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An approximate planar two-Degrees-Of-Freedom (DOF) analytical model is developed to investigate the
nonlinear dynamic response of a Floating Offshore Wind Turbine (FOWT), mounted on a spar platform, under
parametric excitations induced by the periodic variation of the buoyancy force due to sea waves. The equations
of motion, studied under the main parametric resonance (PR) condition, account for the linear and nonlinear
hydrostatic stiffnesses and their squares as explicit time-dependent functions of the free-surface elevation. The
main novelties are: (i) a rigorous derivation of the wave-elevation-dependent linear and nonlinear hydrostatic
stiffnesses, retaining the associated higher-harmonic parametric components; (ii) a fifth-order Multiple Time
Scales Method (MTSM) analysis of the primary 2:1 parametric resonance, predicting small-amplitude resonant
period-2 oscillations emerging from subcritical and supercritical Hopf bifurcations of the rest position; (iii) a
complementary Harmonic Balance Method (HBM) study that reveals, beyond standard low-order formulations,
a detached and non-resonant family of large-amplitude period-1 solutions; and (iv) a basin-based assessment
of practical pitch stability. Numerical continuation, direct time-domain integrations, and basin-of-attraction
computations confirm the unexpected coexistence between the classical small-amplitude resonant period-
2 response and the detached non-resonant period-1 oscillation at finite and large amplitude. Remarkably,
the period-1 attractor can exhibit wide basins of attraction even when the rest state is locally stable and
within damping, wave-amplitude, and frequency ranges commonly considered acceptable in design practice,
thus turning a seemingly safe operating point into a practically vulnerable one. These results demonstrate
that conventional linear (and low-order nonlinear) analyses may systematically underestimate the risk of
wave-induced large-amplitude pitch motions in spar-type FOWTs, and they provide a lightweight analytical
framework together with basin-based robustness indicators for early-stage design and control screening.

1. Introduction limitations of traditional bottom-fixed turbines, which are restricted

to shallow waters (typically < 60 m). FOWTs, mounted on floating

The increasing global demand for energy, driven by economic de-
velopment and population growth, has led to a dramatic increase in
greenhouse gas emissions, primarily due to the widespread use of
fossil fuels. According to the International Energy Agency, fossil fuels
still account for over 80% of the world’s energy supply, contributing
significantly to climate change and environmental degradation [1]. To
address this urgent issue, renewable energy sources such as solar, hy-
dro, and wind have emerged as essential components in the transition
to a more sustainable energy future [2,3].

Among these, offshore wind energy has gained particular attention
due to its high resource potential, especially in deep-water regions
where wind conditions are more stable and intense [4]. In this con-
text, FOWTs represent a revolutionary technology that overcomes the

platforms anchored to the seabed, enable energy harvesting in deeper
offshore areas, thus opening access to vast untapped wind resources [5,
6]. Although the new frontiers are towards Floating Modular Energy
Islands [7,8], much understanding is still missing for FOWTs, in partic-
ular for their nonlinear dynamical behavior [9], despite the fact that
some FOWTs are already operating [10].

Compared to their fixed-bottom counterparts, FOWTs offer several
engineering and strategic advantages, such as wider geographical de-
ployment, higher wind speeds, reduced visual and noise impact, and a
modular and scalable design [11,12]. However, despite these promising
aspects, FOWTs pose new significant engineering challenges, particu-
larly in terms of structural stability and dynamic response. Due to their
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floating nature, these systems are subject to complex coupled aero-
hydro-servo-dynamic loads, which include both aerodynamic forces
from turbulent wind and hydrodynamic forces from waves, currents,
and mooring-line dynamics [13].

Among the various structural challenges affecting FOWTs, PR rep-
resents a critical source of dynamic instability [14]. This phenomenon
occurs when system parameters, such as stiffness or inertia, vary pe-
riodically in time, leading to potentially large oscillations even under
small excitations.

The first mathematical description of PR dates back to the classical
Mathieu’s equation [15], originally introduced in 1868 to describe the
vibration of an elliptical membrane. Over the decades, many funda-
mental contributions have expanded our understanding of PR [16-19].
These foundational works continue to serve as cornerstones in the the-
oretical understanding of PR and are directly relevant to the analysis of
complex engineering systems, where time-varying parameters naturally
emerge due to environmental excitations and structural motion.

As regards FOWTs, even though new stability improvement methods
have recently been proposed for spar-buoy FOWTs [20], spar platforms
demonstrate an outstanding vulnerability to PR phenomena. As a mat-
ter of fact, Ma et al. [21] investigated a tethered-buoy system and
showed that parametric excitation can induce large-amplitude oscilla-
tions and overturning, with good agreement between theory, experi-
ments, and simulations. Choi et al. [22,23] demonstrated, via model
tests and numerical analyses, that spar-type floating platforms may
experience pitch PR under regular wave excitation. Giorgi et al. [24]
showed that PR in the roll and pitch DOF can be caused by nonlin-
ear coupling between different modes of motion. Jingrui et al. [25]
demonstrated that the spar platform may exhibit complicated dynamic
behaviors when the sum-type combination resonance occurs. Sang
et al. [26] investigated how wave-induced variations of the hydrody-
namic coefficients can trigger significant nonlinear amplification and
instability in the coupled heave-pitch response. Gavassoni et al. [27]
analytically investigated the heave-pitch dynamics of a conceptual spar
platform through nonlinear vibration modes, revealing parametric reso-
nance phenomena. Rho et al. [28] demonstrated that conventional spar
platforms may undergo Mathieu-type pitch instability in regular waves
when the pitch natural period approaches twice the heave period.
Shen and Tang [29] carried out a stochastic analysis, showing that
random waves can trigger Mathieu-type pitch instability and internal
heave-pitch resonance through energy transfer from heave to pitch.
Koo et al. [30] demonstrated that the interaction with mooring and
riser dynamics may induce a pronounced Mathieu-type instability in
the pitch motion of spar platforms. Jang and Kim [31] showed through
nonlinear time-domain simulations that spar platforms may experience
strong heave-to-pitch and heave-to-heave Mathieu instability due to
nonlinear hydrostatic and Froude-Krylov forces. Li et al. [32] analyzed
the nonlinear pitch response of a spar-type FOWT under parametric
excitation, considering the interaction of wind, wave and vortex in-
duced vibrations loading. Aziminia et al. [33] developed an efficient
method to determine PR instability region for spar platforms. Ghozlane
et al. [34] investigated the nonlinear dynamics of a spar-type FOWT,
revealing multiple coexisting periodic solutions and demonstrating how
internal resonances and parametric excitation influence pitch instabil-
ity. Zhao et al. [35] carried out a dedicated numerical and analytical
study of the 2:1 parametric pitch resonance of a spar-buoy under
regular and irregular sea waves.

