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Abstract
We analyze the following doubly nonlocal nonlinear elliptic problem:

(=A)Yu+ou = Iy * F)F'(u) in RY,
u € H'(RN),

where N > 2,5 € (0,1), o > 0, (—A)*® denotes the fractional Laplacian, I, is
the Riesz potential of order « € (0, N),and F : R — Risa Cl-nonlinearity of
Berestycki-Lions type, exhibiting subcritical or critical growth in the sense of the
Hardy-Littlewood-Sobolev inequality. By employing suitable variational techniques,
we investigate the existence and qualitative properties of least energy solutions.

Keywords Nonlocal operators (primary) - Choquard equations - Variational
methods - Qualitative properties of solutions

Mathematics Subject Classification 35R11 (primary) - 35B06 - 35B09 - 35B33 -
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1 Introduction

In this paper, we consider the following doubly nonlocal nonlinear elliptic problem:

{ (—A)Yu + owu = (Iy * F(u)) f(u) in RV, (LD

u € HS(RM),

where N > 2,5 € (0,1), w > 0, f : R — R is a continuous function satisfying
suitable growth conditions, and F(t) := fol f(r)dt. The Riesz potential I, : RV \
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{0} - R of order « € (0, N) is given by

)

Ay
Iy(x) .= —— where A, := T (g) N/2pa
2

|x|Nfuz

The fractional Laplacian (—A)* is defined for functions  : RN — R in the Schwartz
space S(RY) by the singular integral

@w(x) —u(y))

| Vs dy foral]xeRN,
x—y

(=AY u(x) = CN’SP.V./

RN
where P.V. denotes the Cauchy principal value and
s22s I"( N -i2-2s )

. .
7201 —s)

CN,s =

Equivalently, (—A)® admits the Fourier representation
F((—A) u) (&) = |E|¥ Fu€) forallé e RV,

Fractional and nonlocal elliptic operators have been the subject of extensive study in
recent years, owing to both their rich theoretical structure and their broad range of
applications in fields such as mathematical finance, fluid mechanics, fractional quan-
tum mechanics, plasma physics, image processing, and biological invasion models;
see [3] and the references therein.

As s — 17, the equation in (1.1) reduces to the following nonlinear Choquard
equation:

— Au+wu = (I * F(u)) f ) in RV, (1.2)

which arises in various contexts of mathematical physics. For N =3, w = 1, F(u) =
%, and o = 2, equation (1.2) simplifies to the classical Choquard-Pekar equation:

2
—Autu= (12*%>uinR3, (1.3)

which was originally introduced in the works of Frolich [22] and Pekar [39] to model
the quantum mechanics of a polaron at rest. In an approximation of the Hartree-Fock
theory for a one-component plasma, Choquard used (1.3) to describe an electron
trapped in its own hole [27]. Equation (1.3) is also known as the Schrédinger-Newton
equation in the context of self-gravitating matter [33].

From a mathematical point of view, several contributions to Choquard equations
have been established via variational methods. In [27], Lieb proved the existence
and uniqueness (modulo translations) of the least energy solution to (1.3). Lions [30]
obtained the existence of infinitely many radially symmetric solutions to (1.3). Later,
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Remarks on the nonlinear fractional Choquard equation

Moroz and Van Schaftingen [34] investigated the existence, regularity, sign, symmetry,
and decay of least energy solutions to (1.2) when N > 3, o« € (0, N), w = 1, and

F(u) = |“| with
N+a N+ao
pe (Tm)
N+a

The endpoints and N N5 correspond to the extremal exponents of the Hardy-
Littlewood- Sobolev inequality [28], often called the lower and upper critical H-L-S
exponents, respectively. In [35], the same authors studied the existence of least energy
solutions for (1.2) when f satisfies the following Berestycki-Lions type conditions

[9]:

(F1) there exists Co > 0 such that |¢f(¢)| < Co(|t| —|— [7] e 2) forallt € R,

(F2) lim, o 59 = 0 and lim;| 4 00—tk = 0,
|;\T |,|m

(F3) there exists tgp € R\ {0} such that F(zp) # 0.

Additionally, if f is odd and has constant sign in (0, +00), they showed that all
least energy solutions are sign-definite and radially symmetric. These works deal with
subcritical nonlinearities. In the critical case, the authors in [36] examined the existence
and nonexistence of solutions to

—Au+ V()u = Iy [ul VY u|¥ " uin RV,

where N > 3 and V e L*(R") is a non-constant external potential satisfying
appropriate assumptions. Gao and Yang [23] established a Brezis-Nirenberg type result
[12] for a critical Choquard problem in a bounded domain. Cassani and Zhang [13]
used the monotonicity trick and a decomposition technique to prove the existence of
a least energy solution to (1.2) under the following assumptions on f:

(h1) lim, o+ L2 =0,

(h2) 1im;— 40 ﬁg =1,
tN-2s
(h3) there exist w > O and g € (2, N+"‘) such that f(r) > t?’Jr2 + 91 for all
t > 0.

Condition (h3) ensures that f exhibits upper critical H-L-S growth. Using an approx-
imation argument, Li and Tang [26] considered more general upper critical H-L-S
nonlinearities f fulﬁlling the following conditions:

(k1) l1mtﬁ0+ a —0
(k2) Tim; 4o L,=mem+w>
tN=2
(k3) F sat1sﬁes
=2 N
— lim; s 400 % = 400 when N > 4,

TN
5 44a
F(t)—lmmf 2

o t)% = 400 when N =4,
og

= lim/— 400
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F(O)—pogigt**®

— lim;— 40 e = +oo when N = 3,
3

t

(k4) f is odd in R and has constant sign in (0, +00).

For further developments, generalizations, and applications of Choquard equations,
we refer the reader to the survey [40].

On the other hand, fractional Choquard equations have attracted significant attention
over the past decade due to their applicability in modeling various physical phenom-
ena, notably the gravitational collapse of boson stars; see [19] and [29]. Note that the
presence of two nonlocal terms-the fractional Laplacian and the Riesz potential-entails
substantial analytical challenges that distinguish these problems from their classical
counterparts. In this context, d’ Avenia et al. [17] investigated the existence and quali-
tative properties of least energy solutions to (1.1) when N > 3,5 € (0, 1), € (0, N),
and f(u) = |ulP~2u with p € (252, 24L). Shen et al. [41] studied (1.1) with a
more general subcritical nonlinearity f; see also [14, 15, 31] for further advances. In
[1], the author examined the multiplicity and concentration of positive solutions for
a nonlinear fractional Choquard equation. Giacomoni et al. [25] focused on the regu-
larity of weak solutions for a class of doubly nonlocal problems in bounded domains.
The existence and qualitative properties of least energy solutions for a fractional rel-
ativistic Choquard equation were analyzed in [7]. In the critical regime, Mukherjee
and Sreenadh [38] established existence, nonexistence, and regularity results for a
Brezis-Nirenberg type fractional Choquard problem in a bounded domain. Ma and
Zhang [32] studied the existence and multiplicity of weak solutions to

(=AY u+ WV (x) — By = (I % |u] F-55 ) [u| V=5 2y in RV,

where V € CO(RN ) satisfies suitable conditions, B8 > 0 is sufficiently small, and
A > 0 is large. More recently, the existence of least energy solutions to (1.1) with
upper critical H-L-S nonlinearities was obtained in [8].

In this paper, motivated by [7, 8, 26, 35], we aim to improve and extend existing
results in the literature concerning the nonlocal problem (1.1). In particular, we inves-
tigate the existence and qualitative properties of least energy solutions to (1.1) under
the assumption that the nonlinearity f exhibits either subcritical or critical growth. We
begin with the subcritical case. Suppose that f : R — R is continuous and satisfies
the following conditions:

(fD) limsup,_, l‘j’@ < 400 and lim supy,_, | l'T’;,y(i)g‘ < +00,
t t —z8

(f2) lim; g F& =0and lim|,‘_,+oo I& =0,

ol ¥ Jr| V=2

(f3) there exists tp € R\ {0} such that F'(#p) # O.

Since we seek weak solutions to (1.1), we recall that u € H*(R") is a weak solution
to (1.1) if

Cn.s ) = u()(Px) = p(y))
2 /fRZN |x — y|N+2s dXdY‘f‘w/RNu(bdx
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= /N(Ia * F(u) fwedx forall¢p € HS(RV).
R

Our first main result address the regularity of weak solutions to (1.1). Hereafter, we
use the notation C? (RV) := ClYLy=lYI(RN) for all y € (0, +00) \ N.

Theorem1 Let N > 2,5 € (0,1), w > 0, and o« € (0, N). Let f € CO(R) be such
that (f'1) holds. Assume that one of the following conditions holds:

(f4) s € [% 1) and f € Cl()of(R)for some o € (0, 1],
(f5) s € (;11, %), ae(l—2s,N),and f € Cloo’f(R)forsomea € (IESZS, 1],
(f6) s € (0, %), ae€(0,1),and f € Cloo’g(]R)forsomeo e (1—2s,1].

Letu € HS(RY) be a weak solution to (1.1). Then:

—ueLP@RN) forall p € [2,+00].

— u e CHYRN) for some 6 € (0, 1).

— u is a classical solution to (1.1), that is, u € H*RN) N C*+eRN) for some
e € (0,14 [2s] — 25), and u satisfies (1.1) pointwise.

Moreover, if the following condition near the origin in (f1) holds:

tf(t
lim sup L0l < 400, (1.4)
t—0 |t|2
then there exists C; > 0 such that
1
@) < oo forallx € RV, (1.5)

To prove Theorem 1, we first employ a nonlocal Brezis-Kato-type argument [10,
35] to show that every weak solution u to (1.1) belongs to L” (RM)Y for all p €
[2, %22‘); see Proposition 3. This fact, together with Young’s inequality, implies that
I, * F(u) € L®°(RN). Hence, u is a weak solution to (—A)’u + wu = g(x, u) in
RV, where |g(x,u)] < C(1 + |u|""") for some r € [I, 2% — 1]. We then utilize
properties of the kernel oy := ((—A)* + 1)~ to deduce that u € L®(RN); see
Proposition 4. We emphasize that our proof of the boundedness of weak solutions
differs from classical approaches in the literature, which typically rely on Moser or
De Giorgi iteration techniques; see [3]. Finally, by applying the Schauder estimates
for the fractional Laplacian from [42, 43] and using the local Holder regularity of f,
we obtain the desired regularity result.

In light of Theorem 1 and an integration by parts formula established in [5], we
show that every weak solution to (1.1) satisfies a PohoZaev-type identity.

Theorem2 Let N > 2,5 € (0,1), w > 0, and o« € (0, N). Let f € CO(R) be such
that (f1) holds. Assume that one of the conditions (f4), (f5), or (f6) holds. Let
u € H'RY) be a weak solution to (1.1). Then u satisfies the following PohoZaev
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identity:

Cn.s lu(x) — u(y)|? Nw
Pu) = (N — 2)//Rzzv SNTEED dxdy+T/RNu2dx

<N+a

(1.6)

)/ (Iy % F(u))F(u) dx = 0,

where P : H*(RY) — R is called Pohozaev functional.

We next focus on the existence of weak solutions to (1.1). Consider the energy
functional 7 : H*(R") — R associated with (1.1):

Cns lu(x) — u(y))? w/ )
= dxdy + — d
Sy == //RN TR A

- %/ (I % F(u))F(u)dx forallu € H*(RY).
RN

By virtue of (f1), the fractional Sobolev embeddings, and the Hardy-Littlewood-
Sobolev inequality, it is standard to verify that 7 € C L(HS(RY), R) and that its
critical points correspond to weak solutions of (1.1). Moreover, assumptions (f 1) and
(f3) ensure that 7 exhibits a mountain pass geometry (see Lemma 9), allowing us to
define the mountain pass level

= inf t 1.7
cMmp ;321*;2}3’?1‘7(7/())’ (1.7)

where
=1{y € C°([0, 1], H*RM)) : y(0) = 0and J(y(1)) < 0}. (1.8)

By constructing a bounded Palais-Smale sequence at level cpp that asymptotically
satisfies the PohoZaev identity (1.6) (see Proposition 6 and Lemma 10), and applying
a concentration-compactness-type argument in H*(RY), we establish the existence
of a weak solution to (1.1). To confirm that it is a least energy solution, we use the
Pohozaev identity to build an optimal path (see Lemma 11), thereby showing that the
least energy level coincides with cyp. We say that u € H*(RV) \ {0} is a least energy
solution to (1.1) if J'(u) = 0 and J(u) = cLg, where the least energy level c g is
defined by

CLE ‘= inf j(u),
uesS

and

S = !u e H'RV)\ {0} : J'(u) = 0}.

Our third result can now be stated as follows.
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Remarks on the nonlinear fractional Choquard equation

Theorem3 Let N > 2,5 € (0,1), w > 0, and ¢ € (0, N). Let f € CO(R) be such
that (f1)-(f3) hold. Assume that one of the conditions (f4), (f5), or (f6) holds.
Then there exists a least energy solution u € H* (RN 10 (1.1). Moreover,

CLE = CMP = CPO, (1.9)
where
cpo = inf{Jw)| u € P}, (1.10)
and P is the PohoZaev manifold defined by
P={uec H ®RY)\{0}: P(u) = 0}.

Throughout the paper, we refer to u € H*(R") \ {0} as a least energy PohoZzaev
minimizer for Jifu € Pand J(u) = cpo. By analyzing the sign and symmetry of least
energy PohoZaev minimizers for 7 and leveraging the identity (1.9) (see Propositions
9 and 13), we deduce the following qualitative properties of least energy solutions to

(1.1).

Theorem4 Let N > 2,5 € (0,1), w > 0, and o« € (0, N). Let f € COY(R) be such
that (f1)-(f3) hold. In addition, we assume that f is odd in R and has constant sign
in (0, +00). Assume that one of the conditions (f4), (f5), or (f6) holds. Then every
least energy solution u € H*(RN) of (1.1) has constant sign, is radially symmetric
with respect to some point in RN and is radially decreasing.

Finally, we investigate (1.1) in the case where f is a general upper critical H-L-S
nonlinearity. In this setting, we prove the following result.

