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Abstract—Cyclic simplex codes are usually deemed as imprac-
tical because of their extremely low rate and large codeword
length for practical values of the code dimension. To address
these limitations, researchers have resorted to punctured simplex
codes, focusing on primitive polynomials and employing statistical
analyses to investigate their properties. This paper delves deeper
into the properties of punctured binary simplex codes, also
focusing on the recently introduced family of Primitive Rate-
Compatible Low-Density Parity-Check (PRC-LDPC) codes. We
study the average behavior of punctured simplex codes in terms of
minimum distance properties. Furthermore, our results highlight
the potential of high-rate PRC-LDPC codes to reach or even
surpass the performance of state-of-the-art code families. We
show how to design good codes by applying puncturing and
shortening operations to cyclic simplex codes, also considering
complexity-constrained scenarios.

Index Terms—LDPC codes, minimum distance, pseudo-noise
sequences, simplex codes.

I. INTRODUCTION

S IMPLEX codes [2], also known as Hadamard codes,
are dual codes of Hamming codes. For any given code

dimension k, a binary simplex code contains 2k − 1 non-zero
codewords, each having Hamming weight 2k−1. These code-
words are cyclic shifts of one another, making simplex codes
cyclic. Notably, these codewords can be generated using a
single Linear-Feedback Shift Register (LFSR) with k memory
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elements, where each codeword results from a different initial
seed for the LFSR [2]. The analysis of cyclic simplex codes
is thus closely related to that of m-sequences, or maximum-
length linear recursive sequences, which are a subset of
Pseudo-Noise (PN) sequences. However, cyclic simplex codes
on their own are often deemed impractical due to their code-
word length of 2k−1 for a given code dimension k, resulting in
a code rate of k

2k−1 , which becomes too low for practical values
of k. Some notable exceptions are given by coded distributed
systems, where simplex codes with small codeword lengths
are employed [3], and by turbo-Hadamard [4] and low-density
parity-check (LDPC)-Hadamard [5] coding systems, where
simplex codes are used in conjunction with state-of-the art
codes. On the other hand, PN sequences remain widely used.
For example, they are extensively employed in multiple access
communications, as well as in ranging and synchronization
applications [6], [7], [8], [9]. The primary reason for this
apparent contradiction is that practical error-correcting codes
usually require values of k that range from several tens to
tens of thousands, whereas PN sequences typically involve
values of k in the range of tens. In this paper, we exploit
the link between m-sequences and simplex codes, since it
allows us to exploit many results related to these sequences
to analyze simplex codes, which we treat with a polynomial
approach.

Techniques such as puncturing and shortening, which enable
the design of new linear codes starting from “classical” ones,
are crucial to design codes with practical parameters derived
from cyclic simplex codes. However, this flexibility severely
complicates the analysis of the resulting codes. In this paper
we contribute to such a line of research as follows:
• we analyze punctured binary simplex codes, mainly for

relatively low code rates, having codewords that coincide
with subsequences of m-sequences;

• we extend the design of a special class of practical
binary punctured simplex codes, named Primitive Rate-
Compatible Low-Density Parity-Check (PRC-LDPC)
codes, mainly for moderate to high code rates.

Regarding the second point, the values of code rate are very
important since, for moderate to high code rates, enhancing
the minimum distance properties of a code can significantly
improve its error rate performance. Consequently, the com-
bined use of puncturing and shortening techniques, on which
our code design is based, becomes highly impactful.
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A. Related Works

Rate-Compatible (RC) codes allow adjusting the code rate
to adapt to channel conditions without changing the code.
Among them, Rate-Compatible Low-Density Parity-Check
(RC-LDPC) codes [10] stand out as a promising option.

The emergence of RC-LDPC codes addresses the limitation
on the code rate by offering a framework that reconciles the
excellent error-correction properties of LDPC codes with the
need for rate flexibility [11], [12], [13]. PRC-LDPC codes
obtained by puncturing simplex codes were introduced in [14],
[15]. Each family of such codes is uniquely represented by a
primitive polynomial.

The design of PRC-LDPC codes starts from simplex codes,
thus from the choice of a proper primitive parity-check poly-
nomial h(x). In order to obtain an LDPC code, h(x) must
be relatively sparse, meaning that it has many more null
coefficients than non-null coefficients. Additionally, as shown
in [16], the support vector of its coefficients vector must
be a Golomb ruler to avoid the presence of short cycles
in the associated Tanner graph [17]. The main advantages
of these rate-adaptive codes over comparable solutions stand
in their low encoding/decoding complexity, in the extremely
low representation cost and in the existence of convenient
techniques to compute their minimum distance, or even their
weight spectrum, which is useful to characterize the code error
correction performance.

Good puncturing patterns for simplex codes can be found
in [18]. The rateless performance of punctured simplex codes
is studied in [19]. Punctured simplex codes for error detection
are investigated in [20]. In all these papers, punctured simplex
codes are not seen as LDPC codes, and they do not allow
efficient decoding algorithms for large values of k and n. LDPC
codes based on punctured simplex codes are instead studied in
[1], [15], and [16]. The effect of random puncturing patterns on
minimum distance properties and iterative decoding thresholds
of LDPC code ensembles (not obtained from simplex codes)
is studied in [21].

To some extent, this work is also related to the literature
on the properties of subsequences of m-sequences. In [22],
the authors study m-sequences through the moments of their
weight distributions. A comprehensive treatment of linear
recurring sequences can be found in [23, Chapter 8]. More
recently, a detailed characterization of the weight distribu-
tion of subsequences of m-sequences has been developed in
[16], [19], and [24]. Furthermore, [25, Section II] provides
valuable insight into the distance properties of linear phase
detection schemes, including their asymptotic behavior, where
m-sequences are also employed.1 Our analysis draws inspira-
tion from several of the key results presented in these works.
In particular, we build upon insights on the weight distribution
to carry out an asymptotic analysis of simplex codes subjected
to a specific puncturing operation. It is important to emphasize
that our goal is not to improve or extend the existing results

1Strictly speaking, phase detection sequences must include the all-zero
subsequence of length m, which is not present in an m-sequence. Nevertheless,
aside from this detail, the two constructions are essentially equivalent.

on m-sequences, but rather to leverage them in support of a
distinct coding-theoretic analysis (and construction).

B. Our Contribution

This paper aims to investigate novel properties of punctured
binary simplex codes, focusing on their ability to achieve
unique asymptotic performance as k increases (a similar result
was proven for shortened and punctured polar codes in [26]).
Specifically, we demonstrate that punctured simplex codes
exhibit asymptotic performance that is equal to or potentially
better than that of simplex codes with the same codeword
length. Establishing a relationship between these asymptotic
performances permits us to use simplex codes as a benchmark
for evaluating the performance of punctured simplex codes.
However, it is important to note that simplex codes are
restricted to codeword lengths of 2k−1, leading to increasingly
larger gaps between usable values of n as the code dimension
grows, whereas punctured simplex codes can fill this gap, since
they are inherently characterized by a fine rate adaptability.
The analysis we present regarding this issue is completely
novel with respect to [1].

Additionally, our study enables practical applications of
these codes beyond extremely low code rates or specific
codeword lengths, which is typically the case for their parent
cyclic simplex codes. The importance of the structure of the
code parity-check polynomial h(x) in the design of codes of
this kind is emphasized. In fact, as an additional contribution,
we provide insights into the design of the special family
of punctured simplex codes named PRC-LDPC codes, for
scenarios where constrained hardware and software resources
require low complexity. In other words, we propose a method
to adapt PRC-LDPC codes optimized in an unconstrained
setting, to a scenario where the decoding complexity is upper
bounded. To reach this goal, we combine puncturing and
shortening operations. This idea was already proposed in [1].
However, following some insights presented in [27], we here
propose a new, and more efficient, shortening procedure with
respect to [1]. Through numerical assessments, we evaluate
the error rate performance of high-rate codes in complexity-
constrained settings, demonstrating that PRC-LDPC codes
achieve good performance under belief propagation decoding
while maintaining low decoding complexity, also compared to
state-of-the-art solutions, such as LDPC codes employed in
the 5G standard [28].

C. Paper Outline

The paper is organized as follows. In Section II, we intro-
duce the mathematical notation and recall some preliminary
concepts on cyclic simplex codes, punctured simplex codes
and PRC-LDPC codes. In Section III, we analyze the min-
imum distance of families of punctured simplex codes. In
Section IV, we compare some asymptotic and finite-length
properties of cyclic simplex codes and punctured simplex
codes with the same codeword length; in the same section,
we provide some bounds on the error rate performance of
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these codes. In Section V, we provide some more numer-
ical examples, introducing the general principles we adopt
for the code design of high-rate PRC-LDPC codes. In Sec-
tion VI, we deal with the practical design of PRC-LDPC
codes in complexity-constrained scenarios. Section VII shows
the error rate performance of some PRC-LDPC codes under
iterative decoding, assessed through Monte Carlo analysis of
simulated transmissions. Finally, Section VIII concludes the
paper.

II. NOTATION AND BACKGROUND

In this section we introduce the notation we use throughout
the paper and we provide some background notions.

