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NONTRIVIAL SOLUTIONS OF A PARAMETER-DEPENDENT HEAT
FLOW PROBLEM WITH DEVIATED ARGUMENTS

ALESSANDRO CALAMAI AND GENNARO INFANTE

Abstract. By means of a recent Birkhoff-Kellogg type theorem set in affine cones, we

discuss the solvability of a parameter-dependent thermostat problem subject to deviated

arguments. We illustrate in a specific example the constants that occur in our theory.

1. Introduction

In this paper we investigate the existence of nontrivial solutions of the second order

parameter-dependent differential equation

u′′(t) + λf(t, u(t), u(σ(t)) = 0, t ∈ [0, 1], (1.1)

with initial conditions

u(t) = ω(t), t ∈ [−r, 0], (1.2)

and the functional boundary condition (BC)

βu′(1) + u(η) = λB[u], (1.3)

where β > 0, η ∈ (0, 1) and 0 < β + η < 1, λ is a parameter, σ, ω, f are suitable continuous

functions and B is a suitable functional.

The motivation for studying this problem is that it arises in heat-flow problems. To

illustrate this in a simple situation, let us consider the following special case of a problem

with reflection of the argument:
u′′(t) + λf(t, u(t), u(−t+ 1

2
)) = 0, t ∈ [0, 1],

u(t) = ω(t), t ∈ [−1
2
, 0],

βu′(1) + u(1
4
) = 0.

(1.4)

The BVP (1.4) describes the steady-states of temperature u of a heated bar of length 3/2.

The left end of the bar is kept at a prescribed temperature ω and a controller, placed at the

right end of the bar, is reacting to a sensor placed in the point t = 1
4
. The presence of the

term depending on the reflection of the argument illustrates the influence of the left hand
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side of the bar on the right hand side; a physical problem of this kind occurs in the case

of a light bulb, see [1] for a detailed description. For simplicity here we have taken B ≡ 0

in the BCs; a nonzero term B can be used to model complicated controller, possibly with

non-linear response. There exists a wide literature on similar kinds of heat-flow problems,

for brevity we mention the papers [2, 5, 7, 9, 15, 16, 21, 23, 24, 25, 26] in the case of linear

controllers and [12, 17, 18, 19, 21, 22] for nonlinear controllers. Note that different choices

of the function σ leads to different situations; for example a spatial delay can be modelled by

σ(t) = t− τ , where τ ≤ r; this has been done, for example, in the context of delay equations

in [2]. More general deviated arguments occurring in heat-flow problems have been studied

in [1, 8].

In order to discuss the solvability of the BVP (1.1)-(1.2)-(1.3), we adopt a topological

approach, based on a recent variant [3] in affine cones of the celebrated Birkhoff–Kellogg

theorem. We provide an example where we illustrate the constants that occur in our theory.

Topological approaches in affine cones have been exploited recently in [2, 3, 4, 6]. The

setting of affine cones seems to be helpful when dealing with equations with delay effects.

Here we prove the existence of nontrivial solutions (u, λ) of the BVP (1.1)-(1.2)-(1.3), by

means of an associated perturbed Hammerstein integral equation set in a suitable traslate

of a cone of functions that are allowed to change sign. We mention that another variant of

the Birkhoff–Kellogg theorem, due to Krasnosel’skĭi and Ladyženskĭı [20], has been used in

[10] for a cone of sign changing functions with vertex in the origin under different sets of

boundary conditions and without the presence of deviated arguments.

Our results are new and complement the previous literature. In particular we use a dif-

ferent topological tool w.r.t. [1, 2], where the fixed point index is used directly. Furthermore

here we study a BVP which is different from the one in [2], due to the presence of the de-

viated arguments and the nonlinearity within the BCs, and from the one in [1], due to the

presence of the datum ω.

2. Solutions of perturbed integral equations in affine cones

We recall some useful notation. Let (X, ‖ ‖) be a real Banach space. A cone K of X is a

closed set with K + K ⊂ K, µK ⊂ K for all µ ≥ 0 and K ∩ (−K) = {0}. For y ∈ X, the

translate of the cone K is defined as

Ky := y +K = {y + x : x ∈ K}.