Recent years have seen a rapid expansion of FOWT dynamic-
response studies, with a strong emphasis on high-fidelity, fully coupled
CFD frameworks to resolve nonlinear wave-structure interaction un-
der complex and extreme conditions, like focused wave groups and
wave—current environments [36-39]. These approaches are essential
to reproduce transient loads and global motions of platforms, but their
computational cost limits systematic parametric sweeps and they do
not provide a dedicated, lightweight stability layer tailored to the
Mathieu-type pitch instability mechanism that is particularly critical
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for spar-type systems. However, despite the substantial progress on
parametric responses of floating bodies, the state of the art for spar-
type FOWTs in pitch still exhibits four focused gaps that directly hinder
early-stage screening and robustness assessment.

(i) Modeling gap (explicit hydrostatic modulation): reduced-
order pitch models typically represent wave-induced parametric ex-
citation via a modulation of the linear hydrostatic term only, while
nonlinear terms are kept constant or truncated without an explicit
dependence on the instantaneous free-surface elevation. A compact
pitch model where both linear and nonlinear hydrostatic stiffnesses
are rigorously derived from the buoyancy moment and expressed as
explicit time-varying functions of the wave elevation (and its square)
for a realistic spar-type FOWT is still missing.

(ii) Analysis gap (high-order and detached solutions): most
analytical treatments of FOWT parametric resonance remain within
third-order multiple-time-scales approximations and primarily target
the main 2:1 tongue. High-order analytical equations for the primary
2:1 parametric pitch resonance of a spar-type FOWT, explicitly ac-
counting for the simultaneous modulation of linear and nonlinear
time-varying terms and for the emergence of detached large-amplitude
branches, are still not available. In particular, a framework able to
predict the coexistence of resonant period-2 solutions and non-resonant
detached period-1 pitch responses has not yet been established.

(iii) Robustness gap (basin-based practical stability): beyond
local bifurcation thresholds, spar-type FOWTs require a robustness-
oriented view. A basin-based assessment of pitch stability under para-
metric excitation remains largely unexplored, and the extent to which
small-amplitude and large-amplitude attractors can dominate phase
space and undermine the practical stability of the rest position has not
been quantified.

(iv) Design-integration gap (a PR-oriented stability layer): Al-
though coupled aero-hydro-servo—elastic frameworks and optimization
pipelines are advancing, they typically lack a parametric-resonance-
oriented module that can be embedded as a low-cost screening layer
to identify when linear or low-order nonlinear checks may severely
underestimate the risk of large pitch motions in spar platforms.

To address gaps (i)-(iv), this paper provides four targeted contribu-
tions for spar-type FOWTs in pitch.

(i) It derives a compact 2-DOF mechanical model in which the
hydrostatic overturning moment is asymptotically expanded up to third
order, yielding explicitly time-varying linear and nonlinear stiffness
terms that depend on the free-surface elevation and its square (thereby
retaining higher-harmonic parametric components and amplitude-
dependent stiffness in closed form).

(ii) Under the main 2:1 parametric-resonance condition, it com-
bines fifth-order Multiple Time Scales and Harmonic Balance analyses,
resulting in high-order reduced equations (with effective quintic nonlin-
earity) that enable a systematic analytical characterization of the local
bifurcation scenario, including the birth and stability of both resonant
period-2 and detached non-resonant period-1 solutions.

(iii) It validates the coexistence scenario through numerical con-
tinuation and long-time direct integrations, and computes the corre-
sponding basins of attraction, providing, within the spar-type FOWT
context, a direct basin-based measure of practical pitch stability under
parametric excitation.

(iv) It translates these dynamical findings into explicit engineer-
ing implications: large-amplitude attractors with sizeable basins can
exist within wave-excitation and damping ranges often considered
acceptable, showing that purely linear (or low-order) assessments may
systematically underestimate the risk of large pitch motions.

The paper is organized as follows. The mechanical model is ob-
tained in Section 2 by considering the various mechanical aspects
that contribute to the equations of motion, which are subsequently
reported in Section 3. A third order approximation is considered to
facilitate the solution. Approximate analytical solutions are reported
in the subsequent section, by the Multiple Time Scale Method for the
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Fig. 1. Schematic representations of (a) the 2-DOF model for the wind turbine tower installed on a floating spar platform, with sea at rest, and (b) the rotational

effect provided by the buoyancy force, with sea waves.

period-2 resonant solution (Section 4) and by the Harmonic Balance
method for the period-1 non resonant solution (Section 5). By choosing
the values of the parameters corresponding to a realistic system, the
main results are illustrated in Section 6 with the help of bifurcation
diagrams, time histories, and basins of attraction. The paper ends with
some conclusions and suggestions for further development (Section 7).

2. The mechanical system

This section summarizes the assumptions used to model the con-
sidered FOWT, aiming at a formulation as simple as possible while
retaining the key dynamical features of interest. The system in Fig. 1(a)
follows the assumptions in [40] and represents a wind turbine installed
on a floating spar platform.

Since the fore-aft direction experiences the highest wind- and wave-
induced loading and thus the largest tower fatigue damage [41], the
tower dynamics is restricted to the fore-aft plane. Moreover, platform
pitch has been shown to drive the largest tower bending for both barge
and spar concepts [42], and pitch oscillations are markedly amplified
in spars under parametric resonance [43]. Accordingly, only two DOF
are retained: the tower fore-aft bending angle 9; and the platform
pitch angle 9p. The tower is modeled as a rigid inverted pendulum
rotating about the hinge O, connected to the spar top through a rotary
spring K and a rotary damper Cy; K includes a linear and a cubic
component (K, K3). The points G and Gy denote the centers of mass
of the tower and of the nacelle-rotor assembly, respectively. The spar
platform is modeled as a rigid pendulum rotating about O, with a rotary
damper Cp at its bottom accounting for sea-induced dissipation; B and
Gp are the centers of buoyancy and mass of the spar, respectively.

It must be noted that wind thrust and blade control are intentionally
neglected in the present study to isolate the wave-hydrostatic mech-
anism responsible for parametric resonance in spar-type FOWTs. Abe
et al. [44], indeed, demonstrated that the change in the wetted area
shifts the center of buoyancy and thus alters the metacentric height,
resulting in a time-variable hydrostatic stiffness for pitch and roll
motions. This time-varying hydrostatic stiffness is potentially able to
trigger PR in pitch and roll DOF. Furthermore, in parked conditions the
blades are typically pitched toward feather to minimize aerodynamic
loads; this means that wind mainly introduces a mean offset and

an additional (often frequency-dependent) aerodynamic damping or
forcing contribution. These effects can shift the equilibrium and mod-
ify the quantitative boundaries of the parametric-instability regions.
Therefore, since the goal of this work is to isolate and character-
ize the wave-induced hydrostatic stiffness modulation mechanism, the
present reduced-order model does not consider aerodynamic loads and
focuses on the wave-induced parametric response layer. The extension
to fully coupled aero-hydro-servo-mooring dynamics is deferred to
future work, where high-fidelity time-domain tools are typically re-
quired. For consistency with this objective (i.e., isolating wave-induced
PR), two additional simplifications are introduced: (i) a deliberately
reduced model is adopted to capture the essential mechanisms with a
tractable mathematical structure, suitable for pre-design analyses; and
(ii) the heave displacement is neglected, while pitch is retained. More
refined multi-DOF and high-fidelity hydrodynamic models are deferred
to future work, where analytical developments are typically replaced
by computationally intensive simulations [45].

