an information vector
u € F}, with G = [I; P] in standard form, one has ¢ =
[u uP]. Hence, the per-codeword cost is

O(k(n—k)) = O( [L(a —¢) — cmg|e(L + ms)),
while storing P requires O(k(n — k)) bits.

Therefore, overall, the total computational burden grows
cubically with L during matrix formation* and quadratically
with L during encoding.

In contrast, the proposed polynomial and rational-function
encoders operate locally in time, maintaining only a small set
of convolutional coefficients and achieving an overall com-
plexity that scales linearly with L. This makes them far more
efficient and memory-light, while the Gaussian-elimination
approach remains practical only for very short code lengths.

The encoding complexity analysis presented in this section
is deliberately formulated in a general way, rather than being
tailored to specific constructions, like the one we propose in
Section V. It applies to any SC-LDPC code family that can be
represented through a relatively small polynomial parity-check
matrix. The aim is to highlight how the encoder complexity
scales with the structural parameters of the generator matrix,
independently of the particular code design.

V. A FAMILY OF CODES WITH LOW ENCODING
COMPLEXITY

Let us introduce a family of time-invariant codes charac-
terized by a polynomial generator matrix in standard form,
thus allowing non-recursive systematic encoding. Due to their
features, we call them polynomial generator sequentially
multiplied columns (PG-SMC) SC-LDPC codes (or, briefly,

4The banded structure of the binary parity-check matrix slightly lowers the
exact operation count, as shown in Appendix A.
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polynomial generator spatially coupled (PG-SC) codes). Their
polynomial parity-check matrix is as follows

H(D) = [Hiete(D)  Huigne(D)] (20)

with

ﬁleft(D) == Ic + Lc + D ch

where F. is a ¢ X ¢ matrix, with ¢ > 2, such that fy .1 =1
and all its other entries are 0. We remind that the L. is the cx ¢
lower shift matrix, which is a binary matrix with ones only
on the subdiagonal. The matrix $.ight(D), instead, contains
only monomials in Fy[D], and is obtained by tweaking the
design of QC-LDPC codes based on sequentially multiplied
column (SMC) proposed in [38]. In particular, to design a
time-invariant PG-SC code represented by a ¢ X a polynomial
parity-check matrix, given N > a — ¢+ 1, let us start from
the following ¢ x (a — ¢+ 1) matrix (SMC-based construction)
with entries in Z/NZ

PSMC:[ﬁ‘p1‘72®Nﬁ1 ‘ ""%*C®Nﬁl I, @n

where 0 and ]31 are column vectors of size ¢, with 0 being
an all zero vector, in particular. More precisely, P, is a vector
with first (i.e., top most) entry equal to 0, second entry equal to
1, while its remaining entries are selected from {2,..., N—1}
in an increasing order. The vectors v; ® Py (with Jj€2,a—
c,v; € [2,N —1],v; < 7,+1) are obtained from the base
vector Py through sequential multiplications. The value of N
should be sufficiently large to guarantee that at least one matrix
with the desired girth g exists. Too large values of N yield
codes with very large constraint length. A very small number
of attempts are usually needed to find a good trade-off between
search speed and size of the code memory.

To obtain $,ignt (D), we remove the first column of PSMC,
which is an all-zero column, thus deriving PSMC_ Then, we
. A . . ~SMC
substitute each entry pP'° with the monomial DP%s . The

corresponding matrix results in $yigne (D) € Fo [D]ex(a=e),

The procedure for constructing $(D) is summarized in
Algorithm 1, where p; ; and p; ; denote the entries of matrices
P and 15, respectively. Therefore, in summary, PG-SC codes
are characterized by a polynomial parity-check matrix such
that the right submatrix $,izht(D) is derived (with neces-
sary modifications) from the SMC-based construction in [38],
whereas the left submatrix e (D) is designed independently
to guarantee the existence of a polynomial generator matrix
in standard form. It is interesting to observe that the PG-SC
ensemble can be seen as the fully monomial ensemble, to
which a special kind of masking [39] has been applied.

