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Abstract—Quantum quasi-cyclic (QC) and quantum low-
density parity-check (LDPC) codes have received significant
attention due to their algebraic regularity and performance under
low-complexity decoding. In this work, we explore a class of
structured quantum codes based on reproducible matrices, which
generalize known families such as cyclic, QC, and dyadic codes.
Focusing on sparse quasi-dyadic (QD) structures, we investigate
how their symmetries influence Tanner graph cycles. Moreover,
we construct quantum LDPC codes within the Calderbank-Shor-
Steane (CSS) framework, analyzing dual-containing configura-
tions, and assess their error rates.

Index Terms—Dyadic codes, CSS codes, LDPC codes, Quasi-
Dyadic codes, Quantum codes.

I. INTRODUCTION

The study of quantum error-correcting codes has long
been motivated by the search for algebraic and topological
structures, which bring advantages in theoretical analysis and
implementation. In particular, structured codes simplify the
design of encoding circuits, potentially reducing the number of
required quantum gates and inter-qubit interactions. This may
help limit the introduction of physical noise during decoding,
which is a critical concern in current quantum technologies.
An example of algebraic structure arises in quantum quasi-
cyclic (QC) codes, built from matrices composed of circulant
blocks. They allow for compact representations and efficient
implementation. When the parity-check or generator matrices
representing the code are sparse, quantum quasi-cyclic low-
density parity-check (QC-LDPC) codes [1] offer good perfor-
mance through efficient decoding.
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As a generalization of this framework, reproducible codes
were introduced in [2]. A matrix is said to be reproducible
if its full structure can be generated from a small number
of rows and a family of linear transformations. This concept
encompasses, among others, cyclic, QC, dyadic and quasi-
dyadic (QD) codes [3]. Dyadic matrices, in particular, exhibit
a rich recursive structure: the entries of the matrix are de-
termined by binary group operations on the indices, and the
entire matrix can be reconstructed from a single row, say the
first one, called signature. Many operations (e.g., inversion
and multiplication) can be performed efficiently by looking at
signatures and exploiting the special dyadic structure [4].

Dyadic matrices can serve as building blocks for repro-
ducible generator or parity-check matrices. As such, quantum
codes based on dyadic structures naturally fall into the cate-
gory of quantum reproducible codes. Quantum dyadic codes
have been introduced in [5], where the authors offer some
insights into how structure can be exploited in the design of
quantum codes. However, the dyadic condition is quite rigid
and it enforces a global structure that may limit the properties
of code constructions. For example, [5] focuses on designing
stabilizer codes of dimension zero, which do not encode
logical qubits. In contrast, QD codes relax this rigidity by
introducing block-level dyadic symmetry. In classical coding,
this generalization has been fruitful [6]-[8]. Despite their
promise, quantum QD codes have not been explored in the
literature to date, and we aim to fill this gap.

So, in this work, we study some properties of quantum
codes constructed from sparse reproducible matrices with QD
structure. Our analysis focuses on how the dyadic and QD
symmetries affect the cycles of the associated Tanner graphs
[9]. Using these matrices, we propose two constructions of
quantum QD-LDPC codes within the Calderbank-Shor-Steane
(CSS) framework [10], [11], considering in particular dual-
containing configurations. We evaluate the error rate perfor-
mance of the proposed codes over the depolarizing channel.

The remainder of this paper is organized as follows. Section
Il introduces notation and background. In Section III, we
analyze some properties of dyadic and QD matrices. In Section
IV, we propose some constructions of quantum QD-LDPC
codes, as dual-containing CSS codes, and assess their logical
error rate (LER) in Section V. Section VI concludes the paper.



II. NOTATION AND BACKGROUND

Upper case and lower case bold letters denote matrices and
vectors, respectively. We denote the transpose of matrix M as
M7, The k x k identity matrix is denoted as I, and the size
is omitted when clear from the context. The same holds for
the all-zero matrix 0. Let I}y be the space of binary vectors of
length n. The Hamming weight of an element s corresponds
to number of its non-zero entries, and is denoted as |s|.

The tensor product of two matrices or vectors a and b
is denoted by a ® b. The n-qubit Hilbert space is (C?)®",
which denotes the tensor product of n copies of the complex
two-dimensional space C2. The Pauli group on n qubits
consists of all n-fold tensor products of single-qubit Pauli
matrices I, X, Y, Z with multiplicative factors +1 and +:. A
stabilizer group S is an Abelian subgroup of the Pauli group
on n qubits whose elements commute and can be measured
simultaneously.

