UNIVERSITA POLITECNICA DELLE MARCHE
Repository ISTITUZIONALE

Weyl cycles on the blow-up of P4 at eight points

This is the peer reviewd version of the followng article:

Original
Weyl cycles on the blow-up of P4 at eight points / Brambilla, Maria Chiara; Dumitrescu, Olivia; Postinghel,
Elisa. - STAMPA. - (2023), pp. 1-21. [10.1007/978-3-031-11938-5_1]

Availability:
This version is available at: 11566/313627 since: 2024-05-16T11:02:46Z

Publisher:
Springer Science and Business Media Deutschland GmbH

Published
DOI:10.1007/978-3-031-11938-5 1

Terms of use:

The terms and conditions for the reuse of this version of the manuscript are specified in the publishing policy. The use of
copyrighted works requires the consent of the rights’ holder (author or publisher). Works made available under a Creative Commons
license or a Publisher's custom-made license can be used according to the terms and conditions contained therein. See editor’s
website for further information and terms and conditions.

This item was downloaded from IRIS Universita Politecnica delle Marche (https://iris.univpm.it). When citing, please refer to the
published version.

Publisher copyright:
Springer (book chapter) - Postprint/Author's accepted Manuscript

This version of the book chapter has been accepted for publication, after peer review (when applicable)
and is subject to Springer Nature’'s AM terms of use https://www.springernature.com/gp/open-
research/policies/accepted-manuscript-terms, but is not the Version of Record and does not reflect post-
acceptance improvements, or any corrections. The Version of Record is available online at: 10.1007/978-
3-031-11938-5_1.

(Article begins on next page)

31 December 2024



arXiv:2103.08556v3 [math.AG] 5May 2023

Weyl cycles on the blow-up of P* at eight points

Maria Chiara Brambilla, Olivia Dumitrescu and Elisa Postinghel

Dedicated to Ciro Ciliberto, whose work inspired us throughout the years

Abstract We define the Weyl cycles on X}, the blown up projective space P in s
points in general position. In particular, we focus on the Mori Dream spaces X73 and
Xg, where we classify all the Weyl cycles of codimension two. We further introduce
the Weyl expected dimension for the space of the global sections of any effective
divisor that generalizes the linear expected dimension of [2|] and the secant expected
dimension of [4]].

1 Introduction

Let X7' be the blown up projective space P" in s points in general position. When
the number of points s is small, the space X' has an interpretation as certain moduli
space, see e.g. [1] and [5]]. Mori Dream Spaces of the form X7 were classified via the
work of Mukai [19] 20] and techniques of birational geometry of moduli spaces. In
previous work, in order to analyze properties of the pairs (X, D) with D a Cartier
divisor, the authors of this article developed techniques of polynomial interpolation
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theory in [2|] for s = n + 2 and in [4] for s = n + 3 respectively, via the study of the
base loci.

An analogous approach, based on interpolation theory, is developed in this paper
to define and to study the subvarieties determining the birational geometry of the
Mori Dream Spaces X73 and Xg. We will use this study as an opportunity to reveal
the geometry hidden in the Weyl group action on fixed linear cycles of X' and its
consequences. For instance, we expect that for all Mori Dream Spaces of type X7,
Weyl cycles determine the birational geometry of such spaces, the cones of effective
and movable divisors and their decomposition into nef chambers.

In this article we propose a definition of Weyl cycles on X' as follows (see
Definition [Tl for details).

(1) We call Weyl divisor any effective divisor D in Pic(X!) in the Weyl orbit of an
exceptional divisor E; € Pic(X]').

(2) We call Weyl cycle of codimension i an element of the Chow group A%(X")
that is an irreducible component of the intersection of Weyl divisors, which are
pairwise orthogonal with respect to the Dolgachev-Mukai pairing on Pic(X?').

For an arbitrary number s of points, Weyl divisors are always extremal rays of
the cone of effective divisors of X!'. The correspondence between (—1)-curves of
P? and Weyl curves in X2 (i.e. Weyl divisors) was proved by Nagata [21], while
giving a counterexample to the Hilbert 14-th problem. Moreover in the case of P2,
Weyl curves have been widely investigated since they are involved in the well-known
Segre-Harbourne-Gimigliano-Hirschowitz conjecture, see e.g. [6,[7] or, more widely,
in the classification of algebraic surfaces (Castelnuovo’s contraction theorem), the
base of the minimal model program. The notion of divisorial (—1)-classes on X
was introduced by Laface and Ugaglia in [16] and recently studied by the second
author and Priddis in [14].

In the case of X 3 , Laface and Ugaglia introduced the notion of elementary (—1)-
curves and studied their properties in [[17]. The case of Weyl cycles of Xg has been
studied in [[11] with a different approach: indeed in such paper Weyl orbits in Xg
(as well as in X;) of the proper transforms of linear cycles blown up along lines
spanned by any two points are described. The classification of Weyl cycles obtained
in [[11] for the cases X73, Xg , yields the same classification we determine here for
Weyl curves in X73 and for Weyl surfaces (see Equations (1)) in Xg . Therefore we
conclude that Definition [Tl and the definitions used in [[T1]] are equivalent for cycles
of codimension 2 in X73 and Xg. We believe that these two definitions are related
in general, namely for Weyl cycles in X7 for arbitrary n, s, and we will study their
connection in forthcoming work.

In this article we emphasize that basic methods of intersection theory, applied
to pairs of orthogonal Weyl divisors, give an iterative method to compute the Weyl
cycles of codimension 2 in X? and in Xg . Moreover, we show that every Weyl cycles
is swept out by families of rational curves parametrized by Weyl cycles of larger
codimension, see Proposition[3] Corollary [Iland Lemma[3l This allows us to give
a formula for the multiplicity of containment of each Weyl cycle in the base locus
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of an effective divisor. We expect these formulas to give rise to the equations of the
walls of the movable cone of divisors and its decomposition in nef chambers.

