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Abstract
Our goal is twofold. On one hand, we show that the cones of divisors ample in codimension
k on a Mori dream space are rational polyhedral. On the other hand, we study the duality
between such cones and the cones of k-moving curves bymeans of theMori chamber decom-
position of the former. We give a new proof of the weak duality property (already proved by
Payne and Choi) and we exhibit an interesting family of examples for which strong duality
holds.
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1 Introduction

Let X be a normal Q-factorial variety of dimension n and with irregularity zero, defined over
an algebraically closed field of characteristic zero.
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For any integer 0 ≤ k ≤ n − 1, we consider the cone Dk of numerical classes of divisors
on X whose stable base locus has codimension larger than k and we set Dk to be the closure
of Dk in the Néron–Severi space N1(X)R. Following [36], we call Dk the cone of divisors
that are ample in codimension k. Clearly D0 is the pseudo-effective cone Eff(X), D1 is the
cone of movable divisors, andDn−1 is the nef cone by Kleiman’s theorem.When X is a Mori
dream space, the conesD0,D1 andDn−1 are rational polyhedral, as shown in [25], moreover
D0 and D1 admit a finite Mori chamber decomposition of which Dn−1 is a chamber. In this
article we prove that each coneDk inherits the chamber decomposition and in particular it is
rational polyhedral (and Dk is closed).

We have the obvious filtration of cones

Nef(X) = Dn−1 ⊆ · · · ⊆ D1 ⊆ D0 = Eff(X);
on the other hand we shall consider an analogous filtration of cones of pseudo-effective
1-cycles:

NE(X) = Cn−1 ⊇ · · · ⊇ C1 ⊇ C0,

where Ck is the closure of the cone in N1(X)R generated by classes of k-moving curves, i.e.
classes of irreducible curves moving in a family that sweeps out an (n − k)-dimensional
subvariety of X. Corresponding ends of the above filtrations are dual to each other with
respect to the standard intersection pairing. Indeed the dual of the Mori cone C∨

n−1 is the nef

cone and the cone C0 is dual to the pseudo-effective cone Eff(X), as shown in [5].
Since duality of the cones Dk and Ck , for 1 ≤ k ≤ n − 2, is not to be expected in general,

it is a natural question to ask under which conditions and for which integers 1 ≤ k ≤ n − 2
strong duality holds, that is D∨

k = Ck .
In this paper, we show that the answer is positive, for every k, for all blow-ups of Pn at s

points in general position that are Mori dream spaces.
The answer to the duality question is not positive in general but a weaker version holds, as

proved in [36] for toric varieties and in [14] for Mori dream spaces: for a Mori dream space
X , D∨

k is generated by curves that move in families sweeping out the birational image, on a
small modification of X , of (n − k)-dimensional subvarieties of X. In other terms, k-moving
curves on X are not enough to reconstruct, by duality, the cone Dk ; instead one needs to
consider k-moving curves on all small modifications of X , which are of finite number. We
will call this property weak duality.

The first main theorem of this paper, Theorem 3.3, describes the combinatorial properties
of the cones Dk for Mori dream spaces, providing a different perspective on the study of
these cones and setting the bases for a new proof of the weak duality statement. As a crucial
tool we use the stable base locus decomposition of the effective and movable cones, which
is refined by the Mori chamber decomposition, and we prove that it is compatible with the
filtration of cones Dk .

Theorem 1.1 If X is a Mori dream space, then the cones Dk are unions of Mori chambers,
hence rational polyhedral, and the cones Dk are closed, i.e. Dk = Dk , for every0 ≤ k ≤ n−1.

The fact that the conesDk are rational polyhedral in the case of toric varieties was proved by
Payne in [36] where, furthermore, a constructive description was presented in terms of the
boundary divisors.

Choi asked if theDk’s are rational polyhedral also forMori dream spaces, see [14,Question
4.4] and [15, p. 1177]. The first statement of Theorem 1.1 answers affirmatively the question
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for divisors on Mori dream spaces. Moreover if we restrict to the toric case, it gives another
proof via a new approach to the rational polyhedrality of the cones Dk .

Our secondmain result, proved inTheorems5.5 and5.8, provides afirst family of examples
for which strong duality holds.

Theorem 1.2 The strong duality holds for all Mori dream blow-ups of projective spaces at
points in general position.

We remark that the geometry of these spaces and their chamber decompositions are com-
pletely encoded by Weyl cycles. We will investigate more deeply the interplay between the
birational geometry and the action of the Weyl group in forthcoming work, continuing the
study started in [6, 7].

Moreover, in future work we will seek criteria for strong duality to hold for general Mori
dream spaces.

Finally, we point out that ampleness in codimension k relates to different notions of
cohomological ampleness for divisors. These notions were studied by Andreotti–Grauert
and Sommese (naive ampleness), by Demailly–Peternell–Schneider (uniform ampleness)
and by Totaro (T -ampleness), see [37] and references therein. In [37, Question 11.2], Totaro
asked if, for Fano varieties in characteristic zero, the closure of the cone of cohomologically
k-ample divisors is a union of rational polyhedral cones. In [9] the authors proved that this
property holds for simplicial toric varieties.

The article is organised as follows. In Sect. 2 we recall some preliminaries on cones of
curves and divisors and on chamber decompositions. Section3 is dedicated to our first main
result, Theorem 1.1, that establishes the polyhedrality of the cones Dk for all Mori dream
spaces. Section4 contains our proof of the weak duality property for Dk and the cones of
curves Ck for Mori dream spaces, by means of the Mori chamber decomposition of the
effective cone. We also include the discussion of a toric example for which strong duality
does not hold. In Sect. 5 we prove our second main result, Theorem 1.2, which concerns a
family of examples of Mori dream spaces satisfying strong duality.

2 Preliminaries

Throughout the paper, we assume that X is a normal Q-factorial variety of dimension n,
defined over an algebraically closed field of characteristic zero.

In this section we recall some preliminaries. As a general reference see [29].

