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Abstract. The realization of the required geometry when representing the complex part of an 
object is determined by discretization of the material amount to be applied by a filament. The FDM 
of metals could in this way be competitive with conventional technologies to net shape making. 
The possibility to realize smaller and smaller filaments whose characteristics can be given in the 
extruding tool-material system by using proper geometries and parameters in order to produce the 
temperature rise inside the container is investigated. The analytical modeling proposed describes 
the extrusion behaviour of two magnesium alloys, that are the AZ31 and the ZM21 ones. That to 
perform a filament section of 0.4-0.5 mm in radius, beginning by a one of about 1.5 mm, with 
which to apply metal ribs. The effect of friction, distortion and heating phenomena as well as the 
solid fraction are considered on the stress vs. displacement curves inside the extruder until 
submillimeter diameter. The material model updated to consider the higher strain rates evidences 
the different behaviour of the models in describing different strain rates conditions useful to realize 
the filament geometry. 
Introduction 
Casting technologies for realization of products as reported in scientific literature [1] require high 
pressure [2] to get the component with the required geometry avoiding as much as possible 
machining operations. A similar method can be applied when the bulk metal fabrication of 
components or parts of them is used. The knowledge of the materials in terms of the models 
describing their behaviour when deformed in order get the desired shape [3,4,5] is required. In 
most of cases the fabrication can be done by using conventional in temperature stamping methods 
subdivided in different phases to perform uniform deformations on workpiece. But, the complex 
shapes of the object to be made can be realized by additive manufacturing methods [6-8] based on 
hot arc forging, laser wire feed and laser direct energy deposition by which it could be entirely 
fabricated. Among the additive manufacturing technologies the FDM (Fused Deposition 
Modeling) of metals represents the most useful way to integrate the traditional manufacturing with 
the approach of additive manufacturing in working material [9-11]. The competitiveness of such 
technology is effectively represented when the complexity characterizes all of the object. But it 
could be too time expensive when the design stage is not thought on surface of that. The FDM 
[12,13] by this way can be tuned and used to get filament depositions realizing parts of objects 
already fabricated with simple shaped tools in conventional forging or stamping ways. The added 
part may be then fine tuned depending on the filament section and the final configuration reached 
with other surface treatments in order to get also the required finish. Anyway, the discretization of 
the material deposition determines the achievement of the precision in the rib application. But the 
key variable of the process is represented by the temperature of the material at extruder exit 
determining the conditions of the filament in terms of its geometry and of solid-liquid fraction 
[14]. The temperature inside the extruder is obtained by setting that to the value imposed to the 
tool material system plus the increase due to heating phenomena [13]. Such conditions are more 
time variant in other systems such as metal powder jetting and direct fusion filament [8, 15,16] 
technologies in which the heat generated is supplied directly by the spot on the surface to be 
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liquified even if some effects of shielding can appear. Anyway in FDM the material undergoes 
different stages in terms of heating, deformation and partial phase transition determining some 
delays in supplying material at predicted conditions at the surface of the object to be completed 
with respect to cold systems [17,18]. The author in previous work [13] reported the effect of 
heating phenomena in reaching the temperatures able to supply material in the due condition to be 
applied using analytical modeling based on friction slab method.  

In general the study of extrusion base additive manufacturing techniques in particular for some 
kinds of magnesium alloys does not take into consideration the different heating contributions such 
as friction and distortion determining the final condition and the level of solid fraction reached. 
Such variables are particularly sensitive when at the under millimeter levels. 

The present paper aims at studying the effect of the different variables affecting heating 
generation on two magnesium AZ31 and ZM21 alloys under extruding condition to realize ribs to 
be applied on planar surfaces. By the proposed extruding analytical modeling the already 
mentioned variables are considered and the stress amount with related temperature increase 
evaluated in order to reach the desired filament section. A method to check the obtained results at 
solid and semisolid also in terms of material modeling is reported for different conditions of strain 
rates. 
Modeling 
The procedure proposed and reported in Fig. 1 whose details will explained in the following 
consists in the building and in the using of an analytical model of extrusion considering the slab 
method applied when the semiconical angle α approaches 90°. Under that condition material flow 
is considered to get the 45° angle under high temperatures at solid state. That is the conical part of 
the tool. The quantification of stress amount due to the variables reported in the following allows 
the heating calculation depending on friction and distortion effects. By those computations the 
solid/liquid fraction can be evaluated and stress orders of magnitude analytically detected and 
related to the rib section deposition. To check the obtained results at solid and semisolid also in 
terms of material modeling the stress amounts in different conditions of strain rates are compared 
for two different alloys being related to the filament section reached. 

