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1. Introduction

In this paper, we deal with the following class of fractional (p, ¢)-Kirchhoff equations involving critical
nonlinearities:

(a + blul? ) (—A)pu+ (c + d[u]qu) (—A)ju+V(x) (|u|p*2u + |u\q*2u)

P . (1.1)
= M\C(z) f(u) + Q(2)|u|%="2u in R,

where a, b, ¢,d > 0 are constants, A > 0 is a parameter large enough, s € (0,1), 1 < p < ¢, % < sq < 3 and
q = 33‘1 The operator (—A)$, with ¢t € {p, q}, appearing in (1.1) is the fractional ¢-Laplacian operator

sq°
which, for every ¢ € C§°(R?) may be defined, up to normalizing factors depending on N, s and t, by setting

SN o o(z) — W) P2 (p(2) — ¢(y))
(-8)ig(@) =2 lim [ e d,
R3\ B, ()
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for all z € R3, where B.(z) = {y € R3 : |v —y| < e}. Over the last few years, there has been a
growing interest in nonlocal and fractional problems involving the fractional t-Laplacian operator. This
interest is due to two key features: its nonlinearity and nonlocal nature. Consequently, various results on
the existence, multiplicity, and regularity of solutions to these problems appeared in the literature; see for
instance [5,6,18,27].

We start by considering a = ¢ = 1 and b = d = 0 in (1.1). When s — 1, (1.1) boils down to a
(p, q¢)-Laplacian equation. The study of (p, ¢)-Laplacian problems stems from the following general reaction—
diffusion system

uy = div (D(u)Vu) + f(z,u) 2 € RNt >0

where D(u) = |Vu|P~2 + |Vu|9~2. This system find applications in biophysics, plasma physics and chemical
reaction design (see [12]). In these contexts u stands for a concentration, the term div (D(u)Vu) corresponds
to the diffusion with a diffusion coefficient D(u), and f(z,u) represents the reaction term which relates to
source and loss processes. Some results concerning the existence and multiplicity of solutions can be found
in [4,9,15,16,26] and we mention [12,21,25] for problems setting in bounded domain.

We underline that the (p, ¢)-Laplacian problems were inspired by models arising in nonlinear elasticity
and they describe the deformation of an elastic body. More precisely, the (p, ¢)-Laplacian operator is a
special case of the double-phase operator div(|Vu|P~2Vu+a(z)|Vu|9=2Vu), where a(-) is a positive bounded
function. The analysis of non—autonomous energy functionals characterized by the fact that the energy
density changes its ellipticity and growth properties according to the point was developed by several authors;
see for instance [23,24] for more details.

When s € (0, 1) some additional difficulties arise in the (p, ¢)-Laplacian setting. In fact (p, ¢)-Laplacian
problems involve the sum of two nonlocal nonlinear operators with different scaling properties. The starting
point can be addressed to [11] where the authors studied the existence, nonexistence, and multiplicity of
solutions to

(—A)u + (—A)Su + a(@)ulP~u + b(z) [ul!*u + p(z)[u|""*u = Ar(z)[u[™ v in RY,

where A\ > 0 is a parameter, s € (0,1), 1 < ¢ <p,r > 1 and sp < N, and a,b, u and h are non negative
functions that satisfies suitable assumptions. In [2], using suitable variational arguments and concentration
compactness lemma, the author proved the existence of a nontrivial non-negative solution to

=2y in R¥,

(=A)pu+ (=A)gu + |ulf~u + [ul"*u = An(2) f(u) + |u

where A\ > 0 is a parameter, h is a bounded perturbation and f is a superlinear continuous function with
subcritical growth. The concentration and multiplicity of solutions to a class of fractional (p, ¢)-Laplacian
problems has been obtained in [7] under del Pino—Felmer type conditions on V and assuming that f €
C(R,R) has subcritical growth. In [8] the authors proved the multiplicity result for a class of fractional
(p, ¢)-Laplacian problems with critical nonlinearity in bounded domain.

Now, assume a =c# 0 and b=d # 0 in (1.1). When s — 1 and p = ¢ = 2, (1.1) reduces to a Kirchhoff
equation of the type

- a+b/|Vu|2dx Au+V(z)u = g(z,u) inR3 (1.2)

R3

proposed by Kirchhoff [20] as a generalization of the D’Alembert wave equation for free vibration strings.
Problem (1.2) received a great attention after the pioneering paper [22] where the author introduced a
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functional analysis approach to attack it. Further results can be found in [1,13,17]. Due to the interest toward
quasilinear problems and Kirchhoff equations, in [10,19] the authors studied (p, ¢)-Kirchhoff equations in a
bounded domain and in the whole of R3.

When s € (0,1) and p # ¢, the only result appeared in the literature is [3] where the author obtained
the multiplicity and concentration result for solutions to

(L [l2,) (D) -+ (14 [ ) (- A)ju+ Vi) (u 2+ [uf~2u) = f(u) i RY,
where the nonlinearity f is a superlinear continuous function with subcritical growth at infinity and the
potential V' verifies del Pino—Felmer conditions.

