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Abstract
The Terracini locus T(n, d; x) is the locus of all finite subsets S of Pn of cardinality 
x such that ⟨S⟩ = Pn, h0(I2S(d)) > 0, and h1(I2S(d)) > 0. The celebrated Alexander-
Hirschowitz Theorem classifies the triples (n, d, x) for which dimT(n, d; x) = xn. Here 
we fully characterize the next step in the case n = 2, namely, we prove that T(2, d; x) 
has at least one irreducible component of dimension 2x − 1 if and only if either 
(d, x) ∈ {(4, 4), (4, 6), (5, 6), (5, 7), (6, 9), (6, 10)}, or d ≥ 7, d ≡ 1, 2 (mod 3) and 
x = (d + 2)(d + 1)/6.

Keywords  Terracini locus · Alexander–Hirschowitz theorem · Veronese varieties · Nodal 
plane curves · Severi varieties

Mathematics Subject Classification  14C20 · 14H50

1  Introduction

Let Pn be the projective space over an algebraically closed field of characteristic zero. The 
celebrated Alexander-Hirschowitz Theorem (see e.g. [1, 7, 19, 20]) classifies all linear sys-
tems of hypersurfaces of Pn which are singular at a given number of general points and do 
not have the expected dimension. More explicitly:
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Theorem 1.1  (Alexander-Hirschowitz) Given s points of Pn  in general position, the lin-
ear system of degree d hypersurfaces of Pn  which are singular at these points has not the 
expected dimension

	
max

{(
n + d

n

)
− s(n + 1) − 1, −1

}

if and only if

	● either (n, d, x) = (n, 2, x) with 2 ≤ x ≤ n,
	● or (n, d, x) ∈ {(2, 4, 5), (3, 4, 9), (4, 3, 7), (4, 4, 14)}.

Linear systems whose dimension is greater than the expected one are called special. The 
speciality of linear systems of Pn is related to the defectivity of higher secant varieties of the 
Veronese varieties, see for instance [6] for more details, and, consequently, is very important 
for many applications.

A new object of study in this setting is the Terracini locus of a projective variety, see [5]. 
Since then, it has been investigated by many authors, see in particular [3, 15] and the refer-
ences therein. Roughly speaking, the Terracini locus parametrizes the set of all points of a 
projective variety such that the linear systems of hypersurfaces singular at them are special.

In this paper we focus on the case of Veronese embeddings of projective spaces. For any 
positive integers x, let S(Pn, x) denote the set of all A ⊂ Pn of cardinality x, endowed with 
the Zariski topology. Then the Terracini locus T(n, d; x) is the set of all S ∈ S(Pn, x) such 
that

	 ⟨S⟩ = Pn, h0(I2S(d)) > 0, h1(I2S(d)) > 0.

Assume n ≥ 2. By [4], Theorem 1.1, we recall that the Terracini locus T(n, d; x) is empty 
if d = 2 and if (n, d) = (2, 3). On the other hand, if d ≥ 3 and (n, d) ̸= (2, 3), then 
T(n, d; x) ̸= ∅ if and only if x ≥ n + ⌈d/2⌉.

By an obvious parameter count we have dimT(n, d; x) ≤ xn. The Alexander-Hirschow-
itz Theorem 1.1 can be rephrased as follows:

Theorem 1.2  (Alexander-Hirschowitz) We have dimT(n, d; x) = xn if and only if

	● either (n, d, x) = (n, 2, x) with 2 ≤ x ≤ n,
	● or (n, d, x) ∈ {(2, 4, 5), (3, 4, 9), (4, 3, 7), (4, 4, 14)}.

It seems natural to try and find out which are the triples of integers (n, d, x) for which we 
have at least one irreducible component V ⊆ T(n, d; x) of fixed dimension dim(V ) < nx.

Already in the first case of dimension xn − 1 the question above turns out to be widely 
open. More precisely, we pose the following:

Problem 1.3  Let n ≥ 2, d ≥ 3, (n, d) ̸= (2, 3), and x ≥ n + ⌈d/2⌉, so that T(n, d; x) ̸= ∅. 
Determine all triples (n, d, x) such that T(n, d; x) has at least one irreducible component of 
dimension nx − 1.
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Indeed, this task seems to be nontrivial even in the case n = 2. Our main result is the 
following:

Theorem 1.4  Fix integers x > 0  and d ≥ 4 . The locus T(2 , d; x) has at least one irreduc-
ible component of dimension 2x − 1  if and only if

	● either (d, x) ∈ {(4, 4), (4, 6), (5, 6), (5, 7), (6, 9), (6, 10)}
	● or d ≥ 7, d ≡ 1, 2 (mod 3), and x = (d + 2)(d + 1)/6.

Moreover, for d ≥ 7 , such a component is unique with the only exception of (d, x) = (8 , 15 ), 
where there are exactly two components.

Note that, for n = 2, in all the cases which are not listed in Theorems 1.2 and 1.4, we 
have that dim(T(2, d; x)) ≤ 2x − 2.

For many reasons (see for instance [2] and [8]), divisors on parameter spaces are very 
important. Anyway, they should be defined on a projective parameters space, not on a Zar-
iski open subset of it. Indeed divisors should have an intrinsic definition, it is not sufficient 
to say: Take the Zariski closure of the divisor D of U. In the set-up of Terracini loci, the 
natural compactification of S(X reg , x) is the smoothable component of the Hilbert scheme 
of x points of X. If X is a smooth surface, then this is the full Hilbert scheme of x points of 
X (see [13]).

