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Abstract

The purpose of the present research is to investigate how the nonlinearity and
the boundary conditions have the power to influence the coupling of the var-
ious modes of deformation when a plane strain deformation is superimposed
on anti-plane shear deformation for a class of fiber-reinforced incompressible
hyperelastic materials described by a strain energy density V. Attention is
confined when W depends only on the first invariant of the strain tensor and
on the square of the stretch in the direction of the fibers.

We are able to write down the governing equations of equilibrium as
a coupled system of three nonlinear partial differential equations for three

displacement fields. Two displacements are the in-plane components and
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one displacement is the anti-plane state. The system that we are able to
deduce in a compact form is always compatible at variance with the case in
which the anti-plane shear problem is analyzed. As explicit example of our
findings we study the problem of the helical shear and we investigate into
details the coupling of its axial and azimuthal components.

Keywords: fiber-reinforced materials, anti-plane shear deformations, axial

shear, azimuthal shear.

1. Introduction

Anti-plane shear involves deformations of a cylindrical region in such a
way that the displacement of each particle is parallel to the axial direction
and independent of its axial coordinate. In this case, for linear isotropic
elasticity, the full three-dimensional equations can be reduced to a single
two-dimensional second order equation (the azial equilibrium equation) for a
single scalar unknown, usually denoted as the out-of-plane displacement [1].

For anisotropic linear materials and in nonlinear materials the situation
is different because in general the full balance equations reduce to two in-
plane equilibrium equations and to the axial equation which are an overde-
termined system in a single unknown. This latter is compatible only for
certain restrictions on the constitutive laws or for certain classes of out-of-
plane displacements. An overview on anti-plane deformations is provided by
[7] and the solution of the compatibility problem for nonlinear isotropic and
incompressible elastic material is summarized in [10]. The same problem for
anisotropic materials in nonlinear elasticity has first been considered in [12].

On the other hand, when anti-plane shear deformation is coupled with



in-plane deformation field, the equations of equilibrium are always reduced
to a system of determined equations and therefore it is not necessary to face
a compatibility problem.

In [8] it has been investigated the possibility of superimposing a plain
strain deformation on an anti-plane shear deformation for a generalized neo-
Hookean material. For this class of incompressible and isotropic elastic ma-
terials the strain-energy density is a function W = W(I;) where I; is the
first principal invariant of the left Cauchy-Green strain tensor B = FF7T,
F being the gradient of deformation. In [8] the authors derive a compact
format for the equations and they use this format to investigate the nature
of the coupling between the two aforementioned modes of deformation.

The results of [8] have been fundamental to understand in a clear and
rigorous way how the nonlinearity and the boundary conditions have the
power to influence the coupling of the various modes of deformation. On the
basis of the ideas contained in [8] a non trivial example of remarkable coupling
in elasticity has been given in [2] where in the attempt to describe cork-pulling
the authors investigate the appearance of secondary or latent deformations
for special classes of elastic materials. Moreover, in [3] and [11] we find an
application of the results of [8] in elastodynamics. The rigorous derivation of
the Zabolotskaya model equation widely used in nonlinear acoustics is based
on the extension of the results in [8] to elastodynamics.

If we consider anisotropic elastic materials all the remarks and consid-
erations developed in [8] for the isotropic case are even more relevant. The
paper devoted to linear elasticity [5] is a clear example of this situation.

In the light of this context the aim of the present paper is to investigate



the same problem considered in [8] in the framework of a special class of fiber-
reinforced materials, with transversely isotropic fibers oriented along the unit
vector M representing the preferred direction of the material in the reference
configuration. By considering the invariant I, = FM - FM we investigate
a material whose strain-energy density is given by W = W(Iy, 1,). We are
able to write the balance equations also in this case in a compact form, which
allows us to show that the decoupling of the two modes of deformation is rare
and possible only in very specific situations, when anisotropic materials are
considered.

The plan of the paper is the following. In the next Section we write down
the basic equations we need for our investigation. In Section 3 we derive the
determining equations for the in-plane and out-of-plane deformation field in
a compact format similar to the one introduced in [8]. In Section 4 we give a
notable application of our results to the problem of helical shear. By consid-
ering the solution of this problem we show that for a generic arrangement of
the fibers the two mode of deformations (in-plane and anti-plane) are always
coupled and it is never possible to reduce the solution of the given boundary
value problem to a simple axial shear deformation. Section 5 is devoted to

conclusions.



