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Abstract &

This work aims to study the effect of uncertainties and noise.on the nonlinear/global dynamics
of a micro-electro-mechanical arch obtained from an imperfect microbeam under an axial load
and electric excitation. An adaptative phase-space discretization strategy based on an operator
approach is proposed. The Ulam method, a classical discretization of flows in phase-space, is
extended here to nondeterministic cases. A unified description is formulated based on the
Perron-Frobenius, Koopman, and Foias linear operatorss Also, a procedure to obtain global
structures in the mean sense of systems with parametric uncertainties is presented. The
stochastic basins of attraction and attractors’ distributions replace the usual basin and attractor
concepts. For parameter uncertainty cases;” the»phase-space is augmented with the
corresponding probability space. The microarch is assumed to be shallow and modelled using
a nonlinear Bernoulli-Euler beam theory and_is. discretized by the Galerkin method using as
interpolating function the linear vibration moks. Then, from the discretized multi degree of
freedom model (mdof) model, an accurate single degree of freedom (sdof) reduced order model,
based on theory of nonlinear normal ‘modes, is derived. Several competing attractors are
observed, leading to different (acceptable or unacceptable) behaviours. Extensive numerical
simulations are performed to investigate the effect of noise and uncertainties on the coexisting
basins of attraction, attractars™ distributions, and basins boundaries. The appearance and
disappearance of attractors‘and stochastic bifurcation are observed, and the time-dependency
of stochastic responses issdemonstrated, with long-transients influencing global behaviour. To
consider uncertainties/and naise in-design, a dynamic integrity measure is proposed via curves
of constant probability, which give quantitative information about the changes in structural
safety. For each attractor, the<basin robustness as a function of a stochastic parameter is
investigated. The weighted basin area can quantify the integrity of nondeterministic cases,
being also the most natural generalization of the global integrity measure. While referring to
particular MEMS, therrelevance of the dynamical integrity analysis for stochastic systems to
quantify tolerances and safety margins is underlined here.

~

Keywords: Electrically actuated microarch, reduced order model, parameter uncertainty, noise, global nonlinear dynamics,
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1. Introduction

Micro-electro-mechanical systems, or MEMS, have been
attracting a large amount of attention over the last decades due
to their potential for applications in a large variety of fields
such as aerospace, mechanics, electricity, communications,
bioengineering and medicine. They have many functions,
including transducers, switches, logic gates, actuators, and
sensors. This issue is challenging since the problem is
inherently multiphysical, demanding a multi-disciplinary
perspective for the modelling, analysis and synthesis [1-5].
MEMS are often constituted by standard structural elements
such as (micro)beams, (micro)plates and micro(arches)
suspended over a parallel ground plate, and under direct
current (DC) voltage, alternating current (AC) voltage, or
both, and classical theories usually apply [6]. Recent review
papers present the current stage of research on electrically
actuated MEMS, analysing their theoretical developments and
mathematical modelling, nonlinear static and dynamic
behaviours, advances in fabrication  technologies,
development of high-performance nano and microscale
systems, and other recent advances in the field [7-12].

Microarches are among the most used MEMS structures
[13]. Arches are compliant bistable mechanisms having two
stable equilibrium configurations and a double well potential
function. The microarch configuration can be obtained by
using a buckled beam or can be deliberately pre-shaped during
fabrication, with bistable beams with buckled-like shapes
being the most common type. The buckling can be obtained
by axial compression, heating expansion, or residualstresses.
Both configurations are increasingly used as “bistable
mechanisms at the small and large scale [14,15]. Examples of
applications include soft robotics, metamaterials, multistable
positioning, resonators, actuators, gas Ssensingy. pressure
sensing, threshold sensing, space applications, biomedical
devices, and energy harvesting, as mentioned by Hussein et al.
[16]. N

Many research studies highlight that; thanks to the presence
of both electric and geometric nonlinearities, MEMS exhibit
strongly nonlinear behaviour, andwarious nonlinear static and
dynamic phenomena may arise inthese.microstructures. Thus,
understanding their nonlinear{dynamical behaviour is crucial
for successful implementation. Among these phenomena, the
pull-in, i.e., the contact of the microstructure with the charged
substrate, is an inherently nonlinearand crucial effect, which
may be an undesirable feature or a desirable one, depending
on the application. Underalternating current (AC) voltage, the
microarch may @xhibit several coexisting attractors due to
local or global bifurcations, the presence of multiple potential
wells, and pull-in'[47-20]. Thus, the set of initial conditions
converging to a given attractor becomes an important design
issue, andthe analysis of the evolution of the coexisting basins
of attraction‘isithe basic tool for evaluating the microstructure

dynamical integrity and load-carrying capacity. The basins’
topology can vary remarkably with a varying parameter, with
their boundaries being smooth or fractal, depending on the
stable invariant manifolds of the saddles dying on them.
Furthermore, the complexity of the interwoven, basins of
attraction increases with the number of coexisting solutions.
In such cases, responses become extremely sensitive to any
perturbation, with the final state depending crucially on the
initial conditions. The importance of the glebals<dynamic
analysis and dynamical integrity concept for engineering
design and system safety has been clearly,stated in recent
contributions on macro- to namo-mechanics [17-24]. In
particular, this analysis can identify the parameter range where
each attractor can be reliably detectedhin practice and where,
instead, it becomes susceptible to unknown parameter
changes. o

The aforementioned studies emphasize the importance of
accurately predicting the nonlinear dynamic behavior of
MEMS. However, this is,a challenging problem due to their
inherently multiphysical nature, the presence of intrinsically
nonlinear electric excitation, geometrical nonlinearities, the
uncertainties inthe damping estimation, imperfections coming
from the.microfabrication process and the noise of the current,
resulting in'many unknown and uncertain parameters. Thus,
the deterministig framework represents a theoretical limit,
which may not occur in practice. A realistic analysis must
include the effect of noise, uncertainties, and disturbances,
which are unavoidable and may lead to an outcome different
from, that theoretically predicted. For example, Vig and Kim
[25] enumerate possible noise sources with thermal, chemical,
and electrical origins, intensifying dynamic effects that are
negligible in macro-scale devices. Experimental observations
[26-28] demonstrate these noise sources and their effects.
Another type of nondeterminism occurs in MEMS due to
possible geometric [29-31], constitutive [32], damping [33],
and general [34] uncertainties. Monte Carlo based
methodologies, stochastic perturbation, and stochastic
collocation can be applied to the analysis. Recently, a MEM
cantilever was analyzed, showing the effects of imperfection
uncertainty on the frequency responses, and noise on the
nonlinear global dynamics [35].