As far as we know, there are no existing results in the literature addressing Kirchhoff-type problems
driven by the fractional (p, q)-Laplacian operator with periodic potentials. Motivated by this gap and the
previously mentioned studies, we investigate the existence of solutions to (1.1) in this work.

In order to state our result, we first introduce the assumptions on the potentials V, X, and Q and on the
nonlinearity f. Throughout the paper the potentials V', K and Q satisfy the following conditions:

(h1) V : R3® — R is a continuous bounded function Z3-periodic and Vy = inﬂ£3 V(z) >0,
e
(ha) K :R3? — R is bounded, K(x) > Ko for all z € R3 and lim K(z) = K4 € (0,00),

|| =00

(h3) Q:R3 — R is bounded, Q(z) > Qo for all x € R? and ‘ l‘gn 9(z) = Qo € (0,0),

and f : R — R is a continuous nonlinearity such that f(t) = 0 for all ¢ < 0 and verifies the following
hypotheses:

(f1) there exists a constant ¢ > 0 such that |f(¢)] < c¢(1 + [t|"71) for all t € R, where 2¢ < r < ¢,

(f2) tiiinoo % = +o00, where F(t) = /f(’l') dr,
0
t
(fs) Jim T o,

ft)

(f4) the map t — 121

is strictly increasing in (—o0,0) and in (0, 4+00).

We emphasize that from (f1) and (f3) it follows that for any € > 0 there exists C. > 0 such that
IFO)] < e[t~ + Celt" . (1.3)
Now, our main result can be stated as follows:

Theorem 1.1. Suppose that (h1)—(hs) and (f1)—(f4) hold true. Then there exists \* > 0 such that (1.1) has
a ground state solution for all A > \*.

The strategy of the proof is the following. First we show that the energy functional 7, associated with
(1.1) has a mountain pass geometry (see Lemma 3.1). Invoking a variant of the mountain pass theorem, we
produce a Cerami sequence (u,,) for Zy at the mountain pass value c¢x. We note that, using our assumptions
on V, I, Q and f, we can prove that ¢, coincides with the ground state level ¢} (see Lemma 3.3). Due
to the presence of the critical exponent, we obtain an upper bound for ¢y when A is sufficiently large (see
Lemma 3.4), and then we use a concentration-compactness argument to deduce the boundedness of (u,,) (see
Lemma 3.5). In order to prove that (u,) weakly converges to a nontrivial critical point u of Zy, we exploit
the crucial fact that ¢y < mq, where my, denotes the ground state energy level of the energy functional
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associated with the limiting problem related to (1.1). Finally, we conclude that u is a ground state solution
to (1.1).

The paper is organized as follows. In section 2 we collect some preliminary results about the fractional
Laplacian. In section 3 we prove some properties of the energy functional associated with (1.1). Section 4
is devoted to the limiting problem associated with (1.1). Finally, in section 5 we prove the main result.

2. Notations and some preliminaries

Let p € [1,00] and A C R3. We denote by ||u|[1r(a) the LP(A)-norm of u : RN — R belonging to LP(A).
When A = R3, the LP(R3)-norm of u will be denoted by | ul|,.
Let s € (0,1) and p € (1, 00). We define D*P(R?) as the closure of C2°(R?) with respect to

[u]? _/ [u(x) — u(y)P dady,

s,p |a; _ y|3+sp
and we denote by W*P(R?) the set of functions u € LP(R?) such that [u];, < co endowed with the norm

lullwer@e) = (U}, + ulf)” -
The following embeddings are well-known (see [5]).

Theorem 2.1. Let s € (0,1) and p € [1,00) be such that sp < 3. Then there exists S, = Si(s,p) > 0 such
that

lullps < S5 [ul?

s,p?

for all uw € DSP(R3). Moreover, W*P(R3) is continuously embedded in L™(R3) for any T € [p,p?] and
compactly in L], _(R3) for any T € [1,p}).

loc

Let us introduce the space

W,y = 4 u e D*P(R?) N DI(RP) : /V(x) (Jul? + [u]) da < oo

)

R3

endowed with the norm

[elw,,, = lullvp + llullv.e,

where, for all m > 1 we set

a2 = [l + / V(@)[u|™ dr.
R3

It is easy to verify that W, , is continuously embedded in L™ (R3) for all 7 € [p, ¢¥] and compactly embedded
in L7 (R3) for all 7 € [1,q}).

loc
We will often use the following vanishing—Lions type result.
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Lemma 2.1. /5, Lemma 2.2] Let s € (0,1) and p € (1,00) be such that sp < 3. Let r € [p,p%). If (un) is a
bounded sequence in W*P(R3) and if

lim sup / |un|" dz =0,

n— oo yER3
Br(y)

where R > 0, then u,, — 0 in L™ (R3) for all T € (p, p).

Remark 2.1. From assumption (f;) and p < ¢ it follows that

t
€ (0,00) — 1?;(——2 is strictly increasing.