The analytical model has been experimentally validated against
published wave-tank measurements of Mathieu-type pitch instability
for a spar platform [46].

2.1. The linear and nonlinear stiffnesses of the rotary spring

To compute the stiffnesses K, (the linear part) and Kj (the cubic
nonlinear part) of the rotary spring K, we follow the same approach
of [47,48]. The wind turbine tower is considered as a cantilevered
vertical beam with a horizontal force O on the top; because of the axial
symmetry it is possible to consider a planar problem.

By elaborating the results of [47,48] we obtain

M =QH =

El, 108
= 307 =900+ T2 @ -9, + .| €)

where H is the height of the beam, EI, the bending stiffness. Therefore,

3EI 108ET
Ki=—% Ky= a 2
=g 37 T35H 2
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2.2. The effect of the masses in the turbine tower

The contributions, provided by the masses in the wind turbine, are
shown in Fig. 1(a).
Let us define the auxiliary term Ky as follows:

Ky =mp §OGr +myg g OG g, 3)

where g is the gravitational acceleration, m is the mass of the tower,
OG is the distance between the pole O and the center of mass of the
tower, myp is the mass of the nacelle, the rotor and the blades, OG
is the distance between the pole O and the center of mass of the nacelle
and the rotor. So, the “destabilizing” moment around the pole O, due
to the weight of the wind tower and blades is given by:

. 1
M(O) nasses turbine = — Ky sin(@r) = — Kyr 97 + EKMT ‘9% t.... 4

2.3. The effect of the mass of the spar platform

The spar platform utilizes the “gravity-stabilization” [49] effect.
This means that a ballast is located at the bottom of the platform,
which, together with the mooring lines (not considered in this work),
lowers the center of gravity of the entire platform system (spar + ballast
+ mooring lines). In this way, the stabilizing moment, due to the weight
force, counteracts the overturning effect of the buoyancy force. The
contribution, provided by the mass of the floating spar platform, is
shown in Fig. 1(a).

Let us define the auxiliary term Kyp as follows:

Kyp =mp gOGp, 5)

where g is the gravitational acceleration, mp is the mass of the whole
spar platform system and OGy is the distance between the pole O
and the center of mass of the whole spar platform system. So, the
“stabilizing” moment around the pole O due to the weight of the spar
platform is given by:

. 1
M(0) masses spar = Knp sin(®p) = Kyp 9p — gKMP 9+ ... (6)

2.4. The effect of the buoyancy force

To compute the effect of the buoyancy force, the same assumptions
explained in [50] are used.

The spar platform is geometrically a cylinder with a constant cir-
cular cross-section and the diameter of the base area is significantly
smaller than the height of the entire cylinder. Therefore, the following
approximations are acceptable. As illustrated in Fig. 1(b), the spar plat-
form undergoes rotational motion around the point O and is affected by
an incident water wave, whose surface elevation #(t) varies periodically
over time,

n(t) = W cos(wt), @)

where W is the wave amplitude, w is the wave frequency and ¢ repre-
sents the time. When the platform is at rest (9, = 0), the submerged
portion of the platform is H, long, while the portion above the water
is hy. The buoyancy force Fj is applied at the center of buoyancy B,
which is at the midpoint of the height of the submerged portion of the
platform. For 6, # 0, this submerged portion is considered to have a
length L;, which takes the value

hs - ”(t)
cos(dp)

L,=H,+h,— (8
Therefore, the buoyancy force is given by

Fg=pgApL;, )
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where p is the density of water and A, is the base area of the spar
platform, and the “overturning” moment M (O)g, due to the buoyancy
force, is

M(0)g =-F OB sindp = Kjg 9p + Kap 5 + ..., (10)
where
—  hg—n L;
B = s —n() il 11
cos(9p) 2
1)? H?
Kig=rgAp (%—W(T)hs—%—l"sh5>’ 12)

13)

sy? Sk, H?  Hh, h?
K3B:”gA”< o 6 Tmte )

This modeling step introduces key differences with respect to ex-
isting analytical spar-FOWT formulations. Previous approaches either
adopt linear restoring stiffness and neglect nonlinearities [33,51], or
retain cubic terms in 9p, while assuming stiffness coefficients that
are constant and independent of wave elevation [34,44]. Here, in-
stead, K;g and Ksp in (12) and (13) depend explicitly on #(r) and
n(t)?, thereby retaining higher-harmonic parametric components and
wave-amplitude-dependent stiffness variations that are central to PR.
Moreover, while cubic coefficients in earlier models are often heuristic
or derived under static conditions [34,44], K3p in (13) follows from a
rigorous asymptotic expansion of the buoyancy moment that preserves
all third-order terms, enabling a consistent description of moderately
large-amplitude oscillations under wave-induced parametric excitation.

3. Equations of motion

This section summarizes the contributions illustrated in the previous
section to obtain the equations of motion, that will be solved in the
subsequent sections by two different analytical methods.

The equations of motion of the 2-DOF system of Fig. 1(a) are
obtained by considering all the contributions explained in Section 2
and by adding the inertial terms and the damping, which is assumed
to be linear (more complex expressions of damping are left for future
works):

Irdr + Cr(r = 9p) — 97 + 0,93,

+ K (97 = 9p) + K597 — 9p)° =0, 14
Ip8p + Cpdp + Cr(9p — 97) + [c3 + c4n(t) + csn(0)?19p
+ [eg + eqn(n) + cgn()*193 + Ky (9p — 97) + K5(9p — 97)° =0, 15)
where
2
_ _ Kur _ Hy
a=Kyr. o=—=. a=Kw-pgdp| - +Hh |
pgA
¢y =—pgAphg, ¢5= Tpv
o Hnh 2
M s s'ts s
— A S48 Sy S
% tredp < 2t T2 )
SpgAphy SpgAp
= = 1
¢ e G I 1e)

and where I and I, are the tower and the spar platform mass moments
of inertia with respect to the point O, respectively, and C; and Cp are
the linear damping coefficients for the tower and the spar platform,
respectively.

Table 1 reports the parameters of the model considered as a refer-
ence (but the analytical approach of course is valid for any parameters).

