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DECAY ESTIMATES FOR A PERTURBED TWO-TERMS SPACE-TIME
FRACTIONAL DIFFUSIVE PROBLEM

MARCELLO D’ABBICCO AND GIOVANNI GIRARDI

ABsTRACT. In the present paper we consider the Cauchy-type problem associated to the space-time
fractional differential equation

Oru + 8?(*A)175u —Au=g(t,z), t>0, z€R"

with 8 € (0, 1), where the fractional derivative 8? is in Caputo sense and (—A)* 8 is the fractional Laplace
operator of order 1 — 3. We provide sufficient conditions on the perturbation g which guarantees that the
solution satisfies the same long-time decay estimates of the case g = 0, assuming initial datum in H*"
for some s > 0 and m € (1,00). We apply the obtained results to study the existence of global-in-time
solutions to the associated nonlinear problems,

|u|p7
V(ululP1),

assuming small initial datum in H*™ and supercritical or critical powers.

w40 (=AY Pu— Au= {

1. INTRODUCTION

We consider the Cauchy-type problem for a fractional differential equation

{(‘%u + (=AU — Au = g(t,z), t>0, z€R",

u(0,x) = up(x); (1)

with 8 € (0,1). Here 0 u denotes the Caputo (left-sided) fractional derivative of order 3, with starting
time 0, with respect to the time variable. Namely, for any given € R", we put 0 u(t, z) = (Dngu(-7 x))(t),
as defined in [18, Section 2.4], that is,

(DG4 () = (o3 y)(t) = ml_ 5 / (tyl(i))ﬁ as,

for any t > 0 and y €, where J&;’B denotes the Riemann-Liouville integral of order 1 — 5 and I' is the Euler
gamma function. Moreover, for any a > 0 we define the fractional Laplace operator (—A)® : H®™ —
Hs™20m m e (1,00), as (—A)*f = Z~1(€]** ), where .Z is the Fourier transformation (in &'), and
f = Z(f) denotes the Fourier transform of f (see [12] for an introduction to fractional Laplace operator).

The fractional differential operator L := 0, + 3? (—A)'=# — A is scale-invariant, or “quasi-homogeneous”
of type (1,1,1/2) (see [11, Definition 2.2]), that is,

L(u(A-, A% ) (t,2) = A(Lu) (A, A2 ),

for any A > 0, t > 0 and = € R". This property of L implies a lack of oscillations in the fundamental
solution to the homogeneous problem

Ou+ (—A) P u—Au=0, t>0, zcR",
(0, 2) = up(x),

(2)
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2 M. D’ABBICCO AND G. GIRARDI

that is, (1) with ¢ = 0. In turn, this provides the L™ well-posedness of the problem. On the other hand,
the fundamental solution gains some limited smoothing effect by its parabolic nature, so that the solution
u € C([0,00), H*™) verifies the following decay estimate (see later, Proposition 3.1)

llu(t, M gem < C (1 th)*% uo||gsm  for any s € (0,25]. (3)

The restriction s < 2 is due to the fact that the smoothing effect for the fundamental solution to (2) is
limited to 28 derivatives (see later, (8)). This smoothing effect appears in many other evolution models
(see, for instance, damped evolution models in [5,26]). However, in those cases no restriction on s appears:
more derivatives always brings more decay rate in time, as per the heat equation.

The fractional nature of the problem makes less obvious to deal with the perturbation term on the
right-hand side g(¢, z), since Duhamel’s principle does not apply in the standard way (see, for instance, [18,
Example 4.9] for a simpler equation, see also [29]).

Having this in mind, we look for sufficient conditions on g(t, ) which guarantee that the solution to (1)
remains in C([0,00), H*™) and that ||u(t,")|| 7... has a decay rate t~2 as t goes to infinity.

As an example of an application of the obtained decay estimates for the perturbed equation (1), we
investigate the semilinear problem

O+ (=A)VPOPu — Au= f(u), t>0, z€R",
u(0,z) = ug(x),

(4)

where f(u) = |u|P with p > 1, or, more in general,

[f(u) = F(0)] < Clu—o|(Juf~ + o7, (5)
for some constant C' > 0 independent on u and v. It is well-known that such nonlinear perturbation may
cause the solution to blow-up in finite time, when p is smaller than some critical power, usually called
Fujita exponent. Nevertheless, for p larger than Fujita exponent, global-in-time solutions exist, provided
that initial data are sufficiently small, in some space. Fujita exponents have been determined for fractional

partial differential equations in several papers, see for instance [8] for the fractional wave-diffusive equation
and [7] for the fractional subdiffusive equation.

1.1. Main Results. We here summarize the main results which we will prove in the paper, outlining the
ideas of the proofs, for the ease of reading. The solution to (1) may be written in the form

t
U(t,ZII) = K()(t, ) *(z) Yo + / Kl(t - T, ) *(z) g(Ta ) dT7 (6)
0

where the expression of .# K, j = 0,1, may be explicitly obtained, see later, (26).

We stress that the classical Duhamel’s principle does not apply to fractional equations (see, for instance,
[29]); as a consequence, the kernel K; related to the right-hand side term in (1) is different from the
kernel K related to the initial datum wg; in particular, the two different kernels have different smoothing
properties (see Remark 2.2).

To estimate u, we get an integral representation formula for .# K;, j = 0,1. In particular, we derive the
sharp estimate (see (27) and (28)):

| FK;(8,6)] = (e, j=0,1 (7)

In order to apply the Fourier multiplier theory, in particular, Mikhlin-Hormander theorem (see later,
Corollary 2.4), we also prove the following estimate which involves the derivatives of F#K,(¢,§), with
respect to &.

Lemma 1.1. Let Ky and K; be as in (6). Then it holds
|07 Ko(t,€)| S (VEE)2[g) (8)
and .
07 K1 (t,€)] S (VEg) ™27 2g) 1 (9)
for any v € N™, with v > 0.
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3

Thanks to (8) in Lemma 1.1, it is immediate to prove the L™ well-posedness of the homogeneous
problem (2), and get the decay rate

ult, Y| o < C 1+ )™M 3BY ([ug | e,

for any s > 0 (see later, Proposition 3.1).

However, in view of (6), the fact that K; has different properties with respect to Ky, in particular, it
has better smoothing properties (see Remark 2.2), makes interesting to study sufficient conditions on ¢
which guarantee that this perturbation does not influence the behavior of the solution.

A sufficient condition on the perturbation g which guarantees that the solution u to (1) remains in
C([0,00), H>™) may be easily given.

Proposition 1.2. Letn > 1, m € (1,00), s € R, and ug € H>™. Assume that g € Li ([0,00), HS™) or

loc

that g € LT, ([0, 00), H*=20™) with b € (0,1), for some v > 1/(1 —b). Then u € C([0,c), H*™).

loc

Remark 1.1. The mechanism which regulates the interplay between integrability in time and regularity
in space assumed for g in Proposition 1.2 may be understood noticing that, in view of (9), “a gain of 2b
derivatives in space may be obtained paying a singularity in time ¢~ as ¢ — 0.

The strict inequality in the condition r > 1/(1 — b) in Proposition 1.2 is related to the lack of Hardy-
Littlewood-Sobolev inequality for L. Indeed, the Hardy-Littlewood-Sobolev inequality (see [18, Lemma

2.1(b)) o
I To5 Rl e o,y < Cry by t) [[BllLr(o,y,  with S =otb

holds for any h € L"([0,¢]), with r € (1,00), provided that r* > 1, that is, 7 > 1/(1 — b). The inclusion

L ([0,]) € L([0,t]) guarantees the integrability of J&;bh over [0,t] for any t > 0.

