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CRITICAL REGULARITY OF NONLINEARITIES IN SEMILINEAR CLASSICAL
DAMPED WAVE EQUATIONS

M. R. EBERT, G. GIRARDI, AND M. REISSIG

ABsTRACT. In this paper we consider the Cauchy problem for the semilinear damped wave equation

Ut — Au + up = h(u)7 U(O, J?) = ¢(55)7 ut(ovx) = w(x)v

2
where h(s) = |s|**n u(|s|). Here n is the space dimension and p is a modulus of continuity. Our goal

is to obtain sharp conditions on p to obtain a threshold between global (in time) existence of small data
solutions (stability of the zero solution) and blow-up behavior even of small data solutions.

1. INTRODUCTION

In [I2], the authors proved the global existence of small data energy solutions for the semilinear damped
wave equation

Uy — Au + ug = |ul?, u(0,z) = ¢(z), ut (0, ) = (), (1)

in the supercritical range p > 1 + %, by assuming compactly supported small data from the energy space.
Under additional regularity the compact support assumption on the data can be removed. By assuming
data in Sobolev spaces with additional regularity L!(R™), a global (in time) existence result was proved
in space dimensions n = 1,2 in [5], by using energy methods, and in space dimension n < 5 in [9], by
using L" — L7 estimates, 1 < r < g < 0. Nonexistence of general global (in time) small data solutions is
proved in [I2] for 1 < p <1+ 2 and in [I3] for p = 1+ 2 . The exponent 1 + 2 is well known as Fujita
exponent and it is the critical power for the following semilinear parabolic Cauchy problem (see [2]):

vy — Av =P, v(0,2) = vo(z) = 0. (2)

If one removes the assumption that the initial data are in L'(R™) and we only assume that they are in
the energy space, then the critical exponent is modified to 1 + % or to 1+ 277" under additional regularity
L™(R™), with m € [1,2]. For the classical damped wave equation, this phenomenon has been investigated
in [4].

The diffusion phenomenon between linear heat and linear classical damped wave models (see [3], [7], [9]
and [I0]) explains the parabolic character of classical damped wave models with power nonlinearities from
the point of decay estimates of solutions.

In the mathematical literature (see for instance [1]) the situation is in general described as follows: We
have a semilinear Cauchy problem

L(0, 0z, b, w)u = [ul”, u(0,2) = ¢(x), u(0,2) = p(x),

where L is a linear partial differential operator. Then the authors would like to find a critical exponent pg;.;+
in the scale {|u|P}y>0, a threshold between two different qualitative behaviors of solutions. As examples

see the models or .

The main concern of this paper is to show by the aid of the model that the restriction to the scale
{lulP}p=0 is too rough to verify the critical non-linearity or the critical reqularity of the non-linear right-hand
side.

For this reason we turn to the Cauchy problem for the semilinear damped wave equation

Uy — Au+up = h(u), u(0,z) = ¢(x), u(0,2) = Y(x), (3)
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n [0,00) x R™, where h(s) = |s|**% u(|s]). Here u = u(s), s € [0,00), is a modulus of continuity, which
provides an additional regularity of the right-hand side h = h(s) for s € [0, ).

Definition 1. A function p : [0,00) — [0,00) is called a modulus of continuity, if p is a continuous,
concave and increasing function satisfying p(0) = 0.

Our goal is to discuss the influence of the function p on the global (in time) existence of small data
Sobolev solutions or on statements for blow-up of Sobolev solutions to . In the following result, we
assume that the modulus of continuity p given in satisfies the following two conditions:

Co
sF1u® (s)] < Cpu(s) for 1<k <n, se(0,s], and f @ds < 0, (4)
O s
where C' is a sufficiently large positive constant, so and Cy are sufficiently small positive constants.

Remark 2. In the further considerations we need a suitable modulus of continuity satisfying the conditions
on a small interval [0,sg] only. Nevertheless we can assume that the modulus of continuity can be
continued to the real line in such a way that the properties from Definition (1| are satisfied.

