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Abstract
We analyze the following doubly nonlocal nonlinear elliptic problem:

{
(−Δ)su + ωu = (Iα ∗ F(u))F ′(u) in RN ,

u ∈ Hs(RN ),

where N ≥ 2, s ∈ (0, 1), ω > 0, (−Δ)s denotes the fractional Laplacian, Iα is
the Riesz potential of order α ∈ (0, N ), and F : R → R is a C1-nonlinearity of
Berestycki-Lions type, exhibiting subcritical or critical growth in the sense of the
Hardy-Littlewood-Sobolev inequality. By employing suitable variational techniques,
we investigate the existence and qualitative properties of least energy solutions.

Keywords Nonlocal operators (primary) · Choquard equations · Variational
methods · Qualitative properties of solutions

Mathematics Subject Classification 35R11 (primary) · 35B06 · 35B09 · 35B33 ·
35B38 · 35B40 · 35B65

1 Introduction

In this paper, we consider the following doubly nonlocal nonlinear elliptic problem:

{
(−Δ)su + ωu = (Iα ∗ F(u)) f (u) in RN ,

u ∈ Hs(RN ),
(1.1)

where N ≥ 2, s ∈ (0, 1), ω > 0, f : R → R is a continuous function satisfying
suitable growth conditions, and F(t) := ∫ t

0 f (τ )dτ . The Riesz potential Iα : RN \
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{0} → R of order α ∈ (0, N ) is given by

Iα(x) := Aα

|x |N−α
where Aα := Γ

( N−α
2

)
Γ
(
α
2

)
πN/22α

.

The fractional Laplacian (−Δ)s is defined for functions u : RN → R in the Schwartz
space S(RN ) by the singular integral

(−Δ)su(x) := CN ,s P.V .

∫
RN

(u(x) − u(y))

|x − y|N+2s
dy for all x ∈ R

N ,

where P.V . denotes the Cauchy principal value and

CN ,s := s22sΓ ( N+2s
2 )

π
N
2 Γ (1 − s)

.

Equivalently, (−Δ)s admits the Fourier representation

F((−Δ)su)(ξ) = |ξ |2sFu(ξ) for all ξ ∈ R
N .

Fractional and nonlocal elliptic operators have been the subject of extensive study in
recent years, owing to both their rich theoretical structure and their broad range of
applications in fields such as mathematical finance, fluid mechanics, fractional quan-
tum mechanics, plasma physics, image processing, and biological invasion models;
see [3] and the references therein.

As s → 1−, the equation in (1.1) reduces to the following nonlinear Choquard
equation:

− Δu + ωu = (Iα ∗ F(u)) f (u) in RN , (1.2)

which arises in various contexts of mathematical physics. For N = 3, ω = 1, F(u) =
u2
2 , and α = 2, equation (1.2) simplifies to the classical Choquard-Pekar equation:

− Δu + u =
(

I2 ∗ u2

2

)
u in R3, (1.3)

which was originally introduced in the works of Frölich [22] and Pekar [39] to model
the quantum mechanics of a polaron at rest. In an approximation of the Hartree-Fock
theory for a one-component plasma, Choquard used (1.3) to describe an electron
trapped in its own hole [27]. Equation (1.3) is also known as the Schrödinger-Newton
equation in the context of self-gravitating matter [33].

From a mathematical point of view, several contributions to Choquard equations
have been established via variational methods. In [27], Lieb proved the existence
and uniqueness (modulo translations) of the least energy solution to (1.3). Lions [30]
obtained the existence of infinitely many radially symmetric solutions to (1.3). Later,
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Moroz andVan Schaftingen [34] investigated the existence, regularity, sign, symmetry,
and decay of least energy solutions to (1.2) when N ≥ 3, α ∈ (0, N ), ω = 1, and
F(u) = |u|p

p with

p ∈
(

N + α

N
,

N + α

N − 2

)
.

The endpoints N+α
N and N+α

N−2 correspond to the extremal exponents of the Hardy-
Littlewood-Sobolev inequality [28], often called the lower and upper critical H-L-S
exponents, respectively. In [35], the same authors studied the existence of least energy
solutions for (1.2) when f satisfies the following Berestycki-Lions type conditions
[9]:

(F1) there exists C0 > 0 such that |t f (t)| ≤ C0(|t | N+α
N + |t | N+α

N−2 ) for all t ∈ R,
(F2) limt→0

F(t)

|t | N+α
N

= 0 and lim|t |→+∞ F(t)

|t | N+α
N−2

= 0,

(F3) there exists τ0 ∈ R \ {0} such that F(τ0) 	= 0.

Additionally, if f is odd and has constant sign in (0,+∞), they showed that all
least energy solutions are sign-definite and radially symmetric. These works deal with
subcritical nonlinearities. In the critical case, the authors in [36] examined the existence
and nonexistence of solutions to

−Δu + V (x)u = (Iα ∗ |u| α
N +1)|u| α

N −1u in RN ,

where N ≥ 3 and V ∈ L∞(RN ) is a non-constant external potential satisfying
appropriate assumptions.Gao andYang [23] established aBrezis-Nirenberg type result
[12] for a critical Choquard problem in a bounded domain. Cassani and Zhang [13]
used the monotonicity trick and a decomposition technique to prove the existence of
a least energy solution to (1.2) under the following assumptions on f :

(h1) limt→0+ f (t)
t = 0,

(h2) limt→+∞ f (t)

t
α+2s
N−2s

= 1,

(h3) there exist μ > 0 and q ∈ (2, N+α
N−2 ) such that f (t) ≥ t

α+2
N−2 + μtq−1 for all

t > 0.

Condition (h3) ensures that f exhibits upper critical H-L-S growth. Using an approx-
imation argument, Li and Tang [26] considered more general upper critical H-L-S
nonlinearities f fulfilling the following conditions:

(k1) limt→0+ f (t)

t
α
N

= 0,

(k2) limt→+∞ f (t)

t
α+2
N−2

= μ0 ∈ (0,+∞),

(k3) F satisfies

– limt→+∞
F(t)−μ0

N−2
N+α

t
N+α
N−2

t
N+α

N
= +∞ when N > 4,

– limt→+∞
F(t)−μ0

2
4+α

t
4+α
2

(t2 log t)
α+4
8

= +∞ when N = 4,
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– limt→+∞
F(t)−μ0

1
3+α

t3+α

t
6+2α
3

= +∞ when N = 3,

(k4) f is odd in R and has constant sign in (0,+∞).

For further developments, generalizations, and applications of Choquard equations,
we refer the reader to the survey [40].

On the other hand, fractionalChoquard equations have attracted significant attention
over the past decade due to their applicability in modeling various physical phenom-
ena, notably the gravitational collapse of boson stars; see [19] and [29]. Note that the
presence of two nonlocal terms-the fractional Laplacian and the Riesz potential-entails
substantial analytical challenges that distinguish these problems from their classical
counterparts. In this context, d’Avenia et al. [17] investigated the existence and quali-
tative properties of least energy solutions to (1.1) when N ≥ 3, s ∈ (0, 1), α ∈ (0, N ),
and f (u) = |u|p−2u with p ∈ ( N+α

N , N+α
N−2s ). Shen et al. [41] studied (1.1) with a

more general subcritical nonlinearity f ; see also [14, 15, 31] for further advances. In
[1], the author examined the multiplicity and concentration of positive solutions for
a nonlinear fractional Choquard equation. Giacomoni et al. [25] focused on the regu-
larity of weak solutions for a class of doubly nonlocal problems in bounded domains.
The existence and qualitative properties of least energy solutions for a fractional rel-
ativistic Choquard equation were analyzed in [7]. In the critical regime, Mukherjee
and Sreenadh [38] established existence, nonexistence, and regularity results for a
Brezis-Nirenberg type fractional Choquard problem in a bounded domain. Ma and
Zhang [32] studied the existence and multiplicity of weak solutions to

(−Δ)su + (λV (x) − β)u = (Iα ∗ |u| N+α
N−2s )|u| N+α

N−2s −2u in RN ,

where V ∈ C0(RN ) satisfies suitable conditions, β > 0 is sufficiently small, and
λ > 0 is large. More recently, the existence of least energy solutions to (1.1) with
upper critical H-L-S nonlinearities was obtained in [8].

In this paper, motivated by [7, 8, 26, 35], we aim to improve and extend existing
results in the literature concerning the nonlocal problem (1.1). In particular, we inves-
tigate the existence and qualitative properties of least energy solutions to (1.1) under
the assumption that the nonlinearity f exhibits either subcritical or critical growth.We
begin with the subcritical case. Suppose that f : R → R is continuous and satisfies
the following conditions:

( f 1) lim supt→0
|t f (t)|
|t | N+α

N
< +∞ and lim sup|t |→+∞

|t f (t)|
|t | N+α

N−2s
< +∞,

( f 2) limt→0
F(t)

|t | N+α
N

= 0 and lim|t |→+∞ F(t)

|t | N+α
N−2s

= 0,

( f 3) there exists t0 ∈ R \ {0} such that F(t0) 	= 0.

Since we seek weak solutions to (1.1), we recall that u ∈ Hs(RN ) is a weak solution
to (1.1) if

CN ,s

2

∫∫
R2N

(u(x) − u(y))(φ(x) − φ(y))

|x − y|N+2s
dxdy + ω

∫
RN

uφ dx
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=
∫
RN

(Iα ∗ F(u)) f (u)φ dx for all φ ∈ Hs(RN ).

Our first main result address the regularity of weak solutions to (1.1). Hereafter, we
use the notation Cγ (RN ) := C [γ ],γ−[γ ](RN ) for all γ ∈ (0,+∞) \ N.
Theorem 1 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ (0, N ). Let f ∈ C0(R) be such
that ( f 1) holds. Assume that one of the following conditions holds:

(f4) s ∈ [ 12 , 1) and f ∈ C0,σ
loc (R) for some σ ∈ (0, 1],

(f5) s ∈ ( 14 ,
1
2 ), α ∈ (1 − 2s, N ), and f ∈ C0,σ

loc (R) for some σ ∈ ( 1−2s
2s , 1],

(f6) s ∈ (0, 1
2 ), α ∈ (0, 1), and f ∈ C0,σ

loc (R) for some σ ∈ (1 − 2s, 1].
Let u ∈ Hs(RN ) be a weak solution to (1.1). Then:

– u ∈ L p(RN ) for all p ∈ [2,+∞].
– u ∈ C1,θ (RN ) for some θ ∈ (0, 1).
– u is a classical solution to (1.1), that is, u ∈ H2s(RN ) ∩ C2s+ε(RN ) for some

ε ∈ (0, 1 + [2s] − 2s), and u satisfies (1.1) pointwise.

Moreover, if the following condition near the origin in ( f 1) holds:

lim sup
t→0

|t f (t)|
|t |2 < +∞, (1.4)

then there exists C1 > 0 such that

|u(x)| ≤ C1

1 + |x |N+2s
for all x ∈ R

N . (1.5)

To prove Theorem 1, we first employ a nonlocal Brezis-Kato-type argument [10,
35] to show that every weak solution u to (1.1) belongs to L p(RN ) for all p ∈
[2, N

α
2∗

s ); see Proposition 3. This fact, together with Young’s inequality, implies that
Iα ∗ F(u) ∈ L∞(RN ). Hence, u is a weak solution to (−Δ)su + ωu = g(x, u) in
R

N , where |g(x, u)| ≤ C(1 + |u|r−1) for some r ∈ [1, 2∗
s − 1]. We then utilize

properties of the kernel K2s := ((−Δ)s + 1)−1 to deduce that u ∈ L∞(RN ); see
Proposition 4. We emphasize that our proof of the boundedness of weak solutions
differs from classical approaches in the literature, which typically rely on Moser or
De Giorgi iteration techniques; see [3]. Finally, by applying the Schauder estimates
for the fractional Laplacian from [42, 43] and using the local Hölder regularity of f ,
we obtain the desired regularity result.

In light of Theorem 1 and an integration by parts formula established in [5], we
show that every weak solution to (1.1) satisfies a Pohožaev-type identity.

Theorem 2 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ (0, N ). Let f ∈ C0(R) be such
that ( f 1) holds. Assume that one of the conditions ( f 4), ( f 5), or ( f 6) holds. Let
u ∈ Hs(RN ) be a weak solution to (1.1). Then u satisfies the following Pohožaev
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identity:

P(u) := CN ,s

4
(N − 2s)

∫∫
R2N

|u(x) − u(y)|2
|x − y|N+2s

dxdy + Nω

2

∫
RN

u2 dx

−
(

N + α

2

)∫
RN

(Iα ∗ F(u))F(u) dx = 0,

(1.6)

where P : Hs(RN ) → R is called Pohožaev functional.

We next focus on the existence of weak solutions to (1.1). Consider the energy
functional J : Hs(RN ) → R associated with (1.1):

J(u) := CN ,s

4

∫∫
R2N

|u(x) − u(y)|2
|x − y|N+2s

dxdy + ω

2

∫
RN

u2 dx

− 1

2

∫
RN

(Iα ∗ F(u))F(u) dx for all u ∈ Hs(RN ).

By virtue of ( f 1), the fractional Sobolev embeddings, and the Hardy-Littlewood-
Sobolev inequality, it is standard to verify that J ∈ C1(Hs(RN ),R) and that its
critical points correspond to weak solutions of (1.1). Moreover, assumptions ( f 1) and
( f 3) ensure that J exhibits a mountain pass geometry (see Lemma 9), allowing us to
define the mountain pass level

cMP := inf
γ∈Γ max

t∈[0,1]J(γ (t)), (1.7)

where

Γ := {γ ∈ C0([0, 1], Hs(RN )) : γ (0) = 0 and J(γ (1)) < 0}. (1.8)

By constructing a bounded Palais-Smale sequence at level cMP that asymptotically
satisfies the Pohožaev identity (1.6) (see Proposition 6 and Lemma 10), and applying
a concentration-compactness-type argument in Hs(RN ), we establish the existence
of a weak solution to (1.1). To confirm that it is a least energy solution, we use the
Pohožaev identity to build an optimal path (see Lemma 11), thereby showing that the
least energy level coincides with cMP. We say that u ∈ Hs(RN ) \ {0} is a least energy
solution to (1.1) if J ′(u) = 0 and J(u) = cLE, where the least energy level cLE is
defined by

cLE := inf
u∈SJ(u),

and
S :=

{
u ∈ Hs(RN ) \ {0} : J ′(u) = 0

}
.

Our third result can now be stated as follows.
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Theorem 3 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ (0, N ). Let f ∈ C0(R) be such
that ( f 1)-( f 3) hold. Assume that one of the conditions ( f 4), ( f 5), or ( f 6) holds.
Then there exists a least energy solution u ∈ Hs(RN ) to (1.1). Moreover,

cLE = cMP = cPO, (1.9)

where

cPO := inf{J(u)| u ∈ P}, (1.10)

and P is the Pohožaev manifold defined by

P := {u ∈ Hs(RN ) \ {0} : P(u) = 0}.

Throughout the paper, we refer to u ∈ Hs(RN ) \ {0} as a least energy Pohožaev
minimizer forJ if u ∈ P andJ(u) = cPO. By analyzing the sign and symmetry of least
energy Pohožaev minimizers for J and leveraging the identity (1.9) (see Propositions
9 and 13), we deduce the following qualitative properties of least energy solutions to
(1.1).

Theorem 4 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ (0, N ). Let f ∈ C0(R) be such
that ( f 1)-( f 3) hold. In addition, we assume that f is odd in R and has constant sign
in (0,+∞). Assume that one of the conditions ( f 4), ( f 5), or ( f 6) holds. Then every
least energy solution u ∈ Hs(RN ) of (1.1) has constant sign, is radially symmetric
with respect to some point in R

N , and is radially decreasing.

Finally, we investigate (1.1) in the case where f is a general upper critical H-L-S
nonlinearity. In this setting, we prove the following result.

Theorem 5 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ ((N − 4s)+, N ). Let f ∈ C0(R)

satisfy the following conditions:

(f1)’ limt→0
t f (t)

|t | N+α
N

= 0,

(f2)’ lim|t |→+∞ t f (t)

|t | N+α
N−2s

= μ ∈ (0,+∞),

(f3)’ F satisfies

– limt→+∞
F(t)−μ( N−2s

N+α
)t

N+α
N−2s

t
N+α

N
= +∞ when N > 4s,

– limt→+∞
F(t)−μ( 2s

4s+α
)t

4s+α
2s

(t2 log t
1
s )

α+4s
8s

= +∞ when N = 4s,

– limt→+∞
F(t)−μ( N−2s

N+α
)t

N+α
N−2s

t
2s(N+α)
N (N−2s)

= +∞ when 2s < N < 4s.

Assume that one of the conditions ( f 4), ( f 5), or ( f 6) holds. Then, there exists
a least energy solution u ∈ Hs(RN ) to (1.1). If, in addition, f is odd in R and has
constant sign in (0,+∞), then every least energy solution to (1.1) has constant sign,
is radially symmetric with respect to some point in R

N , and is radially decreasing.
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The proof of Theorem 5 proceeds via the variational strategy used in the subcritical
case. However, the presence of a general upper critical H-L-S nonlinearity requires
a more refined analysis to implement a concentration-compactness-type argument.
A key step in our approach is deriving an upper bound for the mountain pass level
cMP, which we obtain by employing truncated extremal functions and establishing
sharp estimates on the nonlinear Choquard term; see Lemmas 16, 17, and 18. We note
that assumption ( f 3)′ plays a crucial role in achieving these estimates. In contrast
to the method used in [26], our approach does not rely on subcritical approximation
functionals. Instead, we work directly with the energy functional J in the fractional
Sobolev space Hs(RN ), and our strategy also applies to the case s = 1. Consequently,
we extend and improve upon the results in [8, 13] by covering a broader class of upper
critical H-L-S nonlinearities.

The paper is organized as follows. In Section 2, we collect some preliminary results.
In Section 3, we study the regularity of weak solutions and derive a Pohožaev-type
identity. In Section 4, we prove Theorem 3. Section 5 focuses on the qualitative prop-
erties of least energy solutions to (1.1). Finally, Section 6 deals with the critical case
and contains the proof of Theorem 5.

2 Preliminaries

We begin by fixing the notation. Let s ∈ (0, 1) and N > 2s. We consider the fractional
Sobolev space

Hs(RN ) :=
{

u ∈ L2(RN ) :
∫
RN

|ξ |2s |Fu(ξ)|2 dξ < +∞
}

equipped with the norm

‖u‖Hs (RN ) :=
(∫

RN
(|ξ |2s + 1)|Fu(ξ)|2 dξ

) 1
2

.

Setting

[u]Hs (RN ) :=
(∫

RN
|ξ |2s |Fu(ξ)|2 dξ

) 1
2

,

and noting that (see [3, formula (1.2.2), p. 7])

[u]2Hs (RN )
= CN ,s

2

∫∫
R2N

|u(x) − u(y)|2
|x − y|N+2s

dxdy for all u ∈ Hs(RN ),

we deduce

‖u‖2Hs (RN )
= CN ,s

2

∫∫
R2N

|u(x) − u(y)|2
|x − y|N+2s

dxdy +
∫
RN

u2 dx

for all u ∈ Hs(RN ).
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Evidently, Hs(RN ) is a Hilbert space with the inner product

〈u, v〉Hs (RN ) := CN ,s

2

∫∫
R2N

(u(x) − u(y))(v(x) − v(y))

|x − y|N+2s
dxdy +

∫
RN

uv dx

for all u, v ∈ Hs(RN ).