Theorem5 Let N > 2,5 € (0,1), w > 0, and o € (N —4s)4, N). Let f € CO(R)
satisfy the following conditions:
(f1)" lim,_ o 252 =0,
[t] N i
(f2)° limyy s oo 52 = 1 € (0, +00),

‘1|N—2x

(f3)’ F satisfies

) N=2s II\IVL;
. F(t)—pu(N=25 ) N=2s
— limys oo ———F2—— = +00 when N > 4s,

t N

4st+a
. F)—p(2)t B
- lim/, 4 T = +0oo when N = 4s,
(tzlogt?) 8s
N+a
. F()—p(R2)i N=2
= limi oo ——F5 31— = too when2s < N < 4s.
+ N(N=25)

Assume that one of the conditions (f4), (f5), or (f6) holds. Then, there exists
a least energy solution u € H*(RN) to (1.1). If. in addition, f is odd in R and has
constant sign in (0, +00), then every least energy solution to (1.1) has constant sign,
is radially symmetric with respect to some point in RN, and is radially decreasing.
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The proof of Theorem 5 proceeds via the variational strategy used in the subcritical
case. However, the presence of a general upper critical H-L-S nonlinearity requires
a more refined analysis to implement a concentration-compactness-type argument.
A key step in our approach is deriving an upper bound for the mountain pass level
cMmp, Which we obtain by employing truncated extremal functions and establishing
sharp estimates on the nonlinear Choquard term; see Lemmas 16, 17, and 18. We note
that assumption (f3)’ plays a crucial role in achieving these estimates. In contrast
to the method used in [26], our approach does not rely on subcritical approximation
functionals. Instead, we work directly with the energy functional 7 in the fractional
Sobolev space H* (RY), and our strategy also applies to the case s = 1. Consequently,
we extend and improve upon the results in [8, 13] by covering a broader class of upper
critical H-L-S nonlinearities.

The paper is organized as follows. In Section 2, we collect some preliminary results.
In Section 3, we study the regularity of weak solutions and derive a Pohozaev-type
identity. In Section 4, we prove Theorem 3. Section 5 focuses on the qualitative prop-
erties of least energy solutions to (1.1). Finally, Section 6 deals with the critical case
and contains the proof of Theorem 5.

2 Preliminaries

We begin by fixing the notation. Let s € (0, 1) and N > 2s. We consider the fractional
Sobolev space

H*(RN) := {u € L*(RN): /RN €12 | Fu(8))? dE < +oo}

equipped with the norm

1

2 2 2
lull s vy := ([RN(EI T DI|Fu®)] d&)

Setting
1

2 2 2
(] s mvy == (/RN €1 | Fu (&) dS) ,

and noting that (see [3, formula (1.2.2), p. 7])

Cn.: |u(x) — u(y)|?
2 _ ,S s mN
]y vy = > /AZN P =T dxdy forallu € H*(RY),

we deduce
Cnys // |u(x) — u(y)|? / )
dxd d
”Ml'Hs(RN) RZN |X—y|N+2S X y+ ]RNM X
forall u € H® (]RN).
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Remarks on the nonlinear fractional Choquard equation

Evidently, H*(R") is a Hilbert space with the inner product

Cn.s (u(x) —u(y))(v(x) —v(y))
(u,v)H.V(RN) = ;] //Rzzv i |Ziy|ll)vf2s oy dxdy+/RNuvdx

for all u, v € H*(R").

Let us define D“’z(RN ) as the completion of CSO(RN ) with respect to [-] Hy (RN We
recall that the following fractional Sobolev inequality holds (see [16, Theorem 1.1]):

S*||u||iZ§(RN) < [wl}, @y, forallue DRV, (2.1
where 5
Sy 1= in [M]HS(RN)
¥ = 1 —
ueD“2(RN) ||u||L2§‘(RN)
and 2} := Nz_st is the critical fractional Sobolev exponent. The best constant Sy is
given explicitly by
2s
N2 NN
Sy = 22S7TSF( ) | I .
r=2y | I'(N)

Then, the space D* 'Z(RN ) can also be characterized as
D2RN) = |u e LXRY) : [ulgs gy < +oo}.

Put

Cy s — _
(, V) pe g, = ;r /A‘w (u(x) —u(y))(v(x) v(y))dxdy

lx — y[N+2
for all u, v € DV(RY).

Thus, we can write
(U, V) s @y = (U, V) ps2 gy + (U, V) 2y forallu, v e H (RY).

The next results are well known.
Proposition 1 [3, Theorems 1.1.7 and 1.1.8] Let N > 2 and s € (0, 1). Then:

- HS®RY)is continuously embedded in LP (RM) forall p € [2,2¥] and compactly
embedded in L, (RV) forall p € [1,2}).

— CX(RYN) is dense in H* (RV).
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Lemma1 [6, Lemma 2.1] Let N > 2, s € (0,1), and t € [2,2}). Then there exists
C =C(N,s,t) > 0 such that

2
B

1—
”“”tLt(RN) <C < sup ”u”L’(Bl(xo))> ”M”2 S(RN) forallu € HS(RN)-

oeRN

Lemma?2 /3, Lemma 1.4.4] Let N > 2 and s € (0, 1). Let (u,) C H*(RN) be a
bounded sequence such that

lim sup f lun|? dx =0,
Br(y)

n——+o0o yeRN

for some R > 0 and p € [2,2}). Then, u, — 0in L1(RN) for all q € (2,2}).

In view of the presence of the Choquard term, we recall the celebrated Hardy-
Littlewood-Sobolev inequality.

Proposition 2 [28, Theorem4.3] Letr,t € (1, +00) anda € (0, N)with 1/r+1/t =
14+ a/N. Let g € L' RNy and h € L'(RN). Then, there exists a sharp constant
C(N,a,r) > 0, independent of g and h, such that

g(Oh(y)
V/RN Tx =y X

In particular, ifr =t = N +a, then the sharp constant is given by

= CIN, a, D)Igllr@wmy 1l pr vy (2.2)

o

_ xe T [T
C(N,a):=m —F(%) |:F(N):| .

In this case, equality holds in (2.2) if and only if h = (constant)g and

A
Y2+ Ix —al

gx) =

forsome A € C,y € R\ {0}, and a € RV.

Remark 1 From Proposition 2, we derive thatif g € (1, %), then forevery v € L1(RN)

N N
we have I, % v € LV (RN). Furthermore, the map I, : L1(RV) — L N=aq RN is
a bounded linear operator and

1y xv] ng <CN,o, @) lvlpagy, forallve L9(RM).
L N—aq (]RN)
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Let us now define

2
LeTs vy

SH,L = inf
ueD*2(RN)\{0} (

N-2s *

N+a N+ta N
S U 1l V50l F55 )

The following useful result holds.
Lemma3 [8, Lemma 2.1] The constant Sy 1. is achieved if and only if

N-2s
b 7
—c(—0—") .
e <b2 T Ix —a|2)

for some C > 0, a € RY, and b > 0. Furthermore,

S
N-2s °
(C(N, 0)Ag) N¥e

SH.L =

By (f1), we know that there exist Cy, C2 > 0 such that

1F(O] < Cr(lt]¥ + 11|75 forallr € R, 2.3)

N+ta N+a
|F(t)] < Ca(jt] ¥ +[¢t|¥=2) forallr € R. (2.4)

Define .% : H*(R"Y) — R by setting
F(u) = /RN(Ia * F)F(u)dx forallu € H*(RY).
Clearly, (2.3), (2.4), and Proposition 2 imply that .% € C Y'(H(RN), R) and
(F'(w), v) = /RN(I“ « F(u)) f(u)vdx forallu,v e H*(RY).

Moreover, for all u, v € HS(RY), we have the following estimates:

N+a

2 : N

F @] < CNIF@IE oy = C (Il + s ) o 29
and
ol
F @)l < CNIF@I . I F@l
" 2 S

<O (g, Tl ) ™ (W, 1 ) T Mol

(2.6)
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Finally, we prove a key convergence result for the nonlinear Choquard term.

Lemma4 Let N > 2,5 € (0,1), and a € (0, N). Let f € CO(R) be such that (1)

holds. Let (uy,) be a bounded sequence in H* (RN). Assume that, up to a subsequence,
u,—u in H*(RV),

RN forall g € [1,2F), 2.7

U, — u ae.in RV,

Up —> U in L;’DC

Then, for all ¢ € H*(RV),
/ (Io * F(un)) f(un)p dx — / (Ig % F(u)) f (w)p dx.
RN RN

Proof Utilizing (2.4) and the boundedness of (u,) in L2(RY) N L= (RN), we know
2
that (F (u,)) is bounded in L¥+a (RM). Since F is continuous and u,, — u a.e.in R,

we have that F(u,) — F(u) a.e. in RY. Thus, applying [45, Proposition 5.4.7], we
deduce that
. 2NN
F(uy,)—F(u) in L+ (RY). 2.8)
Combining (2.8) and Proposition 2, we find
2Ny
Iy % F(up)—1y % F(u) in L¥-a (R™). 2.9)

On the other hand, (2.3), (2.7), and the dominated convergence theorem yield

fun) — f@) in L) (RY) forall p e [1, ) . (2.10)
o¢ o+ 2s
In light of (2.9) and (2.10), we obtain
(T (un), @) — (F'(w), ) forall g € C°RN). (2.11)

Take ¢ € H*(RV). Because cx (RV) is dense in H*(R") (see Proposition 1), there
exists (¢;) C CfO(RN) such that [|¢; — @l s vy = 0 as j — +o0. Note that (2.6)
and the boundedness of (u,) in H*(R") imply that

(T un) = F W), ¢ —9))| < C3ll¢ — @jllgsny forall jneN.  (212)

Fix ¢ > 0. Then there exists jp € N such that

€
lejo — @llgs@myy < 26, (2.13)
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In view of (2.11), we may select ngp € N such that

HF (un) — F (), 0j)| < for all n > ny. (2.14)

NSRS

Combining (2.12), (2.13), and (2.14), we conclude that

[(F (n). @) = (F'(w). )|
< [(F'wn) = F ). @jo)| + [(F (un) = F'(w). ¢ — @jy)| < & foralln = no.

The proof is now complete. O

3 Regularity results and Pohozaev identity

We start by proving a Brezis-Kato-type estimate [10].

Lemma5 Let N > 2 and s € (0,1). Let V€ L®(RN) + L%(RN). Then, for every
& > 0 there exists Co > 0 such that, for every v € H® (RN),

/RN VIvl* dx < &7 [v]5, gy + Cellvl 72y

Proof We argue as in [10, Lemma 2.1]. Write V = V| + V, with V| € L®(RN) and
V, e L% (RM). Applying Holder’s inequality and (2.1), we have, for all n € N,

[ VP dx < Wil sy 40 [ P [ vajuPds
RN {IV2]<n} {IV2|>n}

< (Vi + IV, + V2l g 0

< Vil + w02, + SN2l g T

Fix ¢ > 0. Since V, € L% (RV), we can choose n large enough so that

- 2
b <é&”.
” ”L2 ({IV2|>n})

The proof is complete. O
Remark2 More generally, in the proof of Lemma 5, we use the following fact: if
Ve LP(RV)+LI(RN)withl < ¢ < p < +ooandV = Vi+Vz, whereV; € LP(RN)
and V, € L2(RYM), then for each fixed ¢ > 0, we can write V = V| + Vo, with
Vi = Vi + Vaxy,<n, € LPRY), Vo := Voxvysn, € LI(RY), and n, € N such
that ||V2||Lq(RN) <e.

The lemma below is proved in [35].
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Lemma 6 [35, Lemma 3.3] Let q,r, t,t € [1, +00) and A € [0, 2] such that

o I 1 1 2—-A

If 0 € (0, 2) satisfies

. <a 1) ( 1)
min(g,r) | — — =) <6 <max(q,r)(1— =],
N 1 T
. o 1 "_p | 1
min(g, r) (ﬁ - ;) <2-0< max(%r)( - ;)

then for every H e L*(RN), K € L'(RN), and v € L1(RV) N L" (RN),

/ (L (HI")KIOPP ™ dix < ClIHI Ly 1K e oy e g oy 015 G-

We now establish a nonlocal counterpart of Lemma 5.

Lemma7 Let N > 2,5 € (0,1), anda € (0, N). Let 6 € (7,2 — §) and H,K €

L% RN + L@ (RN). Then, for every & > 0 there exists Cc g > O such that, for
every v € H*(RN),

/R Uk IO DKP dx < 008 g, + Co 01 g

Proof We adapt the proof of [35, Lemma 3.2]. Fix v € HS (RM). LetH := H; + H,
2N

and K := K; + Ko with Hy, K; € L% (RV) and Ho, Ko € L@+ (RV). Next, we apply

Lemma 6 With suitable choices of ¢, r, 7, ¢, and A. More precisely, taking g = r = 27,

T=t= +2 —=——,and A = 0, we obtain

Z 2-9
/RN(Ia*(Hzlvl DKo dx = C1”H2”La“’ IIKzllLﬁ(RN v IILZ &Y'

3.1

Whent =1t = %TN,qzr=2,and)\=2,weﬁnd

(4 2—-0
/RN(Ia * (Hifu Ko7 dx < CoflHill oy o 1Ko 20 RN)IIvlle(RN) (3.2

2N

Choosing r = =~, 7 = ,g=2,r=2% and A = 1, we deduce

a+Zs

/ (L * (Halo")Ky [v]2~° dx
RN (3.3)

=< C3I|H2||La2 ”Kl”LM(RN)”U”LZ(RN)”U”LZj‘(RN),
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Remarks on the nonlinear fractional Choquard equation

and with T = b= a+2s

,g=2,r=2%and X =1, we see

/ (I * (Hiv|")Ka v~ dx
(3.4)

< CallHull 23 g 1K, 2 02 1012 v

Combining (3.1), (3.2), (3.3), and (3.4), and utilizing (2.1), we infer that

/ (I % (Hv|!)K[v|* 70 dx

= Cs|[Ha|l j(w)llelle(]RN)[ ]HY(RN)

+ CallHul 2 o 1K 28 g 012,

+ Cg (||H2|| (RN)”KI IILLN(RN) + “HIHLZN(RN)”KzuL+2(1RN))

X ||U||L2(RN)[U]HS(RN)-

Fix ¢ > 0. In view of Remark 2, we may choose H, and K; such that

38

&
Cs||H K < —.
sliFbll, Ko, 2y <

Applying Young’s inequality, we have

Ce (IIHzllLaz ||K1|I v o FIHLE 2v Kl oy )

L@ (RN) L @) s )
e o 2
X ||U||LZ(RN)[U]HS(RN) = ?[U]HS(RN) + C€”U”L2(RN)‘

Taking the above facts into account, the assertion follows. O
Next, we provide a useful regularity result for a class of nonlocal linear equations.

Proposition3 Let N > 2, s € (0,1), and € (0, N). Let H,K € LzTN(RN) +
2N
La+5 (RV) and V e L®(RN) + L% (RN). Let u € H*(RN) be a weak solution to

(—A)’u + wu = (Iy * (Hu)K + Vu in RN

Then, u € LP(RN) forall p € [2, gZ;"). Furthermore, there exists a constant Cp, > 0
independent of u such that lullpr@yy < Cpllull2@n).