2.1 Rational polyhedral cones

Let V ⊂ Rn be a convex cone. A subconeW ⊂ V is extremal if u+v ∈ W implies u, v ∈ W .
A one-dimensional subcone is called a ray. A cone is polyhedral if it is the intersection of
a finite number of half-spaces through the origin. By the Minkowski–Weyl theorem, a cone
is polyhedral if and only if it is finite, i.e. it is the convex conical hull of a finite number of
vectors. In particular a polyhedral cone is closed. A convex cone is rational polyhedral if it
is generated by a finite set of integer vectors.
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2.2 Curve classes and divisor classes

Let Pic(X) be the Picard group of X and let Ak(X) be the group of k-cycles on X , for
1 ≤ k ≤ n − 1. We denote with N1(X)R = (Pic(X)/ ≡) ⊗ R the Néron–Severi space of X
and with N1(X)R = (A1(X)/ ≡)⊗R its dual space with respect to the standard intersection
pairing. The cones of divisors Nef(X) ⊆ Eff(X) ⊂ N1(X)R are, respectively, the nef and
the pseudo-effective cones. The former is dual to the Mori cone NE(X) ⊂ N1(X)R, which
is the closure of the cone of effective 1-cycles; the latter is dual to the closure of the cone of
moving curves, that are numerical curve classes such that the irreducible representatives of
the class pass through a general point of X , see [5, Theorem 0.2] or [30, 11.4.C].

2.3 Stable base locus decomposition

Given an effective divisor D on X , we denote by Bs(D) the base locus of the linear system
|D|. We recall, from [29, Definition 2.1.20], that the stable base locus of D is the Zariski
closed set

B(D) =
⋂

m>0

Bs(mD).

Under the assumption q(X) = h1(X ,OX ) = 0, linear and numerical equivalence of Q-
divisors coincide. Thus the stable base locus is well defined for numerical equivalence classes
of Q-divisors on X , [23].

The Stable base locus decomposition is a wall-and-chamber decomposition of the pseudo-
effective cone Eff(X) of X , where the stable base locus is constant in the interior of the
chambers, see e.g. [26, Sect 4.1.3] and [27] for more details.

We will call stable base locus subvariety of X any irreducible and reduced subvariety
Y ⊂ X that whenever it is a component of the base locus of an effective divisor on X , it is a
component of its stable base locus.

A divisor D in X is called movable if its stable base locus has codimension at least two
in X . The movable cone of X is the convex cone Mov(X) generated by classes of movable
divisors. We have the following obvious inclusions of cones: Nef(X) ⊆ Mov(X) ⊆ Eff(X).

2.4 Mori dream spaces andMori chamber decomposition

We recall the definition ofMori dream space from [25, Definition 1.10]. Mori dream spaces
include several classes of interesting varieties such as toric varieties, Q-factorial spherical
varieties [8], Fano varieties and varieties of Fano type [3] among others.

Definition 2.1 A normal projective Q-factorial variety X is called a Mori dream space if the
following conditions hold:

(1) Pic(X) is finitely generated, that is h1(X ,OX ) = 0,
(2) Nef(X) is generated by the classes of finitely many semi-ample divisors,
(3) there is a finite collection of small Q-factorial modifications fi : S ��� Xi , such that

each Xi satisfies (2), and

Mov(X) =
⋃

f ∗
i (Nef(Xi )).

Recall that a small Q-factorial modification (SQM) f : X ��� X ′ is a contracting
birational map that is an isomorphism in codimension 1, with X ′ a normal projective and
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Q-factorial variety. If X is a Mori dream space, then every SQM of X factors as a finite
sequence of flips and a regular contraction.

If X is a Mori dream space, then the effective cone Eff(X) is rational polyhedral, and
in particular closed, see e.g. [35]. The section ring R(X , D) of a divisor D on X is finitely
generated and it induces a natural rational map

fD : X ��� XD ⊆ Proj(R(X , D)),

which is regular away fromB(D). TwoQ-divisors D1 and D2 areMori equivalent if fD1 and
fD2 have the same Stein factorisation. Given an effective divisor D on X , theMori chamber
of D is the closure of the set of all divisors that are Mori equivalent to D. Mori chambers
are convex cones and the set of such cones form a fan, the Mori fan of X . The maximal
cones of this fan form a wall-and-chamber decomposition of the effective cone, called the
Mori chamber decomposition. Such decomposition is a refinement of the stable base locus
decomposition, see e.g. [25, 27, 35] for details.

2.5 Cones of k-moving curves

We recall the notion of k-moving curve, for 0 ≤ k ≤ n − 1, cf. [36].

Definition 2.2 An irreducible curve C ⊂ X is k-moving if it belongs to an algebraic family
of curves, whose irreducible elements cover a Zariski open subset of an effective cycle of
dimension (at least) n − k.

We define Ck to be the cone generated by the classes of k-moving curves in N1(X)R and
we set Ck = Ck to be the closure in N1(X)R.

Example 2.3 Let p1, . . . , ps ∈ Pn be points in general position and let Xn
s be to the blow

of Pn at these points. For every three distinct indices i, j, k, the strict transform on Xn
s of

an irreducible conic through pi , p j , pk sweeps out the strict transform of the linear span
of the points and hence it is an (n − 2)-moving curve. Similarly, the strict transform of an
irreducible curve C of degree r through r + 1 points is an (n − r)-moving curve since it
sweeps out the strict transform of the r -dimensional linear span of the points.

It follows from the definitions that a k-moving curve class is also (k + 1)-moving, for
0 ≤ k ≤ n − 2. We obtain the following filtration of cones of curves:

NE(X) = Cn−1 ←↩ Cn−2 ←↩ · · · ←↩ C1 ←↩ C0. (2.1)

Clearly Cn−1 = NE(X) is the Mori cone of curves (dual to Nef(X)). Furthermore, C0 is the
closed cone of the moving curve classes (dual to Eff(X)).

2.6 ConesDk of divisors that are ample in codimension k

There is a stratification of the pseudoeffective cone of divisors as follows.

Definition 2.4 Let 0 ≤ k ≤ n − 1. We define Dk to be the cone generated by the classes
of effective divisors with no component of the stable base locus of dimension ≥ n − k; we
denote with Dk the closure of Dk in Eff(X).