Our main result, contained in Section is a classification of all the Weyl
surfaces of Xg . We compute the class of each such surface in the Chow ring of

Xg (1) the blow up of Xg along the strict transforms of all lines through two base

points and all rational normal quartic curves through seven base points. There are
five such classes, up to index permutation, as listed in the following formula (see
Section 5.2l for the precise notation):

Slaysth—el—es—es— Z (eij — fij)

i,je{1,4,5}
7 7
S13,§ :3h = 3e; - Zz e — (ec; — fop) - Zz(e‘n - fi)
5 8 8
S((:j’g :6]’1-326,‘ _Zei - Z (eij _ﬁ]) _Z(eci _fCl?) (1)
i=1 i=6 i,je{1,2,3,4,5),i%] k=6

8

(eij — fij) - Z(e‘c,; - fep)
K

=3

8
S} : 10n - 6e; — 6e; — Z 3e; —3(e1n — fi2) - Z

2 8
i=3 =1 j=3
7

7
S 15h =Y 66 —3es— Y (eij— fij) = ) \(ec; - fe) = 3(ec; - fey)

i=1 1<i<j<7 i=1

Recall that the birational geometry of Xé has been investigated in [20] and [3].
Casagrande, Codogni and Fanelli studied in detail the relation between the geometry
of Xg and Xg' and in [5, Theorem 8.7] they described five types of surfaces in Xg'
playing a special role in the Mori program. We emphasize that this list agrees with
our classification of Weyl surfaces, (I). All the surfaces of table (), except for the
first one, are normal on Xé’ " but non-normal on P*. In particular some of them have
isolated singularities at the points p; (when the coefficient of e; is 2 or larger) and
ordinary triple point singularities along lines L;; or rational normal quartic curves
C; (when the coefficient of (e;; — fi), or of (ec; — fc.), is 3, cf. $1°, and §¢°). In
classical language, the description of Sés can be expressed as: there exists a surface
of degree 15 in P* passing through seven general points with multiplicity 6 and
through another general point with multiplicity 3, containing lines L;; and curves
Cr, where 1 < i, j, k < 7 and triple at every point on the rational curve C;. Some
of the conditions imposed by the curve containment could be redundant when the
curve is already in the base locus forced by the points (as in the first case Sl.l’j’ ) but

perhaps not all of them. Indeed, while the surface class 31 — 3e; — 3,7_, e; moves in
a positive dimensional family and the curve G can not be contained in all elements
of such family (that contains also the union of 3 planes), imposing the containment
of the surface class § ? 3 after further blowing-up.

Finally, we proposé here a notion of expected dimension for a linear system
which takes into account the contribution to the speciality given by the Weyl cycles
contained in the base locus. In Definition[2] we introduce, for erll+ 4 and n = 3, 4, the
Weyl expected dimension of a divisor D, as follows:
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n—1
wdim(D) := y(X, Ox (D)) + Z Z(—n”l

r=1 A

>

n+ka(D)—-r-1
[

where A ranges over the set of Weyl cycles of dimension r and k4(D) is the
multiplicity of containment of the cycle A in the base locus of D. This notion
extends the analogous definitions of linear expected dimension of [2] and secant
expected dimension of [4]. We prove that any effective divisor D in X73 satisfies
ho(x3, OX73 (D)) = wdim(D), see Theorem[T] and we conjecture that the same holds

in Xg, see Conjecture[l]

The paper is organized as follows. In Section 2] we introduce the notation, recall
basic facts on the blown up of P"* at s general points, X[, and on the action of standard
Cremona transformations on Pic(X”). In Section 3] we introduce the definition of
Weyl cycles and we give some general result on Weyl curves in X;'. Section 4] is
devoted to the preliminary case of X3, where we classify Weyl divisors and Weyl
curves and we describe their geometry. Section [3] concerns the case of Xg. The
main result, i.e. the classification of the Weyl surfaces is contained in Section [5.3]
In Section we give the classification of Weyl divisors and their geometrical
description. The last Section[@is devoted to the dimensionality problem.

Acknowledgements: We thank the referee for their useful comments and sug-
gestions. We thank Cinzia Casagrande for many useful discussions and Luis J.
Santana-Sanchez for several comments on a preliminary version of this article.

The first and third authors are members of INJAM-GNSAGA. The second author
is supported by the NSF grant DMS - 1802082. The third author was partially
supported by the EPSRC grant EP/S004130/1.

2 Preliminaries

We denote by X' the blown up of P" at s general points 7 = {p1, ..., ps}. The Picard
group of X! is Pic(X!) = (H,E\, ..., Es), where H is a general hyperplane class,
and the E;’s are the exceptional divisors of the p;’s. For any subset J C {1,...,s}
of cardinality < n, we denote by L; the class, in the Chow ring of X, of the strict
transform of the linear cycle spanned by J. If |J| = n, then L; = H - };c; Ei €
Pic(X") is the class of a fixed hyperplane.

The Dolgachev-Mukai pairing on Pic(X!') is the bilinear form defined as follows
(cf. [19]):

(H,H):n—l, (H,E,-)zO, <Ei,Ej>=—(5i,j.

The standard Cremona transformation based on the coordinate points on P" is
the birational transformation defined by the following rational map:

Cr:(xo:---:xn)—>(xal:"':x,_ll),
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see e.g. [10, [14] for more details. Given any subset I C {1,...,s} of cardinality
n+1, we denote by Cry and call standard Cremona transformation the map obtained
by precomposing Cr with a projective transformation which takes the points indexed
by I to the coordinate points of P". A standard Cremona transformation induces an
automorphism of Pic(X7'), denoted again by Cr; by abuse of notation, by sending a
divisor
D= dH—Zm,-E,- 2)

to s

Cr (D) = (d = )H = ) \(mi = )Ei = ). mjE;, 3)

iel jel

where ¢ := };c; m; — (n — 1)d. The canonical divisor —(n+ 1)H+ (n— 1) 37| E;
is invariant under such an automorphism. The Weyl group W,, ; acting on Pic(X})
is the group generated by standard Cremona transformations, see [L0]. We say that
a divisor @) is Cremona reduced if ¢ < 0 for any I of cardinality n + 1.

In [14, Theorem 3.2] the authors observed that the intersection pairing between
divisors is preserved under Cremona transformation.

Lemma 1 Let D, F be two divisors and let w € W, s be an element of the Weyl
group. Then {(w(D),w(F)) = (D, F).

Here we point out that the scheme-theoretic intersection of two divisors is in
general not preserved under Cremona transformation. Let D, F be two divisors and
let w = Cry be a standard Cremona transformation. Then

Ww(DNF)UA Cw(D)Nw(F)

where A is a union of linear cycles of the indeterminacy locus of w. The following
lemma provides an explicit recipe for A.

Lemma 2 Let I C {1,...,s} have cardinality n + 1, and let I = I} U I, with
|I1] = m+1and |l = n—m. Let D = dH — },m;E; be a divisor in X[. If
(n—m—1)d - Y;c,mi = a 2 1, then the m-plane Ly, is contained in Cry(D)
exactly a times.

