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A B S T R A C T

The combined action of waves and currents can lead to the generation of freespans that have significant
influence on both pipeline on-bottom stability and structural integrity. Several studies have been carried out
since the 80’s to analyse the onset of the scour process and the related phenomena in the presence of either
waves or currents, while only a few studies regard the combination of waves and currents. Moreover, the main
empirical expressions coming from such studies cannot adequately represent the physics of the phenomena and
lead to non-conservative results. For that purpose, a reanalysis of existing datasets on the onset of scour due
to waves and/or currents has been carried out to obtain a coherent method for the evaluation of the critical
embedment associated to such mixed flow conditions. In addition, an analytical study has been used to quantify
the Keulegan–Carpenter parameter when waves are combined with currents, for a more correct application of
such empirical formulas. These results will be integrated into a probabilistic model for the long-time evolution
of freespans for the evaluation of the structural stability of pipelines in the marine environment, although the
present approach can be exploited for a broader range of offshore applications that deal with the combined
action of waves and currents.
1. Introduction

Submarine pipelines are offshore key infrastructures widely used
for long-distance transportation of oil and gas from production wells
to processing facilities. Furthermore, underwater pipes and cables are
also related to the growing use of renewable energy sources and to
the consequent development of dedicated offshore structures for the
energy harvesting from diverse sources (e.g., wind, waves, sun). Their
integrity is influenced by a large number of factors. An uneven seabed,
with respect to a flat one, leads to the generation of freespans that can
lead to an increase of the bending stress in the unsupported sections. A
similar effect can be generated also by dynamic phenomena such as the
migration of submerged bars, which are subjected to both short-term
and long-term evolution (e.g. Pape et al., 2010; Postacchini et al., 2017;
Melito et al., 2020; Grossmann et al., 2022; Pourzangbar and Brocchini,
2022), as well as the submarine formation of ‘‘sand waves’’. These are
large-scale seabed forms whose presence can hamper the integrity of
pipelines also because of their migration (e.g. Besio et al., 2003, 2004).
The type of soil can lead to other problems: a hard soil (e.g. rock) is
related to the abrasion of the pipeline, a soft soil (e.g. clay) can lead
to an excessive sinking of the pipeline inside it. Finally, the combined
action of waves and currents can lead to the generation of freespans
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that have a significant influence on the pipeline on-bottom stability and
structural integrity.

Since the 80’s, a large amount of literature on pipelines in marine
environment has been produced as reviewed by Fredsøe (2016). Most of
those works focused on the scour development in terms of equilibrium
scour depth and the related time scale either in waves (Sumer and
Fredsøe, 1990; Hansen, 1992; Zhang et al., 2019), currents (Bijker and
Leeuwestein, 1984; Chiew, 1991; Kjeldsen et al., 1973; Mao, 1986;
Moncada-M and Aguirre-Pe, 1999) and their combination (Lucassen,
1984; Cheng et al., 2014; Zhang et al., 2017; Zang et al., 2019). In
steady currents, when a pipeline is embedded into the seabed, the
seepage flow caused by the presence of a drop of pressure between
the upstream/downstream sides of the pipe can lead to the onset
of scouring (Mao, 1986). The experimental study of Chiew (1990)
related the scour onset to the process of piping by applying different
static pressure gradients on the pipe. However, such works did not
provide any quantification of the effect of the pressure drop in the
soil. The first expression for the evaluation of the onset conditions was
obtained by Sumer et al. (1991) for waves. The critical embedment of
the pipeline was found to be related to the Keulegan–Carpenter (𝐾𝐶)
parameter, as also confirmed by Klomp et al. (1995). The first work for
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waves or current flows alone was done by Sumer et al. (2001). Their
results confirmed that the onset of the scour below pipelines occurs
locally due to the piping caused by the excessive seepage flow. The
critical condition for the scour to occur both in waves and currents was
also obtained as a relation between a dimensionless flow velocity and
the relative pipeline embedment, with a minor influence of the pipe
Reynolds number and surface roughness. In the case of waves only, 𝐾𝐶
is a very important parameter for the onset conditions. Large values of
𝐾𝐶 lead to smaller pressure drops and flow separation occurs farthest
from the pipe, thus recalling the steady current flow. On the contrary,
given the same wave velocity, small values of 𝐾𝐶 are related to shorter
waves, thus inducing larger pressure drops on the sides of the pipeline.
Therefore, for small values of 𝐾𝐶 the onset conditions are easier to
achieve.

More recently, the onset of scouring in steady current and waves
was also studied numerically (Liang and Cheng, 2005; Zang et al.,
2009). In Zang et al. (2009), a 2D-RANS model with a 𝑘−𝜔 turbulence
closure was developed to obtain a unified onset condition for steady
currents and waves, which relates the dimensionless flow velocity
defined in Sumer et al. (2001) to the critical embedment, the pressure
drop coefficient and 𝐾𝐶 (in case of waves). The only work that analyzes
the onset of scour under the combined action of waves and currents is
the experimental study of Zang et al. (2010). Here, the critical velocity
under waves and currents was defined from the interpolation of the
results obtained by application of the equation of Zang et al. (2009) for
steady currents. It was observed that such critical velocity is slightly
larger in the combined flow and reaches the maximum value when
current and wave velocities are comparable.

