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ABSTRACT We present a general-purpose, fast and computationally efficient numerical method to predict
the performance of filters based on electric-LC (ELC) resonators or split-ring resonators (SRR) in a very
large frequency range (i.e., 8–40 GHz). In particular, we tackle the problem arising from the design of
arrays of ELC/SRR-based resonators developed in a multi-layer dielectric stack under a coplanar waveguide
excitation. The intrinsic complexity of the analyzed structure (open, multi-layer, and with resonators) makes
it unpractical to rely exclusively on full-wave electromagnetic simulations. Furthermore, the presence of
multiple modes in propagation can lead to a quite difficult assessment of the optimal simulation conditions.
For all these reasons, we propose a method based on the cascade of scattering matrices for all the sub-
modules of the considered filters. We demonstrate the efficacy of the proposed numerical technique for a
good prediction of the high-frequency performance of the filters. The fabrication on silicon substrate of
structures integrating electric-LC resonators (for X band applications) or split-ring resonators (for Ka band
applications) serves the purpose of validating the presented method, with a very good agreement between
simulations and measurements.

INDEX TERMS Electromagnetic modeling, planar resonators, microwave filters, numerical analysis,
numerical modeling.

I. INTRODUCTION
In the current panorama of wireless communications, the
spectrum allocation assigns specific frequency ranges to dif-
ferent applications. In particular, the X, Ku, K, and Ka bands
covering the band 8.2–40 GHz are of great importance for
space communications, radar systems, terrestrial links, and
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for ISM 24 GHz telecommunications systems. A key aspect
is the development of devices that are complementary metal-
oxide-semiconductor (CMOS) compatible, as this ensures a
large-scale fabrication for high-volume commercialization.
Hence, the design, fabrication, and experimental character-
ization of silicon-based devices and components becomes
compelling.

In this scenario, split-ring resonators (SRR), electric-LC
(ELC) resonators, and their complementary designs have
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been used within planar transmission lines, such as coplanar
waveguides (CPWs) and microstrip lines, to improve the
performance of the microwave/millimeter-wave components
for broadband applications [1], [2], [3]. ELC resonators dis-
play high symmetry and a strong coupling with the electric
field, showing negative permittivity at resonance. On the
other hand, SRRs with two splits couple strongly with the
magnetic field, acting like a magnetic-LC resonator and
showing negative permeability at resonance [4], [5]. These
sub-wavelength resonator elements in combinationwith stubs
or gaps has been utilized to design different kinds of fil-
ters [6]. Such filters have been designed/optimized using
a variety of numerical, circuit, or commercial electromag-
netic simulators [7], [8], [9], [10]. These components can
be also used to obtain sub-wavelength elementary building
blocks (or ‘‘meta-atoms’’), which can be combined in a
periodic shape to obtain the so-called ‘‘metasurfaces’’ that
can be exploited to obtain ‘‘unusual’’ electromagnetic (EM)
properties, which are not to be found in natural materials
[11], [12]. Consequently, completely new applications in the
vast EM spectrum, from sensing, shielding, energy harvest-
ing, to wavefront shaping and beam steering [13], [14], [15],
[16], [17] are possible. Within this landscape of vast poten-
tialities, metasurface-based applications related to actual and
future wireless communication systems [18], [19], [20] have
emerged as promising candidates to realize new technological
paradigms also for the upcoming 6G networks [21], [22].

In this work, we propose an accurate and fast numeri-
cal method to assess the global behavior of high-frequency
silicon devices integrated with two-dimensional (2D) meta-
atoms, ELCs or SRRs, to create stop-band and high-pass
filters working from 8 up to 40 GHz. The use of CPW lines,
when loaded with 2D meta-atoms on a high-permittivity
substrate, gives rise to a huge complexity in analyzing the
resulting components with a three-dimensional (3D) EM sim-
ulation tool. The calculation time, even in a workstation,
can become unfeasible if one needs an accurate solution.
Moreover, as it will be shown in the following, the designer
must also consider multi-mode excitation in presence of thick
high-permittivity substrates, which further complicates the
analysis of the structures under test, especially if higher
ordermodes propagate besides the fundamental one. All these
issues will be tackled in depth throughout the paper, and the
final result is a general-purpose compact method to predict
the performance of the proposed filters in a timemuch shorter
than that necessary with a numerical commercial electro-
magnetic simulator, thus leaving space to a time-efficient
optimization.

The paper is organized as follows: first, we present the
theory upon which the proposed numerical approach relies,
together with the analysis of ELC or SRR-based filters on
silicon; then, we provide some details about the fabrication
of test structures for the validation of the numerical method;
last, a thorough comparison among the 3D EM simulations,
the optimized numerical simulations, and the experiments is
discussed to validate the initial hypothesis.

II. THEORY AND DESIGN
One of the issues in using 3D EM simulation tools for the
design of components integrating planar ELC/SRR-based
meta-atoms is the number of steps necessary to fulfil the
desired (expected) specifications, e.g., in terms of scattering
parameters. In fact, the number of simulations increases with
the number of geometrical parameters involved in the opti-
mization of the structure under study. In this respect, one
could use some numerical ‘‘tricks’’ to partially overcome
this problem. A possible choice is to define some equivalent
circuits of the meta-atoms contained in the structure, to derive
an overall equivalent circuit containing the dependence from
the geometric parameters [23]. Unfortunately, this approach
could not be efficient because the equivalent circuits are often
defined only in a very narrow bandwidth, for example near
a resonance, or they are not defined at all. A more efficient
strategy, which is precisely what we propose in this paper,
is based on the application of the microwave networks theory,
typical for closed structure: the overall device is subdivided
into a cascade of meta-atoms, whose scattering matrices are
derived using a numerical tool. With this approach, it is not
necessary to extract an equivalent circuit of the single meta-
atom over the whole analyzed band, which could be very
complex, especially if losses or a multi-mode propagation
must be taken into account. We need only the (N1 + N2) ×

(N1 +N2) scattering matrix S that represents the whole prop-
erty of the single device, with N1 input and N2 output ports
(modes), hence without the need to define a very complex
equivalent circuit.