Algorithm 1 Construction of polynomial parity-check matrix
$ (D) for efficient encoding

Input: ¢, a, N : modulo value, g < 2¢ :

target girth for

eright(D)
Output: $H(D)

I vy < 1

2: 9er(D) + I, + L. + DF, > Left part construction

3: Initialize zero matrix P = [0 | P, | Py | --- | Po_(]

4: Set p1g < 0, p11 <1

5. Initialize candidate set So < (¢ — 2)-combinations of
(2,...,N—1}

6: repeat

: Pick (pa1, .-, P(c—1)1) from Sy such that py; < p31 <
w < Ple—1)1

: Remove chosen combination from Ss
9: until no cycles of length < g appear or Sy is empty
10: if Sy = () then
11: return failure
12: end if
13: for j =2toa—cdo
14:  Initialize candidate set Nj < {v;_1 +1,...,N —1}
15: repeat

16: Select v; € N
17: Nj < Nj\ {;}
18: Pj < v; ®n P

19: until no cycles of length < g appear or N is empty
20 if A; = () then

21: return failure
22: end if
23: end for

24: Remove first column from P to get P
25: for each entry (i,7) in P do
26: Replace p; ; with DPii
27: end for A
28: ﬁright(D) ~—P
29: (D) « [Diere(D) | Hiigne(D)]
return (D)

Let us provide the following result on the girth of the code
represented by [Hie (D) | $Hiighi(D)].

Theorem 2 Let
$H(D) = [Diest (D) | Hright (D)]

be the parity-check matrix of the time-invariant SC-LDPC
code constructed using Algorithm 1. If the girth of $,igh¢ (D)
is g > 4, then the girth gg,; of $H(D) satisfies

6 < gran < g.

Proof: By Algorithm 1, $yigne(D) has girth g > 4,
whereas o (D) corresponds to a binary matrix without
cycles. Therefore, if a cycle of length 4 existed in $(D), it
would necessarily involve one column from $3,izn (D) and one
column from $)jes (D).

Let us distinguish two cases:
o if the index of the column in $Hes (D) is in [0,¢ — 2],
then the existence of a cycle of length 4 would imply that
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p;,; = 0 for some ¢ > 0 and some j, or that p; ; = p;11 5,
which are not possible by construction (see Lines 14—-19
in Algorithm 1);

o if the index of the column in $p(D) is ¢ — 1, then
the existence of a cycle of length 4 would imply that
Po,j = pi,j + 1, for some i > 0 and some j, which is not
possible since the entries of the exponent matrix P are
nonnegative and pg ; = 0 for all j.

Hence, $(D) contains no cycle of length 4, and its girth
satisfies grqn > 6. Moreover, since $yight(D) is a submatrix
of $(D), every cycle of $.ight(D) is also a cycle of $(D).
Therefore, gry1 < g, which completes the proof. [ |

Theorem 3 Any PG-SC code admits a polynomial generator
matrix in standard form, if c is even.

Proof: We show next that, given any PG-SC code, all the
entries in & (D) (obtained by Theorem 1) can be written in
the form

gi,;(D) = (D +1)g;;(D),

where g; ;(D) € F2[D]. Given this, also the matrix formed by
the polynomials g, ;(D) is a polynomial generator matrix for
the code.

To prove the above, let us consider any ¢ x ¢ submatrix of
$H(D), and let us denote it by (D). We observe that, since
¢ is even by hypothesis, each column of 9%(D) has an even
number of nonzero entries, which are monomials. This implies
that, if we substitute each entry of (D) with its coefficients
vector, we obtain a matrix M € Fo. Every column of M has
a column-sum equal to 0 in F,.

Since each column of M has an even number of 1’s, we
have that every column Mj is orthogonal (over ) to the “all-
ones” vector 1. Hence each column M lies in the subspace

S = {xelF5|x-1=0}

This subspace S has dimension c—1. Since there are ¢ columns
of M (all in an at-most-(c — 1)-dimensional subspace), they
are necessarily linearly dependent over Fo. Consequently, M
is singular over F5, which means det(M) = 0.