The main loads that must be considered when designing a pipeline
are permanent (seabed roughness), functional (internal pressure and
temperature) and dynamic (marine currents and direct wave action).
Pipe-soil interaction and scouring are responsible of freespan genera-
tion (Bijker et al., 1991), whose effects on the pipelines mainly depend
on the equilibrium depth and length. However, an accurate knowledge
on scour onset conditions is very relevant, e.g. for oil & gas companies,
to plan field maintenance operations. Real time data on scour, sagging
and on the general pipeline status are often unavailable. For this rea-
sons, companies use numerical/measured meteorological data (waves
and currents) and experimental equations to estimate if scouring and
freespans are expected or not (Drago et al., 2015). From this point
of view, knowing the conditions leading to freespan generation in
an environment where both waves and current coexist is essential to
plan maintenance activities. Therefore, the aim of the present work
is to revise the available methods for the evaluation of the onset of
scour conditions under waves and currents, and to provide a uniform
and updated approach that can be applied also when their action is
combined.

The present work is structured as follows. In Section 2, a reanalysis
of the main available methods for the evaluation of the onset of scour
conditions at a pipeline is performed. In Section 3, the new model
for the determination of the onset of scour is presented and validated
with experimental data, together with the analysis of the main flow
parameters in waves plus currents conditions. Finally, in Section 4, a
discussion of the method and some conclusions are given to provide a
useful framework for its application.

2. Re-analysis of the available methods

To characterize the onset of scouring under pipelines, most of the
literature link the relative embedment of the pipeline (𝑒∕𝐷, where 𝑒
is the pipe embedment or burial depth and 𝐷 is the pipe diameter)
to a dimensionless ratio (𝛺 in the present work) between the squared
ritical velocity of the flow 𝑢𝑐𝑟𝑖𝑡 and some characteristics of both
ediment and pipeline: the specific weight 𝑠 = 𝜌𝑠∕𝜌𝑤 defined as the
2

ratio between the sediment (𝜌𝑠) and water density (𝜌𝑤), the porosity 𝑛
and 𝐷. The criterion for the onset of scour can, thus, be written in the
following general form:

𝛺 =
𝑢2𝑐𝑟𝑖𝑡

𝑔𝐷(𝑠 − 1)(1 − 𝑛)
= 𝑓

( 𝑒
𝐷

)

(1)

where 𝑔 is gravity acceleration.
It must be noted that, in this equation, an important parameter for

the sediment mobility, the mean grain size 𝑑50, is missing. In his review
on the interaction between a pipeline and an erodible bed, Fredsøe
(2016) refers to the work of Zang et al. (2010) for the evaluation of
the onset of piping conditions under combined waves and currents. In
such work, the relation between the critical pipeline embedment and
the flow conditions was taken from the numerical work of Zang et al.
(2009) as:

𝛺 =
𝑢2𝑐𝑟𝑖𝑡

𝑔𝐷(𝑠 − 1)(1 − 𝑛)
=

𝛾
𝜆𝑎𝛥𝐶𝑝0

(2)

𝛾 is the contact angle, which can be computed as a function of the
dimensionless critical embedment as:

𝛾 = 2 arccos
(

0.5 − 𝑒∕𝐷
0.5

)

. (3)

𝛥𝐶𝑝0 is the pressure drop coefficient across the pipeline size, which can
be obtained from Figure 10 in Zang et al. (2010), and 𝜆𝑎 is a calibrating
coefficient given by the relationship:

𝜆𝑎 = 3 exp(−0.42𝛾). (4)

In Zang et al. (2010), a new definition of the critical velocity was given:

𝑢2𝑐𝑟𝑖𝑡 =
(𝑢𝑐 + 𝑢𝑤)2

𝛽
(5)

where 𝑢𝑐 and 𝑢𝑤 are the sea current and wave velocities perpendicular
to the pipeline, respectively. The ratio between the current velocity and
the sum of the velocities is here defined as:

𝛼 =
𝑢𝑐

𝑢𝑐 + 𝑢𝑤
(6)

From such coefficient, 𝛽 was experimentally fitted as:

𝛽 = −2.6208𝛼2 + 2.7417𝛼 + 0.8396. (7)

The first step of our analysis consists in the evaluation of Zang et al.
(2010)’s approach in relation to the onset of scouring data for waves
and currents available in the literature (Sumer et al., 2001; Zang et al.,
2010). The ranges of the main parameters of the experimental tests of
such works are reported in Table 1.

The application of the Zang et al. (2010)’s approach to such dataset
leads to the results illustrated in Fig. 1. Here, the dimensionless critical
embedment computed by inverting Eq. (2) is provided on the abscissa
and the experimental data is reported on the ordinate. In the current
only condition, the method of Zang et al. (2010) corresponds to Zang
et al. (2009)’s approach and its validity is confirmed with the exper-
imental data of Sumer et al. (2001) (red triangles). When the wave
velocity increases (green squares) the performance of the approach is
reduced down to the situation in which the flow is induced by waves
only (blue circles). In this case, the critical embedment observed by ex-
perimental data can be orders of magnitude larger than the predictions
from Eq. (2), characterized by a non-conservative behaviour.