Proof Write H := Hy + Hy and K := K; + Ky with Hy K| € L% (RY) and Hy, K; €

La+2s RM), and V := V; + V, with V| € LOO(]RN) and V, € L2v (RN) Applying
Lemma 5 to V : = |Vi| + |V2| with ¢ = 5, and Lemma 7 to H - = |H{| + |H2|
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and K := |K{| + |Ko| with ¢ = % and & = 1, we can find A| := ZC% > 0 and
Ay = ZC% 1 > 0such that, for every v € H‘Y(RN),

VP dx < S0Py w4+ 202
RN =4 E @Y T TILRY) (3.5)

I * AoDRI| dx < (P2 22 o2
]RN(Q* |U|) |U| 'x—Z[U]HS(RN)_i_?”v”LZ(RN)'

For every function ¢ (x) and for all n € N, we set

n if g(x) > n,

q"(x) =1 q(x) iflg(x)| <n,
—n ifgx) < —n.

Foralln € N, let H, := Hy 4+ H}, K, := K| + K}, and V,, := V| + V3. Note that
(H), (Ky) © L% (RY) and (V,)) € L®(RY) satisfy

Ho| < H, |Ky| <K, |Vu| <V foralln € N,

(3.6)
Hn - Hv Kn — K, Vn — V a.c. iIl RN

Put A := A; + Ay. For each n € N, we consider the bilinear form a,, : HS (RN) X
H*(RY) — R defined by

an(@, ¥) = (o, w>DS’2(RN) + Mo, w)Lz(RN) - /RN (I * (Hn(/)))andx

—f Voo dx forall g, ¢ € H*(RY).
RN

By Proposition 2, we know that a,, is a continuous form on H* (RN ). Furthermore, a,
is coercive because (3.5) and (3.6) guarantee that, for all ¢ € H*(R"),

2 2 1 2 A 2
an((/), §0) > [(p]Hs(]RN) +)‘||(p||L2(RN) - §[¢]H°(RN) - E'l(p”LZ(RN)

1 2 A 2
= E[w]HS(RN) + §||(/)||L2(RN)

v

.
5 ML A9 13 vy = Coll@llTys v 3.7

Then we can apply the Lax-Milgram theorem to a, and . € H~*(R") defined by
ZL(p) = (—w + 1) (u, ) 12gN), to infer that there is a unique u, € H® (RM) such
that

an(n, 9) = L(¢) forall g € H RY). (3.8)
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Hence, u, is the unique weak solution to
(=) up + Mty = (I * (Hyun))Ky + Vit + (=0 + 2u in RN, (3.9)

Choosing ¢ = u, in (3.8), and employing (3.7), Holder’s inequality, and Young’s
inequality, we have

Colltn 1 Fye gy < @t tn) = & ()

IA

(@ + M) llunll s @y lull 2wy

Co, (@+1? 5
< 7””"” ‘Y(RN)+W||M||L2(RN)’

which implies that, for C1 := %+* > 0, it holds

sup ”un”H-Y(]RN) < C] ”M”LZ(RN). (310)
neN

As a result, (u,) is bounded in H*(R"). Up to a subsequence, we may assume that
there exists # € H*(R") such that

up—i in H*(RY),
U, — U in L?OC(]RN) forall g € [1, 2;"), 3.11)

U, — U a.e.in RV,
Fix ¢ € H® (R™). Thanks to the weak convergence in (3.11), we obtain
(Mn, @)DS.Z(RN) + )\-(Mn, (ﬂ)LZ(RN) —> <ﬁ, (ﬂ)Ds,Z(RN) + )\.(IZ, (p)LZ(RN). (312)

Note that u,,—ii in L>(RY) and Vi¢ € L*(R) yield

/V1u,,g0dx—>/ Viugpdx,
RN RN

while (3.11), V; — Vs ae. in R¥, and [V5| < |V2| for all n € N ensure that Vju, —
Voii a.e. in RN and

Viu < [Vaou
” 2 n”L%(]RN) = ” 2 n”L%(RN)
< <
< IVall, g o laenll 2t ey < €2 foralln € N,

and thus Vju,—Vsii in L%(RN ) owing to [45, Proposition 5.4.7]. Since ¢ €
L% (RN), it follows that

/Vgun(pdx—>/ Vaigdx.
RN RN
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Consequently,

/Vnungodx—>/ Vipdx. (3.13)
RN RN

On the other hand, (3.6) and (3.11) show that H,u,, — Hii a.e. in RV, K, — Ko a.e.
in RV and

H,u 2N < ||Hu N
A N 2 BT,
< CIH1 1, 39 o ltnll 2wy + M2 2t o)

<C4 foralln eN,

and

2

2N ~ 2N 2N 2 N 2% 1, N
[Knp| Ve < [Kp|NFe < Cs([Ki| @ + [@|” + [Ko| =2 + |p|™) € LT (RT).

Hence, [45, Proposition 5.4.7] implies Hy i, —Hii in L ¥+7 (R, while the dominated
2N
convergence theorem gives K, — Ky in L3+ (RY). Applying Proposition 2, we
2
have that I, * (H,u,)—1, * (Hit) in LNiﬁx(RN) and thus

f Iy * (Hyup)Kpp dx — / Iy * (Hi)Kp dx. (3.14)
RN RN

Inlight of (3.12), (3.13), and (3.14), and the arbitrariness of ¢ € H*(R"), we conclude
that & is a weak solution to

(=A)ii + rii = (I * (Hii)K + Vii + (—w + A)u in RV, (3.15)

Since (3.15) possesses a unique weak solution by Lax-Milgram theorem, and u is a
weak solution to (3.15) by assumption, we deduce that iz = u.
For all u > 0, put

—u ifuy(x) < —p,
un,u,(x) =1 up(x) if lu,(x)| <,
I if u,(x) > .
Let p > 2 and use |un,M|P’2un,u e H*(RN) as test function in (3.9). Setting

t, :=max{—u, min{t, u}} = sign(z) min{|¢|, u} forallt € R,

we know that (see [24, Lemma 3.5])

r r
(la|? — |by|2)?

_ o A=
(a = b) (@glanl"™ = bulbu ™) = ———

(3.16)
foralla,b € Rand r > 2.
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Remarks on the nonlinear fractional Choquard equation

Choosing r = p,a = u,(x), and b = u,(y) in (3.16), we find

/R ) 3u (= )3 (o) PPt ) dix

:cN,S// (tn (X) =t (V) (o 1P 2t 10) () = (o [P~ 2uw)(y»
RZN

[ — y[NH
CN,s 4(17 -1 (|”n,u(x)|2 - |un,u(y)|2)2
= o i — y|VF2s dxdy

4 1 4
= (” )f (= )3 (lun ] £ dx %num (A

Thus, since u,1|un,u|p_2un# > |up, |7, we have

4
P 8 o,

4(p—1)
< Tnun,wlz ey + Ml 1,

IA

/ Iy * (Hnun))Kn|”n,u|p_2un,y, dx + / Vnun|’4n,,u|p_2un,u dx
RN RN

+/ (—w + Mg P 2uy , dx. (3.17)
RN
Using (3.6) and that |u, .| < |u,|, we see

/ (Lo % (Hyttn)) Kt 1P 2ty 0 dx

RN

< [ G Ol ) Kol 17 i

R
+ fN(Ia * (|Hn||Mn|)(Bn.M))|Kn||“n,u|p_1 dx
R

< / U (Hallin ) Ko el
R

+/N(I“ s (Al ))Kluy 1P~ dx, (3.18)
R
where

Appo={x € RY 1 u,(x)| > p} and B, = {x € RN : |u,(x)| < pl.
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Let p € [2,2 ) Applying Lemma 7 to H and K with 6 = —, vV = |uy, M|2 and

&2 — Pp_zl), we can find C}, > 0 such that

/ (I (Al [))Klit P~ dx

(17 B 1) C/ 2 3.19
= p |un /L| H‘(RN) + |||Mﬂ /L| ”LZ(RN)’ ( . )

On the other hand, we have
-2
/ Vn”n'”n,u|p Un,p dx < / |Vn||un|pdx +f |Vn||un,u,|pdx
RN A By

5/ |Vn||un|pdx+f Vi 1P dx.  (3.20)
A RN

n,p

Applying Lemma 5 to V with v = |u,, | % and &2 (”pzl), there exists C}, > 0 such
that

(p)

/RN Vit |P dx < et a2 2 ey + Collltn ) 120 eny. (B221)

Using (3.17), (3.18), (3.19), (3.20), (3.21), and that |u, .| < |u,|, we deduce

2
M[|un pL| ]HA(RN)

<(C,+Cp fRN |t |7 dx + |(—w+k)|/RN 14,17 dx (3.22)

+/N(1a * IHnIIMnIXAn,M)IKnIIMnIp_ldx+/ IV llun|” dx.
R

An.u

Now, assume that p € [2, %) andu, € LP?(RY).SinceH,, K, € L% (RN), it follows
from the Holder s inequality that |H,u,| € L' (RN) and |K,||u,|?~" € L2(RN),
Where = 557 +5 and 1 =5y +1- %. Because % + % = 1+ %, we derive from
Proposit1on 2 that

/N(Ia # [Hullitn | X4, 1Kn | P~ dx
R
1

0 7
< C(N.a,p) / Hyutn | dx (/ 1K a2 dx) ’
Ay RN

Invoking the the dominated convergence theorem, we arrive at

S

lim / (Lo * IHnIIbtnIXA,,,,JIKn||un|p71 dx =0. (3.23)
u—>+00 JpN
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Utilizing the dominated convergence theorem again, and recalling that |V, | < n, we
also have

lim IV, ||un|? dx = 0. (3.24)
n—>—+00 An.[l.

Combining (2.1), (3.22), (3.23), (3.24), and applying the monotone convergence the-
orem as . — +00, we obtain

p p
u = |||u
I nllL%z}ﬁUR " = |llun? || 2% ®Y)

< € (Nl e, + 1l oyl |1 ) forall m € N.
Hence, u,, € L5% (RN) and, for some C'p > 0, it holds

p
Janl? g o, = Co (lnlly gy + 1l gy ) - forallm € N

Note that (3.10) ensures that
lunll2®yy < Cillull 2y, foralln € N.

Then, by iterating this process with respect to p a finite number of times and using
Fatou’s lemma, we infer that u € L” (]RN ) for all p € [2, ng), and that, for some
Cp > O independent of u, [ullp @y < Cpllull2gny- The proof is now complete. O

Proposition4 Let N > 2,5 € (0,1), w > 0, and a € (0, N). Let f € C°(R) be such
that (1) holds. If u € H*(RY) is a weak solution to (1.1), then u € L®°(RN).

Proof Put H(x) := % K(x) := f(u(x)), and V(x) := 0. From (f1) and
u € L2RY) N L% (RY), we know that H,K € L% (RV) + L&r% (RV). Thanks
to Proposition 3, we deduce that u € L? (RN ) forall p € [2 N _2ZN ~==5-). This fact and

» o N=2s
(f1) yield F(u) € L4(RY) forall ¢ € [2 2’ ). Now, we can write

N+oz N+«

Io * F(u) = (Ia xB,(0) * F () + (Ia XBg0) * F(u).

Itis clear that Iy x g, o) € L" (RM) for allr € [1 ) and IaXBf(O) e L'(RN) for all

te(N = +00]. Take py € ( )C[l,N 0()andnotethat ml €

2N2—01(N+a)’ N —
(M N2V ) o (L N2V From Iyxp o) € LP(RY), Fu) € LA (RN,
and Young’s 1nequahty We derive that (Iy xp,0)) * F(u) € LOO(RN ). On the other

hand, pick #; € (N - N ) C (N 5> 0ol and observe that 5 € (A?iva ]0\(’) -

(A%—i'a, %;fa).ltfollows from Iy x g (0) € L" (RM), F(u) € L'l*' (RN),andYoung’s

inequality that (Iang(o)) % F(u) € L®°(RN). Consequently, I, * F(u) € L®°RN).
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Moreover, Young’s inequality implies I, * F(u) € CORN) N L®®RN) and (I, *
F(u))(x) = 0as |x| = 4+00. By I, % F(u) € L°(R") and (f1), we deduce that

a+2

(o % F) f ()] < C'(ul¥ + Ju] ¥=2).

Therefore, u is a weak solution to (—A)*u + u = g(x, u) in R, where glx,u) =
(—w+ Du + (I x F(u)) f (u) satisfies

lg(x, )] < C"(1 +|t]") forae. x € RN andforallt € R, (3.25)

forsome C” > Oandr € [1, 2¥ — 1] (specifically, r := max {1, 1?/?21} e[1,2i-1)).

Next, we prove that u € L®(RV).
Claim 1 It holds

u € L9(B) for all measurable set B C R with |B| < 400

and for all ¢ € [1, +00). (3:26)
We first show that
lu] < Kog % |g(-,u)| ae. inRY, (3.27)
where the kernel /Cy, is given by
Kas () i= (=AY + D~ = @0 TF (17 + D Hw). (3.28)

In view of the fractional Kato inequality for (—A)® (see [3, Theorem 17.3.5]), we
obtain

(lul, @) s vy = / 12Ce, )l dx, (3.29)
RN

forallg € C°(RV)suchthat¢ > 0inRY.Picky € C°(RV)suchthaty > 0inRV.
Set ¢ := Koy * ¥. Observe that || Kol 1wy = (Zn)%flCzs(O) = 1. Furthermore,
we recall the following useful properties (see [20, Theorem 3.3]):

(K1) Ky is afunction of | x| alone, Koy is a decreasing function of |x|, Koy is positive
and smooth in R™ \ {0},
(K2) there exists C > 0 such that

Kas () < C (N 0y () + 17N e ) () for all x € RV \ {0},

(K3) ifve L"(RN) with r € [1, +00], then o5 % v € L™ (RN),
(K4) K5 € L4RN) forall g € [1, 25,

N o
(K5) Kas € LY (RY), namely, sup,_q 1|{Kas > 1} % < +o0.
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Note that ¢ > 0 in RV (since Koy > 0 a.e. in RN by (K1), and ¢ > 0 in RV),
and that ¢ € C®(RY), but ¢ does not have compact support. Select h € C>°(R")
such that 0 < 2 < 1in RN, 7 = 1in B;(0), and h = 0 in BS(0). For each j € N,
define hj(x) := h(x/j) forall x € RV, and set @j:=hjp = h;(Kas x ). Clearly,
@j € C°(RN) and ¢; > 0in RV, Taking ¢ = ¢; in (3.29), we find

(ul, 97) s @y < /RN lg(x, u)l@jdx forall j € N. (3.30)

In light of Young’s inequality and (K3), we have that ¢ = Ko * ¥ and ¢ =
ICos * Ox; ¥ belong to L"(RN) forall r € [1,+o0]andi =1, ..., N. Thus, Qi —> @
in HY(RV), and hence in H*(RY), and @j — @ in L"(RN) for all r € [1, 4+00].
Consequently,

(lul, @) gswyy = (lul, @) gswny = (lul, ¥) 2 @w).