A. Notation

Given two integers a and b, we denote by [a, b] the set of
integers {y : a ≤ y ≤ b}. We use bold upper case letters (resp.,
lower case) to denote matrices (resp., vectors). For a vector a
of length n, the i-th entry is denoted as ai. The support vector
Supp(a) of a vector a of length n is defined as the vector
containing the positions of the non-zero entries of a. For an
m×n matrix A, the entry at position (i, j) is denoted as ai, j, the
i-th row as ai,: and the j-th column as a:, j. Given an m×n matrix
A, and a set K ⊂ [0, n − 1], AK is the submatrix of A formed
by the columns of A with indices in K. The binary entropy
function is defined as H2(x) = x log2

� 1
x

�
+ (1 − x) log2

� 1
1−x

�
.

The Hamming distance (simply called distance in the rest
of the paper) between two vectors u and v is the number
of positions in which the corresponding entries differ and
is denoted as D(u, v). The Hamming weight (simply called
weight in the rest of the paper) of a vector v is the number
of non-zero symbols it contains and is denoted as wt(v),
or wv for brevity. Similarly, the weight of a polynomial is
the number of its non-zero coefficients. To every polynomial
h(x) = h0 +h1x+ · · ·+hk xk, we associate a coefficients vector
h = (h0, . . . , hk). The reciprocal of a polynomial h(x) of degree
k is denoted as h∗(x) = xkh(x−1). We denote the finite field with
order q as Fq. A polynomial of degree k in F2[x] is said to be
primitive if it is the minimal polynomial of a primitive element
of F2k . Straightforwardly, primitive polynomials in F2[x] have
odd weight.

We say that a sequence is circular if its first and last
entries are considered consecutive, and use the symbol ˆ
over the sequence letter to distinguish these sequences from
conventional ones. For example, p denotes a non-circular
sequence, whereas p̂ denotes a circular one. An m-sequence
(maximal length sequence) is a binary sequence of period
2m−1 that can be generated by an m-stage LFSR with a prim-
itive characteristic polynomial. We define the sliding-window
sequence extraction function Wi,n(·) that takes as input a
circular sequence, say p̂, and returns Wi,n(p̂) = [ p̂i, . . . , p̂i+n−1].
The probability of an event E is denoted as Pr{E}.

B. Punctured Simplex Codes and PRC-LDPC Codes

For some finite field Fq, a linear block code C is defined as
a k−dimensional subspace of Fn

q, where k < n, which can be
described as the kernel of a full-rank matrix H ∈ Fr×n

q , having

size r × n, where r = n − k. Such a matrix is known as the
code parity-check matrix. A vector c ∈ Fn

q belongs to the code
C, and is called a codeword, if and only if cH> = 0, where
> denotes transposition. Hence, C = {c ∈ Fn

q : cH> = 0}. The
code rate, denoted as R, is defined as R = k

n . In the rest of
the paper, we will consider only binary codes, thus assuming
q = 2. The number of codewords of weight w is denoted
as A(w). The minimum distance of a linear block code,
dmin, is the smallest positive value of w such that A(w) > 0.
Analogously, we define the maximum distance of the code,
denoted as dmax, as the largest positive value of w such
that A(w) > 0. We will often describe a code by the triplet
(n, k, dmin), and omit the third parameter when unnecessary.
For the sake of clarity, when referring to parent cyclic codes,
we denote the codeword length by N. A quantity that can
be useful to consider as a code performance measure is its
asymptotic coding gain over uncoded binary phase shift keying
(BPSK) modulation, expressed as G∞ = 10 log10 (R · dmin)
for soft-decision maximum-likelihood decoding
[29, Chapter 1].

An (N, k) linear block code of length N is cyclic if any cyclic
shift of each one of its codewords results in another codeword.
It is convenient to express the codewords of cyclic codes as
polynomials (named code polynomials), each having degree
N − 1 or less. There exists one and only one code polynomial
of degree N − k, named g(x), which is called the generator
polynomial of the code (since each code polynomial can be
expressed as a multiple of g(x)). The generator polynomial of a
binary (N, k) cyclic code divides xN+1, i.e., xN+1 = g(x) f (x),
where f (x) is a polynomial of degree k. The reciprocal of f (x),
denoted as h(x), is the parity-check polynomial of the code
(and it is also a factor of xN + 1) [29].

A binary cyclic simplex code with dimension k has code-
word length N = 2k − 1, and thus rate R = k

2k−1 , dmin = dmax =

2k−1 and A(2k−1) = 2k − 1. Given a primitive parity-check
polynomial h(x) with coefficients vector h, the parity-check
matrix of the corresponding simplex code is

H =

0BBBBB@
h0 h1 · · · hk

h0 h1 · · · hk
. . .

. . .
...

h0 h1 · · · hk

h0 h1 · · · hk

1CCCCCA
x?????????y

r = N − k (1)

Every non-zero codeword of a cyclic simplex code is an m-
sequence whose length equals its period, namely N = 2k − 1,
since h(x) is primitive [30]. Therefore, since the code is cyclic,
one of its codewords can be obtained by generating an m-
sequence of length N, denoted as p̂ in the following, with
an LFSR whose connections are determined by h(x). All the
other non-zero codewords can then be obtained by cyclic shifts
of p̂.

By definition, the parity-check matrices of LDPC codes are
sparse, meaning that the number of their non-zero entries is
much smaller than that of their zero entries. The girth of a code
is the length of the shortest cycle(s) in its Tanner graph. Soft-
decision decoding algorithms, such as the widely-used sum-
product algorithm [31], face convergence issues when applied
to LDPC codes with parity-check matrices with short girth.
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The Row-Column Constraint (RCC) in the parity-check matrix
of an LDPC code defines the absence of four non-zero entries
forming the vertices of a rectangle, preventing the existence
of length-4 cycles in the associated Tanner graph [17].

In the process of puncturing an (N, k) code, the number
k of information bits associated to each codeword remains
unchanged while some entries, say ρ, of the codeword
are deleted (punctured) and therefore not transmitted. The
result is an (N − ρ, k) linear block code with a higher
rate and usually a lower minimum distance than the origi-
nal code. It is, in fact, evident that the minimum distance
of a punctured code cannot exceed that of the original
code.

So, the parent cyclic simplex code is characterized by a
parity-check matrix of the form given in (1), which is non-
systematic, with codeword length N = 2k − 1. As discussed
in [29, Section 5.2], the corresponding generator matrix G
also exhibits a doubly-triangular structure, with an upper-
triangular left portion and a lower-triangular right portion.
Thanks to this structure, it is straightforward to transform G
into systematic form via Gauss-Jordan elimination over F2,
yielding a matrix of the form Gsys = [Ik | P]. In this repre-
sentation, the first k positions of each codeword correspond
to information symbols, while the remaining N − k symbols
correspond to parity. This structural property is the key to our
puncturing strategy. We specifically remove the rightmost ρ
symbols of each codeword, which, under the systematic form,
correspond to redundancy. Since this operation corresponds to
the removal of the last ρ columns from the generator matrix
G, the resulting matrix retains its upper-triangular structure.
In parallel, puncturing corresponds to removing the last ρ
rows and ρ columns from H, and thus the parity-check matrix
H also preserves its doubly-triangular form. Therefore, the
punctured code inherits the desirable structural properties of
the original code: H remains doubly-triangular, and G remains
upper-triangular and can still be easily brought into systematic
form.

Given the sequence p̂, which unambiguously defines the
parent cyclic simplex code, we denote as dp̂

min(n), dp̂
max(n)

and Ap̂(w, n), ∀w : dp̂
min(n) ≤ w ≤ dp̂

max(n), the minimum
distance, the maximum distance and the weight distribution,
respectively, of any punctured code of length k + 1 ≤ n ≤ N,
where n = N − ρ, obtained from a cyclic simplex code. The
ensemble of codes formed by a parent cyclic simplex code
and all its possible punctured versions (using the contiguous
puncturing patterns described above) is called code f amily.
Any code in such a family can be represented without ambi-
guity as C p̂(n). For the sake of readability, when clear from
the context, the dependence on p̂ will be omitted.

The 2k − 1 non-zero codewords of C p̂(n), as for the parent
simplex code, can be obtained as all the vectors selected by
a sliding window of length n = N − ρ < 2k − 1 that circularly
spans over p̂.

We say that a code family of punctured simplex codes
defines a family of PRC-LDPC codes if the parent cyclic
simplex code is designed in such a way that all the punctured
codes have a sparse parity-check matrix, fulfilling the RCC.
It is proven in [14, Theorem 1] that any PRC-LDPC code

satisfies the RCC if and only if the support of the coefficients
vector of the corresponding primitive polynomial is a Golomb
ruler. It is proven in [16, Theorem 2] that the girth of any
non-trivial PRC-LDPC code cannot exceed 6.

Given a PRC-LDPC code of length n, we also define
families of codewords: two (or more) codewords t and c
belong to the same family if and only if Supp(c) = Supp(t)+γ,
for some γ ∈ Z,0, with

γ ∈
�
−min

˚
Supp(t)

	
; n − 1 −max

˚
Supp(t)

	�
\ {0}.

The shortening operation for PRC-LDPC codes follows
the same structural principles that govern the design of the
puncturing strategy. The generator matrix G can be brought
into systematic form through simple row operations applied to
its upper-triangular form, so that the first k positions of each
codeword correspond to information symbols. Shortening by
s symbols therefore involves removing s information symbols
from these positions. This is accomplished by deleting s
columns from the first k columns of the parity-check matrix
H. As a result, the codeword length is reduced from N to N−s,
and the code dimension from k to k − s. This property holds
true for both the original (N, k) cyclic simplex code and its
punctured versions, provided that puncturing is performed on
the rightmost code symbols.