The nonlinear global dynamic analysis is computationally
demanding, with many phase-space discretization techniques
devoted to this problem, starting from the Ulam method [36]
and later the generalized cell-mapping method [37,38]. They
are actually equivalent [39] for being based on an operator
perspective of global dynamics. Today, real engineering
problems demand high-performance computing (HPC), with
parallel  strategies being essential [40-42]. Also,
nondeterministic considerations add another complication,
being even more computationally expensive. Orlando et al.
[43] and Silva and Gongalves [44] demonstrated this, flagging
regions susceptible to nondeterministic factors through Monte
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Carlo method. Basins of attraction were highly affected for
large uncertainty levels, and the computational cost increased
significantly with them. To reduce this cost, adaptative phase-
space discretization techniques, designed for nondeterministic
global dynamic analysis, are an interesting field of
investigation [45]. Some recent results quantified the effects
of random parameters and noise on the basins, attractors, and
dynamic integrity of nonlinear one degree of freedom (dof)
oscillators [46], obtained by applying an operator perspective
for the nondeterministic analysis.

The formulation of reduced order models (ROMs)
contributes substantially to reducing the computational cost of
analysis. Younis et al. [47] proposed the construction of
ROMs by multiplying the equation of motion by the electric
load denominator. Many systems were analyzed following
this strategy, such as arch resonators [28,29,48-50], arches
over flexible supports [51], functionally graded viscoelastic
microbeams with imperfections [52], cantilever resonators
[53-55], narrow microbeams subject to fringing fields [56—
58] and microscale beams described by the modified couple
stress theory [30-32,59-63].

The derivation of reliable ROMSs) has received
considerable attention in recent years, especially in the
analysis of nonlinear systems [64]. A recent literature review
by Mazzilli et al. [65] showed that ROMs obtained through
nonlinear modes are significantly superior to those provided
by the classical Galerkin method. They can represent
dynamics restricted to specific nonlinear manifolds with a
small number of dof, a characteristic that profoundly helps the
global dynamic analysis. In the MEMS literature, the works of
Ruzziconi et al. [28,49] demonstrated how simple, single
degree of freedom (sdof) or two degrees of freedom (2dof)
systems, are capable of representing complex dynamics,
comparing the Galerkin method to Ritz »with Padé
approximations.

The objective of this work is to study the global nonlinear
dynamics of a microarch electrically actuated -and to verify the
effects of noise and uncertain damping raﬁo on global
response. The mechanical model is basedon [28], and is a
MEMS device consisting of asshallow. arched/microbeam,
with axial load deliberately added. and electrostatic and
electrodynamic actuation. The.microstructureis characterized
by a bistable static configuration [66];, with complex global
dynamics. A ROM is derived for the analysis of the pre-
buckling potential well «and thexmodified adaptative phase-
space discretization strategypresented.in [46] is employed for
the global dynamic analysis. This methodology allows the
effects of noise and'uncertain.parameters to be highlighted.

The paper is/organizedsas follows. Section 2 presents the
MEMS formulation and discretization procedure. The static
analysis and investigation of the minimum number of linear
modes needed in the Galerkin procedure are presented in
section 3.%In_section 4, the ROM embedded in a lower

dimensional invariant manifold [65] is derived, using the
theory of nonlinear normal modes. The frequency response
analyses of both the ROM and a 2dof Galerkin model are
compared in section 5. In section 6, the globalanalysis of the
deterministic arch is presented. The influence of,noise and
damping uncertainty is investigated in, respectively, section
7.1, and section 7.2. Section 8 presents the concluding
remarks.

2. Nonlinear Euler-Bernoulli microarch electrically
actuated

A micro-electro-mechanical.system:model is derived based
on the experimental and pumerical analyses in [28]. The
microstructure is simulated as a clamped-clamped imperfect
planar Euler-Bernoulli /microbeam [67], with length L and a
constant rectangular cross-section of width b and thickness h.
As in [28], residual stresses are represented by a constant axial
load P, which produces;the axial displacement u; at the right

end of the beam. Three coordinate systems are considered, the
reference system ».(X,Z), the undeformed, stress-free

configuration (&,,<,) , and the deformed configuration (&,¢)
[35]. The transversal imperfection w, and displacement w

are felated,through these coordinate systems, from which the
equations of motion are derived. Both undeformed and
deformed configurations and the reference system are shown
in Figurerd. The actuation plate is also depicted at a positive
distance d in the adopted reference system.

The Euler angles 6 and 4,, and the arclength definitions
S and s are also shown in Figure 1. Based on the Euler beam
theory, the axial strain is given by

. =A,+((0'-6;), (1)

where 0 =0+6,, () = 4 is the derivative with respect to

the undeformed arclength s, and A, is the axial elongation,

A, = \/(u’+,/1—wfg2 )2 +W? -1 2

Through geometry, the following relations are obtained
[46,67]

- W
sin@ = =,
\/W’2 +(u’+‘/1—w(;2)
_ U+ 1-w)?
cosé = 2 , ©)
\/v‘v’2+ u'+ 1—W52)
sing, =—-w,,  cos6, =1-w?,
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where W=w+w,. Finally, the Lagrangian is defined as
L =T —-U , where the kinetic energy is given by

Tzéj.s{mu%mwz}ds, 4)

and the strain potential energy is
— l 2 12
U—EL{DUAE +D,0%}ds, (5)

where m is the linearly distributed mass, () =2, and
D,=EA and D, =EJ are the axial and flexural stiffnesses,

E being the Young’s modulus, A the cross-section area and J
the cross-section area moment of inertia.

The equations of motion are derived by applying
Hamilton’s principle, that is, by taking H =L +W_ as
stationary in time, where 6W, =(Q,—c,W)ow are the

nonconservative forces, resulting in:

!

12
mu = {Du [u’ +WW, +WTJ+ Dﬂv‘v’w”’} : (6)

+D, [(w(;w + Z(W'w")')v‘v’ —w"(wy? +1) ©)
FWW (W +W")+u'w” + (u'v‘v’)" }} )

Following Nayfeh and Pai [67], the effects/of the geometric
nonlinearities related to the curvature and axial shortening of
the microbeam up to third order are retained in‘equation (7).

Taking u as time-independent, integrating equation»(6)
twice with respect to s and applying boundary. conditions
u(0)=0 and u(L)=-ug results in

L !

s (W ) Dol S
u=— W —+w, [+——Ww"eds ——Ug
L), 2 D, L

) w D,
- W —+w, |[+=EW'w" ¢ ds:
L2 D,

Only the initial displacement w,is stress-free. The boundary
condition u, impeses an.initial deformation that is not in

equilibrium. Thus, the corresponding w must be calculated.
Considering a parallel plate capacitor with a rectangular
cross-section, the electrostatic force Q,, can be written as [2]

beV?