Finally, we would like to point out that one of the main tools we used in order to prove our 
result is the spread η. More precisely, for any locally closed irreducible set K ⊆ S(Pn, x) 
let η(K) be the maximal integer y such that for a general S′ ∈ S(Pn, y) there exists S ∈ K 
containing S′ (see Notation 3.1 for the precise definition). We think that it is interesting and 
useful to study the spread η(K) for the irreducible components K of T(n, d; x). In Sect. 3 
we start this investigation, while collecting the ingredients for the proof of Theorem 1.4.

We work over an algebraically closed field K of characteristic 0.
We would like to thank the referees for several useful comments that helped us to signifi-

cantly improve our manuscript.

2  Preliminaries

If X is a reducible projective variety, then we denote by dim(X) the dimension of a maximal 
irreducible component of X.

Given a scheme Z ⊂ Pn, we denote by |IZ(d)| := P(H0(Pn, IZ ⊗ O(d))) the linear 
system of hypersurfaces of degree d containing Z.

Remark 2.1  Take S ∈ S(Pn, x), n ≥ 2, and assume (n + 1)x ≥
(

n + d
n

)
. Taking the 

cohomology of the exact sequence

	 0 → I2S(d) → OPn (d) → O2S(d) → 0

we have that S ∈ T(n, d; x) if and only if ⟨S⟩ = Pn and h0(I2S(d)) > 0.
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Remark 2.2  Fix positive integers c and x such that (n + 1)(x + 1) ≤
(

n + d
n

)
. Assume 

the existence of an irreducible family K ⊆ T(n, d; x) such that dim K = nx − c. The set of 
all S ∪ {p}, S ∈ K, p ∈ Pn \ S, is an irreducible family F ⊆ T(n, d; x + 1) of dimension 
n(x + 1) − c.

Proposition 2.3  Fix integers n ≥ 2  and d ≥ 3  such that (n, d) /∈ {(2 , 4 ), (4 , 3 ), (4 , 4 )}. 
Set

	
σ :=

⌊
1

n + 1

(
n + d

n

)⌋
.� (1)

Fix an integer y < σ and assume dimT(n, d; y) ≥ ny − 1 . Then 
dimT(n, d; x) = nx − 1  for all y ≤ x ≤ σ.

Proof  By the Alexander-Hirschowitz Theorem 1.1, dimT(n, d; x) < nx for all 
x ≤ σ. Thus it is sufficient to prove that dimT(n, d; x) ≥ nx − 1. We prove it by induc-
tion on x ≥ y. If x = y we know that dimT(n, d; y) ≥ ny − 1 by hypothesis. Assume that 
dimT(n, d; x − 1) ≥ n(x − 1) − 1, then by Remark 2.2, with c = 1, we conclude. � □

Notation 2.4  For any positive integer x, let Pn[x] denote the set of all (p1, . . . , px) ∈ (Pn)x 
such that pi ̸= pj  for all i ̸= j. Let

	 ux : Pn[x] → S(Pn, x)

denote the map (p1, . . . , px) �→ {p1, . . . , px}. For every y with 1 ≤ y ≤ x, let

	 ηy : Pn[x] → Pn[y]

denote the projection onto the first y factors of (Pn)x .
Observe that ux is a finite and unramified map with fibers of cardinality x!. Thus for any 
locally closed irreducible set K ⊆ S(Pn, x) the set u−1

x (K) has pure dimension dim(K).

Notation 2.5  Given integers n ≥ 2 and d ≥ 3 we set

	
ρ(n, d) :=

⌈
1

n + 1

(
n + d

n

) ⌉
.

The following proposition gives a first easy bound on the dimension of the Terracini locus 
when the number of points is high.

Proposition 2.6  Fix integers n ≥ 2 , d ≥ 3  and c > 0  such that (n, d) ̸= (2 , 3 ). Set 
ζ = ρ(n, d) if (n, d) /∈ {(2 , 4 ), (3 , 4 ), (4 , 3 ), (4 , 4 )} and ζ = ρ(n, d) + 1  otherwise. Set 
x0 := cζ and fix an integer x ≥ x0 . Then we have dimT(n, d; x) ≤ nx − c.

Proof  Let K be an irreducible component of T(n, d; x). By the Alexander-Hirschow-
itz Theorem 1.1, we have h0(I2A(d)) = 0 for a general A ∈ S(Pn, ζ). Hence 
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dim ηζ(u−1
x (K)) ≤ nζ − 1. Fix a general S ∈ K and label the x points of S as pi,j , 

1 ≤ i ≤ ζ, 1 ≤ j≤ c, and call qα the other points (if x > x0). Varying S in K for each fixed j 
each set {pi,j , 1 ≤ i ≤ ζ} depends on at most nζ − 1 parameters. The set of all qα’s depends 
on at most n(x − x0) parameters. Thus dim K ≤ c(nζ − 1) + n(x − x0) = nx − c. � □

3  The general case

Definition 3.1  For any locally closed irreducible non-empty set K ⊆ S(Pn, x), let η(K) be 
the maximal integer y such that ηy(u−1

x (K)) contains a non-empty open subset of Pn[y].

Remark 3.2  The integer η(K), which we will call spread of K, is the maximal integer y 
such that for general S1 ∈ S(Pn, y) there is S ∈ K containing S1. Hence for any general 
S2 ∈ S(Pn, y + 1) there is no S ∈ K containing S2. Equivalently η(K) is the maximal 
integer such that the map ηy  is dominant on u−1

x (K).

Remark 3.3  Take an irreducible family K ⊆ T(n, d; x) and set η := η(K). By definition of 
η(K) we have

	 nη ≤ dim K ≤ nη + (n − 1)(x − η)= (n − 1)x + η.� (2)

Indeed, by Remark 3.2, we can choose η general points in K, but we cannot generically 
choose the other x − η points.