On the other hand, utilizing (3.25), and since ¢ € L™ (RN) for all r € [1, +00], we
know that |g(-, u)|¢ € L'(R"). Taking into account that |g(-, wle; < g, u)le €
L'(RV) and that ¢ j — @ae.in RV, we can apply the dominated convergence theorem
to infer

/Ig(x,u)ledx—>/ 1g(x, w)lpdx.
RN RN

The last two limit relations, together with (3.30), yield

(lul, ) 2, 5/ 12Cr, w)lp .
RN
Now, if we prove that
Kas % g, u)| € L},.(R), (3.31)

then we can use Fubini’s theorem to confirm
/ 1Cc. w)lp dx = / (Kas * 8o, W)Y dx.,
RN RN
and thus
(lul, ¥) 2@y < (Kas * [8C )|, ¥) 2wy

Due to the arbitrariness of ¢ € CSO(RN ), with ¢ > 0, we deduce that (3.27) is valid.
In what follows, we focus on (3.31). Since Kps > O a.e. in RY (by (K1)), and utilizing
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K251l 1 ny = 1, (3.25), and that [u|> =1 = [u|> = <1y + 4% " x(u=1) 2. in
RV, we see

0 < Kag # 18C, )| < Koy % [Co(1 + [ul> 1]
< Koy # (2C0) + Kag  (Colul™ ™ xuf=1))
=2Co + Kas % (A@)|u|) ae.inRY, (3.32)

where Cy :=2C” > 0 and A(u) := C0|M|2?_2X{|u|>1}- Because
/ A@W)|uldx = CO/ ) Y ugs1y dx < co/ lu|® dx < 400,
RN RN RN

we can exploit (C3) with r = 1 to obtain Ko, % (A(u)|u|) € L'(RN). This and (3.32)
imply that (3.31) holds. In view of (3.27) and (3.32), we arrive at

lu| <2Co+ Kas * (A)|u]) ae.inRY.

N
Given that Ko € L 2 (RN) (by (K5)), A(u) € L%(RN),and [supp(A(u))| < +oo,
we can apply [11, Lemma A.1] witho = % and B = to conclude that (3.26)
is true.
Claim 2 u € L®(RV).
Employing (3.27), the fact that Ky, > 0 a.e. in RY, (3.25), and noting that (1 +
==Y < 2(1 + |u|> x{u)=1)) a.e. in RV, we have

N—-2s

lu| < Ko # [Co(1 + |u|> 1] < Koy % (2Co) + (Kas * h(u)) ae.inRY, (3.33)

where h(u)(x) = 2Colu(x)|> x{u)=1)(x). Considering that |{ju| > 1}| <
”u”i;?"(RN) < o0, we derive from (3.26) that |u|x{u>1} € LIRN) for all g €

[1, +00), and hence h(u) € L% (RY) for some qo € (5, +00). As Ky € L% (RN)
(by (K4)), where q(’) e (1, %) is the conjugate exponent of g, it follows from

Young’s inequality that /Coy * ﬁ(u) € L®(RN). This, together with (3.33) and the fact
that || Cos 11 ryvy = 1, shows that

lu| <2Co+ Kos x h(u) ae.inRY,

and thus u € L>°(R"). This finishes the proof of Proposition 4. O

Next, we recall the Schauder-Zygmund estimates in Holder-Zygmund spaces A,
with a > 0, for the operator (—A)* (see [42, 43]).

Proposition 5 [42, Propositions 2.8 and 2.9] [43, Theorem 15] Let N > 2 and s €
(0, 1). Letu € L®(RM).
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(a) Assume that (—A)u = f € CO*RN) for some a € (0, 1]. Then, u € Agqyrs
and the following Schauder-Zygmund estimate holds:

lull Aginy < Crlllull poomny + 11l coemmy),

where the constant C1 > 0 depends only on N, s, and «. In particular:

— Ifa+2s <1, thenu € C**+25(RN),

Ifl <a+2s <2 thenu € CHeT2=1(RN),
— If2 <a+2s <3, thenu € C>*+2=2(RN),
—Ifa+2s =k e{l,2}, thenu € Ay.

(b) Assumethat (—A)u = f € L®(RN). Then, u € Asy and the following Schauder-
Holder-Zygmund estimate holds:

lullay < C2(||M||LOO(RN) + ||f||L00(RN)),

where the constant Co > 0 depends only on N and s. In particular:

— If2s < 1, thenu € CO>RN).
— If2s =1, thenu € Ajy.
— If2s > 1, thenu € CH>~1(RN).

We are now ready to establish the first result of this paper.

Proof of Theorem 1 We divide the proof into several steps.
Step 1: I, + F(u) € C**~ 4 (RV) forall g € (¥, +00) such that & — Te©n.
From Proposition 4, we derive that u € L™ (RM). Consequently, F(u) €
L%(RN)HLOO(RN),andby interpolation, F(u) € L"(RN)forallr e [Nziva, +oo].
Now, fix g € (%, +00) such that o — % € (0, 1). Such a g exists: if o € (0, 1], we

may take any g € (%, +00); whereas if o € (1, N),any g € (%, a%) is admissible.

Since % > ]3—1;, it follows that F(u) € L9(RY). Then, recalling that I, s F(u)

is finite almost everywhere on RN (as Iy x F(u) € C8 (RM), by Proposition 4), we
N
conclude from [18, Theorem 2] that 1, * F(u) € che (RM).
Step 2: u € C*T¢(RY) for some ¢ € (0, 1 4 [25] — 25).
We know that u € L®(RN) and I, * F(u) € L®°(RYN). Put

G(x) == —wu(x) + (lo * F(u))(x) f (u(x)).

Thus, G € L®@RY), and u is a bounded weak solution to (—A)*u = G in RV.
In view of Proposition 5-(b), we have that if s € (0, §), then u € CO%(RN); if
s = %, thenu € Aj;andifs € (%, 1), thenu € Cl’zs_l(RN). Hence, if s € (0, %],
then u € COP(RN) for all B € (0,2s), while if s € (3, 1), then u € CHARY)
for all B € (0,25 — 1). Take y € (0, 1) such that u € CO7 (RM). Accordingly,
fu) e c%7 (RN), which, together with Step 1, ensures that G € CcOv" (RN), where
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*

y* := min {a — % ay}. By Proposition 5-(a), we deduce that if y* + 2s € (0, 1),

then u € COV" +2(RN); if y* + 25 = 1, then u € Ay; and if y* + 25 € (1, 2), then
u € CHYH2=1(RN) In particular, if y* + 25 € (1,2), then u € CLY 23— 1(RN),
while if y* + 2s € (0, 1], then u € C%3*+25(RN) for all § € (0, y*). Therefore,
u € CHte(RN) for some ¢ € (0, 1 + [2s] — 25).
Step 3: u € CH7(RY) for some & € (0, 1).

Ifs € (%, 1), then we have already observed thatu € C!"(R) forsome 7 € (0, 1).

Let us focus on the case s = % Take v € (0, 1). Given that f € Cﬁ)f (R) and

u e COVRN), we see f(u) € CO?V(RN). This fact, together with Step 1, shows
that (I * F(u)) f(u) € CO*(RN), where A* := min {a — % av}. As a result,

G e CO" (RN). Considering that A* +2s = A*+1 € (1, 2), we can apply Proposition
5-(a) to infer that u € C 25— 1(RN),

Now, we suppose that s € (%, %), ae(l—2s,N),ando € (1535, 1]. Choose

q € (WI\L],—Foo) when @ € (0,1],and g € ( N N )whena € (1, N).

a+2s—1° a—1

0,0t—ﬂ N 0,0
By Step 1, we know that I, * F(u) € C 7 (R™). Because f € C;  (R) and

loc

u € COZBRN), we find f(u) € CO29(RYN). Therefore, G € CO"(RN), where

* o i _ N : N 11 1-2s :
&F = mln{ot q,2sa}.S1nceq > g1 S € (4,2), and o € ( on ,1], it

follows that o — % +2s € (1,2) and 2s0 + 25 € (1,2),and so §* + 2s € (1, 2). In

light of Proposition 5-(a), we conclude thatu € C 1,8*+2s-1 (RM).
Finally, we assume that s € (0, %), o€ (0,1),and f € CIOO’Z (R) for some o €

N
(1 —2s5,1]. Take g € (%, +00). According to Step 1, Iy * F(u) € % ®N).
As u € COZ@RN) and f(u) € CO%7(RN), we obtain G € C%? (RYN), where
@ = min {a — %, 2so} € (0,1). Put 8y := @w + 2s € (0,2). From Proposition

5-(a), we deduce that if 6y € (1, 2), then u € C-%~1(RN), while if 6y € (0, 1], then
ue CO’V(RN)forally € (0, 6p). Hence, if 6y € (1, 2), then we are done. Assume now
0o € (0, 1]. In this case, u € C*Y (RYN), F(u) € C*VRY), and f(u) € C*oVRYN)
forall y € (0, 8y). Since a € (0, 1), it follows from [18, Theorem 1] that I, x F (1) €
C%(RN) for all 8§ € (0, min{a + 69, 1}). Pick ¢ € (l;Zs’ 1). Set uo = eaobp
and note that ;o < min{a + 6y, 06y} as ¢ € (0, 1) and o € (0, 1]. Consequently,
G € CO*o(RN). Put 0y := uo + 2s. Applying Proposition 5-(a) again, we have that
if6; € (1,2), thenu € CHO—1(RV), while if 6 € (0, 1], then u € CO"(RN) for all
n € (0,61).If 6; € (1, 2), then the desired regularity is achieved. Otherwise, when
01 € (0, 1], we argue as before to arrive at G € CO'“I(RN), where ) = €00;.
Setting 6, := | + 2s, we deduce that if 6, € (1,2), then u € C2~1(RN), while
if 02 € (0, 1], then u € CO*(RN) for all A € (0, 6,). Iterating this procedure, we can
define p, := €006, and 0, := u,_1 + 2s foralln € N. Thus, 6, = 08,1 + 2s for
alln € N,andso 6, = (¢0) g +2s ZZ;&(S o) foralln € N. Because e o € (0, 1)

and 1325 > 1, we conclude that 6,, — % > 1. Then we can find ng € N such that

0n, > 1. Therefore, u € C17 (RV) for some y € (0, 1).
Step 4: u is a classical solution to (1.1).
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Note that (f) and Proposition 2 ensure that I, x F(u) € L = (RN), while (f1)
andu € L2®RN) N L' (RY) for all 7 € [2%, +oo] imply that f(u) € L& (RV). Thus,

S

by Holder’s inequality, (I, * F(u)) f (1) € L2(RY), and so G € L>(RY). Given that
u € H*(RY) is a weak solution to (—A)*u = G in RV, we have

/R N[|$|2Sfu(s) — FGEFp(E)dE =0 forall ¢ € SRY),

which guarantees that |& |2 Fu(&) = FG(&) forae. & € RV, Asaresult,u € H> (RV).
This fact allows us to integrate by parts, yielding

/ (=AY u¢dx =/ (—A)iu(—A)ipdx =/ G dx forall p € H*(RV),
RN RN RN

and hence (—A)*u(x) = G(x) fora.e. x € RV, In view of Step 2 and [42, Proposition
2.4], we know that (—A)*u € CO(RY), which, combined with G € C°(R"), confirms
that (—A)’u(x) = G(x) forall x € RV.
Step 5: The estimate in (1.5) is valid when (1.4) holds in (f1).

By Step 4, u is a classical solution to

(—=A)u + wu = (Iy % Fw)) f(u) in RV,
Employing the pointwise fractional Kato inequality for (—A)*, we infer that
(=4 |ul + wlu| < |Io  F@)| f @) inR".

Fix ¢ € (0, ). Recalling that I, * F(u) € Cg(RN) and |u(x)| — 0 as |x| = 400,
and using (1.4), we can find R > 2 such that

|(To % F @) fu(x)| < € lu(x)| forall x| = R.

Consequently,
(—A) |ul + (w — &)|u| < 0in Bg(0).

Pick ¢ € C°(RY) such that 0 < ¢ < 1,¢ = l in E%(O) and ¢ = 0 in B{(0). Let
we H (RN ) the unique weak solution to

(—A)'w+ (0 — &)w = ¢ in RV, (3.34)

Since ¢ € C° (RN), ¢ > 0,and ¢ # 0, itis easy to verify that w is a positive classical
solution of (3.34). In particular,

(—A)’w+ (w —&)w =0in B;_,(0).
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Moreover, as w — ¢ > 0, we can apply [20, Lemma 4.3] to see that
¢ forall x € RN
0< lU(X) < W orallx € ,

for some C > 0. Consider

maxz o U]
7= & w— |u| € H*@®RY).
ming, o) W

Note that z > 0 in Bz (0) and that
(—A)’z+ (w — €)z = 0in B{(0).

Multiplying the above equation by z_ := max{0, —z} € H*(R") and integrating over
B%(0), we deduce

/ (=AYzz_dx > (v — 8)/ (z_)? dx,
RN RN

where we have used the fact that z_ = 0 in Bg(0). Since (x — y)(x— — y_) < 0 for
all x, y € R, we obtain

/ (—AYzz_dx = Cn.s // (z(x) = z(V))(z-(x) — z-(¥)) dxdy <0,
RN 2 RZN

|x _ y|N+2s

which leads to

(w— 8)/ (z_)?dx < 0.
]RN

Because ¢ € (0, w), we find z_ = 0in RY, thatis, z > 0 in RY. As a result,

)| < (mB—(O)'"'> wx)

ming o) W
maxs o |U] C
oy u—_L — forallx e RY.
ming, g w ) 1+Ix| +2s
The proof is now complete. O

Next, we prove that every weak solution to (1.1) satisfies a Pohozaev-type identity.
To this end, we recall a useful integration by parts formula established in [5].

Lemma8 [5, Lemma 2.2] Letu € H*(RN) N L®@RN). I s € (0, ) then we assume
that u € COX+¢@RN) N CLLRN) for some & € (0,1 — 2s), while if s € [, 1)

loc
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then we assume that u € CH> =V RNY for some ¢ € (0,2 — 2s). Then, for all
Xe COV RN, RN), it holds that

Cn.s Ju(x) — u(y)|? . s
) /,/RZN N+ Ky(x, y)dxdy = /]RN X(x) - Vu(x) (—A)’u(x)dx,
(3.35)

where

(Xx) —&X() - (x =)

Kx(x, y) == div(X(x)) + div(X(y)) — (N + 2s) 1

forall x,y € RN with x # y.