Now, combining this and (f3) we have

0= tim 28 _ iy 7).
t—0 tp—1 530 gp—1

therefore,

10) g 1)

v i =0 forallt>D0,
s>08p1

hence f(t) > 0 for all ¢ > 0. This together with (f4) yields

o f(t o1, tf(
0<F(t /f 22)12 1d_th(—)1/72 1d¢%,
0
that is
tf(t) —2qF(t) >0 forall ¢t > 0. (2.1)

Moreover, the map

1
t— Q—f(t)t — F(t) is increasing for ¢ > 0. (2.2)
q
Indeed, taking 0 < t; < ts,
1 1 7
—f(ta)to — F = —f(ta)ta — F —
5o f(t2)ta = Flt2) = o f(t2)ta — F(t) / F(r)dr
t
= ! f(tg t2 — / 2q71 dr
2q
t1
1 _ flte 7
—flta)ta — 21 g
> 2qf( 2)ta 20T / 4

1 1 f(t2) q q
—Q*qf(tz)tsz(tl)*zf T(t! — 47
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1
> —f(t1)t1 — F(t1).
qu( 1)t (t1)
3. Functional setting

In order to study (1.1), we look for critical points of the functional 7 : W, ; — R defined as
1 b 1 d
Ty = 1z, (ot hiz, ) + 2lult, (4 Sl

—l—/V(:c) (11—7|u|1)+ 3|u|q> d:c—)\/lC(a:)F(u) da — qi*/g(xnu
R3 R3 *Rs

It is easy to see that Zy € C'(W, 4, R) and its differential is given by

P2 (u(z) — u(y))

.
9s dax.

(T (), @) = (a+ bul?, / [ulz) = ul

\x—yl3+sp
+ (et duld, / = (o) — ) dody

—l—/V(x) (|u|p_2ugo + |u|q_2ucp) dx
[ K@ fwpds - [ Q@i
R3 R3
for any u, o € Wp 4.

The Nehari manifold associated with Z, is given by

up dx

Ny = {u € Wy \ {0} : (Z\(u),u) = 0}.
Let us denote by c} the ground state level, that is

ey = inf Z)(u).

uENA

First we prove that 7, possesses a mountain pass geometry.

Lemma 3.1. The functional Iy verifies the following properties:

(1) Zx(0) = 0,
(ii) there exist a, 0 > 0 such that Tx(u) > a for all w € W, 4 such that ||ullw, , = o,
(iii) there exists w € Wy 4 such that ||wl|lw, , > o and Tx(w) < 0.

Proof. Evidently, () is true Now we prove (i7). Using (1.3), (h1), the boundedness of K and Q, Theorem 2.1

and choosing 0 < € < we have

m’
2uw) 2 Sl (a4 gz, ) + S, (e S, )

+ [ v (%mu éu|q> da

R3
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MKl [ (Epup+ Sl ) d - —HQHOO/\u
R3
S G Cr1a P 7) ¢4 Pq
> —[ulf, + 5[U]sq V(x) |u| |u| T =5 )lul” dx
~Cluly,, - cnuuwpq

a c 1 1
= —[ul?  + —[u]d —I——/V:L‘ updx—i-—/Vx u|?dz
P R SV il ICAIL ;) V@l

$,p
R3 R3

qb

= Cllulyy,,, — Cllullf
P.q

1 1 .
> Luain a3} (1l + ullt,) = Cluliy,, ~ Clul,

where we also take into account that p < ¢. Let u € W, 4 such that ||ul|yy, , = 0 € (0,1). Since p < q and
lullvy < 1, we have [[ullf,, > [lull{. - Exploiting

(a1 +az)” <27 Ya] +al) forall aj,as >0and 7 > 1,

we have

1. 1 .
73 > g minfavcog b (Il + ;) = Cluli, , -

2 ! i ! (Jl]
min
T a,¢ 5 U

> Cilullly, , = Clluliy,, = Cllullf
P,q p,q Pq

*
qs

)" = Clluliy,, = Clluliy, ,

vip + [lullv

Since 2¢ < r < g% we get the thesis.
Finally, we demonstrate (ii¢). Take v € W), , such that v > 0, v # 0, and let ¥ € R. Then from (f2)

deduce that

z
lim sup M
#—00 ||19v\|wpq

<k a+1 1 n b 1
< lim sup - _
Y—00 p 79211717“1)”331)3 2p 92(a—p) HUH%}*I))
! P.q

2q
c+1 1 / ( v )
+— K(x dx

RZIE 19” 24\ [vllw,,,

d . . F(Wv) < v >2q
<——11m1nf/\/ICx dr < —oo0.
: J OG0 Tl

2(] Y—00

The result follows by taking w = J,v for ¥, large. O

We now recall a variant of the mountain pass theorem which allows us to find a Cerami sequence
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Theorem 3.1. [1/] Let X be a real Banach space with its dual X*, and suppose that I € C1(X,R) satisfies

max{I(0),I(e)} <p<a< HziIHlipI(x),

for some p < a, p>0 and e € X with |le|| > p. Let ¢ > « be characterized by

= inf I(y(t
¢ = Inf max (v(®)),

where
I'={yeC([0,1],X) : 7(0) =0, 7(1) = e}.
Then, there exists a Cerami sequence (x,) C X at the level ¢ that is
I(wn) = ¢ and (14 |zn )1 (2n)]l+ — 0
as n — oo.