The structures considered in this paper are based on
ELC/SRR meta-atoms developed in a multi-layer dielectric
stack under a CPW excitation. It should be noted that the
proposed approach is general-purpose and, hence, can be
applied to any other type of excitation, such as microstrip
or plane wave. The meta-atoms placed along the direction
of propagation of the EM field, let’s say z in our case, can
be analyzed by evaluating the scattering matrix S of each
meta-atom, seen as a discontinuity placed between two cross-
sections, corresponding to the input and output ports of this
discontinuity. If only the TEM mode is in propagation, as it
usually happens at frequencies that are not too high with
respect to the substrate thickness, the related S-matrix has
dimensions 2×2. The global representation of the cascade of
the meta-atoms can be obtained by cascading the scattering
matrices S of the single meta-atoms, in the hypothesis that
the interaction between evanescent higher order modes is
negligible. The S-matrix cascade, Sc, between two successive
2×2 S-matrices, let’s say Sa and Sb, is given by Sc = Sa∗Sb,
as follows [24, Ch. A.4]:

Sc11 = Sa11 +
Sa12S

a
21S

b
11

1 − Sa22S
b
11

(1)

Sc12 =
Sa12S

b
12

1 − Sa22S
b
11

(2)
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FIGURE 1. Geometry of the meta-atoms: (a) ELC; (b) SRR.

Sc21 =
Sa21S

b
21

1 − Sa22S
b
11

(3)

Sc22 = Sb22 +
Sa22S

b
21S

b
12

1 − Sa22S
b
11

. (4)

The S cascade drastically reduces the simulation time of
the overall device (made by many meta-atoms), with respect
to that required by any EM simulation tool based on some
numerical method in the time or frequency domain. In fact,
the S-matrix of each meta-atom is evaluated only once by
the EM simulation tool, while the optimization in terms
of distance between succesive meta-atoms can be made by
cascading the meta-atoms’ S-matrices by using a numeri-
cal software such as Mathematica, Matlab, Octave, etc. The
simulation time of the optimization process is surely shorter
than that required by the EM simulator for the overall device.
It should be noted that this approach is very adaptable. In fact,
if we are able to collect a database of meta-atoms with dif-
ferent geometries in terms of their S-matrices, we can satisfy
the requirements on the global S-matrix by means of a simple
mathematical technique that optimizes not only the distance
between the meta-atoms in the direction of propagation but
also different geometries for eachmeta-atom in the transverse
section.

This approach has been used in the optimization process
for closed waveguide devices but the question that arises is
the following: can it be applicable also to open waveguides
as well, e.g., coplanar- and microstrip-based structures? The
answer could be positive but some remarks must be done.
There are at least two problems to tackle in addressing this
fundamental issue:

1) it is not sure that the cascade of two S-matrices, each
one referring to an open structure, gives the correct
results, because the two devices, placed at a certain
distance along the direction of propagation of the EM
field, could interact by means of the power radiated
by each of them in a similar way to what happens for
higher order modes in closed waveguides.

2) The use of an EM simulation tool to characterize a
scattering matrix usually requires the definition of a
spatially limited port that must enclose the ‘‘main’’
part of the EM field. In an open waveguide the field
extends to infinity and an incorrect choice of the port
dimensions could introduce errors in the evaluation of
the scattering matrix.

FIGURE 2. Transverse section (not in scale) of the CPW.

The first problem could be solved by placing at a proper
longitudinal distance two successive meta-atoms, for exam-
ple the pairs of SRRs or ELCs shown in Fig. 1a-1b, or other
metasurface-like devices. Unfortunately, it is not possible to
establish ‘‘a priori’’ a minimum distance because we cannot
represent the radiated power as ‘‘higher order modes’’ but as
a continuous spectrum of radiated waves, as usually occurs
in open dielectric waveguide [25, Ch. 14] and we cannot
evaluate a decay law for the radiated power permitting us
to define such minimal distance between the meta-atoms.
Hence, even if we cannot extract an equation for the mini-
mal distance between two successive meta-atoms to be sure
that the simulations with the cascade approach give a very
good approximation, we can obtain a thumb rule in terms of
wavelength, which ensures that an optimization process on
the distance and/or number of the meta-atoms, based on the
cascade approach, can be a winning strategy, thus validating
the initial hypothesis. Even in presence of multi-mode prop-
agation in the CPW, for example due to a thick substrate, the
cascade approach is still valid to obtain a fair prediction of
the global results, as it will be demonstrated in the following
results.

The second problem is more complex and it is strictly
related to the geometry of the device under test, which is
supposed to be realized in coplanar waveguide, whose cross-
section is shown in Fig. 2, where Si indicates the silicon
substrate and SiO2 a thin layer of silicon oxide thermally
grown on the Si wafer. For example, noticeable differences
can be observed in the suitable ports defined in the following
two situations: a pair of ELCs/SRRs (symmetric with respect
to the z axis) is placed (i) either in the back plane of a multi-
layer structure, as in Fig. 3a, (ii) or in the plane of the CPW,
between the signal line and the ground plane(s), as shown in
Fig. 3b-3c. The differences are related to the device under test
(DUT), the frequency range we are considering, the distance
between the ground and line conductors, and the substrate
thickness.

A careful analysis of the definition of the ports and of the
number of modes taken into account must be done to obtain
a reliable scattering matrix of the DUT. In fact, it should be
recalled that the evaluation of an S-matrix with a numerical
tool requires the use of spatially limited ports within a contour
path, i.e. the ‘‘waveguide port’’ shown in Fig. 2, with proper
enforcing boundary conditions that are used to evaluate the
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FIGURE 3. Meta-atom based filters in coplanar waveguide technology: (a) SRR bottom placement; (b)-(c) ELC/SRR top placement.

