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Abstract. The definition and construction of a composite indicator (CI)
is a challenging operation. Here we propose a new technique to construct
composite indicators that are based on the Box-Cox transformation. To
illustrate our idea, a simulation study has been carried out. Results show
that it is possible to find a parameter from the Box-Cox transformation
that, in the least squares sense, ensures normality and, as a consequence,
it opens new roads for researches in the field of the construction of Cls.
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1 Introduction

In the last 20 years, the construction of composite indicators (CIs) has attracted
an ever-increasing number of scholars. According to OECD [5], composite indica-
tor is a mathematical aggregation of a set of individual indicators having, usually,
no common unit of measurement and aiming at capturing a multidimensional
phenomenon. However, its construction is a challenging operation that requires
several steps and, among which the type of normalization and the aggregation
technique.

Data transformation is one of open issues in CIs ([6]) that deserves to be
in-depth investigated.

Here, we propose a new tool to construct CI based on the Box-Cox trans-
formation [2] that maps non-normal variables into new variables approximately
normally distributed. The use of a Box-Cox transformation is not new in liter-
ature. Berger and Casella [1] prove that the generalized means can be derived
as least square estimates of transformed data. Mariani et al. [4] prove that in
the p-transformed space, which is the space obtained by transforming a vector
via the Box-Cox function of order p, the p-order generalized mean acts as the
arithmetic mean.

Here, the transformed variables are then aggregated in order to get Cls and
reliability on the values can be computed (Section (2)). To illustrate the idea, a
simulation study is provided (Section (3)).
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2 The method

2.1 Notation and basic definitions

Let X be a n x m matrix, in which n is the number of observations/units and
m is the number of indicators. Let X, for j = 1,...,m be the j—th column of
matrix X containing the values of the variable j, that is:

X = [Xl)lQ,"'Xm]?

where:

_ T
X, = [T1j, %25, -, Tmj] ., J=1,...,m.

For j = 1,2,...,m, the data collected in the j—th column X is a sample
from a random variable X, describing the j—th indicator.

2.2 Box-Cox transformation

The Box-Cox transformation [2] is a map which allows to transform non-normal
observations into a normal shape. Given an n X 1 vector of observations x =
[1,22,...,2,]T in which z; > 0,4 = 1,2,...,n, the Box-Cox transformation of
parameter p, p € R, for x; > 0 is defined as

{%;1 if p # 0,

hp(as) = (1)

Inz; ifp=0.

Note that, for any p, the function hy(x), z > 0, is strictly increasing and satisfies
the condition hp(1) = 0.

Typically, the exponent p in (1) varies in the interval [—5, 5].

As said above, the Box-Cox transformation requires all values in the input
sequence to be positive and non-zero. However, it is possible to define the Box-
Cox transformation also for negative values, by adding a second parameter A > 0.
Thus, the two-parameter Box—Cox transformations when x; > —\ is defined for
x; > —\ as follows:

. (967:+;\1)p;1 if p#£0,
pr(i) = In(z; + ) if p=0.

The optimal value for p is the one which results in the best approximation
of a normal distribution curve, i.e. the value p for which the vector of the trans-
formed observations hy(x) = [h,(71), hp(x2), ..., hy(2,)]T) can be considered,
approximately, as sampled from a variable normally distributed with constant
variance.

Note that normality is an important assumption since it allows to run a
broader number of tests.

The optimal value of p is typically determined by maximizing the log-likelihood
function or minimizing another suitable criterion (for more details, we refer to

[8] and [7]).
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2.3 The model

For j =1,2,...,m, let fix an indicator j, that is a column vector of data matrix
X and we look for the value p such that the transformed vector according to
equation (1), denoted as Y, is normally distributed.

Note that, the optimal values of p, associated with distincts indicators, are
in general different.use of Box-Cox transformations lead to several values of p,
one for each row of X. Thus, we denote the optimal value of p for indicator j as
piyJ=12,...,m.

More in details, for j = 1,2,...,m, let hy,(X;) be the Box-Cox transforma-
tion of parameter p; of a vector X, then

Y; = by, (X;) = [hp(w15), hp(25), - -, By ()] (2)

is, approximately, a sample drawn from a normal variable Y; ~ N (u;, ajz) with
mean f; and variance o2.
Let us denote by Y = [Y1,Y2,...,Y,,] the transformed matrix. Note that

the j—th column of Y can be considered as a sample drawn from a normal

distribution with mean u; and variance 012.
For i = 1,2,...,n, the i—th row of the transformed matrix Y contains a
realization of the multivariate vector of normal variables [Y7, Ya, ..., Y;.]7.

For each row of the matrix Y we compute the mean by columns:

1 m
zi = Ezhm(wij), i=12....n,
j=1
and we collect these values in the vector Z = [21, 22, . . ., 2,] 7.