In view of Lemma 3.1 and Theorem 3.1, we can find a Cerami sequence (u,) C W, , for Zy such that

T ¢y = inf T (v(t)) > 0 3.1
A(un) = e inf max, A((t)) (3.1)

and
(L + [funllw, JIZ5 (un)llwy , = 0, (3.2)

where I' = {y € C([0, 1], W, 4) : 7(0) =0, Zx(y(1)) < 0}.
Furthermore, we have the following

Lemma 3.2. For every u € W, 4 \ {0} let ¢, : (0, +00) — R be defined by
0o (¥) = Ix(Yu).
Then, there exists a unique Vg = Yo(u) > 0 such that

0, (0) >0 for 9 e (0,9),
0, (9) <0 ford € (Yo, +00).
Proof. By Lemma 3.1 we deduce that ¢, (0) = 0 and

ou(9) >0 for ¥ small,
wu(¥) <0 for 9 large.
Therefore, using the continuity of ¢, there exists ¥ = YJo(u) > 0 which is a global maximum of ¢,, with

You € Ny. Next we prove the uniqueness of such 9. We argue by contradiction and we suppose that there
are Y1, U2 > 0 such that ¥; < 2 and ¢/, (91) = ¢, (92) = 0. Hence,
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Cc

a b
W[U]g,p + Qﬁq—,gp[u]?p + ﬁ_g[u](sl,q + d[u]3f,
1

4 / V() <ﬁ2qp|u|p+ W) da — 9% / Q(a)|u

_)\/IC F014)  2q 4,

191u 2q 1

q.s

and

c

a b 2 2
W[u}g,p + ﬁgq—,gp[u]sf; + ﬁ_g[u]lsl,q + d[ulS,

4 / V() <ﬁ2qp|u|p+ |u|q> da — 9% / Q(a)|u

_)\/IC F(021)  oq 4

192u 2q 1

q.s

Subtracting we get
1 1 1 1 1 1
- - P _ blul2P — q
(7 3 o (s ~ s o (7 37 o

1 1 1 1
- p - q d
+R/s V(CE){<19?” 193‘””) e <’9‘f ﬁg) . } '

@ g / O()|u

R3
(hu)  f(Dau) 2
= )\/IC ( 2T (Dpu)B T uldx.

Taking into account 11 < 9o, % < sq and (f4), we get a contradiction. O

% dy

Next we define the number

= inf  max Z,(tu),
A uEWp ¢\{0} t=0 A( )

and we prove the following result.
Lemma 3.3. c\ = ¢} = c}* for every A > 0.

Proof. It follows from Lemma 3.2 that ¢} = . Next we prove that cy < c}*. Proceeding as in
Lemma 3.1-(i44), we can find ¥* > 0 sufﬁciently large, such that, for any v € W,, \ {0} it holds
0 (V%) = I (9*u) < 0. Now, let us consider the path 7 : [0,1] — W, 4 as n(t) = t¥*u. Evidently, n(0) =0
and Z)(n(1)) < 0, so n € T'. Consequently, ¢y < c3*. Finally, we prove that ¢§ < c¢y. The manifold N
separates W, 4 into two components containing a small ball around the origin. Take u in this component
and 0 < 9 < g, where g is given in Lemma 3.2. Then we have
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_ a b
) = 17 { 2+ g+ Sl + Al

9
+/V(x) (ﬁTl_pMP + $|u|q) dx — )\/IC(x)(glf)—;lj)_lu% dx
R3 R3

—/19";72"Q(a:)|u|q; dx

R3

b c
2’92“{ R+ e [ + St + dluf?
19011 P P 190(1 4 P 198 $,q S$,q9

f(Wou)
+/V(a:) (192(1 p| ulP + 194|“|q> dr — /\/IC qu“ﬂqu
R3

- [ o5
R3
192(1 1

R

% dy

<I)\(190u) 190U> =0.

Hence ¢!,(9) > 0 for all 0 < ¢ < ¥y, and so Z(u) > 0. Thus, every path in I" has to cross the Nehari
manifold Ny, and ¢ <c). O

Since we are dealing with the critical setting, we now prove a useful upper estimate for the mountain
pass level, which will be helpful later.

Lemma 3.4. It holds /\1151_1 cx = 0. In particular, there exists a constant A\* > 0 such that
—+00

q‘;i

S

ey < s ‘ququQHoo ! for any A > \*,

where ¢ = min{c, 1}.

Proof. Let Ay > 0 and w € W, 4 given by Lemma 3.1-(4i¢). By Lemma 3.2 there exists 5 > 0, with A > A,
such that

max I (Yw) = Iy (Frw).