2. Basic Equations

Let us consider the following class of deformations

Ir = X1 + U(Xl,XQ),

i) :X2+U(X1,X2), (21)

T3 = X3 + UJ(Xl,XQ),

where u(X7, X5) and v(X7, X3) are smooth functions denoted as the in-plane
displacements, and w(X7, X5) is the smooth function of the anti-plane de-
formation, in the following also named as out-of-plane displacement. These
functions are defined on the plane cross-section D of a cylinder and they all
have to be determined by the balance equations. (X;, Xo, X3) and (z1, z2, x3)
are the coordinates in the reference and actual configuration, respectively.
Denoted with F' the gradient of deformation, the kinematical quantities

of interest associated with (2.1) are

1+ 8X1u 0 X, U 0
[Fl=1| ox,v 1+4+0xv 0];
8 x, W 8 X, W 1
since we are interested in incompressible materials, we require that det F' = 1
ie.

8X1u + 8X21) + 8X1U8X2’U — 8X1218X2u = 0, (22)



and therefore

1+ 8X2U —8X1v (8X1U8X2w — 8)(21}8)(111} — 8X1w)
[F_T] - —OXQU 1 + 0X1U (8X2u8X1w — 8X1U8X2’LU — 8X2w)
0 0 1

Moreover, we compute the first principal invariant of B = FFT, iec.
I, =tr B,
I = (1 + 0x,u)® + Ox,u”* + Ox,v* + (1 4 Ox,v)* + Ox,w” + Ox,w* + 1.
Given the generic preferred direction in the reference configuration as
M = M, E, + MyE; + M3Es3,
other quantities of interest are

[FM] = ((1 + 8X1U)M1 + 8X2uM2) E1 + (axlle + (1 + 8X2v)M2) EQ +
(8X1w]\/[1 -+ 8X2w]\/[2 + M3) E3, (23)
and I, = FM - FM.

When the strain-energy density is defined as W = W([y, I;) the repre-

sentation formula for the Cauchy stress is given by
T=—pI+2W,B+2W,(FM @ FM), (2.4)

where the subscripts attached to VW denote partial differentiation with re-
spect the corresponding invariant and p = p(Xi, Xs, X3) is the unknown
Lagrangian multiplier associated with the constraint of isochoricity (2.2).

It is convenient to use the Piola-Kirchhoff stress tensor § = TF~7. We

split S in two parts: the reaction stress
ST =—pF T,
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and the extra stress
S = 2W\F +2W,(FM @ FM)F~".
The balance equations in absence of body forces are
DivS = DivS" + DivS® = 0.

To write down the components of these equations when (2.4) is in force
and for the deformation field in (2.1) we need to take into account that the
functions u,v and w depends only on X; and X, and therefore the only

components of the extra stress tensor we need are

S — W (1 + Ox,u) + 2Wy(Ox, uMy + Ox,uMy + M) M,
S{3 = 2Wy0x,u + 2Wy(0x, uMy + Ox,uMy + My) Mo,

S5t = 2W10x,v + 2Wy(Ox, v M, + Ox,v My + M) My,

S55 = 2Wi (1 + 0x,v) + 2Wy(Ox, v M, + Ox,vMs + Ms) Mo,
S5T = 2W10x,w + 2Wy (Ox, wMy + Ox,wMsy + M) My,

S35 = 2W10x,w + 2W, (0x, wM; + Ox,wMy + Ms) M.

The scalar version of the balance equations is therefore

8%1[;9(1 1 Ox0)] — aiXQ[anlv] T

+aa—£(axlvax2w — Ox,w — Ox,vdx,w) = gi)f + gi;f, (2.5)
0

8_)(2[]9(1 + Ox,u)] — 8—X1[PC9X2U] +

—l—aa—)i(a&uaxlw — Ox,w — Ox, ulx,w) = (Zi)f ?9?5? (2.6)



and

op ST  9Se
_ , 9.
0X;  OX, | 9X, (2.7)

3. Determining Equations

To determine a set of equations in the unknowns u,v and w we consider

the following steps. First from (2.5)-(2.6) we obtain that it must be
p(Xi1, Xo, X3) = kX3 + po(X1, Xa), (3.1)

where k is a constant (the gradient of the pressure in the axial coordinate)
and po(X71, X3) is a smooth function on D.
We denote the RHSs of the two equations (2.5)-(2.6) as

_ 08, 08, 0S| 05y
0X, X, 0X, T 0X;’

A

and we introduce the notation

F(l) = 8X1U8X2w — aXIw - 8X2U8X1w17

F(Q) = 0X2u8X1w — 8X2w — BX1u8X2w.