FIGURE 4. Transverse electric field in a CPW delimited by a ‘‘numerical’’
waveguide port: (a) Quasi-TEM mode and (b) ‘‘numerical’’ mode. The line
and ground conductors are highlighted in yellow.

modes associated to that port. This spatial limitation is in
contrast with the ‘‘nature’’ of the CPW that is an open
waveguide. Hence, the dimensions of the port must ensure
at the same time (a) a very low intensity of the EM field
along the contour path of the port, and (b) that no fictitious
(‘‘numerical’’) higher order modes start propagating in the
frequency range of interest due to the dimensions of the port.
The transverse electric field distribution of a ‘‘numerical’’
mode is shown in Fig. 4 together with the ‘‘true’’ Quasi-
TEM mode. The presence of the fictitious mode is due to
the choice of a too wide lateral dimension of the port. The
actual guided modes of an open waveguide, as the CPW, are
characterized by one, or more, maxima of the electromag-
netic field always confined within the dielectric, as shown in
Fig. 4a for the ‘‘true’’ Quasi-TEM mode, and never in the air
surrounding the dielectric substrate [25, Ch. 14]. On the other
hand, the ‘‘numerical’’ mode is characterized by the presence
of a stationary wave with maxima of the electromagnetic
field outside the substrate related to the choice of a too wide
lateral dimension of the port, as shown in Fig. 4b. Hence, the
presence of ‘‘numerical’’ modes must be avoided by a proper
choice of the waveguide port dimensions.

In the following sub-sections, we will analyze the different
problems that can arise in the design of filters by choosing dif-
ferent meta-atoms (ELCs or SRRs), changing their placement
on the dielectric bulk substrate, and analyzing also the effect
of the frequency band with respect to the bulk thickness.

The chosen filters are shown in Fig. 3a-3c and they have
been simulated using CST Microwave Studio® but the pro-
posed method is valid for any other 3D EM tool using
a time or frequency domain approach (such as HFSS®,
COMSOL®, etc.).

A. SRRs IN THE BOTTOM PLANE
For the filter shown in Fig. 3a, where the pair of SRRs is
placed in the bottom surface, the overall S-matrix is obtained
with the cascade of five blocks: S tot = SSRR ∗ Sδz2 ∗ SSRR ∗

Sδz2 ∗ SSRR. SSRR is the S-matrix of the pair of SRRs and
Sδz2 is the S-matrix of an unperturbed CPW with length
δz2. Being the EM field configuration of the CPW always
the same along the direction of propagation, both scattering
matrices are referred to the same kind of port, defined in
the transverse plane as a rectangle, symmetrically placed
with respect to the z-axis, as shown in Fig. 2, confining as
much as possible the EM field. This last condition can be
met considering the horizontal dimension of the rectangle
equal to wcpw

port = kcpwx (wline + 2wgap), with 3 ≤ kcpwx ≤

5. SSRR is calculated with CST while Sδz2 is characterized
by the propagation constant of the fundamental Quasi-TEM
mode βTEM , evaluated with respect to the previously defined
waveguide ports. For example, setting δz2 = z3 − z2 for the
section between z2 and z3 in Fig. 3a, we can write

Sδz2 =

[
0 e−jβTEM δz2

e−jβTEM δz2 0

]
. (5)

The propagation constant βTEM can be also extracted with
CST and used to evaluate Sδz2 as in (5). Consequently, for this
case, the calculation of the global S-matrix is simple: since all
scattering matrices refer to the same DUT depicted in Fig. 3
with identical meta-atoms, only one evaluation must be done
with CST, i.e., the pair of SRRs placed between z1 and z2.
The proposed approach has been applied to the case of

pairs of SRRs placed in the bottom plane with hSi =

0.25, hSiO2 = 0.0003, hgold = 0.0005,wline = 0.3,wgap =

0.19, d = 0.25,wbulk = 7.74, gSRR = 0.1, tSRR =

0.02,w1
SRR = 1.03, w2

SRR = 0.79 (all dimensions are in
millimeter throughout the paper), εr,Si = 11.9, σSi = 0.01
S/m, and εr,SiO2 = 3.7. It has to be stressed here that in all the
analyzed structures, the bulk substrate has been considered
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FIGURE 5.
∣∣S11

∣∣ and
∣∣S21

∣∣ for three bottom pairs of SRRs, as shown in the inset or enlarged in Fig. 3a. Black lines refer to the cascade of the S-matrices
and red lines refer to the CST simulations for the whole structure, for various z-distances, δz2, between pairs of SRRs.

in the simulations as if it were of finite width. The scattering
parameters SSRR for one bottom pair of SRRs have been
evaluated with CST and the interested reader can found them
in Appendix A, Fig. 19. They are used to evaluate the global
S-matrix for a combination of two bottom pairs of SRRs
placed at a variable distances δz2 to evaluate the minimum
distance that ensures a good comparison between the cascade
approach and the global CST evaluation. An initial choice
could be to set δz2 equal to a fraction of the wavelength
of the Quasi-TEM mode evaluated at the resonance of the
pairs of SRRs, say λres, that occurs, in our case, at about
30.2 GHz (Fig. 19): λres ≈ 4 mm. If we choose δz2

λres
=

0.1, 0.2, 0.3, . . ., we can compare the results obtained with
CST and the cascade approach. From those evaluations, not
reported here for brevity, we have set the minimum distance
to δz2/λres = 0.25, corresponding to δz2 = 1 mm. Now we
can apply the minimum distance to more complex structures
with more pairs of SRRs, just three as shown in Fig. 3. The
results obtained with the cascade of SSRR and Sδz2 are shown
in Fig. 5 for δz2 = 1, 2, 3 mm and they are compared with
the S parameters derived with a global evaluation of the
corresponding structure with CST. The comparison is very
good apart from a minimal difference in the upper part of the
considered frequency range, where the effect of the radiating
spectrum could appear. Moreover, the comparison is very
good also for values of δz2 > 3 mm, not reported here for
brevity. It should be noted that the analyzed filter and the
obtained minimum distance can be used to ‘‘rescale’’ the
filter geometry to analyze a similar structure in a different
bandwidth. For example, if we ‘‘rescale’’ the geometry of
the filter by a factor 3 (i.e. all dimensions are multiplied
by 3), we obtain a pair of SRRs resonating at about 10 GHz.

TABLE 1. Run time comparison for three bottom pairs of SRRs.

If we choose the same relative minimum distance
δz2/λres = 0.25 at 10 GHz (δz2 ≈ 3.04 mm), we obtain again
that the cascade approach yields to numerical results that are
in a very good comparison with those obtained by a global
simulation with CST.