Using the same terminology as Payne [36], we call such divisors ample in codimension k,
indeedDk is also the closure of the cone of numerical classes of divisors D such that there is
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an open set U, with O(D)|U ample, whose complement has codimension greater than k. We
have the following obvious inclusions:

Nef(X) = Dn−1 ↪→ Dn−2 ↪→ · · · ↪→ D1 ↪→ D0 = Eff(X). (2.2)

Recall that if X is a Mori dream space, then Eff(X) is rational polyhedral, hence D0 =
D0 = Eff(X). Moreover, also Dn−1 = Nef(X) and D1 = Mov(X) are rational polyhedral.
Choi posed the natural question as to whether all cones Dk are rational polyhedral for Mori
dream spaces, see [14, Question 4.4] or [15, page 1177]. In Theorem 3.3 below (cf. Theorem
1.1), we answer this question affirmatively and we also prove that all the cones Dk are closed.

This is not true in general for non-Mori dream spaces, as the following example shows
for k = n − 1.

Example 2.5 Let X = Bl9(P2) be the blow up of the projective plane at nine general points,
which is not aMori dream space. Since the dimension of X is 2, we haveD1 = Nef(X) and it
is well-known that the nef cone is not finitely generated. HenceD1 is not rational polyhedral.

Now we show that D1 �= D1. Indeed the anticanonical curve F , which is the strict
transform on X of a plane cubic through the nine points, is nef, that is F ∈ D1. In fact the
Mori cone of X is generated by the (−1)-curves and by F , and we have F2 = 0 and F ·E = 1
for every (−1)-curve E , see [34].

However F /∈ D1. In fact, since there is a unique plane cubic through nine points, the
linear system |F | has dimension 0. Even more: |mF | = {mF}, for every integer m ≥ 1, and
this goes back to the classical work of Castelnuovo [12]. This implies that F is the stable
base locus of its own linear system |F |.

3 The geometry of the conesDk

In this section we show that the stable base locus decomposition of the pseudo-effective cone
of a normal Q-factorial projective variety X with irrationality zero is compatible with the
filtration of cones (2.2), that is, every cone Dk decomposes as a union of stable base locus
chambers. Moreover if X is a Mori dream space, since each stable base locus chamber is a
union of Mori chambers, we obtain that Dk is a union of such chambers. Furthermore, it is
possible to characterise the set ofMori chambers whose union isDk , for every 1 ≤ k ≤ n−1.

Lemma 3.1 Let X be a normal Q-factorial projective variety and assume h1(X ,OX ) = 0.
Then, for every k, the cone Dk is a union of stable base locus chambers.

Proof We shall prove that the stable base locus chamber decomposition of the pseudo-
effective cone of X induces a chamber decomposition on each cone Dk , by showing that
every stable base locus chamber is contained in the difference set Dk−1 \ Dk , for some
1 ≤ k ≤ n − 1.

In fact, let B be a stable base locus chamber, and let D be an effective divisor that lies
in B. Let n − k be the dimension of B(D) or, equivalently, the maximum dimension of
the components of B(D). The inequality dimB(D) ≥ n − k implies that D does not lie in
Dk , while since dimB(D) ≤ n − k, D lies in Dk−1, that is, D ∈ Dk−1\Dk . Since B is a
stable base locus chamber, by definition the same holds for any other divisor in B. Thus,
B ⊂ Dk−1 \ Dk . ��

In the next theorem, we propose a detailed description of theMori chamber decomposition
of the cones Dk for Mori dream spaces.
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Notation 3.2 We set F1 := {Id : X → X}. Let 2 ≤ r ≤ n − 1 and let Fr be the set of all
small Q-factorial modifications fi : X ��� Xi given by sequences of flips of subvarieties
whose birational preimage on X has dimension < r .

Theorem 3.3 Let X be a Mori dream space and fix 1 ≤ k ≤ n − 1.

(1) The cone Dk is rational polyhedral and the following holds:

Dk =
⋃

fi∈Fn−k

f ∗
i (Nef(Xi )).

(2) The cone Dk is closed, that is: Dk = Dk .

Proof Recall that, for a Mori dream space, every closed stable base locus chamber is a
finite union of Mori chambers, see Sect. 2.4. By Lemma 3.1, Dk is a union of stable base
locus chambers and hence its closure Dk is a finite union of Mori chambers. We shall now
characterise which are the Mori chambers appearing in the union as follows. Let fi : X ���
Xi be a small Q-factorial modification of X and let f ∗

i (Nef(Xi )) be the corresponding Mori
chamber. Let D ∈ f ∗

i (Nef(Xi )) be any pull-back of an ample class on Xi : we have that D
is movable on X . The stable base locus of D equals the indeterminacy locus of fi (see e.g.
[25, 35]). Hence, the latter is a union of subvarieties of X of dimension < n − k if and only
if D lies in Dk . This argument is independent of D but rather depends on its base locus,
and it applies to any pull-back on X of an ample divisors on Xi . Therefore, the interior of
the Mori chamber f ∗

i (Nef(Xi )) is contained in Dk . Finally, taking closures, we have that
f ∗
i (Nef(Xi )) ⊆ Dk if any only if fi ∈ Fn−k .
Since X is a Mori dream space, there are finitely many Mori chambers and each is a

rational polyhedral cone. Therefore the above argument shows that for every k, the convex
cone Dk is a union of finitely many rational polyhedral cones. Since Dk is a cone, it is a
rational polyhedral cone. This proves (1).

We now prove (2), i.e. that Dk = Dk . In order to do so, we show that every extremal ray
of Dk lies in Dk . Let E be an effective divisor on X spanning an extremal ray. Then E spans
an extremal ray of some Mori chamber f ∗

j (Nef(X j )) ⊆ Dk and hence the pull-back of a
semi-ample divisor E j on X j , where f j : X ��� X j , with f j ∈ Fn−k , by (1). Let m ≥ 1
be an integer such that mE j is basepoint free. The stable base locus of mE = f ∗

j (mE j ) is
therefore the indeterminacy locus of f j which is a union of subvarieties of X of dimension
strictly less than n − k. Since B(E) = B(mE), we conclude that E lies in Dk . ��
Remark 3.4 For k = 1, Theorem 3.3 is just property (3) of the definition of Mori dream
spaces. For k = n − 1 it is always true by Kleiman’s theorem.

For non-Mori dream spaces, none of the statements of Theorem 3.3 hold in general; in
fact the properties may hold or fail as we vary k. The following is an instance of this.