Given a bounded and open (in the relative topology) subset Ω of Ky, we denote by Ω and

∂Ω the closure and the boundary of Ω relative to Ky. Given an open bounded subset D of

X we denote DKy = D ∩Ky, an open subset of Ky.
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We can now state a Birkhoff–Kellogg type result, which provides the existence of non-

trivial solutions of parameter-dependent functional equations in cone translates.

Theorem 2.1 ([3], Corollary 2.4). Let (X, ‖ ‖) be a real Banach space, K ⊂ X be a cone and

D ⊂ X be an open bounded set with y ∈ DKy and DKy 6= Ky. Assume that F : DKy → K is

a compact map and assume that

inf
x∈∂DKy

‖F(x)‖ > 0.

Then there exist x∗ ∈ ∂DKy and λ∗ ∈ (0,+∞) such that x∗ = y + λ∗F(x∗).

In order to apply Theorem 2.1, we make some assumptions on the following perturbed

Hammerstein integral equation:

u(t) = ψ(t) + λ
(∫ 1

0

k(t, s)g(s)f(s, u(s), u(σ(s)) ds+ γ(t)B[u]
)

=: ψ(t) + λFu(t), t ∈ [−r, 1]

(2.1)

where B is a suitable (possibly nonlinear) functional in the space C([−r, 1],R), endowed of

the usual supremum norm, ‖u‖[−r,1]. More in general, given a compact interval I ⊂ R, we

denote by C(I,R) the Banach space of the continuous functions defined on I with the usual

norm, ‖u‖I . We assume the following conditions:

(C1) The function ψ : [−r, 1]→ R is continuous.

(C2) The kernel k : [−r, 1]× [0, 1]→ R is measurable, verifies k(t, s) = 0 for all t ∈ [−r, 0]

and almost every (a. e.) s ∈ [0, 1], and for every t̄ ∈ [0, 1] we have

lim
t→t̄
|k(t, s)− k(t̄, s)| = 0 for a. e. s ∈ [0, 1].

(C3) There exist a subinterval [a, b] ⊆ [0, 1], a measurable function Φ with Φ ≥ 0 a. e., and

a constant c1 = c1(a, b) ∈ (0, 1] such that

|k(t, s)| ≤ Φ(s) for all t ∈ [0, 1] and a. e. s ∈ [0, 1],

k(t, s) ≥ c1 Φ(s) for all t ∈ [a, b] and a. e. s ∈ [0, 1].

(C4) The function g : [0, 1] → R is measurable, g(t) ≥ 0 a. e. t ∈ [0, 1], and satisfies that

gΦ ∈ L1[0, 1] and
∫ b
a

Φ(s)g(s) ds > 0.

(C5) f : [0, 1] × R × R → [0,∞) satisfies some Carathéodory-type conditions; namely,

f(·, u, v) is measurable for each fixed u and v in R, f(t, ·, ·) is continuous for a. e.

t ∈ [0, 1], and for each R > 0, there exists φR ∈ L∞[0, 1] such that

f(t, u, v) ≤ φR(t) for all (u, v) ∈ [−R,R]× [−R,R], and a. e. t ∈ [0, 1].

(C6) The function σ : [0, 1]→ [−r, 1] is continuous.

(C7) The function γ : [−r, 1] → R is continuous, γ 6≡ 0 and such that γ(t) = 0 for all t ∈
[−r, 0]; moreover there exists c2 ∈ (0, 1] such that γ(t) ≥ c2‖γ‖[0,1] for all t ∈ [a, b].
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In the Banach space C([−r, 1],R) we define the cone

K0 = {u ∈ C([−r, 1],R) : u(t) = 0 for all t ∈ [−r, 0], min
t∈[a,b]

u(t) ≥ c‖u‖[0,1]},

where c = min{c1, c2}. Note that K0 6= {0} since γ ∈ K0 and, furthermore, that the

functions in K0 are non-negative in the subset [a, b] and may change sign in [0, 1]. The cone

K0 has been essentially introduced [2], as a modification of a cone introduced in [13].

We consider the following translate of the cone K0,

Kψ = ψ +K0 = {ψ + u : u ∈ K0},

with the subset

K0,ρ := {u ∈ K0 : ‖u‖[0,1] < ρ}

and the corresponding translate

Kψ,ρ := ψ +K0,ρ.

Note that ∂Kψ,ρ = ψ + ∂K0,ρ and that u ∈ Kψ means that u = ψ + v with v ∈ K0 and,

therefore, we have

‖u‖[−r,1] = max{‖ψ‖[−r,0], ‖ψ + v‖[0,1]}.