In particular, as for the tower’s data, the NREL 5-MW reference
wind turbine [52] has been considered. Instead, with regard to the
spar platform, the OC3 Hywind model in parked condition [53] has
been adopted as a baseline for the platform properties. However, the
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Table 1

Parameters of the mechanical system.
Parameter Value Dimension
Iy 3511782090 kg m?
Ip 78788 250 000 kg m?
K, 7186690018.31 N m
K; 7918505 408.22 N m
¢ 441 450000 N m
¢ 73575000 N m
e 467739524.7 Nm
¢y —-3852387 N
[ 385238.7 N/m
o —68325619.95 N m
. -3210322.5 N
cg 321032.25 N/m

original OC3 ‘platform system’ is defined together with its station-
keeping system, i.e., the catenary mooring arrangement that prevents
the floater from drifting and contributes to the global rigid-body mass
properties of the assembly. In the present reduced-order model, the
low-frequency station-keeping role of the moorings is represented kine-
matically by constraining the platform reference hinge O to be fixed
in space (surge and heave are neglected), so that the structure cannot
translate and only pitch is retained. As a consequence, the mooring
restoring forces and their dynamic coupling with platform motions
are not modeled explicitly. Nevertheless, mooring lines and associated
components such as clump weights are an integral part of the OC3 spar
system and are intentionally designed to affect the global stability by
adding mass and inertia and by lowering the overall center of gravity.
Therefore, using the OC3 data without modifications would be incon-
sistent with the present modeling hypotheses. For this reason, the OC3
mass properties have been adjusted by removing the mooring-system
contribution and recomputing consistently the platform-system mass
mp, the location of the center of mass Gp, and the moment of inertia
Ip around O, using standard mass-weighted averages and parallel-axis
relations. Physically, neglecting the moorings reduces the total mass
and moment of inertia and shifts the platform-system center of gravity
upward, which affects the pitch natural frequency and consequently
the quantitative location of the parametric-resonance region. However,
the hydrostatic parametric modulation mechanism investigated here is
preserved, as it depends on the spar geometry and wave elevation.

3.1. The 1-DOF case

Let us consider the 1-DOF case that is obtained by assuming 9, =
9p, which is reasonable when K; and K; are large enough. Summing
up (14) and (15) we obtain
I8p + Cpdp + [co + can(®) + csn(t)19p
+ [e10 + e7n(®) + cgn(t)*193, = 0, a7
where I = It +1p, cg = c3—c; and ¢;y = ¢, +c¢. Note that we need ¢y > 0,
i.e. ¢ > ¢, to have that the rest position is stable without excitation,

namely no static overturning.
With the values of Table 1 we have ¢; > ¢, and (17) reduces to

§p = —0.03574549870 £ 9

— [0.0003194351695 — 0.00004680905830 W cos (wr)

+ 0.000004680905830 W2 cos? (w1)]9p

— [0.00006378345083 — 0.00003900754858 W’ cos (wt)

+ 0.000003900754858 W2 cos? (wt)]93,, (18)

where the damping coefficient ¢ is implicitly defined by Cp = 2&4/1¢q.
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4. The multiple time scales method

In this section the approximate analytical expressions of period-2
resonant solutions of (17) are searched using the Multiple Time Scales
Method (MTSM) [54]. They are sought in the form

p(t) = €9p (T, To. Ty) + €9 p3(To To. Ty) + €8 ps(Tos To. Ty) + ..., (19)

where T, = €'t, i > 1, are the slow times and T, = ¢ is the physical
time, so that % = % + 52% + e4£. We also assume Cp = £2Cp
and W = €2, an expression that gives a physical meaning to the small
parameter e.

We follow the same approach as in Sect. 5.7.3 of [54]. With respect
to the analysis reported therein, the elements of novelty of this work
are that (i) the parametric excitation is also on the cubic term, (ii) there
is also a quadratic term #(¢)*> in the parametric excitation, and (iii) we
will also determine the fifth order solution, which is necessary to see
some dynamical phenomena that cannot be seen up to the third order
only.

Inserting (19) in (17), and collecting growing powers of &, we obtain
a sequence of problems, that are discussed and solved in the following.

4.1. First order problem

The first order problem is

2

929
T—L2L 4 69, =0, (20)
oT;

and the solution is written in the complex variable form
Ip1 = ATy, Ty)e 10 + ATy, T)e M0, @en

where i is the imaginary unit and the bar means complex conjugate. The
natural (circular) frequency is given by 2 = /cq/I. With the values of
Table 1 we have Q = 0.01787274935 rad/s.

4.2. Second order problem

By the considered assumptions, the second order problem is auto-
matically satisfied.

4.3. Third order problem

Before proceeding to the study of the third order problem, we have
to select which PR we are interested in. We will consider the main
one, i.e. w ~ 282. To quantify this closeness we introduce the detuning
parameter o such that @ = 2Q2+¢%6. This implies that ot = 2Qt +£%tc =
20T, + oT,.

The third order problem is then (gp is given in Appendix A)

I 9*9p3

2
TO

+c9dp3 +gp =0. (22)

The solvability condition /OT gpe dTy =0,T = 25” gives

OA | G foioTs — (). (23)

3c1gA%A + iCpyRA + 2122 +
€10 tCpo ! T, B

The third order solution is then given by
Ops = 161 [2010(A3e3i_QT0 + A3e73i0T)
9
+ey (A Bot0To) | JomiGRTytoTy))] (24)

We now introduce real variables, i.e. we assume A(T,) = @e“”(m.
Substituting in (23) and multiplying by ¢/¢>) we obtain

d¢ 3 1. . da 1 —iQ¢p—
- I.Qad—T2 + §C10a3 + E’CPOQ‘Z + lle_Tz + g caae iC¢=oT2) =, (25)
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whose real and imaginary parts are

da 1
lQﬁ + 2CPO.Qa + 76 sin(cT, — 2¢) = (26)

d¢ 3 1
—Iﬁaﬁ + gcma + Zc4acos(0'T2 2¢) = 0. 27)

Obviously, there is the trivial solution a = 0, which physically cor-
responds to the rest position. To check where it loses stability by a
(Hopf) bifurcation, and to study possible other solutions, we consider
the stationary solution (that corresponds to a periodic solution in the
real system)

oT, + f,
aTy) = ap, (Ty) = ——. (28)
so that from (26) and (27) we get
2Cpy 2 41Q0 — 3¢ ya?
sin fy = PO , cosfy= —100. (29)
Cy 26‘4
From
4Cpy2
an iy = ——Cr0f? (30)

41Q0 — 3c10a(2)

we can compute the constant phase angle ), which is independent
of ¢, and which vanishes in the absence of damping, Cp, = 0. From
cos? fiy + sin® fiy = 1 we obtain

3 2
= (yga - Ecmag) +(2Cp Q% (31)
which is the relation between c,4, o and a, for having a periodic solution
in the original system. Multiplying (31) by &* it is possible to go back
to the physical variables:

We? = 210 -20) - 2 2" 4 ac,0p 32
We? = 21900 -22) - Segaad] +QCp07% (32)

where aa;, = €q is the (first order) physical amplitude of the response:

wt + f
2 >+ (33)

Ip(t) = €ag cos <

4.4. Fourth order problem

By the considered assumptions, the fourth order problem is auto-
matically satisfied.

4.5. Fifth order problem

By studying the fifth order problem, it is possible to see the effect
of ¢5 and ¢; in (17), which is an element of novelty with respect to the
standard PR analysis of a Duffing equation.