Sy

©)

where b is the beam width, d is the initial gap for a perfect
system, ¢ is the free space permittivity and \.is thexapplied
voltage.

Finally, by considering the following nondimensional
parameters

. . D
s :i, t =t [—%,
L mL
w =Y w;=%, u;=u—B,
d d L
. QL ., Dy
Q=" Bi=rn— (10)
D’7 D’] -
. cL Va1
c, = , & =6—,
sz] D’7
d*zgl b*227
L L

the nondimensional equation of motion in the transversal
direction,is obtained as

y 1 12
= . iv —n w Iong!
W+e W+w' + B,W {uB—dZJ (T+Wwojds}
0

b5V2 —n d2 v iV 1—! m
_—)2: W +—(w +W ) JWW ds

1 12
_(W” +v‘v“’){uB —dzJ (W7+W'W(', ]ds}

° 11)
_{dz {w'(wg\l" + Wy +(W(’,Wg)'j

W (W"Wg +(wW'W) )}

ey ]
B

u

where * was dropped for brevity. With respect to the
condensed microbeam model used in [28], the r.h.s. of Eq.
(11) is different from zero due to the nonlinearities being
considered.

The initial configuration is assumed in the form of the
clamped-clamped beam buckling mode [28], which, in
nondimensional form, is given as

*

w, :y?;(l—cos(Zﬂs)), (12)
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where y; is the maximum initial rise of the imperfect beam at
s" =0.5, nondimensionalized with respect to the nominal
beam gap d. Thus, y, =1 corresponds to a pull-in failure and

is an inadmissible parameter value. The linear vibration modes
of the clamped-clamped Euler-Bernoulli beam [46,68]

F(s)=C, {cosh(\/gs)—‘30'5(\/55)Jr
sin /@ +sinh Voo [sinh(\/gs)—sin(x/gsﬂ},

(13)

cosw —cosh o

are adopted in the Galerkin discretization and the natural
frequencies are the nontrivial solutions of the characteristic

equation cos~/w cosh/w =1.

The present formulation is valid for shallow arches under
small to moderate displacements. Also, the capacitor
assumption [2] dictates that the system behaves as parallel
plates. The parameters of Ruzziconi et al. [28] consider these
constraints and are adopted in this study, with the dimensional
values summarized in Table 1.

Table 1. Dimensional geometric and material properties

Parameters Symbol  Values
Length (um) L 440

Width (um) b 55.8
Thickness (um) h 1.864
Linear mass distribution (kg/m) m 2.4255x107
Flexural stiffness (N-um?) D, 4.9992
Axial stiffness (N) D, 17.2659
Nominal gap (um) d 0.7

Free space permittivity (N-V-2) [69] 3 8.85x107*
anltl(;i_l5|_ (E:)sversal displacement ~ at Y, 1347
Axial displacement at s = L (um) Ug 0.0296

The corresponding nondimensional param?fers, given by
equation (10), are reported in Table 2. Only the free space
permittivity ¢~ still maintains,a®dimension unit, V2, as
usually done in the literature.<This, choice simplifies the
presentation of the results, withrboth the direct current Vg and
alternate current V,c components of the'load V in (11) given in
units of Volt (V).

Table 2. Nondimensional geometric and material parameters

Parameters Symbol  Values
Width b* 0.1268
Nominal gap d’ 0.0016

Free space permittivity.(V?) g 3.4273x107
Axial stiffness B 668643.74
Initial transversal displacementats*=05 Y, -1.9243

Axial displacement at s" = 1 Ug 6.7288x10°

The minus sign of y, and vy, results from the axis

orientation being negative upwards, which implies a total
initial gap larger than the nominal gap: in dimensional form,

the maximum initial gap is |y,|+d/=2.047pm . The

nondimensionalization of the displacement. field in [28] is
with respect to a nominal micrometer, while here,the nominal
gap d is adopted. Thus, the pull-in position becomes w =1,
represented by the pole of equation (11). In the following
sections, the nondimensional formulation is considered and
the symbol * is dropped for brevity, unless stated otherwise.

3. Equilibrium at static.actuation

The total applied voltage is the sum of the direct current
(Vac) and the time-dependent alternate current (Vac), i.€.,

V(1) =V +V, (1). (14)

The transversal »displacement is, therefore, decomposed
into its dynamic and static parts,

w(t, Xy=w, (t,x)+w,(x). (15)

The static response of the microarch is now investigated.
Initially, the modal equations are obtained. Following a
classicahpracedure [2], equation (11) is multiplied by the load

denominator, (l—v_v)2 , the time dependent terms are deleted,

and then a Galerkin projection using the linear vibration
modes, equation (13), is conducted, resulting in the following
system of nonlinear equilibrium equations

W, [Bin _WjBijn + WjWkBijkn :| + ﬁu (Cn +\NiCin

+ W, ijijn +WW, WkCijkn +WW, WkW|Cijk|n

+WinWkWIWmCijkImn) =D, +wD, + W, W; Dijn (16)

+ W W W Dijkn + W Wi W, Wy Dijkln

2 a1
+ W W, W W W D +%L F,ds,

where w; are the static modal amplitudes, the tensor constants
are given in Appendix A, and the Einstein summation
convention is adopted, with indexes i, j,k,I,m,n varying
from 1 to the total number of linear vibration modes, equation
(13), adopted in the Galerkin discretization procedure.
Equation (16) presents nonlinearities up to the fifth order with
coupling between all linear modes. The nonlinear equilibrium
paths are obtained through a pseudo arc-length continuation
procedure together with the Newton-Raphson method [70,71],
and their stability is verified through the maximum eigenvalue
of the Jacobian matrix.
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The static equilibrium responses for various imperfection
levels are displayed in Figure 2, considering an increasing
number of modes, namely, the first, third and fifth linear

symmetric modes, that is, i, j,k,I,m,n can be {1}, {13}, or
{1,3,5}. The vertical axis corresponds to the total static

displacement W, at the middle of the microarch span, s = 0.5,

with respect to the perfect reference system. That is, it
accounts for the displacement due to the static actuation Vgc,
the initial imperfection y,, and the initial axial displacement

us. Recalling the nondimensional relations in (10), the case
W, (0.5) =1 corresponds to pull-in.