We can now state our existence result.

Theorem 2.2. Let ρ ∈ (0,+∞) and assume the following conditions hold.

(a) There exist δρ ∈ C([0, 1],R+) such that

f(t, u, v) ≥ δρ(t), for every (t, u, v) ∈ [a, b]× R× R with max{|u|, |v|} ≤ ρ+ ‖ψ‖[−r,1].

(b) B : Kψ,ρ → R+ is continuous and bounded, in particular let η
ρ
∈ [0,+∞) be such

that

B[u] ≥ η
ρ
, for every u ∈ ∂Kψ,ρ.

(c) The inequality

sup
t∈[a,b]

{
γ(t)η

ρ
+

∫ b

a

k(t, s)g(s)δρ(s) ds
}
> 0 (2.2)

holds.

Then there exist λρ ∈ (0,+∞) and uρ ∈ ∂Kψ,ρ that satisfy the integral equation (2.1).

Proof. We firstly show that the operator operator F maps Kψ,ρ into K0 and is compact.

Take u ∈ Kψ,R; we have to prove that Fu ∈ K0. First of all observe that our assumptions
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imply that Fu is continuous on [−r, 1] and that Fu(t) = 0 for t ∈ [−r, 0]. Now, for every

t ∈ [0, 1] we have

|Fu(t)| ≤
∫ 1

0

|k(t, s)|g(s)f(s, u(s), u(σ(s)) ds+ |γ(t)|B[u]

≤
∫ 1

0

Φ(s)g(s)f(s, u(s), u(σ(s)) ds+ ‖γ‖[0,1]B[u],

moreover, for t ∈ [a, b],

Fu(t) ≥ c1

∫ 1

0

Φ(s)g(s)f(s, u(s), u(σ(s)) ds+ c2‖γ‖[0,1]B[u] ≥ c‖Fu‖[0,1]. (2.3)

Taking the minimum for t ∈ [a, b] in (2.3) yields Fu ∈ K0, as desired. The compactness of F
follows in a similar way as in the proof of Theorem 3.2 of [2], where a linear functional was

considered in place of B. Note that here the functional B (possibly nonlinear) is continuous

and bounded.

Now, take u ∈ ∂Kψ,ρ. Then we have, for t ∈ [a, b],

Fu(t) =
(∫ 1

0

k(t, s)g(s)f(s, u(s), u(σ(s)) ds+ γ(t)B[u]
)

≥
(∫ b

a

k(t, s)g(s)f(s, u(s), u(σ(s)) ds+ γ(t)B[u]
)

≥ γ(t)η
ρ

+

∫ b

a

k(t, s)g(s)δρ(s) ds.

Therefore we have

‖Fu‖[−r,1] ≥ ‖Fu‖[a,b] ≥ sup
t∈[a,b]

{
γ(t)η

ρ
+

∫ b

a

k(t, s)g(s)δρ(s) ds
}
. (2.4)

Note that the RHS of (2.4) does not depend on the particular u chosen. Hence,

inf
u∈∂Kψ,ρ

‖Fu‖[−r,1] ≥ sup
t∈[a,b]

{
γ(t)η

ρ
+

∫ b

a

k(t, s)g(s)δρ(s) ds
}
> 0,

and the result follows by Theorem 2.1. �

3. Nontrivial solutions of the BVP

We turn our attention back to the BVP
u′′(t) + λf(t, u(t), u(σ(t)) = 0, t ∈ [0, 1],

u(t) = ω(t), t ∈ [−r, 0],

βu′(1) + u(η) = λB[u].

(3.1)

In order to apply the previous theory to the BVP (3.1), we proceed by means of a superpo-

sition principle as in Section 3 of [4], in the spirit of [2, 11, 14].
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We begin by considering the BVPu′′(t) + y(t) = 0, t ∈ [0, 1],

u(t) = 0, βu′(1) + u(η) = 0,

which has the has the unique solution

u(t) =

∫ 1

0

k̂(t, s)y(s)ds,

where the Green’s function (see for example [14]) is given by

k̂(t, s) =
βt

β + η
+

t

β + η
(η − s)H(η − s)− (t− s)H(t− s),

where

H(τ) =

1, τ ≥ 0,

0, τ < 0,

thus we take

k(t, s) = k̂(t, s)H(t). (3.2)

With the choice of [a, b] ⊂ (0, β+η) ⊂ (0, 1), the hypotheses (C2)−(C3) are satisfied (see [2])

when

Φ(s) =


s, for β + η ≥ 1

2
,[

1− (β + η)

β + η

]
s, for β + η < 1

2
,

and

c1 =


min

{ aβ

β + η
,
β + η − b
β + η

}
, for β + η ≥ 1

2
,

min
{ aβ

1− (β + η)
,
β + η − b

1− (β + η)

}
, for β + η < 1

2
.