It is worth noting that the vector Z contains the values of the random variable
1 N\ m LN\ 2
Z~N (E Zj:l His 7 Zj:l Uj) .
We define the new composite indicator as follows:

Definition 1 Given the n x m data matric X = {x;;}i=12,.. nj=1,2,..m, the
composite indicator associated with the unit i is defined as:

- a1y :
hpl(Zi):hpl Ethj(.’E”) y 221,2,...,777,,
j=1

where p is the solution of the following optimization problem.:

in F(p), 3
L (p) (3)

and:

n m

FE =3 | =Y hlo) == ) - @

i=1 j=1
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We observe that, if, for each j, the value of p; = p, that is the parameter is
the same for the whole dataset, then, the Box-Cox transformation of order p of
the dataset is the generalized mean of oder p (for more details, we refer to [3]):

- a1 Z’” ;
hpl(Zi):hpl E hp(a?,'j) y ZZLQ,...,’I’)’L.
J=1

Note that the knowledge of the distribution of the random variable Z allows
to use statistical inference techniques to attribute a reliability to the value of the
indicators associated with different units. This could to make possible construct
approximated confidence interval for the indicator values.

The existence and the uniqueness of the solution for problem (3), (4) is
fundamental to define the composite indicator of Definition 1. For this reason,
in the following section we investigate the behaviour of function F(p) as p varies
in a study case.

3 The simulation study

In order to show the feasibility of our methodology for constructing the new
composite indicator defined in Definition 1, we solve the optimization problem
(3), (4) in a numerical experiment using synthetic data.

The data are obtained sampling from a population of synthetic data. The
population is made by N = 10000 units, for each of which m = 5 indicators are
available. Each column is given by a sample of dimension N randomly generated
from different distributions, namely i) Gamma distribution; i) Inverse Gaus-
sian distribution; #4) Exponential distribution; iv) Pareto distribution; and v)
Weibull Distribution. Let XP°P = {xf(;p i=1,2,...N.j=1,2,....m be the N X m matrix
containing the values of the m indicators associated with the N units.

In Table 1 we show the parameters used to generate the synthetic sample.

Distribution Parameter 1|Parameter 2
Gamma shape=1 rate=0.8
Inverse Gaussian|mean=1.5 |shape=0.5
Exponential rate=0.3

Pareto shape=3

Weibull shape=1 rate=0.8

Table 1: Parameters of the distributions used to generate the data

To make the values of different indicators comparable with range in the
interval (0, 1], we normalize the data matrix X?°? by column using the the min-
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max technique, i.e. we consider:

M |
1‘2] :W, 221,2,...,N,j:1,2,...,m,
J J
POp _ i (. POp _pop pop pop _ pop , pop pop
where mj™" = mln(:{:lj s T Ty ) and M7 = max(a:lj ST Ty )

are, respectively, the minimum and the maximum values of the indicator j, for
j=12,....,m.

We extract a random sample of dimension n = 1000 and we collect the values
of the random sample relative to the m = 10 indicators in a the 1000 x 5 data
matrix X. In order to assure the strictly positivity if data, needed to compute
the Box-Cox transformation, we add to all data a constant equal to 1.e — 5.

Then, according to our model, for each indicator j, j = 1,2,...,m, we find
the value p; that ensures that the transformed values h, (X;), j = 1,2,...,m,
are normally distributed. As said in Section 2.2, in order to find the optimal
value of p corresponding to the j—th indicator, i.e. p;, we use the maximum
likelihood estimation (for more details, we refer to [2]). Specifically, we use the
bozcox function provided by the R package MASS (for more details, we refer to
[9))-

The bozcor function computes the log-likelihood of data transformed through
the Box-Cox power transformation associated with a vector of values of the
parameter p in a given search grid, this is done adapting to the transformed data
a linear regression model in the only intercept term is included. This allows to
locate the transformation parameter under which the log-likelihood is maximized

Finally, we consider a grid of p values, py = —5+0.01(l-1),1 =1,2,...,1001,
so the values considered are integer values varying from —5 to 5 and we evaluate
the objective function F(p) (see Eq. (4)) in this grid.

Figure 1) shows the function F(p),, i = 1,2,... of Problem (3), (4) when p
varies from -5 to 5 (left panel) and from -1 to 1 (right panel).
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Fig. 1: Function F(p) of problem (3), (4) when p varies from -5 to 5 (left panel)

and from -0.011 to 0.5 (right panel).
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Looking at the left panel of Figure 1 we can see that the objective function
of problem (3), (4) has a burst for negative values of p, contrarily, for positive
values of p the objective function is bounded between 0 and 1.5.

Looking at the right panel of Figure 1 and computing the minimum value
in the set {F(p;) : p = —-5+0.01(l—1),1=1,2,...,1001} we find that the
function F(p) attains its minimum value at p = 0.09.

4 Conclusions

Here, we illustrate a new proposal for construction composite indicators by trans-
forming each variable by means of a Box-Cox transformation of order p. By defi-
nition of Box-Cox transformation, the new variables are approximately normally
distributed. Thus, we can associate to the corresponding Cls a reliability factor
aiming at discriminating two consecutive units. This work is only a first step
in the direction of building CIs with a reliability factor on the corresponding
ranking.
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