Example 3.5 Let X = X5
9 be the blow-up of P5 at nine points in general position. Recall that

X is not aMori dream space, in particularD0 = Eff(X) is not finitely generated. On the other
hand, theMori cone C4 is finitely generated by lines, see e.g. [22, Theorem3.2], hence its dual,
Nef(X), is rational polyhedral. Moreover the following holds: D4 = D4 = Nef(X). Indeed,
the nef cone Nef(X) is generated by the following classes: H , H − Ei , 2 H − ∑

i∈I Ei , for
every 3 ≤ |I | ≤ 9 as one can easily check with the help of any computer software that can
compute cone duals, such as Magma [4]. It is an easy exercise to show that each of them is
basepoint free, hence it lies in D4.

It would be interesting to determine which, if any, of the intermediate cones D1, D2 and
D3 are finitely generated.

123



69 Page 8 of 17 M. C. Brambilla et al.

4 Weak duality

Duality of the cones Dk and Ck is not to be expected in general, but a weaker version for
Mori dream spaces holds, that takes into account k-moving curves not just on X but also on
its small modifications. We will refer to this as weak duality, as opposed to strong duality
that holds whenever Ck = D∨

k , for every k.
It is easy to show that Mov(X) ⊆ C∨

1 . In fact if D is in the dual of C1 then D · C ≥ 0 for
every 1-moving curve C . If it is not in the dual, then there is a 1-moving curve C such that
D ·C < 0, and so the divisor ((n − 1)-cycle) spanned by the algebraic family of C is a fixed
component of the base locus of D. If n = 2, then it holds that Mov(X) = C∨

1 . In fact the first
cone is the nef cone, the second cone is the Mori cone.

A similar inclusion of cones is valid in general.

Remark 4.1 If C ∈ Ck , we know that C moves in a family that sweeps out an effective cycle
V of dimension n−k. IfC /∈ D∨

k , then there exists an effective divisor D such thatC ·D < 0
and whose stable base locus does not have any component of dimension ≥ n − k. But then
V is in the stable base locus of D which is a contradiction. This proves that

Ck ⊆ D∨
k .

We adopt the definition of k-moving curves on small modifications proposed by Payne in
[36].

Definition 4.2 We say that a curve class c ∈ N1(X)R is bir-k-moving on X if there exists
a small modification fi : X ��� Xi , such that there is a curve C ⊂ Xi , in the class
corresponding to c, that moves in a family which sweeps out a cycle fi (V ) birational to a
cycle V ⊂ X of codimension k.

We denote by Cbirk the closure of the cone generated in N1(X)R by all the bir-k-moving
classes on X .

In [16], a version of the cone theorem for k-moving curves on small modifications of X
is discussed, in the setting of the minimal model program.

Applying the same idea as in Remark 4.1, one can easily see that the inclusion Cbirk ⊆ D∨
k

holds.Using the results of Sect. 3,we prove that the latter inequality holdswith equality, hence
recovering a result that was first proved by Payne for completeQ-factorial toric varieties [36]
and later generalised by Choi for log Fano varieties and for Mori dream spaces [14, Corollary
4.3], running the log minimal model program.

The main ingredient of our proof is the Mori chamber decomposition of the effective cone
of X , and of Dk , proved in Theorem 3.3.

Theorem 4.3 (Weak duality theorem forMori dream spaces) If X is aMori dream space then
weak duality holds, that is

Cbirk = D∨
k .

Proof We only have to prove that the following inclusion holds:D∨
k ⊆ Cbirk . Every facetF of

Dk corresponds, by duality, to an extremal ray of D∨
k , spanned by a curve class c = c(F) ∈

NE(X). We shall prove that c ∈ Cbirk . We consider the following cases separately.
Assume first that F is a facet of D0 = Eff(X). Then c is a moving curve class and the

statement follows.
Now, let F be a facet of Dk but not a facet of D0. Then there is a Mori chamber inside

Dk and adjacent to F , that means that a facet of the chamber is contained or is equal to F .
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Let f ∗−(Nef(X−)) ⊂ Dk be one such chamber, for f− : X ��� X− a small modification of
X . It follows that c ∈ N1(X)R ∼= N1(X−)R generates an extremal ray of the Mori cone of
X−. Let V− ⊂ X− be a subvariety of X− of maximal dimension swept out by a family of
irreducible curves of class c.

Now, let f ∗+(Nef(X+)) ∗ ex( f+) be a Mori chamber outside Dk , see [25, Proposition
1.11], and adjacent to F , that has a common facet with f ∗−(Nef(X−)) contained in F . The
contracting birational map f+ : X ��� X+ can be decomposed as f+ = g ◦ f−, where
g : X− ��� X+ corresponds to crossing the wall F , and the indeterminacy locus of g is V−.
Take D ∈ f ∗+(Nef(X+)) ∗ ex( f+) a divisor on X whose ray lies in the relative interior of
the Mori chamber. Since D /∈ Dk , then D must have a component of its stable base locus
of codimension ≤ k. But the stable base locus of D, as a divisor on X , is the indeterminacy
locus of f+, which is the union of the indeterminacy locus of f− and V := f −1− (V−). Since
by Theorem 3.3, the indeterminacy locus of f− has codimension > k, then V must have
codimension p ≤ k. In particular, V is not in the indeterminacy locus of f− and therefore V
and V− are birational. We conclude that c ∈ Cbirp ⊆ Cbirk . ��

4.1 Losev–Manin’s moduli 3-space

Strong duality is a rare property even for toric varieties, and it is not preserved under small
modifications for dimension three or higher. An explicit example of a toric threefold for
which strong duality does not hold was proposed by Payne in [36, Example 1].

In this section we shall discuss another interesting smooth threefold for which strong
duality holds, i.e. such that D∨

1 = C1, but for which it fails, i.e. D∨
1 � C1, as soon as we flop

one or more curves. Let X be the 3-dimensional Losev–Manin moduli space introduced in
[31] as a toric compactification of the moduli space of rational curves with six marked points.
It can be interpreted as the blow-up ofP3 at its four coordinate points and, subsequently, along
the strict transforms of the six coordinate lines. We denote by H the class of the pull-back
on X of a hyperplane of P3, by Ei , i = 1, . . . , 4, the strict transforms of the exceptional
divisors of the points and by Ei j , 1 ≤ i < j ≤ 4, the exceptional divisors of the lines, which
together generate the Picard group of X . Similarly, we denote by h = H2, ei = −E2

i , ei j =
HEi j = Ei Ei j the classes of a general line, a general line in Ei and a vertical fibre of Ei j

respectively: they generate the Chow group of 1-cycles. Thematrix of the intersection pairing
N1(X)R × N1(X)R → R, with respect to the above bases, is diagonal and defined by:

H · h = 1, Ei · ei = Ei j · ei j = −1.