The global run time for the cascade approach and the CST
simulations are shown in Tab. 1. It is quite clear that the main
run time in the cascade approach is the simulation of the
S-matrix SSRR of one pair of SRRs alone (1h 35m), while
the run time to obtain each sub-figure of Fig. 5 is about 3s
by using a self-developed code in Wolfram Mathematica
.
On the contrary, the simulation with CST of each case of the
same figure requires more than 6h. Hence, it its evident that
the cascade approach can be an efficient and fast numerical
approach in the optimization of a filter based on pairs of SRRs
placed on the back of the substrate. In fact, any optimization
process requires tens of simulations that can be very time-
consuming if performed with an electromagnetic simulator.
In the proposed cascade approach, the main (and only) time-
consuming step is just the evaluation of the S-matrix of the
meta-atom (first row of Tab. 1).
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FIGURE 6.
∣∣S11

∣∣ and
∣∣S21

∣∣ comparison between cascade approach and CST evaluations for the double taper structure shown in the inset or enlarged in
Fig. 3b, by varying the length Lch of the channel.

B. ELCs IN THE TOP PLANE FOR X AND KU
BAND APPLICATIONS
For the filter shown in Fig. 3b, the ELC meta-atoms have
been chosen and placed on the top plane. This arrangement
requires that the CPW gap is enlarged to permit the insertion
of the meta-atoms.

The analysis of this geometry requires the use of seven
cascading blocks and the global S-matrix is given by (see
Fig. 3b): S tot = S taperop ∗ Sδz1 ∗ SELC ∗ Sδz2 ∗ SELC ∗ Sδz1 ∗

S tapercl . However, only three matrices have to be calculated:

S taperop , SELC, Sδz2 . In fact, the matrix S tapercl of the ‘‘closing’’
taper between z7 and z8 is the reverse of the‘‘opening’’ taper
matrix, S taperop , between z1 and z2, for they are geometrically
symmetric blocks. Its values can be easily obtained inverting
the order of ports of the S taperop matrix.
The main problem is that in this case the S-matrices refer

to two different types of ports, the first being defined at
z = 0 (or z = z1) and the second at z = z2. In both cases,
as seen in the previous section, the horizontal dimension of
the rectangular port depends on the width of the CPW signal
line wline and on the width of the gap wgap. But, while the size
wcpw
port = kcpwx (wline + 2wgap) with 3 ≤ kcpwx ≤ 5 guarantees

the propagation of the fundamental mode only and at the
same time the confinement of the whole field within it, the
size of the second port wtaper

port = k taperx (wline + 2wtaper) with
3 ≤ k taperx ≤ 5 can become so large that ‘‘numerical’’ higher
modes can appear. The propagation of the sole Quasi-TEM
mode is strictly related to the height of the dielectric substrate
with respect to the considered frequency range. If the height
of the substrate is sufficient to ensure propagation of higher
order modes, the choice of the port dimensions becomes
more decisive, as will be discussed in the next subsection.

Hence, the definition of the port dimensions is crucial to
obtain correct results from the physical point of view.

As an example of the application of the previous approach,
let us consider the structure shown in Fig. 3b working in
the frequency range 8–18 GHz (X and Ku bands). Referring
to Fig. 1a for the ELC and to Fig. 3b for the device, the
analyzed structure has the following dimensions: wline =

0.3,wgap = 0.19,wtaper = 2.34,Ltaper = 0.85,wbulk =

7.74, hSi = 0.525,wELC = 1.55, tELC = 0.15, gELC = 0.15,

and d = 0.275. We must evaluate S taperop , which is comprised
between two sections with two different port sizes. If we
consider for both ports a horizontal ratio kcpwx = k taperx = 4,
the frequency band and the height of the substrate ensure
the propagation of the fundamental mode only without any
‘‘numerical’’ mode. For this case, we can evaluate with CST
the S-matrices S taperop and SELC without any problem, being the
size of the ports at z = z1, z2, z3, z4 well defined to ensure
a correct representation of the Quasi-TEM mode behavior.
The interested reader can found the plot of the S parameters
of the opening taper, S taperop , and of one pair of ELCs, SELC,
in Appendix B, Figs. 20a and 20b.

The evaluated S taperop is at first used to simulate the structure
shown in Fig. 3b without the ELC resonators (see the inset
in Fig. 6a) by varying the length of the channel Lch between
the ‘‘opening’’ and ‘‘closing’’ tapers, to verify the correct-
ness of the cascade approach. The comparison between the
scattering parameters obtained with the cascade approach and
the simulation of the overall structure with CST is shown
in Fig. 6. The agreement seems very good, except for very
small values of the channel length, Lch, where the effect
of coupling between evanescent higher order modes can be
appreciable.
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FIGURE 7.
∣∣S11

∣∣ and
∣∣S21

∣∣ comparison between cascade approach and CST evaluations for the structure shown in the inset or enlarged in Fig. 3b, with
δz1 = 5 mm and two pairs of ELCs, by varying the space δz2 between them.

The evaluated S taperop and SELC are used in the cascade of
scattering matrices to obtain the global scattering matrix for
a combination of two pairs of ELCs with δz1 = 5 mm and by
varying the distance δz2 = 3, 6, 9 mm between the pairs of
ELCs (see the inset in Fig. 7 or Fig. 3b). The corresponding
results are shown in Fig. 7 (dashed red lines) and they are
compared with the global scattering parameters obtained by
a direct evaluation of the corresponding global structure with
CST (solid black line). The comparison is very good apart
from a minimal mismatch in the |S11| resonances. From the
results shown in Fig. 7, we can assume that a very good com-
parison is obtained at just δz2 = 3 mm. Hence, the minimum
distance between the pairs of ELCs ensuring that the cascade
approach is a winning strategy in an optimization process
for this kind of filter can be set to δz2/λres = 0.34 at the
resonant frequency of one pair of ELCs, i.e. about 13.4 GHz
(Fig. 20b). The run time required with the cascade approach
and the CST simulations is shown in Tab. 2. The main run
time for the cascade approach is due to the evaluation of
S taperop and SELC with CST, while the run time for each cascade
is negligible. The minimum time required by a CST direct
evaluation of each case discussed in Fig. 7 is about 2h (the
run time of the first two rows in Tab. 2 refers to the cascade
approach only and they must not to be taken into account
in a direct evaluation with CST of Fig. 7a-c). It is evident
that the cascade approach exhibits a good performance in
terms of run time if applied to an optimization process of
the distance between two, or more, pairs of ELCs, which
requires at least tens of simulations, each of ones performed in
about 3 s.