III. MINIMUM DISTANCE OF PUNCTURED SIMPLEX
CODES

In this section we wish to analyze the minimum and
maximum distance properties of punctured simplex codes. We
thus study the functions dmin(n) and dmax(n).

Let us define

∆(n) =
dmax(n) − dmin(n)

2
,

and
d̄(n) =

dmax(n) + dmin(n)
2

,

such that

dmin(n) = d̄(n) − ∆(n), dmax(n) = d̄(n) + ∆(n). (2)

When applying a single puncturing operation to a punctured
simplex code C(n+ 1), turning it into C(n), dmin and dmax can
either decrease by one unit, or remain the same [16, Lemma
7]. Thus,
• ∆(n) = ∆(n+1) when either dmin and dmax do not change,

or they both decrease by one unit, after the puncturing
operation;

• ∆(n) = ∆(n + 1) − 1
2 , when dmin(n) = dmin(n + 1) and

dmax(n) = dmax(n + 1) − 1;
• ∆(n) = ∆(n + 1) + 1

2 , when dmin(n) = dmin(n + 1) − 1 and
dmax(n) = dmax(n + 1).

Let us also define

ω(n) =

(
n
2 if n ≤ N−1

2 ,
n
2 + 1

2 if N−1
2 + 1 ≤ n ≤ N

(3)

and
δ(n) = d̄(n) − ω(n). (4)
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Proposition 1: After a single puncturing operation on C(n+
1), the following may happen, when n , N−1

2 ,
1) δ(n) = δ(n + 1) + 1/2 if dmax(n) = dmax(n + 1) and

dmin(n) = dmin(n + 1);
2) δ(n) = δ(n+1) if dmax(n) = dmax(n+1)−1 and dmin(n) =

dmin(n + 1), or if dmax(n) = dmax(n + 1) and dmin(n) =

dmin(n + 1) − 1;
3) δ(n) = δ(n + 1) − 1/2 if dmax(n) = dmax(n + 1) − 1 and

dmin(n) = dmin(n + 1) − 1.

Proof: We analyze δ(n) in terms of δ(n + 1) in each case,
assuming n , N−1

2 .
Case 1: dmax(n) = dmax(n + 1) and dmin(n) = dmin(n + 1). We

have
ω(n + 1) = ω(n) +

1
2
.

This is because both branches of the piecewise defini-
tion of ω(n) are linear with slope 1

2 , and for n , N−1
2 ,

the same rule applies in both n and n + 1. Thus

δ(n) = d̄(n) − ω(n) (5)

= d̄(n + 1) −
�
ω(n + 1) − 1

2

�
(6)

= δ(n + 1) + 1
2 . (7)

Case 2: Either dmax(n) = dmax(n+1)−1 and dmin(n) = dmin(n+
1), or dmax(n) = dmax(n + 1) and dmin(n) = dmin(n +
1) − 1. In both cases, d̄(n) = d̄(n + 1) − 1

2 , while
ω(n + 1) = ω(n) + 1

2 as before. Hence

δ(n) = d̄(n + 1) −
1
2
−

�
ω(n + 1) −

1
2

�
= δ(n + 1).

Case 3: dmax(n) = dmax(n+1)−1 and dmin(n) = dmin(n+1)−1.
Then d̄(n) = d̄(n + 1) − 1, and again ω(n + 1) =

ω(n) + 1
2 . Thus

δ(n) = d̄(n + 1) − 1 −
�
ω(n + 1) −

1
2

�
= δ(n + 1) −

1
2
.

This completes the proof. �

In order to treat the case where n = N−1
2 (see Lemma 2),

we first need to make some additional considerations.
Let us remind the fundamental concept that all the non-

zero codewords of C p̂(n) can be obtained as all the vectors
selected by a sliding window of length n = N − ρ < 2k − 1
that circularly spans over p̂. Therefore, the minimum distance
of this code is the weight of the length-n subsequence(s) of
p̂ with the smallest weight, whereas its maximum distance is
the weight of the length-n subsequence(s) of p̂ with the largest
weight. In other words, dmin(n) = min0≤i≤n−1 wt(Wi,n(p̂)) and
dmax(n) = max0≤i≤n−1 wt(Wi,n(p̂)).

On the one hand, for a given n, we thus have that dmin(n) =

dmin(n+ 1)− 1 if and only if at least one of the subsequences
of weight dmin(n+1) ends with a symbol 1. On the other hand,
dmax(n) = dmax(n + 1) − 1 if and only if all the subsequences
of weight dmax(n + 1) end with a symbol 1.

Lemma 1: Given an m-sequence p̂, we have that
• min0≤i≤n−1 wt(Wi,n(p̂)) = 0 for 0 ≤ n ≤ k − 1
• max0≤i≤n−1 wt(Wi,n(p̂)) = n for 0 ≤ n ≤ k

• min0≤i≤n−1 wt(Wi,n(p̂)) = 2k−1 − (N − n) for N − k ≤ n ≤ N
• max0≤i≤n−1 wt(Wi,n(p̂)) = 2k−1 for N − k + 1 ≤ n ≤ N
Proof: An m-sequence derived from a polynomial of degree

k contains all the possible non-zero subsequences of length
k (each occurring only once), and it also contains the all-
zero subsequence of length k − 1. Therefore, the minimum
weight of the length-n subsequences of p̂ cannot be larger
than 0, if n ≤ k − 1 (because the subsequences 0, 00, 00 . . . 0
up to length k − 1 exist). Similarly, if n ≤ k, the maximum
weight of the length-n subsequences of p̂ is exactly n, since
the subsequences 1, 11, 11 . . . 1 of length up to k exist. This
proves that min0≤i≤n−1 wt(Wi,n(p̂)) = 0 when n < k, and
max0≤i≤n−1 wt(Wi,n(p̂)) = n, when n ≤ k. The other statements
can be proven with identical arguments. �

Next, we study how the minimum and maximum distances
vary with codeword length when puncturing a punctured
simplex code. This is done in probabilistic terms. Namely,
we briefly analyze the probability that a single puncturing
operation on a punctured simplex code of length n, i.e., C(n),
causes a drop of the minimum/maximum distance by one unit
in the resulting code C(n − 1). For the minimum distance and
the maximum distance, this probability is represented by

Pr{dmin(n − 1) = dmin(n) − 1},
Pr{dmax(n − 1) = dmax(n) − 1},

respectively. Thus, given a family of punctured simplex codes
represented by p̂, if we set

dmin(n) = min
0≤i≤n−1

wt(Wi,n(p̂))

dmax(n) = max
0≤i≤n−1

wt(Wi,n(p̂))

also for the “degenerate” codes for which n ≤ k, then Lemma
1 allows us to claim that:
• Pr{dmin(n − 1) = dmin(n) − 1} = 0 when n ≤ k − 1;
• Pr{dmin(n − 1) = dmin(n) − 1} = 1 when N − k ≤ n ≤ N;
• Pr{dmax(n−1) = dmax(n)−1} = 0 when N−k+1 ≤ n ≤ N;
• Pr{dmax(n − 1) = dmax(n) − 1} = 1 when n ≤ k.

In fact, for “degenerate” codes (n ≤ k), it immediately follows
from the proof of Lemma 1 that

dmin(n) =

(
0, n < k,

1, n = k,
dmax(n) = n (n ≤ k). (8)

Up to this point, we have only studied some extreme values
of n. Let us provide the following more general results, holding
for any choice of the primitive polynomial h(x).

Corollary 1: On average, over all values of k ≤ n ≤ 2k − 1,
we have that Pr{dmin(n−1) = dmin(n)−1} = 2k−1−1

2k−k−1 . Furthermore,
on average, over all values of k+1 ≤ n ≤ 2k−1, Pr{dmax(n−1) =

dmax(n) − 1} = 2k−1−k
2k−k−2 .

Proof: It follows from Lemma 1 that dmin(k) = 1. Further-
more we already know that dmin(N) = 2k−1. Therefore, for
k ≤ n ≤ N, on average, Pr{dmin(n− 1) = dmin(n)− 1} = 2k−1−1

(2k−1)−k .
Similarly, dmax(k + 1) = k, since the length-(k + 1) all-ones
subsequence cannot exist (otherwise the all-ones subsequence
of length k would appear twice in p̂, contradicting the
hypothesis that it is an m-sequence). Moreover, we know
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Fig. 1. Exemplary behavior of ∆(n), δ(n), d̄(n) and ω(n).

that dmax(N) = 2k−1. We thus have that, on average over
k + 1 ≤ n ≤ N, Pr{dmax(n − 1) = dmax(n) − 1} = 2k−1−k

2k−1−(k+1) .
�

Clearly, for increasing values of k, the average probabilities
described in the above corollary tend to 1/2.