Proof of Theorem 2 Take ¢ € C!(RV) such that 0 < ¢ < 1in RV, ¢(x) = 1 for
|x| < 1 and @(x) = 0 for |x| > 2. Set @5 (x) := ¢(ix) for all x € RN and A > 0.
Observe that, for all x € RY and A > 0,

O0<@r(x) =1 and |x|[Ver(x)| = C, (3.36)

for some constant C; > 0 independent of A. By Theorem 1, we have that u €
C*+e(RN) for some ¢ > 0 and that Vu € L e (RM). This means that all the assump-

tions of Lemma 8 are valid. Set A (x) := ¢ (x)x € C?’l RN, RM). Applying (3.35)
with X = X), and using the fact that u is a classical solution to (1.1) (by Lemma 8),
we obtain

¢ Jux) —u(y)?
. //Rzzv |NJ2]2s Kx, (x, y)dxdy

—f X (x) - Vu(x) (—A) u(x) dx (3.37)
RN

- /RN Ao (x) - Vu(x) [—ou(x) + (Iy * F))(x) f(u(x))] dx.

In light of (3.36), it follows that
K, (x, )| < C> forallx,y e RY withx # y and A > 0,

for some constant C, > 0 independent of L. Employing this estimate, the fact that
u € H*(RV),(3.36), and the pointwise convergences X; (x) — x anddiv &; (x) — N
forallx € RN asA — 0%, we can apply the dominated convergence theorem to deduce
that, as A — 07,

Cn.s u(x) — u(y)|?
//H;ZN |x — y|N+2s i K (x, y)dxdy

lu(x) — u(y))? -39
Cn.s ux) —u(y
(N —2s )/,/R?N Ty |N+2¢ dxdy.
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On the other hand, utilizing integration by parts, the fact that div &) (x) — N for
all x € RV, as A — 0%, and the dominated convergence theorem, we find that, as
A — 0T,

2
a)/ X (x) - Vux)u(x) dx :w/ Xx(x)-v(” (x)> 4
RN RN )
2
- —a)/ div X (x) (” (x)) dx (3.39)
RN 2

N 5
— ——w u-(x)dx.
2 RN

Finally, proceeding as in [35, p. 6571], we see that integration by parts and the domi-
nated convergence theorem yield

/ X.(x) - Vu(x)(Io * F(u))(x) f(u(x)) dx
(3.40)

(N+a>/ (Iy * F(u)) x)F(u(x))dx asir— 0T,

Combining (3.37), (3.38), (3.39), and (3.40), we arrive at

_ 2
CNY(N 2)// lu(x) —u(y)l dxdy
R2N

|x_y|N+2A

= —ﬁa)/ uz(x) dx + <—> / Iy % F(u))(x)F (u(x))dx.
2 RN 2 RN

The proof of Theorem 2 is now complete. O

4 Existence of least energy solutions

In this section, we deal with the existence of least energy solutions to (1.1). Let us
recall that the energy functional 7 : H*® (RN) — R associated with (1.1) is given by

1 w 1
Jw) 1= Sl gy + 5 Ml g2 @ny = 57 @),

where

F(u) = AN(Ia * F(u))F(u)dx.
We know that 7 € C'(H*(RY), R) and
(T (W), 9) = (1, @) pr2gny + 0, @) 2y — (F'(u), ) forallu, ¢ € H*RY).
We now show that [J possesses a mountain-pass geometry.
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Lemma9 Let N >2,5s € (0,1), w >0, anda € (0, N). Let f € CO(R) be such that
(f1) and (f3) hold. Then, J satisfies the following properties:

(MP1) J(0) =0,
(MP2) there exist p,§ > 0 such that J(u) > 8 for all u € H (RNY such that

||14||HS(RN) =0
(MP3) there exists w € H*(RN) such that lwll gs@yy > p and J(w) < 0.

Proof Clearly, (M P1) is true. Let us verify (M P2). Utilizing (2.5) and the fractional
Sobolev embeddings (see Proposition 1), we have that, for all u € H*(R"),

) 2(N+a) ZI(VNJEO[)
g N =25
F(u) < C(N,a)IIF(u)IILNzﬁa ) =G (IIMIIH,Y(RN) + llul HS(RN)> . @D

From (4.1), we deduce that, for every u € H*(R"),

1. 5 1
Ty = = minfL, o}l g, — 5 F @)
) 2(N+a) 2§VN_+20t)
Z C2||M|| S(RN) C3||u||H;(RN) C3||u”Hs(RYN)

C C2 2(a+2s)
N N—-2s
- ||M||HS(RN) ( C3l|u” V(RN)+7 _C3||u||Hs(RN) .

Let p > 0 be such that

N N—2s
) Cy \ 2 Cy \ 2et29
0 < p < min —_— A — .
4C; 4C;

Therefore, J(u) > %Hu”2 S(RN) for all u € H*(RY) such that lull gs myy < p- It
follows that there exist p, 8 > 0 such that J(u«) > & for all u € H*(R") such that

||M||HS(RN) =p.
Finally, we confirm (M P3). Set vo(x) := t9x B, (0)(x), where fg is given in (f3).
Observe that

F(vo) = (F(lo))2/ / Iy(x — y)dxdy > 0.
B1(0) J B1(0)

Since the map v € L>(RV) N L% ([RY) — Z(v) is continuous, and H*(RY) is
dense in LZ(RN) N LE (RY), we can find w € H*(RY) such that .Z(w) > 0. Let
we(x) = w(f) for a.e. x € RN and for all T > 0. Hence,

N—-2s N N+«

T
J(wf)=T[w]i,g(RN)+ ||w||L2(RN) ——F (W) > —00 as T — +o00.

Taking wo(x) := wr(x) with T > 0 large enough, we obtain the assertion. O
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Remark 3 Note that cpp > 0. To verify this, fix y € I'. From the proof of Lemma 9-
(M P2), we know that ||y (0)|| s wvy = 0 < p < [ly (DIl s wn)- By the intermediate
value theorem, there exists T € (0, 1) such that ||y (T)|| s gv) = p. Consequently,

C
72/)2 <Jy@E) < sup Ty 1).
t€l0,1]

Because y € I'" was arbitrary, we conclude that cyp > % p?>0.

Next, we construct a Palais-Smale sequence for [ at the mountain pass level cyp
that asymptotically satisfies the PohoZaev identity.

Proposition6 Let N > 2, s € (0,1), ® > 0, and ¢ € (0, N). Let [ € CO(R) be
such that (f1) and (f3) hold. Then, there exists a PohoZaev-Palais-Smale sequence
(un) C H*(RN) for J at level cyp, namely,

Tun) = empy T (up) — 0in HS(RY), and P(u,) — 0. 4.2)

Proof Following [7,8,35], wedefine @ : R x H*(RY) — H*(RN) by @ (0, u)(x) :=
u (;—9) for0 € R, u € H*(RN), and x € R, where R x H*(R") is endowed with
the norm

16, Ry s @y = 101 + llell s vy

We use the notation

dist . s myvy (0, u), A) == ( in)fA(I9—1|+I|u—vI|HS(RN)) forall A ¢ Rx H®(RY).
T,V)E

Consider J:R x H*(RY) - R given by J =T o ®. Hence, for every 6 € R and
u € HS(RY), we have

(N+a)6

w
S gy — —5—F @

~ 1
L (N=25)67,12
TO.u) = SNl o+ 5

Denote by j,g and ju the partial derivatives of j . Observe that, for all & € R and
u, we H*RN),

Nw
N0

[u]%{s(RN) + T ”u”iz(RN)

G0, = L2 vz

B (N;‘“)E(Nw)eg(u)
= P(@@O,un)),
and

<u7u(0’ Ll), w) = e(N—ZS)@ <M, w>'DS‘2(RN) + (1)(1/!, w>L2(RN)
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— e(NF)0 f (Iy % Fw) f(w)w dx
RN

=(T(@(O,un)), PO, w)).
Therefore, for all (h, w) € R x H® (RN),
(T O, u), (h,w)) = (T (@O, u), PO, w)) + P(@ O, u))h. 4.3)

Arguing as in the proof of Lemma 9, we can verify that 7 possesses a mountain pass
geometry. Then, we can consider the mountain pass level of 7 given by

CMmp = ;I;fﬁtlel%gﬁ] J(y @),
where
F:={7 e %0, 11.R x H'RY)) : 7(0) = (0,0) and J(F (1)) < 0}.

It is easy to check that ¢yp = cmp. Let us prove that there exists ((6,, v,)) C R x
H*(RY) such that, as n — +o0,

(i) J(n, va) = cmps
Gi1) J'(,,vp) — 0in R x H‘S(RN),
(i) 6, — 0.

In fact, (1.7) and (1.8) ensure that there exists (y,) C I" such that
1
max J(yn (1)) < cmp + —  foralln € N.
t€(0,1] n
Set 7,(t) := (0, ya(1)) € I forall n € N. Hence,
Fa) = max Tom(®) < cwp + —  foralln e N
5 T = gy T < vt 5 forall e .

In view of [44, Theorem 2.8], we can find ((6,,, v,)) C R x H*(R") such that, as
n — 400, (i) and (i7) hold, and

diStRxH‘(RN)((en’ vn)s {0} X ¥, ([0, 1)) — 0,

which yields (iii). Next, we put u, = ®(6,,v,) for all n € N. By (i), we see
Jw,) — cvp- Takingh = landw = 0in (4.3), and using (i), we obtain P (u,,) — O.
Now, for all ¢ € H*(RV) and n € N, we have

—(N—ZS)Q,, [(p]2

o€ Ips vy = € AT Tl 7] PP

< e(N—Zs)IQn\ BD]%-F(RN) + eN|9n| ||¢||iz(RN)
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N|6, 2
A [ .

Thus, choosing # = 0 in (4.3), we deduce that, for all n € N,

1T W)l g—s@yy = sup [T (un), @)
”‘P”HA(JRN)SI
= swp [ Fu ). p()
”‘P”HA(JRN)SI
= sup ”ju (On, un) ||HfS(RN) ||§0(€6" ) ||1-1S(RN)
ol 5 @y <1
P N
< sup [ Tun u)llg-srye ” ol s
ol s v, <1

X 16ul
< N1 T, un)ll - wnye >

This estimate, combined with (ii) and (iii), implies that J'(u,,) — 0 in H~*(RV).
Therefore, (u,) has the properties stated in (4.2). O

We now establish the boundedness of PohoZaev-Palais-Smale sequences for 7.

Lemma10 Let N > 2,5 € (0,1), o > 0, and @ € (0, N). Let f € CO(R) be such
that (f1) and (f3) hold. Let (u,) C H*(RN) be such that

sup J(u,) < Cy and 1nf P(u,) > —C», 4.4)
neN

for some C1, Cy > 0. Then, (uy,) is bounded in H* (RN). In particular, every sequence
(u) C H*(RN) satisfying (4.2) is bounded in H* (RN).

Proof Using (4.4), we see that, for all n € N,

Cit = Tuy) — NTa P (un)
o+ 2s
m["’”]m ®Y) m””n”u) ®Y)
. o+ 2s wo
> min {2(N+a) e )} a2 -
which implies that (u,,) is bounded in H* (RN). o

Hereafter, we examine the convergence of PohoZaev-Palais-Smale sequences for

J.

Proposition7 Let N > 2, s € (0,1), w > 0, and « € (0, N). Let f € CO(R) be such
that (f1)-(f3) hold. Let (u,) C H® (RN) be a sequence such that

(i) (J(uy)) is bounded in R,
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(ii) T (up) — 0in H-SRN) and P(u,) — 0 asn — +oo.
Then, up to a subsequence, one of the following alternatives holds:

(1) up, — 0in HS(RN) asn — +o0;
(2) there existu € H*(RN) \ {0} and a sequence (x,) C RY such that J'(u) = 0
and u, (- — xp)—u in H*(RY) as n — +oo.

Proof We note that Lemma 10 ensures that (u,,) is bounded in H* (R"). Suppose that
(1) is not true, that is,

lnlgl}rrg lunll gs mry > 0. 4.5)
We first prove that, for every r € (2, 2¥),

liminf sup |lu, LB, (x)) > O- (4.6)

n—-+00o xo€RN
Assume by contradiction that, for some r € (2, 2}), it holds

lim inf sup ||I/tn ”L’(B] (x0) = 0. (47)

=
n—-+00 xg€RN

Using the definition of the PohoZaev functional P, (4.5) and that P(u,) — O as
n — oo, we deduce

lim inf/ (Iy * F(up))F(uy,)dx
RN

n—-+00

— liminf N-2s 5 N 5 2 p
= liminf | [nTys gy + m||un||L2(RN) " Nia (un) (4.8)

2s

n—-400 o

. N= 2 N 2
= liminf |: N+ [un]Hx(]RN) + N—MHM””LZ(RN):| > O,

where we have used the fact that, for all (a,), (b,) C R such that lim,,_,  », b, exists,

liminf(a, + b,) = liminfa, + lim b,.
n——+00 n—-+00 n—-+00

By (f1) and (f2), for each fixed ¢ > 0 there exists C, > 0 such that
|F(l)|% <e(|t]* + |t|2§) + Cerlt|” forallt € R. 4.9)

Employing (4.9), the boundedness of (u,) in H*® (RN), the fractional Sobolev embed-
dings (see Proposition 1), and Lemma 1 with ¢t = r, we obtain

1-2
2N r
I Fun)ll ™5y <C'e+C | sup llunllpr s,y foralln € N,
LV+a (BRN) x0eRN
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which, combined with (4.7) and the arbitrariness of ¢ > 0, leads to

lim inf IIF(un)IIL%(RN) =0. (4.10)

Since Proposition 2 guarantees that

‘/ (Io % F(un)F(uy) dx| < C(N, )| F (un)|* on foralln € N,

RN LN+a (RV)

it follows from (4.10) that
lim inf / (Iy * F(up))F(uy)dx| = 0. 4.11)
n——+00 RN

From (4.8) and (4.11), we derive

0< liminf/ Iy * F(up))F(uy)dx <0,
RN

n——+00

that is a contradiction. Consequently, (4.6) is valid. Thus, up to a translation, we may
assume that, for some r € (2, 2}),

ngfcg lunllzr B0y > 0. (4.12)

Since (1) is bounded in H*(RYN), we may suppose that there exists u € H® (RM)
such that, up to a subsequence,

up—u in H(RY),
up — u in L] (RY)forallg € [1,2}), (4.13)

U, —> u ae. inRY.

In view of (4.12) and (4.13), we see u # 0. Employing (4.13), Lemma 4, and that
J'(u,) — 0in H=*(R"M), we conclude that (7' (u), ¢) = 0 forall ¢ € H*(RY). O

Next, we prove the existence of an optimal path in the spirit of [25, Lemma 2.1].

Lemma1l Let N > 2,5 € (0,1), w > 0, and a € (0, N). Let f € C°(R) be such
that (f1) holds. Assume that one of the conditions (f4), (f5), or (f6) holds. Let
u € H*RN)\ {0} be a weak solution to (1.1). Then, there exists y € I' such that
u € y([0, 1]) and

max J(y () = J(u).