On the other hand, recall that the determinant in charac-
teristic 2 coincides with the permanent. Hence, perm(M) =
det(M) = 0 (mod 2). Mapping back to polynomials, this
implies that perm(9¥(D)) is either 0 or is a polynomial
formed by an even number of monomials. Therefore, since
D + 1 is a factor of any polynomial of even weight in Fy[D],
considering that each entry of & (D) is the permanent of a
¢ X c¢ submatrix of the polynomial parity-check matrix, we
can write

gi,;(D) = (D +1) i ;(D).

Then, the generator matrix formed by entries g; ;(D) is in
standard form.

Example 6 Let us consider the case with a =8, c =4, N =
139, and girth g = 10 for $ign (D). By running Algorithm 1
we get

1 0 0D 1 1 1 1

1 10 0 D D* D3 Do
ﬁ(D): 01 1 0 D% D29 D3 DO7 | (22)

0 0 1 1 D61 D44 D23 Dll

which indeed represents a time-invariant SC-LDPC code with
asymptotic rate 1/2 and overall girth 8. Using Theorem 1, its
generator matrix can be written as

1+D?+D* D%  1+D+D™ 4D 1+ D+ D* 4 D2 1+D+D* 4+ D%

. 14D 4 DB 4 DI 14 DP DB L DI 14 D34 DB 4 DI 14 D34 DM 4 DI
GMD)= | | P2 ps i 2Dl pi0 ] p2 iy p® 142y pwpe | (PFDT

14D2 4 DO 4 DI06 | 4 D12 4 D68 4 DIOS | 4 DI2 1 D7 4 PI05 | 4 DIl 4 POT 4 D105

To obtain non-catastrophic encoding, it is possible to remove
the common factor D + 1 from each entry of (23), thus
renouncing the sparsity and obtaining

Yo1,44(D) +D + 1
29,45 (D) + Uz 0(D)
LU39,31(D) + La3,0(D)
hos,68(D) + h1,0(D)

Ug1,44(D) + 1 He1,43(D) + 1 Ugo.a3(D) + 1
20,45(D) +420(D)  h2sa5(D) + o 0(D)  Lhizsaa(D) + Lo 0(D)
Uz 30(D) + 8z 0(D)  Ussz0(D) +Laso(D)  LUssz0(D) + Loz (D)
o1,68(D) + th1.0(D)  Lhoser(D) + Lh1,0(D)  Lhos67(D) + Lhio,0(D)

&°(D) = L |

which is a standard form polynomial generator matrix enabling
efficient, systematic, non-recursive encoding. We observe that
the SC-LDPC code in this example has girth larger than 6.

In order to demonstrate the advantage in terms of complex-
ity that can be obtained by performing the encoding procedure
using the polynomial matrix described above, compared to the
classic approach based on (generator or parity-check) matrices
with scalar entries that describe the code, in Appendix A we
continue to consider the code described in Example 6 and
estimate and compare the corresponding encoding complexity.

When c is odd, unfortunately the entries of the standard
form of & (D) may be polynomials but also rational functions.
Nevertheless, as shown next, they still have good asymptotic
thresholds.

VI. ERROR RATE PERFORMANCE

In this section, we first evaluate the asymptotic threshold
of PG-SC codes and compare it with that of fully monomial
codes. We then present finite-length error-rate performance
curves, comparing them with the LDPC codes proposed in
[40], [41].

A. Iterative decoding threshold analysis

Let us compute the PEXIT threshold [16] of some PG-
SC codes on the additive white Gaussian noise (AWGN)
channel, for many different values of ¢ and a, and compare the
PEXIT threshold of the fully monomial ensemble to that of
the PG-SC ensemble. Before proceeding, we briefly recall the
fundamental concepts underlying PEXIT analysis. A detailed
and rigorous formulation can be found in [16] and is omitted
here for brevity.

Let J(-) denote the function mapping the mean of Gaussian
messages to extrinsic mutual information, i.e.,

too (_ (w=o2/2)?