At least the first two symmetric modes are necessary to
predict with precision the nonlinear response before pull-in for
all imperfection levels and, consequently, the associated
potential energy function and the ensuing global dynamics.
For y, > -2, the results indicate the viability of the 2-mode

expansion for shallow arches, being a good compromise
between quality of results and difficulty of analysis [46].
Notice that, although the imperfection magnitude y, is a

multiple of the nominal gap d, it is still very small in
comparison to the nominal microarch span L [28]. The
maximum absolute displacement corresponds to 0.477% of
the microarch span for y, =—2. Therefore, the displacements

are still very small. Finally, symmetry-breaking bifurcations
are not considered, so asymmetric modes are not included in
the analysis.

4. Reduced order model based on nonlinear normal
modes

Here the concept of normal nonlinear modes is used to
derive a reliable sdof ROM for the microarch [65]x The usual
procedure to obtain the modal equations of metion is to:define
the displacement w as a sum of static. and dynamic
components, equation (15), expand the dynamie,part in/Taylor
series, and then apply a Galerkin projection’ onto the linear
vibration modes [2]. The resulting nonlinear system represents
a dynamic perturbation of the Static position..Depending on
the excitation frequency and ‘the ‘expected displacement
amplitude, several linear modes arenecessary to describe the
original continuous problem correctly [72]. This is a problem
for global dynamic analysissince the phase-space dimension
increases with the number of modal“equations n (dimension
2", and discretization of amultidimensional spaces is still
computationally prohibitive, especially when noise and
uncertainties are.considered.

To address this issue, a‘reduced order model is derived. As

in the static.analysis; by multiplying equation (11) by (1- v‘v)2
and then applying the Galerkin projection without separating

static and dynamic displacement components, the system of
nonlinear equations takes the form

(Wi +C,W, )[Ain -W;A;, +WjWkAijkn:|
+Wi |:Bi” _WiBijn +WjWkBijkn:|+ﬂu (Cn +\NiCin

+ WinCijn + W W, WkCijkn + W W, W W, Cijkln

W, W, W W, W, C, 1)

m ~ijkimn

)= D, +w.D;, + ww; D,

+W,W; W, Dy, +W,W; W, W, Dy,

1
b_f(vdc V) J‘ . ds,
0

+W,W, W W, W, Dy + YE

where the Einstein summation convention is adopted, the
constant tensors are given in Appendix A, and the same
indexes as in equation (16) hold:, The‘load V is separated into
static and dynamic contributions, namely the direct current
voltage Vg and the alternating current voltage Vac. This is a
strongly nonlinear equation,.with second-order nonlinearities
in the inertia and damping terms and nonlinear stiffness terms
up to the fifth-order. Modal systems obtained from equation
(17) are highly'coupledycomplicating the analysis.

Following the results from the static analysis, the
symmetric2-mode expansion is initially adopted, where
i, jdk,T,mpn ={4,3} . However, the adoption of the 2-mode

expansion results in a 4-dimensional phase-space, which is
still complicated to analyse. An alternative is to restrict the
analysis to solutions embedded in a lower dimensional
invariant manifold [65], following the definition of nonlinear
normal modes of Shaw and Pierre [72].

To construct the ROM, the 2dof system is expanded using
Taylor series up to the fifth order around a static equilibrium
position given by the modal amplitudes of two symmetric

modes obtained by the solution of equation (16), (Wﬁl),wiz)),

for a given value of direct current voltage Vqc. The indexes (1)
and (2) correspond to the first and third linear vibration modes,
given by equation (13), which are also the first two symmetric
modes. The resulting first-order differential system is derived
iW =W

dt k k?

d

: 1 2 A
Ewk =F (Wg),Wg )'th:’Wl’WZ’Wl’WZ’Vac)’

(18)

where k:{l,Z} represent the first and second linear

symmetric modes.
For the following numerical analysis, the static position is
calculated assuming Vg = 0.7V, as in [28], with parameters

from Table 2, and w! =—-0.8382, w!” =0.0200 . Then, the
procedure described in [72] is applied. One of the modal

amplitudes and the corresponding velocity are taken as the
independent manifold variables (master pair), while the others
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are assumed as dependent variables (slave coordinates). Here
the first modal amplitude and the corresponding velocity, w,

and w,, are adopted as governing or master coordinates, and
the second modal amplitude and velocity, w, and W, , as slave

coordinates. Expanding the slave coordinates up to the fifth
order results in

W, :ao"'zslzn:ai,nwfiiwliv (19)

n=l i=0

5

W, =D, +Zibi,nwf_iwli- (20)

n=l i=0

The constants are obtained by substituting equations (19)
and (20) into the first and second of equations (18),
respectively, for k = 2, and by setting damping and forcing
terms to zero. This results in a two-equation system of
(w, W, W, ). The acceleration term W, is eliminated by
applying the second equation in (18), with k = 1. Retaining
terms up to the fifth power of w, and W, results in the system

5 n
n—iz, i
C1;0+chl;i,nwl W =

n=l i=0

5 n (21)
Cz;o + ZZCZ:i,nwlniini ,
n=1 i=0
Cs;o + iicai,nwlniiwli =
n=1 5i:o n (22)
C4;o + chél:i,nwlniiwli ’
n=1l i=0

which are dependent on the constants a;, and bi, in equations
(19) and (20). Terms of the same degree are equated resulting
in a system of algebraic equations in termsga' ainand bip,
which can be solved sequentially, as in/any perturbation
method [72]. These characteristicssmake' it possible for the
method to be easily used in computational solution schemes,
even for systems with many degrees of. freedom [73]. The
resulting nonlinear polynomial system

Cl;O - C2;0 =0,

3,0 _C4;0 =0, 23)

2;i,n

C

Ciin—Cuin =0, Vin,
Cyin—Cuin =0, Vi,n,

governs the coefficients ajn and bin. In this case, there are
forty-two equations up'to the fifth power in ai, and bj,. This
approach (for the approximate solution of the system of
differential” equations is local by nature, and results in

approximations to the nonlinear normal modes of vibration
and dynamics close to the equilibrium point.

Solving this problem results in the nonlinear normal mode
governed by

awl :Wl’

9 iy = 5.0858w° +14.3037w;* — 2.4558%10 * Vi
dt

+0.0035;” —(121.6181-+ 0.0224vg% ) wy’ 24)

+(762.4990 - 0.0114v ) w;?
— (13855761 0.0172, 2% 1:5913%40 °Viy* ) w,.