We substitute (3.1) in the two equations (2.5)-(2.6) and as second step

we use the Cramer rule to obtain

88% = (14 9x,u)A + dOx,vB — k[TV(1 4+ dx,u) + T®@dx, v],
1
(3.2)

gf(o (Ox,u) A+ (14 0x,0)B — k[TWox,u + T3 (1 + dx,)].
2



Since a simple direct computation allows to check that
IO (1 4 dx,u) + TPy, v = —0x,w,

F(1)8X2’LL + F(Q)(l + 8X2U> = —aXQ'lU,

from (3.2) it is possible to eliminate the function po(Xi, X3) obtaining the

higher order partial differential equation

0
Ox,
This latter plus the equation
0557y n 0553
0X: 0Xs

and the isochoricity (2.2) are a well determined coupled system of three non-

[A(l + 8X1u) + BaXI’U] A@qu + B(l + 8X2v)] =0. (33)

0
Ox,

=k, (3.4)

linear partial differential equations for u, v and w. These are the determining

equations for the deformation field.

3.1. The compatibility problem
If we set u = v = 0 the equation (2.2) is satisfied automatically, the

principal invariants I; and I are defined as
I =3+ 0x,w* + Ox,w?, Iy = M; + Mj + (Ox,wM; + Ox,wMs + Ms)?,
and the relevant components of the extra-stress tensor simplify as
SE¥ = 2W), + 2W, M7,
ST5 = 2W,y My Mo,
Ssi = 2W,y My M,
S55 = 2W, + 2W, M,
S5t = 2W0x,w + 2Wy(0x, wM; + Ox,wMs + M3) My,

S5 = 2W,0x,w + 2Wy(Ox, wMy + Ox,w My + Mz) M.



Besides, equation (3.3) in this case reduces to
Ix, A —0x, B =0,

which reads

2 2 2
o1 — a2y W +2[aw4 PW,

0X,0X, 0X2  0X? 1 MM = 0. (3.5)

The system composed by equations (3.4) and (3.5) is now an overdetermined
system of partial differential equations in the single unknown w = w(Xy, X).

The problem of the compatibility of such system of equations is quite
complex. A summary about this problem when we consider an overdeter-
mined system of two equations in an unknown function of two variables may
be found in [10], in the framework of nonlinear isotropic and incompress-
ible elasticity. The full solution of the actual compatibility problem may be
recovered with some cumbersome computation along the same lines.

If we denote equations (3.4), (3.5) and their system as £ =0, £2) =0

and S, respectively, following [10] we can say that:

e The system S is strain-energy fully compatible if there is a solution
w = w(X1,Xs) of €0 =0 and £? = 0 and this for any choice of the
strain-energy density function W = W(Iy, I4).

e The system S is deformation fully compatible if there exist a strain-
energy density W = W(I1, ;) such that all the solutions w = w(X3, Xs)
of EM = 0 are solutions of £? = 0. Because, £? = 0 is an equation
of higher order with respect £ = 0 this means that £2 = 0 must be

a differential consequence of £ = 0.

10



e The system § is simply compatible if there is a specific deformation
field solution of this system only for a special choice of a strain-energy

density W(Il, I4) .

In literature only the deformation fully compatible problem has been
considered in [12]. Here we provide an example of simple compatibility to
show how special are this kind of solutions. For this purpose we consider as

specific strain-energy density the standard model

W = %(I1 —3)+ %(14 1), (3.6)

where g, 11 are stress-like materials parameters, and the out-of-plane defor-

mation in the special form

2 2

X X

In this case
I — 1= (aM; + yMy)2X2 + (YM; + BM,)2 X2
+ 2(aMy + yMy) (v My + BMy) X1 X

+ 2[(aMy + yMs) X1 + (yMy + BMs) Xo] M;
and therefore (3.5) reduces to
(@M + v My) (M, + BMy) (M — M3)
(3.8)
+ [(vMy + BMa3)? — (M + yMy)?*| My My = 0.

A direct computation shows that equation (3.4) is solved by choosing k =

fo(a + ) and
M, My

_7M27



a choice satisfying even (3.8).
This example shows that the possible solutions of the compatibility prob-

lem are very specific and of minor mechanical interest.