In Drago et al. (2007), for combined waves and current environ-
ment, the equations given in Sumer et al. (2001) are applied for scour
onset estimation depending on the value of 𝛼 to establish if the flow
is current dominated (𝛼 > 0.5) or wave dominated (𝛼 < 0.5), and to
compute the combined value of the velocity to be used in the equation.
The application of this approach would lead to discontinuity on the
results at 𝛼 = 0.5 and to possible under/overestimation of the critical
embedment in the other cases.

For this reason, the aim of the present work is to provide a uniform

method for the evaluation of the critical embedment that leads to the
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Table 1
Datasets used in the present study and relative range of the main parameters.

Authors Type 𝐷 (m) 𝑢𝑐 (m/s) 𝑢𝑤 (m/s) 𝐾𝐶 (–) 𝑑50 (mm) 𝑒∕𝐷 (–)

Sumer et al. (2001) Current 0.05–0.10 0.22–0.73 – – 0.18–1.25 0.01–0.15
Sumer et al. (2001) Waves 0.05–0.10 – 0.09–0.40 2.2–29.0 0.18 0.01–0.15
Zang et al. (2010) Waves + current 0.05 0.13–0.45 0.07–0.36 1.6–48.0 0.16–0.48 0.03–0.15
Fig. 1. Application of the onset evaluation method proposed by Zang et al. (2010) to
wave plus current dataset of Zang et al. (2010) (in green) and the wave (in blue) and
current (in red) datasets of Sumer et al. (2001).

onset of scour under combined waves and current, also in relation to the
datasets available in the literature and reported in Table 1. The most
validated approach on this topic that separately deals with waves and
currents is that by Sumer et al. (2001). In the current only condition, an
equation is provided to relate the current velocity with both sediment
and pipeline characteristics as:

𝛺 =
𝑢2𝑐𝑟𝑖𝑡

𝑔𝐷(𝑠 − 1)(1 − 𝑛)
= 0.025 exp

(

9
( 𝑒
𝐷

)0.5
)

(8)

In the wave only condition, the dependence on the Keulegan–Carpenter
number (𝐾𝐶 = 𝑢𝑤𝑇 ∕𝐷, where 𝑇 is the wave period) is highlighted, but
no explicit equation that accounts for its effect was provided and only a
qualitative graph was reported (Figure 12 of Sumer et al., 2001). For a
given wave velocity, smaller values of 𝐾𝐶 are related to smaller wave
periods and, therefore, to larger values of the critical embedment, due
to the increase of the pressure gradient between the two sides of the
pipeline. On the opposite, for larger values of 𝐾𝐶, the critical value of

𝑢2𝑐𝑟𝑖𝑡
𝑔𝐷(𝑠−1)(1−𝑛) approaches the case of steady currents. Fig. 2 illustrates the
performances of both Eq. (8) for the current only condition (panel a)
and Figure 12 of Sumer et al. (2001) for the wave only condition (panel
b). Eq. (8) agrees well with the experimental results of both critical
embedment and dimensionless velocity, and provides a coefficient of
determination 𝑟2 = 0.873 (Fig. 2a). In the case of waves, Fig. 2b
shows the experimental values of the dimensionless parameter 𝛺 on the
ordinate with respect to the values that can be obtained from Sumer
et al. (2001)’s graph as a function of KC and of the dimensionless
embedment. The results show an overall good agreement with the
experimental values but the correlation is weaker with respect to the
current only case (𝑟2 = 0.573). Such weaker correlation can be due to
the fact that KC may not be the only parameter that influences the
wave-induced piping process. The scatter plot of Fig. 3 highlights the
importance of both KC and Shields parameter (𝜃), computed for wave
tests only. According to Sumer et al. (2001), the dimensionless velocity
is reported as a function of the dimensionless embedment. First, as
also stated by Sumer et al. (1991), KC highly influences the onset of
scour process under waves. Specifically, waves with large values of KC
are characterized by large wave-lengths and their behaviour becomes
3

closer and closer to that of steady currents for increasing KC (Fig. 3a).
Then, another important parameter is found to highly influence the
onset of scour in waves, i.e. the Shields parameter, whose effect is
illustrated in Fig. 3b. When 𝜃 increases, the results for wave tests
become similar to those of the steady current case. Here, the Shields
parameter under waves is computed according to the associated wave
shear stress (Shields, 1936) as:

𝜃𝑤 =
𝜏𝑤

𝜌𝑔(𝑠 − 1)𝑑50
(9)

where the wave shear stress is computed as:

𝜏𝑤 = 𝜌𝑢2∗𝑤 (10)

while the friction velocity in waves is calculated as:

𝑢∗𝑤 =
√

𝑓𝑤
2
𝑢𝑤 (11)

and the friction coefficient is estimated according to Fredsoe and
Deigaard (1992) as:

𝑓𝑤 = 0.04
(

𝑎𝑥
2.5𝑑50

)− 1
4

(12)

with 𝑎𝑥 representing the amplitude of particle motion under waves.