Let us define Ds,2(RN ) as the completion of C∞
c (RN ) with respect to [·]Hs(RN ). We

recall that the following fractional Sobolev inequality holds (see [16, Theorem 1.1]):

S∗‖u‖2
L2∗s (RN )

≤ [u]2Hs (RN )
for all u ∈ Ds,2(RN ), (2.1)

where

S∗ := inf
u∈Ds,2(RN )

[u]2
Hs (RN )

‖u‖2
L2∗s (RN )

,

and 2∗
s := 2N

N−2s is the critical fractional Sobolev exponent. The best constant S∗ is
given explicitly by

S∗ = 22sπ s Γ ( N+2s
2 )

Γ ( N−2s
2 )

[
Γ ( N

2 )

Γ (N )

] 2s
N

.

Then, the space Ds,2(RN ) can also be characterized as

Ds,2(RN ) =
{

u ∈ L2∗
s (RN ) : [u]Hs (RN ) < +∞

}
.

Put

〈u, v〉Ds,2(RN ) := CN ,s

2

∫∫
R2N

(u(x) − u(y))(v(x) − v(y))

|x − y|N+2s
dxdy

for all u, v ∈ Ds,2(RN ).

Thus, we can write

〈u, v〉Hs (RN ) = 〈u, v〉Ds,2(RN ) + 〈u, v〉L2(RN ) for all u, v ∈ Hs(RN ).

The next results are well known.

Proposition 1 [3, Theorems 1.1.7 and 1.1.8] Let N ≥ 2 and s ∈ (0, 1). Then:

– Hs(RN ) is continuously embedded in L p(RN ) for all p ∈ [2, 2∗
s ] and compactly

embedded in L p
loc(R

N ) for all p ∈ [1, 2∗
s ).

– C∞
c (RN ) is dense in Hs(RN ).
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Lemma 1 [6, Lemma 2.1] Let N ≥ 2, s ∈ (0, 1), and t ∈ [2, 2∗
s ). Then there exists

C = C(N , s, t) > 0 such that

‖u‖t
Lt (RN )

≤ C

(
sup

x0∈RN
‖u‖t

Lt (B1(x0))

)1− 2
t

‖u‖2Hs (RN )
for all u ∈ Hs(RN ).

Lemma 2 [3, Lemma 1.4.4] Let N ≥ 2 and s ∈ (0, 1). Let (un) ⊂ Hs(RN ) be a
bounded sequence such that

lim
n→+∞ sup

y∈RN

∫
BR(y)

|un|p dx = 0,

for some R > 0 and p ∈ [2, 2∗
s ). Then, un → 0 in Lq(RN ) for all q ∈ (2, 2∗

s ).

In view of the presence of the Choquard term, we recall the celebrated Hardy-
Littlewood-Sobolev inequality.

Proposition 2 [28, Theorem 4.3] Let r , t ∈ (1,+∞) and α ∈ (0, N ) with 1/r +1/t =
1 + α/N. Let g ∈ Lr (RN ) and h ∈ Lt (RN ). Then, there exists a sharp constant
C(N , α, r) > 0, independent of g and h, such that

∣∣∣∣
∫∫

R2N

g(x)h(y)

|x − y|N−α
dxdy

∣∣∣∣ ≤ C(N , α, r)‖g‖Lr (RN )‖h‖Lt (RN ). (2.2)

In particular, if r = t = 2N
N+α

, then the sharp constant is given by

C(N , α) := π
N−α
2

Γ (α2 )

Γ ( N+α
2 )

[
Γ ( N

2 )

Γ (N )

]− α
N

.

In this case, equality holds in (2.2) if and only if h ≡ (constant)g and

g(x) = A

(γ 2 + |x − a|2) N+α
2

,

for some A ∈ C, γ ∈ R \ {0}, and a ∈ R
N .

Remark 1 FromProposition 2,we derive that ifq ∈ (1, N
α
), then for every v ∈ Lq(RN )

we have Iα ∗ v ∈ L
Nq

N−αq (RN ). Furthermore, the map Iα : Lq(RN ) → L
Nq

N−αq (RN ) is
a bounded linear operator and

‖Iα ∗ v‖
L

Nq
N−αq (RN )

≤ C(N , α, q)‖v‖Lq (RN ) for all v ∈ Lq(RN ).
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Let us now define

SH ,L := inf
u∈Ds,2(RN )\{0}

[u]2
Hs (RN )(∫

RN (Iα ∗ |u| N+α
N−2s )|u| N+α

N−2s dx
) N−2s

N+α

.

The following useful result holds.

Lemma 3 [8, Lemma 2.1] The constant SH ,L is achieved if and only if

u(x) = C

(
b

b2 + |x − a|2
) N−2s

2

,

for some C > 0, a ∈ R
N , and b > 0. Furthermore,

SH ,L = S∗
(C(N , α)Aα)

N−2s
N+α

.

By ( f 1), we know that there exist C1,C2 > 0 such that

| f (t)| ≤ C1(|t | α
N + |t | α+2s

N−2s ) for all t ∈ R, (2.3)

|F(t)| ≤ C2(|t | N+α
N + |t | N+α

N−2s ) for all t ∈ R. (2.4)

Define F : Hs(RN ) → R by setting

F (u) :=
∫
RN

(Iα ∗ F(u))F(u) dx for all u ∈ Hs(RN ).

Clearly, (2.3), (2.4), and Proposition 2 imply that F ∈ C1(Hs(RN ),R) and

〈F ′(u), v〉 =
∫
RN

(Iα ∗ F(u)) f (u)v dx for all u, v ∈ Hs(RN ).

Moreover, for all u, v ∈ Hs(RN ), we have the following estimates:

|F (u)| ≤ C(N , α)‖F(u)‖2
L

2N
N+α (RN )

≤ C ′ (‖u‖2L2(RN )
+ ‖u‖2∗

s

L2∗s (RN )

) N+α
N

, (2.5)

and

|〈F ′(u), v〉| ≤ C(N , α)‖F(u)‖
L

2N
N+α (RN )

‖ f (u)v‖
L

2N
N+α (RN )

≤C ′′(‖u‖2L2(RN )
+ ‖u‖2∗

s

L2∗s (RN )

) N+α
2N
(
‖u‖

2α
N+α

L2(RN )
+ ‖u‖2

∗
s
α+2s
N+α

L2∗s (RN )

) N+α
2N ‖v‖Hs (RN ).

(2.6)
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Finally, we prove a key convergence result for the nonlinear Choquard term.

Lemma 4 Let N ≥ 2, s ∈ (0, 1), and α ∈ (0, N ). Let f ∈ C0(R) be such that ( f 1)
holds. Let (un) be a bounded sequence in Hs(RN ). Assume that, up to a subsequence,

un⇀u in Hs(RN ),

un → u in Lq
loc(R

N ) for all q ∈ [1, 2∗
s ),

un → u a.e. in R
N .

(2.7)

Then, for all ϕ ∈ Hs(RN ),

∫
RN

(Iα ∗ F(un)) f (un)ϕ dx →
∫
RN

(Iα ∗ F(u)) f (u)ϕ dx .

Proof Utilizing (2.4) and the boundedness of (un) in L2(RN ) ∩ L2∗
s (RN ), we know

that (F(un)) is bounded in L
2N

N+α (RN ). Since F is continuous and un → u a.e. inRN ,
we have that F(un) → F(u) a.e. in R

N . Thus, applying [45, Proposition 5.4.7], we
deduce that

F(un)⇀F(u) in L
2N

N+α (RN ). (2.8)

Combining (2.8) and Proposition 2, we find

Iα ∗ F(un)⇀Iα ∗ F(u) in L
2N

N−α (RN ). (2.9)

On the other hand, (2.3), (2.7), and the dominated convergence theorem yield

f (un) → f (u) in L p
loc(R

N ) for all p ∈
[
1,

2N

α + 2s

)
. (2.10)

In light of (2.9) and (2.10), we obtain

〈F ′(un), ϕ〉 → 〈F ′(u), ϕ〉 for all ϕ ∈ C∞
c (RN ). (2.11)

Take ϕ ∈ Hs(RN ). Because C∞
c (RN ) is dense in Hs(RN ) (see Proposition 1), there

exists (ϕ j ) ⊂ C∞
c (RN ) such that ‖ϕ j − ϕ‖Hs (RN ) → 0 as j → +∞. Note that (2.6)

and the boundedness of (un) in Hs(RN ) imply that

∣∣〈F ′(un) − F ′(u), ϕ − ϕ j 〉
∣∣ ≤ C3‖ϕ − ϕ j‖Hs (RN ) for all j, n ∈ N. (2.12)

Fix ε > 0. Then there exists j0 ∈ N such that

‖ϕ j0 − ϕ‖Hs (RN ) <
ε

2C3
. (2.13)
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In view of (2.11), we may select n0 ∈ N such that

∣∣〈F ′(un) − F ′(u), ϕ j0〉
∣∣ < ε

2
for all n ≥ n0. (2.14)

Combining (2.12), (2.13), and (2.14), we conclude that

∣∣〈F ′(un), ϕ〉 − 〈F ′(u), ϕ〉∣∣
≤ ∣∣〈F ′(un) − F ′(u), ϕ j0〉

∣∣+ ∣∣〈F ′(un) − F ′(u), ϕ − ϕ j0〉
∣∣ < ε for all n ≥ n0.

The proof is now complete. ��

3 Regularity results and Pohožaev identity

We start by proving a Brezis-Kato-type estimate [10].

Lemma 5 Let N ≥ 2 and s ∈ (0, 1). Let V ∈ L∞(RN ) + L
N
2s (RN ). Then, for every

ε > 0 there exists Cε > 0 such that, for every v ∈ Hs(RN ),

∫
RN

V|v|2 dx ≤ ε2[v]2Hs (RN )
+ Cε‖v‖2L2(RN )

.

Proof We argue as in [10, Lemma 2.1]. Write V = V1 + V2 with V1 ∈ L∞(RN ) and

V2 ∈ L
N
2s (RN ). Applying Hölder’s inequality and (2.1), we have, for all n ∈ N,

∫
RN

V|v|2 dx ≤ ‖V1‖L∞(RN )‖v‖2L2(RN )
+ n

∫
{|V2|≤n}

|v|2 dx +
∫

{|V2|>n}
V2|v|2 dx

≤ (‖V1‖L∞(RN ) + n)‖v‖2L2(RN )
+ ‖V2‖

L
N
2s ({|V2|>n})‖v‖

2
L2∗s (RN )

≤ (‖V1‖L∞(RN ) + n)‖v‖2L2(RN )
+ S−1∗ ‖V2‖

L
N
2s ({|V2|>n})[v]

2
Hs (RN )

.

Fix ε > 0. Since V2 ∈ L
N
2s (RN ), we can choose n large enough so that

S−1∗ ‖V2‖
L

N
2s ({|V2|>n}) < ε2 .

The proof is complete. ��
Remark 2 More generally, in the proof of Lemma 5, we use the following fact: if
V ∈ L p(RN )+Lq(RN )with 1 < q < p ≤ +∞ andV = V1+V2,whereV1 ∈ L p(RN )

and V2 ∈ Lq(RN ), then for each fixed ε > 0, we can write V = V̄1 + V̄2, with
V̄1 := V1 + V2χ|V2|≤nε ∈ L p(RN ), V̄2 := V2χ|V2|>nε ∈ Lq(RN ), and nε ∈ N such
that ‖V̄2‖Lq (RN ) ≤ ε.

The lemma below is proved in [35].
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Lemma 6 [35, Lemma 3.3] Let q, r , τ, t ∈ [1,+∞) and λ ∈ [0, 2] such that

1 + α

N
− 1

τ
− 1

t
= λ

q
+ 2 − λ

r
.

If θ ∈ (0, 2) satisfies

min(q, r)

(
α

N
− 1

τ

)
< θ < max(q, r)

(
1 − 1

τ

)
,

min(q, r)

(
α

N
− 1

t

)
< 2 − θ < max(q, r)

(
1 − 1

t

)
,

then for every H ∈ Lτ (RN ), K ∈ Lt (RN ), and v ∈ Lq(RN ) ∩ Lr (RN ),

∫
RN

(Iα ∗ (H|v|θ ))K|v|2−θ dx ≤ C‖H‖Lτ (RN )‖K‖Lτ (RN )‖u‖λLq (RN )
‖u‖2−λ

Lr (RN )
.

We now establish a nonlocal counterpart of Lemma 5.

Lemma 7 Let N ≥ 2, s ∈ (0, 1), and α ∈ (0, N ). Let θ ∈ ( α
N , 2 − α

N ) and H, K ∈
L

2N
α (RN ) + L

2N
α+2s (RN ). Then, for every ε > 0 there exists Cε,θ > 0 such that, for

every v ∈ Hs(RN ),

∫
RN

(Iα ∗ (H|v|θ ))K|v|2−θ dx ≤ ε2[v]2Hs (RN )
+ Cε,θ‖v‖2L2(RN )

.

Proof We adapt the proof of [35, Lemma 3.2]. Fix v ∈ Hs(RN ). Let H := H1 + H2

and K := K1 + K2 with H1, K1 ∈ L
2N
α (RN ) and H2, K2 ∈ L

2N
α+2s (RN ). Next, we apply

Lemma 6 with suitable choices of q, r , τ , t , and λ. More precisely, taking q = r = 2∗
s ,

τ = t = 2N
α+2s , and λ = 0, we obtain

∫
RN

(Iα ∗ (H2|v|θ ))K2|v|2−θ dx ≤ C1‖H2‖
L

2N
α+2s (RN )

‖K2‖
L

2N
α+2s (RN )

‖v‖2
L2∗s (RN )

.

(3.1)

When t = τ = 2N
α
, q = r = 2, and λ = 2, we find

∫
RN

(Iα ∗ (H1|v|θ ))K1|v|2−θ dx ≤ C2‖H1‖
L

2N
α (RN )

‖K1‖
L

2N
α (RN )

‖v‖2L2(RN )
. (3.2)

Choosing t = 2N
α
, τ = 2N

α+2s , q = 2, r = 2∗
s , and λ = 1, we deduce

∫
RN

(Iα ∗ (H2|v|θ ))K1|v|2−θ dx

≤ C3‖H2‖
L

2N
α+2s (RN )

‖K1‖
L

2N
α (RN )

‖v‖L2(RN )‖v‖L2∗s (RN )
,

(3.3)
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and with τ = 2N
α
, t = 2N

α+2s , q = 2, r = 2∗
s , and λ = 1, we see

∫
RN

(Iα ∗ (H1|v|θ ))K2|v|2−θ dx

≤ C4‖H1‖
L

2N
α (RN )

‖K2‖
L

2N
α+2s (RN )

‖v‖L2(RN )‖v‖L2∗s (RN )
.

(3.4)

Combining (3.1), (3.2), (3.3), and (3.4), and utilizing (2.1), we infer that

∫
RN

(Iα ∗ (H|v|θ ))K|v|2−θ dx

≤ C5‖H2‖
L

2N
α+2s (RN )

‖K2‖
L

2N
α+2s (RN )

[v]2Hs (RN )

+ C2‖H1‖
L

2N
α (RN )

‖K1‖
L

2N
α (RN )

‖v‖2L2(RN )

+ C6

(
‖H2‖

L
2N

α+2s (RN )
‖K1‖

L
2N
α (RN )

+ ‖H1‖
L

2N
α (RN )

‖K2‖
L

2N
α+2s (RN )

)

× ‖v‖L2(RN )[v]Hs (RN ).

Fix ε > 0. In view of Remark 2, we may choose H2 and K2 such that

C5‖H2‖
L

2N
α+2s (RN )

‖K2‖
L

2N
α+2s (RN )

≤ ε2

2
.

Applying Young’s inequality, we have

C6

(
‖H2‖

L
2N

α+2s (RN )
‖K1‖

L
2N
α (RN )

+ ‖H1‖
L

2N
α (RN )

‖K2‖
L

2N
α+2s (RN )

)

× ‖v‖L2(RN )[v]Hs (RN ) ≤ ε2

2
[v]2Hs (RN )

+ Cε‖v‖2L2(RN )
.

Taking the above facts into account, the assertion follows. ��
Next, we provide a useful regularity result for a class of nonlocal linear equations.

Proposition 3 Let N ≥ 2, s ∈ (0, 1), and α ∈ (0, N ). Let H, K ∈ L
2N
α (RN ) +

L
2N

α+2s (RN ) and V ∈ L∞(RN ) + L
N
2s (RN ). Let u ∈ Hs(RN ) be a weak solution to

(−Δ)su + ωu = (Iα ∗ (Hu))K + Vu in R
N .

Then, u ∈ L p(RN ) for all p ∈ [2, N
α
2∗

s ). Furthermore, there exists a constant C p > 0
independent of u such that ‖u‖L p(RN ) ≤ C p‖u‖L2(RN ).

Proof Write H := H1 + H2 and K := K1 + K2 with H1, K1 ∈ L
2N
α (RN ) and H2, K2 ∈

L
2N

α+2s (RN ), and V := V1 + V2 with V1 ∈ L∞(RN ) and V2 ∈ L
N
2s (RN ). Applying

Lemma 5 to Ṽ := |V1| + |V2| with ε = 1
2 , and Lemma 7 to H̃ := |H1| + |H2|
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and K̃ := |K1| + |K2| with ε = 1
2 and θ = 1, we can find λ1 := 2C 1

2
> 0 and

λ2 := 2C 1
2 ,1

> 0 such that, for every v ∈ Hs(RN ),

∫
RN

Ṽ|v|2 dx ≤ 1

4
[v]2Hs (RN )

+ λ1

2
‖v‖2L2(RN )

,

∫
RN

(Iα ∗ H̃|v|)K̃|v| dx ≤ 1

4
[v]2Hs (RN )

+ λ2

2
‖v‖2L2(RN )

.

(3.5)

For every function q(x) and for all n ∈ N, we set

qn(x) :=
⎧⎨
⎩

n if q(x) > n,
q(x) if |q(x)| ≤ n,
−n if q(x) < −n.

For all n ∈ N, let Hn := H1 + Hn
2, Kn := K1 + Kn

2, and Vn := V1 + Vn
2. Note that

(Hn), (Kn) ⊂ L
2N
α (RN ) and (Vn) ⊂ L∞(RN ) satisfy

|Hn| ≤ H̃, |Kn| ≤ K̃, |Vn| ≤ Ṽ for all n ∈ N,

Hn → H, Kn → K, Vn → V a.e. in RN .
(3.6)

Put λ := λ1 + λ2. For each n ∈ N, we consider the bilinear form an : Hs(RN ) ×
Hs(RN ) → R defined by

an(ϕ, ψ) := 〈ϕ,ψ〉Ds,2(RN ) + λ〈ϕ,ψ〉L2(RN ) −
∫
RN

(Iα ∗ (Hnϕ))Knψ dx

−
∫
RN

Vnϕψ dx for all ϕ,ψ ∈ Hs(RN ).