Theorem 3. Letn =1,2 and
(6,9) € A= (H'EI(R™) A LY (R™) x (HIEI(R™) A LY(R™)),

where we denote by || the floor function. Assume that the modulus of continuity p satisfies the condition
(). Then, the following statement holds for a sufficiently small eg > 0: if

[(¢,9)]a <& for e <eo,
then there exists a unique globally (in time) Sobolev solution u to belonging to the function space
C([0,00), H'(R") n L* (&™),
such that the following decay estimates are satisfied:
Ju(t, )= < CL+ 6% [(6,9)] 4,
[Viu(t,Yze < CA+ 0756, 0)|la, K =0,1.

Remark 4. The key tool to prove Theorem [3]is to apply estimates for solutions to the parameter-dependent
Cauchy problem for the linear classical damped wave equation (Lemma[7|). By using more general L™ — L9
estimates, 1 < r < q < o0, derived in [9] for the linear damped wave equation, one can also obtain a global
(in time) existence result for higher dimensions n, but this aim is beyond the scope of this paper.

Example 1. The hypotheses of Theorem [3| hold for the following functions u (see also Remark on a
small interval [0, so]:

(1) pu(s) =s?, pe (0,1];
(2) p(s) = (log(1+ s))?,

(s) = p 1
(3) 1(0) = 0 and pu(s) = (log ) ", p>1;
(4) u(0) = <1og§)_l(1og10g§)_l...(1og’f§)_p, p>1, keN.

The next result shows that the integral condition on the function p in can not be relaxed.

0 and p(s) =

Theorem 5. Consider for n = 1 the Cauchy problem
Uy — Au+ uyp = [ul* 5 p(lu]), (¢ z) € (0,00) x R,
{(u(O,x),ut(O,x)) =(0,9(z)), zeR"™
Here p = p(s), s € [0,0) is a modulus of continuity which satisfies the condition

JCO"(S)ds—oo, (6)

0 S
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where Cy is a sufficiently small positive constant. Moreover, we assume that the function h : s € R —
h(s) := s'*% u(s) is convex on R. Suppose that the data

ge A:= HENR™) A LY (R),
such that

Jn g(x)dz > 0.

Then, in general we have no global (in time) existence of Sobolev solutions even if the data are supposed
to be very small in the following sense:

lglla <e for e <eo.

To prove Theorem We will follow the approach used in [6] in which the authors get a sharp upper bound
for the lifespan of solutions to some critical semilinear parabolic, dispersive and hyperbolic equations, by
using a test function method.

Example 2. The hypotheses of Theorem [5| hold for the following functions i (see also Remark on a
small interval [0, so]:

(1) u(0) =0 and p(s) = (log%)_p,o <p<1;
(2) u(0) =0 and p(s) = <log%)_1(1oglog %>_1~~~ (logk %)_p, pe(0,1], ke N.

Remark 6. Let us discuss the assumption in Theorem [5] that the function
h:seR — h(s):= 31+%u(s) is convexr on R.

In the case of smooth u, in a small right-sided neighborhood of s = 0, this hypothesis can be replaced by
the condition

sP ™ (s) = o(u(s)) for s — +0, k=1,2.
Indeed, it is sufficient to verify that on a small interval (0, so]
" 2 2 2 2 "
B(s) = 577 (S (14 2 uts) + 21+ 2 )spd (5) + 577 () ) = 0.
(5) = s (2 (142 )uls) 2o (5) + 2 ()
This condition is satisfied in our examples. QOutside this interval we can choose a convex continuation of

h.
In the following we use f < g for nonnegative f and g if there exists a constant C' with f < Cg. We use
f~gif f<Cigand g < Csf with suitable constants C7 and Cs.
2. GLOBAL EXISTENCE OF SMALL DATA SOLUTIONS

In the proof of Theorem [3] we are going to use the following estimates for Sobolev solutions to the
parameter-dependent Cauchy problem for the linear classical damped wave equation.