3. The scour onset model

The new approach for the definition of an unique method for the
evaluation of the onset of scour under combined waves and currents
starts from the results of Sumer et al. (2001) for steady currents.
Eq. (8) represents the relationship between the critical embedment of
the pipeline and the critical velocity of the flow (Fig. 2a). Such equation
can be, thus, modified to include also the important contribution of the
Shields parameter when waves are dominating the flow. It can, thus, be
rewritten introducing two coefficients, 𝑎 and 𝑏, that depend on 𝐾𝐶 and
𝜃 as:

𝛺 =
𝑢2𝑐𝑟𝑖𝑡

𝑔𝐷(𝑠 − 1)(1 − 𝑛)
= 𝑎(𝐾𝐶, 𝜃) exp

(

9
( 𝑒
𝐷

)𝑏(𝐾𝐶,𝜃)
)

. (13)

In practical applications, this model can be applied to obtain the critical
embedment associated to specific flow, soil and pipeline conditions.
From Eq. (13), the critical embedment can be obtained as:

𝑒
𝐷

=

[

1
9
ln

(

𝑢2𝑐𝑟𝑖𝑡
𝑎𝑔𝐷(𝑠 − 1)(1 − 𝑛)

)]
1
𝑏

(14)

If the pipeline embedment is smaller than the embedment computed
with Eq. (14), the scour onset conditions are reached and the scour
process occurs. To apply such model, the argument of the logarithm
in Eq. (14) must be larger than 1. This condition is reached when the
critical velocity increases to values larger than:

𝑢𝑐𝑟𝑖𝑡 ≥
√

𝑎𝑔𝐷(𝑠 − 1)(1 − 𝑛) (15)

Eq. (15) represents the condition for scour onset to occur when the
pipeline embedment is null. The same condition was also present
in Eq. (8), for steady currents, with 𝑎 = 0.025. In waves only, the scour
onset conditions are more easily reached due to the larger pressure
gradient on the sides of the pipeline. A smaller value of such critical
velocity is, thus, expected.

To apply the present model to the data reported in Zang et al.
(2010), the value of 𝑠 was taken as 2.65 and the porosity 𝑛 was
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Fig. 2. Currents only condition (panel a): comparison between experimental values of 𝛺 (triangles) and data computed with Eq. (8) (line) as a function of the dimensionless
embedment. Waves only condition (panel b): experimental values of 𝛺 vs. 𝛺 computed from the graph of Sumer et al. (2001) as a function of the dimensionless embedment and
of 𝐾𝐶.
Fig. 3. Influence of the KC number (panel a) and of the Shields parameter (panel b) on the scour onset under a pipeline. The colorbar refers to wave tests only.
Fig. 4. Evolution of the parameters a and b defined in Eq. (17) as a function of the
parameter 𝐾𝐶0.25𝜃0.70.

estimated from the grain size, according to Wu and Wang (2006)
as:

𝑛 = 0.13 + 0.21
(

1000𝑑50 + 0.002
)0.21

(16)
4

The experimental data suggests an exponential behaviour for both
𝑎 and 𝑏, depending on the combined parameter 𝐾𝐶0.25𝜃0.70. After
substituting such exponential behaviours in Eq. (13), data fitting on the
experimental values of 𝛺 allowed us to obtain the following equations:

𝑎 = 0.025
(

1 − exp
(

−14𝐾𝐶0.25𝜃0.70
))

𝑏 = 0.5 + exp
(

−2.9𝐾𝐶0.25𝜃0.70
) (17)

The exponential curves of Eq. (17) are plotted in Fig. 4. The asymptotic
analysis of such equations is consistent with the expected behaviour of
these parameters. An increase of the combined parameter 𝐾𝐶0.25𝜃0.70,
due to large values of 𝐾𝐶 or 𝜃, leads to a behaviour comparable to
that of a current (see Fig. 3). In agreement with this consideration, for
large values of 𝐾𝐶0.25𝜃0.70, the parameter 𝑎 tends to 0.025 and 𝑏 to
0.5, this providing Eq. (8) of Sumer et al. (2001) is obtained. Values of
𝐾𝐶0.25𝜃0.70 → 0 are mainly obtained by a zero velocity and, therefore,
also 𝑎 approaches 0 because no critical embedment can be associated
with a zero velocity.