By Proposition 2, we know that an is a continuous form on Hs(RN ). Furthermore, an

is coercive because (3.5) and (3.6) guarantee that, for all ϕ ∈ Hs(RN ),

an(ϕ, ϕ) ≥ [ϕ]2Hs (RN )
+ λ‖ϕ‖2L2(RN )

− 1

2
[ϕ]2Hs (RN )

− λ

2
‖ϕ‖2L2(RN )

= 1

2
[ϕ]2Hs (RN )

+ λ

2
‖ϕ‖2L2(RN )

≥ 1

2
min{1, λ}‖ϕ‖2Hs (RN )

=: C0‖ϕ‖2Hs (RN )
. (3.7)

Then we can apply the Lax-Milgram theorem to an and L ∈ H−s(RN ) defined by
L (ϕ) := (−ω + λ)〈u, ϕ〉L2(RN ), to infer that there is a unique un ∈ Hs(RN ) such
that

an(un, ϕ) = L (ϕ) for all ϕ ∈ Hs(RN ). (3.8)
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Hence, un is the unique weak solution to

(−Δ)sun + λun = (Iα ∗ (Hnun))Kn + Vnun + (−ω + λ)u in RN . (3.9)

Choosing ϕ = un in (3.8), and employing (3.7), Hölder’s inequality, and Young’s
inequality, we have

C0‖un‖2Hs (RN )
≤ an(un, un) = L (un)

≤ (ω + λ)‖un‖Hs (RN )‖u‖L2(RN )

≤ C0

2
‖un‖2Hs (RN )

+ (ω + λ)2

2C0
‖u‖2L2(RN )

,

which implies that, for C1 := ω+λ
C0

> 0, it holds

sup
n∈N

‖un‖Hs (RN ) ≤ C1‖u‖L2(RN ). (3.10)

As a result, (un) is bounded in Hs(RN ). Up to a subsequence, we may assume that
there exists ũ ∈ Hs(RN ) such that

un⇀ũ in Hs(RN ),

un → ũ in Lq
loc(R

N ) for all q ∈ [1, 2∗
s ),

un → ũ a.e. in RN .

(3.11)

Fix ϕ ∈ Hs(RN ). Thanks to the weak convergence in (3.11), we obtain

〈un, ϕ〉Ds,2(RN ) + λ〈un, ϕ〉L2(RN ) → 〈ũ, ϕ〉Ds,2(RN ) + λ〈ũ, ϕ〉L2(RN ). (3.12)

Note that un⇀ũ in L2(RN ) and V1ϕ ∈ L2(R) yield

∫
RN

V1unϕ dx →
∫
RN

V1ũϕ dx,

while (3.11), Vn
2 → V2 a.e. in R

N , and |Vn
2| ≤ |V2| for all n ∈ N ensure that Vn

2un →
V2ũ a.e. in RN and

‖Vn
2un‖

L
2N

N+2s (RN )
≤ ‖V2un‖

L
2N

N+2s (RN )

≤ ‖V2‖
L

N
2s (RN )

‖un‖L2∗s (RN )
≤ C2 for all n ∈ N,

and thus Vn
2un⇀V2ũ in L

2N
N+2s (RN ) owing to [45, Proposition 5.4.7]. Since ϕ ∈

L2∗
s (RN ), it follows that

∫
RN

Vn
2unϕ dx →

∫
RN

V2ũϕ dx .

123



V. Ambrosio

Consequently,

∫
RN

Vnunϕ dx →
∫
RN

Vũϕ dx . (3.13)

On the other hand, (3.6) and (3.11) show that Hnun → Hũ a.e. in RN , Knϕ → Kϕ a.e.
in RN , and

‖Hnun‖
L

2N
N+α (RN )

≤ ‖H̃un‖
L

2N
N+α (RN )

≤ C3(‖H1‖
L

2N
α (RN )

‖un‖L2(RN ) + ‖H2‖
L

2N
α+2s (RN )

‖un‖L2∗s (RN )
)

≤ C4 for all n ∈ N,

and

|Knϕ| 2N
N+α ≤ |K̃ϕ| 2N

N+α ≤ C5(|K1| 2N
α + |ϕ|2 + |K2| 2N

α+2s + |ϕ|2∗
s ) ∈ L1(RN ).

Hence, [45, Proposition 5.4.7] implies Hnun⇀Hũ in L
2N

N+α (RN ), while the dominated

convergence theorem gives Knϕ → Kϕ in L
2N

N+α (RN ). Applying Proposition 2, we

have that Iα ∗ (Hnun)⇀Iα ∗ (Hũ) in L
2N

N−α (RN ) and thus
∫
RN

(Iα ∗ (Hnun))Knϕ dx →
∫
RN

(Iα ∗ (Hũ))Kϕ dx . (3.14)

In light of (3.12), (3.13), and (3.14), and the arbitrariness ofϕ ∈ Hs(RN ), we conclude
that ũ is a weak solution to

(−Δ)s ũ + λũ = (Iα ∗ (Hũ))K + Vũ + (−ω + λ)u in RN . (3.15)

Since (3.15) possesses a unique weak solution by Lax-Milgram theorem, and u is a
weak solution to (3.15) by assumption, we deduce that ũ = u.
For all μ > 0, put

un,μ(x) :=
⎧⎨
⎩

−μ if un(x) < −μ,

un(x) if |un(x)| ≤ μ,

μ if un(x) > μ.

Let p ≥ 2 and use |un,μ|p−2un,μ ∈ Hs(RN ) as test function in (3.9). Setting

tμ := max{−μ,min{t, μ}} = sign(t)min{|t |, μ} for all t ∈ R,

we know that (see [24, Lemma 3.5])

(a − b)(aμ|aμ|r−2 − bμ|bμ|r−2) ≥ 4(r − 1)

r2
(|aμ| r

2 − |bμ| r
2 )2

for all a, b ∈ R and r ≥ 2.
(3.16)
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Choosing r = p, a = un(x), and b = un(y) in (3.16), we find

∫
RN

(−Δ)
s
2 un (−Δ)

s
2 (|un,μ|p−2un,μ) dx

= CN ,s

2

∫∫
R2N

(un(x)−un(y))((|un,μ|p−2un,μ)(x)−(|un,μ|p−2un,μ)(y))

|x − y|N+2s
dxdy

≥ CN ,s

2

4(p − 1)

p2

∫∫
R2N

(|un,μ(x)| p
2 − |un,μ(y)| p

2 )2

|x − y|N+2s
dxdy

= 4(p − 1)

p2

∫
RN

|(−Δ)
s
2 (|un,μ| p

2 )|2 dx = 4(p − 1)

p2
[|un,μ| p

2 ]2Hs (RN )
.

Thus, since un|un,μ|p−2un,μ ≥ |un,μ|p, we have

4(p − 1)

p2
[|un,μ| p

2 ]2Hs (RN )

≤ 4(p − 1)

p2
[|un,μ| p

2 ]2Hs (RN )
+ λ‖|un,μ| p

2 ‖2L2(RN )

≤
∫
RN

(Iα ∗ (Hnun))Kn|un,μ|p−2un,μ dx +
∫
RN

Vnun|un,μ|p−2un,μ dx

+
∫
RN

(−ω + λ)u|un,μ|p−2un,μ dx . (3.17)

Using (3.6) and that |un,μ| ≤ |un|, we see

∫
RN

(Iα ∗ (Hnun))Kn|un,μ|p−2un,μ dx

≤
∫
RN

(Iα ∗ (|Hn||un|χAn,μ))|Kn||un,μ|p−1 dx

+
∫
RN

(Iα ∗ (|Hn||un|χBn,μ))|Kn||un,μ|p−1 dx

≤
∫
RN

(Iα ∗ (|Hn||un|χAn,μ))|Kn||un|p−1 dx

+
∫
RN

(Iα ∗ (H̃|un,μ|))K̃|un,μ|p−1 dx, (3.18)

where

An,μ := {x ∈ R
N : |un(x)| > μ} and Bn,μ := {x ∈ R

N : |un(x)| ≤ μ}.

123



V. Ambrosio

Let p ∈ [2, 2N
α
). Applying Lemma 7 to H̃ and K̃ with θ = 2

p , v = |un,μ| p
2 , and

ε2 = (p−1)
p2

, we can find C ′
p > 0 such that

∫
RN

(Iα ∗ (H̃|un,μ|))K̃|un,μ|p−1 dx

≤ (p − 1)

p2
[|un,μ| p

2 ]2Hs (RN )
+ C ′

p‖|un,μ| p
2 ‖2L2(RN )

. (3.19)

On the other hand, we have
∫
RN

Vnun|un,μ|p−2un,μ dx ≤
∫

An,μ

|Vn||un|p dx +
∫

Bn,μ

|Vn||un,μ|p dx

≤
∫

An,μ

|Vn||un|p dx +
∫
RN

Ṽ|un,μ|p dx . (3.20)

Applying Lemma 5 to Ṽ with v = |un,μ| p
2 and ε2 = (p−1)

p2
, there exists C ′′

p > 0 such
that

∫
RN

Ṽ|un,μ|p dx ≤ (p − 1)

p2
[|un,μ| p

2 ]2Hs (RN )
+ C ′′

p‖|un,μ| p
2 ‖2L2(RN )

. (3.21)

Using (3.17), (3.18), (3.19), (3.20), (3.21), and that |un,μ| ≤ |un|, we deduce
2(p − 1)

p2
[|un,μ| p

2 ]2Hs (RN )

≤ (C ′
p + C ′′

p)

∫
RN

|un,μ|p dx + |(−ω + λ)|
∫
RN

|u||un,μ|p−1 dx

+
∫
RN

(Iα ∗ |Hn||un|χAn,μ)|Kn||un|p−1 dx +
∫

An,μ

|Vn||un|p dx .

(3.22)

Now, assume that p ∈ [2, 2N
α
) and un ∈ L p(RN ). SinceHn, Kn ∈ L

2N
α (RN ), it follows

from the Hölder’s inequality that |Hnun| ∈ Lr1(RN ) and |Kn||un|p−1 ∈ Lr2(RN ),
where 1

r1
= α

2N + 1
p and 1

r2
= α

2N + 1− 1
p . Because

1
r1

+ 1
r2

= 1+ α
N , we derive from

Proposition 2 that

∫
RN

(Iα ∗ |Hn||un|χAn,μ)|Kn||un|p−1 dx

≤ C(N , α, p)

(∫
An,μ

|Hnun|r1 dx

) 1
r1
(∫

RN
||Kn||un|p−1|r2 dx

) 1
r2
.

Invoking the the dominated convergence theorem, we arrive at

lim
μ→+∞

∫
RN

(Iα ∗ |Hn||un|χAn,μ)|Kn||un|p−1 dx = 0. (3.23)
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Utilizing the dominated convergence theorem again, and recalling that |Vn| ≤ n, we
also have

lim
μ→+∞

∫
An,μ

|Vn||un|p dx = 0. (3.24)

Combining (2.1), (3.22), (3.23), (3.24), and applying the monotone convergence the-
orem as μ → +∞, we obtain

‖un‖p

L
p
2 2∗s (RN )

= ‖|un| p
2 ‖2

L2∗s (RN )

≤ C ′′′
p (‖un‖p

L p(RN )
+ ‖u‖L p(RN )‖un‖p−1

L p(RN )
) for all n ∈ N.

Hence, un ∈ L
p
2 2

∗
s (RN ) and, for some C̃ p > 0, it holds

‖un‖p

L
p
2 2∗s (RN )

≤ C̃ p

(
‖un‖p

L p(RN )
+ ‖u‖p

L p(RN )

)
for all n ∈ N.

Note that (3.10) ensures that

‖un‖L2(RN ) ≤ C1‖u‖L2(RN ) for all n ∈ N.

Then, by iterating this process with respect to p a finite number of times and using
Fatou’s lemma, we infer that u ∈ L p(RN ) for all p ∈ [2, N

α
2∗

s ), and that, for some
C p > 0 independent of u, ‖u‖L p(RN ) ≤ C p‖u‖L2(RN ). The proof is now complete. ��

Proposition 4 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ (0, N ). Let f ∈ C0(R) be such
that ( f 1) holds. If u ∈ Hs(RN ) is a weak solution to (1.1), then u ∈ L∞(RN ).

Proof Put H(x) := F(u(x))
u(x) , K(x) := f (u(x)), and V(x) := 0. From ( f 1) and

u ∈ L2(RN ) ∩ L2∗
s (RN ), we know that H, K ∈ L

2N
α (RN ) + L

2N
α+2s (RN ). Thanks

to Proposition 3, we deduce that u ∈ L p(RN ) for all p ∈ [2, N
α

2N
N−2s ). This fact and

( f 1) yield F(u) ∈ Lq(RN ) for all q ∈ [ 2N
N+α

, N
α

2N
N+α

). Now, we can write

Iα ∗ F(u) = (IαχB1(0)) ∗ F(u) + (IαχBc
1(0)

) ∗ F(u).

It is clear that IαχB1(0) ∈ Lr (RN ) for all r ∈ [1, N
N−α

) and IαχBc
1(0)

∈ Lt (RN ) for all

t ∈ ( N
N−α

,+∞]. Take p1 ∈ ( 2N2

2N2−α(N+α)
, N

N−α
) ⊂ [1, N

N−α
) and note that p1

p1−1 ∈
( N
α
, N
α

2N
N+α

) ⊂ ( 2N
N+α

, N
α

2N
N+α

). From IαχB1(0) ∈ L p1(RN ), F(u) ∈ L
p1

p1−1 (RN ),
and Young’s inequality we derive that (IαχB1(0)) ∗ F(u) ∈ L∞(RN ). On the other
hand, pick t1 ∈ ( N

N−α
, 2N

N−α
) ⊂ ( N

N−α
,+∞] and observe that t1

t1−1 ∈ ( 2N
N+α

, N
α
) ⊂

( 2N
N+α

, N
α

2N
N+α

). It follows from IαχBc
1(0)

∈ Lt1(RN ), F(u) ∈ L
t1

t1−1 (RN ), andYoung’s

inequality that (IαχBc
1(0)

) ∗ F(u) ∈ L∞(RN ). Consequently, Iα ∗ F(u) ∈ L∞(RN ).
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Moreover, Young’s inequality implies Iα ∗ F(u) ∈ C0(RN ) ∩ L∞(RN ) and (Iα ∗
F(u))(x) → 0 as |x | → +∞. By Iα ∗ F(u) ∈ L∞(RN ) and ( f 1), we deduce that

|(Iα ∗ F(u)) f (u)| ≤ C ′(|u| α
N + |u| α+2s

N−2s ).

Therefore, u is a weak solution to (−Δ)su + u = g(x, u) in R
N , where g(x, u) :=

(−ω + 1)u + (Iα ∗ F(u)) f (u) satisfies

|g(x, t)| ≤ C ′′(1 + |t |r ) for a.e. x ∈ R
N and for all t ∈ R, (3.25)

for someC ′′ > 0 and r ∈ [1, 2∗
s −1] (specifically, r := max

{
1, α+2s

N−2s

}
∈ [1, 2∗

s −1)).

Next, we prove that u ∈ L∞(RN ).
Claim 1 It holds

u ∈ Lq(B) for all measurable set B ⊂ R
N with |B| < +∞

and for all q ∈ [1,+∞).
(3.26)

We first show that

|u| ≤ K2s ∗ |g(·, u)| a.e. in RN , (3.27)

where the kernel K2s is given by

K2s(x) := ((−Δ)s + 1)−1 = (2π)−
N
2 F−1((|ξ |2s + 1)−1)(x). (3.28)

In view of the fractional Kato inequality for (−Δ)s (see [3, Theorem 17.3.5]), we
obtain

〈|u|, φ〉Hs (RN ) ≤
∫
RN

|g(x, u)|φ dx, (3.29)

for allφ ∈ C∞
c (RN ) such thatφ ≥ 0 inRN . Pickψ ∈ C∞

c (RN ) such thatψ ≥ 0 inRN .

Set ϕ := K2s ∗ ψ . Observe that ‖K2s‖L1(RN ) = (2π)
N
2 FK2s(0) = 1. Furthermore,

we recall the following useful properties (see [20, Theorem 3.3]):

(K1) K2s is a function of |x | alone,K2s is a decreasing function of |x |,K2s is positive
and smooth in RN \ {0},

(K2) there exists C > 0 such that

K2s(x)≤C(|x |2s−NχB1(0)(x) + |x |−(N+2s)χBc
1(0)

(x)) for all x ∈ R
N \ {0},

(K3) if v ∈ Lr (RN ) with r ∈ [1,+∞], then K2s ∗ v ∈ Lr (RN ),
(K4) K2s ∈ Lq(RN ) for all q ∈ [1, N

N−2s ),

(K5) K2s ∈ L
N

N−2s
w (RN ), namely, supt>0 t |{K2s ≥ t}| N−2s

N < +∞.
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Note that ϕ ≥ 0 in R
N (since K2s > 0 a.e. in R

N by (K1), and ψ ≥ 0 in R
N ),

and that ϕ ∈ C∞(RN ), but ϕ does not have compact support. Select h ∈ C∞
c (RN )

such that 0 ≤ h ≤ 1 in R
N , h = 1 in B1(0), and h = 0 in Bc

2(0). For each j ∈ N,
define h j (x) := h(x/ j) for all x ∈ R

N , and set ϕ j := h jϕ = h j (K2s ∗ ψ). Clearly,
ϕ j ∈ C∞

c (RN ) and ϕ j ≥ 0 in RN . Taking φ = ϕ j in (3.29), we find

〈|u|, ϕ j 〉Hs (RN ) ≤
∫
RN

|g(x, u)|ϕ j dx for all j ∈ N. (3.30)

In light of Young’s inequality and (K3), we have that ϕ = K2s ∗ ψ and ∂xi ϕ =
K2s ∗ ∂xi ψ belong to Lr (RN ) for all r ∈ [1,+∞] and i = 1, . . . , N . Thus, ϕ j → ϕ

in H1(RN ), and hence in Hs(RN ), and ϕ j → ϕ in Lr (RN ) for all r ∈ [1,+∞].
Consequently,

〈|u|, ϕ j 〉Hs (RN ) → 〈|u|, ϕ〉Hs (RN ) = 〈|u|, ψ〉L2(RN ).

On the other hand, utilizing (3.25), and since ϕ ∈ Lr (RN ) for all r ∈ [1,+∞], we
know that |g(·, u)|ϕ ∈ L1(RN ). Taking into account that |g(·, u)|ϕ j ≤ |g(·, u)|ϕ ∈
L1(RN ) and thatϕ j → ϕ a.e. inRN , we can apply the dominated convergence theorem
to infer

∫
RN

|g(x, u)|ϕ j dx →
∫
RN

|g(x, u)|ϕ dx .

The last two limit relations, together with (3.30), yield

〈|u|, ψ〉L2(RN ) ≤
∫
RN

|g(x, u)|ϕ dx .

Now, if we prove that

K2s ∗ |g(·, u)| ∈ L1
loc(R

N ), (3.31)

then we can use Fubini’s theorem to confirm

∫
RN

|g(x, u)|ϕ dx =
∫
RN

(K2s ∗ |g(x, u)|)ψ dx,

and thus

〈|u|, ψ〉L2(RN ) ≤ 〈K2s ∗ |g(·, u)|, ψ〉L2(RN ).

Due to the arbitrariness of ψ ∈ C∞
c (RN ), with ψ ≥ 0, we deduce that (3.27) is valid.

In what follows, we focus on (3.31). SinceK2s > 0 a.e. inRN (by (K1)), and utilizing
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‖K2s‖L1(RN ) = 1, (3.25), and that |u|2∗
s −1 = |u|2∗

s −1χ{|u|≤1} + |u|2∗
s −1χ{|u|>1} a.e. in

R
N , we see

0 ≤ K2s ∗ |g(·, u)| ≤ K2s ∗ [C0(1 + |u|2∗
s −1)]

≤ K2s ∗ (2C0) + K2s ∗ (C0|u|2∗
s −1χ{|u|>1})

= 2C0 + K2s ∗ (A(u)|u|) a.e. in RN , (3.32)

where C0 := 2C ′′ > 0 and A(u) := C0|u|2∗
s −2χ{|u|>1}. Because

∫
RN

A(u)|u| dx = C0

∫
RN

|u|2∗
s −1χ{|u|>1} dx ≤ C0

∫
RN

|u|2∗
s dx < +∞,

we can exploit (K3) with r = 1 to obtainK2s ∗ (A(u)|u|) ∈ L1(RN ). This and (3.32)
imply that (3.31) holds. In view of (3.27) and (3.32), we arrive at

|u| ≤ 2C0 + K2s ∗ (A(u)|u|) a.e. in RN .