We denote by Ei jk = H − Ei − E j − Ek − Ei j − Eik − E jk the strict transform of a
fixed hyperplane of P3 spanned by three coordinate points. The following divisors generate
the extremal rays of the effective cone D0 of X :

Ei , Ei j , Ei jk,

for all distinct i, j, k. Since the above classes correspond to the torus invariant prime divisors
of X , they give rise to a set of generators of the Cox ring (see [2, Section 2.1.3]).

Now, using [2, Prop. 3.3.2.3], we can describe the movable cone of X via its defining
inequalities. In other terms, one can show that the extremal rays of the dual cone D∨

1 are
generated by the following effective curve classes, up to permutations of indices:

• curves sweeping out Ei : ei − ei j , and 2ei − ei j − eik − eil ,
• curves sweeping out Ei j : ei j and h − ei − e j + ei j ,
• curves sweeping out Ei jk : h − ei − e jk and h − ei j − eik − e jk .
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Fig. 1 A section of a portion of the fan �X and of �Y

This computation can be checked using any computer software that can compute cone duals,
such as Magma [4]. While we are guaranteed that the effective cones D0 and the Mori cone
C0 are dual to each other for all small Q- factorial modifications of X , the same need not
happen for the movable coneD1 and the cone of 1-moving curves C1; whether or not it does,
it depends on the model. In fact we will now discuss a small modification of X for whichD1

and C1 are not dual cones.
In order to do this, it is convenient to describe X , and its small modifications, using the

language of toric varieties. For a general reference on toric varieties, see [17] or [24]. Since
X is obtained from P3 by the iterated blow-up of torus invariant subvarieties, then X is toric.
Let N ∼= Z3 be a three-dimensional lattice; the rays of �X are generated by the following
primitive vectors:

v1 = (1, 1, 1), v2 = (0, 0,−1), v3 = (0,−1, 0), v4 = (−1, 0, 0),

v12 = (1, 1, 0), v13 = (1, 0, 1), v14 = (0, 1, 1),

v23 = (0,−1,−1), v24 = (−1, 0,−1), v34 = (−1,−1, 0),

v123 = (1, 0, 0), v124 = (0, 1, 0), v134 = (0, 0, 1), v234 = (−1,−1,−1).

The ray generated by the vector vI , whichwewill denotewithρI , corresponds to the boundary
divisor EI , for every index set I ⊂ {1, . . . , 4} of cardinality 1 ≤ |I | ≤ 3. The set of maximal
cones, which are all simplicial, is the following:

Cone(vi , vi j , vi jk),∀{i} ⊂ {i, j} ⊂ {i, j, k} ⊂ {1, . . . , 4}.
The fan of X is dual to a 3-dimensional permutohedron, which is a polytope with 8 hexagonal
faces (corresponding to the boundary divisors Ei jk and Ei ) and six quadrilateral faces (corre-
sponding to the Ei j ’s). Figure1 displays a section of a portion of the fan of X lying in the plane
of N ⊗Z R ∼= R3 of equation x + y + z = a, with a > 0. Consider the cone Cone(v1, v123),
which is a common two dimensional face of Cone(v1, v12, v123) andCone(v1, v13, v123). The
corresponding invariant subvariety is a floppable curvewhose numerical class is e1−e12−e13
and which corresponds to a fixed line inside E1. Let X ��� Y be the flop of such curve. The
fan �Y differs from �X only within the quadrilateral cone generated by v1, v12, v13, v123
and, in particular, the image −e1 + e12 + e13 corresponds to the cone Cone(v12, v13) ∈ �Y .

We argue that on Y strong duality does not hold. Consider the class γ = e1 − e14 which
is 1-moving on X . The intersections γ · E1 = −1 and γ · E123 = 1 imply that every
representative of γ is contained in E1 and it intersects the hyperplane E123, where by abuse
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of notation we use the same symbols for cycles on X and their birational images on Y . Since
the two divisors are disjoint in Y , no irreducible curve with class γ exists on Y . In particular
γ /∈ C1(Y ); thus strong duality does not hold for Y , that is C1(Y ) � D∨

1 .

5 Strong duality for blow ups of Pn

In this section we consider X = Xn
s , i.e. the blow-up of Pn at s points in general position,

for the pairs (n, s) for which X is a Mori dream space. These varieties are classified in [13,
32, 33] and they fit in the following list:

• X2
s for s ≤ 8;

• X3
s for s ≤ 7;

• X4
s for s ≤ 8;

• Xn
s for n ≥ 5 and s ≤ n + 3.

The main result of this section is the proof of Theorem 1.2. More precisely, we show that
the cone of k-moving curves is dual to the cone of divisors that are ample in codimension k,
for every Mori dream Xn

s . In the surface case n = 2 there is nothing to prove. The case Xn
s

with s ≤ n + 3 and n ≥ 3, will be treated in Sect. 5.1, while X3
7 and X4

8 will be considered
in Sect. 5.2.

5.1 Blow up of Pn in s ≤ n + 3 general points

Let X = Xn
s be the blow up of Pn at s ≤ n + 3 general points and assume that n ≥ 3.

We recall some notation from [6]. For any subset I ⊂ {1, . . . , s} we denote by L I the strict
transform of the linear span of the points indexed by I . For s = n + 3, we denote by C the
strict transform of the unique rational normal curve of degree n passing through all points and
by σt the strict transform of its t-secant variety, where we set σ1 := C . Let J (L I , σt ) denote
the strict transform of the join of the linear span of the points indexed by I and the t-secant
variety of the rational normal curve. We make the following identifications: J (L I , σt ) = ∅ if
t = |I | = 0, J (L I , σt ) = Ei if t = 0 and I = {i}, J (L I , σt ) = L I if t = 0 and |I | > 1, and
J (L I , σt ) = σt if |I | = 0. It is easy to see that the join J (L I , σt ) has dimension 2t +|I |−1,
unless J (L I , σt ) = Ei .

For s ≤ n + 3, the inequalities cutting out the effective cone of Xn
s were obtained in [6]

and a formula for the dimension of all linear systems of divisors on Xn
s was proved in [28].