Figure 3 illustrates the two-dimensional manifold given by
equation (24), based on equationsi(29) and (20), embedded in
a four-dimensional phase-space.; This manifold is tangent to
the plane corresponding to the' linear normal mode at the
origin, also present in‘theyfigure. The plane corresponds to the
linear terms infequations(29) and (20), being a linear modal

embedding.efithe ofiginal problem. For small (w,, Vi, W,, VW, )
, the motion is Testeicted to this plane. As (w;,W,,w,,W,)

increase, nonlinear terms in equations (19) and (20) become
relevant, with“the two-dimensional manifold deviating from
the linear solution.

By substituting equations (19) and (20) into equation (18),
for k =1, the first-order nonlinear equations of the forced and
damped system are given by
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EW]_ = Wl’

9 i, = 5.0854w° +14.3037w,* — 2.4554x10 *viy*

dt
+0.0035v” —(121.6181+0.0224vy;” ) wy’

+(762.4990-0.0114 ) w;?
~(1385.5761-0.01724;” +1.5913x10°Viy* )w,.
e (C< )

+(0.0351w," + 1.0034x10° w2\, )w

—c?)[-0.0104w,w; —0.1449

( (25)
+(0.0164w;” +6.5676x10 "y ) wi\iy
(

~(0.0193w;” ~5.2796x10°V* )W |

+V,.[ 0.6280+1.0091x10* w;*Vi;* +0.0399w;*
+0.0980w° +7.2601x 10 w2
+1.0335x10°°Viy? +0.2257w;? +0.4405w, |
+V,.2[0.0700w +5.1858 10" wyiy?
+0.1612w,2 +7.3821x 107 iy’

+0.3146w, +0.4486],

which is the reduced order model for vibrations in the pre-
buckling potential well, with (w;, W, )=(0,0) as the energy

minimum.

If ¢ =c!? | the damping is significantly simplified, which
is the case adopted in [28]. Here, the damping ratio &, is the
same for the two modes, leading to distinct values for cﬁ) and

() and also to nonlinear damping terms in equation (25).

5. Frequency response under dynamic actuation
The dynamic actuation is given by the peri(%'ic voltage,
V,. = Acos(Qt), (26)

where A is the forcing magnitudeyand Q is the forcing
frequency. The damping coefficients.are given in terms of the
damping ratio, &, as

Csvl) =28w,, 27)
c? = 28w,

where w1 and wy@re the first:and second natural frequencies.
The natural frequencies aré a function of the static voltage Vqc,
the initial axial displacement u, , and the initial imperfection
Y, - For the parameters in Table 2 and Vg = 0.7V, the natural

frequencies are w1 =37.6699 and w, = 116.7780.

The analysis is conducted with the software Continuation
Core and Toolboxes (COCO) [74]. Initially, the free
vibrations of the 2dof model, described by the 2-mode
expansion, equation (17), and the conservative.reduced order
model, equation (24), are compared. The backbone,curves are
shown in Figure 4 in terms of the transversal-displacement w
at s = 0.5, with respect to the reference frame, which is sum of
the initial imperfection w,, the static displacement w; due to

the direct current V. , and the dynamic displacement w, due

to the alternate current Vg, beingrthus the real, observable
displacement.

A softening behavior is observed; with both the small
amplitude (nonresonant) and large. amplitude (resonant)
solutions coexisting in a ‘frequency band lower than the
resonant frequencies. This is due to the strong nonlinear
electric load, which is known'to lead to a softening behavior.
Also, shallow arches such as those studied here display a
softening behavior [75): Thejinitial rise of the shallow arch has
a significant effect on reducing its hardening behavior and
increasing the softening one, as shown by Younis et al. [76].
Such behaviornmatches the experimental results in [28],
validating the present modelling strategy.

The “two. models "agree qualitatively well in terms of
transversal.displacement W, even for large values. The ROM
and the/2dofmodel are compared in Figure 5 where the
frequency response curves are shown for A=17V, £=0.05
and ¢=0:03. Two resonance regions are observed, one at
Q= 37.2 and other at Q = 18.6. The former corresponds to the
first“mode natural frequency, while the latter is a
superharmonic resonance. The superharmonic resonance is
due'to the term Vac? in both the reduced model, equation (25),
and the 2dof model, equation (17). This is a well-known
phenomenon in MEMS literature [77]. Specifically, the
superharmonic resonance is more prominent, with larger
displacement values. Markers identify the bifurcation points:
saddle-node bifurcation points in green and period-doubling
bifurcation points in red. Stable and unstable solutions are
identified by continuous and dashed lines, respectively. The
ROM agrees well with the 2dof model, including the point
where the saddle-node bifurcation occurs, demonstrating the
quality of the ROM as a lower dimensional substitute of the
original model expansion for excitation frequencies up to the
first resonance region. The impact of increasing forcing
amplitude is demonstrated in Figure 6, for £ = 0.05, in Figure
7, for £=0.03, and in Figure 8, for £=0.01. The main
resonant region exhibits small amplitude vibrations for the
two former cases, while the superharmonic region presents
much larger vibration amplitudes. For smaller damping ratios,
¢=0.01, Figure 8, a more complex response is observed, with
the main resonant region exhibiting large amplitude
vibrations. This shows the importance of the damping
parameter on the results. Thus, the influence of damping
uncertainty will be explored later in this work.
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6. Deterministic global analysis

The deterministic global dynamics of the arch are now
addressed through the ROM given by equation (25) with
harmonic dynamic actuation, equation (26), and damping
coefficients, equation (27). For consistency and suitable
comparison, deterministic basins of attraction are obtained
through the same adaptative phase-space discretization
technique, designed for nondeterministic global dynamic
analysis in the framework of the operator approach, used later
in Section 7 to obtain stochastic and parametric uncertainty
basins. A concise description of the discretized operator
approach used here and in Sect. 7 is provided in Appendix B.
A more detailed description is found in [46], where also an
extensive literature review is presented. The superharmonic
resonance region is investigated, considering a forcing
frequency Q = 15 and an excitation amplitude A =17V in all
cases. Resonant (large amplitude) and nonresonant (small
amplitude) solutions are expected for these parameters, as
observed in the frequency response analysis (Sect. 5), as well
as an escape solution representing the pull-in (failure) of the
system, The fourth order Runge-Kutta integrator is adopted,
with time-step T/2000. The analyzed phase-space window is

X={-2,3}®{-70,60}, which contains all relevant

attractors.