However, a major problem can arise when going up in
frequency, as we will explain in the next subsection II-C.

TABLE 2. Run time comparison for the structure with two ELC
resonators (Fig. 7).

C. SRRs IN THE TOP PLANE FOR KA BAND APPLICATIONS
We have chosen to analyze in the Ka band the presence of
proper designed pairs of SRRs in the top plane, replacing the
pairs of ELCs with pairs of SRRs and placing an abrupt step
in place of the taper, as shown in Fig. 3c. The SRRs have the
same dimensions as the bottom case discussed in Section II-
A except for wstep = 1.32 mm. The overall scattering matrix
for this case is S tot = Sstepop ∗ Sδz1 ∗ SSRR ∗ Sδz2 ∗ SSRR ∗

Sδz2 ∗ SSRR ∗ Sδz1 ∗ Sstepcl , where Sstepop is the scattering matrix
of the ‘‘opening’’ step, Sstepcl for the ‘‘closing’’ step, obtained
by inverting the port of Sstepop and SSRR that for the pairs of
SRRs.

Two ports with different dimensions can be found at z = 0
and z = z+1 , but the analyzed frequency band suggests to
perform a modal analysis of both ports. Three actual (not
‘‘numerical’’) higher order modes, in addition to the Quasi-
TEM fundamental mode, are propagating in the large CPW
at z = z1 with the previous dimensions in the chosen fre-
quency band. The modal analysis of the higher order modes
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FIGURE 8. Definition of the regions of the transverse section used in the
EDC analysis for the large CPW at z = z1 in the filter shown in Fig. 3c.

FIGURE 9. Effective dielectric constant εr,eff of the higher order modes for
the large CPW obtained by the EDC method.

propagating in this structure can be done by considering three
different dielectric regions (along the vertical direction) in the
large CPW as shown in Fig. 8 [26]:

1) a dielectric slab with thickness hbulk in the region under
the signal line (|x| < wline/2) and under the ground
planes (wline/2 + wstep < |x| < wbulk/2), which is
equivalent to a symmetric slab (along y) with thickness
2hbulk with an electric wall in the symmetry plane.
In fact, with a good approximation we can assume that
the metal effectively used for the prototypes (i.e., gold)
is equivalent to a perfect conductor acting as a ‘‘mirror’’
that doubles the structure (according to the well-known
‘‘Method of Images’’).

2) A symmetric (along y) dielectric slab with thickness
hbulk in the region comprised between the signal line
and the ground planes (wline/2 < |x| < wline/2+wstep).

3) The air surrounding the structure, external to the lateral
dimensions of the bulk (|x| > wbulk/2).

In the previous description, we have simplified the struc-
ture in the y direction as the SiO2 layer was missing, since its
thickness (between 300 and 500 nm) is much smaller than the
thickness of the Si substrate (i.e., 0.525 mm).

Considering z as the direction of propagation of the waves,
the structure presents a double confinement for the EM field
on the transverse plane. In order to better understand the
effects of this confinement on the higher order modes and
their coupling with the fundamental Quasi-TEM mode, the
guided modes have been analyzed following the classical
approach based on the Effective Dielectric Constant (EDC)
method as in [27], which is not exactly rigorous but allows to
correctly understand the modal behavior in the entire cross-
section. In fact, in the EDC approach the fields are supposed

FIGURE 10. Variation of εr,eff of the 1st (dashed lines with markers) and
3rd (solid lines with markers) mode by increasing the vertical (hstep

port)
dimension of the modal port in CST, compared to the values obtained
from EDC (black and red solid lines).

FIGURE 11. Effective dielectric constant εr,eff of the higher order modes
for the large CPW obtained with CST, setting kstep

x = 4, kstep
y = 1.8.

to have only five components and the guiding effects in the y
and x directions are analyzed in two successive steps.

Following the EDC method, the propagation constants of
the higher order propagating modes, and consequently their
effective dielectric constant values εr,eff, are evaluated. The
obtained εr,eff is shown in Fig. 9, from which we can see that
in the analyzed frequency range three higher order modes
appear, one of them always propagating and the others with
cutoff at about 29 and 39 GHz.

The presence of such higher modes poses another question
about the choice of the dimensions of the waveguide ports
used in CST for the evaluation of the scattering matrix.
To understand how the choice of the horizontal and vertical
port dimensions could change the values of the modal prop-
agation constant, a parametric analysis has been performed.
To establish a relation between the height of the CST port
and the distance between ground and line conductors as done
for the horizontal dimension, we can set hstepport = hbulk +

kstepy (wline+2wstep). The effective dielectric constant εr,eff for
the first and third mode is shown in Fig. 10 by varying the
height of the port (kstepy = 1, 1.2, 1.4, 1.6, 1.8) and fixing its
width. The second mode is not reported to keep the figure
readable. The frequency range has been enlarged to better
understand the behavior of the simulations carried out with
CST.

From Fig. 10, it is clear that increasing the height of the
port, the values obtained with CST tend to those obtained by
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FIGURE 12.
∣∣S11

∣∣ and
∣∣S21

∣∣ comparison between cascade approach and CST evaluations for the double step without SRRs shown in the inset or enlarged
in Fig. 3c, by varying the length Lch of the channel and the number of modes considered in the cascade approach (red, blue, green, magenta: 1, 2, 3 or
4 modes, respectively).

the EDC method for εr,eff > 1 (the EDC values are shown
with solid black and red lines).

We can choose a value of about kstepy = 1.8 to obtain a
good comparison in the analyzed band 26–40 GHz of our
final simulations. Increasing kstepy to higher values, a better
agreement can be obtained, but too high values of kstepy cause
the propagation of ‘‘numerical’’ and unreal modes related
only to the presence of the boundaries around the CST port.
A similar parametric evaluation can be done for the width of
the port and a value of kstepx = 4 can be chosen to obtain a
good comparison between EDC and CST values, as can be
seen from Fig. 9 and Fig. 11, where εr,eff obtained with CST
is shown for the three higher order modes.