The fifth order problem is (hp is given in Appendix A)

02
I—22 4 cg8ps + hp = 0. (34
0
The solvability condition /0 hpe ' TodT, =0,T = 2—” gives
2
A oA A cycpA n A A
I—5 +21Q-=+C +——e Ty =
o2 T T T, T Ty ¢ 3¢, T 2
2 A2 12 3 12
3C10A A3 3c4c0AA oo 4 c A -ioTs 4 3c;AA dT =0, (35)
8cg 16¢qy 2

The term ;TA is given by (23):
2

0A _ 1

1
5 =30 (3tc]0A At SicAe™ - CPO.QA) (36)

A

The derivative "T is computed in the Appendix B and is given by (B.5).
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As explained in Section 4, the derivative of the amplitude A with
respect to physical time ¢ is

dA _ A  20A  40A _ 20A _ 40A

aa _ o2 = 37
ar oty TS on, T ar, oT, ' 9T, 37)
where use is made of % =0, see (21). We have that

0
A(N) = _5(12()?) &0 = _aaz(t) e, (38)

where aa(t) = ea(?) is the physical amplitude of the first order solution,
see (33). Furthermore, let us define A(¢) implicitly by

_oot+ p@t)
o) = —

Based on the previous developments, we have

1daat) i d ﬂ( )

> dr + 4aa(t) + - aa(t)s o

d(€A) _ign 3 5A 50A\ _ipw

== = - - . 40
ar < “on,tear )¢ (40)

66 = €26 = w—2Q. (39)

By inserting (36) and (B.5) in (40) and separating the real and imag-
inary parts we obtain, after several computations and remembering that
W =¢x
51210 40

Tar
+ [(=64 1 Qoo + 128co)W cycq sin(f(1)) — 256CP_Qc§]aa(t)

+ [(—40W cyeqeig + 64W ¢c2) sin(B(1)) + 96CpeocigRlaa(t)’ =0, (41)
[-64(1 2006 — 2¢9)W cycq cos(B(1)) — 2561 Qoocy + 128W 2 cscy

202
P 2d (1)
+ 256I.QC9 T aa(t)

+24(W ¢y —

+[(16W eyeqeig + 128W cz¢3) cos(B(1)) + 192¢5 ¢ plaa(t)’
= 30cycjyaa(t)’ = 0. (42)

In (42) it is notable the presence of the aa(t)’, which cannot be seen by
the third order analysis.
Similarly to (28) we now look for stationary solutions, i.e.

B = By. (43)

Inserting (43) in (41) and (42), we obtain
4CpQ2(8cy — SCloaaz)

aa(t) = aay,

sin fy = . (44)
W |(8cycq — 504610)110 — 8¢y (— - 2)]
15¢} aag — 96¢qcigaag + 128¢ 2+ 32(Cp€2)? — W2(64csey + 12¢7)
cos fiy =
8sW [(86709 + c4clu)aa —4ceycq (— - 2)]
(45)
From
sin’ Bo + cos? bo=1 (46)

we obtain a sixth order algebraic equation in aa0 Thus, we can have
up to six different solutions, depending on the various parameters.
This equation is quite complex, but can be managed (and solved) by
a symbolic manipulation software. Meaningful examples are reported
in Section 6. In the absence of damping, Cp = 0, it simplifies to
cos(fy) = +1, which is second order in aa . Thus, we can have up to
four solutions in this limit case.
Once aa, has been determined, the phase angle f, is given by

sin fj
B, = arctan (cos ﬂ(()) > , (47)

while the solution up to the third order is

t + w 3wt +
9p(t) = aagy cos <a) 3 ﬂo) +a”°Tz: cos <CUTﬂ0>

3wt + 3
cl—ocos<wTﬂo>+.... (48)

aa,
032¢,
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5. The harmonic balance method

In the previous section, resonant period-2 (i.e. with frequency w/2)
solutions are considered. To analytically detect non-resonant period-
1 (i.e. with frequency w) solutions, the harmonic balance method is
herein applied.

In recent years, the HBM has undergone substantial methodolog-
ical advances, consolidating its role as a reference framework for
efficiently computing nonlinear periodic solutions and their stabil-
ity in forced and parametrically excited systems. Modern formula-
tions emphasize systematic multi-harmonic expansions, robust alge-
braic solvers, and improved strategies to handle strong nonlineari-
ties and large-scale models, thereby extending the applicability of
HBM well beyond classical single-harmonic settings [55]. A compre-
hensive and implementation-oriented perspective on HBM for non-
linear vibration problems is provided by the monograph of Krack
and Gross [56], which also clarifies the connections between clas-
sical frequency-domain HBM and modern continuation workflows.
Recent research has further strengthened these links by introducing
collocation-based “reconstruction” frameworks that explicitly diag-
nose and suppress aliasing, thereby enabling very high-order, non-
aliasing multi-harmonic solutions and a clearer equivalence between
frequency- and time-domain harmonic analyses [57]. In parallel, scal-
able formulations have been proposed for high-dimensional nonlin-
ear models, including general HBM implementations and variants
that combine harmonic balance with dimension-reduction and FFT-
based acceleration to make large-scale periodic-response computa-
tions tractable [58,59]. At the workflow level, HBM is increasingly
coupled with robust continuation strategies such as ANM-HBM to
reliably trace solution branches (including strongly nonlinear regimes),
while automatic-differentiation-enhanced formulations automate Ja-
cobian evaluation within Newton-type solvers, improving robustness
and usability for complex nonlinearities and large-scale systems [60,
61]. Beyond single-frequency periodic responses, recent extensions ad-
dress multi-frequency and quasi-periodic dynamics via reconstruction
multiple-harmonic-balance approaches, and computational efficiency is
further improved by adaptive harmonic-selection strategies, that retain
only the most relevant harmonics without sacrificing accuracy [62,63].

In the offshore renewable-energy context, HBM-based analyses have
been increasingly adopted to map nonlinear harmonic resonances, jump
phenomena, and bifurcations in reduced-order models of FOWTs and
their subsystems. In this direction, HBM has been used to character-
ize coupled surge-heave dynamics in TLP-type FOWTs and to track
harmonic resonance scenarios and bifurcation patterns [64]. Likewise,
recent spar-buoy studies exploit HBM as a computational backbone
to obtain steady-state responses and stability trends when introducing
strongly nonlinear vibration-mitigation devices and to support system-
atic parameter tuning [65,66]. In parallel, HBM has been specifically
tailored to compute the nonlinear periodic response of mooring ca-
bles, providing an efficient route to capture periodic solutions and
their dependence on excitation and system parameters [67,68]. Finally,
the integration of HBM within optimization loops for nonlinear ab-
sorbers further illustrates the current trend toward HBM-driven design
workflows in complex engineering applications [69].

The approximate solution of (17) is now sought after in the form

Ip(t) = by + by, cos(wt) + by sin(wt) = by + aay cos(wt + ), (49)

where by, b;. and b;, are the three unknowns, aa, = |/b?, + b7, the
amplitude and f, = —arctan(b,,/b,.) the phase.

Inserting (49) in (17), expanding and setting equal to zero the
constant term and the coefficients of cos(wt) and sin(w?), we obtain the
following three algebraic nonlinear equations:

[4cg by +4cs+ (9b], +3b7 ) cg] byW?
+ [dey + (1265 +3(b7, + b7) ¢7] by W
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Fig. 2. The Ince-Strutt bifurcation diagram for different values of the damping
coefficient &. Black is the fifth order MTSM solution, red the third order MTSM
solution. Above the reported thresholds the rest position is unstable, below it
is stable.