By substitution of (4) into (2) we obtain the following
relationships, holding for any family of punctured codes

dmin(n) = ω(n) + δ(n) − ∆(n),
dmax(n) = ω(n) + δ(n) + ∆(n). (9)

Equation (9) is particularly relevant for PRC-LDPC codes,
because we will be able to derive insights regarding the
functions ∆(n) and δ(n) for such codes, which might not
be applicable to general codes. In Fig. 1, we provide an
intuitive view of the parameters featured in this section in
a hypothetical situation in which the values of dmin(n) and
dmax(n) are increasing with n. We will denote the average
value of any of these parameters over all possible primitive
parity-check polynomials by using the brackets 〈·〉.

Theorem 1: For punctured simplex codes of length n = N −
ρ > k, where 1 ≤ ρ ≤ N − (k + 1), it holds that ∆(n) = ∆(ρ).

Proof: First of all, we need to prove that, for punctured
simplex codes, dmin(N − ρ) + dmax(ρ) = 2k−1, for 1 ≤ ρ ≤
N − (k + 1). The values of dmin(ρ) and dmax(ρ) for 1 ≤ ρ ≤ k
are specified in (8). Let us suppose that the code C(n) has
a codeword of weight w, i.e., the sliding window of size n
intercepts a codeword of weight w in p̂, which has weight 2k−1,
being an m-sequence. Let us assume that such a codeword, c1,
is selected by Wi1,n(p̂).

Then, there also exists a codeword of the code C(N − n) of
weight 2k−1 − w, selected in p̂ by the sliding window of size
N − n = ρ. Such a codeword, c2, is selected by Wi2,N−n(p̂),
where i2 = i1 + n.

If c1 is a minimum weight codeword for C(n), then neces-
sarily c2 is a maximum weight codeword for C(N − n), since
minimization of w implies maximization of 2k−1−w. Therefore,
dmin(N−ρ) = 2k−1−dmax(ρ), which proves the initial statement.
Analogous reasoning yields dmax(N − ρ) = 2k−1 − dmin(ρ).

It follows that

dmin(N − ρ) + dmax(ρ) = dmax(N − ρ) + dmin(ρ) = 2k−1, (10)

from which
dmax(N − ρ) − dmin(N − ρ)

2
=

dmax(ρ) − dmin(ρ)
2

,

implying that ∆(N − ρ) = ∆(n) = ∆(ρ). �
Theorem 2: For punctured simplex codes of length n = N−ρ,

where 1 ≤ ρ ≤ N − (k + 1), the following holds: δ(n) = −δ(ρ).
Proof: Let us assume that ρ < N

2 , and thus ω(ρ) = ρ/2, and
ω(N − ρ) =

N−ρ+1
2 , according to (3). If ρ ≥ N

2 , the proof is
identical. Let us also recall (10) from the proof of Theorem
1. Then, we can write, sequentially,

2k − 1 = N

2 · 2k−1 = N + 1

2
�
dmax(N − ρ) + dmin(ρ)

�
= N + 1

dmax(N − ρ) + dmin(ρ) = −dmax(N − ρ) − dmin(ρ)
+ N + 1

dmin(N − ρ) + dmax(ρ) = −dmax(N − ρ) − dmin(ρ)
+ N + 1

dmax(ρ) + dmin(ρ) = −
�
dmax(N − ρ)+dmin(N−ρ)

�
+ N + 1

dmax(ρ) + dmin(ρ)
2

−
ρ

2
= −

dmax(N − ρ) + dmin(N − ρ)
2

+
N + 1

2
−
ρ

2
dmax(ρ) + dmin(ρ)

2
−
ρ

2
= −

dmax(N − ρ) + dmin(N − ρ)
2

+
N − ρ+ 1

2
d̄(ρ) − ω(ρ) = −

�
d̄(N − ρ) − ω(N − ρ)

�
δ(ρ) = −δ(N − ρ)

where again (8) provides the values of dmin(ρ) and dmax(ρ)
when 1 ≤ ρ ≤ k. �

Let us now study the values of δ(n) around the symmetry
point. To this end, we define

n′ =
N − 1

2
,

n′′ =
N + 1

2
. (11)

Lemma 2: Either δ(n′) = −δ(n′′) = 1/2, or δ(n′) = −δ(n′′) =

0.
Proof: Substituting n′ and n′′ into the upper equation in (9),

we obtain

dmin(n′) =
(N − 1)/2

2
+ δ(n′) − ∆(n′)

=
(N − 1)

4
− ∆(n′) + δ(n′),

dmin(n′′) =
(N + 1)/2

2
+

1
2
− ∆(n′) − δ(n′)

=
(N − 1)

4
− ∆(n′) − δ(n′) + 1,

where we have exploited the fact that ∆(n′) = ∆(n′′) and
δ(n′) = −δ(n′′). Moreover, since the code C(n′) can be obtained
from C(n′′) by applying a single puncturing operation, either
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• dmin(n′) = dmin(n′′), from which we obtain that δ(n′) =

−δ(n′) + 1, i.e., δ(n′) = 1
2 , or

• dmin(n′) = dmin(n′′)−1, from which we obtain that δ(n′) =

−δ(n′), i.e., δ(n′) = 0.
This proves the thesis. �

Summarizing, the largest variation of δ(·) caused by a single
puncturing operation is 1/2, except when C

�N+1
2

�
is punc-

tured, in which case δ(·) can decrease by one unit, as proved
in Lemma 2. The following corollary is a straightforward
consequence of the above reasoning (this result is also partially
proven in [18] and, for this reason, we omit the proof), and
provides quite useful bounds on the minimum and maximum
distances of PRC-LDPC codes, and of punctured simplex
codes in general.

Corollary 2: Given a punctured simplex code C p̂(n) of
dimension k, it holds that

dmin(n) ≤ ω(n) ≤ dmax(n).

We can also provide bounds for the values of ∆(n) and δ(n),
according to the following corollary.

Corollary 3: Given a punctured simplex code C p̂(n) of
dimension k, it holds that

0 ≤ ∆(n) ≤ 2k−2 −
1
2
, (12)

|δ(n)| ≤ 2k−3. (13)

Proof: In order to prove the corollary, it is sufficient to
observe that:
• ∆(n) increases by at most 1/2, for each unitary increase

of n, starting from 0 up to N−1
2 ; then, it cannot increase

further, because it has even parity with respect to n = N
2 .

Therefore, the largest possible value of ∆ is N−1
2 ·

1
2 =

2k−2
4 = 2k−2 − 1

2 . Moreover, ∆ cannot be negative, since
dmax ≥ dmin.

• δ(n) increases by 1/2, or decreases by the same quantity,
for each unitary increase of n, starting from 0 up to N+1

4 .
Then it cannot increase, or decrease, further, because it
has odd parity with respect to n = N

2 . Therefore, the
largest possible absolute value of δ is N+1

8 = 2k−3. �

Remark 1: Corollary 1 and Theorems 1 and 2 give us hints
on the average behavior of ∆(n) and δ(n). In fact, based on
them, we expect ∆(n) to have a “trapezoid-like” shape, with
a decreasing trend for large values of n, followed by a rather
stable trend as the window size gets smaller and, because of the
symmetry, an increasing trend for small values of n. Instead,
for δ(n) we expect a rather “flat” behavior, since it is odd and
there is no prevailing trend that makes it decrease (or increase)
significantly when the window size changes, especially for
intermediate values of n. Numerical examples supporting this
reasoning will be provided in Section V.

By using an exhaustive numerical search, we have computed
the values of dmin, dmax, ∆ and δ when the codeword length
takes the values n′ and n′′ in (11), which are of particular
interest since they are the closest ones to the symmetry axes
of ∆ and δ, for many primitive polynomials characterized by
degree between 7 and 14. The numerical results are reported in
Appendix A. For 7 ≤ k ≤ 9, all existing primitive polynomials

have been considered. Instead, to save space, only a subset of
the whole set of primitive polynomials has been reported for
k > 9. However, note that polynomials with different weights
have been considered, in order to show that, for low code
rates, the polynomial weight does not influence significantly
the minimum distance properties. The maximum value of
k has been chosen to allow exhaustive computation of all
the variables under analysis, particularly the minimum and
maximum distance, which becomes too expensive for larger
values of k. Results reported in the tables of Appendix A
confirm the theoretical results previously provided in this
section. In fact, we notice that either δ(n′) = δ(n′′) = 0, or
δ(n′) = −δ(n′′) = 1/2. Instead, due to parity, ∆(n′) = ∆(n′′).
Then, as expected, stepping from n′ to n′′, the minimum and
maximum distance either remain the same, or increase by one
unit.

Lemma 3: Given the set of primitive polynomials of degree
k, let us consider the corresponding ensemble of punctured
simplex codes of length n′ and dimension k. If this ensemble
is sufficiently large, it holds that

〈∆(n′)〉 ≈ 2k/2−1. (14)

Proof: For the sake of simplicity, but safeguarding accuracy,
let us approximate the average weight distribution of the
ensemble of punctured simplex codes of length n′ with the
ideal Hamming weight distribution of the non-zero subse-
quences of length n′ of an m-sequence [30], that is,2

A(w) ≈
2k − 1
2n′ − 1

 
n′

w

!
.

This is possible because, as discussed in Section II, the non-
zero codewords of any punctured simplex code of length n can
be obtained as all the vectors selected by a sliding window of
length n that circularly spans over the m-sequence p̂. We thus
have

A(w) ≈
2k − 1

2
2k−2

2 − 1

 
2k−2

2
w

!
≈

�2k−1

w

�
22k−1−k−1

.