Lemma 7 (Lemma 1 in [8]). Let
(6,9) € A= (HEI(R?) A L' (R™)) x (HIEFI(R™) A L(R™)).
Then, the Sobolev solutions to the Cauchy problem
ue — Au+up = 0, u(s, x) = ¢s(x), w(s, x) = s(x), (7)
satisfy the following estimates for t = 0:
Jut, Ve < COU+t—8)"% ([falin + 9ol yrigs + 65l + [0l i51)
and for k =0,1,1 + | %]

n+2k

_nt
[Vau(t, Ve < U+t =) (|gslir + @l mr + [slpr + [vs] mar) -
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Theorem Bl . The space of Sobolev solutions is X (¢) = C([0,¢], H*(R™) n L®(R™)). Taking into consid-
eration the estimates of Lemma we define on X (t) the norm

1

n+2k n
fulxo = sup {35047 98l e + (14 D) fulrs e
TEO T k=0

For arbitrarily given data (¢,v) € A we introduce the operator

t

N:ueX(t) - ub™ + J O(t,5,°) *(z) h(u(s,))(z)ds

0
in X (), where by u!™™ we denote the solution to the linear parameter-dependent Cauchy problem with
initial data (¢,v). By

(D(ta S, ) *(z) h(u(& ))(I)

we denote the Sobolev solution to the Cauchy problem (7)) with ¢ =0 and ¥ = h(u(s,-)). We will prove
that

- 142
INulx < Coll(6, )4+ Coo lul, (8)
INu— Nolxy < Ceollu = vl (Il 3 + ol ) (9)

where C,, and C’EO tend to 0 for gg to 0.
First of all we have after applying Lemma [7] for all ¢ > 0 the estimate

[u"™ | x (1) < Coll(¢,9)].4, (10)

where the constant Cj is independent of ¢. Consequently, it remains to estimate

G(u)(t,x) := Jo O(t,s5,2) *(z) h(u(s,z)) ds.

For j = 0,1 we have
t

IVIG()(t, )] 2 < L(l +t =) TFE [h(u(s, )| g ar2ds.

It holds
2

InCu(s, Nlcrare < pluls, ) ze=) lluls, )= |Lraze.

Thus, by using that
Ju(s, e < (4 ) fulx o
and the monotonicity of u = u(s) we get the following estimate:
(s, )re) < n((1+8)7F Julx ). (11)

Let us assume [u|x ) < o for all £ > 0 and some ¢ > 0 sufficiently small. Then, since the norm in X (¢)
is increasing with respect to ¢, we can estimate the right-hand side of by

p(eo(l+ )" 2).

Moreover, to estimate |||u(s,-)|'* % |1 ~r2 we may apply the Gagliardo-Nirenberg inequality and obtain

1+3 1—n ZJ’,E _ 1+Z
luls, ) 102 < ClVuls, )2 Juls, )lp= * < O +5) Hulyds (12)
and
1+2 2 qony o 1+2
lus, )l o 0a < ClVuls, )lzzluls, ) f2 < O+ )77 Jul .- (13)

Thus, we may conclude

t
1 1+2 _n_J _ _n
HWGWWJhwﬂM£5Lﬂ+ﬁw)420+@1Mmﬂ+$2)@
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To estimate ||G(u)(¢, )| L=, the required regularity to the data increases with n, so we split the analysis
for n =1 and n = 2. For n = 1 we may estimate

[G(u)(t,)Le < L (1+1— )72 hluls, )| L1nr2ds,

and proceed as before to derive

|G@)(t, )= < ulke f (L+t—5)72(1+8) " u(eo(1+5)7%) ds.
0

For n = 2, applying Lemma [7] we may estimate
t

|G ()t )= < L(l +t =) h(uls, ) L1 ~mds.