52 -
Y= Ve  togo1 + ) dy
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We compute this function and its inverse using the approxi-
mations proposed in [42]. For such a purpose, let us denote
with
e I the channel mutual information,
e Ip. the mutual information of the messages exchanged
between check nodes and variable nodes,
e Ig, the mutual information of the messages exchanged
between variable nodes and check nodes,
o Iapp the a-posteriori mutual information.

Given a c X a base matrix B, we can iteratively compute the
evolution of the mutual information under belief propagation
(BP) decoding, over the AWGN channel, as follows.

a) Initialization: For each j =0,...,a — 1, set

Ich(j) =

where o2, i= SR%.
» 0
b) Check-to-variable update: For j = 0,...,
i=20,...,c—1,if b; ; # 0 we compute

J(Uch,j)v

a— 1 and

11— Igu(i, s))]2 ,

> big [J-

s#J

Ig.(i,5)=1-J

and we set Ig.(4,5) =0if b; ; = 0.
c) Variable-to-check update: For j = 0,...,
i=0,...,c—1,if b; ; # 0 we compute

a—1 and

IEv(ivj) =

2 bes [7

Ss#£1

“Ige(s,1))]* + [T~ Ien(5))]”

and we set I, (i,7) =0if b; ; = 0.
d) APP-LLR mutual information:
0,...,a—1, we compute

For each ; =

I,gjr)l) =J \/[Jl ch(J C Zb 5. [J 7 (Ime(s, J))]2

The above steps are iterated until I/(\jP)P = 1 for all j, or until

a maximum number of iterations is reached.

The PEXIT threshold on the AWGN channel, denoted as
(Ey/Np)*, is defined as the smallest value of the signal-to-
noise ratio (SNR) per information bit for which (P)p converges
to 1 for all values of j, for some prefixed number of iterations,
ie.,

(Ey/No)* = min{N 10, 1, Vi e[0,a— 1]} . (24)
Since the PEXIT analysis operates solely on the code base
matrix, the parameters ¢ and a are sufficient to determine the
PEXIT threshold of the fully monomial and PG-SC ensembles.
The base matrices defining these ensembles are given in (4)
and (5), respectively. As an example, for ¢ = 6 and a = 8§, the
base matrix of the fully monomial ensemble B™°" is simply

PEXIT threshold (£2)° (dB)

PEXIT threshold
=

Fig. 2. Comparison of PEXIT thresholds for two code ensembles as a function
of c for different values of a > c.

the 6 x 8 all-ones matrix while the base matrix of the PG-SC
ensemble, BYC | is

10000 1|11
11000011
gPG_ (001 100 0| 11
001100/ 11
000110/ 11
00001111

From the PEXIT thresholds comparison, reported in Fig.
2, we notice that the newly proposed ensemble has better
asymptotic threshold in almost all the cases considered. This
is due to the slight irregularity introduced in the polynomial
parity-check matrix which, broadly speaking, usually yields a
beneficial effect on the PEXIT threshold.

B. Finite-length error rate performance

To provide a deeper analysis of the performance of PG-
SC codes in terms of error correction, we have also carried
out Monte Carlo simulations of coded and quadrature phase-
shift keying (QPSK)-modulated transmissions over the AWGN
channel. The codes considered in these simulations were
obtained by designing two PG-SC codes with asymptotic
rate R, = %, characterized by ¢ = 3 and ¢ = 4, and
ms = 31 and ms = 60, respectively. These codes have
been obtained using Algorithm 1, and applying the integer
programming optimization model proposed in [6, Appendix
A] to slightly reduce their memory order mg. Then, these
codes have been lifted with random permutation matrices of
size 31 (for ¢ = 3) and 23 (for ¢ = 4); the resulting SC-LDPC
codes are denoted as Cpg-sc.3 and Cpg.sc.4.> We compare their
performance with that of two Advanced Television Systems
Committee (ATSC) 3.0 LDPC block codes of the same rate
(with block lengths 64800 and 16 200, respectively). These
two codes are denoted as Carsc. and Carsc.s. In addition,
we benchmark them against a quasi-cyclic SC-LDPC code
for broadcasting proposed in [41], which shares the same
asymptotic rate, syndrome former constraint length, and frame
length as our constructions.® This code is denoted as Coc- A
comparison between the code parameters of Cqcp and those