The present method can now be applied to the experimental data
of Sumer et al. (2001) for either waves or currents. In detail, for its
application in the wave only condition, the 𝐾𝐶 parameter is computed
according to its definition as 𝐾𝐶 = 𝑢𝑤𝑇 ∕𝐷 and the Shields parameter
according to Eq. (9). For the current only condition, the value of
𝐾𝐶 is taken to be infinity and the Shields parameter is computed



Coastal Engineering 190 (2024) 104507F. Marini et al.
Fig. 5. Application of Eq. (13) to the onset data for either waves or current only
conditions of Sumer et al. (2001).

following Soulsby (1997) as follows. First, the current friction velocity
is computed assuming a logarithmic velocity profile as:

𝑢∗𝑐 = 𝜅𝑢𝑐 (𝑧) ln
( 𝑧0
𝑧

)

(18)

where 𝑧 is the level at which the current velocity is known, 𝜅 = 0.41 is
the von Karman’s constant, while the bed roughness length 𝑧0 can be
estimated according to Nikuradse (1932) as 𝑧0 = 2.5𝑑50∕30. Following
the same procedure described for waves, the current shear stress can,
thus, be computed as:

𝜏𝑐 = 𝜌𝑢2∗𝑐 (19)

and the associated Shields mobility parameter as:

𝜃𝑐 =
𝜏𝑐

𝜌𝑔(𝑠 − 1)𝑑50
. (20)

The present approach is now applied to the experimental results of
Sumer et al. (2001). Fig. 5 shows the results for the dimensionless
parameter 𝛺. Here, the ordinate gives the experimental values while
the abscissa gives the results achieved by application of the present
method. The present approach represents very well the experimental
data: coefficient of determination 𝑟2 = 0.918 is obtained, which is larger
than the coefficients obtained using Sumer et al. (2001)’s approach for
waves/currents illustrated in Fig. 2. Eq. (13) is, therefore, validated
with experimental data from tests of either waves or current only.
However, it can also be applied to the cases in which waves and
currents occur at the same time. For such application, some additional
considerations are needed about the definition of the main parameters
in combined waves and currents conditions. In particular, the following
parameters are discussed in the following subsections:

• the Shields parameter
• the Keulegan–Carpenter number
• the critical velocity for the onset of scouring

3.1. 𝜃 For combined waves and currents

The significant amount of nonlinear interactions between wave and
current boundary layers can enhance by 50% the maximum shear
stress (Soulsby et al., 1993), which is found to be larger than the simple
linear addition of 𝜏𝑐 and 𝜏𝑤. Following Soulsby (1997), the maximum
shear stress (𝜏𝑚𝑎𝑥) for combined waves and currents is computed from
the mean shear stress defined as:

𝜏𝑚 = 𝜏𝑐

[

1 + 1.2
(

𝜏𝑤
𝜏𝑐 + 𝜏𝑤

)3.2
]

(21)

This equation was calibrated with laboratory and field data and ac-
counts for the nonlinearity introduced by the interaction between
5

Fig. 6. Definition of the forward (𝐴+) and backward (𝐴−) particle excursion in case
of combined waves and current velocity.

waves and current. From this value, the maximum shear stress can be
calculated by a vectorial sum of 𝜏𝑚 and 𝜏𝑤 according to Ockenden and
Soulsby (1994) as:

𝜏𝑚𝑎𝑥 =
[

(𝜏𝑚 + 𝜏𝑤 cos𝜙)2 + (𝜏𝑤 sin𝜙)2
]0.5 (22)

where 𝜙 is the relative angle between waves and current. The Shields
parameter for combined waves and currents can now be computed,
according to its definition, as:

𝜃 =
𝜏𝑚𝑎𝑥

𝜌𝑔(𝑠 − 1)𝑑50
(23)

According to Zhang et al. (2017), the Shields parameter computed
following this procedure is the one that better represents the time
scale of the scour process under combined waves and current and it
is, therefore, used in the present work.

3.2. 𝐾𝐶 For combined waves and current

The other main parameter that needs to be defined in combined
waves and current conditions is the 𝐾𝐶 number. Its importance in the
interaction with cylindrical structures was first shown by Keulegan and
Carpenter (1958) who defined such dimensionless parameter as:

𝐾𝐶 =
𝑢𝑤𝑇
𝐷

= 𝜋𝐴
𝐷

(24)

being 𝐴 the distance that a fluid particle would travel in the horizontal
direction in the absence of the cylinder.

This definition can only be applied for a wave-induced motion in the
surroundings of the pipeline. When a steady current is superimposed to
the wave velocity field, the resultant velocity would be of the type:

𝑢(𝑡) = 𝑢𝑐 + 𝑢𝑤 sin(𝜔𝑡) (25)

where 𝜔 = 2𝜋∕𝑇 is the wave angular frequency and 𝑡 is time. This
leads to an increase of the excursion in the forward direction of the
flow (𝐴+) and to a decrease in the backward direction (𝐴−). The
two horizontal distances can be computed as the time integral of the
positive and negative velocities of the flow, respectively. A sketch for
this integration is illustrated in Fig. 6. Here, three specific time instants
can be identified:

• the first up-crossing time 𝑡𝑢,1: it is zero when no current is present
and moves to negative values up to −𝑇 ∕4 when 𝑢𝑐 → 𝑢𝑤

• the down-crossing time 𝑡𝑑,1: it is equal to 𝑇 ∕2 without current and
grows up to 3∕4𝑇 when 𝑢𝑐 → 𝑢𝑤

• the following up-crossing time 𝑡𝑢,2: it is equal to 𝑇 without the
superimposed current and it decreases to 3∕4𝑇 when 𝑢𝑐 → 𝑢𝑤. In
this situation, 𝑡 ≈ 𝑡 .
𝑑,1 𝑢,2
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Fig. 7. Plot of the ratios between 𝐾𝐶 and 𝑢𝑤𝑇 ∕𝐷 as a function of 𝑢𝑐∕𝑢𝑤. Comparison
between the definition of 𝐾𝐶 from Yu et al. (2022) and the new definition of Eq. (30).