Let K be an irreducible component of T(n, d; x). If y = dim K − (n − 1)x > 0, then 
by (2) we have η(K) ≥ y.

Therefore, if dim(K) = nx − 1, we have that the spread η(K) = x − 1 .

Theorem 3.4  Take n ≥ 2  and d ≥ 3 , such that (n, d) /∈ {(2 , 4 ), (3 , 4 ),(4 , 3 ), (4 , 4 )} and 
set x ≥ ρ(n, d), as in Notation 2.5. Then T(n, d; x) has no irreducible component K with 
η(K ) ≥ x .

Proof  By (2) we have

	 dim(T(n, d; x)) ≥ dim(K) ≥ nη(K).

On the other hand, by Proposition 2.6, with c = 1, we have

	 dim(T(n, d; x)) ≤ nx − 1.

Hence we conclude that the spread satisfies η(K) ≤ x − 1. � □

Proposition 3.5  Take (n, d, x) ∈ {(2 , 4 , 6 ), (3 , 4 , 10 ), (4 , 4 , 15 )}. Then there is a unique 
irreducible component of T(n, d; x) of dimension nx − 1 .

Proof  Since x > ρ(n, d), by the Alexander-Hirschowitz Theorem 1.1 we have that 
h0(I2A(d)) = 0 for a general A ∈ S(Pn, x). Hence dimT(n, d; x) ≤ nx − 1. Take a gen-
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eral B ∈ S(Pn, x − 1). Then we have |I2B(d)| = {2TB}, where TB  is the unique smooth 
quadric containing B. Hence, varying B, the set of all B ∪ {p} with p ∈ TB \ B forms an 
irreducible family K of T(n, d; x) of dimension nx − 1. Obviously, K is the unique irreduc-
ible family of T(n, d; x) with spread x − 1. Hence K is the unique irreducible component 
of T(n, d; x) of dimension nx − 1. � □

Remark 3.6  Adapting the proof of the previous proposition, it is easy to prove that if 
(n, d, x) ∈ {(2, 4, 6), (3, 4, 10), (4, 4, 15)}, we have dimT(n, d; y) ≤ ny − 2 for any 
y ≥ x + 1.

Proposition 3.7  Take (n, d, x) = (4 , 3 , 8 ). Then dimT(n, d; x) ≤ nx − 2 .

Proof  As above since 8 = x > ρ(4, 3) = 7, we have h0(I2A(3)) = 0 for a general 
A ∈ S(P4, 8), hence dimT(n, d, x) ≤ nx − 1. Take a general B ∈ S(P4, 7). Let CB ⊂ P4 
be the unique rational normal curve containing B. By the Alexander-Hirschowitz Theorem 
1.1 and [7], §3, we have |I2B(d)| = {σ2(CB)}, where σ2(CB) is the secant variety to the 
curve CB . The cubic hypersurface σ2(CB) has two orbits for the action of Aut(P1) and the 
singular locus is Sing(σ2(CB)) = CB  (see the determinantal equation in [7], §3). Hence the 
irreducible family K of maximal dimension contained in T(4, d; x) is given by the set of all 
B ∪ {p} with p ∈ CB \ B, varying B, and clearly dim(K) ≤ nx − 2. � □

Theorem 3.8  Given integers n ≥ 2  and d ≥ 3 , set ρ = ρ(n, d) as in Notation 2.5 
and x ≥ ρ + 1 . Assume (n, d, x) /∈ {(2 , 4 , 6 ), (3 , 4 , 10 ), (4 , 4 , 15 )}. Then we have 
dimT(n, d; x) ≤ nx − 2 .

Proof  Assume the existence of an irreducible component K of T(n, d; x) such that 
dim K ≥ nx − 1. Hence η(K) ≥ x − 1 by Remark 3.3. Let K1 ⊆ S(Pn, x − 1) be the 
subset of S(Pn, x − 1) formed by all subsets of cardinality x − 1 contained in an element of 
K. Since η(K) ≥ x − 1, there is an irreducible component K2 of K1 with η(K2) = x − 1, 
i.e. K1 contains an open subset of S(Pn, x − 1).

If (n, d, x) = (4, 3, 8) then the conclusion follows from Proposition 3.7. Otherwise, 
since (n, d, x − 1) is not an exception of the Alexander-Hirschowitz Theorem 1.1, we have 
that h0(I2S1 (d)) = 0 for a general S1 ∈ K2. By construction there exists S ∈ K such that 
S ⊃ S1. Hence we have h0(I2S(d)) = 0, contradicting the definition of Terracini set. � □
The next result uses our assumption that each element of T(n, d; x) spans Pn.

Lemma 3.9  Let K be an irreducible component of T(n, d; x). Then η(K ) ≥ n + 1 . More-
over, η(K ) ≥ n + 2  if and only if there is S ∈ K  containing n + 2  points in linear general 
position.

Proof  We have h(T(n, d; x)) = T(n, d; x) for all h ∈ Aut(Pn). Since Aut(Pn) is irre-
ducible, h(K) = K for all h ∈ Aut(Pn). Since each S ∈ K spans Pn, then S contains 
S′ ∈ S(Pn, n + 1) such that ⟨S′⟩ = Pn. Since all elements of Aut(Pn) act transitively on 
the open subset of S(Pn, n + 1) formed by linearly independent points, we conclude that 
η(K) ≥ n + 1.
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Recall that n + 2 general points of Pn are in linear general position, if any subset of 
n + 1 of these points spans Pn. The group Aut(Pn) acts transitively on the subset of 
S(Pn, n + 2) formed by points in linear general position. Thus arguing as above, we can 
prove that η(K) ≥ n + 2 if and only if there is S ∈ K containing S′′ ∈ S(Pn, n + 2) in 
linear general position. � □
Theorem 3.10  Take n ≥ 2 , d ≥ 3  and x such that x ≥ n + ⌈d/2 ⌉ and 

(n + 1 )x ≤
(

n + d
n

)
. Then there is an irreducible family K of T(n, d; x) such that 

η(K ) = x − ⌈d/2 ⌉ + 1  and dim K = ⌈d/2 ⌉ + n − 1 + n(x − ⌈d/2 ⌉).