Proof Setc = },;c; m; — (n—1)d. By [2] and [13| Proposition 4.2], we can compute
the multiplicity of containment of the m-plane Ly, in Cr(D):

Z(m,-—c)—m(d—c)=Zmi—md—c=(n—m—l)d—Zmiza,

iely iely iel

concluding the proof. (|
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3 Weyl cycles in P" blown up at s points

In [14] Definition 4.1] a smooth divisor D in Pic(X}') is called (—1)-class (or
(=1)-divisorial cycle) if D is effective, integral and it satisfies (D, D) = —1 and
(D,-Kxn) =n—1.In [14, Theorem 0.5], it is proved that D is a (—1)-class if and
only if it is in the Weyl orbit of some exceptional divisor E;. Notice that if i € I, then
Cr;(E;) = Ly is a hyperplane through n base points.

Here we generalize the definition of (—1)-classes to cycles of higher codimension
in X', as follows. We will say that two divisors D and F are orthogonalif (D, F) = 0.

Definition 1 We introduce the following.

(1) A Weyl divisor is an effective divisor D € Pic(X}') which belongs to the Weyl
orbit of an exceptional divisor E;.

(2) A Weyl cycle of codimension i is a non-trivial effective cycle C € A*(X") which
is an irreducible component of the intersection of pairwise orthogonal Weyl
divisors.

Remark I Lets > n+1and 1 < m < n—1. Any m-plane L spanned by m + 1 points
is a Weyl cycle. Indeed, it is easy to check that L is the intersection of r = n — m
pairwise orthogonal hyperplanes spanned by n points. By Lemma[Il any effective
cycle C contained in the Weyl orbit of a m-plane L spanned by m + 1 base points is
a Weyl cycle. In particular the Weyl planes and Weyl lines studied in [11] are always
Weyl cycles, according to Definition [T}

We point out that two distinct non-orthogonal Weyl divisors intersect in a cycle
which may not be a union of Weyl cycles according to our definition. For example,
in X53 the plane through p1, p», p3 and the plane through p1, p4, ps intersect in a line
through p; which is not a Weyl cycle.

3.1 Weyl curves

We collect here some results on Weyl cycles of codimension n — 1 in X', which we
call Weyl curves. The following examples show explicitly that the strict transforms
of lines through two points and of the rational normal curves of degree n through
n + 3 points are Weyl curves in X”, according to Definition[Il

Example 1 Let L = Ly be the line through p; and py, then L =Dy n---N D,y
where D; = Lj, and I; = {1,2,...,n+ 1} \ {i+2} forany | <i<n-1.

Example 2 Forany i = 1,...,n — 1, consider the pairwise orthogonal Weyl divisors
D;=2H-2E,—-...-2E,_ - E,—E,+1 — Eys2 — Ei3 + E;. One can easily check
that Dy N---N D, is the union of L;__,—; and the rational normal curve of degree
n through n + 3 points.
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We recall that the Chow group of algebraic curves A"~!(X") is generated by
h' e }, the classes of a general line in X' and of a general line on the exceptional
divisor E;, respectively. The following formula describes the action on curves of the
standard Cremona transformation Cr, based on the set J if C = §h! — Zle ,u,-e},
then [12] implies

Cry (€)= (6~ (n=1) Y uph' = 3 (5= > m)ej= ) myej. ()

jeJ jeJ ieJ\{j} i

Remark 2 Givena divisor D in X” and aline L;; = h' —e! —e! | then the multiplicity
of containment of the line L;; in the base locus of D is exactly max{0,-D - L;;},
where - denotes the intersection product in the Chow ring of X' (cf. [13| Proposition
4.2]). If n = 3,4, the same holds for any curve C in the Weyl orbit of the line L;;,
thanks to formulas ().

4 3 blown up in 7 points

In this section we consider Weyl cycles of X73, the blow up of P? at 7 points in
general position. Recall that X73 is a Mori Dream Space and that the cone of effective
divisors is generated by the divisors of anticanonical degree %(D, -K x73> = 1. These

are exactly the Weyl divisors and they fit in five different types, modulo index
permutation.

Proposition 1 The Weyl divisors in X73 are, modulo index permutation:

(1) E; (exceptional divisor);

(2) H—- E| — E, — E3 (planes through three points);

(3) 2H —2E| — E; — E3 — E4 — E5 — E¢ (pointed cone over the twisted cubic);
(4) 3H - 2(E1 +FE)+ E3+ E4) —Es—E¢—Eq (Cayley nodal cubic);
(5)4H—3E1 —2(E1 +E2+E3+E4+E5+E6+E7).

Proof 1t is easy to compute the Weyl orbit of a plane through 3 points, by applying
formula (3)). ]

Proposition 2 The Weyl curves in X73 are the fixed lines L;; = h' - e} - e} and the

fixed twisted cubics ij =3n! - 17:1 e} + e;..

Proof For every pair of orthogonal Weyl divisors as in Proposition[2] one can check
that the intersection is always the union of fixed lines and twisted cubics.

We give here some details only in one example, that is the case of a cubic Weyl
divisor and a quartic one. Since the divisors are orthogonal, we can assume that

Dy =3H-2E|-2Ey,-2E3-2E4—-Es — E¢ — E5

and
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Dy, =4H -3E| - 2(E1+Ey + E3s+ E4+ Es+ Eg + E7)

and we easily see, by using Remark[2] that the intersection is
DiND, =C§UCEUC7UL12UL13UL23.

All the other cases can be analogously analyzed. (]

From the previous result we can conclude that our Definition[I]of Weyl curves in
X73 is equivalent to the definition of Weyl line of [11].

In the following result we describe the intrinsic geometry of the Weyl divisors of
X73, showing that they are covered by pencils of rational curves parametrized by a
Weyl curve.

Proposition 3 Let D be Weyl divisor on X73 If C C D is a Weyl curve, then there is
a pencil of rational curves {Cy : q € C} with Cy - D = 0 sweeping out D.

Proof We will consider the divisors (2)-(5) from Proposition 2] It is easy to check
what Weyl curves are contained in D, using Remark 2 For each such containment
C ¢ D, we will find a suitable pencil of curves, parametrised by C, sweeping out D.

(2) Let us consider the fixed hyperplane D = H — E| — E; — E3 and the Weyl
line L1 ¢ D. Such plane is swept out by the pencil of lines through p3 and with a
pointg € L2: {C;(q) : g € Li2}. Since the cycle class of C; (¢) is h' — e}, then we
obtain C3l (q9)-D=0.