Given thatK2s ∈ L
N

N−2s
w (RN ) (by (K5)), A(u) ∈ L

N
2s (RN ), and |supp(A(u))| < +∞,

we can apply [11, Lemma A.1] with α = N
N−2s and β = 2N

N−2s to conclude that (3.26)
is true.
Claim 2 u ∈ L∞(RN ).

Employing (3.27), the fact that K2s > 0 a.e. in R
N , (3.25), and noting that (1 +

|u|2∗
s −1) ≤ 2(1 + |u|2∗

s χ{|u|>1}) a.e. in RN , we have

|u| ≤ K2s ∗ [C0(1 + |u|2∗
s −1)] ≤ K2s ∗ (2C0) + (K2s ∗ h̃(u)) a.e. in RN , (3.33)

where h̃(u)(x) := 2C0|u(x)|2∗
s χ{|u|>1}(x). Considering that |{|u| > 1}| ≤

‖u‖2∗
s

L2∗s (RN )
< +∞, we derive from (3.26) that |u|χ{|u|>1} ∈ Lq(RN ) for all q ∈

[1,+∞), and hence h̃(u) ∈ Lq0(RN ) for some q0 ∈ ( N
2s ,+∞). As K2s ∈ Lq ′

0(RN )

(by (K4)), where q ′
0 ∈ (1, N

N−2s ) is the conjugate exponent of q0, it follows from

Young’s inequality thatK2s ∗ h̃(u) ∈ L∞(RN ). This, together with (3.33) and the fact
that ‖K2s‖L1(RN ) = 1, shows that

|u| ≤ 2C0 + K2s ∗ h̃(u) a.e. in RN ,

and thus u ∈ L∞(RN ). This finishes the proof of Proposition 4. ��
Next, we recall the Schauder-Zygmund estimates in Hölder-Zygmund spaces Λα ,

with α > 0, for the operator (−Δ)s (see [42, 43]).

Proposition 5 [42, Propositions 2.8 and 2.9] [43, Theorem 15] Let N ≥ 2 and s ∈
(0, 1). Let u ∈ L∞(RN ).
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(a) Assume that (−Δ)su = f ∈ C0,α(RN ) for some α ∈ (0, 1]. Then, u ∈ Λα+2s

and the following Schauder-Zygmund estimate holds:

‖u‖Λα+2s ≤ C1(‖u‖L∞(RN ) + ‖ f ‖C0,α(RN )),

where the constant C1 > 0 depends only on N, s, and α. In particular:

– If α + 2s < 1, then u ∈ C0,α+2s(RN ).
– If 1 < α + 2s < 2, then u ∈ C1,α+2s−1(RN ).
– If 2 < α + 2s < 3, then u ∈ C2,α+2s−2(RN ).
– If α + 2s = k ∈ {1, 2}, then u ∈ Λk .

(b) Assume that (−Δ)su = f ∈ L∞(RN ). Then, u ∈ Λ2s and the following Schauder-
Hölder-Zygmund estimate holds:

‖u‖Λ2s ≤ C2(‖u‖L∞(RN ) + ‖ f ‖L∞(RN )),

where the constant C2 > 0 depends only on N and s. In particular:

– If 2s < 1, then u ∈ C0,2s(RN ).
– If 2s = 1, then u ∈ Λ1.
– If 2s > 1, then u ∈ C1,2s−1(RN ).

We are now ready to establish the first result of this paper.

Proof of Theorem 1 We divide the proof into several steps.

Step 1: Iα ∗ F(u) ∈ C0,α− N
q (RN ) for all q ∈ ( N

α
,+∞) such that α − N

q ∈ (0, 1).

From Proposition 4, we derive that u ∈ L∞(RN ). Consequently, F(u) ∈
L

2N
N+α (RN )∩L∞(RN ), and by interpolation, F(u) ∈ Lr (RN ) for all r ∈

[
2N

N+α
,+∞

]
.

Now, fix q ∈ ( N
α
,+∞) such that α − N

q ∈ (0, 1). Such a q exists: if α ∈ (0, 1], we
may take any q ∈ ( N

α
,+∞); whereas if α ∈ (1, N ), any q ∈

(
N
α
, N
α−1

)
is admissible.

Since N
α

> 2N
N+α

, it follows that F(u) ∈ Lq(RN ). Then, recalling that Iα ∗ F(u)

is finite almost everywhere on R
N (as Iα ∗ F(u) ∈ C0

0 (R
N ), by Proposition 4), we

conclude from [18, Theorem 2] that Iα ∗ F(u) ∈ C0,α− N
q (RN ).

Step 2: u ∈ C2s+ε(RN ) for some ε ∈ (0, 1 + [2s] − 2s).
We know that u ∈ L∞(RN ) and Iα ∗ F(u) ∈ L∞(RN ). Put

G(x) := −ωu(x) + (Iα ∗ F(u))(x) f (u(x)).

Thus, G ∈ L∞(RN ), and u is a bounded weak solution to (−Δ)su = G in R
N .

In view of Proposition 5-(b), we have that if s ∈ (0, 1
2 ), then u ∈ C0,2s(RN ); if

s = 1
2 , then u ∈ Λ1; and if s ∈ ( 12 , 1), then u ∈ C1,2s−1(RN ). Hence, if s ∈ (0, 1

2

]
,

then u ∈ C0,β(RN ) for all β ∈ (0, 2s), while if s ∈ ( 1
2 , 1
)
, then u ∈ C1,β(RN )

for all β ∈ (0, 2s − 1). Take γ ∈ (0, 1) such that u ∈ C0,γ (RN ). Accordingly,
f (u) ∈ C0,σγ (RN ), which, together with Step 1, ensures that G ∈ C0,γ ∗

(RN ), where
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γ ∗ := min
{
α − N

q , σγ
}
. By Proposition 5-(a), we deduce that if γ ∗ + 2s ∈ (0, 1),

then u ∈ C0,γ ∗+2s(RN ); if γ ∗ + 2s = 1, then u ∈ Λ1; and if γ ∗ + 2s ∈ (1, 2), then
u ∈ C1,γ ∗+2s−1(RN ). In particular, if γ ∗ + 2s ∈ (1, 2), then u ∈ C1,γ ∗+2s−1(RN ),
while if γ ∗ + 2s ∈ (0, 1], then u ∈ C0,δ+2s(RN ) for all δ ∈ (0, γ ∗). Therefore,
u ∈ C2s+ε(RN ) for some ε ∈ (0, 1 + [2s] − 2s).
Step 3: u ∈ C1,ϑ (RN ) for some ϑ ∈ (0, 1).

If s ∈ ( 12 , 1), thenwe have already observed that u ∈ C1,η(RN ) for someη ∈ (0, 1).

Let us focus on the case s = 1
2 . Take ν ∈ (0, 1). Given that f ∈ C0,σ

loc (R) and
u ∈ C0,ν(RN ), we see f (u) ∈ C0,σν(RN ). This fact, together with Step 1, shows

that (Iα ∗ F(u)) f (u) ∈ C0,λ∗
(RN ), where λ∗ := min

{
α − N

q , σν
}
. As a result,

G ∈ C0,λ∗
(RN ). Considering that λ∗+2s = λ∗+1 ∈ (1, 2), we can apply Proposition

5-(a) to infer that u ∈ C1,λ∗+2s−1(RN ).
Now, we suppose that s ∈ ( 14 , 1

2

)
, α ∈ (1 − 2s, N ), and σ ∈ ( 1−2s

2s , 1
]
. Choose

q ∈
(

N
α+2s−1 ,+∞

)
when α ∈ (0, 1], and q ∈

(
N

α+2s−1 ,
N

α−1

)
when α ∈ (1, N ).

By Step 1, we know that Iα ∗ F(u) ∈ C0,α− N
q (RN ). Because f ∈ C0,σ

loc (R) and
u ∈ C0,2s(RN ), we find f (u) ∈ C0,2sσ (RN ). Therefore, G ∈ C0,δ∗

(RN ), where

δ∗ := min
{
α − N

q , 2sσ
}
. Since q > N

α+2s−1 , s ∈ ( 1
4 ,

1
2

)
, and σ ∈ ( 1−2s

2s , 1
]
, it

follows that α − N
q + 2s ∈ (1, 2) and 2sσ + 2s ∈ (1, 2), and so δ∗ + 2s ∈ (1, 2). In

light of Proposition 5-(a), we conclude that u ∈ C1,δ∗+2s−1(RN ).
Finally, we assume that s ∈ (0, 1

2

)
, α ∈ (0, 1), and f ∈ C0,σ

loc (R) for some σ ∈
(1 − 2s, 1]. Take q ∈ ( N

α
,+∞). According to Step 1, Iα ∗ F(u) ∈ C0,α− N

q (RN ).
As u ∈ C0,2s(RN ) and f (u) ∈ C0,2sσ (RN ), we obtain G ∈ C0,� (RN ), where

� := min
{
α − N

q , 2sσ
}

∈ (0, 1). Put θ0 := � + 2s ∈ (0, 2). From Proposition

5-(a), we deduce that if θ0 ∈ (1, 2), then u ∈ C1,θ0−1(RN ), while if θ0 ∈ (0, 1], then
u ∈ C0,γ (RN ) for all γ ∈ (0, θ0). Hence, if θ0 ∈ (1, 2), thenwe are done.Assume now
θ0 ∈ (0, 1]. In this case, u ∈ C0,γ (RN ), F(u) ∈ C0,γ (RN ), and f (u) ∈ C0,σγ (RN )

for all γ ∈ (0, θ0). Since α ∈ (0, 1), it follows from [18, Theorem 1] that Iα ∗ F(u) ∈
C0,δ(RN ) for all δ ∈ (0,min{α + θ0, 1}). Pick ε ∈ ( 1−2s

σ
, 1
)
. Set μ0 := ε σθ0

and note that μ0 < min{α + θ0, σθ0} as ε ∈ (0, 1) and σ ∈ (0, 1]. Consequently,
G ∈ C0,μ0(RN ). Put θ1 := μ0 + 2s. Applying Proposition 5-(a) again, we have that
if θ1 ∈ (1, 2), then u ∈ C1,θ1−1(RN ), while if θ1 ∈ (0, 1], then u ∈ C0,η(RN ) for all
η ∈ (0, θ1). If θ1 ∈ (1, 2), then the desired regularity is achieved. Otherwise, when
θ1 ∈ (0, 1], we argue as before to arrive at G ∈ C0,μ1(RN ), where μ1 := ε σθ1.
Setting θ2 := μ1 + 2s, we deduce that if θ2 ∈ (1, 2), then u ∈ C1,θ2−1(RN ), while
if θ2 ∈ (0, 1], then u ∈ C0,λ(RN ) for all λ ∈ (0, θ2). Iterating this procedure, we can
define μn := ε σθn and θn := μn−1 + 2s for all n ∈ N. Thus, θn = ε σθn−1 + 2s for
all n ∈ N, and so θn = (ε σ )nμ0 +2s

∑n−1
k=0(ε σ )

k for all n ∈ N. Because ε σ ∈ (0, 1)
and 2s

1−ε σ
> 1, we conclude that θn → 2s

1−ε σ
> 1. Then we can find n0 ∈ N such that

θn0 > 1. Therefore, u ∈ C1,γ (RN ) for some γ ∈ (0, 1).
Step 4: u is a classical solution to (1.1).
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Note that ( f1) and Proposition 2 ensure that Iα ∗ F(u) ∈ L
2N

N−α (RN ), while ( f1)

and u ∈ L2(RN ) ∩ Lt (RN ) for all t ∈ [2∗
s ,+∞] imply that f (u) ∈ L

2N
α (RN ). Thus,

by Hölder’s inequality, (Iα ∗ F(u)) f (u) ∈ L2(RN ), and so G ∈ L2(RN ). Given that
u ∈ Hs(RN ) is a weak solution to (−Δ)su = G in RN , we have

∫
RN

[|ξ |2sFu(ξ) − FG(ξ)]Fφ(ξ) dξ = 0 for all φ ∈ S(RN ),

which guarantees that |ξ |2sFu(ξ) = FG(ξ) for a.e. ξ ∈ R
N . As a result,u ∈ H2s(RN ).

This fact allows us to integrate by parts, yielding

∫
RN

(−Δ)su φ dx =
∫
RN

(−Δ)
s
2 u (−Δ)

s
2 φ dx =

∫
RN

Gφ dx for all φ ∈ Hs(RN ),

and hence (−Δ)su(x) = G(x) for a.e. x ∈ R
N . In view of Step 2 and [42, Proposition

2.4], we know that (−Δ)su ∈ C0(RN ), which, combined with G ∈ C0(RN ), confirms
that (−Δ)su(x) = G(x) for all x ∈ R

N .
Step 5: The estimate in (1.5) is valid when (1.4) holds in ( f 1).

By Step 4, u is a classical solution to

(−Δ)su + ωu = (Iα ∗ F(u)) f (u) in RN .

Employing the pointwise fractional Kato inequality for (−Δ)s , we infer that

(−Δ)s |u| + ω|u| ≤ |Iα ∗ F(u)|| f (u)| in RN .

Fix ε ∈ (0, ω). Recalling that Iα ∗ F(u) ∈ C0
0 (R

N ) and |u(x)| → 0 as |x | → +∞,
and using (1.4), we can find R > 2 such that

|(Iα ∗ F(u))(x)|| f (u(x))| ≤ ε |u(x)| for all |x | ≥ R.

Consequently,
(−Δ)s |u| + (ω − ε)|u| ≤ 0 in Bc

R(0).

Pick φ ∈ C∞
c (RN ) such that 0 ≤ φ ≤ 1, φ = 1 in B 1

2
(0) and φ = 0 in Bc

1(0). Let

w ∈ Hs(RN ) the unique weak solution to

(−Δ)sw + (ω − ε)w = φ in RN . (3.34)

Since φ ∈ C∞
c (RN ), φ ≥ 0, and φ 	≡ 0, it is easy to verify thatw is a positive classical

solution of (3.34). In particular,

(−Δ)sw + (ω − ε)w = 0 in Bc
R−1(0).
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Moreover, as ω − ε > 0, we can apply [20, Lemma 4.3] to see that

0 < w(x) ≤ C

1 + |x |N+2s
for all x ∈ R

N ,

for some C > 0. Consider

z :=
(
maxB R(0)

|u|
minB R(0)

w

)
w − |u| ∈ Hs(RN ).

Note that z ≥ 0 in B R(0) and that

(−Δ)s z + (ω − ε)z ≥ 0 in Bc
R(0).

Multiplying the above equation by z− := max{0,−z} ∈ Hs(RN ) and integrating over
Bc

R(0), we deduce

∫
RN

(−Δ)s z z− dx ≥ (ω − ε)

∫
RN

(z−)2 dx,

where we have used the fact that z− = 0 in BR(0). Since (x − y)(x− − y−) ≤ 0 for
all x, y ∈ R, we obtain

∫
RN

(−Δ)s z z− dx = CN ,s

2

∫∫
R2N

(z(x) − z(y))(z−(x) − z−(y))

|x − y|N+2s
dxdy ≤ 0,

which leads to

(ω − ε)

∫
RN

(z−)2 dx ≤ 0.

Because ε ∈ (0, ω), we find z− = 0 in RN , that is, z ≥ 0 in RN . As a result,

|u(x)| ≤
(
maxB R(0)

|u|
minB R(0)

w

)
w(x)

≤
(
maxB R(0)

|u|
minB R(0)

w

)
C

1 + |x |N+2s
for all x ∈ R

N .

The proof is now complete. ��
Next, we prove that every weak solution to (1.1) satisfies a Pohožaev-type identity.

To this end, we recall a useful integration by parts formula established in [5].

Lemma 8 [5, Lemma 2.2] Let u ∈ Hs(RN )∩ L∞(RN ). If s ∈ (0, 1
2 ) then we assume

that u ∈ C0,2s+ε(RN ) ∩ C0,1
loc (R

N ) for some ε ∈ (0, 1 − 2s), while if s ∈ [ 12 , 1)
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then we assume that u ∈ C1,2s+ε−1(RN ) for some ε ∈ (0, 2 − 2s). Then, for all
X ∈ C0,1

c (RN ,RN ), it holds that

CN ,s

4

∫∫
R2N

|u(x) − u(y)|2
|x − y|N+2s

KX(x, y)dxdy = −
∫
RN

X(x) · ∇u(x) (−Δ)su(x)dx,

(3.35)

where

KX(x, y) := div(X(x)) + div(X(y)) − (N + 2s)
(X(x) − X(y)) · (x − y)

|x − y|2

for all x, y ∈ R
N with x 	= y.

Proof of Theorem 2 Take ϕ ∈ C1
c (R

N ) such that 0 ≤ ϕ ≤ 1 in R
N , ϕ(x) = 1 for

|x | ≤ 1 and ϕ(x) = 0 for |x | ≥ 2. Set ϕλ(x) := ϕ(λx) for all x ∈ R
N and λ > 0.

Observe that, for all x ∈ R
N and λ > 0,

0 ≤ ϕλ(x) ≤ 1 and |x ||∇ϕλ(x)| ≤ C1, (3.36)

for some constant C1 > 0 independent of λ. By Theorem 1, we have that u ∈
C2s+ε(RN ) for some ε > 0 and that ∇u ∈ L∞

loc(R
N ). This means that all the assump-

tions of Lemma 8 are valid. Set Xλ(x) := ϕλ(x)x ∈ C0,1
c (RN ,RN ). Applying (3.35)

with X = Xλ, and using the fact that u is a classical solution to (1.1) (by Lemma 8),
we obtain

CN ,s

4

∫∫
R2N

|u(x) − u(y)|2
|x − y|N+2s

KXλ(x, y)dxdy

= −
∫
RN

Xλ(x) · ∇u(x) (−Δ)su(x) dx

= −
∫
RN

Xλ(x) · ∇u(x) [−ωu(x) + (Iα ∗ F(u))(x) f (u(x))] dx .

(3.37)

In light of (3.36), it follows that

∣∣KXλ(x, y)
∣∣ ≤ C2 for all x, y ∈ R

N with x 	= y and λ > 0,

for some constant C2 > 0 independent of λ. Employing this estimate, the fact that
u ∈ Hs(RN ), (3.36), and the pointwise convergencesXλ(x) → x and divXλ(x) → N
for all x ∈ R

N asλ → 0+, we can apply the dominated convergence theorem to deduce
that, as λ → 0+,

CN ,s

4

∫∫
R2N

|u(x) − u(y)|2
|x − y|N+2s

KXλ(x, y)dxdy

→ CN ,s

4
(N − 2s)

∫∫
R2N

|u(x) − u(y)|2
|x − y|N+2s

dxdy.

(3.38)
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On the other hand, utilizing integration by parts, the fact that divXλ(x) → N for
all x ∈ R

N , as λ → 0+, and the dominated convergence theorem, we find that, as
λ → 0+,

ω

∫
RN

Xλ(x) · ∇u(x)u(x) dx = ω

∫
RN

Xλ(x) · ∇
(

u2(x)

2

)
dx

= −ω

∫
RN

divXλ(x)

(
u2(x)

2

)
dx

→ − N

2
ω

∫
RN

u2(x) dx .

(3.39)

Finally, proceeding as in [35, p. 6571], we see that integration by parts and the domi-
nated convergence theorem yield

∫
RN

Xλ(x) · ∇u(x)(Iα ∗ F(u))(x) f (u(x)) dx

→ −
(

N + α

2

)∫
RN

(Iα ∗ F(u)) (x)F(u(x)) dx as λ → 0+.
(3.40)

Combining (3.37), (3.38), (3.39), and (3.40), we arrive at

CN ,s

4
(N − 2s)

∫∫
R2N

|u(x) − u(y)|2
|x − y|N+2s

dxdy

= − N

2
ω

∫
RN

u2(x) dx +
(

N + α

2

)∫
RN

(Iα ∗ F(u))(x)F(u(x)) dx .