Proof  Fix any S ∈ S(Pn, x). Since deg(2S) = (n + 1)x ≤
(

n + d
n

)
, we have that 

S ∈ T(n, d; x) if and only if ⟨S⟩ = Pn and h1(I2S(d)) > 0.

We will first define an irreducible quasi-projective variety K1 ⊆ T(n, d; x) and then we 
will take as K the closure of K1 in T(n, d; x).

Let G(2, n + 1) be the Grassmannian of lines in Pn. Consider the set

	 E ⊂ S(Pn, ⌈d/2⌉ + 1) × G(2, n + 1)

formed by all pairs (A, L) with A ∈ S(Pn, ⌈d/2⌉ + 1), L ∈ G(2, n + 1) such that A ⊂ L. 
Since dim G(2, n + 1) = 2n − 2, the projection

	 S(Pn, ⌈d/2⌉ + 1) × G(2, n + 1) → G(2, n + 1)

shows that E is an irreducible quasi-projective variety of dimension (2n − 2) + (⌈d/2⌉ + 1). 
Let K2 ⊂ S(Pn, ⌈d/2⌉ + 1) be the image of E by the projection to the first factor. Since 
⌈d/2⌉ + 1 > 2 and any two points are contained in a unique line, K2 is an irreducible 
constructible subset of S(Pn, ⌈d/2⌉ + 1) and dim K2 = 2n − 2 + ⌈d/2⌉ + 1. The set 
K2 is the the set of all collinear elements of S(Pn, ⌈d/2⌉ + 1). Now, let K1 be the set of 
all S ∈ S(Pn, x) containing an element of K2 and such that ⟨S⟩ = Pn. Notice that, since 
deg(2S ∩ L) ≥ 2(⌈d/2⌉ + 1) ≥ d + 2, then we have h1(I2S(d)) ≥ h1(I2S∩L(d)) > 0. 
Therefore K1 ⊆ T(n, d; x).

Let K be the closure of K1. We have dim(K) = (2n − 2 + ⌈d/2⌉ + 1) + n(x − 1 − ⌈d/2⌉). 
It is easy to check that η(K) = (x − ⌈d/2⌉ − 1) + 2 = x − ⌈d/2⌉ + 1. � □

Example 3.11  Take n = 2, d = 4 and x = 4. The hypothesis of Theorem 3.10 are 
verified, hence there is a component of T(2, 4; 4) of dimension 7. Note that we have 
T(2, 4; 4) ̸= S(P2, 4), because h1(I2A(4)) = 0 if A is given by 4 points in linear general 
position.

The next example shows that T(5, 4; 21) contains a codimension one variety whose gen-
eral member is minimally Terracini in the sense of [4].
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Example 3.12  Take n = 5, d = 4 and x = 21. We have 

h0(OP5 (4))/(n + 1) =
( 9

4
)

/6 = 21. By the Alexander-Hirschowitz Theorem 1.1, we 

have hi(I2S(4)) = 0, i = 0, 1, for a general S ∈ S(P5, x). We have h0(OP5 (2)) = 21. 
Thus h0(IS′ (2)) = 1 for a general S′ ∈ S(P5, 20). Consider the 104-dimensional irreduc-
ible family Ψ ⊂ S(P5, 21) given by all S such that h0(IS(2)) = 1 and such that the only ele-
ment of |IS(2)| is irreducible. Since h1(I2S(4)) = h0(I2S(4)) > 0, then S ∈ T(5, 4; 21). 
Moreover, we prove that S is minimally Terracini. Fix any irreducible Q ∈ |OP5 (2)| and 
take a general S ∈ S(Q, 21). By the generality of S we have |IS1 (2))| = {Q} for all 
S1 ⊂ S such that #(S1) = 20. Hence h1(IS1 (2)) = 0. The residual exact sequence of Q 
gives h1(I2S1 (4)) = 0.

The following result gives a complete description of T(3, 3; 5).

Proposition 3.13  T(3 , 3 ; 5 ) is irreducible of dimension 14, formed by all S ∈ S(P3 , 5 ) 
such that ⟨S⟩ = P3  and 4 of the points of S are coplanar. The action of PGL(4) on S(P3 , 5 ) 
sends T(3 , 3 ; 5 ) into itself with two orbits: an orbit Φ of dimension 13 formed by all 
S ∈ T(3 , 3 ; 5 ) containing 3 collinear points and the open orbit T(3 , 3 ; 5 ) \ Φ.

Proof  The group PGL(4) acts on S(P3, 4) and on S(P3, 5) and in both cases it has an open 
orbit in the Zariski topology. The open orbit of S(P3, 4) is formed by the linearly indepen-
dent subsets. The open orbit of S(P3, 5) is formed by all S ∈ S(P3, 5) in linearly general 
position, i.e. the set S such that all proper subsets of S are linearly independent.

The action of PGL(4) on the subset of S(P3, 5) given by the sets which span P3 has three 
orbits. The open orbit is given by points in linearly general position. A second orbit Ψ (of 
dimension 14) is formed by the sets S such that no three of its points are collinear, but there 
is A ⊂ S such that #A = 4 and A spans a plane. The third orbit Φ (of dimension 13) is 
formed by the sets containing three collinear points. Clearly Φ ⊂ Ψ.