(3) The quadric surface D = 2H — 2E| — E; — E3 — E4 — E5 — Eg contains the
fixed twisted cubic €3, = 3h! — 3¢ el. Since it is the strict transform of a
pointed cone, it is swept out by the pencil of lines {Cll(q) :q € Cl...6}. We have
Cl(q)-D=0.

Notice also that D can be obtained from H — E| — E> — E3 through the transforma-
tion Cry 45,6 (cf. (3)). The latter preserves the line L1, and, forevery g € Ly, it sends
the line C3l (q) to the cubic curve CiB, 4’5’6(61), see formula (4). Therefore we see

,,,,,

that D is also swept out by the pencil {Ci3’4’5’6 (q) : q € Li2}. Moreover, since the
general element of C3l (g) is not contained in the indeterminacy locus of Crj 4 5,6, the
intersection number is preserved 0 = C; (9)-(H-E|—-Ey;—E3) = Ci“’s’é(q) -D.

(4) This surface is obtained from (3) via the standard Cremona transforma-
tion Crp347. The image of the first pencil sweeping out (3) is the pencil of cubics

,,,,,
,,,,,

sweeping out (3) is {C; 4(@) : q € L1z}, where C; 4(q) is a quintic curve with cycle
class 5h— 217:1 e; — e3 —e4 and passing through g € L: this pencil sweeps out (4).
As before, we can argue that Cf ~44(@)-D=0and C§4(q) -D =0.

(5) This surface is obtained from (4) via Cry 56,7, On the one hand we obtain
that (5) is swept out by the pencil of quintics {Cf7(q) :q € C1,...6}- On the
other hand the surface is covered by the pencil of septic curves C; (q) with class
Th — 2217:1 e; + e passing through g € Lj»: {C;(q) : q € Li2}. In both cases,
the intersection product - is preserved under Cremona transformation because the
general curve in the pencil is not contained in the indeterminacy locus.
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5 P* blown up in 8 points
5.1 Curves in X3

Notation 1 We consider the following classes of moving curves in A3(X§), each
obtained from the previous via a standard Cremona transformation (see formula ()
and a permutation of indices. They each live in a 4-dimensional family.

. hl—e},foranyie{l,...,fi},

o 4n' -3, el foranyJ c {1,...,8} with |J| =6,

o Th' = Yics2el =Ygy e}, for any J with |J| = 3,

o 10n' - ei, —3ein — Xivi i Ze},for any i) # i, i1,i2 € {1,...,8},
s 13h' -3¢, 26} - DieJ 36}, for any J with |J| = 3.

s 16h' -3¢, 46} - 2i¢J 36}, for any J with |J| = 2.

The families of curves in Notation [I] correspond to facets of the effective cone of
divisors on Xé , see [5]. Here we include a proof via our geometrical approach.

Proposition 4 Let D = dH — Y, m;E; be a divisor in Xg . If D is effective, then we
have:

m; < d, foreveryi € {1,...,8},

Yiegmi—4d <0, foranyJ c {1,...,8} with |J| =6,

Dicy 2mi+ Yigymi —7d <0, forany J with |J| =3,

M +3miy + Xigi i, 2mi — 10d <0, for any iy # i3, i1,i2 € {1,...,8},
Dicy 2mi+ gy 3m; — 13d <0, for any J with |J| = 3.

Diey 4mi+ Y gy 3m; — 16d < 0, for any J with |J| = 2.

The first two inequalities were also proved in [2, Lemma 2.2].

Proof Notice that each 4-dimensional family of Notation[Tcovers Xg' \U; E;, indeed
for each general point in Xg \U; E; we find one curve of the family that passes through
it. Now, if D - (h' —e!) = d — m; < 0, then D contains each line in the family in its
base locus, but this contradicts the assumption that D is effective. This proves the
first inequality. The remaining inequalities are proved similarly. O

5.2 Further blow up of P*.

Forany 1 <i < 8, we denote by C;the rational normal quartic curve passing through
seven base points and skipping the ith point. Consider now
4 P4
XS’(I) — Xg,
the blow up of Xg along the 28 lines L;; and the 8 curves C;. The strict transforms
on X' of a line passing through two points and that of the unique rational normal



10 Maria Chiara Brambilla, Olivia Dumitrescu and Elisa Postinghel

curve of degree n passing through n + 3 points are (—1)-curves, i.e. rational curves
with homogeneous normal bundle O(-1)®*~1 _ Since these curves are rational, the
projection on the first factor of their exceptional divisors is P!. Since their normal
bundle is homogeneous, a twist by a line bundle will make it trivial, so the projection
onto the 2nd factor is P2.

The Picard group of Xg’(l) is Pic(Xg’U)) =< H,E;, E;j, ch >, where, abusing
notation, we denote again by E; the pull-back p*(E;) and by H the pull-back p*(H),
while E;; and E c; are the exceptional divisors of the curves. Notice that E; is a P3
blown up in 14 points, coming from the intersection with 7 lines and 7 rational normal
quartic curves, that lie on a configuration of twisted cubics, while E;; = P! x P? and
EC; = C? X PZ.

Forany D € Pic(Xg), of the form D = dH — Z?:l m; E;, the strict transform D of
D under p satisfies

5 ZZD—Z/C,‘]'EU _ZkCFECT' (5)
where k;; and kc; are defined in Remark 2]

Let us consider now the Chow group of 2-cycles of Xé 1

AZ(XQ’(I)) = <h’ €i,€jj, ﬁ]’ @C;, fCT>

where  is the pullback of a general plane of P*, ¢; is the pull-back of a general plane
contained in E;, f;; = P? is the fiber over a point of the line and e;; = P! x P! is
the transverse direction, fc; is the fiber over a point of the curve C; and ec: is the

transverse direction. In the Chow ring A*(Xg’ ( 1)) we have the following relations:
H>=h, E?=-e¢;, HE; =0, EE;=0 (©6)
HE;j = EiE;j = fij, EiEj=0 (N
E} =—eij— fij, EijEix=0, EijEx=0 ®)
H*'=h’=1, El=¢f=-1, fjej=e};=-1 )
fi=eifij=0. he;=hfij=0, eeij=he;jj=0. (10)

5.3 Classification of the Weyl surfaces

The section contains one of the main results of this paper. We construct five Weyl
surfaces in Xg and we prove that they are the only such cycles, modulo index
permutation. For any surface, we also give its exact multiplicity of containment in a
given divisor and its class in the Chow ring of Xg" 1

Proposition 5 Let S' = S! , _ be the plane Lyys through three points in P*.