A. Classical linear codes

A linear code C[n,k,d] c F% with length n, dimension
k, and minimum Hamming distance d, is a linear subspace
of Fy. An element in C is a codeword ¢ € C. A code can
be represented with a full-rank parity-check matrix (PCM)
H e FL*", where r > n — k, such that the code is the space
of all vectors ¢ € F% for which He” = 0 holds. If H is
sparse, then the code is an LDPC code. Every PCM can be
associated with a Tanner graph [9], which is a bipartite graph
consisting of n variable nodes and r check nodes. Each non-
zero entry in H defines an edge in the graph. Tanner graphs
are characterized by the presence of cycles. The girth g is
defined as the length of the shortest cycle(s) in the graph. We
use the terms girth of a Tanner graph, girth of a code, and
girth of a PCM interchangeably.

B. Quantum codes

A quantum stabilizer code C[n, k,d] is a 2*-dimensional
subspace of (C2)®", stabilized by all s € S, i.e., s|) = [1)
for all |¢)) € C. We are interested in studying CSS codes [10].
A CSS code! C[n, k1 — kq,d] is constructed starting by two
classical codes C'[n, k1, d;] and Cs[n, ko, ds], represented by
H, and Ha, respectively, where d = min{d;, ds}, k1 > ko,
and Cy < (. In particular, the PCM representing C is

Hess = (If,l é’) M

and that both H1G2T and GngT are zero matrices, where
H, € Fén_kl)xn and G, € F42*". In other words, one
can consider Go as the PCM of C3. If we use only one
code C1, such that its dual is contained within itself, i.e.,
Cf c (4, instead of two distinct codes to construct the
quantum CSS code, we obtain a special subclass known as
dual-containing CSS codes. In this case, the classical codes
involved are Cy[n, k1, d] and its dual Ci-[n,n — k1, d"*], and

ITo distinguish between classical and quantum codes, we denote quantum
codes using the symbol C and the double bracket notation [-].

the associated parity-check matrix satisfies HiHY = 0. The
resulting quantum code is denoted by Cyc[n, 2k — n, dy].

C. Dyadic and quasi-dyadic codes

A class of reproducible matrices is that of dyadic matrices.
Definition 1 (Ring of dyadics). For ¢ > 1 an integer, we
define M(Fs) as the set of 2° x 2° matrices with entries over
Fo and structured as follows:

M = (g E) . A,Be M (Fy). 2

For £ = 0, My(F2) = Fo. For any {, when equipped with
standard matrix sum and multiplication, then M(F3) forms
a commutative ring.

It is easy to see that a dyadic matrix can be fully de-
scribed using only its first row (m0,0,m0,1," - , M0 2¢—1),
which is sometimes called signature s. Indeed, for any i, j,
we have m;; = mg,g;,where ¢ @ j denotes the integer
corresponding to the XOR between the binary representations
of i and j.> By weight of a dyadic matrix, we refer to the
Hamming weight of its signature, |s|. Let Py (o) = {P(©) =
L., PO ... P2 =D} < M,(F,) be the set containing all
dyadics with weight 1, so that P() is the dyadic whose
signature has a 1 in position 4. Then, each P is called dyadic
permutation matrix (DPM). In the following, given P(), we
denote the binary representation of position i as p € F5. Each
DPM has multiplicative order 2, since

PO = PO (POT = pO) . (POY-L ZL,,, Vi

It is easy to see that each dyadic can be uniquely expressed
as a linear combination of DPMs:

4

27—1
W(ag, - age 1) €FZ M= Y aP®, VMe M(Fs),
=0

where (g, ,aqe_1) is the signature. Furthermore, it is
straightforward to note that, for any two DPMs P () and P\,
it holds that P(¥) . PU) = P(®J),

Lemma 1. Let ¢ > 1 be an integer and M € M,(F2) with
signature s. Then:

2_ )0, If s] is even,
Iye, if|s] is odd.

Hence, M is non singular if and only if its signature has odd
weight and M~! = M.

A matrix is called quasi-dyadic if it is formed by dyadic
blocks, and a linear code is called QD if it admits a generator
matrix (equivalently, a PCM) which is QD.