The limit case is obtained when 𝑢𝑐 = 𝑢𝑤, here no net zero-crossing
occurs, the velocity is always positive and it is zero only at 𝑡 = 3∕4𝑇+𝑛𝑇
with 𝑛 positive integer. Based on this considerations, the forward and
backward particle motion can be computed as:

𝐴+ = ∫

𝑡𝑑,1

𝑡𝑢,1
𝑢(𝑡) 𝑑𝑡

𝐴− = ∫

𝑡𝑢,2

𝑡𝑑,1
𝑢(𝑡) 𝑑𝑡

(26)

where the zero-crossing times applied in the integration done by Yu
et al. (2022) are:

𝑡𝑢,1 = − 𝑇
2𝜋

arcsin
𝑢𝑐
𝑢𝑤

𝑡𝑑,1 =
𝑇
2𝜋

(

𝜋 + arcsin
𝑢𝑐
𝑢𝑤

)

𝑡𝑢,2 =
𝑇
2𝜋

(

2𝜋 − arcsin
𝑢𝑐
𝑢𝑤

)

(27)

Therefore, two different expressions for 𝐾𝐶, for forward and backward
motion, can be obtained from Eq. (24) with the values of 𝐴 as the
integrals of Eq. (26). The solution was given in Yu et al. (2022) as:

𝐾𝐶+ =
𝑢𝑤𝑇
𝐷

⎡

⎢

⎢

⎣

(

𝜋
2
+ arcsin

𝑢𝑐
𝑢𝑤

)

𝑢𝑐
𝑢𝑤

+

√

1 −
(

𝑢𝑐
𝑢𝑤

)2⎤
⎥

⎥

⎦

𝐾𝐶− =
𝑢𝑤𝑇
𝐷

⎡

⎢

⎢

⎣

(

𝜋
2
− arcsin

𝑢𝑐
𝑢𝑤

)

𝑢𝑐
𝑢𝑤

−

√

1 −
(

𝑢𝑐
𝑢𝑤

)2⎤
⎥

⎥

⎦

(28)

Such expression converges to the typical definition of 𝐾𝐶 for 𝑢𝑐
𝑢𝑤

→ 0.
The presence of the current increases the value of 𝐾𝐶+ in the forward
direction up to 𝐾𝐶+ = 𝜋𝑢𝑤𝑇 ∕𝐷 for 𝑢𝑐 = 𝑢𝑤. On the contrary, the
effective value on the reverse direction 𝐾𝐶− decreases to zero for
𝑢𝑐 = 𝑢𝑤.

When the current dominates the flow, a current-related value of
𝐾𝐶𝑐 was defined as (Yu et al., 2022):

𝐾𝐶𝑐 =
𝑢𝑐𝑇
𝐷

(29)

However, Yu et al. (2022) related such parameter to the modulating ef-
fect of the waves on the current intensity. If 𝐾𝐶𝑐 ≪ 1, such modulating
effect is negligible, the flow is dominated by the current and it remains
in almost steady conditions. Otherwise, if 𝐾𝐶𝑐 ≫ 1, the wave velocity
enhances the flow separation behind the obstacle.
6

For the purposes of the present work, the definition of 𝐾𝐶 for
combined waves and currents according to Eq. (28) when 𝑢𝑐 ≤ 𝑢𝑤 and
to Eq. (29) when 𝑢𝑐 > 𝑢𝑤 is characterized by some critical issues. First,
a discontinuity is introduced into the model when the current velocity
slightly increases from the 𝑢𝑐 = 𝑢𝑤 case. When 𝑢𝑐 = 𝑢𝑤, 𝐾𝐶+ computed
with Eq. (28) is 𝜋 times larger than the value computed with Eq. (29). In
addition, when the current dominates the flow, it is expected for 𝐾𝐶 to
go to infinity but that does not occur when applying Eq. (29). For this
reasons, an exponential expression for 𝐾𝐶 is found to well represent
the result of Yu et al. (2022) when the flow is wave dominated and to
go to infinity for 𝑢𝑤∕𝑢𝑐 → 0:

𝐾𝐶 =
𝑢𝑤𝑇
𝐷

[

−0.25 + 1.25 exp
(

𝑢𝑐
𝑢𝑤

)0.87
]

(30)