The proof of Theorem 2 is now complete. ��

4 Existence of least energy solutions

In this section, we deal with the existence of least energy solutions to (1.1). Let us
recall that the energy functional J : Hs(RN ) → R associated with (1.1) is given by

J(u) := 1

2
[u]2Hs (RN )

+ ω

2
‖u‖2L2(RN )

− 1

2
F (u),

where

F (u) =
∫
RN

(Iα ∗ F(u))F(u) dx .

We know that J ∈ C1(Hs(RN ),R) and

〈J ′(u), ϕ〉 = 〈u, ϕ〉Ds,2(RN ) + ω〈u, ϕ〉L2(RN ) − 〈F ′(u), ϕ〉 for all u, ϕ ∈ Hs(RN ).

We now show that J possesses a mountain-pass geometry.
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Lemma 9 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ (0, N ). Let f ∈ C0(R) be such that
( f 1) and ( f 3) hold. Then, J satisfies the following properties:

(MP1) J(0) = 0,
(MP2) there exist ρ, δ > 0 such that J(u) ≥ δ for all u ∈ Hs(RN ) such that

‖u‖Hs (RN ) = ρ,
(MP3) there exists w ∈ Hs(RN ) such that ‖w‖Hs (RN ) > ρ and J(w) < 0.

Proof Clearly, (M P1) is true. Let us verify (M P2). Utilizing (2.5) and the fractional
Sobolev embeddings (see Proposition 1), we have that, for all u ∈ Hs(RN ),

F (u) ≤ C(N , α)‖F(u)‖2
L

2N
N+α (RN )

≤ C1

(
‖u‖

2(N+α)
N

Hs (RN )
+ ‖u‖

2(N+α)
N−2s

Hs (RN )

)
. (4.1)

From (4.1), we deduce that, for every u ∈ Hs(RN ),

J(u) ≥ 1

2
min{1, ω}‖u‖2Hs (RN )

− 1

2
F (u)

≥ C2‖u‖2Hs (RN )
− C3‖u‖

2(N+α)
N

Hs (RN )
− C3‖u‖

2(N+α)
N−2s

Hs (RN )

= ‖u‖2Hs (RN )

(
C2

2
− C3‖u‖

2α
N
Hs (RN )

+ C2

2
− C3‖u‖

2(α+2s)
N−2s

Hs (RN )

)
.

Let ρ > 0 be such that

0 < ρ < min

{(
C2

4C3

) N
2α

,

(
C2

4C3

) N−2s
2(α+2s)

}
.

Therefore, J(u) ≥ C2
2 ‖u‖2

Hs (RN )
for all u ∈ Hs(RN ) such that ‖u‖Hs (RN ) ≤ ρ. It

follows that there exist ρ, δ > 0 such that J(u) ≥ δ for all u ∈ Hs(RN ) such that
‖u‖Hs (RN ) = ρ.

Finally, we confirm (M P3). Set v0(x) := t0χB1(0)(x), where t0 is given in ( f 3).
Observe that

F (v0) = (F(t0))
2
∫

B1(0)

∫
B1(0)

Iα(x − y) dxdy > 0.

Since the map v ∈ L2(RN ) ∩ L2∗
s (RN ) �→ F (v) is continuous, and Hs(RN ) is

dense in L2(RN ) ∩ L2∗
s (RN ), we can find w ∈ Hs(RN ) such that F (w) > 0. Let

wτ (x) := w( x
τ
) for a.e. x ∈ R

N and for all τ > 0. Hence,

J(wτ )= τ N−2s

2
[w]2Hs (RN )

+ τ Nω

2
‖w‖2L2(RN )

− τ N+α

2
F (w) → −∞ as τ → +∞.

Taking w0(x) := wT (x) with T > 0 large enough, we obtain the assertion. ��
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Remark 3 Note that cMP > 0. To verify this, fix γ ∈ Γ . From the proof of Lemma 9-
(M P2), we know that ‖γ (0)‖Hs (RN ) = 0 < ρ < ‖γ (1)‖Hs (RN ). By the intermediate
value theorem, there exists τ̄ ∈ (0, 1) such that ‖γ (τ̄ )‖Hs (RN ) = ρ. Consequently,

C2

2
ρ2 ≤ J(γ (τ̄ )) ≤ sup

t∈[0,1]
J(γ (t)).

Because γ ∈ Γ was arbitrary, we conclude that cMP ≥ C2
2 ρ2 > 0.

Next, we construct a Palais-Smale sequence for J at the mountain pass level cMP
that asymptotically satisfies the Pohožaev identity.

Proposition 6 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ (0, N ). Let f ∈ C0(R) be
such that ( f 1) and ( f 3) hold. Then, there exists a Pohožaev-Palais-Smale sequence
(un) ⊂ Hs(RN ) for J at level cMP, namely,

J(un) → cMP, J ′(un) → 0 in H−s(RN ), and P(un) → 0. (4.2)

Proof Following [7, 8, 35], we defineΦ : R× Hs(RN ) → Hs(RN ) byΦ(θ, u)(x) :=
u
(

x
eθ

)
for θ ∈ R, u ∈ Hs(RN ), and x ∈ R

N , where R × Hs(RN ) is endowed with

the norm
‖(θ, u)‖R×Hs (RN ) := |θ | + ‖u‖Hs (RN ).

We use the notation

distR×Hs(RN )((θ, u), A) := inf
(τ,v)∈A

(|θ−τ |+‖u−v‖Hs (RN )) for all A ⊂ R×Hs(RN ).

Consider J̃ :R × Hs(RN ) → R given by J̃ :=J ◦ Φ. Hence, for every θ ∈ R and
u ∈ Hs(RN ), we have

J̃ (θ, u) := 1

2
e(N−2s)θ [u]2Hs (RN )

+ ω

2
eNθ‖u‖2L2(RN )

− e(N+α)θ

2
F (u).

Denote by J̃θ and J̃u the partial derivatives of J̃. Observe that, for all θ ∈ R and
u, w ∈ Hs(RN ),

J̃θ (θ, u) = (N − 2s)

2
e(N−2s)θ [u]2Hs (RN )

+ Nω

2
eNθ‖u‖2L2(RN )

− (N + α)

2
e(N+α)θF (u)

= P(Φ(θ, u)),

and

〈J̃u(θ, u), w〉 = e(N−2s)θ 〈u, w〉Ds,2(RN ) + ω〈u, w〉L2(RN )
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− e(N+α)θ

∫
RN

(Iα ∗ F(u)) f (u)w dx

= 〈J ′(Φ(θ, u)),Φ(θ,w)〉.

Therefore, for all (h, w) ∈ R × Hs(RN ),

〈J̃ ′(θ, u), (h, w)〉 = 〈J ′(Φ(θ, u)),Φ(θ,w)〉 + P(Φ(θ, u))h. (4.3)

Arguing as in the proof of Lemma 9, we can verify that J̃ possesses a mountain pass
geometry. Then, we can consider the mountain pass level of J̃ given by

c̃MP := inf
γ̃∈Γ̃

max
t∈[0,1] J̃(γ̃ (t)),

where

Γ̃ := {γ̃ ∈ C0([0, 1],R × Hs(RN )) : γ̃ (0) = (0, 0) and J̃(γ̃ (1)) < 0}.

It is easy to check that c̃MP = cMP. Let us prove that there exists ((θn, vn)) ⊂ R ×
Hs(RN ) such that, as n → +∞,

(i) J̃(θn, vn) → cMP,
(ii) J̃ ′(θn, vn) → 0 in R × H−s(RN ),
(iii) θn → 0.

In fact, (1.7) and (1.8) ensure that there exists (γn) ⊂ Γ such that

max
t∈[0,1]J(γn(t)) ≤ cMP + 1

n2 for all n ∈ N.

Set γ̃n(t) := (0, γn(t)) ∈ Γ̃ for all n ∈ N. Hence,

max
t∈[0,1] J̃(γ̃n(t)) = max

t∈[0,1]J(γn(t)) ≤ cMP + 1

n2 for all n ∈ N.

In view of [44, Theorem 2.8], we can find ((θn, vn)) ⊂ R × Hs(RN ) such that, as
n → +∞, (i) and (i i) hold, and

distR×Hs (RN )((θn, vn), {0} × γn([0, 1])) → 0,

which yields (i i i). Next, we put un := Φ(θn, vn) for all n ∈ N. By (i), we see
J(un) → cMP.Taking h = 1 andw = 0 in (4.3), and using (i i), we obtain P(un) → 0.
Now, for all ϕ ∈ Hs(RN ) and n ∈ N, we have

‖ϕ(eθn ·)‖2Hs (RN )
= e−(N−2s)θn [ϕ]2Hs (RN )

+ e−Nθn ‖ϕ‖2L2(RN )

≤ e(N−2s)|θn |[ϕ]2Hs (RN )
+ eN |θn |‖ϕ‖2L2(RN )
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≤ eN |θn |‖ϕ‖2Hs (RN )
.

Thus, choosing h = 0 in (4.3), we deduce that, for all n ∈ N,

‖J ′(un)‖H−s (RN ) = sup
‖ϕ‖Hs (RN )

≤1
|〈J ′(un), ϕ〉|

= sup
‖ϕ‖Hs (RN )

≤1

∣∣∣〈J̃u(θn, un), ϕ(e
θn ·)〉

∣∣∣
≤ sup

‖ϕ‖Hs (RN )
≤1

‖J̃u(θn, un)‖H−s (RN )‖ϕ(eθn ·)‖Hs (RN )

≤ sup
‖ϕ‖Hs (RN )

≤1
‖J̃u(θn, un)‖H−s (RN )e

N
2 |θn |‖ϕ‖Hs (RN )

≤ ‖J̃u(θn, un)‖H−s (RN )e
N
2 |θn |.

This estimate, combined with (i i) and (i i i), implies that J ′(un) → 0 in H−s(RN ).
Therefore, (un) has the properties stated in (4.2). ��

We now establish the boundedness of Pohožaev-Palais-Smale sequences for J.
Lemma 10 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ (0, N ). Let f ∈ C0(R) be such
that ( f 1) and ( f 3) hold. Let (un) ⊂ Hs(RN ) be such that

sup
n∈N

J(un) ≤ C1 and inf
n∈N P(un) ≥ −C2, (4.4)

for some C1,C2 > 0. Then, (un) is bounded in Hs(RN ). In particular, every sequence
(un) ⊂ Hs(RN ) satisfying (4.2) is bounded in Hs(RN ).

Proof Using (4.4), we see that, for all n ∈ N,

C1 + C2

N + α
≥ J(un) − 1

N + α
P(un)

= α + 2s

2(N + α)
[un]2Hs (RN )

+ ωα

2(N + α)
‖un‖2L2(RN )

≥ min

{
α + 2s

2(N + α)
,

ωα

2(N + α)

}
‖un‖2Hs (RN )

.

which implies that (un) is bounded in Hs(RN ). ��

Hereafter, we examine the convergence of Pohožaev-Palais-Smale sequences for
J.
Proposition 7 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ (0, N ). Let f ∈ C0(R) be such
that ( f 1)-( f 3) hold. Let (un) ⊂ Hs(RN ) be a sequence such that

(i) (J(un)) is bounded in R,

123



Remarks on the nonlinear fractional Choquard equation

(ii) J ′(un) → 0 in H−s(RN ) and P(un) → 0 as n → +∞.

Then, up to a subsequence, one of the following alternatives holds:

(1) un → 0 in Hs(RN ) as n → +∞;
(2) there exist u ∈ Hs(RN ) \ {0} and a sequence (xn) ⊂ R

N such that J ′(u) = 0
and un(· − xn)⇀u in Hs(RN ) as n → +∞.

Proof We note that Lemma 10 ensures that (un) is bounded in Hs(RN ). Suppose that
(1) is not true, that is,

lim inf
n→+∞ ‖un‖Hs (RN ) > 0. (4.5)

We first prove that, for every r ∈ (2, 2∗
s ),

lim inf
n→+∞ sup

x0∈RN
‖un‖Lr (B1(x0)) > 0. (4.6)

Assume by contradiction that, for some r ∈ (2, 2∗
s ), it holds

lim inf
n→+∞ sup

x0∈RN
‖un‖Lr (B1(x0)) = 0. (4.7)

Using the definition of the Pohožaev functional P , (4.5) and that P(un) → 0 as
n → ∞, we deduce

lim inf
n→+∞

∫
RN

(Iα ∗ F(un))F(un) dx

= lim inf
n→+∞

[
N − 2s

N + α
[un]2Hs (RN )

+ N

N + α
‖un‖2L2(RN )

− 2

N + α
P(un)

]

= lim inf
n→+∞

[
N − 2s

N + α
[un]2Hs (RN )

+ N

N + α
‖un‖2L2(RN )

]
> 0,

(4.8)

where we have used the fact that, for all (an), (bn) ⊂ R such that limn→+∞ bn exists,

lim inf
n→+∞(an + bn) = lim inf

n→+∞ an + lim
n→+∞ bn .

By ( f 1) and ( f 2), for each fixed ε > 0 there exists Cε,r > 0 such that

|F(t)| 2N
N+α ≤ ε(|t |2 + |t |2∗

s ) + Cε,r |t |r for all t ∈ R. (4.9)

Employing (4.9), the boundedness of (un) in Hs(RN ), the fractional Sobolev embed-
dings (see Proposition 1), and Lemma 1 with t = r , we obtain

‖F(un)‖
2N

N+α

L
2N

N+α (RN )

≤ C ′ ε+C ′′
ε,r

(
sup

x0∈RN
‖un‖r

Lr (B1(x0))

)1− 2
r

for all n ∈ N,
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which, combined with (4.7) and the arbitrariness of ε > 0, leads to

lim inf
n→+∞ ‖F(un)‖

L
2N

N+α (RN )
= 0. (4.10)

Since Proposition 2 guarantees that

∣∣∣∣
∫
RN

(Iα ∗ F(un))F(un) dx

∣∣∣∣ ≤ C(N , α)‖F(un)‖2
L

2N
N+α (RN )

for all n ∈ N,

it follows from (4.10) that

lim inf
n→+∞

∣∣∣∣
∫
RN

(Iα ∗ F(un))F(un) dx

∣∣∣∣ = 0. (4.11)

From (4.8) and (4.11), we derive

0 < lim inf
n→+∞

∫
RN

(Iα ∗ F(un))F(un) dx ≤ 0,

that is a contradiction. Consequently, (4.6) is valid. Thus, up to a translation, we may
assume that, for some r ∈ (2, 2∗

s ),

lim inf
n→+∞ ‖un‖Lr (B1(0)) > 0. (4.12)

Since (un) is bounded in Hs(RN ), we may suppose that there exists u ∈ Hs(RN )

such that, up to a subsequence,

un⇀u in Hs(RN ),

un → u in Lq
loc(R

N ) for all q ∈ [1, 2∗
s ),

un → u a.e. in RN .

(4.13)

In view of (4.12) and (4.13), we see u 	≡ 0. Employing (4.13), Lemma 4, and that
J ′(un) → 0 in H−s(RN ), we conclude that 〈J ′(u), ϕ〉 = 0 for all ϕ ∈ Hs(RN ). ��

Next, we prove the existence of an optimal path in the spirit of [25, Lemma 2.1].

Lemma 11 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ (0, N ). Let f ∈ C0(R) be such
that ( f 1) holds. Assume that one of the conditions ( f 4), ( f 5), or ( f 6) holds. Let
u ∈ Hs(RN ) \ {0} be a weak solution to (1.1). Then, there exists γ ∈ Γ such that
u ∈ γ ([0, 1]) and

max
t∈[0,1]J(γ (t)) = J(u).

Proof Put ut (x) := u( x
t ) for a.e. x ∈ R

N and for all t > 0. Consider γ̃ : [0,+∞) →
Hs(RN ) given by

γ̃ (t)(x) :=
{

ut (x) for t > 0,
0 for t = 0.
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It is evident that γ̃ ∈ C0([0,+∞), Hs(RN )). By Theorem 2, we know that P(u) = 0.
Then, for all t > 0, we have

J(γ̃ (t)) = t N−2s

2
[u]2Hs (RN )

+ t Nω

2
‖u‖2L2(RN )

− t N+α

2
F (u)

= t N−2s

2
[u]2Hs (RN )

+ t Nω

2
‖u‖2L2(RN )

− t N+α

N + α

[
(N − 2s)

2
[u]2Hs (RN )

+ Nω

2
‖u‖2L2(RN )

]

=
[

t N−2s

2
− t N+α(N − 2s)

2(N + α)

]
[u]2Hs (RN )

+ω

[
t N

2
− Nt N+α

2(N + α)

]
‖u‖2L2(RN )

.

Differentiating with respect to t , we deduce that, for all t > 0,

d

dt
J(γ̃ (t)) = N − 2s

2

(
t N−2s−1 − t N+α−1

)
[u]2Hs (RN )

+ N

2
ω
(

t N−1 − t N+α−1
)

‖u‖2L2(RN )

= t N−1β(t),

where

β(t) := (N − 2s)

2
(t−2s − tα)[u]2Hs (RN )

+ ωN

2
(1 − tα)‖u‖2L2(RN )

for all t > 0.

Due to β(1) = 0 and

β ′(t) = (N − 2s)

2
(−2st−2s−1 − αtα−1)[u]2Hs (RN )

+ ωN

2
(−αtα−1)‖u‖2L2(RN )

< 0 for all t > 0,

we obtain

d

dt
J(γ̃ (t)) = 0 for t = 1,

d

dt
J(γ̃ (t)) > 0 for all t ∈ (0, 1),

d

dt
J(γ̃ (t)) < 0 for all t ∈ (1,+∞).

Hence,
max
t≥0

J(γ̃ (t)) = J(γ̃ (1)) = J(u).
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Considering that u ∈ Hs(RN ) \ {0} and P(u) = 0 imply F (u) > 0, we see

J(γ̃ (t))= t N−2s

2
[u]2Hs (RN )

+ t Nω

2
‖u‖2L2(RN )

− t N+α

2
F (u) → −∞ as t → +∞.

Consequently, we can find L > 1 such that J(γ̃ (L)) < 0. Putting γ (t)(x) :=
γ̃ (t L)(x) for a.e. x ∈ R

N and for all t ∈ [0, 1], we conclude that γ satisfies the
required properties. ��

Next, we show that (1.1) has a least energy solution.