1€[0,1]

Proof Put u;(x) := u(3) fora.e. x € RY and for all + > 0. Consider y : [0, +00) —
H*(RV) given by

5(0)(x) == {gr<x> igii - 81
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Itis evident that 7 € C°([0, +00), H* (RM)). By Theorem 2, we know that P (u) = 0.
Then, for all + > 0, we have

TG @) = tT

N-2s

tN—Zs

1w
T[u]zx(RN)+
N+ |:(N—2s)

[u]?

N N+a
- g
S(RN) 2 ”u”LZ ]RN) 2 ,/(I/t)
N
2 ”u”LZ(RN)

_N+Ol

N-2s

NN = 25)

2 Hs(RN) 2 L2(RN)
IN NtN—l—ot

[t

2

2
2(N + ) }[u] “RN)Jm[z 2(N +a)

Differentiating with respect to #, we deduce that, for all # > 0,

where

B(t) ==

(N —2s

d
Ej(

)
2

Due to 8(1) = 0 and

we obtain

Hence,

B(t) =

~ _N=25 vl Nta-d
7)== (r =) Wl

N _ _
+ 3&) (IN I tN—HX 1) ||u||iZ(RN)

=tNB(),

2

(N —2s) —2s—1

7 (_ZSt ata_l)[u]i[s(RN)

N
n wT(—oet“_l)HuIIsz(RN) <0 forallz >0,

d _ .
d_tj(y(t)) =0 forr =1,
j_tj()?(t)) >0 forallz € (0, 1),

j—tj(f(t)) <0 forallt € (1, +00).

max J(y (1)) = J(y (1)) = Jw).

j| ” ||L2(RN)'

3 oN
(t 25 ta)[”]ip([[w) + 20— ta)||u||iz(RN) forallt > 0.
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Considering that u € H*(R") \ {0} and P(u) = 0 imply .% (u) > 0, we see

_ N-2s ) tNa) ) Z‘N+a _
j(V(f))ZT[M]H:(RN) + THM"LZ(RN) - TJ’(M) — —00 ast — +0o0.
Consequently, we can find L > 1 such that J(y (L)) < 0. Putting y(¢)(x) :=
7(tL)(x) for a.e. x € RN and for all r € [0, 1], we conclude that y satisfies the
required properties. O

Next, we show that (1.1) has a least energy solution.

Proof of Theorem 3 In light of Propositions 6 and 7, there exists a PohoZaev-Palais-
Smale sequence (u,) C H*(R") for Jat level cyp > O such that u,—u in H* (R"),
for some u € H*(R™)\ {0} that weakly solves (1.1). Utilizing that u,—u in H* (R"),
Ju,) — emp, P(uy) — 0, P(u) = 0, and that

liminf a,, + liminf b,, < lim 1nf(a,, + b,) forall (a,), (by) C R,

n— 400 n——+00 n—

we deduce
Jw) = Ju) — P(M)

o+t 2s

= m[ ]HA(RN) WHHHU(RN)
a+2s . aw 2

= m Llinilgg[uil]Hs(RN) m 1121 H;g llun ”LZ(RN)
L o+ 2s 2 2

< ngilg [m[un] s@ny T m”unﬂLz(RNJ
- 1

= lnlg}rrg [J(un) T Nra P(“n):| = cMP. (4.14)

Considering that u is a weak solution to (1.1) and that u # 0, it follows from the
definition of ¢y g and (4.14) that

cLE < J(u) < cmp. 4.15)

Now, let v € H(RY)\ {0} be an arbitrary weak solution to (1.1). Thanks to Theorem
2, P(v) = 0. Applying Lemma 11 to v and recalling the definition of cymp, we infer
that J(v) > cmp. Due to the arbitrariness of v, we find cig > c¢mp. This fact and
(4.15) imply J(#) = cmp = cLg- Lastly, we observe that u € S C P, and thus
cmp = J() = cLE > cpo. On the other hand, cpo > cpp by Lemma 11. As a result,
cmp = J(u) = cLE = cpo. o

In addition, we establish the strong convergence of the translated Pohozaev-Palais-
Smale sequence in Proposition 7.
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Corollary1 Let N > 2,5 € (0,1), w > 0, and o« € (0, N). Let f € CO(R) be such
that (f1)-(f3) hold. Assume that one of the conditions (f4), (f5), or (f6) holds.
Under the assumptions (i) and (ii) of Proposition 7, if

liminf |lup || s @yy > 0 and  limsup J(un) < cLE,
n—+00 n—+00

then there exists u € H*(RM) \ {0} such that J'(u) = 0, and a sequence (x,) C RN
such that, up to a subsequence, u, (- — x,) — u in H*(RN) as n — +oc.

Proof From Proposition 7, up to a subsequence and translations, we may assume that
there exists u € H*(RY) \ {0} such that u,—u in H*R"Y), u, — win L] (R")
forall ¢ € [1,2}), and u, — u a.e.in RN . Moreover, u is a weak solution to (1.1).
Hereafter, we confirm that u,, — u in H*(R"V). As in the proof of Theorem 3, we

have

L = T = Jw) ~ ———P()
— e W, + 5y e 1B
< e tm it By, + 5o T int el e,
< limint [M;fs)[unlm(m T m||un||L2(RN)}
< ljfil;g [Z(NL_’_ZS)[ n]H.s(]RN) m” n||L2(RN)i|

= lim sup <J(u,1) ~ N —ll—a P(un)> = lim sup J(u,) < CLE,

n——+00 n——+o00o
from which J(u) = c g and

o+ 2s aw

2+ o e ¥ iy e

— lim [ﬂ[un] b2y 2 ]
n>too | 2(N +a) H®Y) T oN 4 )T TILARY)

Consequently, u, — u in H® (RN ), as desired. |

Finally, we prove that, up to translations, the set of least energy solutions to (1.1)
is compact in H*(R").

Proposition8 Let N > 2,5 € (0,1), w > 0, and o € (0, N). Let | € CY(R) be such
that (f1)-(f3) hold. Assume that one of the conditions ( f4), (f5), or (f6) holds. Up
to translations in RN, the set

Lig = fu e H'®Y): T = v, @) =0
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is compact in H* (RN ) endowed with the strong topology. Furthermore, if we assume
that (1.4) holds, then there exists K| > 0 such that, for all u € L1 g,

1
lu(x)| < W forallx [S RN.

Proof Let (u,) C Lig. Thus, J(u,) = cLg and J'(u,) = 0 for all n € N. By
Theorem 2, we see P(u,) = 0 for all n € N. Arguing as in the proof of Corollary
1, we have that, up to a subsequence and translations, u,, — u in H® (RN for some
u € HS(RN) \ {0} such that J(u) = crg and J'(u) = 0. Thus, up to translations
in RV, L1 is compact in H*(R"). We now assume the additional condition (1.4)
and demonstrate the uniform polynomial decay estimate. Proceeding as in the proof
of Proposition 3, and because L is bounded in H* (RM), we obtain that, for all
p e 2, X250, llunllLp@yy < Cp forall n € N. This and (f1) show that, for all
q € [1\%1+Va’ % sza), | F )l awyy < Cq foralln € N. By Young’s inequality, we
deduce that || 1, * Fup)llpomyy < C for all n € N. This estimate, together with
the fractional Kato inequality for (—A)* (see [3, Theorem 17.3.5]), ensures that |u,|

satisfies

(=) |un| < —olun] + C|f (un)| =: g(uy) inRY.

In view of (f1) and (1.4), we know that |g(#)| < C(|¢| + |t|2§_1) forall t € R. Given
that (u,) is bounded in H*(RY) and u, — u in L% (RN), we can use a classical
Moser iteration argument (see [1, Lemma 5.1] and [4, Theorem 1.1]) to infer that, for
some K > O, [[uyllp@nv) < K forall n € N. Hence, Lig is bounded in L% ([RN).
Since ||lupllpownyy < K and || f (un) || poowyy < Ck for all n € N, we derive from
Corollary 5-(b) that (u,) C C%°(®RY), for some o € (0, 1) independent of n, and
that there exists C = C(N,s,o,m, K) > 0 such that [[u, | coory) < C for all
n € N. Consequently, (u,) is uniformly equicontinuous in RY, namely, for every
e > 0 there exists § = 8, > 0 such that, if x, y € R" are such that [x — y| < §,
then |u,(x) — un(y)| < ¢ for all n € N. This, combined with u, — u in L>(R"),
yields limy |- 400 SUp, ey ln (x)| = O (see [4, Lemma 2.1]). Then we proceed as in
Theorem 1-Step 5 to achieve the uniform decay estimate. In this case, we utilize the
comparison function

Zn = (L> w — |u,| € H*(RY).

mmER (0) w

The proof of Proposition 8 is now complete.

5 Qualitative properties of least energy solutions
In this section, we examine the sign and symmetry of least energy solutions to (1.1). We

begin by proving a useful identity involving J(u), J(u;), and P(u), where u; = u(;)
forr > 0.
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Lemmal12 Let N > 2,5 € (0,1), w > 0, and @ € (0, N). Let f € CO(R) be such
that (f1) holds. Then, for allu € H*(RN) and t > 0,

2 2
= - , 5.1
Jw) = J(u,) + Nt a u) + YNt o) (5.1

where g, b : [0, +00) — R are given by

g(t) ;=25 +a — (N +a)tVN =2 4 (N — 25)V+e,

ht) :=a — (N + o)tV + NN+,
In particular, for allu € H*® (RN) andt > 0,

| — (N+a a)ul?,
T) = T+ ) —_HED (5.2)

N+ta T 2N +a)

Proof From the definitions of Jand P, we obtain

Jw) — J(uy)
1 1
= S =Nl gy + T =)l gy = 5=V F )
1 _ tN+Ol N _ 2 N N +
- : N 4+« ) {( ) s) [u]%[&(]RN) + E”M”iZ(RN) - <Ta> 9(14)}

1 B w
+ 5 (=)l gy + 5 (1= 1)l e,

1 (N —12s N+anr, 12 N+a 2
_E(N—I—a)(l_t )[M]HS(]RN)_M(I_t )”u”LZ(RN)
(1 — N+ N —2s

- 7 1 _ N-2sy _ N+a 2
=z P(u)+2[(1 (N2 <N+a>(1 ' )}[u] '

w N N N+ta 2
+E|:1—t —m(l_t ):| ”u”LZ(RN)

_ (1 - [N_Hx) P u + g(t)[u]i[v(RN) +wb(t)”u“i2(RN)
N +a 2(N+a)

)

that is, (5.1) is valid. Since, for all t > 0,
g'(t) = (N +a)(N —2s) I:_IN—ZS—I i tN+ot—l:| 7
WU)==N(N—+a)[_¢N—l+¢N+a—q’

we easily deduce that

g(1) =0, g'(t) <0 forallt € (0,1), g'(¢t) >0 forallt € (1, +o00), (5.3)
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and
(1) =0, §'(t) <0 forallt € (0, 1), b'(t) >0 forallt € (1, +00).
Consequently,
g() >g(1)=0 and h(r) >Hh(1)=0 forallr €[0, 1)U (1, c0). (5.4)
From (5.1) and (5.4), we derive (5.2). O

Remark 4 Using (5.2) and (5.4), we obtain
Jw) > Ju;) forallu e Pandt > 0, (5.5)
which leads to

Ju) = maéc Juy) forallu € P.
1>

Now, we prove a helpful lemma.

Lemmai13 Let N > 2,5 € (0,1), w > 0, and @ € (0, N). Let f € CO(R) be such
that (f1) and (f3) hold. Define

A= {u e H'®RY)\ {0} : F(u) > 0}.
Then, A # () and
{u e H'RV)\ {0} : P(u) < 0} C A

Proof By Lemma 9-(M P3), we know that A # @. Letu € H*(R™)\ {0} be such that
P(u) < 0. Then,

(N 4+ ) (N—=2s) w 2
2 ,937(14) = T[M]HJ(RN) + T”u”LZ(RN)
S N —-2s Now 2 0
z min ) ———. —— ¢l @y) > 0.
which implies that .% (1) > 0. Hence, u € A. O

Lemma14 LetN > 2,5 € (0,1),w > 0,anda € (0, N). Let f € CY(R) be such that
(fD)and (f3) hold. Then, for allu € A there exists a unique t, > 0 such thatu;, € P.
Moreover, t,, is the unique global maximum point of the function ¢, : (0, +00) — R

defined by ¢, (t) := J(u;).
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Proof Take u € A. Since

N—=2s N tN+a

t
;u(t) - [u]Hs(]RN) +o— ”u”LZ(RN) Ty(u)’

we deduce that, for all > 0,
d
IAGES Ej(u’)
N =25\ Noos—1, 2 N y_1, 2
= (T) 1 $ [M]HS(RN) + a)Et ”u“LZ(RN)

_ N+a—1 (N;"O‘)y( )

= 1P(u,).
t
Consequently,
(1) =0 P(u;) =0 < u; € P.
Now, we show
&u(t) >0 forallr > 0 small.

Forall ¢ € (0, 1), we see

tN—Zs N tN+oz
;u(t) - [u]H‘ RN)+w ”u”LZ (RV) T‘g(u)
N

> o [ oy + @l 2, = F @)

Because u € A, we know that .% (1) > 0. Accordingly,

l
[M]HY RN) +CL)||M||L2 RN)
F(u)

u(t) >0 if0 <t < min 1,(

Thus, (5.6) is valid. Next we prove
Cu(t) <0 forallr > 0 large.

Given that u € A, we obtain

N—2s N N+a

(5.6)

(5.7)

1 s No Nre
Gu(t) = T[M] s@yy + T”“”LZ(RN) — —— %) - —0o0 ast— +oo.

2
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and this ensures that (5.7) is true. By the continuity of ¢, (5.6), and (5.7), it follows
that max;~q ¢, (¢) is attained at some #, > 0, so that ¢, (t,) = 0 and u;, € P. Let us
demonstrate that such a ¢, is unique. Let ¢, £, > 0 be such that u;,, u;, € P. Using
P(us) = P(up,) = 0, and applying (5.2) first with u = u;, and t = £, /¢, and then
with u = uy, and t = t1/tp, we find

N+0{_ N+« t /1
j(ul‘l) > j(utz) + W (utl) + %[”tl]z S(RN)
No2s 82/1)
= Jun) + 1, m[u] S(RNY?
and
N+a_t +a t/t
j(ulz) = \7(”[1) + ﬁ (utz) + 2‘35\/1—1—2))[ tz]HA(RN)
N_2s 8(t1/12)
—j(ull)+t 2(N+ )[ ]HSRN)
Consequently,

1
0> ( N—2s (t2/t1)+fN 2s (tl/tz)) m[u]zx(ﬂw),

which, together with u € H*(R™)\ {0} and (5.4), implies that f; = f,. This concludes
the proof of the lemma. O

Remark 5 Assuming only conditions (f1) and (f3), an inspection of the proof of
Lemma 11 reveals that for each u € P there exists y € I" such thatu € y ([0, 1]) and
max;efo,1] J(y (1)) = J(u).