The comparison between this new definition of 𝐾𝐶 and the expression
given in Yu et al. (2022) as a function of the ratio 𝑢𝑐∕𝑢𝑤 is illustrated
in Fig. 7. Eq. (30) well represents the analytical expression of 𝐾𝐶, but
it extends its range of applicability to values of 𝑢𝑐∕𝑢𝑤 > 1 and, when
𝑢𝑐∕𝑢𝑤 → ∞, 𝐾𝐶 → ∞. The pseudocolor plot of Fig. 8 better shows the
comparison between the two ways of computing 𝐾𝐶 as a function of
the wave and current velocities. Fig. 8a highlights the criticality of the
application of the approach of Yu et al. (2022), which leads to different
values of 𝐾𝐶 above or behind the bisector of the 𝑢𝑤, 𝑢𝑐 plane. Fig. 8b
shows the application of Eq. (30) for the definition of 𝐾𝐶. With respect
to the results reported in Fig. 8a, this method does not lead to any kind
of discontinuity. When a current is superimposed to a constant wave
velocity, 𝐾𝐶 grows monotonically with the current velocity (see also
Fig. 7). A different behaviour is obtained when the oscillatory wave
velocity is added to a constant velocity field. The values of 𝐾𝐶 are
always infinity when 𝑢𝑤 = 0. When the wave velocity increases, the
values of 𝐾𝐶 decreases tending to the wave only value of 𝐾𝐶𝑤 =
𝑢𝑤𝑇 ∕𝐷. A further increase of the wave velocity leads to an increase
of such limiting value. Therefore, for increasing wave velocity over a
constant current, a minimum value of 𝐾𝐶 occurs. As an example, Fig. 9
shows the evolution of 𝐾𝐶 with 𝑢𝑤 for fixed values of 𝑢𝑐 = 0.20 m∕s,
𝑇 = 8 s and 𝐷 = 1 m.

According to the present method and in agreement with Sumer et al.
(2001), the lowest values of 𝐾𝐶 represent the most critical condition
for the evaluation of the scour onset. Searching for the minimum 𝐾𝐶
through:
𝜕𝐾𝐶
𝜕𝑢𝑤

= 0 (31)

gives:
𝑢𝑤
𝑢𝑐

=
[

𝑊 (−0.23 exp−1.149) + 1.149
]−1.149 ≈ 0.92 (32)

where 𝑊 is the Lambert 𝑊 function (Corless et al., 1996). The mini-
mum value of 𝐾𝐶, thus, occurs when 𝑢𝑤 ≈ 0.92𝑢𝑐 . As shown by Fig. 9,
a similar behaviour is also obtained for the analytical expression of Yu
et al. (2022), where the minimum value of 𝐾𝐶 is obtained for 𝑢𝑤 = 𝑢𝑐 .
Also in this case, Eq. (28) can only be applied when 𝑢𝑤 > 𝑢𝑐 .

This result is also in agreement with the findings of Zang et al.
(2010), who found that the largest critical velocity for the onset of
scouring under combined waves and currents is approximately obtained
for 𝛼 = 𝑢𝑐∕(𝑢𝑐 + 𝑢𝑤) = 0.5.

3.3. Critical velocity

The new model for the evaluation of the scour onset through ap-
plication of Eq. (13) requires the definition of the critical flow velocity
under the combined action of waves and currents. When either currents
or waves alone are present, the critical velocity corresponds to the
current or wave velocity, respectively. If both of them exist at the
same time, the critical velocity to be applied in Eq. (13) should depend
on their combination, namely the parameter 𝛼 defined in Eq. (6).
The same approach was also used by Zang et al. (2010), where the
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Fig. 8. Evaluation of 𝐾𝐶 as a function of the wave (𝑢𝑤) and current (𝑢𝑐 ) velocity. Panel a: approach of Yu et al. (2022) with Eq. (28) for 𝑢𝑤 > 𝑢𝑐 and with Eq. (29) for 𝑢𝑤 < 𝑢𝑐 .
Panel b: new approach with Eq. (30). Results refer to 𝑇 = 8 s and 𝐷 = 1 m.
Fig. 9. Plot of 𝐾𝐶 obtained for varying values of 𝑢𝑤 and constant values of 𝑢𝑐 = 0.20,
𝑇 = 8 s and 𝐷 = 1 m. Comparison between the definition of 𝐾𝐶 from Yu et al. (2022)
and the new definition provided in Eq. (30).

critical velocity was obtained by means of Eq. (5) depending on the
dimensionless coefficient 𝛽. However, Eq. (7), was obtained by data
fitting for application of 𝑢𝑐𝑟𝑖𝑡 on Eq. (2), only valid in current conditions.
In particular, when Eq. (7) is applied to the current only case (𝛼 = 1), a
value 𝛽 = 0.9605 ≈ 1 is obtained and the critical velocity corresponds to
the current velocity. Otherwise, for waves only conditions (𝛼 = 0) the
coefficient 𝛽 becomes equal to 0.8396, thus leading to a critical velocity
that is larger than the vector addition of the two velocities. For values
of 0 < 𝛼 < 1, 𝛽 > 1 and the maximum value 𝛽 = 1.56 is obtained for
𝛼 = 0.52.