Proof of Theorem 3 In light of Propositions 6 and 7, there exists a Pohožaev-Palais-
Smale sequence (un) ⊂ Hs(RN ) for J at level cMP > 0 such that un⇀u in Hs(RN ),
for some u ∈ Hs(RN )\{0} that weakly solves (1.1). Utilizing that un⇀u in Hs(RN ),
J(un) → cMP, P(un) → 0, P(u) = 0, and that

lim inf
n→+∞ an + lim inf

n→+∞ bn ≤ lim inf
n→+∞(an + bn) for all (an), (bn) ⊂ R,

we deduce

J(u) = J(u) − 1

N + α
P(u)

= α + 2s

2(N + α)
[u]2Hs (RN )

+ αω

2(N + α)
‖u‖2L2(RN )

≤ α + 2s

2(N + α)
lim inf
n→+∞[un]2Hs (RN )

+ αω

2(N + α)
lim inf
n→+∞ ‖un‖2L2(RN )

≤ lim inf
n→+∞

[
α + 2s

2(N + α)
[un]2Hs (RN )

+ αω

2(N + α)
‖un‖2L2(RN )

]

= lim inf
n→+∞

[
J(un) − 1

N + α
P(un)

]
= cMP. (4.14)

Considering that u is a weak solution to (1.1) and that u 	≡ 0, it follows from the
definition of cLE and (4.14) that

cLE ≤ J(u) ≤ cMP. (4.15)

Now, let v ∈ Hs(RN ) \ {0} be an arbitrary weak solution to (1.1). Thanks to Theorem
2, P(v) = 0. Applying Lemma 11 to v and recalling the definition of cMP, we infer
that J(v) ≥ cMP. Due to the arbitrariness of v, we find cLE ≥ cMP. This fact and
(4.15) imply J(u) = cMP = cLE. Lastly, we observe that u ∈ S ⊂ P, and thus
cMP = J(u) ≥ cLE ≥ cPO. On the other hand, cPO ≥ cMP by Lemma 11. As a result,
cMP = J(u) = cLE = cPO. ��

In addition, we establish the strong convergence of the translated Pohožaev-Palais-
Smale sequence in Proposition 7.
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Corollary 1 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ (0, N ). Let f ∈ C0(R) be such
that ( f 1)-( f 3) hold. Assume that one of the conditions ( f 4), ( f 5), or ( f 6) holds.
Under the assumptions (i) and (i i) of Proposition 7, if

lim inf
n→+∞ ‖un‖Hs (RN ) > 0 and lim sup

n→+∞
J(un) ≤ cLE,

then there exists u ∈ Hs(RN ) \ {0} such that J ′(u) = 0, and a sequence (xn) ⊂ R
N

such that, up to a subsequence, un(· − xn) → u in Hs(RN ) as n → +∞.

Proof From Proposition 7, up to a subsequence and translations, we may assume that
there exists u ∈ Hs(RN ) \ {0} such that un⇀u in Hs(RN ), un → u in Lq

loc(R
N )

for all q ∈ [1, 2∗
s ), and un → u a.e. in R

N . Moreover, u is a weak solution to (1.1).
Hereafter, we confirm that un → u in Hs(RN ). As in the proof of Theorem 3, we
have

cLE ≤ J(u) = J(u) − 1

N + α
P(u)

= α + 2s

2(N + α)
[u]2Hs (RN )

+ αω

2(N + α)
‖u‖2L2(RN )

≤ α + 2s

2(N + α)
lim inf
n→+∞[un]2Hs (RN )

+ αω

2(N + α)
lim inf
n→+∞ ‖un‖2L2(RN )

≤ lim inf
n→+∞

[
α + 2s

2(N + α)
[un]2Hs (RN )

+ αω

2(N + α)
‖un‖2L2(RN )

]

≤ lim sup
n→+∞

[
α + 2s

2(N + α)
[un]2Hs (RN )

+ αω

2(N + α)
‖un‖2L2(RN )

]

= lim sup
n→+∞

(
J(un) − 1

N + α
P(un)

)
= lim sup

n→+∞
J(un) ≤ cLE,

from which J(u) = cLE and

α + 2s

2(N + α)
[u]2Hs (RN )

+ αω

2(N + α)
‖u‖2L2(RN )

= lim
n→+∞

[
α + 2s

2(N + α)
[un]2Hs (RN )

+ αω

2(N + α)
‖un‖2L2(RN )

]
.

Consequently, un → u in Hs(RN ), as desired. ��
Finally, we prove that, up to translations, the set of least energy solutions to (1.1)

is compact in Hs(RN ).

Proposition 8 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ (0, N ). Let f ∈ C0(R) be such
that ( f 1)-( f 3) hold. Assume that one of the conditions ( f 4), ( f 5), or ( f 6) holds. Up
to translations in R

N , the set

LLE :=
{

u ∈ Hs(RN ) : J(u) = cLE, J ′(u) = 0
}
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is compact in Hs(RN ) endowed with the strong topology. Furthermore, if we assume
that (1.4) holds, then there exists K1 > 0 such that, for all u ∈ LLE,

|u(x)| ≤ K1

1 + |x |N+2s
for all x ∈ R

N .

Proof Let (un) ⊂ LLE. Thus, J(un) = cLE and J ′(un) = 0 for all n ∈ N. By
Theorem 2, we see P(un) = 0 for all n ∈ N. Arguing as in the proof of Corollary
1, we have that, up to a subsequence and translations, un → u in Hs(RN ) for some
u ∈ Hs(RN ) \ {0} such that J(u) = cLE and J ′(u) = 0. Thus, up to translations
in R

N , LLE is compact in Hs(RN ). We now assume the additional condition (1.4)
and demonstrate the uniform polynomial decay estimate. Proceeding as in the proof
of Proposition 3, and because LLE is bounded in Hs(RN ), we obtain that, for all
p ∈ [2, N

α
2N

N−2s ), ‖un‖L p(RN ) ≤ C p for all n ∈ N. This and ( f 1) show that, for all

q ∈ [ 2N
N+α

, N
α

2N
N+α

), ‖F(un)‖Lq (RN ) ≤ Cq for all n ∈ N. By Young’s inequality, we
deduce that ‖Iα ∗ F(un)‖L∞(RN ) ≤ C for all n ∈ N. This estimate, together with
the fractional Kato inequality for (−Δ)s (see [3, Theorem 17.3.5]), ensures that |un|
satisfies

(−Δ)s |un| ≤ −ω|un| + C | f (un)| =: g(un) in RN .

In view of ( f 1) and (1.4), we know that |g(t)| ≤ C(|t | + |t |2∗
s −1) for all t ∈ R. Given

that (un) is bounded in Hs(RN ) and un → u in L2∗
s (RN ), we can use a classical

Moser iteration argument (see [1, Lemma 5.1] and [4, Theorem 1.1]) to infer that, for
some K > 0, ‖un‖L∞(RN ) ≤ K for all n ∈ N. Hence, LLE is bounded in L∞(RN ).
Since ‖un‖L∞(RN ) ≤ K and ‖ f (un)‖L∞(RN ) ≤ CK for all n ∈ N, we derive from
Corollary 5-(b) that (un) ⊂ C0,σ (RN ), for some σ ∈ (0, 1) independent of n, and
that there exists C = C(N , s, σ,m, K ) > 0 such that ‖un‖C0,σ (RN ) ≤ C for all
n ∈ N. Consequently, (un) is uniformly equicontinuous in R

N , namely, for every
ε > 0 there exists δ = δε > 0 such that, if x, y ∈ R

N are such that |x − y| < δ,
then |un(x) − un(y)| < ε for all n ∈ N. This, combined with un → u in L2(RN ),
yields lim|x |→+∞ supn∈N |un(x)| = 0 (see [4, Lemma 2.1]). Then we proceed as in
Theorem 1-Step 5 to achieve the uniform decay estimate. In this case, we utilize the
comparison function

zn :=
(

K

minB R(0)
w

)
w − |un| ∈ Hs(RN ).

The proof of Proposition 8 is now complete.
��

5 Qualitative properties of least energy solutions

In this section,we examine the sign and symmetry of least energy solutions to (1.1).We
begin by proving a useful identity involving J(u), J(ut ), and P(u), where ut = u( ·

t )

for t > 0.
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Lemma 12 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ (0, N ). Let f ∈ C0(R) be such
that ( f 1) holds. Then, for all u ∈ Hs(RN ) and t > 0,

J(u) = J(ut ) + (1 − t N+α)

N + α
P(u) +

g(t)[u]2
Hs(RN )

+ ωh(t)‖u‖2
L2(RN )

2(N + α)
, (5.1)

where g, h : [0,+∞) → R are given by

g(t) := 2s + α − (N + α)t N−2s + (N − 2s)t N+α,

h(t) := α − (N + α)t N + Nt N+α.

In particular, for all u ∈ Hs(RN ) and t > 0,

J(u) ≥ J(ut ) + (1 − t N+α)

N + α
P(u) +

g(t)[u]2
Hs(RN )

2(N + α)
. (5.2)

Proof From the definitions of J and P , we obtain

J(u) − J(ut )

= 1

2
(1 − t N−2s)[u]2Hs (RN )

+ ω

2
(1 − t N )‖u‖2L2(RN )

− 1

2
(1 − t N+α)F (u)

= (1 − t N+α)

N + α

{(
N − 2s

2

)
[u]2Hs (RN )

+ N

2
‖u‖2L2(RN )

−
(

N + α

2

)
F (u)

}

+ 1

2
(1 − t N−2s)[u]2Hs (RN )

+ ω

2
(1 − t N )‖u‖2L2(RN )

− 1

2

(
N − 2s

N + α

)
(1 − t N+α)[u]2Hs (RN )

− N

2(N + α)
(1 − t N+α)‖u‖2L2(RN )

= (1 − t N+α)

N + α
P(u) + 1

2

[
(1 − t N−2s) −

(
N − 2s

N + α

)
(1 − t N+α)

]
[u]2Hs (RN )

+ ω

2

[
1 − t N − N

N + α
(1 − t N+α)

]
‖u‖2L2(RN )

= (1 − t N+α)

N + α
P(u) +

g(t)[u]2
Hs(RN )

+ ωh(t)‖u‖2
L2(RN )

2(N + α)
,

that is, (5.1) is valid. Since, for all t > 0,

g′(t) = (N + α)(N − 2s)
[
−t N−2s−1 + t N+α−1

]
,

h′(t) = N (N + α)
[
−t N−1 + t N+α−1

]
,

we easily deduce that

g′(1) = 0, g′(t) < 0 for all t ∈ (0, 1), g′(t) > 0 for all t ∈ (1,+∞), (5.3)
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and

h′(1) = 0, h′(t) < 0 for all t ∈ (0, 1), h′(t) > 0 for all t ∈ (1,+∞).

Consequently,

g(t) > g(1) = 0 and h(t) > h(1) = 0 for all t ∈ [0, 1) ∪ (1,∞). (5.4)

From (5.1) and (5.4), we derive (5.2). ��
Remark 4 Using (5.2) and (5.4), we obtain

J(u) ≥ J(ut ) for all u ∈ P and t > 0, (5.5)

which leads to

J(u) = max
t>0

J(ut ) for all u ∈ P.

Now, we prove a helpful lemma.

Lemma 13 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ (0, N ). Let f ∈ C0(R) be such
that ( f 1) and ( f 3) hold. Define

Λ :=
{

u ∈ Hs(RN ) \ {0} : F (u) > 0
}
.

Then, Λ 	= ∅ and

{
u ∈ Hs(RN ) \ {0} : P(u) ≤ 0

}
⊂ Λ.

Proof By Lemma 9-(M P3), we know thatΛ 	= ∅. Let u ∈ Hs(RN )\ {0} be such that
P(u) ≤ 0. Then,

(N + α)

2
F (u) ≥ (N − 2s)

2
[u]2Hs (RN )

+ Nω

2
‖u‖2L2(RN )

≥ min

{
N − 2s

2
,

Nω

2

}
‖u‖2Hs (RN )

> 0,

which implies that F (u) > 0. Hence, u ∈ Λ. ��
Lemma 14 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ (0, N ). Let f ∈ C0(R) be such that
( f 1) and ( f 3) hold. Then, for all u ∈ Λ there exists a unique tu > 0 such that utu ∈ P.
Moreover, tu is the unique global maximum point of the function ζu : (0,+∞) → R

defined by ζu(t) := J(ut ).
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Proof Take u ∈ Λ. Since

ζu(t) = t N−2s

2
[u]2Hs (RN )

+ ω
t N

2
‖u‖2L2(RN )

− t N+α

2
F (u),

we deduce that, for all t > 0,

ζ ′
u(t) = d

dt
J(ut )

=
(

N − 2s

2

)
t N−2s−1[u]2Hs (RN )

+ ω
N

2
t N−1‖u‖2L2(RN )

− t N+α−1
(

N + α

2

)
F (u)

= 1

t
P(ut ).

Consequently,

ζ ′
u(t) = 0 ⇐⇒ P(ut ) = 0 ⇐⇒ ut ∈ P.

Now, we show

ζu(t) > 0 for all t > 0 small. (5.6)

For all t ∈ (0, 1), we see

ζu(t) = t N−2s

2
[u]2Hs (RN )

+ ω
t N

2
‖u‖2L2(RN )

− t N+α

2
F (u)

≥ t N

2

[
[u]2Hs (RN )

+ ω‖u‖2L2(RN )
− tαF (u)

]
.

Because u ∈ Λ, we know that F (u) > 0. Accordingly,

ζu(t) > 0 if 0 < t < min

⎧⎪⎨
⎪⎩1,

( [u]2
Hs (RN )

+ ω‖u‖2
L2(RN )

F (u)

) 1
α

⎫⎪⎬
⎪⎭ .

Thus, (5.6) is valid. Next we prove

ζu(t) < 0 for all t > 0 large. (5.7)

Given that u ∈ Λ, we obtain

ζu(t) = t N−2s

2
[u]2Hs (RN )

+ t Nω

2
‖u‖2L2(RN )

− t N+α

2
F (u) → −∞ as t → +∞.
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and this ensures that (5.7) is true. By the continuity of ζu , (5.6), and (5.7), it follows
that maxt>0 ζu(t) is attained at some tu > 0, so that ζ ′

u(tu) = 0 and utu ∈ P. Let us
demonstrate that such a tu is unique. Let t1, t2 > 0 be such that ut1 , ut2 ∈ P. Using
P(ut1) = P(ut2) = 0, and applying (5.2) first with u = ut1 and t = t2/t1, and then
with u = ut2 and t = t1/t2, we find

J(ut1) ≥ J(ut2) + (t N+α
1 − t N+α

2 )

(N + α)t N+α
1

P(ut1) + g(t2/t1)

2(N + α)
[ut1]2Hs (RN )

= J(ut2) + t N−2s
1

g(t2/t1)

2(N + α)
[u]2Hs (RN )

,

and

J(ut2) ≥ J(ut1) + (t N+α
2 − t N+α

1 )

(N + α)t N+α
2

P(ut2) + g(t1/t2)

2(N + α)
[ut2 ]2Hs (RN )

= J(ut1) + t N−2s
2

g(t1/t2)

2(N + α)
[u]2Hs (RN )

.

Consequently,

0 ≥
(

t N−2s
1 g(t2/t1) + t N−2s

2 g(t1/t2)
) 1

2(N + α)
[u]2Hs (RN )

,

which, together with u ∈ Hs(RN )\ {0} and (5.4), implies that t1 = t2. This concludes
the proof of the lemma. ��
Remark 5 Assuming only conditions ( f 1) and ( f 3), an inspection of the proof of
Lemma 11 reveals that for each u ∈ P there exists γ ∈ Γ such that u ∈ γ ([0, 1]) and
maxt∈[0,1] J(γ (t)) = J(u).

Next, we show that every least energy Pohožaev minimizer of J is a weak solution
to (1.1).

Lemma 15 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ (0, N ). Let f ∈ C0(R) be such
that ( f 1) and ( f 3) hold. If u ∈ P is such that J(u) = cPO, then J ′(u) = 0.

Proof Assume by contradiction that J ′(u) 	= 0. By continuity, we can find δ > 0 and
ρ > 0 such that

‖J ′(v)‖H−s (RN ) ≥ ρ for all v ∈ Hs(RN ) such that ‖v − u‖Hs (RN ) ≤ 3δ. (5.8)

Snce limt→1 ‖ut − u‖Hs (RN ) = 0, there exists δ1 ∈ (0, 1) sufficiently small such that

‖ut − u‖Hs (RN ) < δ for all t ∈ R such that |t − 1| < δ1. (5.9)
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From (5.2), u ∈ P, and J(u) = cPO, we derive

J(ut ) ≤ J(u) − g(t)

2(N + α)
[u]2Hs (RN )

= cPO − g(t)

2(N + α)
[u]2Hs (RN )

for all t > 0.
(5.10)

Note that, for all t > 0,

P(ut ) = (N − 2s)

2
t N−2s[u]2Hs (RN )

+ Nω

2
t N ‖u‖2L2(RN )

− (N + α)

2
t N+αF (u).

Arguing as in the proof of Lemma 14, we see that P(ut ) > 0 for all t > 0 small and
P(ut ) < 0 for all t > 0 large. In fact, for all t ∈ (0, 1),

P(ut ) ≥ t N
[
(N − 2s)

2
[u]2Hs (RN )

+ Nω

2
‖u‖2L2(RN )

− (N + α)

2
tαF (u)

]

= t N (1 − tα)

[
(N − 2s)

2
[u]2Hs (RN )

+ Nω

2
‖u‖2L2(RN )

]
> 0,

while u ∈ P ⊂ Λ implies

P(ut ) → −∞ as t → +∞.

Therefore, there exist t1 ∈ (0, 1) and t2 ∈ (1,+∞) such that

P(ut1) > 0 > P(ut2). (5.11)

Set

ε := min

{
g(t1)

5(N + α)
[u]2Hs (RN )

,
g(t2)

5(N + α)
[u]2Hs (RN )

, 1,
ρδ

8

}
> 0.

Let S := Bδ(u) and Sr := {v ∈ Hs(RN ) : dist(v, S) ≤ r} for all r > 0. By (5.8) and
the definition of ε, we have

‖J ′(v)‖H−s (RN ) ≥ 8 ε

δ
for all v ∈ J−1([cPO − 2 ε, cPO + 2 ε]) ∩ S2δ.

Applying [44, Lemma 2.3], we can find η ∈ C0([0, 1]× Hs(RN ), Hs(RN )) such that:

(i) η(t, v) = v if t = 0 or if v /∈ J−1([cPO − 2 ε, cPO + 2 ε]) ∩ S2δ ,
(ii) η(1,J cPO+ε ∩ S) ⊂ J cPO−ε,
(iii) η(t, ·) is a homeomorphism of Hs(RN ) for all t ∈ [0, 1],
(iv) ‖η(t, v) − v‖Hs (RN ) ≤ δ for all v ∈ Hs(RN ) and t ∈ [0, 1],
(v) J(η(·, v)) is non increasing for all v ∈ Hs(RN ),
(vi) J(η(t, v)) < cPO for all v ∈ J cPO ∩ Sδ and t ∈ (0, 1].
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Let us observe that, by (5.5),

J(ut ) ≤ J(u) = cPO < cPO + ε for all t > 0.

This, combined with (5.9) and (i i), gives

J(η(1, ut )) ≤ cPO − ε for all t > 0 such that |t − 1| < δ1. (5.12)

Employing (i), (v), (5.10), and the fact that, by (5.3),

g(t) ≥ δ2 := min {g(1 − δ1), g(1 + δ1)} > 0 for all t > 0 such that |t − 1| ≥ δ1,

we obtain

J(η(1, ut )) ≤ J(η(0, ut ))

= J(ut )

≤ cPO − g(t)

2(N + α)
[u]2Hs (RN )

≤ cPO − δ2

2(N + α)
[u]2Hs (RN )

for all t > 0 such that |t − 1| ≥ δ1.

(5.13)

Taking (5.12) and (5.13) into account, we deduce

max
t∈[t1,t2]

J(η(1, ut )) < cPO. (5.14)

Put Υ (t) := P(η(1, ut )) for all t > 0. From (5.10) and the definition of ε, we derive
that J(ut ) < cPO − 2 ε for all t ∈ {t1, t2}, which, together with (i), ensures that
η(1, ut ) = ut for all t ∈ {t1, t2}. This fact, combined with (5.11), yields

Υ (t1) = P(ut1) > 0 > P(ut2) = Υ (t2).

By the continuity of Υ in (0,+∞), there exists τ ∈ [t1, t2] such that Υ (τ) =
P(η(1, uτ )) = 0. Thus, J(η(1, uτ )) ≥ cPO, which contradicts (5.14). ��

Hereafter, we show that every least energy Pohožaev minimizer of J has constant
sign.