We prove now that T(3, 3; 5) = Ψ. Clearly, by the Alexander-Hirschowitz Theorem 1.1 
the elements of the open orbit are not Terracini. Hence T(3, 3; 5) ⊆ Ψ.

Now we prove the other inclusion. Let S ∈ Ψ, that is assume that #(S) = 5, ⟨S⟩ = P3 
and there exists A ⊂ S such that #A = 4 and dim⟨A⟩ = 2.

Let S′ ⊂ S a subset of four points and H = ⟨S′⟩ the plane spanned by S′. Since 
h0(OP2 (3)) = 10 and deg(2S′) = 12, then we have h1(I2S∩H(3)) > 0. Hence, by [4, 
Lemma 2.7], it follows that h1(I2S(3)) > 0. Since h0(I2S(3)) = h1(I2S(3)), we get that 
Ψ ∈ T(3, 3; 5). � □

4  The planar case

From now on, we fix n = 2.

Remark 4.1  We know from [5, Example 4.6 and Example 5.1] that if (d, x) = (5, 6) and 
(d, x) = (6, 9) the Terracini locus has a component of codimension 1. Moreover, from [5, 
Example 4.6] it follows that the codimension of T(2, 5; 5) is greater than 1.
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Proposition 4.2  There is no irreducible component of T(2 , 6 ; 8 ) of codimension one.

Proof  Assume by contradiction the existence of an irreducible component K of T(2, 6; 8) of 
dimension 15 = nx − 1. Then by Remark 3.3, we have that the spread is η(K) = 7. Fix a 
general S′ ∈ S(P2, 7) and a set S ∈ K such that S ⊃ S′ and h1(I2S(d)) > 0.

By the curvilinear lemma, see e.g. [4, Lemma 2.9], there exists a scheme ξ ⊂ 2S 
such that any connected component of ξ has degree less or equal than 2 and such that 
h1(Iξ(d)) > 0. Let v be the connected component of ξ supported at p = S \ S′. Clearly 
h1(I2S′∪v(d)) ≥ h1(Iξ(d)) > 0.

Fix a general line L ⊂ P2 containing v, i.e. spanned by v. Consider the following residual 
exact sequence with respect to L:

	 0 → IResL(v∪2S′)(5) → I2S′∪v(6) → Iv∪(L∩2S′),L(6) → 0 � (3)

where ResL(v ∪ 2S′) is the residual with respect to L and v ∪ (L ∩ 2S′) is the trace. Now, since 
ResL(v ∪ 2S′) = ResL(2S′) ⊆ 2S′, we have h1(IResH (v∪2S′)(5)) ≤ h1(I2S′ (5)) = 0.

Since S′ is general, #(S′ ∩ L) ≤ 2. Hence we have h1(L, Iv∪(L∩2S′),L(6)) = 0.
By the long cohomology exact sequence of (3), we conclude h1(I2S′∪v(d)) = 0, which 

is a contradiction. � □

Notation 4.3  Let Vx,d denote the Severi variety of all irreducible degree d plane curves 
with exactly x nodes as singularities. For an introduction to Severi varieties see e.g. [17, pp. 
29-32] and [12]. Clearly, Vx,d is non-empty if and only if x ≤ (d − 1)(d − 2)/2.

It is known that Vx,d is irreducible ([16] and [17, Chapter 6, Section E]) of dimension (
d + 2

2
)

− 1 − x. Let ϕ : Vx,d → S(P2, x) denote the map C �→ Sing(C).

We recall the following theorem of Treger.

Theorem 4.4  ([21]) Let d ≥ 6 , 0 ≤ x ≤ (d − 1 )(d − 2 )/2 , and Vx,d  the Severi vari-
ety of the irreducible degree d plane curves with exactly x nodes as singularities. Assume 
x ≥ d(d + 3 )/6  and (d, x) ̸= (6 , 9 ). Then the map ϕ defined in Notation 4.3 is birational 
onto its image.

As a consequence, we have the following result.

Corollary 4.5  Assume d ≥ 6  and

	 (d + 2)(d + 1)/6 ≤ x ≤ (d − 1)(d − 2)/2.

Then T(2 , d; x) contains an irreducible family of dimension 
(

d + 2
2

)
− 1 − x .

Proof  Since x ≥ (d + 2)(d + 1)/6 = d(d + 3)/6 + 1, we can apply Theorem 4.4 and 
Remark 2.1. Note that for any C ∈ Vx,d, we have ⟨φ(C)⟩ = P2. Indeed if the points φ(C) 
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were collinear, then the line through them would be a component of C, since x > d, and this 
is a contradiction, because C is irreducible. � □

In particular we have the following family of examples.

Example 4.6  Fix an integer d ≥ 7 such that d ≡ 1, 2 (mod 3). Set 
x := (d + 2)(d + 1)/6. Then the irreducible component ϕ(Vx,d) has dimension 2x − 1, 

because 
(

d + 2
2

)
− 1 − x = 2x − 1.

Example 4.7  Take n = 2, d = 5, x = 7. This case is discussed in [5, Example 5.3]. We give 
here a more detailed description of T(2, 5; 7) as a union of finitely many locally closed 
irreducible families, showing that there exists exactly one component T of dimension 13.

Fix S ∈ T(2, 5; 7). Recall that an irreducible plane quintic has at most 6 singular points, 
hence any curve C ∈ |I2S(5)| is reducible and/or with multiple components.