Now, we have to deal with a new term |Vh(u(s,"))|z2. Using (), we may estimate
[Vh(u(s, 2))| < luls, z)|p(lu(s, 2)]) [ Vu(s, z)]
and
[VA(u(s, )z < uls, )zeplluls, ) =) Vuls, )| 2
< (1t 8) 2 ul (@ + )" ulx ).
Therefore

2 t n n
HGwquum<nw;gJk1+t—@-ﬂ1+@+m@a1+@-ada71:Lz
0

Now, let & < 1. On the one hand it holds
3

(Mg

L (L+t—s5) 1 +s) " u(eo(l+s)"2)ds~ (1+1) L (1+8) p(eo(l+s)"2)ds

by using (1 +t —s) ~ (1 +¢) on [0,¢/2]. On the other hand

J (L+t—8)"1+s)  u(eo(l +5)"2)ds

t

SECE ft(l +t—8) (1 +s) T u(eo(1+5)" %) ds

t

&

s+ t)’“f (L+t=8) " uleo(l+t—5)7%)ds,

t

2

where we used 1+ s ~1+tand 1 +s2 1+t —son [t/2,¢].
By using the change of variables r = go(1 + s)™ 2, we get

f“ﬁl+$”u@d1+@-%ds~j

0 0

€0

)

Mdr

that is finite, due to assumption . Summarizing, we arrive at

~ 1+2
INulx ) < Col (@) + Ceo lullsi (14)
where C’EO tends to 0 for g to 0.
To derive a Lipschitz condition we recall

t
D(t,5,2) sy (Jul*F ulful) = o] 7 (o)) ds

GU—GU=J
0

= Jt O(t,8,7) *(z) (Jl(d|u|H(|u|))(v +7(u— v))dT) (s,z)(u—v)(s,x)ds,

0 0



6 M. R. EBERT, G. GIRARDI, AND M. REISSIG

where
2
H:fu| € RY — H(Ju]) = [u"" p(ful).
By using our assumption to ' = 1/(s) we get
2
| H(Ju])| < Jul ™ p(ful).

Here we take into consideration that |u| < so with sp from for small data solutions. Applying
Minkowski’s integral inequality (maybe Jensen applied to the convex function |- [#™??), Lemma [7| and
the monotonicity of dj, H(|u|) for small |u| gives

|V4(Gult, ) = Gu(t,))| 2

sf(lﬂ—s)zé (Joluw+T<u—v>|>|v+T<u—v>|5dv)lu—vl<s~> e @

0
t pl p
<) f L+t =) 575 (Jul® + o] ®) (w—0) (5, )| 1 - po (v + T(u — 0)])| o= dr ds.
By using Holder’s inequality we get
I (Ju(s, -) ) (= v)(s,)] .

2 2
< (s M, x + Doty )P, ) I = )5, ooz

2
ot lu(s, )

and
[(luts, )=+ fols, ) ™) (w =) (5,)] 1
< (Juls. )7 s+ 005, ) )1 = 0) (5, s

Thus, we can apply Gagliardo-Nirenberg as in and to get
2 2 _ 2 2
[(futs, 1 + (s, ) (@ = 0)(5,)] 0 < @+ )7 (Juldy) + 015 ) lu = vlx o)
2 2 _1_n 2 2
[ (Juls, )=+ lo(s, )17 ) (w=v)(s, )| 2 S L+ 8) 77 (Jul k) + 0I5 o) e = vlxc)-

Now we follow the same ideas presented above to conclude

|V4(Gult, ) = Gu(t, )| 2

2 2 bt n_j _
< tu= vl (Julf + 101f) [ [ 0+ t=7 840 ) (o + = o)) dr s

2 2 _n_3J tort _ _n
< = olx (lul g + [0l ) (1 + 6~ J f (1+ ) a(eo(l + )~ %) drds

n_J 2 2
< LA+ 07 F E u— ol (Jul§ ) + 015 )

where C{  tends to 0 for gy to 0.
To estimate |Gu(t,:) — Gu(t,-)|L», we again split the analysis for n = 1 and n = 2. For n = 1 we may
proceed as we did to derive the estimates for |V (Gu(t, ) — Gv(t,-))| 2 to conclude

_1
|Gu(t, ) = Go(t, )| < CL(A+ )72 lu—vlxe (lulk + 01z @),
where C7 tends to 0 for &y to 0.
For n = 2, applying Lemma [7] we may estimate
HGu(t, ) - Gv(tv ')HLOO
t 1
< f (L+1t- @*H(L (dpu H () (0 + 7 = 0)) d ) (1 = 0)(s, )