Hence, for all A > A, it holds (Z} (9 \w), 9 w) = 0. Let us consider the set © = {\ > A\ : ¥ > 1}. Then,
recalling that V' is bounded, for all A € © we have

adf[w]?, + 0037 [w3F, + O [w]d ; + do3 w2
+ [Vlleo (X llwlf + 95 [JwlIF)

g

> /\/IC f(9w) 19,\wd:c—|—19q3

From (3.3) we derive
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ad}[w]? , + 00" (w3, + 0§ fw]d , + dv w3,

+ [V lloo (X1l + F51lwllg)

> 9% Quollwl|gz,

which combined with the fact that ¢¥ > 2¢ > 2p implies that (¢)), is a bounded sequence. So there exists
a sequence \,, — oo such that ¥, — t > 0 as n — co. Next we aim to prove that t = 0. With this aim,

suppose by contradiction that t > 0. Furthermore, from (3.3), we get

@l (W, + 0057 [l + 03, [wlt, + 03 [y

+ Voo (03 llwllf + 95, wl|)

> )\nlCoo/f(ﬁ)\nw)ﬁ)\nwdx.
R3
Taking the limit as n — oo and using (2.1) and (f2), we obtain
at’ ™ [w]f , + 0P w]F, + d[w]3,
o Iy, w
2 itk | s = o

R3

which gives a contradiction. Hence, t = 0. Moreover, there exists A* > 0 such that for A > A* one has

0 < cx < max Z)(Yw) = Iy (I w)
9€[0,1]

1 b 1 d
< , <a + 5[19;&1}]1;@) [Oaw]f , + p (c + 5[19)\10];17(1) [Daw]d,

1 1
—|—/V(;E) <5|19>\w|p + 5|19,\w|q> dx — 0 as A — oc.

The proof is complete. O
Next we prove the boundedness of Cerami sequences.

Lemma 3.5. Every sequence (un,) C W,  satisfying (3.1) and (3.2) is bounded in W, for X\ > X*. In

particular, there exists uw € Wy 4 such that

Up — U in Wy,
u, — u in L], (R3) for all 7 € [1,q7),

Up — u a.e. in R3.

Proof. By means of (3.1) and (3.2), using (2.1) and 2¢q < ¢* we have

e + on(1) = T (un) — ;—q<z;<un>,un>

_ (1 _ i) afunl?, +/V(x)|un|pdx + (2ip - 2iq> bfuun 22,
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1
+ 2_q c[un]gwq+/V(x)|un|q dx
RS

1 1
- 1 1 p
(p 2(1) min{a, }HunHV’p,

that is ||uy, ||v,p is bounded. Next we prove that ||u,||v,q is bounded. Suppose by contradiction that ||u, ||y, —
+00 as n — oo and set v, = unHunH(/lq Then, ||v,||v,q = 1 and we have the following alternatives:

(i) lim sup / |vn|?dz =0 for all R > 0,
n—oo y€R3
Br(y)
(ii) there are £ > 0 and R < 400 such that lim sup / |vp|? da = L.

n— oo y€R3
Br(y)

Suppose that (i) is true. Then we can apply Lemma 2.1 to the sequence (v,) to deduce that v, — 0 in

- -
L7(R3) for any 7 € (q,q*). Take tg = ¢%-1S8/“ 7||Q||™ *, where ¢ is defined in Lemma 3.4. Since
llun|lv,g = 0o we have that toHunH‘_,il € (0,1) for n large. Hence,

to £
Ii(tovn) > ;O alvnlt , + /V(x)|u|p dx | + ;0 clvn]?, + /V(m)\u|q dx
R3 3

fA/icm (tovn) di — < /Q )l

qs

(3.5)
tob
> —c - [ Kz dx —
S q
> G gt g /\/IC(x)F(tovn)dx.
qq; s
By Lemma 3.2 there exists ¢, € (0,1) such that
Ih(tpuy) = m[g)i] Ih(tu,) and  tpu, € Ny. (3.6)
tefo,
Therefore, using the definition of v,, together with (3.6), (2.2), ¢, € (0,1) and 2 < sq < 3, we get
1
I (tovy,) < m[(z)ni Iy (tun) = In(tntn) = In(tntn) — 2—<Ig(tnun),tnun>
telo, q
(3.7)

i@wwmm=q+%m.

S I)\(un) - 2q
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Let us point out that from (1.3) we deduce that for any A > 0

n—oo

lim A [ K(x)F(tov,)dz = 0. (3.8)
/

Putting together (3.5), (3.7) and (3.8), we get

*
*

c 1>qs_q qTq:,—qug%q _q;‘qfq
At on(l) > === 1S5 Q]

S

which leads to a contradiction thanks to Lemma 3.4. Hence (¢) is not fulfilled.
Suppose that (ii) is verified. Then, we can find (y,,) C R such that

L
Ude = - .
/ |v |1 da 5> 0
BR(yn)
Assume that there exists p > R and (,) C Z? such that
1
|von|? dz > 3> 0. (3.9)
B, (Gn)

Denote by () = vy (- + ). Then, @, is bounded in W, 4, indeed by (h1) we have that 0 < Vp < V(z) <
Vi < +o0,

ol = Bulty + [ V@I dz < (12,4 Vi [ [0 do
RS RS
— (P LV Py < Vi p Vv Py
- [vn]s,p + W |Un| T > 70 [/Un}s,p + ((I?)|Un| £
R3 R3
Wi Vi
< Lol < 0L,
< ol < o7
where we also used ||v,, ||y, < C (due to the boundedness of ||uy,||v,, and ||u, ||y, = o0), and similarly