To understand how Lemma 1.1 comes into play, it is useful to split the integral in (6) in two intervals.
In §3, using Corollary 2.4, we will be able to prove the following.

Lemma 1.3. Letb € [0,1). Assume that g € LL ([0,00), H*™) ifb= 0, or that g € LI, ([0, 00), Hs~2bm),
for somer >1/(1—05), if b€ (0,1). Then

t t
/ KL (t = 7,) % g(r, )| o dr < C (t =) lg(r, | gre—som dr, (10)
(t=1)+ (t=1)+
t—1 t—1
/ KLt —7,-) % g7, )| e d7 < C / 1907, )| sosssn dr, fort > 1, (11)
0 0

where C' > 0 is independent on g and t.

The proof of Proposition 1.2 easily follows from Lemma 1.3 (see §3 for the details).

Due to the diffusive nature of the equation, it is expected that when s > 0, the homogeneous quantity
w(t, )| gro.m decays as t — oco. We show that this decay rate is ¢~ ™"{2:} under suitable assumptions
on g. We stress that the fact that the decay rate is not faster than ¢ =7 is related to the partial, polynomial,
smoothing effect that appears for this equation, see (7), if we compare it with the heat equation, for instance
(whose fundamental solution has exponential decay, e_t‘f‘z). This phenomenon also appears in the sub-
diffusive case (19), treated in [7], even replacing the Caputo derivative 8 with the Riemann-Liouville
fractional derivative; in [7] the homogeneity properties of problem (19) allows to investigate more general

LP — L7 decay estimates for the solution v, for 1 < p < g < o00; however, due to the limited smoothing
n 1

effect the restriction n(1/p — 1/q) < 2 appears, and then the decay rate =5 G35 of lo(t,-)||ze can not
be faster than ¢t~“. We mention that problem (19) with « € (1,2) is studied in [8].

In order to obtain the desired decay rate for the solution to (1), we may replace (11) by an estimate of
the integral for the homogeneous quantity

K1 (E—7,) % (7, )l ram
when s > 0. We have the following.
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4 M. D’ABBICCO AND G. GIRARDI

Lemma 1.4. Let s > 0 and assume that g € Li. ([0, 00), H*=2726™). Then

loc

t—1
/O | EK1(t—7,) % g(7, )| preum dT
o s (12)
<C / (t— T)—mln{a71+ﬂ} 1g(7, )| s —2—280m dr,
0

where C > 0 is independent on t and g. Moreover, assume that s € (0,2 + 28) and let ¢ € (1,m] and
g€ Llloc([07oo)aHS+a_2_2B7q)7 where

1 1
azn(—), is such that s +a < 2+ 28. (13)
qg m

Then, additional decay may be produced replacing (12) by the estimate

t—1
|1t = ) ) o
0

t—1
<C / (t— T)—min{s;a,HB} g (7, )| re+a—2—26.q dr,
0

We stress that (12) corresponds to (14) with a = 0. We always fiz a =0 in (14) if s > 2 + 2.
Thanks to Lemmas 1.3 and 1.4, we are able to prove our main result (see §3 for the details).

Theorem 1.5. Let n > 1, m € (1,00) and s > 0. Assume that g € L} ([0,00), H*™) or that g €
L ([0,00), H¥=2™) with b € (0,1), for some v > 1/(1 —b). If s < 2+ 23, possibly also assume
that g € Li _([0,00), H*=2728%:4) for some q € (1,m] with a = a(n,m,q) defined by (13) such that

s+ a <24 28, otherwise fir a = 0. Assume that

t
A = sup(1 + t)min{5-8} (t = 1) |lg(r, )| ggo—20m dr, (15)
t>0 (t=1)+
and
B s t—1 s+a
B = sup t™in{5:4} / (t—7)" 5" || g(r, )| gre—2—26+a.0 dr, (16)
t>1 0

are finite. Then the unique solution u € C([0,00), H>™) verifies the decay estimate

lat, Mo < €A+ &)™ EP} (fugl| g + A+ B), (17)
for any t > 0, where C' > 0 is independent of t, ug, g, A and B.

The fact that the solution is in C([0, c0), H*>™) in Theorem 1.5 is guaranteed by Proposition 1.2.

1.2. Application of Theorem 1.5. In §4 we will apply Theorem 1.5 to obtain global-in-time existence
results for the correspondent semilinear Cauchy-type problem (4). In particular, we have in mind to
apply Theorem 1.5 for functions g for which some decay estimate holds. In view of this, we provide some
concrete examples of assumptions on a polynomial decay rate on g to estimate the quantities A and B
in (15) and (16). Estimates of integrals as in the forthcoming Examples 1.2 and 1.3 are standard in dealing
with integral terms coming from the application of Duhamel’s principle, especially in the application to
nonlinear problems. An earlier version of these estimates goes back to [25]. For the ease of reading, we
collect those integral estimates in Lemmas 3.2 and 3.3, in §3.

Ezxample 1.1. Assume that the estimate

19 (7, )| gro—evm < C (14 7)"™ni56}
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holds for any 7 > 0, for some b € (0,1) and C > 0. Then the quantity A in (15) is finite. More precisely,
one may estimate A < 2C/(1 —b). Indeed, if t > 1, we may estimate

t t
/ (t _ T)_b (1 + 7_)—min{s/?,ﬁ} dr <t~ min{s/2,8} / (t _ T)_de
t—1 t—1

1 . 2 .
_ = min{s/2,8} < 1 t 7m1n{—,ﬁ}'
10 Sty

On the other hand, if ¢ < 1, then we may estimate

t t
. 1
/ (t— T)ib (1 JrT)*mm{S/Q’B} dr < / (t— T)ide A
0 0

1-0
1 2 Cfs
< <2 @4y min{s8}
—1-b71-b (1+¢)
Ezample 1.2. Assume that s € [0,2) and that the estimate, possibly singular at 7 = 0,

. 3 C 71+ if s <28,
Ty NlHs—2-26+a0 > = i
g Hs—2—26+ CT71+%7B if s € (28,2),

holds for any 7 > 0, for some C' > 0 and a € (0,2 — s). Then the quantity B in (16) is finite. Indeed (see
later, Lemma 3.2),

t—1
/ (t—T)_HTa Tt dr <oyt s,
0

and

t—1
/ (th)fsga 771+5+Ta75d7'§ 4 tiﬁ;
0
here, C; > 0 depends only on s and a.
Ezxample 1.3. Assume that the estimate

||g(7—7 ')||H57272B,7n S C (]. + T)_d,

holds for any 7 > 0, for some C' > 0 and d > 1. Then, the quantity B in (16) is finite. Indeed (see later,
Lemma 3.3),

[

/H(t L) (4P dr < Cy(d) 15
0

Background. A limited smoothing effect phenomenon appears in the following perturbed two-terms dif-
fusive problem
O+ 0fv — Av = f(t,z) t>0, zeR", (18)
v(0,z) = vo(z),
with a € (0, 1), recently studied by the authors in [10]. However, this model is deeply different from (1).
First of all, the related homogeneous problem it is not quasi-homogeneous, and it can be shown that
its asymptotic profile is described by the solution to the same problem where 9;v is stroken (diffusion
phenomenon), studied in [7],
ov—Av=0 t>0, xR
(0, ) = vo(x),
Another crucial difference is that the smoothing effect for the solution operator to (18) is independent of
the order « of the time fractional derivative: it amounts on 2 derivatives, independently on .
Differential equations with fractional in time derivatives are increasingly used to model physical phe-
nomena in which some memory effect or hereditary process appear, for instance in areas like rheology,
biology, engineering, mathematical physics, etc. (see for instance [20-23] and the reference given therein).
One can refer to [18] or [23] for a deep study about the theory of time fractional derivatives. Also non-
local in space operators are experiencing many applications in different subjects, such as, among others,