By using Stirling’s approximation for the binomial, we get

A(w) ≈ 22k−1H2(w/2k−1)− 1
2 log2

h
2πw

�
1− w

2k−1

�i
−2k−1+k+1

.

In order to get 〈dmin(n′)〉, we need to consider that for weights
such that 2k−1H2(w/2k−1) < 1

2 log2

�
2πw

�
1 − w

2k−1

��
+ 2k−1 −

k − 1, the expectation of A(w) is smaller than 1, whereas for
weights such that 2k−1H2(w/2k−1) > 1

2 log2

�
2πw

�
1 − w

2k−1

��
+

2k−1 − k − 1, the expectation of A(w) is larger than 1. We can
thus expect the average minimum distance to be close to the
(smallest) value of w for which A(w) = 1. A similar reasoning
holds for 〈dmax(n′)〉. We thus study the following equation

2k−1H2

� w
2k−1

�
=

1
2

log2

h
2πw

�
1 −

w
2k−1

�i
+2k−1−k−1. (15)

By setting x = w
2k−1 we get

2k−1H2(x) =
1
2

log2[π2k x(1 − x)] + 2k−1 − k − 1.

2More accurate approximations of the weight distribution, such as those
presented in [19] and [22], can be employed, at the expense of significantly
increased complexity in the theoretical analysis.
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Fig. 2. Ratio of approximate and exact solutions of (15), for some values
of k.

Fig. 3. Approximated (according to Lemma 3) and exact values of the
average ∆(n′), for some values of k.

By solving this transcendental equation numerically, we get
that it has two solutions (as expected, since A(w) has binomial
shape), which can be approximated by

x1 ≈
1
2
−

1
2k/2 ,

x2 ≈
1
2
−

1
2k/2 +

1
2k/2−1 .

Since, x1 < x2, we can derive 〈dmin(n′)〉 = x12k−1 and
〈dmax(n′)〉 = x22k−1, i.e.,

〈dmin(n′)〉 ≈2k−2 − 2k/2−1,

〈dmax(n′)〉 ≈2k−2 − 2k/2−1 + 2k/2.

We finally obtain

〈∆(n′)〉 =
〈dmax(n′)〉 − 〈dmin(n′)〉

2
≈

2k/2

2
= 2k/2−1.

�
In Fig. 2 we report the ratio of the approximate and exact

solutions of (15), for some values of k. We notice that the
approximations get better and better as k increases, but are
quite close to the exact solution even for small values of k.

From (14) we notice that the average value of ∆(n′) is quite
smaller than the (loose) bound on its absolute value derived
in Corollary 3. In Fig. 3, we compare the average value of

Fig. 4. Approximated values of the average of (a) dmin(n′) and (b) dmax(n′),
along with their exact values (markers only), for different values of k.

∆(n′), computed over all the primitive polynomials of degree
k ∈ [7, 14], with the theoretical value discussed in Lemma 3,
and we note that they substantially match for all the considered
values of k.

To further evaluate the accuracy of our approximations, in
Fig. 4 we show the actual value of 〈dmin(n′)〉 and 〈dmax(n′)〉,
the approximations

〈dmin(n′)〉 ≈ 〈dmin(n′′)〉 ≈ ω(n′) − 2k/2−1 (16)

and
〈dmax(n′)〉 ≈ 〈dmax(n′′)〉 ≈ ω(n′) + 2k/2−1, (17)

and the actual values of dmin(n′) and dmax(n′). We observe that
the approximation is remarkably tight for k ∈ [7, 14], which
supports its validity also for values of k where an exhaustive
analysis is not feasible. We also notice that the actual values of
the minimum distance are not significantly dispersed around
the actual average value. Let us study this aspect more in
depth.

Since, as discussed previously in this section, ∆(n) varies
rather slowly with n (at most ±1/2 for a unit increment or
decrement of n), we can expect (14) to be valid also around
n′. In Table I we report the average and standard deviation
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TABLE I
AVERAGE AND STANDARD DEVIATION VALUES OF dmin(n′), dmax(n′), ∆(n′), FOR k ∈ [7, 14]

Fig. 5. Coefficient of variation of dmin(n′).

values (noted by σ) of dmin(n′), dmax(n′), and ∆(n′) for all the
values of k considered in Appendix A. Table I also includes
the values of 2k/2−1 and 2k−2, which are approximations of
〈∆(n′)〉 and 〈∆(n′)〉 + 〈dmin(n′)〉, respectively. The former
approximation has been proven in Lemma 3, whereas the
second one follows from (9), by considering that ω(n′) = 2k−1−1

2
and that δ(n′) is either 0 or 1/2. We note that (14) and also
the aforementioned approximation on 〈∆(n′)〉+ 〈dmin(n′)〉 are
indeed tight. Furthermore, in Fig. 5 we show the coefficient of
variation of dmin(n′), defined as its standard deviation divided
by its average value. We notice that, for increasing k, the
coefficient of variation decreases, and that it assumes relatively
small values. This allows us to claim that most of the families
of punctured simplex codes have similar minimum distance
properties, at least when the codeword length equals n′.

We provide a more explicit example next.
Example 1: In Fig. 6 we show the evolution of some of the

parameters defined in the previous section for the code family
associated to the parity-check polynomial h(x) = 1 + x + x4,
which is unpractical due to the small value of k, but allows
a manageable graphical representation. In particular, in the
figure:

• black circles represent the values of the minimum dis-
tance,

• blue circles represent the values of the maximum distance,
• hollow circles represent the values of d̄(n), that is, the

average value between dmin(n) and dmax(n),

Fig. 6. Behavior of dmin(n) and dmax(n) (along with other parameters), for
the code family described by h(x) = 1 + x + x4.

• the dashed red line represents ω(n).
The step-like behavior of dmin(n) and dmax(n) is apparent.

We mention again that, when n ≤ k, the code is “degenerate”.
However, it is interesting to take also degenerate codes into
account, to acknowledge symmetry properties. There is an
anti-symmetrical horizontal axis between n = 7 and n = 8.
In general, this exists between n′ and n′′, as discussed earlier.
We can also observe a vertical axis of anti-symmetry corre-
sponding to A(2k−2). The parent cyclic simplex code, defined
by n = N = 15, is not included in these observations about
symmetry. It might align with a further degenerate code with
n = 0 and all codewords being null. It can be observed (and
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it is very easy to prove) that, for any code family, when
n ∈ [0, k] ∪ [N − k,N], we have δ(n) = 0. Moreover, and this
is also a general and easily verifiable result, for n ∈ [0, k] we
have ∆(n) = n, and for n ∈ [N − k,N] we have ∆(n) = N − n.

We remark that our results are consistent with those reported
in [20], despite some important differences in the respective
code constructions and analysis frameworks. In [20], a single,
deterministically constructed punctured simplex code obtained
by shortening a Hamming code is considered. This yields a
fixed minimum distance equal to

dmin(n′′ + 1) = 2k−1 − 2k−2 = 2k−2. (18)

In contrast, our approach considers an ensemble of punctured
simplex codes, where each code corresponds to a different
primitive polynomial of degree k. As a consequence, our
reported minimum distances are ensemble averages, and the
analysis must take into account the variability across the
ensemble. From this standpoint, our theoretical framework is
more general than that of [20]. In particular, from (16) we
obtain

〈dmin(n′′)〉 ≈ 2k−2 − 2k/2−1 +
1
2
. (19)

The difference between (18) and (19) vanishes exponentially
fast with k. Specifically, the relative gap behaves as

2k/2−1 − 1
2

2k−2 = O(2−k/2),

which implies that for even moderately large k, both construc-
tions exhibit essentially equivalent distance properties. Overall,
the consistency between our results and those of [20] provides
further support for the ensemble-based approach adopted in
this work.

IV. ASYMPTOTIC PERFORMANCE OF PUNCTURED
SIMPLEX CODES

In this section, we first compare the asymptotic properties
of punctured simplex codes and cyclic simplex codes. Then,
we compute some bounds on the error rate performance of
low-rate punctured simplex codes.

A. Comparing Punctured Simplex Codes and Cyclic Simplex
Codes

Cyclic simplex codes are characterized by the triplet [2k −

1, k, 2k−1]. Their average asymptotic coding gain (which is also
the asymptotic coding gain of all the codes in the ensemble)
is

G∞,C =
k

2k − 1
2k−1 ≈

k
2
,

tending to ∞ when k → ∞. However, for each unit increase
in k, the codeword length doubles.

Let us now consider the ensemble of cyclic simplex codes
of dimension k and codeword length NC = 2k − 1, and the
punctured simplex codes of dimension k + 1 and codeword
length n′ = N−1

2 = 2k+1−2
2 = NC , obtained by puncturing the

parent cyclic simplex code of dimension k + 1 and codeword
length N = 2k+1−1. We denote the average asymptotic coding
gain of these punctured simplex codes as G∞,P. These two code

ensembles have slightly different code rates: RC = k
2k−1 for the

former one, and RP = k+1
2k−1 for the latter. Therefore, RC

RP
=

k
k+1 . We are interested in studying for which values of k the
asymptotic gain of the ensemble of punctured simplex codes is
larger than that of the cyclic simplex codes, i.e., G∞,C < G∞,P.

Let us also consider that, from (9), we have

dmin(n′) = ω(n′) + δ(n′) − ∆(n′).