Moreover, by[18, Proposition 4.2] and [6, Lemma 4.1], if H denotes the general hyperplane
class in Xn

s and E1, . . . , En+3 denote the exceptional divisors, then for an effective divisor

D = dH −
n+3∑

i=1

mi Ei , (5.1)

the following integer

κJ (L I ,σt ) = −(|I | + (n + 1)t − 1)d +
∑

i∈I
(t + 1)mi +

∑

i /∈I
tmi , (5.2)

when positive, is the exact multiplicity of containment of the join J (L I , σt ) in the base locus
of |D|. Notice that since equation (5.2) is linear in d and in themi ’s, then if the join J (L I , σt )

is in the base locus of a linear system, it is a component of its stable base locus.
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Formulas (5.2) induce the Mori chamber decomposition of the effective cone of Xn
s ,

already studied byMukai. This turns out to coincide with its stable base locus decomposition.
This is the content of the following result that already appeared in [10, Theorem 2.60], but
that we include here for the sake of completeness.

Theorem 5.1 For X = Xn
n+3, the Mori chamber decomposition and the stable base locus

decomposition of the effective cone coincide and they are induced by the following hyperplane
arrangement

{κJ (L I ,σt ) = 0 : 0 ≤ t ≤ n

2
, 0 ≤ |I | ≤ n − 2t}, (5.3)

where κJ (L I ,σt ) is defined in (5.2).

Proof Notice that the hyperplane arrangement (5.3) is in correspondence with the set of
subvarieties

{J (L I , σt ) : 0 ≤ t ≤ n

2
, 0 ≤ |I | ≤ n − 2t}. (5.4)

More precisely, (5.3) induces a chamber decomposition of the effective cone of divisors of
X , such that the divisors in the interior of any given chamber contain the same joins in the
stable base locus. Such decomposition is refined by the stable base locus decomposition of
the effective cone, because a priori effective divisors might have stable base locus that is not
of the form J (L I , σt ). This turns out not to be the case for Xn

n+3.
As explained in [1, Section 4.3], it follows from the work of Mukai ([33]) that the Mori

chamber decomposition of the effective cone of X is given by (5.3). Since the Mori chamber
decomposition refines the stable base locus decomposition, which is a further refinement of
(5.3), this concludes the proof. ��

Recall that for a Mori dream space we have Dk = Dk , by Theorem 3.3. Using Theorem
5.1, we can describe the cones Dk of Xn

s s ≤ n + 3, with their inequalities.

Proposition 5.2 For any integer k with 1 ≤ k ≤ n− 1. The coneDk of divisors on Xn
n+3 that

are ample in codimension k is cut out by the following inequalities:

(I) 0 ≤ d and mi ≤ d, for every i = 1, . . . , n + 3;
(II) −mi + ∑n+3

j=1 m j ≤ nd, for every i = 1, . . . , n + 3;
(IIIk) κJ (L I ,σt ) ≤ 0, for every 0 ≤ t ≤ n/2 and |I | = n − 2t − k + 1;
(IV) 0 ≤ mi , for every i = 1, . . . , n + 3.

Proof For k = 1 the statement is proved in [6, Theorem 5.3].
We proceed by induction on k. We want to prove thatDk is defined by the inequalities (I),

(II), (IIIk) and (IV), for k ≥ 2.We know thatDk ⊆ Dk−1. Hence, by the induction hypothesis,
we have thatDk is contained in the cone cut out by the inequalities (I), (II), (IIIk−1) and (IV).
Notice that the only inequalities to be added to the list are the ones excluding divisors
with stable base locus of dimension exactly n − k. By Theorem 5.1, these are given by
κJ (L I ,σt ) ≤ 0 for all joins J (L I , σt ) of dimension n − k. Recalling that the dimension of
any such join is |I | + 2t − 1, we get that these inequalities are precisely the ones of (IIIk).
We conclude by noticing that, by definition of κJ (L I ,σt ) and the effectivity conditions (I) and
(II), the inequalities (IIIk) imply the ones of (IIIk−1), so they become redundant and can be
discarded. ��
Remark 5.3 The effective cone D0 of Xn

n+3 is described in [6, Theorem 5.1]. The defining
inequalities in this case are only (I), (II), (IIIk=0).
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Corollary 5.4 For X = Xn
s with 1 ≤ s ≤ n + 2, the cone Dk is defined by the inequalities

from Proposition 5.2 as follows:

(1) if s = n + 2, by the inequalities (I), (II), (III)k (with t = 0) and (I V );
(2) if s ≤ n + 1, then

(a) if k ≥ n − s + 1, by the inequalities (I), (III)k (with t = 0) and (I V ),
(b) if k < n − s + 1, then we have Dk = Dk+1.

Proof The statement follows from Proposition 5.2 by using the natural isomorphism between
the Néron–Severi space of X = Xn

s and the linear subspace of N1(Xn
n+3) defined by the

equations mi = 0, for s + 1 ≤ i ≤ n + 3. ��
With a description of the cones Dk in Xn

s via their inequalities at hand, it is immediate
to compute their dual cones with respect to the standard intersection pairing. Recall that
N1(Xn

s ) is generated by the class of a general line in Xn
s , which we denote by h, along with

the classes ei , for every i = 1, . . . , n + 3, of a general line in the exceptional divisor Ei .
Thus, the intersection product of a divisor D ∈ N1(Xn

s )R of the form (5.1) and a curve of
class

c = δh −
s∑

i=1

μi ei ∈ N1(X
n
s )R (5.5)

is computed by
D · c = dδ −

∑
miμi . (5.6)

In particular, to every hyperplane in N1(Xn
s )R, there corresponds a curve class in N1(Xn

s )R.
We will show that for Xn

s , with s ≤ n + 3, the dual of Dk is precisely Ck for every
0 ≤ k ≤ n − 1, that is: strong duality holds for every k. We need to introduce another
ingredient before we can state and prove the result: the Weyl group action on N1(Xn

s )R,
which is described in detail in [20, Proposition 2.5]. For an index set 
 ⊆ {1, . . . , s} of
length n+1, the standard Cremona transformation Cr
 : Pn ��� Pn based at the points of Pn

parametrized by
, lifts to an isomorphism of N1(Xn
s )R sending the curve class c ∈ N1(Xn

s )R
of the form (5.5) to the following curve class:

Cr
(c) = (δ − (n − 1)a
)h −
∑

j∈


(μ j − a
)e j −
∑

i /∈


μi ei , (5.7)

where we set
a
 :=

∑

j∈


μ j − δ.