(19)
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6 M. D’ABBICCO AND G. GIRARDI

crystal dislocation [14,24], fluid mechanics [2,4,30]. The use of fractional calculus introduced several new
mathematical challenges; an open problem in this field is finding some effective tools for writing explicit so-
lutions to fractional ordinary differential equations. This latter issue becomes even more challenging if the
equation contains multiple fractional in time derivatives. In the literature other authors have investigated
the existence of solutions to the Cauchy-type problem associated to some multi-terms fractional partial
differential equations, in suitable functional spaces. For instance, the study of the following two-term time
fractional diffusion-wave equation was already faced

blaflw + bg@wi — PAw = F(t,z,w), t>0,zeR" (20)

for b1,bo € R, 61,02 > 0 and F = 0 or F nonlinear, under given assumptions on the exponents ¢; and
and on the function . An extended review about this problem can be found for instance in [27,28], where
the existence of upper viscosity solutions to (20) is discussed. Also the study of the H® well-posedness
for multi-point value problems for fractional partial differential equations like (1) was already treated, for
instance, in [16]. Some results about the well-posedness and regularity of solutions to (20) and more general
models in bounded domains are discussed for instance in [1,3,6,13,32]. The problem of finding a suitable
representation of solution is strictly related to solving fractional ordinary differential equations in the form

O w + A2w + pw = 0, (21)

for A\, p € R. An exact solution to the initial value problems associated to (21) can be expressed in terms
of generalized Mittlag-Leffler type functions (see [19]). In some special case the analytical solutions to such
equations can be derived by using the Laplace transform method (see, for instance [15]).

In the study of our problem, we can rely on a representation formula for the solution to (1); in particular,
we have an integral representations of the kernels which allows us to investigate suitable pointwise estimates,
essential for applying tools from Fourier multipliers theory.

Notation. For any s € R and g € (1, 00) we define the Bessel potential space
sz{fesh<@#eLﬁ,

equipped with the norm || f|| = = || .Z1((€)* f)||La. Here the symbol (£) denotes the quantity /1 + [¢]2.
Namely, H®? is the image of L? via the application of the Bessel potential, with its induced norm. For
integer values of s > 1 and for any ¢ € (1,00), H*9 = W*4, the classic Sobolev space of functions in L™
with their derivatives up to order s. For all s > 0, ¢ € (1,00), and f € H*9, we define the homogeneous

quantity || f] oo = [[(—=A)2 fl|La-
In this paper, f < g means that f < Cg for some constant C' > 0, and f ~ g means that f < g < f.

2. PROOF OF LEMMA 1.1

In order to prove Lemma 1.1, we first need to obtain an appropriate expression for the kernels Ky and
K in (6). Applying the Fourier transform to problem (1) we obtain the following Cauchy-type problem
for a parameter dependent fractional differential equation

{ata e a+ ¢ = §(t,€), t>0,
@(0,8) = 1o (8),

with & € R™. Since the left-hand side of the equation in (22) is scale-invariant, we make the change of
variable r = t|¢]?, setting y(¢|¢]?) = a(t, €), so that the equation becomes

€%y + Dgy +y) = g(rlél 2, €).
Letting co = dio(€) and f(r) = €] 2§(r|¢| 2, €) for any € # 0, problem (22) gives us
{y+D&y+y=ﬂﬂ7T>Q

(22)

y(0) = co. (23)

We are now in the position to apply the following result.
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Lemma 2.1 (see Lemma 1 in [10]). Assume that y = y(r) solves the Cauchy-type problem (23). Then

for any r > 0, with

y(r) = coGo(r / Gi(r —p)f(p) dp
where Go and G1 have the following integral representations:

Go(r) = sin(fr) / e " P p(z) da (24)
pm 0

Gi(r) = sin(fm) / e 2P o(x) dx (25)
pm 0

1
p(r) =

Taking f(r) = [¢] 2§

(1—x)2+ 226 +2(1 — x)zP cos(Bm)

(r |§\72,§) as in (23), by the change of variable p = T\§|2, we get
[ a0t =1 [ Gatr = patele €1 do

rlg| =2
- / Gy (r — 7l¢)g (7. €) dr

- / Gu((t — 7)[€)a(r. &) dr

where in the last equality we replaced r = ¢|¢|>. We conclude that formula (6) holds for problem (1) with
Ky and K satisfying

Ko(t,€) = Go(tle]),  and  Ki(t,€) = Gi(t|¢]?), (26)

where G and G are as in (24) and (25). In particular, we may write Ko(t,€) and K (t,€) in integral

form.
In order to prove

Lemma 1.1, we first look for an asymptotic estimate for the integral in (24) and (25),

as r — oo. We employ the following version of Watson’s lemma ( [31, p.133]) for nonsmooth functions,
whose straightforward proof we provide for the ease of reading.

Lemma 2.2. Let ¢
at 0, with ¢(0) # 0.

€ L ([0, +00)), with p(z) e~ in L1, for some M > 0. Assume that ¢ is continuous
Then

/000 e ™ 2P p(x) de = T(B) 1P ((0) + o(1)), asr — oo,

for any B > 0, where ' is the FEuler gamma function. The integral above is defined for any r > M.

Proof. We preliminarily notice that the integral is defined for any r > M, due to the fact that ¢ is

continuous at 0 and

B >0, so that e==("=M) z:A=1 () is in L.

We fix € > 0. Let § > 0 be such that |p(x) — ¢(0)| < e for any z € (0,5). We first notice that

é or 0o
/ e Py =P / e TPV de = r=PD(B) — 1P / e 2Pl da
0 0 s

Similarly,

where we put ¢(z) =

r

=P g+ O(e_‘ST).

o0 o0
/ e~ o Pl |o(2)] de = / e t(r—M) 4p—1 Y(x)dx = 0(6_57),
) §

lo(z)] e=M*, which we assumed to be in L. Therefore, we proved that

[ e et pta) o = o) (30| < T (E)r 7 4 O,
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8 M. D’ABBICCO AND G. GIRARDI

and this concludes the proof. O
It is clear that Gy and G; in (24) and (25) verify the assumptions of Lemma 2.2 with M = 0, since ¢
is continuous and in L', due to

1
<
P = T conBm (@ — 2 + a7
and ¢(0) = 1. Therefore, Go(r) and G1(r) are bounded and

Gj(T):Tf’HF(ﬂJrj)Sinﬁ(ifﬂ), asr — o0, j=0,1.
In particular,
Go(r) ~ (r)~", (27)
Gi(r) = ()~ ~° (28)

‘We can now prove Lemma 1.1. R )

Proof. [Proof of Lemma 1.1] By the homogeneity of K, and Kj, it is sufficient to prove (8) and (9) for
t=1.

For v = 0 the proof follows by Lemma 2.2, see (27), (28). In order to prove the result for |y| > 1 we
notice that

. o
G (r) = Smﬁ(f 2 | ettt @y ds, =01,
0
for all £ € N. Thus, by applying again Lemma 2.2 we get
rngk) (r)=r"P70(B+k+7) Smﬁ(iﬂ), as r — 0o, j=0,1.