0

ds.
LinH?
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The only new term to be considered is
| (g H (D) (v + 7(w = 0)) (s, ) (w = v) (s, )| g -

Using , we may estimate

Vad H(lul) (v + 7(u = v))| £ (IVul + [Vo))p(lv + 7(u = v)|)
and

| (g H ([u)) (v + 7(w = 0)) (s, ) (w = v)(s,) | g
< wlllo + 7w =) |z=) (IVuls, )z + [Vols, ) z2) [ (w = v)(s, )L
+ u(llv + 7(u = v)[ =) (Juls, )lze + (s, )Le) V(e —v)(s, )]

S (1+8) (e +8)7) (Jul x (o) + vl x ) e = vl x(s)-

Hence, we may estimate

HGu(tv ) - G’U(t, )”L°C
t
< (Jullx @y + lvllx @) lu = vlx L (I+t—5)""(1+s) u(eo(l+5)7")ds

< CLA+ 1) (lulxe + olx@) v = vlxe,
where CZ tends to 0 for &g to 0.
Summarizing all the estimates implies
INu— Nv|x() < Ceollu = vlxe (lulz g + 1v1%) (15)

for any u,v € X(¢), where C,, tends to 0 for £y to 0. Due to the operator N maps X (¢) into itself if
g0 is small enough. The existence of a unique global (in time) Sobolev solution u follows by contraction
and continuation argument for small data. O

3. NON-EXISTENCE RESULT VIA TEST FUNCTION METHOD

Following the proof of Theorem [3| we obtain a local (in time) Sobolev solution u € C([0,T), H'(R™) n
LOC‘(]R”)) to . For this reason we restrict ourselves to prove that this solution can not exist globally in
time.

Theorem [Bl We introduce the following functions:

1 if s € [0, 1]
’ 0 if s € [0, 3],
n(s) = { is decreasing if s € (3,1), n*(s) = { () %f SE {1 :;]J)
i 1
0 if s € [1,00), s 812,

where the function n = n(s) is supposed to belong to C*[0,). For R > Ry > 0, where Ry is a large
parameter, we define for (¢,z) € [0,00) x R™ the cut-off functions

2 n+2
a:|R+t> and ¥5 = Y5t x) —77*(

We note that the support of ¥g is contained in

Qr =[0,R] x B sz with Bz = {zeR": 2| <VR}.

3

|Z‘|2 + t>n+2

wR—¢R(t7$)—U< I

The support of v}, is contained in

2| 3

Qk = QR\{(K@‘) )+t <
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We suppose that the Sobolev solution u = u(t, z) exists globally in time, that is, the lifespan is T' = T'(u) =

o0. We define the functional

In= | h(lu(t,z))yr(t,z)d(t,z) with h(s) == s"* % pu(s).
Qr
Then, by equation , after using integration by parts we arrive at

In == | g@)on(0.z)do+ [ ult,a) (@bn— S - ouvm) dt,a).

R

n+2 x|+t et x|+t
Ovpr = n(") n’<||>;

It holds

R R R

(n + 2}){(2n+ 1)n<|x|;+ t)"n/<|x|;+ t>2

Ln+? 2+ e\, e+t

() ()

dn+2)(n+ )23 [z +t\" (2> +t 2
R? ”( R )”( R )

+4(n+2)x§n |22 + ¢t "“n,, |22 +t
R? R R

2n+2) [|z2+t\"" |z +¢
+ n N\ ——s—1.
R R R

Thus, since 0 < n < 1 and 7/, n” are bounded on [0, ), there exists C' > 0 such that for each (¢,z) €
supp ¥'g it holds

iR =

0 YR =

C _n_
|07YR — ApR — OpR| < E@/’E(tax))"”'
Thus, we get

n

In= f@ (ut.0))on(t. ) dit.) < [ glo)on(0.0)do

C n
# 5 ], e ) i), (16)
By applying Lemma [§] from the Appendix with a =1 we get
) S lut, 2)| (W (t,2)) 7= d(t, ) _ S A(lu(t, )| (W E(t,2)) ™) d(t, x)