Next, we show that every least energy PohoZaev minimizer of 7is a weak solution
to (1.1).

Lemma15 Let N > 2,5 € (0,1), w > 0, and @ € (0, N). Let f € CO(R) be such
that (f1) and (f3) hold. If u € P is such that J(u) = cpo, then J' (1) = 0.

Proof Assume by contradiction that 7' (u) # 0. By continuity, we can find § > 0 and
p > 0 such that

1T W)l sy = o forallv € H(RY) such that [[v — ul| s @ny < 38. (5.8)
Snce lim;— 1 |lu; — u|l gs @ny = 0, there exists &1 € (0, 1) sufficiently small such that

lur — ull gsgny <& forallz € R such that [z — 1| < 4. 5.9
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From (5.2), u € P, and J(u) = cpo, we derive

a0

Tu) < Ju) — m[u]z SRN)
a () (5.10)
= Ccpo — m[u]és(RN) forall t > 0.
Note that, for all > 0,
(N —2s) y_ Nw (N + )
Plug) = ="l gy + N gy — 1T @),

Arguing as in the proof of Lemma 14, we see that P (u;) > 0 for all # > 0 small and
P(u;) < Oforall t > 0 large. In fact, for all t € (0, 1),

(N +a)

5 t“ﬁ(u)i|

N (N —2s) 2 Nw 2
P(ut) =1 [T[“]HJ(RN) + T”u”LZ(RN) -

(N —25)

_ N _ i«
=N t)|: 5

2 No 2
[0 v, + 7||u||L2(RN)} >0,
while u € P C A implies
P(u;) > —o0 ast — +o0.
Therefore, there exist 1 € (0, 1) and t, € (1, +00) such that
Puy) > 0> Puyg). (5.11)

Set
g(r1) ., 9(n2)

2 ps
, cows 1L 22020,
SN o) ey 5oy gy Mae ey } g

8::m1n{ 3

Let S := Bs(u) and S, := {v € H*(RY) : dist(v, S) < r} for all » > 0. By (5.8) and
the definition of &, we have

8e _
1T )l s V) = 5 forallv e J ' ([cpo — 2 &, cpo + 2 €]) N Sas.

Applying [44, Lemma 2.3], we can find n € C°([0, 1]x H*(R"), H*(RN)) such that:

(i) n(t,v)=vift =0orifv ¢ J '([cpo — 2, cpo + 2€]) N Sas,
(i) n(1, JPorens) c Jro—e,
(iii) n(z, -) is a homeomorphism of H* (RN) forall ¢ € [0, 1],
@) lIn(t, v) —vllgs@ny < dforallv e HS(RM)and t € [0, 1],
(v) J(n(-, v)) is non increasing for all v € H*(RV),
(vi) J(n(t,v)) < cpo forallv e JP° N Ssand ¢ € (0, 1].
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Let us observe that, by (5.5),
J(us) < Jw) = cpo < cpo +¢& forallt > 0.
This, combined with (5.9) and (i7), gives
Jmn(,uy)) <cpo—e& forallt > 0suchthat |t — 1] < §;. (5.12)
Employing (i), (v), (5.10), and the fact that, by (5.3),
g(t) = 8 :=min{g(l — §1), g(1 +81)} > 0 forall # > O such that |r — 1] > &y,

we obtain

Jm, up)) < I0(, uy))

= Juy)
< cpo — %[u]2 SRV)
< cpo — ﬁ[w]@s(w) for all # > O such that |t — 1| > §;.
(5.13)
Taking (5.12) and (5.13) into account, we deduce

max]j(n(l, ur)) < Cpo. (5.14)

1€l

Put Y (t) := P(n(1, u;)) for all t > 0. From (5.10) and the definition of &, we derive
that J(u;) < cpo — 2¢ for all t € {t1, to}, which, together with (i), ensures that
n(l,u;) = u, for all t € {r1, }. This fact, combined with (5.11), yields

Y1) =Puy) >0> Pu,) =7(n).

By the continuity of 7" in (0, +00), there exists T € [f1, 2] such that T (r) =
P(n(1,u;)) = 0. Thus, J(n(1, u;)) > cpo, which contradicts (5.14). O

Hereafter, we show that every least energy PohoZaev minimizer of 7 has constant
sign.

Proposition9 Let N > 2,5 € (0,1), w > 0, and o € (0, N). Let | € CY(R) be such
that (f1)-(f3) hold. Assume that one of the conditions (f4), (f5), or (f6) holds.
Moreover, we assume that f is odd in R and has constant sign in (0, +00). Then,
every least energy PohoZaev minimizer of J has constant sign.

Proof Take u € P with J(u) = cpo. From (5.5), we see

Ju) < Jw) forallt > 0. (5.15)
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Since u € P C A and F is even, it follows that
F(lul) = .F ) >0, (5.16)

which implies that |u| € A. In light of Lemma 14, we can find a unique #|,; > 0 such
that w := [ul;,, € P. By the definition of cpo in (1.10), we have

cpo = Ju) < J(w). (5.17)

From (5.16) and [|u|]Hy(RN) < [ulgs@ny, we derive

L \N=25 ® N ()™
j(LU) = E(qu\) [|u|]H.V(RN> + E(qu\) ”u”LZ(RN) - Tf(lul)
N+ao
1 N=2s, ® Ny 2 (t1u1) (5.18)
= E(qu\) [M] s(RN) + E(t|u|) ”u“LZ(RN) - Ty(u)

= j(ut\u\)-
Combining (5.15), (5.17), and (5.18), we obtain
cpo = Ju) < Jw) < Tuy,) < T,

which implies J(w) = cpo. Therefore, w € P and J(w) = cpo, that is, w is a least
energy PohoZaev minimizer for J. By Lemma 15, we deduce that w is a nontrivial
nonnegative weak solution to (1.1). Applying Theorem 1, we infer thatw € H>(R)N
C¥+¢(RN) for some ¢ € (0, 1 + [2s] — 2s) and that w is a classical solution to

(—A)w 4+ ow = (I, * F(w)) f(w) inRY.

Considering that w > 0 in RN, w # 0, and f(0) = 0, we can apply the strong
maximum principle [6, Theorem 3.2] to conclude that w > 0 in RV, Since u is
continuous, we obtain that « has constant sign. O

In order to study the symmetry of least energy solutions to (1.1), we recall some
useful results on the symmetric-decreasing rearrangement; see [28, Chapter 3] for more
details. Let E C R be a Borel set such that | E| < +o00. The symmetric-decreasing
rearrangement of E is defined as E* := B,(0), where r := (|E|/|B1(0))'/N. Set
Xp = xgr Letu : RY — R be a Borel measurable function such that |{|u| > t}| <
+o0 for all # > 0. The symmetric-decreasing rearrangement of u is given by

+o00
u*(x) = / X{juj>ry(x)dt forx € RV,
0

Observe that u™ is nonnegative, radially symmetric, nonincreasing, and lower semi-
continuous. Furthermore, |{u* > t}| = |{|u| > t}| for all ¢ > 0.
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Proposition 10 /28, Chapter 3] Let N > 2, p € [1,400), and u € L”(RN) be a
nonnegative function. Then, u* € LP (RN) and

||M*||L1)(RN) = ||M||L/7(RN)-

Proposition 11 (Polya-Szego type inequality) [21, Theorem A.1] Let s € (0, 1) and
N > 2. Letu € H*(RN) be a nonnegative function. Then,

[M*]H.Y(RN) < [M]HS(RN). (519)

The inequality in (5.19) is strict unless u is a translate of a radially symmetric decreas-
ing function.

Proposition 12 (Riesz’s rearrangement inequality) [28, Theorems 3.7 and 3.9] Let f1,
f, and f3 be three nonnegative measurable functions on RN . Set

Tfi, fo. f3) = / /R AWK =) drdy.
Then,

I(flv f27 f3) SI(fl*i fz*v f3*) (520)

Moreover, if f> is radially symmetric and strictly decreasing, then equality in (5.20)
holds only if f1(x) = f{'(x —y) and f3(x) = f5(x —y) for some y € RN,

Now, we prove that every least energy PohoZaev minimizer of 7 is radially sym-
metric, up to a translation.

Proposition 13 Let N > 2,5 € (0, 1), w > 0,anda € (0, N). Let f € CO(R) be such
that (f1)-(f3) hold. Assume that one of the conditions (f4), (f5), or (f6) holds.
Moreover, we assume that f is odd in R and has constant sign in (0, 400). Then,
every least energy PohoZaev minimizer of Jis radially symmetric with respect to some
point in RN and is radially decreasing.

Proof Without loss of generality, we suppose that f > 0 in (0, +00). Arguing by
contradiction, assume that there exists a least energy PohoZaev minimizer u € P for J
which is not radially symmetric up to a translation. In light of Proposition 9, we may
assume that u > 0. Let u™ be the symmetric rearrangement of . From Propositions
10, 11, and 12, it follows that

”u*”LZ(RN) = ”M”LZ(RN), [u*]HS(RN) < [u]H.)‘(RN) and ﬁ(u*) > ﬂ(u), (521)

which shows that P(u*) < 0. Since P(u}) > 0 for ¢+ > 0 sufficiently small, there
exists 71 > 0 such that P(u’;l) = 0. Combining (5.5), (5.21), and J(u) = cpo, we
deduce

N+a
N—-2s

— 2 @_N 2 3
j(l/t;) - tl [u*]HS(RN) + Etl ”M*”LZ(RN) - Ty(u*)

1
2
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1 no2s 2 @NY 2 i
ETI [M]H.)'(RN) + Efl ”u”LZ(RN) - Ty(u)
= j(un)

= Jw) = cpo,

hence j(uf]) < ¢po, which contradicts j(u’;l) > cpo. The proof of Proposition 13 is
complete. O

Proof of Theorem 4 The resultis a consequence of (1.9), Proposition 9, and Proposition
13. O
6 Fractional Choquard equations with upper critical H-L-S exponent

In this section, we focus on (1.1) when f satisfies (f1)’-(f3)’. Define g(¢) := f(t) —
N+o
wlt| N3, ~2¢ and G(t) := fot g(t)dr. Then, g fulfills the following conditions:

(g1) lim,_o &2 =0,
|[\T
(g2) 1im|t\—>+oo IM =0,
N-2s

(g3) G satisfies

— lim; s 4o NEZ = +o0o when N > 4s,
N

t
— im0 —20 = = 400 when N = 4,

(t21logts) 8

— lim;— 4o % = 400 when 2s < N < 4s.

t N(N=25)

For simplicity, we assume that © = 1. Since (g1)-(g3) imply that (f1) and (f3)
hold, it is easy to check that (7 has a mountain pass geometry (note that (g3) ensures
that there exists #p > 0 such that F'(#p) 7 0). Moreover, the conclusions of Proposition
6, Lemma 10, and Lemma 11 remain valid. In order to prove the existence of a least
energy solution to (1.1), we only need to give a suitable variant of Proposition 7. Due
to the presence of the upper critical H-L-S exponent, we provide an upper bound for
the mountain pass value cyp. For this end, as in [40], we consider v(x) := I((pL +

Ix|%)~ e withx € R\ {0} and o > 0, v := v/||v]| 2 and v*(x) = v(x/Szr).

RN)’
N

Let v.(x) := £_¥ v*(x/ €). Observe that [vs]H?(RN) lv s”LZ*(]RN) S2 . Set

Ve := @uve, where ¢ € C(?O(RN) is a cut-off function such that 0 < ¢ < 1 in RN,

¢ =1in B_l(O) and ¢ = 0in B5(0). Then, as ¢ — 0T, we have (see [40, Propositions

21 and 22]):

[V, + 0N, 6.1)

]HY RN)

s T N
”VS ”L2§ (RN) = Sﬂg + 0(8 )1 (62)
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Cs €2 +0(eN%) if N > 4s,
Cse¥ |loge |+ O(e¥) if N = 4s, (6.3)
Cs N2 +0(e%) if2s < N < 4s,

2
” VE ”LZ(RN) =

for some Cy > 0. We also recall that (see [8, Lemma 4.6])

N+a N+a

/ (o # Ve N Vo 5 dxdy = AuC(N, @S5 — 0(™3). (6.4)
RN

Let us now define U, := V8/||VS||L2_>5 ®RY)" Thus, (6.1), (6.2), and (6.3) yield, as
e — 0T,

(Ul oy < Si + 0", (6.5)
0(e) if N > 4s,
v(©) == Usll 72y, = | O og(})) if N = 4s, (6.6)

0(sN=25) if 2s < N < 4s,

while (6.2), (6.4), and @ € (0, N) imply

/ (o # |Us| F5) U | V25 dxdy > AqC(N, &) — 0" 7). (6.7)
]RN

Next, we collect some auxiliary lemmas.

Lemma16 Let N > 2,5 € (0,1), w > 0, and a € (0, N). Let g € C°(R) be such
that (g1)-(g3) hold. Then, there exists C1 > 0 such that, for all ¢ > 0 small enough,

_Cily (o] < / (Lo * G(U))G(Us) dx.
RN

Proof Let G := max{G, 0} and G~ := min{G, 0}. Using (g1), (g2), and (6.6), we
see that, for all ¢ > 0 small,

/ G*(U)| 3% dx s/ G (U5 dx < c1/ (U + U dx < Ca.
RN RN RN
(6.8)

On the other hand, due to (g1) and (g3), we can find C, > 0 such that
N+a
G(t) = —Cot' N forallt > 0. (6.9)

In particular, G~ (¢) > —Czt% for all + > 0. Employing Proposition 2 and (6.8),
we have, for all ¢ > 0 small,

/ (Io % G~ (Ue)) G (Ue) dx
RN
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Niaw
> —C» o Io(x = UV G (Ug(x)) dxdy
e +
> =G|\ Uell 2, IG (Ue)IILNZTA_fa(RN)
Nto
> —Cyly(e)] v .

Applying Fubini’s theorem, we deduce

/ (I * G(U))G(Uy) dx
RN
_ / (Lo % G~ (Ue)G™ (Us) dx + / (I % GH(UN)GF (Us) dx
RN RN
+2 / (L % G~ (U)G* (Us) dx

RN

> 2 / (I % G~ (U)G* (Uy) dx
RN

> 2G4y ()] 3V
The proof is now complete. O

Lemma17 Let N > 2,5 € (0,1), w > 0, and @ € (0, N). Let g € CO(R) be such
that (g1)-(g3) hold. Then,

N+a

s Ua 10 )G W) dx
sllg"' Nt
[y (&)~

= +o0. (6.10)

Moreover, there exists Cy > 0 such that, for all ¢ > 0 small enough,

N+o N+a
/ (o * |Ug|N=2)G (Ug) dx = —=Caly (e)] 2V .
B£(0)

Proof From (6.2), there exists £y > 0 such that || V|| 12
Hence, if ¢ € (0, min{1, eg}), we obtain

@y = K forall e € (0, 29).