Vi Vi
(\Zf,q < VOHUNH(\Z/,q = VO

[1n|
Passing to a subsequence we have
Uy — 0 in W, 4.
Now, from the definition of ,, and (3.9) we have

1
/|@n|qdz: / |vp | dx > 3 > 0,
BP

Bp(gn)

so ¥ # 0. Set @y, = p|lun|v,q. Since & # 0 we have that [{z € R® : §(z) # 0} > 0 and |@,| — +oo as
n — +o0. Taking into account that ||u,|lv,, is bounded we have
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Tx(up) < C c+1 1 d /IC(;U) F(uy) de

2 — 2 q
lunll3?, ~ Ilunllt, q unlly, 2q¢ Jun 97,

Let us observe that on one hand we have Zy(u,) = ¢\ + 0,(1), and on the other hand utilizing (h1), (ha)
and (f2) we have

liminf/lC(x) F(u;) dzx > Koo lim inf li‘(ugs dx

e (K24 b7 oo o [anllv,
Pl
= Koo lim inf ~( )| O |*? dx = +o00.
n—o00 | |2q

{zeR?: 5(2)#0}

Putting all together we get a contradiction. Therefore ||u,||v,q is bounded. The proof is now complete. 0O
4. The limiting problem

In this section we consider the limiting problem related to (1.1), that is

(a + b[u]’s”p) (—A);u + (c + d[u]g’q) (—A)Zu +V(x) (|u|p_2u + |u|q_2u)
= MCoo f (u) + Quolu|® "2u  in R®.

Let us now consider the functional Z3° : W, , — R associated with (4.1)

1 d

Tt = Sl (o 31, ) + 2Hult, (c+ Shit, )

1 1 N
+/V(z) (|u|ﬁ+ u|q> dzf)JCoo/F(u) do — &/w
2o p q J )

It is easy to see that Z3° € C*(W, 4, R) and its differential is given by

% .

u(x fu p 2(u(x) — u
(T (), ) = (o +b[ul?,, / el =) (o) — ot dady

+ e+l / ) MRS =80 (10) — ) dy

o=y

+/V(x) (|u\p72u<p—|— |u\q72u<p) dx
R3

— )JCOO/f(u)gO dr — Qs = 2yp de

for any u, o € Wp 4.
We define the Nehari manifold associated with Z3° as

NRZ={u € Wy \ {0} : ((Z°)'(u),u) = 0}

Let us denote by m}, the ground state energy, that is
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mi, = inf I (u).
A

Arguing as in the previous section it is easy to prove that Z3° has a mountain pass geometry.

Lemma 4.1. The functional IS verifies the following properties:

(i) there exist o, p > 0 such that I (u) > a with |ulw, , = p,
(ii) there exists w € Wy q with ||w|lyy, , > p such that I (w) < 0.

Thanks to Lemma 4.1 and Theorem 3.1, Z3° admits a Cerami sequence (u,,) C W, 4 at the level

= inf e
Moo = Inf max T3°(v(t))
where I'ng = {7y € C([0,1], W, 4) : 7(0) =0, Z3°(y(1)) < 0}.
We stress that from (he) and (hs) it follows that Zy(u) < ZR°(u) for any u € W, 4 \ {0}, and so

e < Meo. (4.2)

Furthermore, we have the following characterization

Moo = M, = M55 =

inf  max Z3°(tu).
u€EWp ¢\{0} t=0

Now, we are in the position to prove the main result of this section. For completeness, we recall that a
critical point u # 0 of Z3° satisfying Z3°(u) = infarge Z3° is called a ground state solution to (4.1).

Theorem 4.1. Under the assumptions (hy)—(hs) and (f1)—(f4), (4.1) admits a ground state solution for A > 0
sufficiently large.

Proof. Let (u,) be a Cerami sequence for Z{° at the level m. Proceeding as in the proof of Lemma 3.5,
we deduce that (u,) is bounded in W, , for A sufficiently large. Moreover, we may assume that (3.4)
hold. Furthermore, we deduce that the vanishing cannot occur for ||uy,||]. Therefore there exist a sequence
(yn) C Z* and constants /1, p; > 0 such that

lup|?dz > €1 > 0. (4.3)

Bp1 (yn)

Denote by wy,(+) = u, (- + yn). Due to the invariance by translations of R? and thanks to assumption (hy),
it is clear that ||wy|lv,py = [|unllv,p and ||w,|lv,y = ||unllv,g, so (wy,) is bounded in W, , and there exists w
such that

Wy — win W, 4,

w, — w in LT (RY) for all 7 € [1,¢), (4.4)

loc

w, — W a.e. in R3.