+ [(8B + 1287, +b7)) 19 + 8 ¢o] by =0, (50)
[2c5+ (66 + b7 +3b%,) cg] by W2+ 12¢; by by, by, W
+ 6 (465 + b7, + b ) byycig—8Cp by, w+8(cy — Tw*) by, =0, (51)

[6cs+ (1852 +3b7 +5b7,) cg] by, W?
+ [8cy+ (BBG+6b7, + 1857 ) c7] by W
+ (2463 +6(b7, + b7 ) by.ci9+8Cp by 0 +8(co— [w”) by, =0.  (52)

They can be solved numerically, and then the approximate analytical
solutions obtained.

6. Results and discussion

To illustrate the results provided by the MTSM and the HBM, we
consider the values of the parameters reported in Table 1, i.e. we
consider a realistic case, so that the outcomes are of immediate appli-
cability, even for FOWTs similar to the specific one considered in this
section.

There are only three governing parameters, w, W, and &, which will
be varied in the sequel.

We initially determine the bifurcation in the excitation frequency-
excitation amplitude parameter space, known as the Ince-Strutt dia-
gram (see, for example, Fig. 5.9 of [54]). This is obtained by inserting
aay = 0 in (46) (fifth order MTSM) and in (32) (third order MTSM).
As shown in Fig. 2, the instability region (above the curves) has the
classical V-shape, and there are only minor qualitative changes, in
particular for large excitation amplitude W. The fifth order curves lose
symmetry with respect to the axis 6o = 0.

6.1. Excitation frequencies larger than the resonant one

As a representative case of frequencies larger than the resonant one
in this subsection we consider oo /Q = 0.07.

To better visualize the effect of damping, let us define y = 1/&. The
solution aay(u) is depicted in Fig. 3(a), (c) and (e) for different values
of the sea wave excitation amplitude W'.

It is seen that the loss of stability of the rest solution aq, = 0
occurs by means of a subcritical Hopf bifurcation, creating a period-
2 solution. The zooms of Fig. C.7(a), (c) and (e) show that there are
significant quantitative differences between the third and the fifth order
MTSM solutions. Furthermore, although the third order approximation
is still able to capture the qualitative behavior for low values of aa,
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Fig. 3. The solutions aay(u) for (a) o6/ = 0.07 (i.e. @ = 0.03699659115 rad/s) and W =0.9m; (c) 66/ =0.07 and W = I m; (e) o6/2 =0.07 and W = 1.2 m; (b)
o6/Q2 = —-0.07 (i.e. w =0.03449440625 rad/s) and W = 0.9m; (d) 60/2 = -0.07 and W = 1m; (f) 66/2 = —0.07 and W = 1.2 m. Black is the fifth order period-2
MTSM solutions, red the third order period-2 MTSM solutions, yellow the period-1 HBM solutions, blue the numerical solutions. Continuous lines are the stable
paths, dashed lines the unstable paths. Zooms of figures (a), (c) and (e) are reported in Fig. C.7. Zooms of figures (b), (d) and (f) are reported in Fig. C.9.

in Fig. C.7(c) (i.e. when W = 1m) and Fig. C.7(e) (i.e. when W =
1.2m), it becomes inadequate in Fig. C.7(a) (i.e. when W = 0.9m),
because the subcritical Hopf bifurcation phenomenon is lost. In this
case, the third-order solution actually indicates that the unstable path is
always detached from the rest position and asymptotically approaches a
constant value of aq; as y — o (i.e. & — 0). This aspect makes the fifth
order solution necessary, as it is always able to capture the subcritical
Hopf bifurcation phenomenon. As a matter of fact, the numerical solu-
tion confirms this behavior, showing an excellent correspondence with
the fifth order unstable paths, although small quantitative differences
appear in the stable paths.

The true element of novelty can be appreciated in the full views
of Fig. 3(a), (c) and (e). In fact, for large values of aq, there is a new
separate branch of period-1 solutions, with a stable and an unstable
path, ensuing from a Saddle-Node (SN) bifurcation, that is totally lost
by both the third and fifth order MTSM analyses. In this case, instead,
only the HBM is able to analytically detect the new family of large-
amplitude solutions. In Fig. C.7(b), (d) and (f) the HBM curves show

an excellent agreement with the numerical path following results, in
spite of some small quantitative differences, which are acceptable for
high values of aa,. This confirms the accuracy of the theoretical HBM
predictions in this range.

To further verify the existence of these new solutions, we report in
Fig. 4(a) the basins of attraction for W = 1 m and u = 40 (i.e. £ = 0.025).
The large-amplitude solution not only exists, but indeed they are two
distinct solutions with a phase shift of half a period (and with the
same amplitude, this is why they overlap in Figs. 3 and 6). These new
solutions have quite a large basins of attraction (greens), that bound the
extension of the basin of the small amplitude oscillation (red) and of
the rest position (blue). Thus, they are quite important from a practical
point of view, since they can limit the robustness of the small amplitude
oscillations, possibly leading to unwanted and unexpected failure of the
system when the perturbations on real structure are large enough to
reach the basins of these large amplitude solutions.

As a matter of fact, we note that in the present case the rest
solution is still stable, but has a basin that is so tiny as to be easily
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Fig. 4. Basins of attraction for (a) 6o /2 = 0.07 (i.e. @ = 0.03699659115 rad/s),
u =40 (i.e. £=0.025), W = 1m and (b) c6/2 = —-0.07 (i.e. @ = 0.03449440625
rad/s), u =50 (i.e. £ =0.02), W = 1 m. Blue is the rest solution, red the small
amplitude period-2 solution, dark and light green the large amplitude period-2
oscillations.

overcome by small perturbations and uncertainties, thus leading to
practical instability [70].

In Fig. 5 the time histories and the phase portraits of the numerical
solutions shown in Fig. 4(a) are reported, further confirming the ana-
lytical results shown in Fig. 3(a), (c) and (e), in particular in terms of
the periodicity of the solutions.

To get the curves in Fig. 5, the equation of motion (18) has been
numerically integrated in Python with the scientific library SciPy. In par-
ticular, the problem has been formulated as an initial value problem for
a first-order system of ordinary differential equations and solved using
the solve_ivp function from the scipy.integrate subpackage,
which numerically integrates y = f(t, y), starting from y(t;)) = y,. The
implicit 5-order Runge—Kutta solver Radau has been employed, which
is specifically designed for stiff or nonlinear problems and long-time
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integrations. The system has been integrated in the time domain from
t = 0tot = 800000 s, to ensure complete decay of transients and
convergence to the asymptotic attractor. The time step has been chosen
as dt = T,/1000 (T, is the excitation period), which is essential to
accurately resolve the oscillatory response (including subharmonic and
higher-harmonic components) and to avoid sampling artifacts such as
aliasing. The time histories reported in Fig. 5 correspond to the final
window ¢ € [7.9 x 10% 8 x 10°]s, that has been renormalized for
plotting. Different solutions have been obtained by varying the initial
conditions in the numerical integration.

From an engineering perspective, this multiperiodicity is highly
critical, because diagnostic tools or control algorithms, based only on
dominant frequency or amplitude detection, may easily misinterpret
a subharmonic period-2 response as a period-1 oscillation, leading to
inadequate or even destabilizing corrective actions [71]. This scenario
compromises system robustness and poses a risk of motions that are not
anticipated by standard design criteria.