By a case-by-case analysis, it is easy to see that any irreducible family of not too small 
dimension of T(2, 5; 7) have general member described in the following way:

	● T := {Sing(C3 ∪ C) : C3 ∈ V1,3, C a smooth conic}. A general S ∈ T  is given by a 
point p in general position and six other points obtained as the intersection of an ir-
reducible conic with a cubic singular at p. Now we show that dim(T ) = 13. Indeed, 
fix a smooth conic C and take six points S′ ⊂ C. The set of all such pairs (C, S′) has 
dimension dim |OP2 (2)| + 6 = 5 + 6 = 11. Note that the set of points S′ uniquely de-
termines C, so also the set of all such S′ has dimension 11. Now, choose p ∈ P2 \ C and 
take S := S′ ∪ {p}. The set of all such S has dimension 11 + 2 = 13 and it coincides 
with T ⊂ T(2, 5; 7). Indeed, given S there is a unique cubic singular at p and passing 
through S′, because h0(I2p∪S′ (3)) = 1. We point out that, by construction, the family 
T is irreducible.

	● Y := the family of the sets given by five points in general position and two points on the 
conic through the first five, and take the closure Y . The general curves in |I2S(5)| are the 
unions of the double conic and a line. We have dim Y = 12, because dim |OP2 (2)| = 5 
and then we add 7 points on any fixed conic.

	● If we assume that z ≥ 4 points of S are collinear, then we are always in the irre-
ducible family Z, where Z is the family of all the sets S of four collinear points 
and three points in general position (not collinear with the first ones). In particular, 
Z = {Sing(C4 ∪ L) : C4 ∈ V3,4, L a line} does not give a component of dimension 
higher than 12.

	● U := {Sing(C ∪ L ∪ N) : C a smooth cubic, L, N two lines}. In this case we have 
dim(U) = 10 for the following reasons. We choose three general points P1, P2, P3 and 
set L = ⟨P1, P2⟩ and N = ⟨P1, P3⟩, then we choose other two points on L and other 
two points on N. Any set of 6 points of P2 is contained in a plane cubic. Hence we have 
dim(U) = dim S(P2, 3) + 2 + 2 = 10.

Lemma 4.8  Assume d ≡ 0 (mod 3 ), d ≥ 9  and
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x = ρ(2, d) =

⌈
1
3

(
d + 2

2
) ⌉

= d(d + 3)
6

+ 1,

Then we have dimT(2 , d; x) ≤ 2x − 2 .

Proof  Assume by contradiction the existence of an irreducible component K of T(2, d; x) 
of dimension 2x − 1. By Remark 3.3 we have η(K) = x − 1. Hence, given a general 

S ∈ K, there is a general S′ ⊂ S in S(P2, d(d + 3)/6). Since 3(x − 1) <
(

d + 2
2

)
, we 

have h0(I2S′ (d)) > 0. Take a general C ∈ |I2S′ (d)|. Since S′ is general, by the Alexander-
Hirschowitz Theorem 1.1, we have h0(I2S′ (d)) = 1. Moreover, H0(I2S(d)) = H0(I2S′ (d)), 
since h0(I2S(d)) > 0. Hence |I2S′ (d)| = {C} = |I2S(d)|, that is C is unique, once S′ is 
fixed. By [10][Theorem 1.2] C has no multiple components, hence Sing(C) is finite and 
S ⊆ Sing(C).

It follows that

	 dim(K) = 2#(S′) + dim|I2S′ (d)| = 2x − 2,

which is a contradiction. � □

Example 4.9  Take n = 2, d = 6 and x = 10. We find an irreducible component 
K ⊂ T(2, 6; 10) of dimension 19 and with η(K) = 9, the maximal possible spread for a 
19-dimensional family. Fix a general B ∈ S(P2, 9). Since B is general, it is contained in a 
unique plane cubic, CB . The 19-dimensional irreducible family K is the closure of the set 
formed by all B ∪ {p}, B general in S(P2, 9) and p ∈ CB \ B. The Alexander-Hirschowitz 
Theorem 1.1 gives dimT(2, 6; 10) ≤ 19. Thus K is an irreducible component of T(2, 6; 10).

Example 4.10  Analogously to the previous example, it is easy to show that there is a com-
ponent K of T(2, 8; 15) of dimension 29. Indeed 14 general points, B ∈ S(P2, 14), are con-
tained in a unique plane quartic, CB . Let K be the closure of the set of A = B ∪ {p}, where 
B ∈ S(P2, 14) is general and p ∈ CB \ B. Note that η(K) = 14.

Lemma 4.11  Fix integers d and x such that d ≥ 5  and x < (d + 2 )(d + 1 )/6 . Then 
ϕ(Vx,d) is an open dense set of S(P2 , x).

Proof  Take a general A ∈ S(P2, x). By the Alexander-Hirschowitz Theorem 1.1 we have 
dim |I2A(d)| = (d2 + 3d)/2 − 3x. Recall that dim(Vx,d) = (d2 + 3d)/2 − x. By [9, The-
orem 5.1] a general TA ∈ |I2A(d)| is nodal and the points of A are the only singular points 
of TA. By varying A ∈ S(P2, x) we see that for a general C ∈ Vx,d the set Sing(C) is a 
general element of S(P2, x). � □

Notation 4.12  For any d and g such that d > 0 and 1 − d ≤ g ≤ (d − 1)(d − 2)/2, let 
V(d, g) be the closure of the set of all degree d curves C ⊂ P2 without multiple components 
and of geometric genus g. Let V (d, g)irr denote the set of all irreducible C ∈ V (d, g).
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Remark 4.13  Of course, V (d, g)irr = ∅ if g < 0. Harris proved that for all 
0 ≤ g ≤ (d − 2)(d − 1)/2 the set V (d, g)irr is irreducible [16, (∗) in the Introduction], 
hence the Severi variety V(d−1)(d−2)/2−g,d (see Notation 4.3) is an open dense subset of it.