In particular,
k B .
PP IS TP =01,
and then,
el

Fo(LOIS Y G (e)e N < )T,
k=lv]/2]
This concludes the proof. O

2.1. Multiplier estimates. Thanks to Lemma 1.1, we may apply Mikhlin-Hérmander multiplier theorem.

Definition 2.3. For any 1 < p < ¢ < oo we denote by M]! the space of the Fourier transforms T of
tempered distributions 7" which satisfies

1T % fllea S fllze,
for all f in the Schwartz space S(R™). The space M} is endowed with the “multiplier norm”
1Ty := sup {|F EF Gl < f € SEY, £l =1}
In particular, we set M), := M. The elements in M, are called multipliers of type (p,q).
The multiplier norm is invariant by translation and has the following behavior with respect to dilations:
() lagg = "G5 imil . (29)

Thanks to representation (26) we can use the homogeneity of the kernels Gy and Gj; then, for any
1<p<g<oando€R, weget
~ _n(l_1\_o, 2 .
IRt )Nl gy = 2 Gm07R(L,)lel agg, i= 0,1, (30)
for any ¢t > 0. The Mikhlin-H6rmander theorem in its simplest form states that if

gmE)| < Clel™, |yl <1+ /2,
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then m € M), for any p € (1, 00).
As an immediate consequence of Lemma 1.1 and identity (30), by applying Mikhlin-Hérmander theorem,
we get the following result.

Corollary 2.4. Let p € (1,00) and by,by > 0. Then
A~ b
1Ko (t, )€™ (€)* |, < Ct™7 (1
~ b
1B ()1 € la, < CE 7 (1

for some constant C > 0.

t_T), Zf b1 + by < 2ﬁ, (31)
i b+ by < 2642, (32)

+
|

Proof. Since M, multiplier norms are invariant by dilation and K (&) = K (1, 6V/t), we get

1K (& P g, =2 1K (L)€l o, - (33)

However, (€)% is not homogeneous, so to use (33), we first estimate

1K (£, )€1 (€) 2 a, < C (1Kt )E ag,, + 1K (2, )€, ),
where we used that

O
NPT

is in M, for any p € (1,00) (for instance, by Mikhlin-Hérmander theorem). Therefore, we obtain

1 (8 )1 (€) 2 r, < CH 2 (K1) 1€ o, + 77 1K1, )1E 2 g, )

and the proof follows by Mikhlin-Hoérmander theorem. [
In order to obtain estimates in the M;! norm, with 1 < p < ¢ < 0o, one may combine Mikhlin-Hormander
theorem with Hardy-Littlewood-Sobolev theorem.

Definition 2.5. Let 0 € (0,n/2). We define the Riesz potential of order 2¢ as
fy)

w |z =y

Lo f(2) = 71 (€72 () (@) = Cr /

The Hardy-Littlewood-Sobolev theorem states that if f € L? for some p € (1,n/20), then I, f € "

where
1 1 20
o= el S 1l (34)

2.2. Additional remarks on the kernels Ky and K;. In the following, we compare the kernels of our
two-terms problem with the kernels of the fractional diffusion problem.

Remark 2.1. Let w = w(t, z) be the solution to the linear Cauchy-type problem

— 1_5 fB — — n
{( AV TPO w — Aw=g(t,z) t>0, xR, (35)

w(0,z) = wo(x).

and K[, K| the corresponding kernels. As in [7] it is easy to show that K (t,&) = Eg,l(—|§|25tﬁ), where
Eg 1 is the Mittag-LefHler function of indexes 8 and 1 (see [18]). Thus, the kernel Kg has the same scaling
properties of Ko, that is Kg (t, &) = K’g (t|§|2, 1). As a consequence, if we consider the difference of the two

kernels Ky(t,-) and Kg(t, -) we do not gain any additional decay for ¢ — oco; namely, for 8 > 1/4 in low
space dimension n < 43 we have

€N (Ko (t, ) — K (L)) llarz =t~ 55| Ko(L, ) — K§(1, ) e
~ 778 m||e Ko(t, )l s,
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10 M. D’ABBICCO AND G. GIRARDI

for any s € [0,28 —n/2), since the difference Ko(1,-) — Kg(l, -) is not trivial. In the previous line we used
the property M? = M$® = (L?) = L?. It is easy to show that if g = 0, ug € L' N L? and the moment
condition
M= uo(x) dx # 0,
R’!L
holds, following as in [10, Theorem 2], the asymptotic profiles of the solution to (2), and to (35) with
wo = ug, are described by M Ky(t, ) and MKg(t, x), respectively, in the sense that

I(Ko(t, ) uo) = MEo(t, )22 = o(t™ %), [[(KG(t,) * uo) = MEJ(t,)][z2 = o(t™ ).
As a consequence, we obtain that

Jim ¢ u(t, ) — w(t, )|z = Jim o5 (Ko(t, ) * o) — (Yt ) * o)z

|M[t% | Ko(t, ) — KJ(t, )]
= [M||Ko(1,) = KJ(L,)l|> # 0.

Thus, u does not behave asymptotically like w. This fact supports the idea that the presence of the integer
order derivative d;u in the Cauchy-type problem (1) does not produce the same effects as in the fractional
damped heat equation (18).

Remark 2.2. We stress that the difference in the smoothing properties of the two kernels Ky and K; can
be motivated looking at the smoothing effects for the Cauchy-type problem (35): it is easy to derive the

identities Kg = Hy and KI = Iy1_p)H1, where Hy and H; are the kernels of the following subdiffusive
problem

{afv + (=A)Pv = Ly _pyg(t, x) (36)

v(0,2) = wo(x),
which is obtained by problem (35) applying the Riesz potential I5;_g) of order 2(1 — j3) to both sides of
the equation. In particular, for any p € (1,00) we have that |¢|*K] = [¢|*Hy € M, for any a € [0,2/];
whereas, being |£|*H; € M, for all o € [044], we derive |€|*K] € M, for any a € [0,2 + 28]. The study
of problem (36) may be tackled more in details following the approach used in [7].

3. PROOFS OF PROPOSITION 1.2 AND THEOREM 1.5

We may now employ Corollary 2.4 to prove the desired estimates for the solution to (1).
We first consider the homogeneous problem (2).

Proposition 3.1. Let n > 1 and s € R. Assume that ug € H>™ for some m € (1,00). Then the solution
u € C([0,00), H>™) to (2) verifies the estimate

[ut, ) em < Cllugl o, (37)
for some C > 0 independent of ug and t. Moreover, if s > 0 then we have the decay estimate
lut, M e < C ™5 fug | e, (38)
for anyt > 1.
Proof. Applying (31) with by = by = 0, we immediately derive (37) by
[t Mz < 1Kot )ag, [wollmem < C lluol| e
Let s > 0 and ¢t > 1. Applying (31) with bo = 0, and setting by = s if s < 23, or by = 28 otherwise, we get
et M grem < N1EF° Kot g, luollm < O [luollzm,  if s < 28,
et M grom < MEPTRO(E, s, NET* 0llim < CE P ugl gra2sm, i s > 28.
The proof of (38) follows. The proof of the continuity is standard. O
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To deal with the solution to (1) we shall now also consider the integral containing K; in (6) and prove
Lemmas 1.3 and 1.4.
Proof. [Proof of Lemma 1.3] We first prove (10). Due to t — 7 < 1, using (32) with b, = 0 and by = 2b,
we estimate
1B (t = 7,) %@y 9(7 M arem < AKE K1 (t =7, ) aa,, 19 (T, )| pro-20m
<C(t=71)"lg(r, )l gs—20m,

b

for any b € [0,1). The assumption b < 1 guarantees that (¢ — 7)~" is integrable over [t — 1,¢]. Moreover,

2b < 2 < 2+ 2f. This proves (10).
To prove (11), we use (32) with by = 0 and by = 2 + 28, so that

| Ki(t —7,-) %) 9(7, )| gem < ||<§>2+2Bf(1(t — Wz, 19(7s )| groz—28m
< Clg(T, )| gs-zv.m,

since t — 7 > 1. This proves (11). O
The proof of Proposition 1.2 follows combining Proposition 3.1 and Lemma 1.3.
Proof. [Proof of Proposition 1.2] By Hélder inequality, we estimate

t —b .
R e o S A
(t-1)4 Ct =72 \lgllro,g,me-20my i t € (0, 1).