1,4,5
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o Given an effective divisor D = dH — Y, m;E; in Xé, let
ksl (D) = max{O, mip +my+ms — Zd}.

Then the surface S' is contained in the base locus of D exactly ki (D) times.
e The class of the strict transform S' of S' in the Chow group AZ(Xg (1)) is
h—el—eq—es5— Z (eij — fij)-

i,je{1,4,5}

Proof The first part of the statement follows from [2] and [13 Proposition 4.2].
Consider the ﬁxgg hypemlanes Dy =H-FE,—-E3—-E4—Esand F) =H-FE| -

E, — E4 — Es5. Let Do and Fy be their strict transforms on Xg (1) See [@). Clearly we

have S! = Dy N Fy, and Sl = Do N Fy. By using relations (@), (@), ), we compute

DonFo=h—ei—es—es =Y jeqias (eij = fif)- O
Using Lemma[2] we obtain the following.
Lemma 3 Given a subset I = {iy,...,is} C {1,...,8} and a divisor D = dH -

S miE;in X§. If
d—m,-l -mp=azx=1,

then the 2-plane Li;,;; is contained in Cry (D) exactly a times.
Lemmad4 Let I = {iy,i2,i3,i4,is} and J = {i1, 12, i¢} be two subsets of {1, ...,8},

such that |I N J| = 2. If Cry is the standard Cremona transformation based on I,
then the plane Ly is Cry-invariant, that is Cry(Ly) = Ly.

Proof Consider the hyperplanes D = L; iy, and F = L;,j,i,i,- We have D N F =
Li iis = Ly. Clearly Cr; (D) = D and Cr;(F) = F and hence also Cr;(Ly) =
Cr(DNF)CCr;(D)NCr;(F)=DNF=Lj. O

Proposition 6 LetJ := {1,2,3,6,7} and consider the Cremona transformation Cr;.
Let S' = Lyys. Then S3 := Cry(S") is the strict transform of cubic pointed cone over
the rational normal curve Cg and the point py.

e Given a divisor D = dH — Y, m;E;, let
kS3 (D) = max{O, 2my + my + m3 + my + ms + me + my — Sd}.

Then the surface S3 is contained in the base locus of D exactly kg3 (D) times.
o The class of the strict transform S of S* in the Chow group Az(Xg (1)) is

7

;
3h—3e; — Z ei — (ec; — fc;) — Z(eli - fui)
=2

=2

Proof The plane S! = L5 is swept out by the pencil of lines {C'(q) : ¢ € L4},
where the cycle class of C!(g) is k' — el and it passes through the point g € Ly4.
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Using formulas () and the same idea as in the proof of Proposition[3, we compute the
images of the line L4 = h' — ei - e}‘ and of the pencil of lines {C'(q) : ¢ € L4} of
class h' — e} via the transformation Cr, . We have Cr; (L14) = Li4 and Cr; (C'(¢)) =
C*(q) where C*(q) is a rational curve with class 4h' —¢] —e) — e} —el —el — e}
and passing through g. Thus we get that the surface S3 is swept out by the pencil
{C*(q) : q € Li4}. Therefore D contains any curve C*(g), and hence S3, in its base
locus at least max{0, m| +my+m3+ms+meg+m7+max{0, m| +my —d} —4d} times.
Notice that we have m| + my + m3 + ms + mg + m7 —4d < 0, since D is effective, by
Propositiondl Hence the claim follows.

Now we prove the second statement. Given Dy and Fy defined in the previous
proposition, recall that Dy N Fy = S ! 'We consider now their images D = Cry(Dy)
and F) = Cry (Fp):

Dy =2H-2E-E)—-2E3—-E4—Es—Es—E7
Fi=2H-2E,-2E,-E3—-E4—Es —E¢c—E7.

Clearly 3 C DN F;. By Proposition[Slwe easily see that the only plane contained
in D1 N Fy is L1p3. Moreover it is easy to check that the intersection D N F; does
not intersect the indeterminacy locus of the Cremona transformation Cr; in any
other 2-dimensional component. Hence D N Fj is the union of the plane L>3 and
an irreducible cubic surface with one triple point in p; and 6 simple points. We
conclude that §* is exactly such cubic surface.

We now shall describe the class of > in A2(X§’(1)). Let D, and F; be the
corresponding strict transforms under the blow up of lines and rational normal

curves in Xé’(l). By (@), we have

7
Dy =2H - 2E, - Ey - 2E3 - ) E; = 2Ey3 - > Eix - Ec,
i=4 ie{1,3},ke{2,4,5,6,7}
7
F =2H - 2E, —2E2—2Ei —2Ep, - Z Ei - Ec,.
i=3 1<i<2,3<k<7

,,,,,

By using relations (&), (7), (8), we compute the intersection:

o 7 7

D\NFy = (h—ej—ex—e3— Z (eij—ﬁj))+(3h—3el—z ei_(ng_ng)_Z(eli_ﬁi))‘
i=2

i,j€{1,2,3} i=2
Finally by Proposition[3 we can conclude. (]

We will denote by S> _ the cubic surface with a triple point at p; and multiplicity
ij
zeroatpj.

Proposition 7 Let J := {2,3,4,5, 8} and consider the Cremona transformation Cr;.
Then S := Cr;(S3) is a surface of degree 6 with five triple points.

o Given an effective divisor D = dH — Y, m; E;, let



Weyl cycles on the blow-up of P* at eight points 13
ks, (D) = max{0, 2(m; + my + m3 + ma + ms) + me + my + mg — 8d}.

Then the surface S is contained in the base locus of D exactly ks, (D) times.

o The class in Az(Xg (1)) of strict transform S¢ ofS6 in Xg 1 is
5 8 8
6h—3Z€i—Zei_ Z (eij_fij)_z(ecfz_fcz)'
i=1 i=6 i,j€{1,2,3,4,5},i#j k=6

Proof We know from the previous proposition that the surface 3 is swept out by
a pencil of rational normal quartic curves {C*(q) : ¢ € Li4}. By @), we obtain
that the image of the pencil is {C7(q) : ¢ € L4}, where C7(q) is a rational septic
curve with class 74! — X% | el — el — el — el and passing through g € Ly4. Since
the surface S° is swept out by this, we can say that D contains S° in its base locus at
least max{0, m +2my +2ms3+myg+2ms+me+m7+mg+max{0,m+my—d}—7d}
times. Since D is effective, by Propositiond we have m; + 2m; + 2ms + myg + 2ms +
me + m7 + mg — 7d < 0, hence the claim follows.