At the millimeter order of magnitude the effect of heating from the tuned temperature is reported 
by the author in previous researches [13] using the friction based slab method. 

 
Figure 1 – Modeling. 

At the millimiter-submillimeter threshold the extruding behaviour of two magnesium alloys 
named AZ31 and ZM21 is described considering the material flow of pure deformation (without 
friction and distortion) reported in the following with that related to the cylindrical zone: 

 

σ𝑧𝑧 =
2∙𝜎𝜎�∙ln �𝑅𝑅0𝑅𝑅𝑓𝑓

�𝑅𝑅02

𝑅𝑅𝑓𝑓(2∙𝑅𝑅0−𝑅𝑅𝑓𝑓)
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where: 
• σz: extrusion tension 
• σ ���:material flow 
• µ: friction coefficient 
• R0: initial billet radius 
• Rf :final billet radius 
• σ: tension at the stem of the container 
• ∆l: travel covered by the stem 

The constitutive equations supplied and summarized by the author in [13] are useful for the 
strain rate interval reported in [19,20] for the AZ31 and ZM21 magnesium alloys in order to 
describe their in temperature behaviour. But when the strain rate increases what described in the 
just reported references produces too much high stress levels in particular for ZM21. Under these 
conditions the equation describing the behaviour of two magnesium alloys in particular for ZM is 
adapted to avoid variables in which the strain rate determines a too much high contribution to the 
stress. Really an acceptable augmentation in stress of material with increasing deformation 
velocity can be probably due to the Manganese amount that determines some increase in strength 
with high strain rate with a order of magnitude of tens [21,22]. 
In detail being the same the constitutive equation already proposed for AZ31 and reported by the 
author in [13,19,20] and represented as follows: 
 

𝜎𝜎� = k ε𝑛𝑛ε̇𝑚𝑚.                    (3) 
 
An updated one with respect to [13,19] in the modeling of ZM21 is proposed by the following 

equation: 
 

𝜎𝜎� = β1ε + β2ln (𝜀𝜀)̇ + β3𝑇𝑇
2 + β6𝜀𝜀

2                          (4) 
 
being: 

• ε: deformation; 
• ε̇ : strain rate. 

The material coefficients depending on temperature K, n, m and β1 , β2 , β3 and β6 constants 
are reported in [19,20]. 

Concerning the increase in temperature due to the deformation and friction the following 
equations given by heat balancing are used: 

 

∆𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑 = βσ�∆ε���

ρ𝑐𝑐
                   (5)

  

∆𝑇𝑇𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = τ2𝜋𝜋𝑅𝑅0𝑙𝑙∙𝑣𝑣∙𝑡𝑡
ρ𝑉𝑉𝑉𝑉

+
τ𝜋𝜋(𝑅𝑅02−𝑅𝑅𝑓𝑓

2)∙(𝑅𝑅0−𝑅𝑅𝑓𝑓)�𝑡𝑡𝑡𝑡𝛼𝛼
2+1

𝑡𝑡𝑡𝑡𝛼𝛼2
 

ρ𝑉𝑉𝑉𝑉
                               (6) 

 
being: 

• v: stem velocity 
• ρ: density of material 
• c: specific heat 
• V: volume of the material 
• ∆T: temperature increment 

The shear stress τ is calculated as a function of normal to the container stress σ𝑦𝑦 as that used in 
modeling of chip mechanics with the costant K equal to 0.08 in the cylindrical and in the under 
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deforming zone. The entire contribution beginning by the initial τ value (τ0 ) at tuned temperature 
is represented by the following equation: 
 

τ = τ0 + 𝐾𝐾σ𝑦𝑦                   (7) 
 

The extrusion is studied considering the scheme of a initial billet with 1.5 mm in radius to a 
dimension of 0.5 mm with a extrusion chamber of about 11 mm in length. To determine the effect 
of the deformation at the near micro-extrusion configuration also a radius of 0.4 mm is considered. 

The contribution of friction and of distortion are implemented to Eq. 1 considering an amount 
of 0.2 and 0.3 respectively. At the mean and at the best a solid fraction amounts from 0.5 to 0.1 
are tuned to consider the stress levels as found for similar alloys behaviour at those temperature 
[3]. The filament section conditions for rib deposition are obtained. 

The stress trend is subsequently evaluated under solid and semisolid state at strain rates of 5 
and 40 1/s for modeling checking. 
Results and discussion of analytical modeling 
The thermal conditions of the extruding-material system in order to get the semisolid of the 
filament to be applied as ribs over a flat surface can be defined in terms of temperature reached by 
the material inside the extruder with a given tuned initial temperature. As shown in the next the 
tension behaviour is reported for both the materials at initial temperature of 400°C at strain rates 
up to a magnitude of tens. 