We do not pursue anymore the problem of the compatibility stressing
once again that the system composed by equations (4.1), (4.2) and (2.2) for
any choice of the strain-energy is well determined and may be used to solve
a large class of significant boundary value problems.

In the next Section we will give in the case of a cylindrical domain an
example to stress out the interplay of nonlinearity, boundary conditions and

fiber direction in the coupling of the in-plane and anti-plane deformations.

4. The Helical Shear

The importance of the results of our investigation is clearly noticed in the
framework of the helical shear problem.

In this context it is convenient to consider two systems of cylindrical
coordinates: (R,©, Z) in the reference configuration and (r, 4, z) in the actual

configuration. The helical shear deformation is defined as
r=R, 0=0+19Y(R), z=Z+wR). (4.1)

This deformation is composed by an axial shear w(R) (the out-of-plane dis-
placement) and a rotational shear displacement ¢(R) (the in-plane displace-
ment) and is usually denoted as an helical shear deformation. This class of
deformation has been considered by many authors, see for example [9] for

the case of isotropic materials and [4] for the anisotropic case.

12



If e; and E,, with ¢ = (1,0,2) and a = (R, 0, Z), are the othonormal
vector bases associated with the corresponding cylindrical coordinates in the
reference and actual configurations, the deformation gradient, F' = dx/0X,

associated with (4.1) is given by
F =1+ ryeg @ Er + kpe, @ Ep, (4.2)
where I is the identity tensor and
ke(R) = RY',  kq(R) =/,

the prime denoting differentiation with respect to R, are the azimuthal and
axial shear, respectively.
The deformation (4.1) is isochoric, i.e. det F' = 1, and the components of

the Cauchy-Green tensor read as
1 Ry’ w’
[B] = R¢/ 1 + R277/)/2 RWw’ ,
w/ Rwlw/ 1 + w/2
The first principal invariant of such tensor is

I =3+ K%,

where k = /K2 + k2 is the amount of shear.
By considering the components of the unit vector of the preferred direc-
tion as

M = MrER + MegEg + Mz E 4,
we find
FM = Mge, + (/feMR + Me)ee + (/‘faMR + MZ)em (4-3)

13



and

[4 =14+ KZQMIQ% + 2I€QMRM@ + ZIQGMRMz.

The stress components are functions of R alone and the equilibrium equa-

tions in absence of body force thus simplify as
RT!, =Ty —T,,, (R’T) =0, (RT,.) =0. (4.4)

In general this is a set of three ordinary differential equations in the unknown
functions p = p(R), ¥ = ¥(R) and w = w(R). Clearly the pressure p appears
linearly only in the first equation in (4.4), the radial balance equation, and
therefore the crucial point is to discuss the nature of the azimuthal and axial

components. In this case
THT = S@R? Tzr = SZR'

Using (4.2) in the definition of the Piola-Kirchhoff stress tensor we obtain

oW oW
Tor = To(Kg, ko) = 8_@7 T.r = Ta(Ke, Ka) = oK.’

(4.5)
and a direct integration of the second and the third equation in (4.4) gives
R*ry = A, Rr,=B. (4.6)

The integration constants A and B will be not zero because we consider as
domain D a hollow cylinder.
From (2.4) we point out that the components 7y and 7, we need are

defined via

Tgr = 2W1/€9 + 2W4MR(H9MR + M@),

14



and
Tzr = 2W1/€a + 2W4MR(/€aMR + Mz)

We assume Mg # 0 otherwise the material response in the class of deforma-
tions we are considering is just isotropic.

We solve the (4.4) by considering a typical boundary value problem for
a hollow circular cylindrical tube. The inner surface, R = R;, is bonded to
a rigid cylinder and an uniformly distributed axial shear traction is applied
to the outer surface, R = R,. Therefore we impose the following Neumann

boundary conditions for R = R,
T.-(R,) =0, Typ.(R,) =0, T,.(R,) =T, (4.7)

whereas on the other inner surface R = R; we require the Dirichlet boundary
condition

w(R;) = 0. (4.8)

Clearly to maintain such deformation we also need to apply an axial force

27 R,
N = / / T,.rdrdb.
0 JR;

In the general framework of anisotropic materials, the boundary values prob-
lem can be reformulated by considering the second and third equations in

(4.4) and (4.14), along with definitions (4.5):

TR,
T@(I{Ga K/a) = 07 Ta(l{’ﬁa ’ia) - R 9 (49>

w(R;) = P(R;) = 0. (4.10)