Moreover, for t > 1, we just estimate

t—1
/ 19 M rro—2-20.m dT < lgll L10,0-1), Fr-2-20m)-
0

The continuity is a standard consequence of the fact that g € L] (R4, H §=2bm): indeed, for a sequence t,
in Ry we get:
t

th >t = (t— T)_ng(T, M grs—2v.m d7
th

_1_ 1-1—-b
<CI =, gl (e, 20y = 0,

if b€ (0,1), and
t
bt = / lg(r, e dr < C gl paep om0,
th

if b =0, due to the absolute continuity of the Lebesgue measure. If ¢;, > ¢, we just replace [tp,t] by [t,ts].
O
Now we fix s > 0 and we prove Lemma 1.4.
Proof. [Proof of Lemma 1.4] First, let s+a < 2+24. By using (32) with b; = s+a and ba = 2+28—s—a,
we may estimate
HKl(t -7 ) *(x) g(T7 ')HHSWL
<P e T R (= 7, ) [, [1LF (€€ g7, ) [

< C(t—7) BT e TG (7, ) | oo

We stress that the fact that s+a is the power of |¢| and not of (€) is crucial to produce the decay (t—7)~ 2",
since t — 7 > 1. Finally, we may estimate

17 =1l €)= 272G (r, ) lem = MafllLm < Cllfllze = Cllg(r, )|l sa-20-2+a.a,

where I,f = Z71(|¢|7"f) is the Riesz potential of f = F~1({¢)s=28=2+ag(r ")), thanks to Hardy-
Littlewood-Sobolev theorem, see (34). This proves (14) when s+ a < 2+ 28.
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12 M. D’ABBICCO AND G. GIRARDI
In the case s > 2+ 24, using (32) with by = 2+ 28 and by = 0, we may estimate

1K1 (8= 7)) 9T room < NEPT2P R =7, g, |7 77272 ()]
< Ct =) Pllg(r, Dl gge-2-200m-

Lm

This concludes the proof of (12). O

Remark 3.1. Following the proof of (12), we see that ||g(7, )| gs—26-2+a,« may be replaced by the homoge-
neous quantity ||g(7, )| gs—26-2.m When s > 2+ 23. Similarly, if s > 2b, we may estimate

2b
(= 750) %) 9T M groom < NETELE =75 ) ag, 19075 ) o —20m
< Ct=71)"llg(r, )l gro—20m»

and using this when dealing with ||u(¢,-)|| ;..m, instead of relying on (10).
Theorem 1.5 may then be modified accordingly, using the homogeneous quantity ||g(7, -)|| grs—2s.m in (15),
when s > 2b, and the homogeneous quantity ||g(7,-)|| ys—24-2.m in (16), when s > 2+ 2.

The proof of Theorem 1.5 follows combining Propositions 3.1 and 1.2 with (10) and (14).
Proof. [Theorem 1.5] For any ¢ > 1, using (6), we obtain

t
lult Mg < O Jlug|| o + C / (t =7)"llg(r, ) ro-2om dr
t—1

t—1
-I-C/ t—T a||g(T7~)||H572725+a.da
< Oy (14 t)7 ™28 (|lug)| grom + A+ B).

For ¢t < 1, using (6), we obtain

t
[u(t M grom < Clluolzzsm +C /0 (t =) Ng(rs )l gge—2m dr
< Cy (luollgsm + A).
This concludes the proof. O

Remark 3.2. We stress that many other estimates for the solution to (1) may be proved using (10), (11)
and (14), which are consequences of Lemma 1.1. For instance, one may be interested into have a bounded
solution to (1), in the sense that ||u(¢, )| gsm is bounded with respect to ¢t. In this case, the assumption
of Theorem 1.5 may be relaxed. Assuming that

t
Ao=smp [ (=)l g (39)
>0 J(t—1),
and
t—1 sta
By = sup/ (t—=7)""2 |lg(7, )l go-2-26+a.0 dr, (40)
+>1Jo

are finite, the following estimate immediately follows by (10) and (11):
[[u(t, Il ersm < Cllluol| rem + Ao + Bo), (41)

for any t > 1, where C' > 0 is independent of ¢, ug, Ap and By.
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3.1. Proof of the integral estimates in Examples 1.2 and 1.3. The estimates provided in Exam-
ples (1.2) and (1.3) are consequences of variants of a well-known result for integrals related to the application

of Duhamel’s principle (an earlier version of this estimate goes back to [25]). For the ease of reading, we
provide statements and proofs.

Lemma 3.2. Let aj,as € [0,1). Then the following estimate holds
t
/ (t—71) 97 %2dr < Cttmm02
0

for any t > 1, where the constant C = C(ay,az) > 0 is independent of t > 1.

Proof. 1t is convenient to split the integral into
t
2
I = / (t—7) 7% dr,
0
t
I, = / (t—71) 7% dr.
t
3

The first integral may be estimated as

% 2a1+a2—1
I <2mtme / T dr = i
- 0 ]. - a2
and by a change of variable we also find
% 2a1+a2—1
I = / (t—71) %27 M dr <~ gl m 02
0 1-— aq

This concludes the proof. O
The function 779 shall be replaced by (1 + 7)7%2 to avoid the singularity at 7 = 0, when ay > 1. In
particular, we have the following.

Lemma 3.3. Let a; € [0,1) and ag > 1. Then the following estimate holds
t
/ (=) (14 7) = dr < Ct ™,
0

for any t > 1, where the constant C = C(a1,a2) > 0 is independent of t > 1.

Proof. As in the proof of Lemma 3.2, we split the integral into
3
L = / (t—71)""(14+7)"%dr,
0

L= /t(t )y ) dr,

t

2

The integral I; may now be estimated as

al 2(11

e L U C G i e

T,

%
I <2mga / (1+7)"%2dr =
0

To estimate the integral I we proceed as in the proof of Lemma 3.2, and we get

2a1+a271 9az
I, < 2% (t42)7% Tudr =1 (t42)7e¢lTa <

ofe

.

This concludes the proof. O
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14 M. D’ABBICCO AND G. GIRARDI

4. APPLICATION TO A NONLINEAR PROBLEM

In order to look for the existence of global-in-time solution to (4), we first provide a nonexistence result.
Namely, according to the integrability of the initial datum ug, we find that no global-in-time solution to (4)
exist, even in a weak sense, if the power nonlinearity in (4) is too small.

Theorem 4.1. Let ug € L™ for some m € (1,00) which satisfies

uo(w) > eo(1 + |a|) ™ (In(e + [2]) 7, (42)
for some g9 € (0,1). Then, if there exists a global-in-time weak solution to (4) with f = |ul?, then
p>142m/n.
On the other hand, if ug € L' satisfies

uo(x) dz > 0, (43)
R"L

and problem (4), with f = |ulP, admits a global-in-time weak solution, then p > 14+2/n if B € (0,2/(n+2)],
orp>1+2/nif B €(2/(n+2),1).