The crucial result in this section is the following:

Proposition 4.14  Fix a positive integer d ≥ 7  and let

	

x = 1
3

(
d + 2

2
)

− 1 = (d + 4)(d − 1)
6

, ifd ≡ 1, 2 (mod 3);

x =
⌊

1
3

(
d + 2

2
)⌋

= d(d + 3)
6

, ifd ≡ 0 (mod 3).

Then we have dimT(2 , d; x) ≤ 2x − 2 .

Proof  Assume by contradiction that there exists a component K of T(2, d; x) of dimension 
2x − 1. By Remark 3.3, we have η(K) = x − 1.

For any S ∈ K, by definition of Terracini locus, we have ϵ :=h1(I2S(d)) > 0 hence

	
h0(I2S(d)) =

(
d + 2

2
)

− 3x + ϵ ≥ 2 + d2 + 3d

2
− 3x,� (4)

which implies dim |I2S(d)| ≥ 1 + d2+3d
2 − 3x.

Consider the set

	 ΓK = {(S, C) : S ∈ K, C ∈ |I2S(d)|} ⊂ S(P2, x) × |OP2 (d)|

and let AK ⊆ ΓK  be a dominant irreducible component of π−1
1 (K). Note that AK  is non-

empty because any element of K is in the Terracini locus.
Let π2 : AK → | OP2 (d)| denote the restriction to AK  of the projection to the second 

factor. Since each fiber of π1 has dimension greater than or equal to 1 + (d2 + 3d)/2 − 3x 
and dim K = 2x − 1, we have

	
dim AK ≥ d2 + 3d

2
− x = dim Vx,d.� (5)

Take a general (S, C) ∈ AK . Since η(K) = x − 1, then there is a general S′ ∈ S(P2, x − 1) 
contained in S. Fix such S′.

In the sequel of the proof (steps (b) and (c)), we will use the following two claims.

Claim 1  By the Alexander-Hirschowitz Theorem 1.1, we have h0(I2S′ (d − 1)) = 0. In par-
ticular deg(T ) ≥ d for all curves T ⊃ 2S′. Claim 1 implies the following:
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Claim 2  Every irreducible component D of C contains at least one point of S′. We consider 
now the following three cases: C irreducible and reduced, C reducible and reduced, and C 
non-reduced.

(a)	 Assume first that C is irreducible and reduced. Since C has no multiple components, then 
Sing(C) is finite. Thus a general fiber of π2 is finite, hence dim π2(AK) = dim AK . 
Therefore by (5) we have dim π2(AK) ≥ dim Vx,d. Hence π2(AK) contains a non-
empty open subset of Vx,d, by Remark 4.13. Since x < (d + 2)(d + 1)/6, by Lemma 
4.11, we get dimT(2, d; x) = 2x, which is false.

(b)	 Assume now C reduced and reducible. Since C has no multiple components, we have 

	
dim π2(AK) = dim AK=

(
d + 2

2
)

− x − 1 + ϵ,

	  where ϵ := h1(I2S(d)) > 0. Write C = C1 ∪ · · · ∪ Cs, s ≥ 2, with Ci an irreducible 
curve of degree di and geometric genus gi, for all 1 ≤ i ≤ s. Restricting to a non-empty 
Zariski open subset UK  of K, we may assume that the integers s, di and gi are the same 
for all C ∈ UK . We have d1 + · · · + ds = d. By [16, Introduction], the family Ai of all 
irreducible plane curves of degree di and geometric genus gi is irreducible of dimension 

	 dim Ai = (d2
i + 3di)/2 − (di − 1)(di − 2)/2 + gi = 3di − 1 + gi.

	  Obviously, dim π2(AK) is at most 

	

s∑
i=1

dim Ai =
s∑

i=1

(3di − 1 + gi) = 3d − s + g1 + · · · + gs.

	  By [18, Theorem 1.2], we have 

	
g1 + · · · + gs ≤ (d − 1)(d − 2)

2
− x + 1,

	  hence, we get 

	
dim π2(AK) =

(
d + 2

2
)

− x − 1 + ϵ ≤ 3d − s + (d − 1)(d − 2)
2

− x + 1

	  from which we have s ≤ 2 − ϵ ≤ 1, which contradicts our assumption.
(c)	 Now assume that C has at least one multiple component. First, note that each irreduc-

ible component of C red  contains at least one point of S′, by Claim 2. Moreover, by 
Claims 1 and 2, each irreducible component of C has multiplicity at most 2.

Hence, we can write C = A1 + 2A2, where Ai, for 1 ≤ i ≤ 2, is the union of the irreducible 
components of C red  appearing with multiplicity exactly i in C. Set ai := deg(Ai), so that 
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a1 + 2a2 = d, and B2 := S′ ∩ A2, B1 := S′ \ B2 and bi := #Bi. Note that B1 ∩ B2 = ∅ 
and b1 + b2 = x − 1.

Claim 3  Note that a1 ̸= 1. Indeed if a1 = 1, then we would have b1 = 0 since the line A1 
cannot have singular points. Hence 2A2 would be in |IS′ (d − 1)| which is empty by Claim 
1. Analogously, one can see that if a1 = 2, then b1 = 1.

Since B2 ⊂ A2 and B2 ⊆ S′ is general in S(P2, b2), we have

	
h0(IB2 (a2)) =

(
a2 + 2

2
)

− b2 > 0.� (6)

Now, let B denote the base locus of |IS(d)|. Bertini’s Theorem implies that C is smooth 
outside B, hence A2 ⊆ B and the residual exact sequence of 2A2 gives

	 h0(I2S(d)) = h0(I2B1 (d − 2a2)).