The main difference is related to the value of the frequency
cutoff obtained with CST and the EDC method. In fact,
it should be recalled that the actual CPW under study is an
open waveguide. Hence, apart from the Quasi-TEM mode,
the higher order modes must satisfy the guiding condition for
an open waveguide: k0 ≤ β ≤ k0

√
εr, bulk or 1 ≤ εr,eff ≤

εr, bulk [25, Ch. 14].
On the contrary, the higher order modes obtained with CST

are related to the spatial limitations of the port boundary that
implies the presence of enforcing boundary conditions typical
of closed waveguides. For such structures, any higher order
modes must satisfy 0 ≤ β ≤ k0

√
εr, bulk or 0 ≤ εr,eff ≤

εr, bulk [28, Ch. 6]. Hence, there is a range of frequencies
from the cutoff frequency of the CST mode to the actual
cutoff frequency of the same mode in the dielectric open
waveguide where the numerical approach of CST does not
well reproduce the actual behavior of the EM field. On the
other hand, another choice is not possible in CST and we
need to maintain this discrepancy in this band. Comparing

Fig. 9 with Fig. 11, the frequency ranges where this discrep-
ancy appears are about 27.7–33 GHz for the 2nd mode and
29.9–39.5 GHz for the 3rd mode.
The same analysis has been applied also to the input port

at z = 0 of Fig. 3c. In this case, only the Quasi-TEM mode is
propagating because of the reduced distance between ground
and line conductors.

In order to test the effects of the higher order modes,
we have simulated the cascade of two steps as shown in the
inset of Fig. 12 (or in Fig. 3c without SRRs), varying the
distance Lch between the steps and the number of modes
traveling in the large CPW, by cascading the S-matrices of the
‘‘opening’’ and ‘‘closing’’ steps together with the phase shift
due to the channel length Lch: Sdstep = Sstepop ∗ SLch ∗ Sstepcl .
The cascade formula (1)-(4) must be upgraded to the case of
multi-mode structure.

If we consider a generic reciprocal device with N1 input
andN2 output modes, its scattering matrix can be divided into
sub-blocks, as follows [24, Ch. A.4]:

Sa =


[
Sa11

]
N1×N1

[
Sa12

]
N1×N2[

Sa12
]T
N2×N1

[
Sa22

]
N2×N2

 . (6)

In (6) T stands for transpose matrix. The global scattering
matrix obtained with the cascade of the previous device with
a second device characterized by the Sb matrix, with N2 input
and N3 output modes, is Sc = Sa ∗ Sb with[
Sc11

]
N1×N1

=
[
Sa11

]
N1×N1

+
[
Sa12

]
N1×N2

·

[
Sb11

]
N2×N2

·

· 1N2×N2 ·
[
Sa12

]T
N2×N1

(7)[
Sc12

]
N1×N3

=

[
Sb12

]
N3×N2

· 1N2×N2 ·
[
Sa12

]
N2×N1

(8)
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FIGURE 13.
∣∣S11

∣∣ and
∣∣S21

∣∣ for the structure with only one pair of SRRs shown in the inset or enlarged in Fig. 3c by varying the number of modes
considered in the large CPW and the distance δz1 between the SRRs and the steps. The numerical evaluations are obtained either with the cascade
approach (magenta, red, blue: 1, 2, or 3 modes, respectively) or with CST (black solid lines).

[
Sc22

]
N3×N3

=

[
Sb22

]
N3×N3

+

[
Sb12

]T
N3×N2

· 1N2×N2

·
[
Sa22

]
N2×N2

·

[
Sb12

]
N2×N3

(9)

1N2×N2 =

{
[I ]N2×N2 −

[
Sa22

]
N2×N2

·

[
Sb11

]
N2×N2

}−1

.

(10)[
Saij

]
,
[
Sbij

]
,
[
Scij

]
are the sub-blocks ofmatrices Sa, Sb, Sc

as in (6). [I ] and · stand for identity matrix and for matrix
multiplication, respectively. Finally, exponent −1 stands for
matrix inversion.

Following the previous discussion about the presence of
higher order modes in the large CPW, we have evaluated
the scattering parameters for the ‘‘opening’’ step at z = z1,
Sstepop , in Fig. 3c, by considering four modes at the output
section. The interested reader can found the plots of Sstepop
in Appendix C, Fig. 21. By applying the matrix cascade
(7)-(10), we can obtain the scattering parameters of the dou-
ble stepwithout SRRs, namely Sdstep. The obtained results are
shown in Fig. 12. In these figures, the scattering parameters
of the double step have been obtained by considering only the

fundamental mode in the large CPW (red line with markers)
or adding one higher mode at a time for a total of two (blue
line with markers), three (green line with markers), and four
(magenta line with markers) modes. Moreover, the results are
compared with those obtained by the simulation of the overall
double step calculated with CST (black line).

It is evident that the presence of theQuasi TEMmode alone
(red lines) does not give correct results for any value of the
channel length, if compared with respect to the CST simu-
lations of the overall double step (black lines). Adding the
first higher order mode (blue lines), the results becomes more
accurate for channel length greater than 3-4 mm, especially
for |S11|. The results are in good agreement also for |S21|,
starting from Lch = 6 mm. We can also observe that the
presence of the fourth mode (magenta lines) is quite useless
for not too short channel, being very small the difference
with respect to the case of only three modes. Hence, in the
following we will consider the presence of only three modes
in the large CPW. Finally, it should be noted a not perfect
agreement in the higher part of the band for |S21|. Probably,
this is due to some radiation effect that cannot be taken into
account in the approach based on the cascade of S-matrices.
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FIGURE 14.
∣∣S11

∣∣ and
∣∣S21

∣∣ for the structure with three pairs of SRRs shown in the inset or enlarged in Fig. 3c varying the distance δz2 between them and
setting δz1 = 2 mm. The numerical evaluations are obtained either with the cascade approach (magenta, red, blue: 1, 2, or 3 modes, respectively) or with
CST (black solid lines).

TABLE 3. Run time comparison for the structure with one pair of SRRs
resonators (Fig. 13).

At this point, we can analyze the complete structure shown
in Fig. 3c. To this aim, we need the multi-mode scattering
parameters of one pair of SRRs in the large CPW that can
be evaluated with CST with large ports (as previously dis-
cussed). The interested reader can found the plots of SSRR in
Appendix D, Fig. 22, for three input and three output modes.