Taking account of

Jut, 2)|(R(t ) 72 d(t,x) = J Jut, 2)| (U (¢, 2)) 7 d(t, z),

Jop
Q% R

f 1d(t,z) =C 1d(t, x),
Q

* Qr

we arrive at the estimate

h (SQR Jult, @) (V}(t 2)) 7 d(t%)) _ on h(Jult, )| (VR 2)772) dt, =)

Cfy, Ld(t,x) Cfy, Ld(t,x)

Notice that, since the modulus of continuity p is non-decreasing, we can estimate

n

h(ju(t, )| (5t 2)) 72 ) < h(|u(t, 2)))UR(E ).
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Moreover,

n+2

J 1d(t,x) =R

Thus, thanks again to x to be a non-decreasing function, there exists h~! and we may conclude

N . (Ju(t, x) )%t ) d(t,
f Jult, z)| (Wh(t )7 d(t,z) < CR™ h™! Jo Pt )l)ni( o) : (17)
R CR =
Let us define the functions
R
y=y(r)=| hlult,z))y7 () d(t,z) and Y = Y(R) = f y(ryr=dr.
Qr 0
Then, it holds
R
f ( h(lu(t, 2)))62 (¢, 2) d(t,x))r_ldr
0
R 2 n+2
=J h(|u(t, z) <J 77*<|:E|+t> rldr) d(t, x)
R 0 r
©
:J h(|u(t, z) <J ‘ (n*(s))”*ZSIds) d(t, x).
z|2 4+t
Since suppn* < [1/2,1] and n* is a non-increasing function on its support, we obtain the estimate
0 2 n+2 2 n+2
(21 g < |lz|® +1 J -1 = +1
a2t as <P s <togn(
Consequently, we may conclude
Y(R) < 1og(2)f h(|u(t, z))r(t, z) d(t, =) = log(2) Ig.
Qr
Moreover, we notice
VR =y(R) = | (utt, m))vkte, ) e, ).
R
Thus, by and , we get
Y(R) _ 1 (Y'(R)
C“R2h =
log(2) CR3%
It follows
(L YR\ _YR)
C?log(2)R? CR3
Thus, we have
( Y(R) ) ( Y(R) ) _Y'(®)
2log2)R: ) "\ C?log(2)RE ) S CRY
For each R > Ry, since Y = Y (r) is increasing we have Y (R) > Y (Ry). Thus, since u is non-decreasing,
we have
n+2
Y(R) B Y (Ro) YR
C2log2)R: ) M\ C?log2)R? ) S CRY
Thus, we have
S ¢
R(C2log(2)) " \C?log()RT ) = CY/(R)™
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By integrating from Ry to R, we can conclude that there exist constants c1, co such that

R Ry R%
1 n 0 1 1
f *,U/(CQS_j)dS:ClJ B M(S)dsﬁ[— 2] < T (18)
o s Rt v)F vt T Y(RE)E
Due to the assumption that u = u(t, z) exists globally in time it is allowed to form the limit R — o in .

But this produces a contradiction, due to the fact that the right-hand side is bounded and the modulus of
continuity p satisfies condition @ This completes our proof. 0

4. APPENDIX
In this section we include the following generalized version of Jensen Inequality ([I1]).

Lemma 8. Let ® be a convex function on R. Let « = a(x) be defined and non-negative almost everywhere
on Q, such that « is positive in a set of positive measure. Then, it holds

o §o u(@)o(z) de - §o ®(u(x))o(z) de
§o o) da b §o o(z) dz
for all non-negative functions u provided that all the integral terms are meaningful.

Proof. Let v > 0 be fixed. From the convexity of ® it follows that there exists k € R!, such that
D(t) — D(y) = k(t—=) forallt=0.
Putting ¢ = u(z) and multiplying the last inequality by «(x), we get after integration over ) that

fQ O (u(z))a(z) de — O(y) fQ alz)dr = k:( JQ u(z)a(z) de — v fQ a(x) dx).
The statement follows by putting
_ §o u(z)a(x) dx.

§o a(z) dx
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