2This is an abuse of notation, as 7 and j are not binary vectors. If ¢ denotes
a bijection between integers {0, . .., 2¢ —1} and binary vectors in F g, then we
should write ¢~ (¢ (i) @D¢(5)), but this would be unnecessarily cumbersome.
Each index is represented using ¢ digits, with the LSB on the left.



III. PROPERTIES OF DYADIC AND QD MATRICES

In this section we study some properties of QD codes.

Theorem 1. Let u > 2 be an integer and H € IF%ZX“ZZ be a
OD matrix with the following structure

H:(H(),...,Hu_l)7 HiEMg(FQ), Vie{O,...,u—l},
3)
where each H; is dyadic, with side 2° and odd weight v. Let

Cc Fng be the classical code whose PCM is H. Then:

1) H has full rank and, consequently, C has redundancy
2¢ and dimension 2°(u — 1);

2) if all blocks H; are distinct, C' contains at least (12‘)21”
codewords of weight 2v;

3) if u is even, then the code is dual-containing.

Proof: From Lemma 1, a dyadic with odd weight is non
singular: hence, by hypothesis, the rows of H are linearly
independent, which proves the first claim. To prove thesis 2),
we consider a pair of indices 0 < 7 < 7 < u — 1, which we
use to define a QD matrix C = (Cyp, -+ ,C,_1), as follows:

H, ifz=4,
C,=<H; ifz=j,
0 otherwise.
For instance, if uw = 3, 4 = 0 and j = 2, then C =

(H3,0,H,). We have CH? = 0, since
CHT = ClHlT + CJHT =H;H; + H;H; = 0.

Thus, each row of C is a codeword of weight v. Since C has
full rank, each choice for C identifies 2¢ codewords of weight
2v. Note that each choice for C is determined by a specific pair
(i,4): we have (i) such choices, yielding an overall number
of (5)2* such codewords. This number can be doubled by
observing that, for each pair (4, j), we can define another QD
matrix C' e ]F%ZXWE such that C'H” = 0. Indeed, it is enough
to swap the blocks C; and C'7 ie., C, =H,, C; = H; while
all the other blocks are null. This yields another family of
(5)2¢ codewords of weight 2v. Finally, we prove thesis 3). To
this end, it suffices to observe that HH” = H3+...+H2_, =
u - Ioe. Since w is even, the previous sum is null. [ |

From Theorem 1, we find that the minimum distance of
codes with PCM as in (3) is upper-bounded by 2wv.

Remark 1. The code described in Theorem 1 can be described
by a sparse generator matrix. Indeed, we know that the code
has dimension k = 2°(u — 1) and contains (4)27! > k
codewords with weight 2v. Hence, these codewords can be
used to obtain a generator matrix with row weight 2v. This
would lead to an encoding process with cost O(kv). We
observe that even the systematic generator matrix is somewhat
sparse. Indeed, it is in the form:
Hqu
G=|Ilyrw1|
HuHufl

The row weight of this matrix is at most 1 +v> and, therefore,
systematic encoding can be done with cost O(kv?).

A. Cycle properties of QD codes

QD matrices constructed from dyadic blocks with a signa-
ture row of weight greater than one have girth 4, as shown in
[5], [8], since their constituent dyadic matrices already exhibit
cycles of length 4. Therefore, we focus on QD matrices built
from DPMs. This construction is particularly appealing for
iterative decoding, as DPMs can potentially yield codes with
girth greater than 4. Next, two theoretical results are reported
from [5], [8] on 2 x 2 arrays of n-adic matrices. They easily
generalize to the dyadic case.
Poo Po.
Lemma 2. If P = P.o Py
matrix of weight 1 with the non-zero signature row entry
in position p; ; € F’, then each cycle in the Tanner graph

corresponding to P has the same length.

Poo Poa
Theorem 2. If P = ’ ’

7 Pio P
matrix of weight 1 with the non-zero signature row entry
in position p; ; € F, then the girth of the Tanner graph
corresponding to P is

) where P; ; is an n-adic

where P; ; is an n-adic

g9 =4(F @), )

where cc = py o ® p1 1 — (Po.1 @ P1,o), the positions p; ; are
written in binary notation, and #{ca) is the order of a.

Remark 2. From Lemma 2 and Theorem 2, it is clear that
for any 2 x 2 matrix built using dyadic blocks, each cycle has
length 8 in the best case or 4, in the worst. So, the girth of a
0D 2 x 2 matrix built using 4 DPMs is always 4 or 8.