A composition of Cremona transformations is called a Weyl transformation and we say that
two curve classes c and c′ are in the sameWeyl orbit if there is a Weyl transformation φ such
that φ(c) = c′.

We are now in position to prove the following theorem.

Theorem 5.5 (Strong duality theorem for Xn
n+3) Let 1 ≤ s ≤ n + 3 and X = Xn

s , then

Ck = D∨
k .

Proof Using the intersection pairing (5.6), for every k, the inequalities of Proposition 5.2
correspond to the following effective curve classes which generate the dual cone D∨

k :

(I) h and h − ei , for every i = 1, . . . , n + 3;
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(II) nh − ∑n+3
j=1 e j + ei , for every i = 1, . . . , n + 3;

(IIIk) (|I | + (n + 1)t − 1)h − ∑
i∈I (t + 1)ei − ∑

i /∈I tei , for every 0 ≤ t ≤ n/2 and
|I | = n − 2t − k + 1;

(IV) ei , for every i = 1, . . . , n + 3.

Since the inclusion Ck ⊆ D∨
k is always satisfied, in order to prove the strong duality statement,

we only need to show that each one of the above curve classes belongs to Ck .
From now on we will assume that s = n + 3. For smaller s the proof is similar and uses

Corollary 5.4, so we leave the details to the reader.
First of all notice that the curves classes (I) and (II) are dual to codimension one faces of

the effective cone, by Remark 5.3. Hence, by duality, they are in C0 which is contained in Ck
for every k.

The curves in the classes (IV) sweep out the exceptional divisors, so they belong to C1,
which is contained in Ck for every 1 ≤ k ≤ n − 1.

It remains to deal with the curve classes (IIIk). Given a pair (t, I ) satisfying the bounds
in (IIIk), the curve class

cI ,t = (|I | + (n + 1)t − 1)h −
∑

i∈I
(t + 1)ei −

∑

i /∈I
tei (5.8)

is dual to the wall κJ (L I ,σt ) = 0. This wall separates the divisors which do not contain the join
J (L I , σt ) in their stable base locus from those that do. By Theorem 4.3, we have that there is
a family of curves of class cI ,t that sweep out a subvariety of some small modification of X
that is birational to J (L I , σt ) ⊂ X . We claim that such family lives on X and it sweeps out
J (L I , σt ). We now prove the claim. Assume that t = 0. In this case the class of cI ,0 reads
as follows:

(n − k)h −
∑

|I |=n−k+1

ei . (5.9)

This curve class has irreducible representatives which sweep out the linear cycle L I , see
Example 2.3.

Now, for any t > 0 we show that the curve class (5.8) is in the Weyl orbit of a curve class
of type (5.9). Assume the statement is true for any pair (t − 1, I ′) satisfying the conditions
in (IIIk), and let cI ,t be a curve class for a pair (t, I ) as in (5.8). After relabelling the indexes
if necessary, we may assume that I = {1, . . . , rt } where rt = n − 2t − k + 1. Now take

 = {1, . . . , rt } ∪ {rt + 3, . . . , n + 3}, we have that

Cr
(cI ,t ) = (rt + 2 + (n + 1)(t − 1) − 1)h −
rt+2∑

i=1

tei −
n+3∑

i=rt+3

(t − 1)ei ,

which is a curve class as in (IIIk) for the pair (t − 1, I ′ = I ∪ {rt + 1, rt + 2}). By the
induction hypothesis, there is a Weyl transformation φ′ taking Cr
(cI ,t ) to a curve with class
as in (5.9). Thus, taking φ = φ′ ◦ Cr
 , we see that cI ,t is in the Weyl orbit of some curve
class with irreducible representatives sweeping out a linear cycle of dimension equal to the
dimension of J (L I , σt ). This proves that cI ,t has irreducible representatives on X , which are
the images of the irreducible representatives of (5.9), and they sweep out J (L I , σt ) on X .
Hence, c belongs to Ck . ��
Remark 5.6 We recall that an (i)-curve class on a smooth n-dimensional variety X is defined
as a smooth irreducible rational curve with normal bundle isomorphic to ⊕n−1

i=1O(i), for
i ∈ {−1, 0, 1}, see [21] and [20, Definition 1.1]. The extremal rays of C0 are examples of

123



Duality and polyhedrality of cones for Mori... Page 15 of 17 69

(1)-curves and (0)-curves. The extremal rays of the Mori cone Cn−1 of type h − ei − e j and
(for s = n + 3) the rational normal curve class C are all the (−1)-curves of Xn

s .

5.2 Blow up of P4 in 8 points and of P3 in 7 points

We now prove strong duality for the two remaining cases: X3
7 and X4

8.
We first recall the definition of Weyl cycles in Xn

s introduced in [7]. A Weyl divisor is an
effective divisor D ∈ Pic(Xn

s ) which belongs to the Weyl orbit of an exceptional divisor Ei .
A Weyl cycle of codimension r is an irreducible component of the intersection of pairwise
orthogonalWeyl divisors, where orthogonality is taken with respect to the Dolgachev–Mukai
pairing.

Theorem 5.7 For X = X3
7 or X = X4

8 the Mori chamber decomposition and the stable base
locus decomposition coincide. In particular they are induced by the Weyl cycles of X.

Proof The proof is similar to that of Theorem 5.1 and it uses two ingredients: on the one hand
the classification of Weyl cycles and their corresponding base locus lemmata done in [7]; on
the other hand the description of the Mori chamber decomposition. For the threefold X3

7 the
latter is easy to obtain and left to the reader (there are only floppable curves and contracting
divisors). On the other hand, obtaining the Mori chamber decomposition for the fourfold X4

8
is not trivial: it was done by Mukai [33] and by Casagrande, Codogni and Fanelli [11] by
means of the Gale duality between X4

8 and the del Pezzo surface S := X2
8, a projective plane

blown up in eight general points.
In [7] (see also [19] for an alternative approach) the Weyl cycles on X3

7 and X4
8 are

classified and explicitly described. For X3
7 these are (−1)-curves and Weyl divisors, (see [7,

Section 4]), for X4
8 we further have five types ofWeyl surfaces (see [7, Section 5] for details):

they are the strict transforms of the following surfaces of P4:

• S1i, j,k a plane through three points,

• S3
i, ĵ

= J (C ĵ , pi ), a pointed cone over the rational normal curve passing through seven

points p1, . . . , p̂ j , . . . , p8,
• S6i, j,k a sextic surface with five triple points and simple at three points,

• S10i, j a degree−10 surface with two sextuple points and five triple points,

• S15i a degree−15 surface with seven sextuple points and a triple point.