Proposition 9 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ (0, N ). Let f ∈ C0(R) be such
that ( f 1)-( f 3) hold. Assume that one of the conditions ( f 4), ( f 5), or ( f 6) holds.
Moreover, we assume that f is odd in R and has constant sign in (0,+∞). Then,
every least energy Pohožaev minimizer of J has constant sign.

Proof Take u ∈ P with J(u) = cPO. From (5.5), we see

J(ut ) ≤ J(u) for all t > 0. (5.15)
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Since u ∈ P ⊂ Λ and F is even, it follows that

F (|u|) = F (u) > 0, (5.16)

which implies that |u| ∈ Λ. In light of Lemma 14, we can find a unique t|u| > 0 such
that w := |u|t|u| ∈ P. By the definition of cPO in (1.10), we have

cPO = J(u) ≤ J(w). (5.17)

From (5.16) and [|u|]Hs(RN ) ≤ [u]Hs (RN ), we derive

J(w) = 1

2

(
t|u|
)N−2s[|u|]2Hs(RN )

+ ω

2

(
t|u|
)N ‖u‖2L2(RN )

−
(
t|u|
)N+α

2
F (|u|)

≤ 1

2

(
t|u|
)N−2s[u]2Hs (RN )

+ ω

2

(
t|u|
)N ‖u‖2L2(RN )

−
(
t|u|
)N+α

2
F (u)

= J(ut|u|).

(5.18)

Combining (5.15), (5.17), and (5.18), we obtain

cPO = J(u) ≤ J(w) ≤ J(ut|u|) ≤ J(u),

which implies J(w) = cPO. Therefore, w ∈ P and J(w) = cPO, that is, w is a least
energy Pohožaev minimizer for J. By Lemma 15, we deduce that w is a nontrivial
nonnegativeweak solution to (1.1).ApplyingTheorem1,we infer thatw ∈ H2s(RN )∩
C2s+ε(RN ) for some ε ∈ (0, 1 + [2s] − 2s) and that w is a classical solution to

(−Δ)sw + ωw = (Iα ∗ F(w)) f (w) in RN .

Considering that w ≥ 0 in R
N , w 	≡ 0, and f (0) = 0, we can apply the strong

maximum principle [6, Theorem 3.2] to conclude that w > 0 in R
N . Since u is

continuous, we obtain that u has constant sign. ��
In order to study the symmetry of least energy solutions to (1.1), we recall some

useful results on the symmetric-decreasing rearrangement; see [28,Chapter 3] formore
details. Let E ⊂ R

N be a Borel set such that |E | < +∞. The symmetric-decreasing
rearrangement of E is defined as E∗ := Br (0), where r := (|E |/|B1(0)|)1/N . Set
χ∗

E := χE∗ . Let u : RN → R be a Borel measurable function such that |{|u| > t}| <
+∞ for all t > 0. The symmetric-decreasing rearrangement of u is given by

u∗(x) :=
∫ +∞

0
χ∗{|u|>t}(x) dt for x ∈ R

N .

Observe that u∗ is nonnegative, radially symmetric, nonincreasing, and lower semi-
continuous. Furthermore, |{u∗ > t}| = |{|u| > t}| for all t > 0.
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Proposition 10 [28, Chapter 3] Let N ≥ 2, p ∈ [1,+∞), and u ∈ L p(RN ) be a
nonnegative function. Then, u∗ ∈ L p(RN ) and

‖u∗‖L p(RN ) = ‖u‖L p(RN ).

Proposition 11 (Pólya-Szegö type inequality) [21, Theorem A.1] Let s ∈ (0, 1) and
N ≥ 2. Let u ∈ Hs(RN ) be a nonnegative function. Then,

[u∗]Hs (RN ) ≤ [u]Hs (RN ). (5.19)

The inequality in (5.19) is strict unless u is a translate of a radially symmetric decreas-
ing function.

Proposition 12 (Riesz’s rearrangement inequality) [28, Theorems 3.7 and 3.9] Let f1,
f2, and f3 be three nonnegative measurable functions on R

N . Set

I( f1, f2, f3) :=
∫∫

R2N
f1(x) f2(x − y) f3(y) dxdy.

Then,

I( f1, f2, f3) ≤ I( f ∗
1 , f ∗

2 , f ∗
3 ). (5.20)

Moreover, if f2 is radially symmetric and strictly decreasing, then equality in (5.20)
holds only if f1(x) = f ∗

1 (x − y) and f3(x) = f ∗
3 (x − y) for some y ∈ R

N .

Now, we prove that every least energy Pohožaev minimizer of J is radially sym-
metric, up to a translation.

Proposition 13 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ (0, N ). Let f ∈ C0(R) be such
that ( f 1)-( f 3) hold. Assume that one of the conditions ( f 4), ( f 5), or ( f 6) holds.
Moreover, we assume that f is odd in R and has constant sign in (0,+∞). Then,
every least energy Pohožaev minimizer of J is radially symmetric with respect to some
point in R

N and is radially decreasing.

Proof Without loss of generality, we suppose that f ≥ 0 in (0,+∞). Arguing by
contradiction, assume that there exists a least energy Pohožaev minimizer u ∈ P forJ
which is not radially symmetric up to a translation. In light of Proposition 9, we may
assume that u > 0. Let u∗ be the symmetric rearrangement of u. From Propositions
10, 11, and 12, it follows that

‖u∗‖L2(RN ) = ‖u‖L2(RN ), [u∗]Hs (RN ) < [u]Hs (RN ) and F (u∗) ≥ F (u), (5.21)

which shows that P(u∗) < 0. Since P(u∗
t ) > 0 for t > 0 sufficiently small, there

exists τ1 > 0 such that P(u∗
τ1
) = 0. Combining (5.5), (5.21), and J(u) = cPO, we

deduce

J(u∗
τ1
) = 1

2
τ N−2s
1 [u∗]2Hs (RN )

+ ω

2
τ N
1 ‖u∗‖2L2(RN )

− τ N+α
1

2
F (u∗)
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<
1

2
τ N−2s
1 [u]2Hs (RN )

+ ω

2
τ N
1 ‖u‖2L2(RN )

− τ N+α
1

2
F (u)

= J(uτ1)

≤ J(u) = cPO,

hence J(u∗
τ1
) < cPO, which contradicts J(u∗

τ1
) ≥ cPO. The proof of Proposition 13 is

complete. ��
Proof of Theorem 4 The result is a consequence of (1.9), Proposition 9, andProposition
13. ��

6 Fractional Choquard equations with upper critical H-L-S exponent

In this section, we focus on (1.1) when f satisfies ( f 1)′-( f 3)′. Define g(t) := f (t)−
μ|t | N+α

N−2s −2t and G(t) := ∫ t
0 g(τ ) dτ . Then, g fulfills the following conditions:

(g1) limt→0
tg(t)

|t | N+α
N

= 0,

(g2) lim|t |→+∞ tg(t)

|t | N+α
N−2s

= 0,

(g3) G satisfies

– limt→+∞ G(t)

t
N+α

N
= +∞ when N > 4s,

– limt→+∞ G(t)

(t2 log t
1
s )

α+4s
8s

= +∞ when N = 4s,

– limt→+∞ G(t)

t
2s(N+α)
N (N−2s)

= +∞ when 2s < N < 4s.

For simplicity, we assume that μ = 1. Since (g1)-(g3) imply that ( f 1) and ( f 3)
hold, it is easy to check that J has a mountain pass geometry (note that (g3) ensures
that there exists t0 > 0 such that F(t0) 	= 0).Moreover, the conclusions of Proposition
6, Lemma 10, and Lemma 11 remain valid. In order to prove the existence of a least
energy solution to (1.1), we only need to give a suitable variant of Proposition 7. Due
to the presence of the upper critical H-L-S exponent, we provide an upper bound for
the mountain pass value cMP. For this end, as in [40], we consider ṽ(x) := κ(μ2 +
|x |2)− N−2s

2 with κ ∈ R \ {0} and μ > 0, v̄ := ṽ/‖ṽ‖L2∗s (RN )
, and v∗(x) := v̄(x/S

1
2s∗ ).

Let vε(x) := ε− N−2s
2 v∗(x/ ε). Observe that [vε]2Hs (RN )

= ‖vε‖2
∗
s

L2∗s (RN )
= S

N
2s∗ . Set

Vε := ϕvε, where ϕ ∈ C∞
c (RN ) is a cut-off function such that 0 ≤ ϕ ≤ 1 in R

N ,
ϕ = 1 in B1(0) and ϕ = 0 in Bc

2(0). Then, as ε → 0+, we have (see [40, Propositions
21 and 22]):

[Vε]2Hs (RN )
≤ S

N
2s∗ + O(εN−2s), (6.1)

‖Vε‖2
∗
s

L2∗s (RN )
= S

N
2s∗ + O(εN ), (6.2)
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‖Vε‖2L2(RN )
=
⎧⎨
⎩

Cs ε
2s +O(εN−2s) if N > 4s,

Cs ε
2s | log ε | + O(ε2s) if N = 4s,

Cs ε
N−2s +O(ε2s) if 2s < N < 4s,

(6.3)

for some Cs > 0. We also recall that (see [8, Lemma 4.6])

∫
RN

(Iα ∗ |Vε| N+α
N−2s )|Vε| N+α

N−2s dxdy ≥ AαC(N , α)S
N+α
2s∗ − O(ε

N+α
2 ). (6.4)

Let us now define Uε := Vε/‖Vε‖L2∗s (RN )
. Thus, (6.1), (6.2), and (6.3) yield, as

ε → 0+,

[Uε]2Hs (RN )
≤ S∗ + O(εN−2s), (6.5)

γ (ε) := ‖Uε‖2L2(RN )
=
⎧⎨
⎩

O(ε2s) if N > 4s,
O(ε2s(log( 1

ε
)) if N = 4s,

O(εN−2s) if 2s < N < 4s,
(6.6)

while (6.2), (6.4), and α ∈ (0, N ) imply

∫
RN

(Iα ∗ |Uε| N+α
N−2s )|Uε| N+α

N−2s dxdy ≥ AαC(N , α) − O(ε
N+α
2 ). (6.7)

Next, we collect some auxiliary lemmas.

Lemma 16 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ (0, N ). Let g ∈ C0(R) be such
that (g1)-(g3) hold. Then, there exists C1 > 0 such that, for all ε > 0 small enough,

−C1[γ (ε)] N+α
2N ≤

∫
RN

(Iα ∗ G(Uε))G(Uε) dx .

Proof Let G+ := max{G, 0} and G− := min{G, 0}. Using (g1), (g2), and (6.6), we
see that, for all ε > 0 small,

∫
RN

|G±(Uε)| 2N
N+α dx ≤

∫
RN

|G(Uε)| 2N
N+α dx ≤ C1

∫
RN

(|Uε|2 + |Uε|2∗
s ) dx ≤ C2.

(6.8)

On the other hand, due to (g1) and (g3), we can find C2 > 0 such that

G(t) ≥ −C2t
N+α

N for all t ≥ 0. (6.9)

In particular, G−(t) ≥ −C2t
N+α

N for all t ≥ 0. Employing Proposition 2 and (6.8),
we have, for all ε > 0 small,

∫
RN

(Iα ∗ G−(Uε))G
+(Uε) dx
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≥ −C2

∫∫
R2N

Iα(x − y)|Uε| N+α
N G+(Uε(x)) dxdy

≥ −C3‖Uε‖
N+α

N
L2(RN )

‖G+(Uε)‖
L

2N
N+α (RN )

≥ −C4[γ (ε)] N+α
2N .

Applying Fubini’s theorem, we deduce

∫
RN

(Iα ∗ G(Uε))G(Uε) dx

=
∫
RN

(Iα ∗ G−(Uε))G
−(Uε) dx +

∫
RN

(Iα ∗ G+(Uε))G
+(Uε) dx

+ 2
∫
RN

(Iα ∗ G−(Uε))G
+(Uε) dx

≥ 2
∫
RN

(Iα ∗ G−(Uε))G
+(Uε) dx

≥ −2C4[γ (ε)] N+α
2N .

The proof is now complete. ��
Lemma 17 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ (0, N ). Let g ∈ C0(R) be such
that (g1)-(g3) hold. Then,

lim
ε→0+

∫
Bε(0)

(Iα ∗ |Uε| N+α
N−2s )G(Uε) dx

[γ (ε)] N+α
2N

= +∞. (6.10)

Moreover, there exists C2 > 0 such that, for all ε > 0 small enough,

∫
Bc
ε (0)

(Iα ∗ |Uε| N+α
N−2s )G(Uε) dx ≥ −C2[γ (ε)] N+α

2N .

Proof From (6.2), there exists ε0 > 0 such that ‖Vε‖L2∗s (RN )
≤ K for all ε ∈ (0, ε0).

Hence, if ε ∈ (0,min{1, ε0}), we obtain

Uε(x) ≥ 1

K
Vε(x) = 1

K
vε(x) ≥ C0 ε

− N−2s
2 for all |x | < ε, (6.11)

for some C0 > 0. In view of (g3), for every fixed R > 0 there exists CR > 0 such
that, for all t ≥ CR ,

G(t) ≥

⎧⎪⎨
⎪⎩

Rt
N+α

N if N > 4s,

R(t2 log t
1
s )

α+4s
8s if N = 4s,

Rt
2s(N+α)
N (N−2s) if 2s < N < 4s.

(6.12)
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Take ε1 > 0 such that C0 ε
− N−2s

2
1 > CR . Then, for all ε ∈ (0,min{1, ε0, ε1}), we

have Uε(x) ≥ CR for all |x | < ε. Let ε2 > 0 be such that C0 ε
− N−2s

2
2 > 1, and

choose ε3 ∈ (0,min{C
1
s
0 , 1}) such that log(C0 ε

−s
3 ) ≥ s

2 log ε
−1
3 . Hence, for all ε ∈

(0,min{1, ε0, ε1, ε2, ε3}), (6.11) and (6.12) ensure that the following estimates hold:
When N > 4s, we derive

∫
Bε(0)

(Iα ∗ |Uε| N+α
N−2s )G(Uε) dx

≥ C1R ε− N+α
2 ε− (N−2s)(N+α)

2N

∫
Bε(0)

∫
Bε(0)

1

|x − y|N−α
dxdy

= C1R ε− N+α
2 ε− (N−2s)(N+α)

2N εN+α

∫
B1(0)

∫
B1(0)

1

|x − y|N−α
dxdy

≥ C2R ε
(N+α)s

N ;

When N = 4s, we find

∫
Bε(0)

(Iα ∗ |Uε| N+α
N−2s )G(Uε) dx

≥ C3R ε− 4s+α
2 (ε−2s log ε−1)

α+4s
8s

∫
Bε(0)

∫
Bε(0)

1

|x − y|4s−α
dxdy

= C3R ε− 4s+α
2 (ε−2s log ε−1)

α+4s
8s ε4s+α

∫
B1(0)

∫
B1(0)

1

|x − y|4s−α
dxdy

≥ C4R(ε2s log ε−1)
α+4s
8s ;

When N < 4s, we obtain

∫
Bε(0)

(Iα ∗ |Uε| N+α
N−2s )G(Uε) dx

≥ C5R ε− N+α
2 ε− s(N+α)

N

∫
Bε(0)

∫
Bε(0)

1

|x − y|N−α
dxdy

= C5R ε− N+α
2 ε− s(N+α)

N εN+α

∫
B1(0)

∫
B1(0)

1

|x − y|N−α
dxdy

≥ C6R ε
(N+α)(N−2s)

2N .

Combining the above estimates with (6.5), and since R > 0 was arbitrary, we arrive
at (6.10). Finally, (6.9), Proposition 2, and ‖Uε‖L2∗s (RN )

= 1 yield

∫
Bc
ε (0)

(Iα ∗ |Uε| N+α
N−2s )G(Uε) dx

≥
∫

Bc
ε (0)

∫
Bc
ε (0)

Iα(x − y)|Uε(y)| N+α
N−2s G(Uε(x)) dx
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≥ −C7

∫
Bc
ε (0)

∫
Bc
ε (0)

Iα(x − y)|Uε(y)| N+α
N−2s |Uε(x)| N+α

N dx

≥ −C8‖Uε‖
N+α

N
L2(RN )

‖Uε‖
N+α
N−2s

L2∗s (RN )

= −C8[γ (ε)] N+α
2N .

This finishes the proof. ��
Lemma 18 Let N ≥ 2, s ∈ (0, 1), ω > 0, and α ∈ ((N − 4s)+, N ). Let g ∈ C0(R)

be such that (g1)-(g3) hold. Define

c∗ := α + 2s

2(N + α)

(
N + α

N − 2s

) N−2s
α+2s

S
N+α
α+2s
H ,L .

Then, cMP ∈ (0, c∗).

Proof Observe that Proposition 2 and (6.6) imply that, for all ε > 0 small enough,

∣∣∣∣
∫
RN

(Iα ∗ F(Uε))F(Uε) dx

∣∣∣∣ ≤ AαC(N , α)‖F(Uε)‖2
L

2N
N+α (RN )

≤ C1

[
‖Uε‖2L2(RN )

+ ‖Uε‖2
∗
s

L2∗s (RN )

] N+α
N ≤ C2.

On the other hand, Lemmas 16 and 17 ensure that, for all ε > 0 small enough,

∫
RN

(Iα ∗ F(Uε))F(Uε) dx > 0. (6.13)

Applying Lemma 14, we can find a unique tε > 0 such that (Uε)tε ∈ P. In view of
Remark 5, we have that J((Uε)tε ) ≥ cPO ≥ cMP. Hence,

0 < cMP ≤ J((Uε)tε ) = t N−2s
ε

2
[Uε]2Hs (RN )

+ ω
t N
ε

2
‖Uε‖2L2(RN )

− t N+α
ε

2

∫
RN

(Iα ∗ F(Uε))F(Uε) dx,

and using (6.5), (6.6), and (6.13), we deduce that tε 	→ 0 and tε 	→ +∞ as ε → 0.
Consequently, there exist 0 < t1 < t2 < +∞ such that tε ∈ [t1, t2] for all ε > 0 small
enough. Combining this fact with (6.5), (6.7), Lemma 16, Lemma 17, and noting that,
by Lemma 3, it holds

max
t≥0

[
t N−2s

2
S∗ − t N+α

2

(
N − 2s

N + α

)2

AαC(N , α)

]
= c∗,
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we obtain

J((Uε)tε )

= t N−2s
ε

2
[Uε]2Hs (RN )

− t N+α
ε

2

(
N − 2s

N + α

)2 ∫
RN

(Iα ∗ |Uε| N+α
N−2s )|Uε| N+α

N−2s dxdy

+ ω
t N
ε

2
‖Uε‖2L2(RN )

− t N+α
ε

2

∫
RN

(Iα ∗ G(Uε))G(Uε) dx

− t N+α
ε

(
N − 2s

N + α

)∫
RN

(Iα ∗ |Uε| N+α
N−2s )G(Uε) dx

≤ t N−2s
ε

2
S∗ − t N+α

ε

2

(
N − 2s

N + α

)2

AαC(N , α) + O(εN−2s) + O(ε
N+α
2 )

+ ω
t N
2

2
γ (ε) − t N+α

1

(
N − 2s

N + α

)∫
Bε(0)

(Iα ∗ |Uε| N+α
N−2s )G(Uε) dx + C8[γ (ε)] N+α

2N

≤ c∗ + ζ(ε) − t N+α
1

(
N − 2s

N + α

)∫
Bε(0)

(Iα ∗ |Uε| N+α
N−2s )G(Uε) dx + C8[γ (ε)] N+α

2N ,

where

ζ(ε) := O(εN−2s) + O(ε
N+α
2 ) + ω

t N
2

2
γ (ε).