This together with (4.3) implies that w # 0.
In what follows we prove that (Z3°)'(w) = 0. Fix ¢ € C2°(R3). Note that (4.4) and (2.1) imply that (w,,)
is bounded in LP(R3) N L% (R3). Let t € {p,¢}. Consider the sequence
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[wn (2) = wa ()]~ (wa(z) — wn (1))
o~y

Yn(z,y) =

where ¢ = 5. It is easy to check that (1) is a bounded sequence in LY (R®), with ¢, — 1 a.e. in RS
where

[w(z) — w(y)|"*(w(x) —w(y)

34 st
lz —y| v

d)(x,y) =

Since Lt (RY) is a reflexive space, there exists a subsequence, still denoted by (h,), such that h,, — h in
L (RS), that is, for all g € L*(R®) it holds

// (2, 9)g(, ) dady — // (e, y)g(e, y) dudy.
R© RS

Now, since

90('75) — ﬁ_(st) c Lt(Rﬁ)

g(z,y) =
lz —y| ™

we deduce

//\wn = ()2 2) — wa (1)) (@) — £0)

o=y

. //|w DI () — w(m) () ~ W)

|z — g3~
It is clear that

/V(:c)|wn|t*2wng0dx — /V(m)|w|t*2w<pdx for t € {p, q},

Considering that also (wy) is a Cerami sequence, we know that ((Z3°)'(w,), ¢) = o,(1), i.e.

. {wam //m — )P (@) — wa ) pl@) — o)

no0 o=y

(C-i—d[wn 5,q / |wn 7w ( )|q 2( (I) w"(y))(go(l‘) 730(y)) dl‘dy

|z —y|37=a

+/V(w)lwnlp_andeJr/V(x)lwnlq_ansodw

R3 R3
=2, p dx} =0.

—)\ICOOR[f(wn)godx— QOOR/S
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Passing to the limit as n — oo, we have
s be) / jwle) ~ w2 () ~w@)E) ~ W) g,
oy
(@) — wy)|"*(w(@) — wy)(p(r) — ey))
(c+dEgy) / PE=T dxdy
(4.6)

—|—/V(x)|w|p_2wapdx+/V(m)\w|q_2w<pdm
3 3

VN / fw)pds — O [ 0]~ 2wipdz = 0,
R3 R3

where

£ = lim [wy],.
n—o0

Thanks to the density of C2°(R®) in W, 4, we deduce that (4.6) holds for all ¢ € W), ;. Now we show that
£ = [w]’ ;. Note that, by Fatou’s lemma, we get

[w]l, <liminflw,]}, = .

n—oo

Suppose by contradiction that [w]’; < £;. Using this fact and (4.6) we have

(@ + b[wlg p)[w]f , + (¢ + d[w]f ) [wli

s,q
+/V(x)(|w|p+|w\q)dw—/\ICoo/f(w)wd:cfQoo/\w|qz da
R3 R3 R3

< (a+0bLy)[w]t , + (c+d&q)[w]!

g

+ / V(@) (Jwl? + [w|?) dz — Mg / Hlwywdz - Q°°/ o
R3 R?

R3

% dy = 0.

Thus, ((Z3°) (w),w) < 0. From the assumptions we have ((Z3°)'(6pw), 6pw) > 0 for some 0 < Oy << 1.

Therefore, there is 8 € (6p,1) such that ((Z3°)'(fw), 0w) = 0. Hence by Fatou’s lemma, (2.2), 0 < 1,p < ¢
and % < sq < 3 (which in particular ensures that 2¢ < ¢¥) we have

Moo < T3 (0w) = I3 (0w) - ;—q«zioyww), ouw)

_ (11) _ ;_q) o a[w]§$p+/v(x)|w|pdx - <% - i) 07Pb[w]

2q
RS

04
+2—q c[w]g,q+/V(x)|w\qu

R3

+ Moo /( f(Ow)bw — F(Qw)) dx — (i* — i) Q0% ||lwl|?
@ 2




18 T. Isernia / J. Math. Anal. Appl. 550 (2025) 129626

1 1 1
< limi - _ 4 D P _ 2p 2p
< lim inf ( )9 alwn]t , +/\/(x)|wn| dx | + <2p 2(]) 0P blwn]5,
R3

= timinf (73(0,) = g (B (wn)vw,) ) = e

n—oQ

which leads to a contradiction. This shows that
[wn]fét - L = [w];t as n — o0o.

Hence, ((Z3°)'(w),w) = 0. Since w # 0 we have that w € N and so Z3°(w) > m. Now, proceeding as
before with 8 = 1, we obtain

I3 () = T (w) — o~ ((Z) (w),w) < limind | T3 (w,) - 2—lq<( X)) (W), wn) | = Moo

2q n—00

Therefore, Z3°(w) = moo. This completes the proof. O
5. Proof of Theorem 1.1

Let (uy) be a sequence that verifies (3.1) and (3.2). Then, by Lemma 3.5 (u,,) is bounded in W, , for
A > A* and, passing to a subsequence, there exists u € W, 4 such that (3.4) hold true. In particular, by
Lemma 3.5 we deduce that the vanishing cannot occur for [|u, [|4. Therefore there exist a sequence (z,) C Z*
and constants {5, po > 0 such that

/ |up|?de > £y > 0. (5.1)

By (2n)