The present approach is not based on the application of Eq. (5).
Therefore, we here propose a different expression for 𝛽 by fitting ex-
perimental data. A cubic equation for 𝛽 depending on four coefficients
(𝑐1, 𝑐2, 𝑐3 and 𝑐4) has been searched for:

𝛽(𝛼) = 𝑐1𝛼
3 + 𝑐2𝛼

2 + 𝑐3𝛼 + 𝑐4 (33)

By applying the constraints for such equation to pass through 𝛽 = 1 for
𝛼 = 0 and 𝛼 = 1, Eq. (33) can be rearranged as:

𝛽(𝛼) = 𝑐1𝛼
3 + 𝑐2𝛼

2 − (𝑐1 + 𝑐2)𝛼 + 1 (34)

that only depends on two parameters. The experimental values of 𝛽
are reported in Fig. 10. In agreement with Zang et al. (2010), 𝛽 is
7

Fig. 10. Experimental data of the parameter 𝛽 and plot of Eq. (35).

characterized by values larger than unity when waves are combined
to currents. In this work, instead of directly interpolating Eq. (34) on
the experimental data, the equation for 𝛽 is obtained by maximizing
the 𝑟2 value computed with the experimental and model values of 𝛺.
The final expression for 𝛽, also reported in Fig. 10, is:

𝛽(𝛼) = 7𝛼3 − 15𝛼2 + 8𝛼 + 1 (35)

According to this equation, a maximum value of 𝛽 = 2.26 is obtained
for 𝛼 = 0.35. Therefore, from the definition of 𝛽 in Eq. (5) the
critical velocity is 1.5 times smaller than the sum of the waves and
current velocities. The whole method can now be applied also to the
experimental results of Zang et al. (2010) and the results, in terms of
the dimensionless parameter 𝛺, are illustrated in Fig. 11. The present
method allows one to obtain a good estimate of the onset of scour
conditions both in waves or currents only (Sumer et al., 2001) and in
combined waves and currents (Zang et al., 2010) achieving a final value
of 𝑟2 = 0.87, which is equal to the coefficient of determination obtained
from the application of Eq. (8), valid in steady current condition only.

4. Summary and conclusions

In the present work, a method for the evaluation of the scour
onset conditions was developed based on the experimental results for
only waves and current of Sumer et al. (2001) and on the results for
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Fig. 11. Application of the present method for the evaluation of the onset of scour to
the only waves or current data of Sumer et al. (2001) and to the combined waves and
current data of Zang et al. (2010).

Fig. 12. Flowchart of the method for the scour onset evaluation under a pipeline in
combined waves and currents.

combined waves and currents of Zang et al. (2010). Therefore, the
method can be applied in waves, currents and waves plus currents
conditions. The flowchart of the model is reported in Fig. 12. For its
application, the following information is required:

• the pipeline diameter 𝐷;
• the soil characteristics, such as the median sediment size 𝑑50, the

specific weight 𝑠 = 𝜌𝑠∕𝜌𝑤, the porosity 𝑛 (it can be calculated
from Eq. (16) if no information is available);

• the current velocity perpendicular to the pipeline 𝑢𝑐 ;
• the wave velocity perpendicular to the pipeline 𝑢𝑤 and the wave

period 𝑇 .

Once such characteristics are known, the method can be applied
through the following steps:

• compute the wave and current shear stresses, i.e. 𝜏𝑤 and 𝜏𝑐 , with
Eqs. (10) and (19);

• compute the mean and maximum shear stresses, i.e. 𝜏𝑚 and 𝜏𝑚𝑎𝑥,
with Eqs. (21) and (22);

• compute the Shields parameter 𝜃 under combined waves and
currents with Eq. (23);
8

• compute the 𝐾𝐶 parameter under combined waves and current
with the new definition of Eq. (30);

• compute the parameters 𝑎 and 𝑏 with Eq. (17);
• compute 𝛼 with Eq. (6);
• compute 𝛽 with Eq. (35);
• compute the critical velocity 𝑢𝑐𝑟𝑖𝑡 with Eq. (5);
• check the applicability of the method with Eq. (15). If the condi-

tion is not satisfied, no scour occurs;
• compute the critical embedment of the pipeline 𝑒 with Eq. (14);
• if such critical embedment is larger than the actual embedment

of the pipeline, the scour onset conditions are reached.

In the development of the present method, the importance of the
Shields parameter in the onset of scouring process under waves and
currents is highlighted. In addition, an important parameter for waves,
the 𝐾𝐶 number, was also studied. A new definition of 𝐾𝐶 was also
given starting from the analytical study of Yu et al. (2022). This
new definition allows for computation of 𝐾𝐶 in combined waves and
currents conditions and it is in agreement with the available theoreti-
cal knowledge on wave–current interaction (e.g. Sumer and Fredsøe,
2002). The new method here proposed, allows for a good estimate
of the scour onset conditions both in waves, currents or waves plus
currents conditions. However, further experimental studies, focused on
combined conditions, could be useful to strengthen the validation of
the coefficients here obtained in the empirical equations.
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