Now, since α ∈ ((N − 4s)+, N ), it follows from (6.6) that, as ε → 0+,

ζ(ε) =
⎧⎨
⎩

O(ε2s) if N > 4s,
O(ε2s(log( 1

ε
) + 1)) if N = 4s,

O(εN−2s) if 2s < N < 4s.

Therefore,

lim
ε→0+

ζ(ε)

[γ (ε)] N+α
2N

= 0.

Using this fact and Lemma 17, we conclude that, for ε > 0 small enough,J((Uε)tε ) <

c∗. As a result, 0 < cMP < c∗. The proof is now complete. ��
Next, we provide an analogue of Proposition 7 in the critical case.

Proposition 14 Let N ≥ 2, s ∈ (0, 1),ω > 0, andα ∈ ((N−4s)+, N ). Let g ∈ C0(R)

be such that (g1)-(g3) hold. Let (un) ⊂ Hs(RN ) be a sequence such that

(i) J(un) → c < c∗,
(ii) J ′(un) → 0 in H−s(RN ) and P(un) → 0 as n → +∞.

Then, up to a subsequence, one of the following alternatives holds:

(1) un → 0 in Hs(RN ) as n → +∞;
(2) there exist u ∈ Hs(RN ) \ {0} and a sequence (xn) ⊂ R

N such that J ′(u) = 0
and un(· − xn)⇀u in Hs(RN ) as n → +∞.
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Proof According to Lemma 10, (un) is bounded in Hs(RN ). Suppose that (1) is not
valid, namely,

lim inf
n→+∞ ‖un‖Hs (RN ) > 0. (6.14)

We start by showing that

lim inf
n→+∞ sup

x0∈RN
‖un‖L2(B1(x0)) > 0. (6.15)

Arguing by contradiction, we assume that, up to a subsequence,

lim
n→+∞ sup

x0∈RN
‖un‖L2(B1(x0)) = 0.

From Lemma 2, it follows that

un → 0 in Lq(RN ) for all q ∈ (2, 2∗
s ). (6.16)

Utilizing J(un) = c + on(1) as n → +∞, we know that

1

2
[un]2Hs (RN )

+ ω

2
‖un‖2L2(RN )

− 1

2

∫
RN

(Iα ∗ G(un))G(un) dx

− 1

2

(
N − 2s

N + α

)∫
RN

(Iα ∗ G(un))|un| N+α
N−2s dx

− 1

2

(
N − 2s

N + α

)∫
RN

(Iα ∗ |un| N+α
N−2s )G(un) dx

− 1

2

(
N − 2s

N + α

)2 ∫
RN

(Iα ∗ |un| N+α
N−2s )|un| N+α

N−2s dx = c + on(1),

(6.17)

while 〈J ′(un), un〉 = on(1) as n → +∞ yields

[un]2Hs (RN )
+ ω‖un‖2L2(RN )

−
∫
RN

(Iα ∗ G(un))g(un)un dx

−
∫
RN

(Iα ∗ G(un))|un| N+α
N−2s dx −

(
N − 2s

N + α

)∫
RN

(Iα ∗ |un| N+α
N−2s )g(un)un dx

−
(

N − 2s

N + α

)∫
RN

(Iα ∗ |un| N+α
N−2s )|un| N+α

N−2s dx = on(1).

(6.18)

By virtue of (g1) and (g2), for each fixed ε > 0 and r ∈ ( N+α
N , N+α

N−2s ), there exists
Cε,r > 0 such that

|g(t)t | 2N
N+α , |G(t)| 2N

N+α ≤ ε(|t |2 + |t |2∗
s ) + Cε,r |t | 2Nr

N+α for all t ∈ R. (6.19)
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Thus, using (6.19), the boundedness of (un) in Hs(RN ), and the fractional Sobolev
embeddings from Proposition 1, we see

‖g(un)un‖
2N

N+α

L
2N

N+α (RN )

,‖G(un)‖
2N

N+α

L
2N

N+α (RN )

≤C ′ ε+Cε,r‖un‖
2Nr
N+α

L
2Nr
N+α (RN )

for all n ∈ N.

Noting that 2Nr
N+α

∈ (2, 2∗
s ), it follows from (6.16) that un → 0 in L

2Nr
N+α (RN ), which

implies

lim sup
n→+∞

‖g(un)un‖
2N

N+α

L
2N

N+α (RN )

≤ C ′ ε,

and

lim sup
n→+∞

‖G(un)‖
2N

N+α

L
2N

N+α (RN )

≤ C ′ ε .

Since ε > 0 is arbitrary, we deduce

lim
n→+∞ ‖g(un)un‖

L
2N

N+α (RN )
= lim

n→+∞ ‖G(un)‖
L

2N
N+α (RN )

= 0. (6.20)

Now, applying Proposition 2, we have

∣∣∣∣
∫
RN

(Iα ∗ G(un))G(un) dx

∣∣∣∣ ≤ AαC(N , α)‖G(un)‖2
L

2N
N+α (RN )

for all n ∈ N,

and

∣∣∣∣
∫
RN

(Iα ∗ G(un))g(un)un dx

∣∣∣∣
≤ AαC(N , α)‖G(un)‖

L
2N

N+α (RN )
‖g(un)un‖

L
2N

N+α (RN )
for all n ∈ N,

which, together with (6.20), leads to

lim
n→+∞

∫
RN

(Iα ∗ G(un))G(un) dx = 0 = lim
n→+∞

∫
RN

(Iα ∗ G(un))g(un)un dx .

(6.21)

Employing (6.20), Proposition 2, and the boundedness of (un) in L2∗
s (RN ), we also

see

lim
n→+∞

∫
RN

(Iα ∗ G(un))|un| N+α
N−2s dx = 0 = lim

n→+∞

∫
RN

(Iα ∗ |un| N+α
N−2s )G(un) dx .

(6.22)
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Combining (6.17), (6.18), (6.21), and (6.22), we obtain

1

2
[un]2Hs (RN )

+ ω

2
‖un‖2L2(RN )

− 1

2

(
N − 2s

N + α

)2 ∫
RN

(Iα ∗ |un| N+α
N−2s )|un| N+α

N−2s dx

= c + on(1),
(6.23)

and

[un]2Hs (RN )
+ω‖un‖2L2(RN )

=
(

N − 2s

N + α

)∫
RN

(Iα ∗ |un| N+α
N−2s )|un| N+α

N−2s dx+on(1).

(6.24)

Let  ∈ (0,+∞) be such that

 := lim
n→+∞[un]2Hs (RN )

+ ω‖un‖2L2(RN )

= lim
n→+∞

(
N − 2s

N + α

)∫
RN

(Iα ∗ |un| N+α
N−2s )|un| N+α

N−2s dx .

By the definition of SH ,L , we have

SH ,L

(∫
RN

(Iα ∗ |un| N+α
N−2s )|un| N+α

N−2s dx

) N−2s
N+α

≤ [un]2Hs (RN )
≤ [un]2Hs (RN )

+ ω‖un‖2L2(RN )
for all n ∈ N,

which, along with (6.23), implies

 ≥
(

N + α

N − 2s

) N−2s
α+2s

S
N+α
α+2s
H ,L .

Since (6.24) gives
1

2

(
α + 2s

N + α

)
 = c,

we deduce that

c ≥ 1

2

(
α + 2s

N + α

)(
N + α

N − 2s

) N−2s
α+2s

S
N+α
α+2s
H ,L = c∗,

which is a contradiction. As a result, (6.15) is true. Therefore, up to a translation, we
may assume that

lim inf
n→+∞ ‖un‖L2(B1(0)) > 0. (6.25)
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Because (un) is bounded in Hs(RN ), we may assume that there exists u ∈ Hs(RN )

such that, up to a subsequence,

un⇀u in Hs(RN ),

un → u in Lq
loc(R

N ) for all q ∈ [1, 2∗
s ),

un → u a.e. in RN .

(6.26)

Thanks to (6.25) and (6.26), we see that u 	≡ 0. Finally, we check that J ′(u) = 0.
Utilizing (2.4) and the boundedness of (un) in L2(RN ) ∩ L2∗

s (RN ), we know that

(F(un)) is bounded in L
2N

N+α (RN ). Since F is continuous and un → u a.e. in R
N ,

we have that F(un) → F(u) a.e. in R
N . Thus, applying [45, Proposition 5.4.7], we

conclude that

F(un)⇀F(u) in L
2N

N+α (RN ). (6.27)

Combining (6.27) with Proposition 2, we find

Iα ∗ F(un)⇀Iα ∗ F(u) in L
2N

N−α (RN ), (6.28)

which yields

∫
RN

(Iα ∗ F(un)) f (u)ϕ dx →
∫
RN

(Iα ∗ F(u) f (u)ϕ dx . (6.29)

On the other hand, by Proposition 2, we have

∣∣∣∣
∫
RN

(Iα ∗ F(un))[ f (un) − f (u)]ϕ dx

∣∣∣∣
≤ C2‖[ f (un) − f (u)]ϕ‖

L
2N

N+α (RN )
for all n ∈ N.

(6.30)

Note that 2∗
s (

α+2s
N+α

) ∈ (1, 2∗
s ) due to α ∈ ((N − 4s)+, N ). Then, (6.26) ensures

that un → u in L2∗
s (

α+2s
N+α

)(supp(ϕ)). Thus, up to a subsequence, there exists w ∈
L2∗

s (
α+2s
N+α

)(supp(ϕ)) such that |un| ≤ w a.e. in supp(ϕ). Considering that

| f (t)| 2N
N+α ≤ C1(1 + |t |2∗

s (
α+2s
N+α

)) for all t ∈ R,

we see

|[ f (un) − f (u)]ϕ| 2N
N+α

≤ C2(1 + |un|2∗
s (

α+2s
N+α

) + |u|2∗
s (

α+2s
N+α

))|ϕ| 2N
N+α

≤ C2|ϕ| 2N
N+α + C2(|w|2∗

s (
α+2s
N+α

) + |u|2∗
s (

α+2s
N+α

))|ϕ| 2N
N+α ∈ L1(supp(ϕ)).
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Since f (un) → f (u) a.e. in RN , it follows from the dominated convergence theorem
that

∫
RN

|[ f (un) − f (u)]ϕ| 2N
N+α dx → 0 as n → +∞,

which, combined with (6.30), implies

∫
RN

(Iα ∗ F(un))[ f (un) − f (u)]ϕ dx → 0. (6.31)

In light of (6.29) and (6.31), we arrive at

∫
RN

(Iα ∗ F(un)) f (un)ϕ dx →
∫
RN

(Iα ∗ F(u) f (u)ϕ dx . (6.32)

Utilizing J ′(un) → 0 in H−s(RN ), (6.26), and (6.32), we obtain that 〈J ′(u), ϕ〉 = 0
for every ϕ ∈ C∞

c (RN ). Because C∞
c (RN ) is dense in Hs(RN ) (see Proposition 1),

we conclude that u is a weak solution to (1.1). ��
Proof of Theorem 5 It suffices to proceed as in the proof of Theorem 3 replacing Propo-
sition 7 by Proposition 14. If, in addition, we assume that g is odd in R and that

g(t)+μt
α+2s
N−2s ≥ 0 for all t ∈ (0,+∞), then we can argue as in the proof of Theorem

4 to deduce the sign and symmetry of least energy solutions to (1.1). ��

Funding Open access funding provided by Università Politecnica delle Marche within the CRUI-CARE
Agreement.

Declarations

Conflicts of Interest The author declares that he has no conflict of interest.

OpenAccess This article is licensedunder aCreativeCommonsAttribution 4.0 InternationalLicense,which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Ambrosio,V.:Multiplicity and concentration results for a fractionalChoquard equation via penalization
method. Potential Anal. 50(1), 55–82 (2019)

2. Ambrosio, V.: Concentrating solutions for a class of nonlinear fractional Schrödinger equations inRN .
1282 Rev. Mat. Iberoam. 35(5), 1367–1414 (2019)

3. Ambrosio, V.: Nonlinear fractional Schrödinger equations in R
N . Front. Elliptic Parabol. Probl,

Birkhäuser/Springer, Cham (2021)

123

http://creativecommons.org/licenses/by/4.0/


V. Ambrosio

4. Ambrosio, V.: On the uniform vanishing property at infinity of W s,p-sequences. Nonlinear Anal. 238,
113398 (2024)

5. Ambrosio, V.: The fractional Pohozaev identity in R
N . J. Geom. Anal. 35(9), 260 (2025)

6. Ambrosio, V.: Least energy solutions for nonlinear fractional scalar field equations: existence and
qualitative properties, submitted

7. Ambrosio, V.: The nonlinear fractional relativistic Schrödinger-Choquard equation, to appear in SIAM
J. Math. Anal

8. Ambrosio, V.: On a nonlinear fractional Choquard equation with critical growth, submitted
9. Berestycki, H., Lions, P.-L.: Nonlinear scalar field equations. I. Existence of a ground state, Arch.

Rational Mech. Anal. 82(4), 313–345 (1983)
10. Brézis, H., Kato, T.: Remarks on the Schrödinger operator with singular complex potentials. J. Math.

Pures Appl. (9) 58(2), 137–151 (1979)
11. Brézis, H., Lieb, E.H.: Minimum action solutions of some vector field equations. Comm. Math. Phys.

96(1), 97–113 (1984)
12. Brézis, H., Nirenberg, L.: Positive solutions of nonlinear elliptic equations involving critical Sobolev

exponents. Comm. Pure Appl. Math. 36(4), 437–477 (1983)
13. Cassani,D., Zhang, J.:Choquard-type equationswithHardy-Littlewood-Sobolevupper-critical growth.

Adv. Nonlinear Anal. 8(1), 1184–1212 (2019)
14. Cingolani, S., Gallo, M.: On some qualitative aspects for doubly nonlocal equations. Discrete Contin.

Dyn. Syst. Ser. S. 15(12), 3603–3620 (2022)
15. Cingolani, S., Gallo, M., Tanaka, K.: On fractional Schrödinger equations with Hartree type nonlin-

earities. Math. Eng. 4(6), 1–33 (2022)
16. Cotsiolis, A., Tavoularis, N.K.: Best constants for Sobolev inequalities for higher order fractional

derivatives. J. Math. Anal. Appl. 295(1), 225–236 (2004)
17. d’Avenia, P., Siciliano, G., Squassina, M.: On fractional Choquard equations. Math. Models Methods

Appl. Sci. 25(8), 1447–1476 (2015)
18. du Plessis, N.: Some theorems about the Riesz fractional integral. Trans. Amer.Math. Soc. 80, 124–134

(1955)
19. Elgart, A., Schlein, B.: Mean field dynamics of Boson stars. Comm. Pure Appl. Math. 60(4), 500–545

(2007)
20. Felmer, P., Quaas, A., Tan, J.: Positive solutions of the nonlinear Schrödinger equation with the frac-

tional Laplacian. Proc. Roy. Soc. Edinburgh Sect. A 142(6), 1237–1262 (2012)
21. Frank, R.L., Seiringer, R.: Non-linear ground state representations and sharp Hardy inequalities. J.

Funct. Anal. 255(12), 3407–3430 (2008)
22. Fröhlich, H.: Theory of electrical breakdown in ionic crystal. Proc. R. Soc. Edinb. Sect. A 160(901),

230–241 (1937)
23. Gao, F., Yang, M.: The Brezis-Nirenberg type critical problem for the nonlinear Choquard equation.

Sci China Math 61(7), 1219–1242 (2018)
24. Giacomoni, J., Goel, D., Sreenadh, K.: Regularity results on a class of doubly nonlocal problems. J.

Differential Equations 268(9), 5301–5328 (2020)
25. Jeanjean, L., Tanaka, K.: A remark on least energy solutions in R

N . Proc. Amer. Math. Soc. 131(8),
2399–2408 (2003)

26. Li, G.-D., Tang, C.-L.: Existence of ground state solutions for Choquard equation involving the general
upper critical Hardy-Littlewood-Sobolev nonlinear term. Commun. Pure Appl. Anal. 18(1), 285–300
(2019)

27. Lieb, E.H.: Existence and uniqueness of the minimizing solution of Choquard’s nonlinear equation.
Studies in Appl. Math. 57(2), 93–105 (1977)

28. Lieb, E.H., Loss, M.: Analysis, Graduate Studies in Mathematics 14. American Mathematical Society,
Providence, RI (1997)

29. Lieb, E.H., Yau, H.-T.: The Chandrasekhar theory of stellar collapse as the limit of quantummechanics.
Comm. Math. Phys. 112(1), 147–174 (1987)

30. Lions, P.-L.: The Choquard equation and related questions. Nonlinear Anal. 4(6), 1063–1072 (1980)
31. Luo, H.: Ground state solutions of Pohožaev type for fractional Choquard equations with general

nonlinearities. Comput. Math. Appl. 77(3), 877–887 (2019)
32. Ma, P., Zhang, J.: Existence and multiplicity of solutions for fractional Choquard equations. Nonlinear

Anal. 164, 100–117 (2017)

123



Remarks on the nonlinear fractional Choquard equation

33. Moroz, I.M., Penrose, R., Tod, P.: Spherically-symmetric solutions of the Schrödinger-Newton equa-
tions. Classical Quantum Gravity 15(9), 2733–2742 (1998)

34. Moroz, V., Van Schaftingen, J.: Groundstates of nonlinear Choquard equations: existence, qualitative
properties and decay asymptotics. J. Funct. Anal. 265(2), 153–184 (2013)

35. Moroz, V., Van Schaftingen, J.: Existence of groundstates for a class of nonlinear Choquard equations.
Trans. Amer. Math. Soc. 367(9), 6557–6579 (2015)

36. Moroz, V., Van Schaftingen, J.: Groundstates of nonlinear Choquard equations: Hardy-Littlewood-
Sobolev critical exponent Commun. Contemp. Math. 17(5), 1550005 (2015)

37. Moroz, V., Van Schaftingen, J.: A guide to the Choquard equation. J. fixed point theory appl. 19(1),
773–813 (2017)

38. Mukherjee, T., Sreenadh, K.: Fractional Choquard equation with critical nonlinearities. NoDEA Non-
linear Differential Equations Appl. 24(6), 63 (2017)

39. Pekar, S.: Untersuchung über die Elektronentheorie der Kristalle. Akademie Verlag, Berlin (1954)
40. Servadei, R., Valdinoci, E.: The Brezis-Nirenberg result for the fractional Laplacian. Trans. Amer.

Math. Soc. 367(1), 67–102 (2015)
41. Shen, Z., Gao, F., Yang, M.: Ground states for nonlinear fractional Choquard equations with general

nonlinearities. Math. Methods Appl. Sci. 39(14), 4082–4098 (2016)
42. Silvestre, L.: Regularity of the obstacle problem for a fractional power of the Laplace operator. Comm.

Pure Appl. Math. 60(1), 67–112 (2007)
43. Stinga, P.R.: User’s guide to the fractional Laplacian and the method of semigroups, Handbook of

Fractional Calculus with Applications. Vol. 2, 235–265. De Gruyter, Berlin (2019)
44. Willem, M.: Minimax Theorems, Progress in Nonlinear Differential Equations and their Applications,

24. Birkhäuser Boston Inc, Boston, MA (1996)
45. Willem, M.: Functional analysis. Cornerstones. Birkhäuser/Springer, New York, Fundamentals and

Applications (2013)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

123


	Remarks on the nonlinear fractional Choquard equation
	Abstract
	1 Introduction
	2 Preliminaries
	3 Regularity results and Pohožaev identity
	4 Existence of least energy solutions
	5 Qualitative properties of least energy solutions
	6 Fractional Choquard equations with upper critical H-L-S exponent
	References