By taking into account Lemma 2, Lemma 3 and ω(n′) = n′
2

(according to (3)), and considering the average ensemble
behavior, we get

〈dmin(n′)〉 ≈ 2k−1 − 〈∆(n′)〉.

So, we can compute

G∞,C
G∞,P

=

k
2k−1 2k−1

k+1
2k−1 dmin(n′)

≈
k

k + 1
·

2k−1

2k−1 − 〈∆(n′)〉
,

where we have substituted dmin(n′) with its average value. The
following theorem holds.

Theorem 3: Given the ensemble of cyclic simplex codes of
dimension k, codeword length 2k − 1 and asymptotic coding
gain G∞,C , and the corresponding ensemble of punctured
simplex codes of dimension k + 1, codeword length 2k − 1,
and average asymptotic coding gain G∞,P, it holds that

lim
k→∞

G∞,C
G∞,P

≈ 1.

Proof: According to Lemma 3, we have

G∞,C
G∞,P

≈
k

k + 1
·

2k−1

2k−1 − 〈∆(n′)〉
≈

k
k + 1

·
2k−1

2k−1 − 2
k+1

2 −1
.

When k → ∞, we have that 2
k+1

2 becomes negligible with
respect to 2k−1.

Therefore,

lim
k→∞

G∞,C
G∞,P

≈ lim
k→∞

k
k + 1

·
2k−1

2k−1 − 2
k+1

2 −1
(20)

= lim
k→∞

k
k + 1

= 1. (21)

�
Thus, in the asymptotic setting, cyclic simplex codes with

dimension k and punctured simplex codes with dimension k+
1, both with the same codeword length 2k − 1, tend to have
the same, optimal behavior.

After such reasoning in the asymptotic regime, we want to
remark that we do not need infinitely large values of k to get
G∞,C < G∞,P. Actually, we show the behavior of G∞,C

G∞,P
in Fig. 7,

where we see that the ratio becomes smaller than 1 just for
k in the order of 7, while, for increasing k, the ratio tends
rapidly to 1, thus confirming the claim of Theorem 3.

We can generalize the above reasoning, by considering the
ensemble of punctured simplex codes with dimension k + m,
obtained by puncturing cyclic simplex codes of the same
dimension until their codeword length is 2k − 1, and a cyclic
simplex code of dimension k and codeword length 2k − 1.
The average minimum distance of the former ensemble is
2k−1−〈∆

�� 2k+m−1
2m

˘�
〉+ 〈δ

�� 2k+m−1
2m

˘�
〉. We can state a result
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Fig. 7. Ratio of the asymptotic coding gain of simplex codes with dimension
k and the asymptotic coding gain of punctured simplex codes with dimension
k + 1, having the same codeword length 2k − 1.

that is similar to Theorem 3, but holds under more stringent
assumptions.

Corollary 4: Given the ensemble of cyclic simplex codes of
dimension k, codeword length 2k − 1 and asymptotic coding
gain G∞,C , and the ensemble of punctured simplex codes
of dimension k + m, codeword length 2k − 1, and average
asymptotic coding gain G∞,P, if 〈∆

�� 2k+m−1
2m

˘�
〉 = o(2k−1), and

〈δ
�� 2k+m−1

2m

˘�
〉 � 〈∆

�� 2k+m−1
2m

˘�
〉, then it holds that

lim
k→∞

G∞,C
G∞,P

≈ 1.

Proof: If 〈∆
�� 2k+m−1

2m

˘�
〉 = o(2k−1), then the proof follows

that of Theorem 3, and is therefore omitted. �
A sufficient condition for Corollary 4 to hold is, for exam-

ple, 〈∆
�� 2k+m−1

2m

˘�
〉 ≈ 〈∆

�� 2k+m−1
2

˘�
〉. According to Remark

1, this is reasonable, at least for small values of m.

B. Bounds on the Error-Rate Performance of Punctured
Simplex Codes

Let us consider, as an example, the primitive polynomial

h(x) = 1 + x + x4 + x28 + x33 + x47 + x64,

and the corresponding family of punctured simplex codes
(which are also PRC-LDPC codes, since the support vector
of the coefficients vector corresponding to h(x) is a Golomb
ruler) with

1) R = 2/3, characterized by the triplet [96, 64, 3].
2) R = 1/2, characterized by the triplet [128, 64, 9].
The codewords of these codes have been found by using

the tool in [32], and the method described in [33], which
clearly only allow to estimate the minimum distance, rather
than exactly computing it.

In Fig. 8 we show the BER truncated union bound (TUB)
for these codes, computed as

BERTUB ≈

d∗X
w=dmin

1
2

w
n

A(w)erfc

 s
w

k
n

Eb

N0

!
,

Fig. 8. Truncated union bound and error rate under order-4 MRB decoding
for PRC-LDPC codes with dimension k = 64, and different codeword lengths.

where dmin ≤ d∗ ≤ dmax. Clearly, the larger d∗, the tighter
the TUB to the complete union bound, which corresponds to
d∗ = dmax. The considered values of d∗ are 7 and 53 for the
codes with rate 2/3 and 1/2, respectively. We remind that the
complexity of finding codewords increases with their weight
and with the codeword length.

We observe that, as expected, the (truncated) union bounds
shift to the left as fewer symbols are punctured. To verify
the tightness of such bounds to the performance actually
achievable by these codes, the error rate performance of
the codes with rate 2/3 and 1/2 has been assessed through
Monte Carlo simulations of BPSK-modulated transmissions
over the additive white Gaussian noise (AWGN) channel.
Decoding has been performed through the Most Reliable
Basis (MRB) algorithm [34] which, as its order increases,
approaches performance of the maximum-likelihood decoder.
Complexity of the MRB algorithm, however, is higher than
that of the iterative decoding algorithms commonly used for
LDPC codes, which usually prevents us from considering high
values of its order. In particular, MRB decoding of order 4 was
employed to obtain the performance shown in Fig. 8.

Given these promising results, in the rest of the paper
we focus solely on PRC-LDPC codes. To achieve good
performance under belief propagation (BP) decoding, PRC-
LDPC codes should be carefully designed by leveraging both
puncturing and shortening operations (whereas, up till now in
the paper, only puncturing operations have been considered).
Effective code design also requires optimizing the specific
primitive parity-check polynomial that defines the parity-check
matrix. The choice of the primitive polynomial influences the
cycle distribution, weight distribution, and minimum distance
properties of the code. These factors, in turn, impact the error
rate performance in both the waterfall and error floor regions.
In this paper, and particularly in Section V, we focus on the
minimum distance properties. Consequently, in the rest of the
paper, we shift our focus from low- (or moderate-) rate codes
to more practical (relatively) high-rate codes. Specifically, we
address practical code design in Section VI and show the
performance of shortened and punctured PRC-LDPC codes
in Section VII.
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Fig. 9. δ(n) and ∆(n) for (a) h(x) = 1 + x + x4 + x9 + x11 and (b) h(x) = 1 + x2 + x11.

Fig. 10. (a) Minimum distance and (b) values of δ(n) and of ∆(n) for the codes in Cp̂, considering (22) and (23) as primitive polynomials.

V. TOWARDS HIGH-RATE CODES: NUMERICAL EXAMPLES

In this section, we provide some additional numerical
examples, by considering primitive polynomials for which the
support vector of the coefficients vector is a Golomb ruler, thus
yielding PRC-LDPC codes [16]. Specifically, we investigate
the minimum distance properties of two codes constructed
using different primitive polynomials of the same degree but
with distinct weights.

Let us consider

h(x) = 1 + x + x4 + x9 + x11, (22)

for which Supp (h) = [0, 1, 4, 9, 11] is a Golomb ruler. Any
code in Cp̂ thus satisfies the RCC. We show the behavior of
∆(n) and δ(n) in Fig. 9(a).

We compare the behavior of this family of codes to that of
the family associated to the primitive polynomial with wh = 3

h(x) = 1 + x2 + x11, (23)

for which Supp (h) = [0, 2, 11] is also a Golomb ruler. The
behavior of δ(n) and ∆(n) for this family of codes is also shown

in Fig. 9(b). We note that, as discussed in Remark 1 and thus
expected, ∆(n) has an initial rapid growing phase, a relatively
stationary phase and, finally, a rapid decrease. We also notice
that the actual values of ∆(n′) (which equals 22 in both cases)
are very close to the approximation 2

k
2−1 = 22.63. Moreover,

we observe that the approximation of 〈∆(n′)〉 derived in
Section III, specifically 2k/2−1, serves as a good estimate for
general values of ∆(n) as well, provided that the ratio n/n′

is sufficiently small. Moreover, especially for relatively small
values of n, and thus moderate to large values of the code
rate, the latter family of codes exhibits many negative values
of δ(n), and a rather quick increase of ∆(n). According to (9),
the former family of codes is expected to yield better minimum
distance properties for such values of n.