Basins of attraction are shown in Figure 9 in terms of
probability distributions (according to color bars’ scale),/y.
separately considering nonresonant, resonant and escape
solutions so to not miss information about the varying
probability of each basin. Changes in the basins’.topology
with the damping ratio & are apparent. For & = 0.05, the two
basins are robust, with well-defined smooth boundaries:As
the damping ratio decreases, both basins’ integrity degrades,
with escape tongues gradually eroding them, withithe resonant
basin more affected than the nonresonant one. This,is also
evident in the probability increase of the escape region with
decreasing damping ratio. Also, the .resonant and the
nonresonant basins become more intertwined as & decreases,
although for &= 0.01 they are still fairly well separated from
each other by the escape basin entered in between them (see
Figure 9(c)). In the nonresonant and resonant basins of Figure
9 there are localized regions alongithe boundaries, far from the
attractors, with probability between 0 and 1. This is due to a
smoothing resulting from the operator approach, which causes
small numerical diffusion  along..Classical deterministic
boundaries. According to Ulam [36];:in the limit of infinity
resolution, the methad, converges to the expected sharp
boundaries.

The efficiency of the @adopted hierarchical procedure of
phase-space refinement [46] is compared against that of a
uniformly discretized phase-space, both strategies using the
same minimum cell size and, therefore, providing the same
attractors and, basins results. The adaptative discretization

algorithm reduced the total number of integrated initial
conditions and the total number of cells by at least 30% and
60%, respectively. Higher economy values were observed in
[46] for simpler phase-space structures, which.isfan expected
outcome.

As an example, Figure 10 shows a phase-space, final
discretization by applying the adaptative algorithm described
in [45,46]. Some regions, particularly attractors and basins
boundaries, after several interactions, have a much higher box-
resolution. The adaptative discretizationireduces the,analysis’
computational cost without losing precision in.these important
regions. This economy is expected to be greater if the
important regions are localized'in’ small\phase-space areas, as
showed in [45,46].

~
7. Nondeterministic global analysis

The framework™ for the .analysis of nondeterministic
dynamics though an operator approach has been addressed
recently in [45,46], see also Appendix B. There, pairs of dual
global operators, each.pair constituted by a transfer and a
composition operator, are employed for each type of
dynamical .system. The transfer operators for deterministic,
stochastic; and\parametric uncertainty cases are, respectively,
the Perron-Frobénius P, , the Foias F,, and the parameter

indexed Perron-Frobenius P, (/1) operators. The composition

operators are for all cases Koopman K, operators. They are

discretized through the Ulam method [36], a classical
discretization of flows in phase-space, which is extended here
to nondeterministic cases. In [46] Benedetti proposes two
strategies for phase-space discretization and refinement. The
first strategy is based on a heuristic boundary identification
procedure, where the basin boundary cells are cyclically
subdivided using a binary tree structure. The second approach,
used here, is based on the identification of the saddles’ stable
manifolds, which are related to the basin boundaries’
geometry. All phase-space dimensions are subdivided
simultaneously using an r-tree structure, thus reducing the
number of initial conditions and the cost of high dimensional
problems. A concise description of the construction of the
discretized operators and the information given by them is
provided in Appendix B.

7.1 Effects of additive white noise

On one hand, almost all theoretical and most numerical
studies of nonlinear dynamics are performed for idealized
noise-free systems; on the other hand, in experiments and real-
life, noise is ubiquitous. Here, a white noise is represented by
the generalized derivative of the standard Wiener process,
oW , where o is ascaling parameter. It is added to the right

side of the second equation of the ROM, equation (25), and
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considering the harmonic dynamic excitation, equation (26),
and damping, equation (27), results in a stochastic differential
system of 1t6 type. The sampling numerical integration of this
system is obtained by a stochastic Runge-Kutta method of
fourth order in drift and half order in diffusion, with the same
time-step of the deterministic case, T/2000. Ten samples for
each set of initial conditions are integrated for the construction
of the discretized Foias operator p; ~ F,.

The effect of noise on the attractors and basins is
investigated, and the results are displayed in Figure 11, for the
nonresonant attractor, and in Figure 12, for the resonant
attractor. A damping ratio £ =0.03 is adopted in this section.
As Lindner and Hellmann [78] discussed, the generalization
of stochastic basins of attraction for noisy dynamical systems,
which assigns to each phase-space region a probability of
converging to a specific attractor, given a fixed time-horizon,
1/e , is adopted. In all cases, the time-horizon for the stochastic
basin computation in equation (B3) [46] is 1/e = 10°T, giving
the expected outcome. For o = 0.5, see Figure 11(a) and Figure
12(a), the basins’ boundaries maintain the same structure as in
the deterministic case, but a slight diffusion is already evident,
with regions with a probability between 0 and 1 appearing.
These regions are here referred to as nondeterministic. Also,
the noise results in the mild spreading of both attractors over
the phase-space, with the resonant attractor seemingly more
sensitive to it. As noise increases up to o = 1.4, these effects
increase, the attractors spreading over larger regions of phase=
space and basin boundaries becoming more diffused, Figure
11(c) and 12(c). The distance between the resonant attractor
and its basin’s boundary decreases considerably, indicating a
loss of dynamic integrity for this system. For ¢ > 1.6, only the
nonresonant attractor is observed. The previous resonant basin
becomes nondeterministic, being partially<absorbed by the
nonresonant basin: initial conditions in this regien have a
probability between 40% and 50% to converge 'to the
nonresonant attractor after 10° periods of excitation, and the
complementary probability corresponds™tos,escape. The
stochastic basin’s change for ¢>1.6 is akin to a global
bifurcation, drastically changing the outcome for this system.
This stochastic erosion is correlated to the noise.influence onto
the hilltop saddle’s manifolds, see [46]. This will be a topic
for future investigations.

The nonautonomous character of stochastic dynamical
systems suggests that stochastic.basins are time dependent. An
investigation of the transient behavior is desirable for o > 1.6,
when the resonant attractor disappears. To this end, the
transient behavior for ‘¢ ='1.6 is addressed. Increasing values
of the time-horizon 1/¢ are considered in equation (B3) [46],
with the function ida marking the nonresonant or resonant
attractor, or_the escape solution. The results for ¢ = 1.6 are
summarized in Figure 13, for the nonresonant attractor, in
Figure 14, for the resonant attractor, and in Figure 15, for the
escape solution. Similar results are obtained for sigma o = 1.8

10

and o=2.0. The first three time-horizons, with €= 0.5,
£=0.1, and £=0.01, show the transient stochastic basin
spreading in phase space but already with regions of
probability lower than one, see Figures 13(a, b;.c)y14(a, b, c),
and 15(a, b, ¢). The resonant basin starts to decrease for
<107, that is, after 107 periods of exgitation. Thishis
demonstrated in Figure 14(d, ), for € = 107" and £ =110, For
e£=10° Figure 14(f), the resonant >basin completely
disappears, with initial conditions’in this region_converging
either to the nonresonant basin or to‘the.escape region. These
results stress the time dependency of basins in stochastic
systems. Due to computational limitations, ‘the system is
assumed ergodic for 1/e > 10%that is, it.has converged to the
steady-state response after 10° periodsof excitation.