Now we prove the second statement. Given D and F; defined in the previous
proposition, recall that D; N Fy = Lip3 U $3. We consider now D, = Cry (D) and
F> = Crj(F)) to be their image under the Cremona transformation and we get:

D, =3H-2E\-2Ey,—-3E3;—-2E4—2Es— Eq— E7 — Eyg
F,=3H-2E, -3E,—2E3—-2E4—2Es— E¢ — E7 — Eg.

We now analyse the intersection D, N F;. Note that Cry (L123) = L123, by Lemmald]
By Proposition[j]we see that the only planes contained in D, N F, are L123, L34, Lo3s.
Finally we check that the intersection of D, N F, with the indeterminacy locus of Cr
does not contain any other 2-dimensional component, besides the planes L334 and
L35. Hence the intersection Dy N F; splits into four components: the three planes
L123, L34, L35 and a sextic surface with five triple points at p; and three simple
points. Hence we conclude that S is exactly the sextic irreducible surface.

We now describe the class of S% in Xg 1 Let D, and F, be the corresponding

strict transforms under the blow up of lines and rational normal curves in Xg' (1)» See
@). We have

Dy=3H- ) 2Ei—3E3—iE,~— > 2E3,~—iE3i— Eij—iEq
i=6 i=6

ie{1,2,4,5) i=6 ie{1,2,4,5} i,je{1,2,4,5),i%]
8 8 8
F,=3H - Z 2El-—3E2—ZE,-— Z 2E2,-—ZE2i— Z E,-,»—ZECF
i€{1,3,4,5} i=6 i€{1,3,4,5} i=6 i,je{1,3,4.5},i%j i=6
Computing their complete intersection, we have:
DyNFr=(h-el—er—e3— Z (eij = fij))+

i,je{1.2,3}Li#]
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th-—ex—e3—es - Z (eij— fij)) +(h—ex—e3—es - Z (eij — i)+

i,7€{2,3,4},i#j i,7€{2,3,5}
5 8 8
(6h—3Z€i—Z€i— Z (eij—fij)—Z(ec;, - Jc))
i=1 i=6 i,je{1,2,3,4,5},i%) k=6
where we use relations (6), (@), (8), and we conclude. ]

. We Wlill denote by S?’j’ . the sextic surface with five triple points at {p,} for
#1i,], k.

Proposition 8 Let J := {1,2,6,7,8} and consider the Cremona transformation
Cryy. Then S'0 := Cr; (S) is a surface of degree 10 with two sextuple points and six
triple points.

o Given an effective divisor D = dH — Y, m; E;, let
kg (D) = max{0,3(m; + ma) + 2(m3 + ma + ms + meg + m7 + mg) — 11d}.

Then the surface S'° is contained in the base locus of D exactly kgio (D) times.
e The class of the strict transform S'° of S'0 in A(X{ (1) is

8 2 8 8
10/ — 6e1 — 6es — Z 3e; —3(e12 — fi2) - Z Z(eij - fij) - Z(ECE - fep)-
i=3 k=3

i=1 j=3

Proof We know from the previous proposition that the surface S° is swept out by the
pencil of rational septic curves {C7(g) : ¢ € L14}. By @), we obtain that the image
of the pencil is {C'%(q) : ¢ € L4}, where C'°(q) is a rational curve with class
10A! —Ze} - 3eé —2e§ - e}‘ —Zeé —Zeé —Ze% —Zeilg and passing through g € Li4. Since
the surface S'° is swept out by this pencil, we can say that D contains S' in its base
locus at least max{0, 2m + 3my +2m3 + mg + 2ms + 2me + 2m7 + 2mg + max{0, m; +
mg—d}—10d} times. Since 2m 1 +3my+2m3+mg+2ms+2me+2m7+2mg—10d < 0,
the claim follows by Proposition 4l

Now we prove the second statement. Given D, and F, defined in the previous
proposition, recall that D, N Fp = SO U Li23 U Lyza U Lyss. We consider now D3 =
Crj(D3) and F3 = Crj (F;) to be their image under the Cremona transformation and
we get

D3 =5H—-4FE| -4E, -3E3; - 2E4—2FEs - 3Es — 3E7 — 3Eg
Fs=4H -3E, —4E, - 2E3 - 2E4 - 2E5s — 2FE¢ — 2E7 — 2Ej3.

Itis easy to check, by applying the previous propositions, that the intersection D3N F3
contains the planes Lj23, L126, L127, L12g and the cubic surfaces S; 2 and S; 5 Notice
that er(L123) = Ly by Lemma[] and CrJ(L234) = S; 3 CrJ(L235) = S; 7 by
Proposition [6l By computing the intersection of D3 N F; with the indeterm’inacy
locus of Cr; we see that there are no other 2-dimensional components, besides the
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planes L6, L127, L123. Hence we conclude that S 10 is an irreducible surface with
degree 10 and two sixtuple points at pl and p; and 6 triple points.

Finally we describe the class of S in Xg' 1y Let D3 and F3 be the corresponding
strict transforms under the blow up of lines and rational normal curves in X8 (1)
see (A). Computing their complete intersection, as in the previous case we get our

claim. O

Proposition 9 Let J := {3,4,5,6,7} and consider the Cremona transformation
Cry. Then SV := Cry (Slo) is a surface of degree 15 with one triple point and seven
sextuple points.

o Given an effective divisor D = dH — Y, m; E;, let
kslS (D) = max{O, 3(m1 +my +m3+my+ms+meg+ }717) —2mg — 14d}.

Then the surface S' is contained in the base locus ofD exactly kgis (D) times.
o The class of the strict transform §1s of S in A2(X? Xg (1)) is

150 — Zée,—363— > (e - ﬁ])—Z(ECA fe) =3(ec, - fe,)-

1<i<j<7

Proof We know from the previous proposition that the surface S'° is swept out by
the pencil of rational septic curves {C'%(g) : ¢ € Li4}. By @), we obtain that the
image of the pencilis {C'3(q) : g € L4}, where C'3(q) is a rational curve with class
13h' —2e;-3e)—3e}—2¢}—-3el—3e, 3¢} —2eq and passing through g € Ly4. Since
the surface S'° is swept out by this pencil, we can say that D contains S'° in its base
locus at least max{0, 2m| +3my +3m3+2my +3ms+3me +3m7 +2mg+max{0, m; +
my—d}—13d} times. Since 2m | +3my+3m3+2ma+3ms+3me+3m7+2mg—13d < 0
the claim follows by Proposition [l

Now we prove the second statement. Given D3 and F3 defined in the previous
proposition, recall that

D3N F3=810U L2z ULy ULjy7ULjag US;ZUS;§.