Recall from (4), that h0(I2S(d)) =
(

d + 2
2

)
− 3x + ϵ, with ϵ := h1(I2S(d)) > 0. Recall 

also that d − 2a2 = a1.
Since B1 ⊆ S′ is general in S(P2, b1), by the Alexander-Hirschowitz Theorem 1.1 we 

have h0(I2B1 (a1)) =
(

a1 + 2
2

)
− 3b1, except if either a1 = 2 and b1 = 2, or a1 = 4 

and b1 = 5.

By Claim 3, the case (a1, b1) = (2, 2) is impossible. So assume first that (a1, b1) ̸= (4, 5). 
Thus, we have

	

(
d + 2

2
)

− 3x + ϵ =
(

a1 + 2
2

)
− 3b1

which gives, since x − 1 = b1 + b2,

	 ϵ = 3b2 + 3 − a2(2a1 + 2a2 + 3),

and using (6) we have

	
1 ≤ ϵ < 3

(
a2 + 2

2
)

+ 3 − a2(2a1 + 2a2 + 3) = 1
2

(12 − a2(4a1 + a2 − 3)) .

Now, if 1
2 (12 − a2(4a1 + a2 − 3)) ≤ 1, we would have a contradiction. Hence we get 

(12 − a2(4a1 + a2 − 3)) ≥ 4, that is

	 a2(4a1 + a2 − 3) ≤ 8.� (7)

Now, we have that the only pair (a1, a2) satisfying (7) and such that d = 2a2 + a1 ≥ 7, 
a2 > 0, a1 ̸= 1 (by Claim 3) is (a1, a2) = (0, 4). Indeed if a1 = 0, then (7) implies a2 = 4. 
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If a1 = 2 (hence d is even and d ≥ 8), we get a2 = (d − 2)/2 ≥ 3, contradicting (7). If 
a1 ≥ 3, since a2 ≥ 1, (7) fails.

In this case we have d = 8, x = 14, S is contained in a double plane quartic C = 2A2. 
We have h1(I2S(8)) > 0 if and only if h0(I2S(8)) ≥ 4. Since 2A2 is a general element 

of |I2S(8)|, then h0(IS(4)) = h0(I2S(8)) ≥ 4.
Since η(K) = x − 1, then there is a general S′ ∈ S(P2, 13) which is contained in S. 

Hence h0(IS′ (4)) ≥ h0(IS(4)) ≥ 4. On the other hand, since S′ is general in S(P2, 13), 
we have h0(IS′ (4)) = 2, a contradiction.

Finally, if (a1, b1) = (4, 5), we can repeat verbatim the same argument of the general case 
and we get again a contradiction. This completes the proof that dim(T(2, d; x)) ≤ 2x − 2. 
� □

Lemma 4.15  Fix an integer d ≥ 7  such that d ≡ 1 , 2 (mod 3 ) and set 
x := (d + 2 )(d + 1 )/6 . Then the irreducible component described in Example 4.6 is the 
unique irreducible codimension one component of T(2 , d; x), except if d = 8 .

Proof  Take an irreducible component T of T(2, d; x) dimension 2x − 1 and take a general 
S ∈ T . By assumption h0(I2S(d)) ̸= 0. Take a general D ∈ |I2S(d)|. Since η(T ) = x − 1 
and S is general in T each S′ ⊂ S with #S′ = x − 1 has the property that both S′ and 2S′ 
have the Hilbert function of a general element. If D is irreducible and nodal, then T is the 
component ϕ(Vx,d), described in Example 4.6.

Now assume that D is irreducible and not nodal, hence D has geometric genus strictly 
less than (d − 1)(d − 2)/2 − x. By [16, Introduction] dim T < Vx,d, a contradiction. The 
case C reduced and reducible or with a multiple components are excluded as in the proof 
of Proposition 4.14. The only difference is that the exception (a1, a2) = (0, 4) gives in this 
case d = 8 and x = 15 which is described in Example 4.10. � □

 
We are finally ready to prove our main result.

Proof of Theorem 1.4  The existence of an irreducible component of T(2, d; x) of dimension 
2x − 1 is proved:

	● in Example 3.11 for (d, x) = (4, 4),
	● in Proposition 3.5 for (d, x) = (4, 6),
	● in Remark 4.1 for (d, x) = (5, 6), (6, 9),
	● in Example 4.7 for (d, x) = (5, 7) ,
	● in Example 4.9 for (d, x) = (6, 10),
	● in Example 4.6 for d ≡ 1, 2 (mod 3), d ≥ 7 and x = (d + 2)(d + 1)/6.

Let ρ = ρ(2, d) as in Notation 2.5. The other implication follows

	● for d = 4 and x ≥ 7 from Remark 3.6, (recall that the case (d, x) = (4, 5) is known by 
the Alexander-Hirschowitz Theorem 1.1),

	● for d ≥ 5 and x ≥ ρ + 1, from Theorem 3.8,
	● for d ≡ 0 (mod 3), d ≥ 9 and x = ρ from Lemma 4.8,
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	● for d = 5 and x = 5, from Remark 4.1,
	● for d = 6 and x = 8, from Proposition 4.2 and for d = 6 and 5 ≤ x ≤ 7, from Proposi-

tion 2.3,
	● for d ≥ 7 and x < ρ, from Proposition 4.14.

In the case (d, x) = (8, 15) one component is described in Example 4.10, the other compo-
nent is given by ϕ(V15,8), see Example 4.6. The uniqueness in the other cases is proved in 
Lemma 4.15. � □
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