The integrity measure. proposed /in [46] is applied to
quantify the system’s ntegrity-loss’due to nondeterministic
effects. It is defined as the weighted normalized basins’ areas,

J‘xid[pyl](gA)gAdx

J.dx '
X

where g [ is a stochastic basin of attraction, id, , (9,) isan

(28)

indicator function, which is equal to 1 if g, €[ p,1] and zero

otherwise, and pjis the required probability threshold, between
0 and 1. This expression is a particular case of equation (44)
in [78], with o, (x) as a uniform density over the phase-

space window X, and also reduces to the global integrity
measure (GIM) [79] in the deterministic limit. Figure 16
shows the results for 0 < ¢ <2 and 1/& = 10°. The nonresonant
attractor dynamic integrity, Figure 16(a), corroborates its
resilience to noisy perturbations, with its basin area being
practically constant for o< 1.6. Also, the probability is
practically equal to one for all initial conditions. For ¢ > 1.6,
the integrity measure increases, but the results show a more
marked variation of the probability with large regions with
p <0.5. However, the basin area with probability p=1.0
remains practically constant. The resonant attractor dynamic
integrity measure, Figure 16(b), shows a steady decline, with
an abrupt Dover cliff integrity loss at o =1.6, as already
observed in Figure 12. If a conservative p-value is required,
for example, p > 0.8, then the constant decline of the basin
area can be viewed as a warning for ¢ < 1.6.

Continuing the discussion of the dynamic integrity, its
dependency on the adopted time-horizon is illustrated in
Figure 17, where the variation of the basin area is plotted for
increasing values of the time-horizon 1/e¢ for selected
probability thresholds p. Initially, the basin area increases up
to a plateau, as expected for short transients, and between 102
and 108 periods of excitation the integrity of both attractors
remains practically unchanged; however, the resonant
attractor shows a significant dependence on the required
probability threshold, indicating its high sensitivity to noise.
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The basin area only changes after 108 periods of excitation,
with the resonant basin vanishing completely after 10°
periods. Classical methods, which rely on the time integration
of each initial condition up to the time-horizon, would be too
expensive to represent the permanent state of this system.
Therefore, the approximation of the flow structure in phase-
space becomes advantageous, considerably diminishing the
computational cost.

The adopted hierarchical phase-space discretization
reduced the total number of integrated initial conditions by at
least 30%, in comparison with a uniform discretization of the
phase-space, for all noise intensities. This again demonstrates
the efficiency of the proposed methodology [46], when
compared to a full phase-space discretization.

7.2 Effects of parametric uncertainty of the damping
ratio

As shown in the previous sections, damping has a critical
influence on the global dynamics of the microarch. However,
damping is usually difficult to model or measure since it stems
from different sources. Thus, it is important to investigate the
influence of damping uncertainty on global dynamics. The
variation of the frequency responses in Figure 6 to Figure 8
demonstrates how the superharmonic oscillations vary with
the damping ratio & However, as an estimated parameter, it is
usually associated with a distribution, defined as a random
parameter of a given probability space. To better understand
how this uncertainty affects the global response, the effects of
this assumption on the superharmonic global dynamics of the
harmonically excited microarch for A =17V and &Q'=115, is
investigated. Here, a modified refinement algorithm, see.[46],
is applied in conjunction with a probability space
discretization, explained in [46], to obtainnmean global
structures.

The damping ratio is assumed as uniformly distributed,over
the real continuous interval [a, b], that is, &~ U(a, b). The
computation of the mean structures is accomplished.-through
the Gauss-Legendre quadrature, a common choicefor treating
uniform random variables through. spectral expansion [80].
Taking &w as a standard random variable uniformly
distributed over [-1, 1], &w ~ U(-1, 1),:the damping ratio can
be defined as

(b—a)egstd +(b+a).
2 2

It is clear that &(-1)=4a and’ &1)=b. The probability
P.[& < X] is given'by

§ (é:sld ) = (29)

11

X(x)
L £f(&)dé=

1 [ e

-1

(30)

where f(¢) is the probability density of & Differentiating both
sides of equation (30) with respect to x and applying equation
(29) by taking &= X and &, =X, one obtains

f(¢)=1b-a
0 V& g[ab):

Ve [a, b], 31)

Therefore, the damping ratio &~ U(a, b) can be represented by
equation (29). This allows the-Gauss-Legendre quadrature in
[80] to be applied for &tq, and the original & is obtained through
equation (29). In the following application, ten collocation
points are adopted, discretizing the probability space into 10
points. Then, after obtaining the attractors’ densities and
basins observables, for feach &-value, see Appendix B,
discretized mean structures are computed. For details, refer to
[46].

Four cases considered adopting
a=0.04,003,002, 001, and b=005 The interval
[a; b] =[0.04, 0.05] represents a low uncertainty case, and the
interval  [a,b] =[0.01, 0.05] represents a high uncertainty
case. Figure 18 shows the mean basins’ observables and
attractors’ distributions for the four cases, showing how these
structures change as uncertainty increases. In the first case
with ¢~ U(0.04,0.05), Figure 18(a), the effect of uncertainty
is already evident in the mean basins, diffusing their
boundaries. That is, regions with probabilities different from
0 and 1 to converge to either attractor start to appear. Again,
these regions are referred to as nondeterministic. The
uncertainty already affects the resonant attractor, with its
mean distribution forming a curve in the phase-space. The
nonresonant attractor, however, stays localized. This pattern is
observed for all uncertainty cases, with the resonant attractor
mean distribution spreading over a curve in phase-space as
uncertainty increases. Also, the nonresonant mean basin
diffusion depicts increasing regions with probability lower
than one. In the last case, Figure 18(d), large nondeterministic
regions are observed for both attractors, and the deterministic
region of the resonant attractor is confined to a small area in
phase-space. This suggests that the resonant attractor is
sensitive to uncertainty in the damping ratio.

Figure 18(.3) shows how the escape region is affected by
the uncertainty in the damping ratio. As the uncertainty
increases, nondeterministic escape zones inside the original
deterministic basins of attraction regions appear. The last case,
Figure 18(d.3), demonstrates how large uncertainties
deteriorate the classical basins of attraction, with large

are
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nondeterministic regions. Finally, the results are time-
independent since the parametric uncertainty of ¢ does not
depend on time. Therefore, there is no influence of the time-
horizon on the stochastic basins. Classical global analysis
methods, such as the Grid of starts, could be considered with
low time-horizons, with the uncertainty addressed, for
example, through a Monte-Carlo method. However, this
would still be computationally expensive since such a method
demands that initial conditions are integrated until the time-
horizon is reached, whereas the Ulam method/Generalized
cell-mapping approximates the phase-space flow through only
one period of integration for each set of initial conditions.
Additionally, the hierarchical phase-space discretization led to
an economy of at least 60% in the total number of integrated
initial conditions, for all uncertainty levels. This demonstrates
once more the efficiency of the proposed methodology [46],
when compared to a full phase-space discretization.