15



We point out that equations (4.9) may be rewritten as

2Wi kg + 2W4MR</£9MR + M@) =0,

(4.11)
TR,
2W1I€a + 2W4MR(HQMR + Mz) = .
From (4.11) we deduce an interesting relation
TR,
2W1 (IiaM@ — IigMz) = R (H@MR + M@), (4.12)

valid for any strain-energy density W = W(Iy, 1;). Since the (4.12) does
not contains W, but still depends on Wy, we denote it as a pseudo-universal
relation. The system (4.9) is just a Cauchy problem but it is not in normal
form. To this aim we need to ensure that the Hessian of the strain-energy
density function W = W (kg, k,) is not singular; in this case, it is possible
to solve the boundary value problem (4.9)-(4.10) in a direct way and in the
following we deduce some solutions for special class of strain-energy density
functions.

In the isotropic case the boundary conditions may be satisfied when kg =
0. Indeed, in this case we have that the first of the boundary conditions
in (4.13) is satisfied by an appropriate choice of the pressure field and the
second one by the fact that T,y = 0 for any R € [R;, R,]. On the other hand,
in the anisotropic case when ky = 0 the stress component 7T,y is equal to
2W,yMpr Mg and therefore it is necessary to require Mg = 0. This is the only
arrangement of fibers that allows us to solve the boundary value problem we
are considering using only an axial shear deformation.

If Mg # 0 the boundary conditions (4.7) couples the axial, x,, and az-

imuthal, kg, shears. This is a very interesting phenomenon which allows us

16



to observe a remarkable fact: when an anisotropic material is pulled in a
direction not only the material moves axially but we notice also a rotation
around this same direction. This phenomenon can be observed also in the
framework of the linear theory and is associated to the possibility of the

design of special soft elastic machines.

4.1. The standard solid

We first start for considering the case of the standard model. In this case

Ko + (k2 Mp + 2kgMrMe + 2k, MMz ) Mg (kgMp + M) = 0,

(4.13)
TR,

Kg + [1/(,‘-{',2M}2% + Q/QQMRMG + QKaMRMZ)MR(HaMR + MZ) = M_R’
0

where p = p1 /0.
When Mg = 0 the solution of the BVP is clearly given by kg = 0. When

Mg # 0 it is fundamental in the case of the standard model to use the

pseudo-universal relation (4.12)

_ pRr,—TR, W
" TR,Mp+ pRM, <

Ko (4.14)

Using in (4.13) the (4.14) we obtain a cubic equation in x,. Computing
the real solution of this cubic equation, let us say k, = ®(R, M, T), whose
existence is ensured by the Descartes signs rule, we obtain the solution of
our problem by quadrature as
R
w(R) = /R B(z, M, T)dz.
In any case a direct numerical solution is easy to obtain since in (4.13)

the BVP has been already been reduced to a simple first order initial value

17



problem. To this end we simplify the system considering
Mp =cosA, Mg =sinA, Mz;=0,

where A € [0,7/2[, and the dimensionless variables ¢ = R/R, (i.e. & €

[Ri/Ro,1]), & = w/R,, ¥ = /R, and T = T/py. Clearly in this case we
have that .
&) i
KO(S)_Sd_f’ Ra = d_g

In so doing we have to solve the equations
kg + pu(K* cos A + 2k sin A) (kg cos A + sin A) cos® A = 0,
(4.15)

Ka + p(k% cos A + 2kgsin A)k, cos® A =

Y

Ml’ﬂ>

with the ”initial” conditions ) (R;/R,) = w(R;/R,) = 0 for £ € [R;/R,, 1].

In figure 1 we plot the two limiting case A = 0 (blue lines) and A =
/2 (black lines), which recover isotropic solutions and we have that the
deformations corresponding to the boundary conditions we choose are just an
axial shear and only w(§) is different from zero. We see that the azimuthal
deformation increases for A €]0,7/4] and then it decreases (see the cases
A =37/8, 7Tr/16).

We highlight the fact that an axial tension “wakes up” not only the
axial deformation but also the in-plane azimuthal deformation saying that
the material act like an elastic machine [5]: you pull in a direction and the

material is able not only to move in this direction but also to rotate around

this direction.

18
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Figure 1: Solutions of (4.15) for u =2, T=2and €e [0.4, 1] for several angles A.