We postpone the proof of Theorem 4.1 to §5.

The fact that global-in-time solutions may exist for critical nonlinearities p = 1 + 2m/n, when initial
datum is in L™ with m > 1, is expected and confirmed by the forthcoming Theorem 4.2, which provides
some existence result in this critical case, under additional assumptions on the space dimension n and
on B3. In the case of L' initial datum, the existence of global-in-time solutions is excluded by Theorem 4.2,
but only in the case 8 € (0,2/(n + 2)]. The existence of global-in-time solutions for supercritical powers
is guaranteed again by Theorem 4.2 (see Remark 4.1). In the case 5 € (2/(n + 2),1), we are not aware if
the case of critical power nonlinearity belongs to the existence or to the nonexistence range.

Theorem 4.2. Let m € (1,00) and fix a space dimension n < 2m, and a reqularity s € (n/m,2).
Letp>142m/n if 1 +2m/n > 1/8, and p > 1/8 otherwise. Then, there exists eg > 0 such that if

uy € H*™,  with |Juo|g=m < o, (44)

there is a uniquely determined solution u € C([0,00), H*™) to (4) with f = |u|P. Moreover, the solution u
satisfies the following decay estimates:

et M grm < C (148" fug || o, k€ [0, 8], (45)
where C' > 0 is independent of t > 0.

Remark 4.1. As a corollary of Theorem 4.2, if the initial datum is in H*! for a sufficiently large s, then
Theorem 4.2 may be applied for any m € (1,00) in space dimension n = 1,2, so that the global-in-time
small data solutions exist if p > max{1 + 2/n,1/8} in space dimension n = 1, 2.

We stress that we do not expect that the existence exponent max{l + 2m/n,1/8} in Theorem 4.2 is
critical when 142m/n < 1/5. More precisely, we expect that for any m € (1, 00) it is possible to prove the
existence of global-in-time solutions with small datum in H*™ for p > p(n, m, 8) with p(n,m,B) < 1/8 if

1 2m 1
+ " < 3
However, proving a general result would be rather technical, so we only discuss a simple scenario in
Proposition 4.3.

This very peculiar effect shows that working with L' regularity of the datum or, more in general, L™
regularity, with m close to 1, is not the best possible choice to find global-in-time small data solutions.
This is due to the asymmetry in the Duhamel’s principle for fractional equations, that is, K1 has better
smoothing properties than Ky (see also Remark 2.2).

Proof. [Theorem 4.2] We consider the evolution space X = C([0, 00), H*>"™) and the norm

lullx = sup sup (14655 ut, )| o
t>0 k€(0,s]
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Applying the fractional Sobolev embedding or Gagliardo-Nirenberg inequality (see, for instance, [17]) we
conclude that if u € X then

lu(r, Mer S @+ 7)™ 5 G20 ) «, (46)
for any r € [m, c0), since
1 1
H™ s 17, bl < Clhlgen, w=n ( _ ) ,
m T

and n/m < s. Let us define the operator
N :ue X(T) =Nu(t,z) = Ko(t, ) *(g) uo + Fu(t, ),

! (47)
Fu= /0 Ki(t —7,°) %) f(u(r,-)) dr.
Applying Proposition 3.1, we find that
[ Ko *(z) wollx < Ch|[uollmem,
for some C7 > 0. We will prove that
|Pu— Follx < G lu—ollx (Jlully™ +lel57). (48)

for some C > 0. We now want to prove that N is a contraction on a closed ball Br = {u € X : |Ju|x < R},
provided that R is sufficiently small. Let us fix R = 2C ||ug||g=m. Estimate (48) proves that F is a
contraction with constant L < 1/2 on Bpg if R is a sufficiently small, namely, 2Co RP~1 < 1/2. This
provides the smallness condition on |[ug||zsm = R/(2C}). Now N maps Br onto Br and is a contraction,
as well. Therefore there exists a unique fixed point, that is, a unique weak solution u, in X. Moreover,
u € Bp, that is, |Jul|x < R =2C ||ug||g=m, and this implies estimates (45).

It remains to prove (48). For any u and v in X (T') we define

g(r,z) = f(u(r,z)) — f(o(r,2)).
As a consequence of (46) and (5) we obtain
lg(r, Mzm < 1w = 0) (7, M zme ([ulr, ) s + o))
S (1 7yl u — ol (" + 0I5 -
Similarly,

lg(r, Mlza < 1w —=0) (7, zaw (lulr, Men + o0, ) 1 2a)

L

< (1) enlE G — ol (! + 1ol
= (14D o ol (Julfe !+ ol

provided that a = n(1/q — 1/m) is sufficiently small, that is, ¢ is sufficiently close to m, in particular,
qp > m. We may now apply Theorem 1.5.
We distinguish two cases. We first assume that p. = 1 + 2m/n verifies p. > 1/5. It is clear that

min { = (p—1),pB} = min { 5= (e — 1),peB} = min{1,p.5} = 1,
due to the assumption p, > 1/8. Similarly,

n a a
in{ “(p-1)-2 }>1—f.
mm{2m(p RS
Due to the assumption k < s < 2, letting b = s/2 € (0,1), we get
lg(t, M rrn—zom < Ng(t, W ms-20m = [lg(t, )| Lm

— -1 -1
< 1+ u—ollx (i + ol5 ).
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16 M. D’ABBICCO AND G. GIRARDI

and (14+¢)7' < (1+ t)_min{%’ﬁ}. Therefore, we may estimate the quantity A in (15) (see Example 1.1)
by

4 -1 -1
A< 5 lu=vllx (i + ol ).
We also assume that a > 0 is sufficiently small to get s + a < 2 as well. Therefore,
g, ) prn—2-26+a.0 < gt ) pre-2-20+aa < llg(t, )l e
_(1—2 -1 -1
<t~ u—ollx (Iull3 + 1ol
for any k < s. Applying Theorem 1.5 (see Example 1.2), we get the desired estimate
|Fu(t, ) = Folt, ) e < CO+ 0™ 5 u—ollx (ullie* + ollk ).

for any k < s.
Now let p. < 1/5. In this case, we fix a = 0. Now for any p > 1/,

n
ind X (p—1), } —d(p) > 1,
mm{Qm (p—1),pB (p)
since p > p. as well. Therefore,
g, M ere-2-20m < gt ) lmn-2vm < llg(t, )|l Lm
— —1 —1
<t 10w —vllx (a3 + ol

for any k < s and for b = 1 — s/2. Applying Theorem 1.5 (see Examples 1.1 and 1.3), we get again the
desired decay estimate.
This concludes the proof. O

4.1. A variant of Theorem 4.2 in space dimension n = 1, 2. It is easy to see that the range in which
the existence exponent is 1 4+ 2m/n may be enlarged taking smaller ¢. In the following result, we discuss
the case of low space dimension n = 1,2, in which it is possible to choose ¢ close to 1 as one desires.