1 1 L,
Us (@) 2 2 Vo) = 20:() = Co e~ forall x| <e, 6.11)

for some Cop > 0. In view of (g3), for every fixed R > 0 there exists Cg > 0 such
that, for all + > Cg,

Rt"W* if N > 4s,
G(t) = { R(Zlogt+)“F" if N = 4s, (6.12)
25(N+a)
Rt N(N=2s) if 2s < N < 4s.
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_N=2s
Take &1 > 0 such that Cy ¢, 2 > Cg. Then, for all ¢ € (0, min{1, &g, £1}), we
_ N2
have Ug(x) > Cg for all |x| < &. Let &2 > 0 be such that Cp ¢, 2 > 1,and

1
choose €3 € (0, min{C, 1}) such that log(Cp &5*) > 3 log 83_1. Hence, for all ¢ €
(0, min{1, €9, €1, €2, €3}), (6.11) and (6.12) ensure that the following estimates hold:
When N > 4s, we derive

f (o * |Us | ¥5) G (U,) dx
B:(0)

_Nta _ (N=29)(N+a) 1
>CiRe 2 ¢ 2N T N—a dxdy
-(0) JB.0) X — y[TT¢

N+a (N=25)(N+a) 1
= C]RS_T+ e 2N 8N+a/ / ﬁdxdy
B1(0) J B0y 1X — Y

(N+a)s
>CrRe ~

When N = 4s, we find

/ (I # |Us | N-5) G (Uy) dx
B:(0)

4s+a . at4s l

> C3R 8_%(8_23 loge_l)?%rfs / / ———— dxdy
Be(0) JB.(0) 1X — y[¥7¢

4s+a . a+4s . 1

= C3R8_T+(5_23 10g8_1)§7s 843+a\/ / mdxdy
B1(0) / B1(0) -

2s — 1\ et

> C4R(e” loge™ ") &

When N < 4s, we obtain

/ (I * U1 V3G (U,) dx
< (0)

_Nta _ s(N+a) 1
>CsRe™ 2 ¢ N dedy
-(0) JB:(0) 1X — Y

o _s(N+a) 1
= C5R S_N; e 1\7r 8N+a/ / —N_dxdy
B1(0) J B0y |X — Y[V ¥

(N+a)(N—25)
> CgRe 2N

Combining the above estimates with (6.5), and since R > 0 was arbitrary, we arrive

at (6.10). Finally, (6.9), Proposition 2, and ||U, ||L2;« ®N) = 1 yield

/ (o * |Ue| 75 G (U,) dx
B£(0)

N

z/ / Ie(x = NIUIE G(UL () dx
<(0) J BS(0)
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N+a N+ta
> —Cy Io(x = WIUe WV |Ue ()| ¥ dx
£(0) J B£(0)
N+ta 1!VV+§
= CSHUs”Lz(RN)”Ue”Lz* TR”)
= —Csly ()] 3"
This finishes the proof. O

Lemma18 Let N > 2, s € (0,1), w > 0, andx € (N — 4s)4, N). Let g € CO(R)
be such that (g1)-(g3) hold. Define

Cy 1=

—2s
o+ 2s N+o = S%
2(N +a) \N —2s HL-*

Then, cmp € (0, c4).

Proof Observe that Proposition 2 and (6.6) imply that, for all ¢ > 0 small enough,

/ (Io * F(Ug)) F(Ug) dx
RN

< AgC(N, ) |IF(U)I* o
L N+a (RN)
N+o

N
<RN>] =G

= C {10 gy + 10617,

On the other hand, Lemmas 16 and 17 ensure that, for all ¢ > 0 small enough,
/ (I, * F(Uy))F(Ugy)dx > 0. (6.13)
RN

Applying Lemma 14, we can find a unique ¢, > 0 such that (U),, € P. In view of
Remark 5, we have that J((Ug);,) > cpo > cmp. Hence,

tN—2v N
O < CMP = =< j((Ué‘)t;) - [UE]HS(RN) + CL) ”U&”LZ(RN)

IN+01

/ (I % F(Ug)) F(Ug) dx,
RN

and using (6.5), (6.6), and (6.13), we deduce that 7, /& 0 and t, /~ 400 as e — O.
Consequently, there exist 0 < t; < fp < H+oo such thatz, € [#1, t2] for all ¢ > 0 small
enough. Combining this fact with (6.5), (6.7), Lemma 16, Lemma 17, and noting that,
by Lemma 3, it holds

tN—ZsS tN+a N —2s 2A C(N )
max — s = s
o | 2 T T2 \(Nga ) e T

@ Springer



V. Ambrosio

we obtain
J((Ue)r,)
N (Nt AN — 25\ Nia Nia
— [UE]HS(RN) - T N + o N(IOl * |U€| N725)|U6| N=2s d.xdy

N 5 N+Ot
a)%||U8||L2(RN) / (Io ¥ G(Ue))G(Ue) dx

N —2s N+to
AR (m) /RN Iy * IUaIN*ZS)G(Us)dx

tN72S tN+a N —2s 2 . Neta
< 82 S*—E2 <N+ ) AgC(N,a) + 0N ")+ 0(e 7))
N —2s N+a N+ta
+ w—y(S) (I * |Ug| N=2)G(Ug) dx + Cg[y (e)] 2V
N + Be<0>
N — Nta Nta
<c*+§(8)—t1 Nia Uy * |Uc| V=25 )G (Ug) dx + Cgly (e)] 2V,
B (0)

where
N

o(e) = 0N ) + 0((9%) +a)%y(5).

Now, since o € ((N — 4s) 4, N), it follows from (6.6) that, as ¢ — 0T,

0(s%) if N > 4s,
t(e) =1 0> (log(1) + 1)) if N = 4s,
0(eN—25) if2s < N < 4s.
Therefore,
im ) _g

=0 [y ()] V"

Using this fact and Lemma 17, we conclude that, for e > 0 small enough, J((Us);,) <
cx. As aresult, 0 < cpmp < c. The proof is now complete. O

Next, we provide an analogue of Proposition 7 in the critical case.

Proposition 14 Let N > 2,5 € (0,1),w > 0,anda € ((N—4s)y, N).Letg € CO(R)
be such that (g1)-(g3) hold. Let (u,)) C H*(RY) be a sequence such that

(i) J(up) = ¢ < ¢y
(ii) T (up) — 0in HSRN) and P(u,) — 0 asn — +oo.

Then, up to a subsequence, one of the following alternatives holds:

(1) up, — 0in H*(RN) as n — +o0;
(2) there exist u € H*(RM) \ {0} and a sequence (x,) C RN such that J'(u) = 0
and u, (- — x,)—u in HS(RN) as n — +oo0.
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Remarks on the nonlinear fractional Choquard equation

Proof According to Lemma 10, (u,,) is bounded in H*(R"). Suppose that (1) is not
valid, namely,

lnlgirg lunll s wwy > 0. (6.14)

We start by showing that
lim inf 0. 6.15
lim inf XSSHEN Nunllr2(B, (xo)) > (6.15)

Arguing by contradiction, we assume that, up to a subsequence,

lim  sup |lunllz2(,(xp)) = O-
- xoeRN

From Lemma 2, it follows that
u, — 0in LY(RY) for allg € (2,2)). (6.16)

Utilizing J(u,) = ¢ 4+ 0,(1) as n — 400, we know that

1 2 w 2 1
_[uﬂ]HS(RN) + _”u””LZ(RN) - 5 RN(I(I * G(un))G(un)d-x

—( _2s>/ (Lo % G ()t | V5 dx

2AN+e Jry 6.17)
1(N zs)/ (L # | 5 G (uy) dix “
2 N+Ol RN

—1(N_2s) [ e B, 5 dx = e 0,00,

2 N+Ol RN

while (J'(uy), un) = 0,(1) as n — +o0 yields

2 2
[un]Hs(]RN) + w”un”L2(RN) - /]RN(I(X * G(”n))g(un)un d-x

N+ N —2s N+
- Iy * G(up))lup|N=2 dx — U * |up|V=25) g (up)uy dx
RN N + o RN

Al By T - L= (1)
J— * —Lis —LZ5 = .
Nt a ox o % Uy Uy X =o0,

(6.18)

By virtue of (g1) and (g2), for each fixed & > 0 and r € (232, J4&L) there exists
C¢,r > 0 such that

11T, |G| T < s(lt? + 1t1%) + Ceplt| 76 foralli e R, (6.19)
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Thus, using (6.19), the boundedness of (u,,) in H*(R"), and the fractional Sobolev
embeddings from Proposition 1, we see

2N 2Nr
llg un)unll 5y G ()l N” <C'e4Ce rllunl "oy, foralln € N.
LTHe ®N) L¥Ha @) LN+a (RN)

Noting that 2Y2 e (2,2}), it follows from (6.16) that u, — 0 in L%+ (RV), which
implies

2N

lim sup || g () uy || M =< C/&

n——+o00 N+m (]RN)
and

2N

lim sup ||G (un) | V5 <C's.

n—+00 LN +a (RN)
Since ¢ > 0 is arbitrary, we deduce

nET IIg(un)unllLN+ /Y ngrf ”G(”")”LW(RN) =0. (6.20)
Now, applying Proposition 2, we have
/ Iy * G(uy))G(uy)dx| < AgC(N, a)||G(u,,)|| foralln € N,
Nia RN)

and

‘/ (Io % G (un))g(un)itn dx
RN
= AaC(N,a)IIG(un)IILN%(RN)IIg(un)unllLN%( foralln € N,

RN)

which, together with (6.20), leads to

lim (I * G(up))Guy)dx =0 = lim / Iy * G(un))g(un)uy, dx.
n——+00 — 400 RN
(6.21)

Employing (6.20), Proposition 2, and the boundedness of (u,) in L% (RN), we also
see

lim / (Lo % G (un))|un| V-5 dx =0 = lim / (I % |tn| V3)G () dx.
n—+400 RN n——+00 RN
(6.22)
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Combining (6.17), (6.18), (6.21), and (6.22), we obtain

1, o o 1 (N —2s\° Nis  Nie
E[u"]HS(RN) + EHM"HLZ(]RN) - 5 N—-i-Ol ¥ Iy * |up|N=25) |u, | N=2s dx

=c+o0,(1),
(6.23)

and

N —2s

SN o # ln V5 | V5 dx 40, (1).
N+O{ RN

(6.24)

[un]iIS(RN) +C()||Mn ”iZ(RN) = (

Let £ € (0, +00) be such that

L . 2 2
.= HBI}}OO[un]HS(RN) + w”un”LZ(RN)
. N —2s Nta Nta
= lim (o * |ty | N=25 ) uyy | V=25 dx.
n—+oo \ N + « RN

By the definition of Sy 1., we have

N-2s

N+a N+a Nta
SH,L (Lo * |tn | V=25 ) |uy | N=2s dx
RN
< ltnYggs vy < [n gy oy + @llutnll 7oy foralln € N,

which, along with (6.23), implies
N + L_zzs N+
o a+2s Nro
> Sy
- (N — 2s> H,L

1 (a+2s
— L =c,
2\ N+«

—2s

N
1 a+2s N+a a+2s N+ta
> _ Sa+2s — ,
c_2<N+a)<N—2s> HL = O

which is a contradiction. As a result, (6.15) is true. Therefore, up to a translation, we
may assume that

Since (6.24) gives

we deduce that

tim inf a2, 0)) > 0- (6.25)
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Because (u,,) is bounded in H*(R"), we may assume that there exists u € H*(RY)
such that, up to a subsequence,

up—u in H*(RM),
RY) forall ¢ € [1,25), (6.26)

U, —> u ae.in RN

U, = u in L?OC

Thanks to (6.25) and (6.26), we see that u # 0. Finally, we check that 7' («) = 0.
Utilizing (2.4) and the boundedness of (i,,) in L2(RY) N L% (RY), we know that

(F (uy)) is bounded in L%(RN). Since F is continuous and u, — u a.e. in RV,
we have that F(u,) — F(u) a.e. in RV, Thus, applying [45, Proposition 5.4.7], we
conclude that

. 2NN

F(uy)—F(u) in LV+a (R™). (6.27)

Combining (6.27) with Proposition 2, we find

. 2NN
Iy % F(up,)—1Iy * F(u) in LV-a (R™), (6.28)
which yields
/ (o * F(un)) f(w)pdx — / (o % F(u) f (w)g dx. (6.29)
RN RN
On the other hand, by Proposition 2, we have

'/RN (I * F(up)[f (un) — fw)]epdx
< ColLf (un) — f(u)]<p||LN%(RN) foralln € N.

(6.30)

Note that 2?(%) € (1,2¥) due to @ € ((N — 4s)4, N). Then, (6.26) ensures
*ca+2s
that u,, — u in Lz-‘(%ﬂ)(supp((p)). Thus, up to a subsequence, there exists w €

Lzﬁ(%)(supp(w)) such that |u,| < w a.e. in supp(¢). Considering that

2N

£ Ve < Ci (1 + 1|5 (F52)) forallf € R,

W€ see

N
ILf (un) = fQ)]p| Ve
< Co1 + Juy BT o+ ¥ 55 | ¥

2N Q25 % (at+2s 2N
< Calg| ¥ + Co(lw] > FFa) 4 u|x (F5))|p| ¥+3 € L' (supp(p)).
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Remarks on the nonlinear fractional Choquard equation

Since f(u,) — f(u) a.e.in R, it follows from the dominated convergence theorem
that

/ ILf (un) — f(u)]wll‘%‘ dx — 0 asn — 400,
RN

which, combined with (6.30), implies

/ﬂ; Uax P ) — f@)lpdx — 0. 631)

In light of (6.29) and (6.31), we arrive at
[ e P funods > [ s Faofaedr. 632
RN RN

Utilizing 7' (u,,) — 01in H~5(RV), (6.26), and (6.32), we obtain that (7’ (u), ¢) = 0
for every ¢ € C2°(RV). Because C°(RY) is dense in H*(RY) (see Proposition 1),
we conclude that u is a weak solution to (1.1). O

Proof of Theorem 5 1t suffices to proceed as in the proof of Theorem 3 replacing Propo-
sition 7 by Proposition 14. If, in addition, we assume that g is odd in R and that

gt)+ put 5 > O forall r € (0, +00), then we can argue as in the proof of Theorem
4 to deduce the sign and symmetry of least energy solutions to (1.1). O
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