3The corresponding parity-check matrices in alist format are available
at https://github.com/secomms/PG-SMC_SC-LDPC_codes.
SMinor deviations naturally arise due to the different design methods.
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TABLE I
PARAMETER SUMMARY FOR THE THREE SC-LDPC CODES ANALYZED NUMERICALLY

Code | Frame length n | Constraint length vs | Asymptotic rate Ro | Actual rate R
CpG-sc-3 92232 16128 Z 0.6108
CpG.sc-4 92184 16 836 E 0.6180

CqocB 92160 16128 % 0.65

10° ; :
——CpG.sca
—e— Crg.sc4
—+—Cocs
Carscs
—— Carsc.L

1072

BER
=)
w
T

1074

6 |
24 245 2.5

I N O D !
255 2.6 265 27 275 28 285 29 295 3
SNR per coded symbol (dB)

Fig. 3.
codes.

BER vs SNR per coded symbol of different block and SC-LDPC

of Cpg.sc-3 and Cpg.sc-4 is shown in Table I. We note that the
considered PG-SC codes have a slightly larger rate loss than
CQC—B‘

The results of the Monte Carlo simulations, for all the
considered codes, are shown in Fig. 3. We have employed a
conventional flooding-schedule BP decoder for all the consid-
ered codes, performing a maximum of 100 decoding iterations
for the block codes and a maximum number of iterations,
equal to 250, for the SC-LDPC codes, as in [41]. Simulation
results are reported in terms of bit error rate (BER) versus
SNR per coded symbol, and each point in the curves has been
obtained after observing 100 decoding errors over the entire
frame. We note that, despite our codes have not undergone
any error performance-driven optimization, unlike the other
designs (which rely on extensive structural refinement), their
behavior remains consistent with what one would expect from
their structural properties. In particular, the code with ¢ = 3
exhibits a relatively low average column weight, which natu-
rally leads to a weaker finite-length performance. Conversely,
the code with ¢ = 4 shows a markedly improved behavior:
it outperforms the short ATSC 3.0 block code and achieves
performance comparable to that of the long ATSC 3.0 block
code and of the quasi-cyclic SC-LDPC code, if we consider
the slightly larger rate loss of the proposed code.

VII. CONCLUSION AND FUTURE WORKS

We have proposed an efficient method to encode SC-LDPC
codes based on their generator matrix. Thanks to the compact
representation of time-invariant and periodically time-varying
codes with a small period, the proposed method is particularly
effective for encoding. Notably, the cost of computing the
polynomial generator matrix & (D) with the proposed method

is independent of the whole frame length L, in contrast
with approaches that rely on matrices with scalar entries.
Additionally, we have introduced a novel family of SC-LDPC
codes, called PG-SMC SC-LDPC codes, which exhibit two
important properties: their generator matrix is both polynomial
and in standard form. The standard form ensures systematic
encoding, while the polynomial structure enables efficient
encoding, making these codes interesting for practical appli-
cations. As we have shown through some practical examples,
these codes also show encouraging asymptotic behavior and
finite-length performance.

A natural follow-up to this work is to exploit the knowledge
of the polynomial generator matrix to estimate or bound the
free distance of time-invariant and periodically time-varying
SC-LDPC codes (as done in [17], [18] for QC-LDPC codes,
for example).
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APPENDIX A
FINITE-LENGTH ENCODING COMPLEXITY

In this appendix, we demonstrate the advantage of encod-
ing an SC-LDPC code using the proposed permanent-based
method over conventional Gaussian elimination.