We consider now D4 = Cry;(D3) and Fy = Cry(F3) to be their image under the
Cremona transformation.

Dy :=7TH—-4FE|, —-4E), —5E3 —4E4 —4E5—5FE¢ — 5SE7 — 3Eg
Fy:=6H -3E|,—-4FE, —4E3 —4E4 — 4Es —4E¢ — 4E7 — 2Eg.

Now the intersection D4 N F4 contains S — = Cry(L123) (by Proposition[6]), S3

Cry (L126) (by Proposition[6)), 5148 = C1rJ(S3 A) (by Proposition[Z)), S CrJ(S2 §)
(by Proposition [7). Moreover we have the components. S7’§, 5?28,
= Cry(L12g). Finally we check that the

and it can be

easily proved that S3 5= =Cry(L27) and 5128
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intersection of D4 N F4 with the indeterminacy locus of Cr; does not contain any
2-dimensional component. Hence we conclude that S'° is an irreducible surface of
degree 15 and with a triple point at pg and seven sextuple points.

Finally, as in the previous case, we compute the complete intersection of the strict
transforms 5:; and E, and we get our statement.

Remark 3 We point out that the five Weyl surfaces described above correspond to
the same list computed by Casagrande, Codogni and Fanelli in [5, Theorem 8.7].

Remark 4 Notice that the cone of effective surfaces of Xg is not invariant under the
Weyl action, as already observed by [8]). In particular in [8, Theorem 4.4] the authors
proved that the cone of effective 2-cycles of Xg is linearly generated, namely each
effective cycle can be written as a sum of linear cycles. Indeed, for instance, the class
of 3 in the Chow ring of Xg is 3h — 3e; — ZZ:z e;, but so is the class of the union
of the three planes Li23, L145 and Lj¢7. However, the three planes do not contain
the rational normal curve, whereas S° does. From this observation it is clear that the

cone of effective cycles of codimension 2 of Xg 1) will not be linearly generated.

Therefore, in order to identify the irreducible surface S3 we need to work in the

Chow ring of Xg -

Remark 5 Notice that, in Propositions BIGI7I8IO we used a specific sequence of Cre-
mona transformations to obtain each Weyl surface of Xg from the previous. This
choice is clearly not unique, in fact there are multiple paths going from one Weyl
surface to another. Similarly, for each Weyl surface S we found a suitable pencil of
curves over a Weyl curve C C S that covers it. This description is also not unique, in
particular for every Weyl curve C C §, we can find one such pencil.

Proposition 10 The five surfaces St 83,86, 810 S15 gre the only Weyl surfaces in
x4
8

Proof The statement can be proved by direct inspection. In Proposition[I1]below we
classify all the Weyl divisors in Xg . Then we consider all the possible intersection of
two orthogonal Weyl divisors and, by using Propositions[3} [6] 7l Bl O] and computing
degrees and multiplicities, we have checked that all the irreducible components of
the intersections are surfaces of type S', 53, 56, §10, §15. O

By the previous proposition we conclude that any Weyl surface of Xg is contained
in the orbit of a plane through 3 points. Hence our Definition [1| of Weyl surface in
this case coincide with the definition of Weyl plane given in [[11]].

From the proofs of Propositions[3] [6] [71 [8L O we get the following consequence.

Corollary 1 Every Weyl surface on Xg' is swept out by a pencil of rational curves
{C(q) : q € C} over a Weyl curve C.
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5.4 Weyl divisors.

Recall that Xg is a Mori Dream Space and in particular the cone of effective divisors
is finitely generated by the divisors of anticanonical degree %(D, _Kxg> =1.A

simple application of formula (@) gives the following classification of all the Weyl
divisors in Xg ; they are exactly the generators of the effective cone, see also [20].

Proposition 11 The Weyl divisors in Xg are, modulo permutation of indices:

(1) E;, (the exceptional divisor)
(2) H— Z?:] E;, (hyperplane through four points);
(3) 2H -2E| -2E; - 23:3 E;, (quadric cone, join of a rational normal quartic and
a line);
(4) 3H — 217:1 2E;, (the 2-secant variety to a rational normal quartic);
(5)3H —3E;| — Zf:z 2E; — Z§=6 E;, (cone on the Cayley surface of P?);
(6)4H — Y+ | 3E; — Y| 2E; — Eg, with|J| =4 and j & J;
(7)4H —4E| — 3E, — Z§=3 2E;, (cone on a quartic surface of P?);
(8) SH — 4E| — 4E, — Y0, 3E; — 2E7 — 2Ey;
(9) 6H — SE\ — 3.1, 4E; = Y8 3E;;
(10) 6H — Y5 | 4E; — 3E7 — 2Eg;
(11)7H = 3 | 5E; = Y1 AE; - 3Eg;
(12) TH — 6E, — Y8, 4E;;
(13) 8H — 6Ey — ¥.0, SE; — 4E7 — 4Eg;
(14)9H - Y1 6E; — 3% < SE;;
(15) 10H - 7E; - Y%, 6E;.

We conclude this section with the following geometrical descriptions of the Weyl
divisors on Xg . As pencils of curves with cycle class as in Notation [l sweep out
Weyl surfaces of X2, nets of such curves sweep out Weyl divisors.

Lemma 5 Let D be a Weyl divisor on Xg containing a Weyl surface S. Then there is
a net of curves {C(q) : q € S} with C(q) - D = 0 sweeping out D.