Corollary 1. Let
Poo Po,1 Pou1
Pw—l,O Pw—l,l

&)
Pw—l,u—l

be a QD matrix, being P, ; € Po(F2). If every possible 2 x 2
sub-matrix of P, i.e.,

Pi’j/

Py i)’

P. .

P/ — < (2]
Py

with i # i’ and j # j' has girth equal to 8, then the girth of

the code associated to P is either 6 or 8.

(6)

Let us provide a general result on the existence of cycles,
whose simple proof is omitted for the sake of conciseness.

Theorem 3. Consider a A\/2 x \/2 block matrix P of the form

Popo 0 0 Po 21
Pl,O Pl,l 0 o 0
P = . . . b
0 . . .. 0
0 cor 0 Prpiape—2 Prpoineo



where each P; j € Py(F3). Let

a = pi7j7
i,5)

Dy
P, ;#0

where p; ; € IS is the position of the non-zero element in the

first row of P; ;. A cycle of length X\ exists in P iff o = 0.

The above results allow us to write a condition on the
existence of cycles in a generic g x ng array P of (non-
zero) DPMs, as done in [12] for arrays of non-zero circulant
matrices. Let Ajk.,jkﬂ(l) = P, D pj... - P contains a
cycle of length A iff

A2-1

D Aj g (k) =0, )

k=0
with jo = jx, jrx # Je+1, and Iy # [y,

Pi; Py .

’ ’ be a QD matrix,
Pi/,j Pi/,j/ Q
built I/lS'll’lg DPMs. Let us assume that PZ‘J‘PiIJ‘ = Pi,j/Pi’,j/-
Then, the Tanner graph associated to P has girth 4.

Proposition 1. Let P =

Proof: Since Pi’jPi/,j = Pi’j/Pi/’j/, then P @pz",j =
pi s ®py j thatis, p; s @p; i = p; ®py ;, and, according
to (8), the code associated to P has girth 4. [ |

IV. QuaNTUM QD-LDPC CODES

In this section, we present two constructions of the PCM
of classical QD codes as w x u arrays of dyadic matrices.
We then show how to use these PCMs to the design quantum
dual-containing CSS QD-LDPC codes.

Construction A. The parameter u must be even in order
to preserve the dual-containing structure, and w < wu. The
dimension and the rate of the classical code C' we construct
are (u —w)2z, and 1 —w/u, respectively. So, the dimension of
the associated quantum CSS dual-containing code is 2k —n =
2(u — w)2° — u2® = (u — 2w)2*. Therefore, since we aim to
obtain a quantum code with dimension greater than 0, it holds
that w < wu/2. The procedure for building the PCM, given
w < 4, is as follows:

o Select u/2 + 1 DPMs. From this set, choose one matrix
P(=0) € Py(F,) to serve as anchor matrix, denoted by
Q = P(0), The first block row (indexed by 0) of the
PCM is constructed by alternating the anchor matrix with
the remaining «/2 matrices, as follows:

(Q P(zl) Q P(Z2) Q P(Zu/Q))'

« The block row indexed by 1 is obtained by performing a
blockwise-cyclic shift of the O-th block row to the right
by one position.

« The block row indexed by 2 is generated using a tech-
nique we refer to as the left-hand conveyor belt: we
rewrite the matrix pairs of the row indexed by 0 in reverse
order, alternating from right to left. The result is:

(Q P(Zu/2) Q P(Zu/271) Q P(Zl))_

Q P(z1) Q P(z2) o Q P(zus2)
P(zus2) Q Ppz1) Q L. PGuz-) Q

Q P (Zus2) Q Pzupz-1) Q P(z1)
P(=1) Q P(Zu2) Q P(22) Q

Figure 1: PCM built using Construction A, with w = 4.

Table I: Parameters for Constructions A and B

Const. Classical Code CSS dual-containing Code
k n R kg ng Rg
A 20(u—w) | 2% | =2 | 28(u—2w) | 2fu

kA
B 20w —1) | 20w | =2 | 285(u—2) | 2%

U

« Finally, the last block row, indexed by 3, is constructed
by applying a block-wise right cyclic shift to the block
row above it.

In this construction, by the pigeonhole principle, it is
possible to use at most u/2 + 1 distinct DPMs, as long as
u/2 + 1 < 2°. The construction is illustrated in Fig. 1.