A portion of the minimum distance profile for these two
families of PRC-LDPC codes, along with ω(n), is shown in
Fig. 10(a); an excerpt of δ(n) and ∆(n) is instead shown in
Fig. 10(b). In particular, for each value of n, the minimum
distance has been computed as the smallest weight of any
subsequence of length n of p̂. We observe that, as expected,
for relatively small values of n, the codes with wh = 5
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Fig. 11. Values of and upper bound on the deviation between the weight of the subsequences of p̂ of length n, and the expected value n/2, for m ∈ [0,N − 1],
different values of n, and h(x) = 1 + x + x4 + x9 + x11.

exhibit larger minimum distances than those with wh = 3.
In particular, as evidenced in Fig. 10(a), in the zones where
∆(n) is comparable for the two families, which are highlighted
by an ellipse in Fig. 10(b), the greatest contribution to the
differences in terms of minimum distance for the considered
codes is given by δ(n) (arrow in Fig. 10(b)). Instead, when the
values of ∆(n) for the two families are approximately the same,
and the same holds for the values of δ(n), then their minimum
distances converge to (approximately) the same values, as
apparent for n ' 200. In general, code families characterized
by the same values of k have comparable minimum distance
when |∆(n)| � |δ(n)|, even though they might need smaller or
larger values of n to reach the stationary behavior of ∆(n).

In order to further validate our analysis, let us consider
the upper bound proposed in [23, Theorem 8.85], stating that,
∀m ∈ [0,N − 1]:ˇ̌̌

Wm,n(p̂) −
n
2

ˇ̌̌
≤ 2k/2−1

�
2
π

log2(2k − 1) +
2
5
+

n
2k − 1

�
= U(k, n). (24)

So, given h(x) = 1 + x + x4 + x9 + x11, for some arbitrarily
chosen values of n, i.e., n ∈ {128, 256, 1 024, 2 000}, and ∀m ∈
[0,N − 1], we have computed bothˇ̌̌

Wm,n(p̂) −
n
2

ˇ̌̌

Fig. 12. PDF of
ˇ̌
Wm,n(p̂) − n

2

ˇ̌
, for h(x) = 1+ x+ x4 + x9 + x11 and different

values of n.

and U(11, n), and compared them. The results are shown
in Fig. 11. We have also plotted in Fig. 12 the PDF ofˇ̌
Wm,n(p̂) − n

2

ˇ̌
for the selected values of n.

Furthermore, ∀n ∈ [k + 1, 2k − 1], we have computed
maxm∈[0,N−1]

˚
|Wm,n(p̂) − n

2 |
	

and compared it again with the
upper bound, considering h(x) = 1 + x + x4 + x9 + x11 (that
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Fig. 13. Values of and upper bound on the maximum deviation between the weight of the subsequences of p̂ of length n, and the expected value n/2, for
two different primitive parity-check polynomials with (a) k = 11, and (b) k = 14.

is, k = 11) and h(x) = 1 + x + x6 + x8 + x14 (that is, k = 14).
The results are shown in Fig. 13.

Fig.s 11 and 12 show that, as expected, for values of n which
are relatively far from N

2 , the weights of all the subsequences
of p̂ of length n concentrate around n/2, as the deviationˇ̌
Wm,n(p̂) − n

2

ˇ̌
becomes small for most values of m. This is also

supported by Fig. 13, with regards to the maximum deviation
between these weights and the expected value.

VI. DESIGN OF PRC-LDPC CODES FOR
COMPLEXITY-CONSTRAINED SCENARIOS

Several degrees of freedom can be exploited in the selection
of a PRC-LDPC code. Suppose that a code with rate R is
required. Also suppose that the largest decoding complexity
allowed by the application context in which the code needs
to be used is Γmax, defined as the largest number of binary
operations required to decode a codeword.

The sparsity of the parity-check matrix of PRC-LDPC codes
enables efficient decoding through low-complexity iterative
algorithms. Here, we make use of the implementation of the
Sum-Product Algorithm (SPA) proposed in [35]. To achieve
a good trade-off between complexity and performance, we
consider 8-bit quantization for the decoder variables. In order
to decode a codeword, whether decoding is successful or not,

Γ = nIavg f (〈wc〉,R) (25)

binary operations are needed [36], on average, where

f (〈wc〉,R) = 8(8〈wc〉+ 12R − 11) + 〈wc〉, (26)

Iavg is the average number of decoding iterations, and 〈wc〉 is
the average column weight of the parity-check matrix.

As apparent from (25), having assumed Γmax and R to be
imposed by the application, the degrees of freedom in the code
design are h(x), which determines 〈wc〉, and n.

The method we propose to design a PRC-LDPC code with
the desired R, meeting the constraint on the largest decoding
complexity allowed, is to start from an optimized PRC-LDPC
with rate R, which does not necessarily comply with the

constraint on the complexity, and then apply puncturing and
shortening operations until the constraint is satisfied. There-
fore, we need to exploit the inherent flexibility and adaptability
of optimized PRC-LDPC codes to obtain codes with the
same rate, but smaller codeword length. A similar idea was
proposed in [37], with the difference that the codeword length
was the only relevant parameter. Here, we also need to take
into account the average column weight, which significantly
complicates the code design.

Next, we describe the procedure we apply (called Procedure
A in the following), by denoting the number of punctured posi-
tions as ρ (coherent with the notation used for this parameter
in the previous sections), and that of shortened positions as s.

Given a code Cp̂(n) with rate R = k
n , for which Γ > Γmax:

1) set n∗ =
�

Γmax
Iavg f (〈wc〉,R)

˘
;

2) set k∗ = [Rn∗] and s = k − k∗;
3) puncture the last ρ = n−n∗ − s symbols of Cp̂(n), just as

described in Section II-B, obtaining a new parity-check
matrix H′, of size (n − k − ρ)× (n − ρ);

4) shorten s symbols of the code corresponding to H′, thus
obtaining an (n− k− ρ)× (n− ρ− s) parity-check matrix
H′′;

5) compute Γ for the code represented by H′′: if Γ < Γmax,
set n∗ = n∗+1, Hout = H′′, and go back to step 2); else,
return Hout.

We remark that, regarding step 4), in [1] we proposed
to shorten the first

� s
2

˘
and the last

˙ s
2

�
columns of H′.

However, this is a sub-optimal choice, especially from the
weight distribution standpoint; this was observed in [27], in the
unconstrained scenario. So, let us suppose that s positions need
to be shortened, as defined in step 2) of the above procedure.
Given a set of codewords D = c0, . . . , cD−1, let us compute

b(D) =

D−1X
i=0

ci,

where the sum is performed over Z≥0. Then, we define I(D)
j =

{i ∈ [0, k − 1] : b(D)
i = j}.
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Aiming at eliminating as many low-weight codewords as
possible, the following shortening procedure might be fol-
lowed:

1) set d = dmin;
2) find as many codewords of weight d as possible (using,

for example, the tool in [32]) and separate these code-
words into families, as defined in Section II-B;

3) for each family found, cyclically shift the non-zero pat-
tern characterizing it towards right, and check whether
the obtained vector v is a codeword, by computing vH>.
Repeat until vH> , 0, or vn−1 = 1;

4) for each group, cyclically shift the non-zero pattern
characterizing it towards left, and check whether the
obtained vector v is a codeword, by computing vH>.
Repeat until vH> , 0, or v0 = 1;

5) form the set D, containing all the codewords found in
steps 2), 3) and 4);

6) partition [0; k − 1] as
SM

j=0 I(D)
j , where M is the largest

index j for which I(D)
j is not empty;

7) shorten s positions by first picking those in I(D)
M , then

those in I(D)
M−1, and so on up to I(D)

1 . If, for some
1 ≤ j ≤ M, the residual number of positions to
be shortened, say l, is smaller than the number of
elements in I(D)

j , randomly choose l entries of I(D)
j and

shorten those positions. If s > |
SM

j=0 I(D)
j |, after having

shortened all the positions in
SM

j=1 I(D)
j , set d = dmin+1,

s = s − |
SM

j=0 I(D)
j | and go back to step 2).

We remark that goals different from eliminating low-weight
codewords can be pursued. In particular, it might be possible
to design the shortening pattern is such a way that the code
has a good asymptotic threshold. Instead, to mitigate error
floors, another possibility is to find the most harmful objects
(trapping sets, absorbing sets, etc.) for the given code and
decoder and shorten the code in such a way that these objects
are eliminated. This issue is left for future research.

Instead, we prove next that the gap between the actual
computational complexity obtained using Procedure A and the
threshold Γmax decreases for increasing codeword lengths.

Theorem 4: Let Γmax be a target decoding complexity
constraint. Let ñ denote the largest codeword length of the
punctured and shortened simplex code (denoted as C(ñ))
obtained as output of Procedure A, such that the corresponding
decoding complexity

Γ̃ = ñ Iavg f
�

˜〈wc〉,
k̃
ñ

�
satisfies

Γ̃ ≤ Γmax,

where k̃ = [Rñ] and 〈w̃c〉 is its average column weight. Then,
the relative error

ε =
Γmax − Γ̃

Γmax

can be made arbitrarily small as ñ grows, i.e.,

lim
ñ→∞

ε = 0.