Next we prove that w # 0. In fact, once proved this fact, we can argue as in the proof of Theorem 4.1
to conclude that w is a ground state solution to (1.1). In order to ensure that u # 0, we show that (z,)
is bounded in Z3. Assume by contradiction that, up to a subsequence, |z,| — oo as n — oo. Denote by
@n(-) = un(- + 2,). Due to (h1) and the invariance by translations of R3, we have that ||tn|lv,p, = [Junllv,p
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and ||tn|lv.qg = l|unllv,q, S0 (4y) is bounded in W, , and there exists @ such that (3.4) are verified. Utilizing
again the invariance by translations of R? and assumption (hy), for all ¢ € Wh,q We have

(ZX) (@), 0) = ((Z) (im), ) + 0n(1)

Up () — Uy P=2(g,(x) — Uy
= (a+ b, / & |x>_ A2 = 0n0)) (o) — () dady

T () — U (y) |92 (G (2) — @

Ix —y[Hsa
—I—/V(ac) (|tn [P + |00 | T Tpp) da

— Moo /f(ﬂn)go dr — Qs qs_2ﬂn4p dx
R3 R3

— (T} (un), B) + A / (K(x) — Koc) £ (tn)3n da
R3

+ / (Ox) — Ome)

R3

s _2un¢n dz + 0,(1)

where we denoted by ¢, (-) = ¢(- — z,,). Now, if we prove that

/(IC(JS) - ICOO) f(un)QZn dx = On(l) (5.2)
R3
and
/ (Q(x) = Qoo) [tun| % ~2tinpr d = 0 (1), (5.3)

R3

we conclude that (Z3°)' (@) = 0. We only prove (5.2) since (5.3) can be obtained in a similar way. From (hs)
we have that for all § > 0 there exists Rs > 0 such that [K(z) — Koo| < 0 for all |z| > Rs. Since |z,| — +00,
there exists v5 € N such that |z,| > 2R for all n > vs. Hence,

[ @)~ Ke) S o

R3

- / (K(x) — Koo) F(ttn) B i+ / (K(x) — Koc) f(tn)fn de.

BR& RS\BR5

Now, utilizing the boundedness of K, (1.3) and the Holder inequality we find

/ (K(2) — Koo) £ (tn)Bn dee| < 1K ey / | )l — 2)] de

Rs Brs
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< OlIK e ey { Nl ey / (@ — 2P do

Huallir sy | [ ota =20l ds

-
Sl

<c /mx—zn)wdx 4 /|<p<z—zn>|'”d:c
B

Br,

=

B =
3|

—edl [ wwra| | [ era

BR(;(_Zn) BR(;(_Zn)

Fix n > vs. Then, if |z + z,| < Rs then, thanks to |z,| > 2Rs for all n > vs, we have

|z| > |zn] — |2+ 20| > |20 — Rs > @
Now, fixed 8 € {p,r} we have
/ lo(z)|? de < / lo|® dz Yn > vs, (5.5)
Brg(—2zn) RS\B%
from which
1 1
/ (IC(JZ) - ICOO) f(un)an dx S C / |<P|p dx + / |g0\r dx Vn Z vs. (56)
Rg RS\BVTnL RS\BJ%H

For what concern the second integral in (5.4), combining |KC(z) — Ks| < 9 for all |z| > Ry, (1.3) and Hoélder
inequality we obtain

/ (K(2) — Koo) f(tn)3n dz| < 6 / )l — z0)] de
RS

3\Bp,
< 6 {llunl5 sy 10( = 2n)llir@s) + lunllf sy (- = 20) )}
<Cd VneN.
(5.7)

Putting together (5.4), (5.6) and (5.7) we get
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1
P r

[ 0w - k) fngaas| <X | [ pepas| o+ [ pelras

3 R\B ., | R3\B |, |
2 2

from which

timsup | [ (o) ~ Koc) £ (un)p0 do| < €,

n—oo

and taking the limit as § — 0 we obtain the assertion.
Using (Z3°)' (@) = 0, assumptions (h1), (he) and (h3) and Fatou’s lemma we obtain

Moo < T3°(5) = T2 (4) — %« ) (@), )

_ (% _ 2_1q> (a[a]g,p + /V(a:)m”dx) + (2ip - 2—lq> b2,

R3

1 ~149 ~ 49 T
Yo (C[u}s,ﬁ / V(@)al*d )

R3

1, ~ 1 1 U
ISV R/ (1@ F@) o (- o) Qulal

+C6§ Vn > s,

1 1 1 1
< limi Lo ~ 1p ~ p L ~ 12p
< hnn_l>1£f { (p 2q> (a[un]s’p +/V(x)|un| dm) + (Qp 2q> blin]3h,

R3

+ 21_q (c[ﬂn]gq +/V(m)|an|q dx)
R3

PTPRY _ 11 gt

1 1 1 1
— lim i - oop oop N i 1P
= lgglgf { (p 2q> (a[un]&p +/V(x)|un| d:r) + <2p 2q> bltn]5h,

R3

1 ~ 19 >~ 1a
o (C[un]s,q+ / V()| dw)

+AD¥K($) (Q—qu(an)an - F(an)> dz — (q— - Z)R[Q(xm"

. 1
= lim inf (I)\(un) — %<If\(un),un>) =cy,

n—oo

which contradicts (4.2). Therefore u Z 0, and the proof is now complete.

21
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