A. Proposed method

Let us compute the cost, in terms of binary operations,
of computing the polynomial generator matrix (i.e., (23))
corresponding to (22). Since the rightmost 4 columns of & (D)
are defined by theory, we only need to evaluate the cost of
computing the 16 polynomial permanents of the following
submatrices:

100 1 100 1 100 1

110 D 110 D3 110 D3

011 D* 011 D! 011 D%

001 D% 001 D* 001D*

100 1 10D 1 10D 1
110 D5 110 D 110 D3
011 DY 01 0 D* 01 0 D'
001 D! 00 1 D% 001 D"
10D 1 10D 1] [to0D 1
11 0 D30 110 D 100 D
010 D¥ 010 DY 010 D
00 1 D* 001 D' o1 1 D%
10D 1 10D 17 [to0D 1
100 D3 10 0 D3 10 0 D05
010 D 01 0 D% 010 D7
011 D* 011D*»] [011 D!
(00D 1 00D 17 [o0oD 1
100 D 100 D3 10 0 D3
110 D* 11 0 D™ 110 D%
01 1 D% 011 D*] |01 1D*
(00D 1

10 0 D05

110 DY

011 D"
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To evaluate each permanent, we employ Ryser’s algorithm
which, for a ¢x ¢ matrix, requires summing over all nonempty
column subsets. In an efficient implementation, the 2¢ — 1
subsets are visited in an order where only one column index
changes at a time, allowing each row-sum to be updated incre-
mentally rather than recomputed from scratch. For each subset,
the product of all ¢ row-sums is computed. When applied
to a polynomial matrix over F2[D], this process performs
polynomial additions and multiplications. If the maximum
monomial degree appearing in the submatrix is denoted by
¢, then the cost of one 4x4 permanent, in terms of logic
operations, is

ANDs = 15 (¢+1) (6/+3),  XORs = 90¢? + 180/ + 180,
(25)
where each polynomial addition costs (/+1) XORs and
each polynomial multiplication of degrees at most p, q costs
(p+1)(¢+1) ANDs and (p+1)(g+1) — (p+g+1) XORs.
The rationale beyond these counts is that Ryser’s algorithm
for a 4x4 matrix involves 2*—1 = 15 nonempty subsets of
columns. For each subset, the four row-sums are first computed
and then multiplied together. Each row-sum requires three
polynomial additions, resulting in 4 x 3 = 12 additions per
subset, and hence 12(¢+1) XORs. The four row-sums are then
multiplied to form a single polynomial. This can be done by
three successive polynomial multiplications. If the row-sums
have degree at most ¢, then the first multiplication yields a
polynomial of degree at most 2/, the second of degree at most
3¢, and the third of degree at most 4¢. The corresponding costs
are:
o first multiplication (degrees < ¢ and < /): (¢+1)? ANDs
and /2 XORs;
o second multiplication (degrees <
(2¢04+1)(¢+1) ANDs and 2¢?> XORs;
e third multiplication (degrees <
(3¢4+1)(¢+1) ANDs and 3¢? XORs.

Summing these contributions, each subset requires

3(04+1)2 + (204+1)(041) + (3+1)(£+1) = (£+1)(6¢+3)

20 and < ¥0):

3¢ and < ¥):

ANDs for the multiplications, and
02 +20° + 30° = 60

XORs for the multiplications. Including the 12(¢+1) XORs
for the additions, the per-subset totals are

ANDsqy, = (£ + 1)(6¢ + 3),
XORSgp = 602 4+ 12(£ + 1) = 602 + 120 + 12.

Finally, multiplying by the 15 subsets yields (25).

In all the submatrices above, the largest monomial expo-
nents are £ = 61,129, 39, 105 for the four groups, respectively.
The total number of XOR and AND operations are reported
in Table II.

Encoding a polynomial information vector through the poly-
nomial generator matrix obtained as described above needs to
account for two steps:

o division of all the entries of (23) by D + 1, to avoid
catastrophic encoding and enable systematic encoding;

16
TABLE II
BINARY OPERATIONS REQUIRED TO COMPUTE EACH POLYNOMIAL
PERMANENT USING RYSER’S ALGORITHM.
Submatrices (columns) [ ANDs XORs
(1,2,3,5), (1,2,4,5), (1,3,4,5), (2,3,4,5)| 61 343170 346050
(1,2,3,6), (1,2,4,6), (1,3,4,6), (2,3,4,6)|129| 1515150| 1521090
(1,2,3,7), (1,2,4,7), (1,3,4,7), (2,3,4,7)| 39 142200 144090
(1,2,3,8), (1,2,4,8), (1,3,4,8), (2,3,4,8)|105| 1006470| 1011330
Total 12027 960 |12 090 240

« multiplication of u(D) by the non-systematic portion of
&* (D).