Proof: By construction, it holds that

Γ̃ ≤ Γmax < Γ+,

where

Γ+ = (ñ + 1) Iavg f
�
〈w+

c 〉,
k+

ñ + 1

�
is the decoding complexity associated with the punctured
and shortened simplex code, obtained by running steps 2)-
4) of Procedure A, feeding codeword length ñ + 1; k+ and
〈w+

c 〉 represent the dimension and the parity-check matrix
average column weight of this code, respectively. The decod-
ing complexity difference Γ+ − Γ̃ can be expressed, after
straightforward computations following from (25) and (26),
as

Γ+ − Γ̃ = (27)

Iavg

h
65 ñ

�
〈w+

c 〉 −
˜〈wc〉
�
+ 65 〈w+

c 〉+ 96 (k+ − k̃) − 88
i
. (28)

Upon increasing the codeword length from ñ to ñ + 1, two
cases can arise:
• If [R(ñ + 1)] = [Rñ], then the number of shortened

symbols remains unchanged, whereas the number of
punctured symbols decreases by one unit. In this case,
with respect to the parity-check matrix of C(ñ), the parity-
check matrix contains an additional row and an additional
column. This row carries exactly wh ones; therefore, the
total number of ones increases by exactly wh. As a result,
the new total number of ones is

ñ ˜〈wc〉+ wh,

and the new number of columns is ñ + 1. Thus, the new
average column weight is

〈w+
c 〉 =

ñ ˜〈wc〉+ wh

ñ + 1
,

and the corresponding variation is

〈w+
c 〉 −

˜〈wc〉 =
wh − ˜〈wc〉

ñ + 1
.

Thus, the variation scales as O(1/ñ) and becomes negli-
gible for large ñ.

• If [R(ñ + 1)] = [Rñ] + 1, then the number of shortened
symbols decreases by one, while the number of punctured
symbols remains unchanged. In this case, with respect
to the parity-check matrix of C(ñ), an additional column
must be included. This column typically has a small
number of ones, denoted by ds, since shortening is applied
to columns located within the low-density band of the
matrix (i.e., among the first k codeword symbols). Since
the total number of ones increases by ds, and the number
of columns increases by one, the new average column
weight is

〈w+
c 〉 =

ñ ˜〈wc〉+ ds

ñ + 1
,

and the corresponding variation is

〈w+
c 〉 −

˜〈wc〉 =
ds − ˜〈wc〉

ñ + 1
.
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TABLE II
PARAMETERS OF THE CONSIDERED PRC-LDPC CODES WITH k = 553, FOR Iavg = 100, IN AN UNCONSTRAINED SETTING

TABLE III
PARAMETERS OF THE CONSIDERED CODES,

FOR Iavg = 100, AND Γmax = 1.5 · 107

Again, since ds and ˜〈wc〉 are constants, the variation scales
as O(1/ñ) and becomes negligible for large ñ.

In both cases, the difference 〈w+
c 〉−

˜〈wc〉 behaves like O(1/ñ).
Moreover, the change in the dimension, k+ − k̃, is either 0 or
1 depending on whether the rounding function increases, and
thus the term involving k+−k̃ remains bounded independent of
ñ. Therefore, the overall variations induced by increasing the
codeword length by one unit are bounded and asymptotically
negligible. Thus, Γ+ − Γ̃ remains finite as ñ grows, and

lim sup
ñ→∞

(Γ+ − Γ̃) < +∞.

Since Γmax lies between Γ̃ and Γ+, it follows that

0 ≤ Γmax − Γ̃ < Γ+ − Γ̃.

Hence, the relative error satisfies

0 ≤ ε <
Γ+ − Γ̃

Γmax
.

Finally, noting that Γmax grows linearly with ñ (see (25)) while
Γ+ − Γ̃ remains bounded, we conclude

lim
ñ→∞

ε = 0,

which proves the claim. �

VII. ERROR RATE PERFORMANCE OF HIGH-RATE CODES
UNDER BELIEF PROPAGATION DECODING

Let us first consider an unconstrained setting, for which
we have designed some PRC-LDPC codes with k = 553, by
following the design method in [16]. Their parameters are
shown in Table II. Notice that all the support vectors are
Golomb rulers.

Let us now suppose that the application context enforces
Γmax = 1.5 · 107. This value of Γmax has been chosen because
it approaches the average complexity required to decode a
codeword for the 5G codes we will compare in the following.
The same approach can be obviously applied to other choices
of Γmax, though they might require a heavy employment of
puncturing and shortening operations. We notice that all the
PRC-LDPC codes considered in Table II, except for C 5

6
, do

Fig. 14. BER vs SNR per information bit, for codes with different rates, in
both an unconstrained and a complexity-constrained setting.

TABLE IV

PARAMETERS OF THE CONSIDERED 5G CODES

not comply with the considered constraint. We thus apply the
puncturing and shortening procedure described in Section VI,
and the parameters of the obtained complexity-constrained
PRC-LDPC codes are shown in Table III.

We note that the difference between the original code rate
and the selected one is null or negligible; also, in all the con-
sidered cases, the average column weight slightly decreases,
due to the combination of puncturing and shortening on H.
Moreover, we remark that a significant portion of symbols
were punctured and shortened (about 7.7% for C 3

4
, and 5.6%

for C 4
5
); finally, notice that it is possible to obtain actual values

of the complexity which are quite close to the bound, even in
finite-length scenarios.

Performance of the codes in Tables II and III in terms of
BER has been assessed through Monte Carlo simulations of
BPSK transmissions over the AWGN channel. As mentioned
in Section VI, we have employed the SPA decoder described
in [35], running at most 100 iterations. The simulation results
are shown in Fig. 14. In the unconstrained scenario, the BER
follows the obvious trend, according to which the codes with
smallest rate have the best performance. It is remarkable that
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TABLE V

VALUES OF dmin , dmax , ∆ AND δ FOR DIFFERENT PARITY-CHECK POLYNOMIALS WITH k ∈ {7, 8}

TABLE VI

VALUES OF dmin , dmax , ∆ AND δ FOR DIFFERENT PARITY-CHECK POLYNOMIALS WITH k ∈ {9, 10}

overall, as also expected, puncturing and shortening weaken
the code, but the loss in terms of Eb

N0
is almost negligible. We

also observe that, beyond decreasing the decoding complex-
ity, reducing the codeword length also lowers the encoding
complexity and reduces the decoding latency (defined as the
number of symbols that must be received before the decoding
process can start). We have also selected some 5G LDPC codes
[28], reported in Table IV, and compared their performance
to that of the considered PRC-LDPC codes. For 5G codes,
we have R = k

n−P , where P is the number of punctured

information symbols. In contrast to our approach, the decoder
for 5G codes attempts to recover even the symbols that are not
transmitted, since they are information symbols. In our case,
given the lower triangular form of the parity-check matrix
of PRC-LDPC codes, we always puncture control symbols
and thus we can avoid reconstructing them.3 In Fig. 14, we
observe that the performance loss of PRC-LDPC codes with

3This distinction motivates the use of the symbol P to represent the number
of punctured symbols, instead of ρ, as previously done.



200 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 72, NO. 1, JANUARY 2026

TABLE VII

VALUES OF dmin , dmax , ∆ AND δ FOR DIFFERENT PARITY-CHECK POLYNOMIALS WITH k ∈ {11, 12}

TABLE VIII

VALUES OF dmin , dmax , ∆ AND δ FOR DIFFERENT PARITY-CHECK POLYNOMIALS WITH k ∈ {13, 14}

respect to 5G codes is very small. This slight loss is mainly
due to the fact that Γmax = 1.5 · 107 has been chosen as
the actual decoding complexity of these 5G codes. Larger
values of Γmax would advantage PRC-LDPC codes, since
they would be less weakened by the additional puncturing
and shortening operations, whereas smaller values of Γmax
would make the comparison unfair, because it would be
necessary to modify in some way also 5G codes, in such
a way that they also comply with the requirement. In other

words, in our comparison, 5G codes have some intrinsic
advantage.

VIII. CONCLUSION AND FUTURE WORKS

In this paper we have conducted a thorough analysis of
the minimum distance of punctured binary simplex codes. We
have studied performance metrics in both the asymptotic and
the finite-length regime.
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Simulation results show that the performance of the special
class of punctured simplex codes, named PRC-LDPC codes,
is comparable to that of state-of-the-art LDPC codes, like
those used in the 5G standard. The rates considered in the
design examples are rather large. As a spark for future works,
we propose the design of low-rate PRC-LDPC codes with
good asymptotic thresholds, obtained in their turn by a careful
choice of puncturing (as done, for example, in [18]) and
shortening patterns. Future investigations will also focus on
increasing the density of the primitive parity-check polynomial
and exploring hybrid decoding strategies that combine iterative
decoding with ordered statistic decoding.

We also foresee that it is possible to exploit the theoretical
analysis developed in this paper to design sequences with good
partial-period correlation properties, which are particularly
interesting in situations where short correlation windows are
necessary due to strict requirements on synchronization time
or scarce hardware availability. Leveraging the error correction
model, it should be possible to select sequences that exhibit
good out-of-peak partial-period autocorrelation, even when
the size of the correlation window changes. Furthermore, our
analysis examined both the minimum and maximum distances
of the codes under consideration, which could be highly
relevant for applications utilizing PN sequences and non-
coherent receivers.

APPENDIX A
ANALYSIS OF DISTANCE PROPERTIES FOR n ∈ {n′, n′′}

With reference to the notation introduced throughout the
paper, in this appendix we show in Tables 5–8 the exact
values of dmin, dmax, ∆ and δ, when the codeword length
n ∈ {n′, n′′}, for many primitive polynomials characterized
by degree between 7 and 14. In particular, coherent with
the notation introduced in Section II, the polynomial h(x) is
expressed in terms of its support.
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