The subcritical Hopf bifurcation can also be observed in Fig. 6(a),
(c) and (e), where the solution aa,(W) is shown for different values of
the damping coefficient &. For each considered value of the damping ra-
tio &, the rest solution aq, = 0 again loses stability through a subcritical
Hopf bifurcation, giving rise to a resonant period-2 response associated
with the main 2:1 PR. This unstable branch of small-amplitude oscil-
lations is accurately captured by the MTSM curves; the corresponding
behavior is illustrated in more detail in the zoomed views (a), (¢) and
(e) of Fig. C.8.

In parallel, as in Fig. 3(a), (c) and (e), the same bifurcation diagrams
reveal the presence of an additional non-resonant period-1 solution,
which does not bifurcate from the rest position but emerges instead
as a detached branch at finite amplitude. This large-amplitude family
is detected analytically only through the HBM and is confirmed by
the numerical path-following results; its detailed evolution is shown
in the zoomed panels (b), (d) and (f) of Fig. C.8. The blue curves
in Figs. 6(a), (c) and (e) and C.8, corresponding to the numerical
continuation, corroborate the existence of both the resonant period-
2 and the non-resonant period-1 solutions. However, an important
difference with respect to Fig. 3(a), (c) and (e) concerns the relative
performance of the third- and fifth-order MTSM approximations. In
Fig. 3(a), (c) and (e), the subcritical Hopf bifurcation associated with
the period-2 response could be reliably reproduced only by the fifth-
order expansion, whereas the third-order approximation was, in some
cases, unable even to provide a qualitatively correct description of the
unstable branch emerging from the rest state. In contrast, the curves
in Fig. 6(a), (c) and (e) show that, when aq is plotted with respect
to W, the fifth-order MTSM solution mainly plays a refining role: it
follows almost perfectly the numerically computed unstable branch
and a substantial portion of the stable branch, deviating only slightly
for large values of the excitation amplitude W. In this setting, the
third-order MTSM approximation introduces essentially quantitative
discrepancies with respect to both the fifth-order and the numerical
results, but it still correctly reproduces the subcritical Hopf bifurcation
mechanism and the overall topology of the resonant period-2 branch.
Therefore, while the fifth-order correction is crucial to achieve quan-
titative accuracy along the entire bifurcation diagram, the third-order
formulation already captures the essential qualitative features of the
bifurcation phenomenon in Fig. 6(a), (c) and (e), unlike what happens
in Fig. 3(a), (c) and (e).

6.2. Excitation frequencies smaller than the resonant one

As a representative case of frequencies smaller than the resonant
one in this subsection we consider oo /2 = —0.07.

The solution aay(u) for different values of the sea wave excitation
amplitude W is illustrated in Fig. 3(b), (d) and (f). The first difference
with respect to the previous case is that now the Hopf bifurcation is
supercritical, and thus less dangerous from a practical point of view.
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Fig. 5. The numerical periodic solutions for co/2 = 0.07 (i.e. @ = 0.03699659115 rad/s), & = 0.025 and W = 1m, shown in Fig. 4(a). (a), (c) and (e) show
time histories of 9,(1) for [9,(0), 19p(0)] = [1.086422 rad, 0.004977 rad/s], [9,(0), 19,,(0)] = [5.073689 rad, 0.072870 rad/s] and [9,(0), &F(O)] = [-5.073689 rad,
—0.072870 rad/s]. (b), (d) and (f) show phase portraits and Poincaré map points (black) for [8,(0), 19,,(0)] = [1.086422 rad, 0.004977 rad/s], [9,(0), 19P(0)] =
[5.073689 rad, 0.072870 rad/s] and [19,,(0), 3,,(0)] = [-5.073689 rad, —0.072870 rad/s].

Moreover, this phenomenon is actually present only in the zoomed view
of Fig. C.9(d), as it is shown by both the fifth-order and the numerical
results. In contrast, in Fig. C.9(b) the small-amplitude solution is pre-
dicted by the third-order approximation, but not further confirmed by
the numerical simulations, while in Fig. 3(b) it is completely absent.
It follows that, when W < 1m, the system admits only the large-
amplitude solution, which represents the second important difference
with respect to the case analyzed in Fig. 3(a), (c) and (e). However,
the large-amplitude oscillations are still detected only by the HBM
and are numerically checked by the path-following technique, despite
some small acceptable quantitative differences already observed in the
previous case.

To further confirm that the large amplitude oscillation is genuine,
we report in Fig. 4(b) the basins of attraction for W = 1 m and x = 50
(i.e. & = 0.02). According to the bifurcation diagram of Fig. 3(d), it

10

is seen that there are no longer the small amplitude oscillations, so
that the large amplitude oscillations now delimit directly the basin of
attraction of the rest solution, which can lose practical stability for
large enough perturbations. Consistently, the basins in Fig. 4(b) further
underscores the engineering criticality of the newly identified large-
amplitude solution: it can persist within excitation-frequency intervals
commonly regarded as safe. The analytical HBM results, therefore,
prove to be essential, as they are able to discover the large-amplitude
solution, which is indeed the only non-vanishing one actually existing
in this scenario.

A complementary view of the same supercritical Hopf scenario is
provided by Fig. 6(b), (d) and (f), where the response amplitude aq,
is now plotted as a function of the excitation amplitude W for three
different values of the damping ratio £. As pointed out in the zoomed
view of Fig. C.10(a), (c) and (e), for each considered value of &, the
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Fig. 6. The solutions aay(W) for (a) co/2 = 0.07 (i.e. = 0.03699659115 rad/s) and W = 0.9m; (c) o6/2 =0.07 and W = I m; (e) 66/2 =0.07 and W = 1.2m;
(b) 66/ = —0.07 (i.e. w = 0.03449440625 rad/s) and W = 0.9m; (d) o6c/2 = —0.07 and W = 1 m; (f) 66/2 = —0.07 and W = 1.2 m. Black is the fifth order period-2
MTSM solutions, red the third order period-2 MTSM solutions, yellow the period-1 HBM solutions, blue the numerical solutions. Continuous lines are the stable
paths, dashed lines the unstable paths. Zooms of figures (a), (c) and (e) are reported in Fig. C.8. Zooms of figures (b), (d) and (f) are reported in Fig. C.10.

rest solution aa, = 0 loses stability in favor of a stable small-amplitude
period-2 oscillatory solution. The stable period-2 branch is captured
both by the third order and the fifth order MTSM analyses. As expected,
the latter is the only able to get closer to the numerical solution,
showing an excellent agreement at the beginning, while departing only
marginally at higher values of the excitation amplitude W. However,
despite some quantitative differences, the third order approximation
is always able to capture the qualitative behavior of the bifurcation
phenomenon, unlike the scenario in Fig. 3(b), (d) and (f). In parallel,
even in this case, the diagrams of Fig. C.10(b), (d) and (f) reveal
the presence of a detached large-amplitude period-1 branch, obtained
analytically only via the HBM and confirmed numerically, with a stable
and unstable paths merging at a SN bifurcation. Consistently with the
trends observed in Fig. 3(b), (d) and (f) and in the basin of Fig. 4(b),
the curves in Fig. 6(b), (d) and (f) indicate that, at comparatively

11

low excitation amplitudes W, the detached large-amplitude period-
1 solution remains the only non-trivial attractor, while the resonant
period-2 branch is not realized in practice.