Construction B. This construction refers to Theorem 1. The
parameter u must be even in order to preserve the dual-
containing structure, w = 1, and we set the signature row
weight |s| to be the same for all the constituent dyadic
matrices. As a result, we obtain a regular code in the column
weight. The dimension and the rate of the classical code C
we obtain are (u — 1)2¢, and 1 — 1/u, respectively. So, the
dimension of the associated quantum CSS dual-containing
code is 2k1 —n = 2(u — 1)2¢ — u2’ = (u — 2)2%. By the
pigeonhole principle, it is possible to use at most u distinct
dyadic matrices in the construction, as long as u < (|2:|)

The design parameters of the classical and quantum CSS
codes obtainable through the two above constructions are
summarized in Table I, as a function of v and w. The next
theorem follows naturally.

Theorem 4. Given a PCM H built using Construction A and
Construction B, it holds that HHT = 0.

The following result follows from Proposition 1.

Corollary 2. Let

HO,O HO,l HO,ufl
Hwfl,() Hwfl.,l wal,ufl

be a quasi-dyadic matrix built up using wu DPMs H,; ; €
Pi(F2). Assume that H is the PCM of a dual-containing code,
so HHT = 0. Then, the associated Tanner graph has girth 4.

Although the presence of cycles of length 4 is a common
challenge in the design of quantum LDPC codes, methods
to avoid such cycles exist (see [1], [13, Section III-A]).
In addition, many improved decoding strategies have been
proposed to mitigate their effect on error rate performance.
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Figure 3: LER of CSS codes designed by Construction B, as
a function of the depolarizing probability p.

V. NUMERICAL RESULTS

In this section, we assess the LER (i.e., word error rate)
of some codes designed with Constructions A and B, through
Monte Carlo simulations over the depolarizing channel with
depolarizing probability p. We employ a Belief Propagation
(BP) decoder in its Min-Sum (MS) variant [14]. The decoder
runs at most 100 iterations, and the simulation continues with
the same depolarizing probability until 100 logical errors are
detected. Only one of the two PCMs was decoded, since they
are identical in a dual-containing CSS code.

In Fig. 2 we report the performance of several quantum CSS
dual-containing codes obtained by Construction A, considering
w € {3,4}. We note that the best curves are associated
to classical codes built using a relatively small number of
columns, say u = 8, and low values of /. In particular, we
note that if we build a 48 x 128 PCM with w = 3, © = 8 and
¢ = 4 (solid red) instead of w = 3, u = 8 and ¢ € {5,6, 7}
(other red curves), we get better performance. Similarly, if we
build a 128 x 1024 PCM with w = 4, u = 32, £ = 5 (blue),
instead of w = 4, u = 32, { = 6 (blue, starred), we get
again better performance. This might be due to the increasing
number of short cycles in the latter codes. For w = 3 and
u = 8, we get classical rate R = 5/8, from which Rg = 1/4.
Instead, for w = 4 and u = 32, we obtain worst performance,
but larger rates, namely R = 7/8 and Ry = 3/4.

Instead, in Fig.3 we consider only classical codes with R =
3/4, from which Ry = 1/2. We use dyadic matrices with
¢ e {5,6,8,9} and |s| € {3,5,7}, and consider u = 4. We

note that the performance is better for large values of odd
signature weights, i.e., 5, 7.

The black curve in Fig. 3 corresponds to a QC-LDPC code
C[2044,1515] with rate R = 3/4, constructed as in [1]. This
code represents a quantum not dual-containing CSS code with
Rg = 1/2. Code length, dimension and quantum code rate are
comparable to our code with |s| = 5 and ¢ = 8. The improved
performance of the code from [1] can be attributed to its non-
dual-containing structure, which allows avoidance of 4-cycles.

We also note that the code with |s| = 3, £ = 5 derived by
Construction B outperforms the one from Construction A with
|w| = 3, w = 8 and ¢ = 4. In fact, they have the same code
length n = 128 and achieve comparable performance, but the
code from Construction B offers twice the quantum rate R,.

VI. CONCLUSION

We have studied some properties of dyadic and QD matri-
ces. Furthermore, we have discussed methods for constructing
sparse quantum CSS codes with a QD structure and assessed
their performance. We plan to analyze the minimum distance
properties, other constructions that are not dual-containing,
and the error rate performance of the studied quantum codes
under more advanced decoding algorithms in future works.
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