Proof Notice that every divisor (2)-(15) of Proposition [[1] satisfies the hypotheses.
For one such divisor, let S ¢ D. By Propositions SH6HZH8HI, we can find a sequence
of standard Cremona transformations such that the image of S is a plane ;. Applying
the same sequence of transformations to D, we obtain a Weyl divisor, D, containing
such plane. Modulo reordering the points, the possible outputs for the image of D
are the divisors (2), (3), (5), (6), (7), (8), (9), (11) of Proposition[T1] For each such
output, we shall exhibit a sequence of Cremona transformations that preserve the
plane S; and takes D to a hyperplane containing S. Without loss of generality, we
will assume that S is the class of the plane passing through the first three points. In
the following tables, for every (i), on the left hand side we will describe the class of
the Weyl divisor and on the right hand side the class of the curve C(g) of the net:
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(11) 7155534444 19144434444

(9) 6[54434333 1643332333

(8) 5(44323332 13|33223332

(7) 4143222222 10{32122222

(5) 3132222111 721122111

3) 2{22111110 411011110
1

(2) 11110000 1(00010000

This concludes the proof. (]

6 Weyl expected dimension

Let n = 3,4. For r € {1,2,3}, let L, be a linear cycle of dimension » spanned
by r + 1 base points. Recall that Wy, .4 denotes the Weyl group of X ,. Consider
the following set of Weyl r-cycles: W,,(r) = {w(Li()) : w € Wy nsa}, and let
ka(D) denote the multiplicity of containment of the r-cycle A in the base locus of
the divisor D.

By RemarkRlwe know that for any Weyl curve A € W,,(1), then k¢ = max{0, -D-
A}. For every Weyl divisor A € W,,(n—1) (i.e. those listed in Propositions2land[IT),
we have that k4 = —max{0, (D, A)}, see [2] Proposition 2.3] and [13| Proposition
4.2] for details. Finally, for n = 4, by the results of Section[3.3lwe know that Wy (2) is
the set of the Weyl surfaces (i.e. those listed in equation (1)) and the multiplicity of
containement k 4 (D) of any Weyl surface A € W4(2) in the base locus of an effective
divisor D is computed in Propositions[3} [6] [7] [8] [0

We introduce now the notion of Weyl expected dimension.

Definition 2 Let n = 3,4 and D be an effective divisor on X = X' ,. We say that D
has Weyl expected dimension wdim(D), where

n—1
wdim(D) :=X(X,0X(D))+Z Z (1)’

(n+kA(D)—r—1
r=1 AeW, (r) n

We now show that the Weyl expected dimension is invariant under the action of
the Weyl group.

Proposition 12 Let n = 3,4 and D an effective divisor on X', ,. The Weyl dimension
of D is preserved under standard Cremona transformations.

Proof LetD = dH — Z:’:f m;E;. We need to prove that wdim(D) = wdim(Cr; (D))
for Cry a standard Cremona transformation. Let D’ = dH — };c; m; E; be the divisor
obtained from D by forgetting 3 points. From [2, Corollary 4.8, Theorem 5.3] we
have that wdim(D’) = wdim(Cr; (D’)), where the formula wdim(D’) only takes
into account the Weyl cycles of D based exclusively at the points parametrized by 1
that are therefore fixed linear subspaces through base points.
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We claim that, for all the remaining Weyl cycles A of D, interpolating at least
a point away from the indeterminacy locus and for which k4 (D) > 1, we have
ka(D) = kce(a)(Cr(D)). If A is a curve, the claim is true because k4 (D) =
—A-D = —Cr(A) - Cr(D). If A is a divisor, the claim is true because k4(D) =
—(A, D) = —(Cr(A),Cr(D)). It only remains to show the claim for A = S a surface
of Xg . It follows from the proofs of Propositions [3] [6 [7] [8 O] and Remark [3] that
for a Weyl curve C C § such that S is swept out by a pencil {C(q) : g € C},
then ks(D) = —C(q) - D + k¢ (D). Since D is effective, then C(g) - D > 0 by
Proposition @ so kc(D) = -C - D > 1. Since ks(D) = -C(q) -D - C-D =
-Cr(Cy) - Cr(D) = Cr(C) - Cr(D) = =Cr(C(q)) - D + kcr(c) (Cr(D)) and Cr(D) is
swept out by {Cr(C(q)) : g € Cr(C)}, we conclude. O

This yields an explicit formula for the dimension of any linear system in X73.

Theorem 1 For any effective divisor D € Pic(X73), we have
n(x3, Ox3 (D)) = wdim(D).

Proof For the sake of simplicity, we will abbreviate h®( X3, OX73 (D)) with h°(D).
Consider a sequence of standard Cremona transformations which takes D to a
Cremona reduced divisor D’: it is well-known that h’(D) = h®(D’). By the previous
proposition we have that wdim(D) = wdim(D’). Since D’ is Cremona reduced, by
[Ol Theorem 5.3] we know that D’ is linearly non-special, i.e. its dimension equals
its linear expected dimension introduced in [2]]: h®(D’) = 1dim(D’) = wdim(D’)
where the last equality is easy to check for Cremona reduced divisors in X;. Hence
we conclude that h(D) = wdim(D). O

For the case of Xg , we propose the following conjecture.

Conjecture 1 For any effective divisor D € Pic(Xg), we have
h°(Xg, Ox:(D)) = wdim(D).

Solving Conjecture[Ilwould complete the analysis of the dimensionality problem
for all the Mori Dream Spaces of the form X;', which are XZ+3,X§,X73 and Xg .
Indeed we recall that the case of s < n+ 2 was solved in [2] and the case of s = n+3
is studied in [[15] and [22]. It is clear that the notion of Weyl dimension extends both
that of linear expected dimension of [2] and that of secant expected dimension of
[4]. In fact, first of all, notice that linear cycles of dimension at most n — 1 spanned
by the collection of s points are Weyl cycles, according to our definition. This holds
because hyperplanes passing through n base points are always Weyl divisors. We
recall that for s = n + 2, the only Weyl divisors are the exceptional divisors and the
hyperplanes spanned by n base points. We conclude that for s = n+2 the linear cycles
spanned by base points are the only Weyl cycles, hence we have that for divisors
in X', the Weyl expected dimension equals the linear expected dimension, so the

analogous of Conjecture (1) in X', , holds by [2]. Moreover, by [2, Corollary 4.3] we
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can say that the analogous of Conjecture I holds in arbitrary dimension for a small
number of points. Secondly, in [4] the authors considered cycles J(Ly, 07), joins
over the ¢ secant variety to the rational normal curve of degree n passing through
n + 3 points, and they gave a secant expected dimension for an effective divisor. It
matches the Weyl expected dimension for n = 4. For X;‘, these varieties are just the
unique rational normal quartic curve through the 7 points and the pointed cones over
it, namely cone over rational normal curve, labeled S ? 3 as in notation (I)). Therefore,

we propose the following conjecture.

Conjecture 2 The varieties J(Ly, o) are the only Weyl cycles on X", .
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