The process of basins’ erosion and the complexity of their
boundaries for increasing uncertainties, observed in Figure 18,
is correlated to the uncertainty effects on the manifolds, see
[46]. This correlation will be a topic of future investigations.

Figure 19 displays the dynamic integrity profiles computed
through equation (28) for the analyzed uncertainty cases as
functions of the lower parameter boundary a. The first case,
a = 0.05, corresponds to the deterministic result with & = 0.05.
The nonresonant attractor shows a steady integrity decrease
for all probability thresholds p. Surprisingly, the resonant
basin shows two distinct patterns: for a probability threshold
p <0.8 the integrity increases before decreasing, and for
p > 0.8 the integrity always decreases. Therefore, the system
can gain or lose integrity for mild uncertainty cases,‘depending
on the adopted probability threshold p.

8. Conclusions

Uncertainties in microelectromechanical systems. are
unavoidable and can drastically change their behavior. Also,
noise is inevitable in the operational™stages: The
computational cost of both global 4 dynamic and
nondeterministic analysis makes it difficult to consider these
phenomena simultaneously in such'a complex.system. Here, a
recent adaptative phase-space discretization strategy [46] was
applied to a microarch electrically “actuated. Clamped-
clamped boundary conditions, an initial'stress-free curvature,
and imposed axial displacement were considered. The axial
displacement was condensed, and aflexural beam model was
derived. Its static response under{DC actuation displayed two
limit points which_delimit the unstable solutions branch and
lead to a multistability range and hysteresis. It was shown that
two symmetric linear modes are the minimum necessary for
qualitative analysis:

A reduced order model, based on the first two symmetric
linear modes, was derived for the dynamics in the vicinity of
a given static position, following the definition of nonlinear

12

normal modes of Shaw and Pierre [72]. The free vibration
response and the frequency response under AC actuation
demonstrated the validity of the proposed model when
compared against the classical 2-mode discretization. A main
superharmonic resonant region was identified;, with the
primary resonant region being excited only forslow damping
ratios. In all cases, a softening response was obtained due to
the initial beam curvature and load.

The adaptative phase-space discretization of stable and
unstable manifolds with an r-tree data structure presented in
[46] was employed. The global “dynamics “in the
superharmonic region was studied. A potential well with
nonresonant and resonant selutions was observed, and the
impact of different damping ratiossand added noise was
investigated. The basins ».of the deterministic case
demonstrated a convoluted partition of the phase-space for
low damping ratios. Then; a low damping ratio case was
investigated under’noise, and the transient characteristic of
solutions under high noise‘levels was observed, similar to
previous results.in [35]. This was evidenced in the integrity
profiles, which display a/Dover cliff pattern when the noise
amplitude’ variesp.along with a dependency on the adopted
time-horizon (integration time). Finally, the influence of the
uncertainty of the critical damping ratio was investigated, with
a uniform distr"bution being adopted. The spread of the
attractors along the bifurcation path as the distribution interval
increases was observed, a distinct result in comparison to
noisy cases. Their basins also spread over the phase-space.
Thenintegrity profiles revealed the gradual integrity loss of
both solutions.

The adaptative discretization strategy adopted proved to be
efficient when compared to a full phase-space discretization,
in the context of a MEMS device. Additionally, the important
role of nondeterministic global dynamics in unveiling the
nonlinear response and actual safety of microengineering
systems was highlighted.
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Appendix B: Discréetized transfer operator approach

for nondeterministic dynamics
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In the framework of an operator approach for the analysis
of global dynamics, a concise description of the construction
of the discretized operators is summarized here, along with the
information given by them. Detailed expositians can be found
in [45,46].

Initially, a phase-space window of <interest X< is
partitioned into a finite collection of (n disjoint boxes
B={b,...., b, } - Such a collection is also referred to as cell

space in the cell-mapping literature {38,40-42,81,82]. Then,
initial conditions in each box aredintegrated for a period of
time T (the same period that defines the stroboseopic Poincaré
map [83]). Assumed a set of initial conditions within a given
box b;, the transfer probability between boxes is approximated

by
#states in bj after 1T .«
P = #i.c.in b '

(B1)

The matrix p, approximates the continuous Perron-
Frobenius operator. P, for a time-interval 1T. Given a phase-
space subdivision intorn'boxes, p, isa nxn row stochastic

matrix. Stochastic dynamical systems due to the presence of
noiseare considered by integrating the initial conditions
repeatedly, and gntries p; are computed through a Monte

Carlo approach. The resulting transfer matrix approximates
the continuous Foias operator F, for the time-interval 1T. For

parametric uncertainty cases, given a parameter set of possible

valuesi , it is assumed that the transfer operators are functions
of such set, resulting in the matrix p, (1) and approximating

P, (2’)
The left-fixed space of p, , thatis, the solutions of
f (ﬂ“) pu (/’L)f f (;L) ij?

where the vector f, (A) contains information on attractors’

(B2)

distributions if the phase-space is sufficiently refined, holds
for deterministic and stochastic dynamics, and a particular
uncertainty parameter value 4. Once all attractors’
distributions are computed, the basins are obtained following
the definition of stochastic basins of attraction by Lindner and
Hellmann [78]. Such basins are described by functions
G (x:£) OVer the entire phase-space, giving the probability
of a set of initial condition x to have converged to an attractor
A until a time-horizon 1/¢ is reached. This function, also

named observable, is the solution of a linear ill-conditioned
system, which is given in vector (discretized) form by

[5ij -(1-¢) pij]gj(g;l):gidw) (B3)
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The term 9,(s2) is the vector form of usy (Xi8) due to
the phase-space discretization, while id, ;) is the phase-space
indicator function of the attractor A(.1) with discretized
distribution f, (). In summary, f (1) and g, (e;4) are
discretizations of the attractors’ distributions and basins’
observables, respectively, for deterministic or stochastic
dynamics given a particular value of 4. In the case of
uncertainty parameter, mean attractors and basins can be
obtained from a discretization of the parameter space.

18
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Figure 3. Two-dimensional invariant manifold of the reduced order model
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