Figure 2: Solutions of (4.15) for A = 7/4, T =2 in £ € [0.4,1] for i = 2 (blue lines) and
=10 (red lines).
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If we increase the relative stiffness of the fibers with respect the stiffness
of the matrix an interesting phenomena appears. In figure 2 you can see that
because the overall stiffness of the materials is increased the amplitude of the
axial deformation decreases (the material is more stiff) but the amplitude of
the azimuthal deformation increases. Therefore stiff fibers produce a more
pronounced elastic machine effect. This effect is interesting in application or
design of experimental tests.

On the other hand, it is clear that the amplitude of the deformation is
proportional to the amount of the pulling tension T.

The use of more complex strain-energy densities is effective on the nu-
merical results and, for strain hardening materials, the elastic machine effect
is definitely more pronounced. As an example, we consider the strain energy

density model with exponentials proposed in [6]:

1
W:@([l_g)_‘__(&expﬂ,Q(Ll—l)Q—l). (416)
2 2\ po

In this case, the two equations (4.13) read as

Ko + 2ﬂ(H2M}23 + 2/469MRM@ — M%)MR(K/QMR + M@)X

H2
eug(nzM}%JrQHeMRM@*M%)z =0, (417)
Fq + 25(1@]\4}% + 2kgMpMe — M7) Mg (ko Mp + M) x
2
oh2 (K> Mp+2mg MrMe —M3)> _ TRO, (4.18)
roR

20



that, in the case
Mp =cosA, Mg =sinA, Mz;=0,
become

Ko + Zﬂ(;—i2 cos A + 2rg sin A) (kg cos A + sin A) cos® A x
Ha2

h2 cos? (k% cos A+2kg sin A)? _ (y (4.19)

b

Ka + 2£(I€2 cos A + 2kg sin A) ki, cos® A x
K2

eh2 cos? (k% cos A+2kg sin A)2 _

: (4.20)

m|ﬂ>

with the ”initial” conditions (R;/R,) = w(R;i/R,) = 0 for & € [R;/R,,1].
As suggested in [6], the case us = 0.8393 is used. In figure 4.1 we show
the values of the axial and azimuthal displacement, w and 1, respectively,
for several values of A. When A is about 7/2 and 0, i.e. we are near the
isotropic behavior, the higher hardening is not so effective with respect to the
standard model, but the difference becomes evident in the other cases; in par-
ticular, the axial displacement w is lower than in the standard model whereas
the azimuthal one is higher in absolute value, and the elastic machines-like

behavior increases.

5. Concluding Remarks

We have determined, in a compact format, the determining equations
describing the superimposition of a plane strain on anti-plane shear defor-

mation for a special class of transverse isotropic materials. In principle these
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Figure 3: Solutions of (4.19) for = 2, T' = 2, js = 0.8393 and ¢ € [0.4,1] for several
angles A.

equations may decouple for special class of materials and specific functional
forms of the deformation but not only this happenstance is rare but usually
is of minor interest from a mechanical point of view.

The equations we have determined show that for transverse isotropic ma-
terials the solutions of boundary-value problems for cylindrical regions are
much more complex and rich than in the corresponding case of isotropic ma-
terials. The coupling between out-of-plane and in-plane deformations have
been already noticed in the framework of linear elasticity and may be ex-
ploited to obtain some special elastic machines [5], i.e. elastic material that
via specific arrangements of the fibers may control how to combine different
deformations modes.

As explicit example we have considered the case of a boundary value
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problem whose solution for isotropic materials is obtained considering an
axial shear deformation. In the transverse isotropic case the solution of the
same boundary value problem can be obtained, for a generic arrangement of
the fibers, only via a helical shear deformation i.e. coupling the axial with
an azimuthal shear.

The method we have used may be extended to a general transverse
isotropic strain-energy density but we loose the compact form of our compu-
tations. Moreover, the equations we have here derived may be extended to
elastodynamics.

Many are the direct applications of the results of the present paper. As it
has been done in the linear case in [5], now it is possible to imagine nonlinear
elastic machines. This means that we may use to use the coupling of the
various modes of deformation to design new typologies of crankshaft able to
perform a conversion between reciprocating motion and rotational motion
only using a material and not crankpins. Along the lines of [2] is possible
to consider fiber reinforcement to optimize the uncork of a bottle. In the
framework of elastodynamics, in the spirit of [3] and [11] the results of the
present paper may be used to derive in a rigorous way the Zabolotoskaya

equation for transverse isotropic materials.
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