Proposition 4.3. Letn=1,2, and m € (1,00). Fiz s = 2. Assume that
n 1
e>1—=[(1—-——. 49
Bpe>1-3 ( m) (49)
Then for all p > p. there exists g > 0 such that if (44) holds and f(u) satisfies (5), for any 0 € (0,2—n/m)
there is a uniquely determined solution u to (4) which belongs to C([0,00), H2~%™).
Proof. [Proposition 4.3] We follow the proof of Theorem 4.2, but now we take ¢ very close to 1. This is
possible because, on the one hand for any ¢ € (0,2 —n/m) it holds

1 1
H™ — L% for all 2—5>fi:n(—>

m qp
1
H+a:n(1—)<2
q p

for any ¢ € (1, m); on the other hand, since (49) holds and p > p. we can fix ¢ € (1, m) sufficiently small
such that

and

a
>1— .
Bp > 5

Now, noticing also that gp > m, since 2m/n > m we may apply (46) to r = gp.. As a consequence we
obtain

—14+4 —1 —1
ot Mes S L+ 87 fu—ollx (el + 1015 -

Moreover, as in the proof of Theorem 4.2 we get

— —1 —1
gt Mem S (1467w —vllx (™ + ol ) s
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thus, since p8 > min{x/2, 5}, letting b = 1 —§/2 we may estimate the quantity A in (15) (see Example 1.1)
by
4 _ _
A< 5 u=vllx (leli " + oI5 ) -
Applying Theorem 1.5 (see Example 1.2 to estimate the quantity B in (16)), we conclude the proof. O

4.2. Application of the decay estimates to another nonlinear problem. The smoothing effect of
K, also allows us to investigate global-in-time existence results for semilinear problems with nonlinear
terms which are different by the classical |ulP, e.g. f(u,Vu) = V(u|u|P~!) with p > 1; for brevity, we
discuss only the case of space dimension n = 1, fixing 8 > 1/2 in (4).

Theorem 4.4. Let m € (1,00); fix the space dimension n = 1, 8 € [1/2,1), and the regularity s = 1.
Let p > 14+ m. Then, there exists g > 0 such that if

ug € HY™,  with |Juo|| g1.m < eo, (50)

there is a uniquely determined solution u € C([0,00), HY™) to (4) with f = V|u[P. Moreover, the solution
u satisfies the following estimates:

[ult, M g < C (L) F[fuollgrrm, & €10,1],
where C' > 0 is independent of t > 0.
Proof. To prove Theorem 4.4, we consider the evolution space
X =C([0,00), H"™),

and the norm

ullx = sup sup (1+ ) {|u(t, )| frm-
t>0 kel0,1]

Applying the fractional Sobolev embedding or Gagliardo-Nirenberg inequality we conclude that

u(r, Mz S (1 +7) 72 G0, (51)

for any u € X and r > m, since
HY™ — LT, [hllr < C Al grm, &=

Moreover, applying Proposition 3.1, being 8 > 1/2, we get that
[ Ko *(a) uoll x < Ch |luo||grm,

for some C; > 0. As in the proof of Theorem 4.2 we consider the operator N : X — X defined as in (47)
and we prove that for any u, v € X estimate (48) is satisfied for some Cy > 0; as a consequence, we will
get the existence of a unique weak solution u to (4) in X, provided that ||ug||g1.m is sufficiently small. For
any u and v in X we define

9(1,2) = V(u(r, z)[u(r,2)P~") = V(v(r,2)|v(r,2) ),
with p > p. := 1 4+ m. By (51), since it holds
9 (uP=) = V(oo )] < 19w — )|l + o) + [Vollu — ol (uf~2 = [oP~2),
we may fix b = /2 and estimate
lg(t, ) grm2v.m = [lg(2, )|
< lw =0l g (Jull < + ol 7<)
w= vl (el + [0l

_p-1 -1 -1
< @+ 0)7F 5 lu— ol x (lul5 + ol ),

Lm

+ ol grm
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for any € [0, 1]; moreover, for any ¢ € (1, m) we have
lg(t, M pre—2s-2+a0 < [|lg(t, )| La
~1 —1
< =0l g (lull ey + Nl g

—2
i'r'(pfl) + [Jul

—2
+ ol g lu = vl e ([l Trto-)
1_1(p=1_1 _ _
< (14 07O Ju— o x (lullie ™ + )5,
where r € [g, 00) satisfies 1/¢ = 1/m + 1/r and a, defined as in (13), is less than 1.
In particular, as a consequence of (52), we may estimate the quantity A in (15) (see Example 1.1) by

—1 —1
A< 4wl (i + ol5)

On the other hand, noticing that

1 1=l 1y, e
2 2\ m r 2
for any p > p., we may estimate the quantity B in (16) (see Example 1.2) and apply Theorem 1.5. The

proof of the desired result follows if the initial datum ug satisfies condition (50). O

5. PROOF OoF THEOREM 4.1
Let us consider the Cauchy-type problem
Oyu+ 07 (=AY Py — Au = |ulp (53)
u(0, ) = uo(),

with p > 1 and wg satisfying condition (42) or (43). For any a > 0 the left-sided and, respectively,
right-sided Riemann-Liouville fractional integral of order « of a given function f defined on [a, b] are given
by

g L[S
G200 = g5 | G e

and, respectively,

b S
U N0 = 10 | s i

(a
for any ¢t € [a,b]. Moreover, for any o € (0,1) we define the left-sided and, respectively, right-sided
Riemann-Liouville fractional derivatives of order « as

(" Dar £)(©) = (727" F) 0,
and
("E Dy f)(t) = =0, (JL=F) (1)
In the following we employ a modified test function method to prove the desired results; in order to

treat the nonlocal operators we replace compactly supported test functions by suitable test functions with
polynomial decay. We first give a definition of global-in-time weak solution.

Definition 5.1. Let us fix ¢ = n + 2 — 23; we define the space C’;’O(R”) as the subspace of infinitely
differentiable functions ¢ such that (x)?¢p is bounded and the function (x)?(—A)?¢ is bounded for o = 1-4
and 0 = 1.

The following statement guarantees that the space C7°(R™) is not empty (see Corollary 3.1 in [9]).

Proposition 5.2. Let f(z) = ()%, forw >n, and let 0 > 0. We set s =0 — |o|. Then
Ve e R": |(—A) f(z)| < C(z)~*,
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where w, = w + 20 if 0 is an integer, or w, = n + 2s otherwise, and the constant C verifies the following
bound from below:

20 L(0+n/2) (0 +w/2)

I(n/2)  T(w/2)
Remark 5.1. The space Cg° is a vector space; as a consequence of Proposition 5.2 it is not empty, being
the function ¢(z) = (z)~* in Cg° for any w > ¢q. Moreover, due to ¢ > n, we get the inclusion

Ce® C L®(R", ()9 dx) C L.

C =C(n,o,w) > (—A)f(0) =

Definition 5.3. We say that u € L} (R4, LP(R™, (x)~%dx)) is a global-in-time weak solution if for any

loc

test function ¢ € C1([0,00)) and ¢ € C2°(R™), it holds
[ [ oot s
R Jo
= [ [ utt ) (— 0 00() +7 DL 6(0(-A)" P p(e) — vl Ae(a) dids

= 600) [ w@)pe)de — (576)©) [ unla)(-A)Ppla) da.

n

This definition of global-in-time weak solution is motivated by the following result about fractional
integration by parts which allows to prove that any classical solution of problem (53) is also a weak
solution in the sense of Definition 5.3.