(3.3)

Note that also (C4) holds since
∫ b
a

Φ(s) ds > 0.

Now observe that the function γ̂(t) =
t

β + η
satisfies the BVPu′′(t) = 0, t ∈ [0, 1],

u(0) = 0, βu′(1) + u(η) = 1.

Thus we may take

γ(t) = γ̂(t)H(t), (3.4)

and note that (C7) is satisfied with c2 = a (see [2]). Note also that c2 ≥ c1, hence we take

c = c1.
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Finally note that ϕ̂(t) =
(β + η)− t
β + η

solves the BVPu′′(t) = 0, t ∈ [0, 1],

u(0) = 1, βu′(1) + u(η) = 0

Thus, define

ψ(t) =

ω(t), t ≤ 0,

ϕ̂(t)ω(0), t > 0,
(3.5)

and observe that, by construction, ψ is continuous on [−r, 1], since ω is assumed to be

continuous on [−r, 0]. Note that ψ, the vertex of the affine cone that we utilize, is built from

the initial datum ω, for which we do not require homogeneity in 0, as in [4].

Summing up, we can consider the integral equation

u(t) = ψ(t) + λ
(∫ 1

0

k(t, s)f(s, u(s), u(σ(s)) ds+ γ(t)B[u]
)
, t ∈ [−r, 1] (3.6)

which is of the form (2.1) where g ≡ 1, k is as in (3.2), γ is as in (3.4) and ψ is as in (3.5).

Definition 3.1. By a solution of the BVP (3.1) we mean a solution u ∈ C([−r, 1],R) of the

integral equation (3.6).

With the above ingredients, we can state the following existence result.

Theorem 3.2. Let f : [0, 1] × R × R → [0,∞) and σ : [0, 1] → [−r, 1] be continuous.

Let [a, b] ⊂ (0, β + η) ⊂ (0, 1), and let c = c1 as in (3.3). Let ρ ∈ (0,+∞) and assume

that conditions (a), (b) and (c) of Theorem 2.2 hold. Then there exist λρ ∈ (0,+∞) and

uρ ∈ ∂Kψ,ρ that satisfy the BVP (3.1).

In the next illustrating example we consider a specific BVP of type (3.1), with the choice

r = 1/2 and σ(s) = −s, namely an equation with reflection of the argument.

Example 3.3. We consider the BVP
u′′(t) + λteu(t)+2u(−t+ 1

2
) = 0, t ∈ [0, 1],

u(t) =
√

1 + t, t ∈ [−1
2
, 0],

1
4
u′(1) + u(1

4
) = λ

∫ 1

−1
t2(u(t))2 dt.

(3.7)

Thus the function ψ is given by

ψ(t) =


√

1 + t, −1
2
≤ t ≤ 0,

1− 2t, 0 < t ≤ 1.
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Now choose ρ ∈ (0,+∞) and note that ‖ψ‖[− 1
2
,1] = 1. We may take

[a, b] =

[
1

8
,
1

4

]
, η

ρ
(t) = 0, δρ(t) = te−3(1+ρ).

Therefore (2.2) reads

sup
t∈[ 1

8
, 1
4

]

{
e−3(1+ρ)

∫ 1
4

1
8

k(t, s)s ds
}
≥ e−3(1+ρ)

∫ 1
4

1
8

1

16
s2 ds =

7e−3(1+ρ)

24576
> 0,

which implies that (2.2) is satisfied for every ρ ∈ (0,+∞).

Thus we can apply Theorem 3.2 obtaining uncountably many pairs of solutions and pa-

rameters (uρ, λρ) for the BVP (3.7).

Acknowledgements

The authors would like to thank the Referee for the careful reading of the manuscript and

the constructive comments. The authors were partially supported by the Gruppo Nazionale
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