Associating to each of the above Weyl cycles a hyperplane in the Néron–Severi space, we
define a hyperplane arrangement which induces a chamber decomposition (that we may call
Weyl chamber decomposition) of the effective cone of divisors of X , such that the divisors in
any chamber contain the same Weyl cycles in their stable base locus.

More precisely: the hyperplane associated to a Weil curve C is defined by the equation
D · C = 0; the hyperplane associated to a Weyl divisor E is defined by 〈D, E〉 = 0, where
〈·, ·〉 is the Dolgachev–Mukai pairing. The hyperplanes associated to the five surfaces have
equations D · μ = 0, where μ is one of the following curve classes:

• μ1
i, j,k = 2h − ei − e j − ek ,

• μ3
i, ĵ

= 5h − ∑8
k=1 ek − ei + e j ,

• μ6
i, j,k = 8h − 2

∑8
l=1 el + ei + e j + ek ,

• μ10
i, j = 11h − 2

∑8
k=1 ek − ei − e j ,

• μ15
i = 14h − 3

∑8
j=1 e j + ei .
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Now, the Weyl chamber decomposition is refined by the stable base locus decomposition,
since effective divisorsmay have stable base locuswhich is not ofWeyl type.Moreover, recall
that the stable base locus decomposition is, in turn, refined by the Mori chamber decompo-
sition, described in [11, Theorem 5.13]. Therefore, since the Weyl and Mori decompositions
agree, we conclude. ��
Theorem 5.8 Let X = X3

7 or X = X4
8 , then

Ck = D∨
k .

Proof Following the proof of Theorem 5.5, one can prove the duality statement for C1 and
C2. Since for the movable cone D1 the statement is easy, we just give a hint of the proof for
the case of D2(X4

8).
Using the notation of the proof of Theorem 5.7, one first observes that μ1

1,2,3 belongs to

C2(X4
8) (see also Example 2.3) and then verifies that the remaining four curve types μ1

1,2,3,

μ3
1,̂8

,μ6
1,2,3,μ

10
1,2 andμ15

1 may be transformed to μ1
i, j,k via theWeyl action, for some indices

i, j, k. The details are left to the reader. ��
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5. Boucksom, S., Demailly, J., Păun, M., Peternell, T.: The pseudo-effective cone of a compact Kähler
manifold and varieties of negative Kodaira dimension. J. Algebr. Geom. 22(2), 201–248 (2013). https://
doi.org/10.1090/S1056-3911-2012-00574-8

6. Brambilla, M.C., Dumitrescu, O., Postinghel, E.: On the effective cone of Pn blown-up at n + 3 points.
Exp. Math. 25(4), 452–465 (2016)

7. Brambilla, M.C., Dumitrescu, O., Postinghel, E.: Weyl cycles on the blow-up of P4 at eight points, The
art of doing algebraic geometry, Trends in Mathematics. Birkhäuser, Cham (2023)

123

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.2140/gt.2017.21.3009
https://doi.org/10.1090/S1056-3911-2012-00574-8
https://doi.org/10.1090/S1056-3911-2012-00574-8


Duality and polyhedrality of cones for Mori... Page 17 of 17 69

8. Brion, M.: Variétés sphériques et théorie de Mori. Duke Math. J. 72(2), 369–404 (1993)
9. Broomhead, N., Ottem, J.C., Prendergast-Smith, A.: Partially ample line bundles on toric varieties. Glasg.

Math. J. 58(3), 587–598 (2016). https://doi.org/10.1017/S001708951500035X
10. Busé, L., Catanese, F., Postinghel, E.: Algebraic curves and surfaces: a history of shapes, SISSA Springer

Series, vol. 4. Springer, Cham (2023)
11. Casagrande, C., Codogni, G., Fanelli, A.: The blow-up of P4 at 8 points and its Fano model, via vector

bundles on a del Pezzo surface. Rev. Mat. Complut. 32(2), 475–529 (2019). https://doi.org/10.1007/
s13163-018-0282-5

12. Castelnuovo, G.: Ricerche generali sopra i sistemi lineari di curve piane. Mem. Accad. Sci. Torino II(42),
3–43 (1891)

13. Castravet, A.M., Tevelev, J.: Hilbert’s 14th problem and Cox rings. Compos. Math. 142(6), 1479–1498
(2006)

14. Choi, S.R.: Duality of the cones of divisors and curves. Math. Res. Lett. 19(2), 403–416 (2012)
15. Choi, S.R.: On partially ample adjoint divisors. J. Pure Appl. Algebra 218(7), 1171–1178 (2014)
16. Choi, S.R., Gongyo, Y.: On a generalized Batyrev’s cone conjecture. Math. Z. 300(2), 1319–1334 (2022)
17. Cox, D.A., Little, J.B., Schenck, H.K.: Toric varieties, Graduate Studies in Mathematics, vol. 124.

American Mathematical Society, Providence (2011)
18. Dumitrescu, O., Postinghel, E.: Vanishing theorems for linearly obstructed divisors. J. Algebra 477,

312–359 (2017)
19. Dumitrescu,O.,Miranda, R.: CremonaOrbits inP4 andApplications, The art of doing algebraic geometry.

Trends in Mathematics. Birkhäuser, Cham (2023)
20. Dumitrescu, O., Miranda, R.: On (i) curves in blowups of Pr (2021). arXiv:2104.14141
21. Dumitrescu, O., Miranda, R.: Coxeter theory for curves on blowups of Pr (2022). arXiv:2205.13605
22. Dumitrescu, O., Postinghel, E.: Positivity of divisors on blown-up projective spaces, I. Ann. Sc. Norm.

Super. Pisa Cl. Sci. 24, 599–618 (2023)
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