For p(D) = Zf:o p;D?, the quotient ¢(D) defined by p(D) =
(D + 1)¢(D) can be computed via the recurrence

90 = Po, G =pi®qi—1 (i€[0,0-1]),

which requires exactly ¢ XORs and no ANDs. The XOR
counts per entry of (23) (in the non-standard portion of &(D))
are thus

62 62 62 61
130 130 129 129
40 40 39 39
106 105 105 105

Summing across all 16 entries gives a total number of 1344
XORs and no ANDs required.
Let u(D) = [u1(D) uz(D) uz(D) wuy(D)], with
deg (ux(D)) = di. The multiplication ux(D) - &;;(D) =
7_, up(D)D? coincides with the XOR of V' = j—i+1 shifted
copies of ug(D) and requires exactly

V-1
Cstep(dk;iaj) = Z (dk +i+t+ 1)
t=1
v-nv

= (V= D(dp+i+ 1)+

(26)

XORs, with no ANDs. Adding one extra monomial term into
the result costs one polynomial addition with degree equal to
the current maximum, that is,

Cmono(dk;j) = dk +J + 1. (27)

If an entry is a sum of two step polynomials {;, ;, (D) and
Uiy i1 (D), compute them separately and XOR them once,
which costs

Costep (dis i1, 1,92, J2) = Cstep(di; 1, J1)
+ Cstep(di; i, j2) + (di + max{j1, jo} + 1).
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In our specific case, we thus have

01’1 = Cstcp(dl; 44 61) + QOmono(dl; 61)

C’1,2 - step(dla 44 61) + CIIIOIIO(dlv 61)
01,3 - btep(d 43 61) + Omono(dﬁ 61)
Cl,4 - step(dla 43 60) + C’mono (dh 60)

Ca1 = Cogtep(da; 45,129,0, 3),
Cy.9 = Cagtep(da; 45,129,0,2),
Ca3 = Cogtep(da; 45,128,0,2),
Ca.4 = Cagstep(da; 44,128,0,2),
(28)
C3,1 = Castep(ds; 31,39,0,23),
C3.2 = Oasiep(ds; 30,39, 0,23),
C3.3 = Oastep(ds; 30,38, 0,23),
C3.4 = Castep(ds; 30,38, 0,22),
Ci1 = Costep(da; 68,105,0,11),
Cy2 = Cogtep(da; 68,104, 0,11),
Cy3 = Costep(dy; 67,104, 0,11),
C14 = Cogiep(da; 67,104, 0, 10).

Each output polynomial can be expressed as

- )

After computing the four partial products (whose costs are
denoted by C}, - above), these must be combined through XOR
operations. Let

gkr

M, £ max deg(uk(D)gz,r(D))

ke(1,4]

—-;ggﬁ](deg ug(D) + deg g; (D)) -
denote the largest degree among the four partial products
involved in forming the 7-th column of u(D) &*(D), that is,
the maximum degree of any term that can appear in the r-
th encoded polynomial. A tight upper bound on the number
of XOR operations required to accumulate the four partial
products sequentially is therefore

Cace(r) =3 (M, + 1), (29)

since three polynomial additions of degree at most M, are
needed.