Lemma 5.4. (Lemma 2.7 in [18]) Let b > 0, f € LP*([0,b]), f € LP2([0,b]), and either p1,p2 > 1 such
that 1/p1 + 1/pa < 147, or p1,pa > 1 and 1/p1 + 1/pa = 1+ . Then, we have the following:

b b
[ repwsa = [ 1o .
0 0

Proof. [Theorem 4.1] Let u be a global-in-time nontrivial weak solution to (53), in the sense of Definition
5.3. We introduce ¢ € C*([0,0)), a non-increasing function, such that supp e C [0,1] and

(8 = 1 if t € [0,1/2),
) eo(1 —t)tt? iftel—el),

for some ¢y >0, £ > 1/(p — 1) and € > 0 arbitrarily small. On the other hand, we fix ¢ € C2° defined as
@(x) = (x)""20-8) For any R > 1 and 1 > 0 we define

Ur(t) =U(R™™),  ¢r(z) = o(R™').
According to Definition 5.3 we have that

i [ [ lattnPontionts) de
://0 u(t,z)(— () pr(z) +RL DL _¢r(t)(~A) P op(z)

— Yr(t) Apg(z)) dt do

~0n(0) [ wnla)on(a)do = (ZP0m)0) [ uola)(=A)'Ppn(o) da.

n

We preliminary notice that
Ua(t) = BB, *EDZ_wr(t) = R7P("UDL_w)(R7),
(Jaslwr)(t) = RO (I ) (R,

and
(—A)' Pop(x) = R (=A)Fo(R™e), (—A)pr(z) = R*(-A)p(R™'x).



1

10

11

12
13

20 M. D’ABBICCO AND G. GIRARDI

We set
ko = (Joa)(0) € Ry;
thus, we conclude

In=—R / /0 "t o) (R e(R-w) dt da

—R‘2/n/0 u(t, z)(R™") Ap(R™'x) dt dx

o0 (54)
+ R™An—201-5) / / u(t,z) (P DS ) (R™)(=A)' (R ') dt da
—/ uo(m)ap(R_lm)dx—kOR("_Q)(l_’B)/ uo(z) (=AY Pp(R1z) da.
n R
By Holder inequality, we derive
R~ ’7/ / u(t, )| (R™")|p(R™ ) dt da
< CIgR—" ( / / W (R $(R) ™5 o(R™ )dtdx) (55)
<CIp R(nJrn)/p -n < R Ir + CRn+n np
=3
/ / u(t, z) | (R™")|Ap(R™ x)| dt dx
gclgR-2 ( / / W(R)| AR z) [P (R~ z) ™% dtda:) (56)
<CI} R(n+n)/p -2 2R Ir CRn+n 2p

< 3p
and

~Bu-2(1-5) / / u(t, 2)||(FEDE_p) (R)||(~A) P p(R™1a)| dt da

< CI;RP720-) / /OOKRLDgo?/f)(R”t)Vj/K—A)IB/SO(RILU)V’/ ) -
' Y(R=) " p(R~1z) "
I C

1 / ’
< C]}'%R(nJrn)/p —Bn—2(1-6) < 3 + Z?RnJrn*(BnH(l*B))p ,

e

provided that
1
W s <C, (DL )T <C, (58)
for some constant C' > 0, and

_1 / _1 ’
(—A)' " Pyle™» € LP,  |Aplp P € LP, e L. (59)

Indeed, being supp (v), supp (¢'), and supp (RLDfoJ/J) included in [0, 1], estimates (58) and (59) are
sufficient to guarantee the boundness of the integral terms in (55), (56) and (57).

Being v € C*(]0,1]) it follows that for any « € [0, 1] the test function v’ belongs to the weighted space
C,([0,1]), i.e. t79’ belongs to C([0,1]); as a consequence RLDfJ/J =C D?J/J = Jlljﬁzb' is continuous in
[0,1] (see Lemma 28(a) in [18]); then, both ¢’ and FED? ¢ =BL D 4 are uniformly bounded in [0, 1];
moreover, there exists ¢ > 0 such that ¢(¢) > ¢, uniformly in [0, 1 — ¢]; thus, condition (58) trivially holds
n [0,1 —¢]. Else, in the interval (1 — ¢, 1) we have

W (6)e(6) | S (1 -ty

241
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and, by property 2.1 in [18],

041

‘(RLDOBO,Qb) (t)i/)(t)_% =C(1— t)£+1_5_T7

for some constant C' > 0 independent of ¢ € [0, 1]; thus, choosing ¢ > 1/(p — 1) condition (58) is satisfied
also for t € [1 — ¢, 1], for a suitable C' > 0. Furthermore, by Proposition 5.2 we know

_ n+2-28
7’

_ _1 1 n42-—-28 ’
(=AY Pople™r < =(2)" 7 €L”,

and

n+4—23 ’
7

Belp™s S @)™ eI
finally, by Remark 5.1 we know ¢ € L!.
Moreover, if ug € L™ with m € (1,00) and condition (42) holds, for any R > 1 we have

/n uo(z)pr(z) de > /z|§RUO(x) dx
> Cen [ (1 fal)H (hn(e + [ol)) M d (60)
|z|<R

> CeoR"(17%) (In(e + R)) 7,

where the constant C' > 0 does not depend on R; moreover, applying the Holder inequality we can estimate

R-2)(-9) / fup(2)(—A) Po(R )| da

1
< RO Jug| ( / (R )= (20100 dx) " (61)

< R w0 g |,

being m’ the the conjugate exponent of m, i.e. 1/m+1/m’ = 1.
If p < 14 2m/n there exists ¢ > 0 sufficiently small such that p <1+ (2 —d0)m/n; let us fix n =2 — 6.
Collecting together estimates (55), (56), (57), (60) and (61), by (54) we obtain
In < R"07%) e + R)™H(R# 00D 4 kg R0 Jug | o) In(e + R) — &);

the contradiction follows taking R — oo.
If m =1, taking n = 2 we get

Ig —l—/ uo(z)p(R™'2) do
* ko/ uo(x)(=A) PR ) du 5 R

since ug € L' we have

lim uo(z) (p(R™'2) + ko(—A) Pp(R™ ') da

R—o0 R

= (14 ko(=A)""7(0)) / uo(x)dz = K > 0,

n

as a consequence of assumption (43); in particular, (—A)'=#p(0) > 0 can be explicitly evaluated (see
Proposition 5.2). Thus, on the one hand, applying the monotone convergence theorem for any p < 1+2/n
we get
/ — oo —
0= lim R"**~2" > lim Ir+ K = / / lu(t, )P da dt + K,
R— o0 0 n

R— o0

which is impossible since K > 0.
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On the other hand, for p = p. we get

oo
lim Ir = / / |u(t, z)|Pe dax dt < C,
R—o00 0 n

for some constant C' > 0 independent of R, that is u € LP<(]0,00) x R™).
Now, we repeat the same reasoning used in subcritical case, fixing 7 = 2 and replacing the test function pg

by the test function prx = (R~ K~ tz)~"=20-8) for a given constant K >> 1. Being supp (¢') C [1/2,1]
we find
IR+/ uo(z)p(R™'K'a) do
+ ko/ o () (= AP (R K ~15) dar
< =L o P o — 4123
NIR Kn+2 +IRK n+2 +IRK nt+2 ,
where
- o ~ ~ 0 ift €[0,R/2)
In = t,2)|PUR(t dz dt, t) = ’ ’
: /0 /n [u(t, @) Yr(t)pr(w) du Yr(®) Yr(t) otherwise.
In particular, being u € LP([0,00) x R™) it holds Ir = 0as R — oco. If both R and K tend to infinity we

get

0 < lull ooy + (1 + ko(—A) P (0)) / u(x) dz

n

4 4
< Nullzoooe) ey Jim (K77 + K=7h+27).

lim
K—o00

If 8 <2/(n+2) we get a contradiction. O
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