The S parameters for the global structure containing only
one pair of SRRs are shown in Fig. 13 by varying the number
of modes considered in the large CPW and the distance δz1
between the abrupt step and the pair of SRRs. By choosing
three modes in the large CPW, the comparison seems good
for the reflection coefficient and shows some differences in
the transmission especially for the case when the SRR is very
close to the abrupt step, where a strong interaction occurs
between the ‘‘opening’’ step, the SRR, and the ‘‘closing’’
step. However, the cascade approach seems to be a good
chance to obtain a reliable yet fast prediction of the behavior
of the overall structure even in the presence of a multi-
mode propagation. The run-time of the cascade approach is

TABLE 4. Run time comparison for the structure with three pairs of SRRs
resonators (Fig. 14 ).

discussed in Tab. 3. In this case, the global time to obtain the
data for the plots in Fig. 13 is greater than the direct evaluation
with CST, but it should be noted that the simulation of any
other configuration based on the same blocks requires only
3s against at least two hours with CST, making the cascade
approach faster than the direct evaluation with CST.

Similarly, a case with three pairs of SRRs has been ana-
lyzed and the corresponding S parameters are shown in
Fig. 14 by setting δz1 = 2 mm, varying the distance δz2
between the pairs of SRRs and the number of modes. The
comparison between the S parameters obtained with the cas-
cade approach (with three modes) and the direct simulation
of the global structure with CST are in good agreement, once
we choose the right number of modes for the large CPW.

It should be noted that with the cascade approach we
have obtained also the data for Fig. 14 at the cost of a few
seconds (Sstepop and SSRR are the same for Figs. 13 and 14),
while 13 hours are needed with CST, as shown in Tab. 4.
Hence, the proposed method seems to be a winning strategy
in the optimization process of complex structures from the
EM point of view.
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FIGURE 15.
∣∣S11

∣∣ and
∣∣S21

∣∣ for the structure with three pairs of SRRs shown in the inset or enlarged in Fig. 3c varying the thickness of the bulk substrate
and the number of propagating modes either with cascade approach or with CST, setting δz1 = 1 mm, δz2 = 2 mm.

FIGURE 16. (a) Fabricated filter based on top-plane ELCs; (b)-(c) comparison between numerical and experimental results for
∣∣S11

∣∣ and
∣∣S21

∣∣; (d)
comparison between losses for numerical and experimental results.

As a last numerical example, to emphasize the importance
of taking into account the higher order modes, it can be
considered the effect of the height of the dielectric beneath
the conductor (hbulk = 0, 0.25, 0.525 mm) in a device with
three pairs of SRRs as the previous ones. The first case
(hbulk = 0 mm) is somehow ideal, where the coplanar is
suspended in air with the pure TEM mode only propagating
in the considered band. The results are shown in Fig. 16
and it is evident that propagation of higher order modes and
their effects in the evaluation of the global scattering matrix
are strictly related to the thickness of the substrate. In fact,
only one mode can be used for a substrate thickness of up to
0.25 mm to obtain excellent agreement, while three modes

must be taken into account to obtain a good comparison for
higher values of substrate thickness.

III. EXPERIMENTAL RESULTS
A. FABRICATION
All the proposed filters weremanufactured on high-resistivity
silicon (HRSi) 4-inch wafers (resistivity ρ ∼ 10000 � · cm,
<100> orientation). The first step was the thermal oxida-
tion to create a thin layer (about 500 nm) of SiO2. The
fabrication process involved the use of one single mask
for metal patterning by a lift-off process. For lithography,
a double-layer photoresist technique was used: the first
one was a LOR-type resist, and the second was AZ 5214.
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FIGURE 17. Fabricated filters based on top-plane SRRs: (a) whole wafer;
(b) detail with a SRR.

The metallization (gold) of the filters, with a total thick-
ness of about 300 nm, was performed by e-beam evapora-
tion. It is apparent that the manufacturing of the proposed
DUTs is based on well-developed steps, suitable for CMOS-
compatible technology and, hence, large-scale production.
In fact, tens of filters were fabricated, with repeatable per-
formance and the almost absence of defects.

B. ELCs IN THE TOP PLANE
We have fabricated the ELC-based filter shown in Fig. 16a
characterized by a taper with the same dimensions as in
Sec. II-B, with δz1 = 1.325 mm and δz2 = 2.85 mm.
The filter has a stop-band behavior between 8 and 18 GHz,
with a minimum of transmission around 13 GHz. The com-
parison among the cascade approach, the overall simulation
with CST [10], and the experimental results are shown in
Fig. 16b-16c. The numerical results show that the cascade
approach is a very good approximation of the overall sim-
ulation made with CST, exhibiting only a little shift in the
resonant frequencies, while the amplitudes of |S11| and |S21|
are very similar. The differences between numerical and
experimental results are principally related to the presence of
higher losses in the experimental results, as shown in Fig. 16d
where the power loss relative to 1 Watt is reported. Losses
are likely due to several factors, like the contact resistance
between the probe tips and the CPW, the tolerances in the
electrical characteristics of the silicon substrate, the type of
support (i.e., dielectric or metallic) on which the devices
were measured, and most of all the radiation losses coming
from the interactions between the fundamental mode and the
radiating modes excited by the ELCRs.

C. SRRs IN THE TOP PLANE
The fabricated SRR-based filters shown in Fig. 17a-17b are
characterized by an abrupt step and a variable number of
pairs of SRRs (from 2 to 5 pairs), with the same dimensions
as in Sec. II-C and δz1 = 1 mm and δz2 = 0.8 mm. The
filters exhibit a high-pass behavior between 26 and 40 GHz,
with a minimum of reflection between 36 and 37 GHz. The
comparison among the cascade approach, the overall sim-
ulation with CST, and the experimental results are shown
in Fig. 18. The numerical results show that the cascade
approach (solid red lines) represents a good approximation
of the complete CST simulations (solid black lines) for all

the filters under consideration, especially for the reflection
coefficient in the lower part of the considered band, and the
agreement improves for pairs of SRRs not too close to the
‘‘opening’’ and ‘‘closing’’ steps. However, the minima of
|S11| are very similar. The selected DUTs were those shown
in Fig. Fig. 3b and Fig. 3c, as they can be measured on
wafer in a straightforward way with standard probe tips for
CPW structures, i.e., by putting the DUTs on any dielectric or
metallic support. On the contrary, the filters of Fig. 3a require
amore complicatedmeasurement setup, since themeta-atoms
are placed in the back side of the silicon substrate, meaning
that any type of material in contact with them and other
than air would strongly affect the propagation characteristics
coming from the SRRs.