7. Conclusions and future developments

This work investigated the wave-induced parametric response of
a spar-type FOWT in pitch through a deliberately reduced analytical
model, focusing on the primary 2:1 parametric-resonance condition.
The study clarifies the bifurcation scenario, the coexistence of com-
peting periodic attractors, and the implications for practical stability
beyond classical linear checks.

From a modeling standpoint, a compact planar 2-DOF representa-
tion was developed and then reduced to a pitch-focused formulation
to isolate the core instability mechanism. A third-order asymptotic
expansion of the buoyancy overturning moment yielded explicit wave-
elevation-dependent linear and cubic hydrostatic stiffness terms. This
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provided a mechanistically consistent analytical basis for Mathieu-type
pitch instability in spar platforms, while retaining the higher-harmonic
content introduced by the wave-driven hydrostatic modulation.

On the methodological side, the primary 2:1 PR was treated via
MTSM up to fifth order, enabling a systematic characterization of
both subcritical and supercritical Hopf scenarios and explicitly showing
when third-order approximations may become qualitatively insuffi-
cient. In parallel, a complementary Harmonic Balance formulation
revealed a detached, non-resonant period-1 family at large amplitude,
which cannot be captured by perturbation expansions around the rest
state.

These analytical predictions were corroborated through numeri-
cal continuation, long-time direct integrations, and basin-of-attraction
computations. The results confirmed the coexistence between small-
amplitude resonant period-2 oscillations and detached large-amplitude
period-1 attractors, and showed that the latter can exhibit wide basins
within excitation and damping ranges commonly regarded as accept-
able. Therefore, local stability and linear or low-order nonlinear assess-
ments may systematically underestimate the risk of wave-induced large
pitch motions.

Future work will extend the analysis to the full 2-DOF tower—
pitch model to assess whether the additional DOF plays a relevant
role, and will investigate further parametric resonances associated with
the quadratic time-varying stiffness terms. In parallel, the reduced-
order framework will be enriched by including heave, mooring-line
effects, wind excitation, control and thermal effects, ultimately tar-
geting a multi-DOF model under combined parametric (waves) and
external (wind) excitation, as anticipated in [72], to better reflect the
complexity of real FOWTs.

CRediT authorship contribution statement

Marco Luciani: Writing — review & editing, Writing — original
draft, Software, Investigation, Formal analysis. Stefano Lenci: Writing
- review & editing, Writing — original draft, Supervision, Methodology,
Investigation, Funding acquisition, Formal analysis, Conceptualization.

Declaration of competing interest

The authors declare the following financial interests/personal rela-
tionships which may be considered as potential competing interests:
Stefano Lenci reports financial support was provided by MUR. Stefano
Lenci: Given his role as member of the Editorial Board Members, had
no involvement in the peer review of this article and had no access
to information regarding its peer review. Full responsibility for the
editorial process for this article was delegated to another journal editor.
If there are other authors, they declare that they have no known
competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Acknowledgments

This work has been developed as a part of the PRIN 2022 project
“NonlinEar Phenomena in floaTing offshore wind tUrbiNEs (NEP-
TUNE)”, prot. 2022W7SKTL, CUP 153D23001900006, funded by the
Italian MUR. This support is gratefully acknowledged.

Appendix A. Some expressions

In this section we report some expressions that are used in the text.
The gp term in the third order problem (22) takes the following
expression:

JA

gp = <3c,0A A+iCpyRA + 21190— +3 Ae"”T2> &M

+ <3610A2A iCpyRA — 21[.(2%4. 2A —15T2>e—i.QTO
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c : ; o Cy - s :
+ (c10A3 + %Ae"’B) 9T 4 <c10A3 + %Ae"“TZ) e 30T (A.1)
The hp term in the fifth order problem (34) takes the following

expression:
P 0?9p, N N 20%9ps e 09p, N 09 p3
P 12 0T,0T, PO\ o1, T 0T,

+ ¢4 9p3cos 2QT, + aTz) +¢5 9p cos? QT + oTy)

20%9p,
0T,0T,

+ 3¢y ‘9P1 Ip3 +¢7 9p, cos 22T, + oT). (A.2)

Appendix B. Computation of %

Starting from the modulation equation (36), we first take its com-
plex conjugate to obtain the equation for ;TA, and then differentiate
2

(36) with respect to T, ‘;ZT’Z‘. This yields:

0A 1
o, " = 2I.Q (31c10AA + Elc4Ae ioT +CP0!2A) (B.1)
2 _
IA_ 1| 0% 3ica (424 04 | 5794
oT2 219 oT, oT, oT,
1 0A i
+§ 4 < —cA+i— oT > e”’TZ] . (B.2)
Substituting (36) for % and (B.1) for % into (B.2), and then

collecting like terms, we obtain:

2 Cro
% = ﬁ [ ST <3lc10A A+ Elc 4 AeoT2 — CPOQA)
2

3¢jpA? _ . _
21109 <3c10AA2 + %QAe’”’TZ - iCPOQA)
6c19AA T : 1 -

- W <3c10A2A + Seshe™ tCPO.QA> - Jesode ™™

o (3e0AR2e Tz + %c4A iCpo@Ae™: )] (B.3)

Next, we rearrange the fifth-order solvability condition (35) and

explicitly solve it for obtammg
2
OA _ i ,aZ_A+C 9A | cacwd g, GA A
oT, 21Q\  or2 POoT, T 16cq 32y | 2
302 A2A3 12 3 i2
o 3cycipAA oo 4 ;A o-ioTs 4 3c;AA 4 ). (B.4)
8cq 16¢qy 2 2
Finally, we replace ;TA and ng in (B.4) with (36) and (B.3),
2 T,

respectively; after straightforward algebraic simplifications, this leads
to the closed-form expression:

0A _

2
o [(—42*C

e —— — 24if¢,yCpyAA)A
32 Iz 3 10~ PO )

(%ci + 8cscq — 3:0c2 AQAZ) A
((4cqeo — 3e4e19)AA — dey I6Q) Ae'°T

(Teqepp + 8c7cg)A3e_"’T2] . (B.5)

Appendix C. Some figures

In this appendix we report some zooms of figures reported in the
text.
Data availability

No data was used for the research described in the article.
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Fig. C.7. Zooms of Fig. 3(a), (c) and (e). The solutions aay(u) for 6o /2 = 0.07 (i.e. w = 0.03699659115 rad/s) and (a) and (b) W =0.9m; (c) and (d) W = 1m; (e)
and (f) W = 1.2m. Black is the fifth order period-2 MTSM solutions, red the third order period-2 MTSM solutions, yellow the period-1 HBM solutions, blue the
numerical solutions. Continuous lines are the stable paths, dashed lines the unstable paths. (a), (c) and (e) zooms for low values of aay; (b), (d) and (f) zooms
for high values of aaj,.
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