In our case, M, can be read off directly from the largest
exponents appearing in the entries of &* (D). Specifically, for
the four rows of the left block, the maximum shift values are
j € {61, 129, 39, 105}, corresponding respectively to sy 44,
U129 45, 39,31, and o5 5. Hence,

d+61, k=1,
dy+129, k=2

deg(ux(D)gy (D)) =
(D) (D)) ds +39, k=3,
dy +105, k=4,

that is, the degree of each partial product equals the degree dj,
of the corresponding information polynomial plus the largest

TABLE III
XOR COUNTS PER COLUMN FOR DEGREE OF ur BEING 1000 FOR EACH k.

r=1 r=2 r=3 r=4
u; (D) g7 ,.(D) 20042 18980 20025 18962
uz(D) gé,r,(D) 95573 94569 93438 94484
uz(D) g3 T(D) 32631 33663 32622 31598
us(D) g} T(D) 52439 51332 52401 51389
Sum of four products 200685 198544 198486 196433
Accumulation (three adds) 3390 3390 3387 3387
Total per column 204075 201934 201873 199820

shift present in that matrix row. So, the exact XOR cost to

encode u(D) is

4 4
2.2 Chr

r=1k=1

with Cj, from (28) and Chcc(r) from (29). No ANDs are
required, since we realize each product using shifts and XORs
(monomial multiplications are shifts; additions are XORs).

Ctotal = (30)

Example 7 Let
u(D) = [u1 (D) HQ(D) ug(D) Ll;;(]:))]7

with the entries of u(D) having degree 1 000. The XOR counts
to form the four products ux (D) g ,.(D) and then accumulate
them into the r-th output are summarized in Table III. Here
the accumulation cost uses M, = max{1000 + Y3, 1000 +
Yo, 1000 + Y3,, 1000 + Yy, } with

61 61 61 60
129 129 128 128

(Yir) = 39 39 38 38|’
105 104 104 104

My = My =1129, Ms = M, =1128.

hence Ciec(r) = 3 (M, + 1) gives 3390, 3390, 3387, 3387
XORs, respectively.

As expected, and as illustrated in Example 7, the cost of
multiplying the polynomial information vector by the polyno-
mial generator matrix (see Table III) is relatively small and
essentially negligible compared to the cost of computing the
polynomial generator matrix itself (see Table II). This matrix
can be used to encode for any value of L. By contrast, as
shown in the next subsection, obtaining a binary generator
matrix via Gaussian elimination is tied to the chosen value
of L, and its computation is already far more expensive than
that of the polynomial generator matrix, even for very small
values of L.

B. Gaussian elimination

We first expand the polynomial matrix (22) into its binary
form to obtain the syndrome former matrix. The banded
parity-check matrix HEB,L—H in (1) is then built by coupling
L of these syndrome former matrices. Gaussian elimination
(over [Fy) is performed on this binary matrix using a fixed,
time-ordered pivot pattern (no polynomial operations). In our
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Fig. 4. Number of binary operations required by Gaussian elimination (GE
in the legend) and the proposed permanent-based method to compute the
generator matrix versus termination length L.

implementation, each row addition increases the XOR counter
by the number of bit positions between the leftmost and
rightmost nonzero entries of the two rows involved. This
reflects the portion of the rows that is actually processed during
Gaussian elimination, rather than the full row length.

Remark 5 This estimate is highly optimistic, since we are
ignoring the cost of finding the positions of the leftmost and
rightmost nonzero entries in the two rows, which are not
known a priori. Moreover, we do not account for comparisons,
row swaps, or memory-access overhead.

Figure 4 shows the number of XOR operations required by
Gaussian elimination as a function of the termination length L,
for some very small values of L (recall that L > mg = 129),
using the above implementation (blue curve). As expected, the
number of binary operations needed to obtain the generator
matrix grows rapidly and becomes prohibitively large as L
increases. For comparison, we also include the full-span count
(red curve), obtained by conservatively incrementing the XOR
counter by La for each row operation, i.e., assuming that
the entire row segment of length La is processed during
Gaussian elimination. For reference, we also report the cost of
obtaining a polynomial generator matrix through our proposed
permanent-based method (orange curve) from Table II. The
comparison highlights that the latter approach requires far
fewer operations to obtain the polynomial generator matrix,
and relies on a procedure that does not depend on L. The
cost of the encoding step itself, both in the polynomial and
in the binary domain, is negligible compared to the cost of
constructing G, and is therefore omitted.
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