The comparison between the numerical (cascade or CST,
red and black respectively) and the experimental results (solid
blue lines) shows a good agreement in the reflection coef-
ficient with a little shift of the resonant frequency, while
some differences appear in the amplitudes of the transmission
coefficient. These differences between numerical and experi-
mental results are principally related to the presence of higher
losses in the experimental results (contact resistance, actual
losses of the substrate, radiation loss by radiating modes).
Moreover, the experimental results have been obtained by
placing the DUT on a PVC block, several centimeters thick,
to ensure mechanical stability and a good alignment with
respect to the probe tips for on-wafer measurements. For
this reason, we have also simulated with CST the presence
of such PVC substrate under the DUT, obtaining the results
shown with solid green lines in Fig. 18. The numerical results
obtained with CST with the presence of the PVC under the
filters (green lines) show that the resonant frequency for
|S11| moves toward lower frequencies with respect to the
same results obtained with CST without the PVC (black
lines). It can be seen that the experimental reflection resonant
frequency is always between the corresponding resonances
obtained in the numerical evaluations with air or PVC under
the filters. Hence, we can assert that the presence of the PVC
under the filters is able to change the position of the reflection
resonant frequency. Moreover, the dielectric constant of the
PVC used in the CST simulations has been chosen as a
typical value (about 2.1), but we are not sure that the relative
permittivity of the real PVC block attains that value. Anyway,
we can expect that experimental and theoretical results can
exhibit a very good agreement once the actual PVC dielectric
constant is available and used in the numerical simulations.
On the other hand, a correct evaluation of the PVC relative
permittivity is out of the scope for this paper. Hence, we can
conclude that the presence of the PVC in the experimental
set up introduces uncertainties in the numerical simulations
due to the not perfect knowledge of its dielectric constant to
be used in CST. The numerical uncertainties can be lowered
by simulating the same filter in the two opposite conditions
(with and without the PVC under the filter), thus being almost
sure that the experimental results will be between these two
limiting cases.
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FIGURE 18.
∣∣S11

∣∣ and
∣∣S21

∣∣ for the fabricated SRR-based filters shown in Fig. 17 by varying the number of pairs of SRRs: (a) 2 pairs; (b) 3 pairs; (c) 4 pairs;
(d) 5 pairs.

IV. CONCLUSION
In this paper, a general-purpose numerical procedure has
been proposed and deeply analyzed to obtain a reliable pre-
diction of the scattering parameters of CMOS-compatible
ELC or SRR-based filters working in the X, Ku, K, and
Ka bands. Each filter is an array of resonant meta-atoms in
coplanar waveguide technology, obtained by cascading the
scattering matrix of each block contained in the filter under
study. The numerical analysis has proved that the results are
excellent for structures where the fundamental TEM mode
is propagating alone and that the approach could be a win-
ning strategy to drastically reduce the computation time with
respect to 3D EM simulations, which need to analyze the
entire structure for each parametric evaluation. The proposed
approach can be applied also to the case when higher order
modes are propagating, thus giving a good prediction of
the actual behavior with an acceptable margin of error due
to unavoidable approximations. In this case, a preliminary
modal analysis based on the application of the EDC method
could be helpful to set the correct dimensions of the port used
by the EM simulator. The final comparisons with the experi-
mental results have shown that, apart from some experimental
uncertainties, the cascade approach can be a good chance to
develop a general-purpose and fast numerical procedure in

the parametric study of complex passive devices with multi-
mode propagation characteristics.

APPENDIX A
EVALUATION OF THE S-MATRIX FOR ONE PAIR OF
SRRs IN THE BOTTOM PLANE
Referring to the inset in Fig. 19 or to Fig. 3a, the scat-
tering parameters for the S-matrix for one pair of SRRs
in the bottom plane are shown in Fig. 19. It should be
noted the reflection properties of one pair of SRRs at
about 30.2 GHz.

FIGURE 19.
∣∣S11

∣∣ and
∣∣S21

∣∣ for one back pair of SRRs (meta-atom),
shown in the inset.
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FIGURE 20. (a)
∣∣Staper

op
∣∣ for the opening taper and (b)

∣∣∣SELC
∣∣∣ for one pair

of ELCs (meta-atoms), shown in the insets.

FIGURE 21.
∣∣Sstep

op
∣∣ for the abrupt step opening shown in the inset,

considering one input and four output modes. Index 1 refers to the input
mode and indices 2, 3, 4, 5 to the four output modes.

APPENDIX B
EVALUATION OF THE S-MATRICES FOR THE OPENING
TAPER AND ONE PAIR OF ELCs
Referring to the insets in Fig. 20 or to Fig. 3b, the scattering
parameters for the S-matrix S taperop of the opening taper and
the S-matrix SELC of one pair of ELCs are shown in Fig. 20.

FIGURE 22.
∣∣SSRR∣∣ for one pair of SRRs shown in the inset, evaluated

with CST, considering three input and output modes in the large CPW.
Indices 1, 2, 3 refer to the three input mode and indices 4, 5, 6 to the
three output modes.

It should be noted the reflection properties of one pair of
ELCs at about 13.4 GHz.

APPENDIX C
EVALUATION OF THE MULTI-MODE S-MATRIX FOR THE
ABRUPT STEP
Referring to the inset in Fig. 21 or to Fig. 3c, the multi-
mode scattering parameters Sstepop for the abrupt step opening
are shown in Fig. 21 in the band 26-40 GHz. It should not
be surprising if some scattering parameters amplitudes are
greater than 0 dB. This occurs for the higher order modes
under cutoff, for which the constraint to be less than 0 dB is
no more applicable [29], [30].

APPENDIX D
EVALUATION OF THE MULTI-MODE S-MATRIX FOR ONE
PAIR OF SRRs IN THE LARGE CPW
Referring to the inset in Fig. 22 or to Fig. 3c, the multi-mode
scattering parameters SSRR for one pair of SRRs in the large
CPW are shown in Fig. 22, for three input and three output
modes.
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