Fig. 2 shows the decrease in stress with increasing displacement in the cylindrical part of the 
extruder due to friction contribution reduction. Then an increase at the final due to the deformation 
concentration until 0.5 mm in radius for both the alloys investigated. The second effect described 
by Eq. 1 and the other by Eq. 2. The results observed due to the material behaviour described by 
Eq. 3 and Eq. 4 do not take into consideration the friction, the distortion in the under deforming 
zone as well as the effect of solid fraction. In other words the plain condition. 

Fig. 3 shows the increase of the tensional state due to friction considered by adding 0.2 to the 
sigma level as a contribution to the stress in the Eq. 1. 

 
Figure 2 – Stress values of AZ31 and ZM21 without friction, distortion and solid fraction. 
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Figure 3 – Stress values of AZ31 and ZM21 with friction. 

Fig. 4 reports the contribution of the distortion to the stress of Eq. 1 while Fig. 5 that of both 
friction and distortion on the extruding behaviour of the two alloys investigated to 0.5 mm and to 
0.4 mm in radius of the exit filament. Of course an increase in stress can be observed for AZ31 
and ZM21 magnesium alloys. The increase in temperature calculated with Eq. 5 and Eq. 6 and 
revealed in Fig. 6 and Fig. 7 for both the alloys at the cylindrical and at the under deforming zone 
allows to reach the conditions of semisolid useful for filament generation and rib application.  

 
Figure 4 – Stress values of AZ31 and ZM21 with distortion. 

 
a)                                                              b) 

Figure 5 – Stress values of AZ31 and ZM21 with friction and distortion until 0.5 mm (a) and at 
0.4 mm (b) in radius. 

Eq. 7 is used to evaluate the current shear stress at the tool-material contact interface for 
temperature rising calculated by Eq. 6. Fig. 8 allows to show the stress field inside the extruder 
under the condition of 0.1 solid fraction. 
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The results of the maximum stress at each condition in terms of plain, friction, distortion and 
both for two different magnesium alloys and two different strain rates are reported in Fig. 9. About 
the last condition, one deformation rate is one order of magnitude higher than the other. 

 
Figure 6 – Temperature values considering the plain condition: AZ31 alloy. 

 
Figure 7 – Temperature values considering the plain condition: ZM21 alloy. 

 
Figure 8 – Stress values at the plain condition: AZ31 and ZM21 alloy solid fraction of 0.1. 
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Figure 9 – Stress state of ZM vs. AZ magnesium alloys for different conditions: plain, with 

friction, with distortion, both of them and solid fractions of 0.5, 0.1 and 1. 
This means that the constitutive equation proposed by the author and colleagues [13,19,20] 

modified to describe the ZM behaviour at high strain rate mainly not considering the variables 
containing the logarithmic function of ε̇ and the ε̇4 to avoid a too much high hardening behaviour 
can be useful in describing the in temperature deformation. It is the Eq. 4. While no additional 
changes are made for that of AZ magnesium alloy. By this compensation the slope of ZM stress 
vs. AZ stress results remains anyway higher than the one at conventional testing strain rates. The 
results are in agreement with those reported by [22,23,24]. The resulting temperature increase 
under the plain condition seems to be enough to get the semisolid considering that only the mean 
values of the shear stress of Eq. 7 are taken for computing. The proposed methodology allows to 
adapt the scheme for a continuous extruding tool-material system for both the filament geometries 
of 0.5 and 0.4 mm in radius in which the steel stem function in a real operation could be performed 
by the cold solid magnesium alloy to be deformed as in the extrusion based by wire method. 
Summary 
The study of extruding base additive manufacturing system of two magnesium AZ31 and ZM21 
alloys is performed proposing and applying a methodology based on a extrusion model. It is 
realized with slab method under the condition of planar tool and pure deformation with added 
effects of friction and distortion whose contribution allow to quantify the increase in stress inside 
the extruder. The modeling is made at the millimeter and sub-millimeter scale. The section of the 
realized filament to apply a rib got the 0.5 and 0.4 mm in radius. The increase in temperature 
evaluated considering the deformation contribution, the friction and the distortion using shear 
stress augmented by the normal stress for high pressure at the tool material contact surface allows 
to obtain values able to maintain the semisolid conditions with a mean solid fraction of 0.5 
approximately reaching 0.1 under steady state. The material model updated in order to compensate 
too high hardening behaviours of previous ZM magnesium alloy model allows to detect the 
different stress conditions with two different strain rate behaviours differing from each other by 
one order of magnitude at least anyway useful for filament obtaining. 
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