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Within the framework of three-dimensional linear micropolar media, the Asymptotic Homogenization Method
(AHM) has been recently applied to obtain the effective engineering moduli for a laminated composite with
imperfect contact between the layers. The imperfect contact is prescribed by using a micropolar spring-type
interface model, and the interface parameters enter the engineering constants related to the stiffness and torque.
In this work, we obtain the concentration tensors linking the macroscopic averaged quantities (stress/couple-

stress and strain/curvature) with their microscopic counterparts. A numerical example is proposed to illustrate
the influence of the phases volume fraction and of the interface parameters on the strain/curvature and
stress/couple-stress concentrations.

1. Introduction

In the last decades, composite materials and structures gained large
popularity due to their integration into mechanical and civil engi-
neering, aerospace, automotive, and marine applications, as well as
in biomedical and sports products. The successful use of composites
in practical applications significantly depends on the ability to accu-
rately predict their mechanical properties and behavior using suitable
mechanical models. Micromechanical modeling of composite structures
is often challenging due to the complex distribution and orientation of
multiple inclusions and reinforcements within the matrix, along with
their local mechanical interactions. Hence, it is essential to develop
multi-scale approaches that effectively link the microstructure to the
overall behavior whilst based on rigorous mathematical techniques.
Homogenization techniques offer a viable route and have been applied
in many cases in micromechanics of composites, see for instance [1-9]
and references therein. Among homogenization techniques, asymptotic
homogenization allows rephrasing an initial equilibrium problem, in-
volving one or more small parameters related to the small scale of
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the microstructure, into an equilibrium problem for a homogeneous
solid. The effective properties of this homogeneous equivalent material
are determined by solving local problems defined on the composite
material’s unit cell. Notably, asymptotic homogenization enables us to
determine with a high accuracy the local stress and strain distributions
defined by the microstructure of the composite material. The recon-
struction of the local stress field results has a pivotal role in developing
strength criteria from homogenized modeling approaches. In the litera-
ture, other homogenization approaches allow the representation of the
local fields, see, for example, the locally-exact homogenization theory
based on the Fourier’s series proposed in [10,11], and the equivalent
inhomogeneity method proposed in [12,13].

Among composites, laminates are multilayered materials composed
of alternating layers of different materials. Layered materials are widely
used in many fields, such as aerospace engineering, automotive indus-
tries, electromechanical systems, and smart structures. Imperfections at
the interfaces between the layers are inevitably introduced through the
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manufacturing processes [14-16]. These defects can lead to debonding
or slippage, and ultimately to overall performance degradation. A
correct approach should incorporate their presence, and the spring-type
interface is a classical modeling choice, owing to its mathematical sim-
plicity [5,17]. The spring-type interface is a contact model prescribing
the traction vector field to be continuous at the interface and linked
to the jump discontinuity of the displacement vector field by a second-
order stiffness tensor, usually diagonal, whose components represent
the stiffness of the springs in the tangential and normal directions.
Using asymptotic techniques, it can be shown that the spring-type
interface is an imperfect contact model arising as the limit behavior
of a very thin layer made of a soft elastic material [18-20]. The
validity of the spring-type interface model has been experimentally
assessed by observations based on laser profilometry [21], or ultra-
sound analysis [22]. In [23], the spring-type interface model has been
proven to correctly reproduce the peeling stress distribution along
the adherents/adhesive interfaces calculated using the finite element
analysis for a thin adhesive interphase.

Nevertheless, the aforementioned models, conceived within the set-
tings of linear elasticity, are unable to accurately describe the me-
chanical behavior of materials with microstructure, such as molecules,
grains, fibers, or pores, and also size-dependent phenomena, which
becomes more and more pronounced as the composite structure reduces
its size to the micro/nano-scale. The effect of microstructure and size ef-
fects can be adequately modeled with higher-order continuum theories
such as micropolar elasticity, see e.g. [11,24-27]. In order to take into
account the possible influence of the internal microstructure among
the composite constituents, classical elastic contact models have been
recently generalized in the framework of micropolar elasticity [28] and
strain gradient elasticity [29].

In the literature, numerous studies are devoted to the derivation of
the effective elastic properties of layered materials under the presence
of imperfect adhesion, cf. [17]. Among these, Brito-Santana et al. have
applied the two-scale asymptotic homogenization method to obtain the
effective elastic properties of laminates characterized by non-uniform
imperfect adhesion [30] and by localized damage in the interface
between the layers [31]. Recently, Fergoug et al. [32] have proposed an
approach based on asymptotic homogenization to estimate consistent
microscale fields in the vicinity of the boundaries. Notably, classical
laminate theory successfully applies to obtaining the effective response
of laminates in form of plate-like solids, for which the thickness is
much smaller than the other characteristic dimensions [33,34]. Here,
the object of the investigation is not a plate-like solid but a laminate
intended as a stratified material, cf. [6,35].

A possible application of the present analysis could, for example,
find application in the Earth’s sciences, where micropolar theory has
been shown to better described the effect of rotational motions dur-
ing seismogenic deformation compared to the linear elastic theory,
cf. [36] and references therein. Micropolar theory has recently found
interesting applications in the description of lattice metamaterials,
see for example [37]. Recent advances in modern nanotechnology
open to the fabrication of periodic stratified metamaterials to tune the
transmissivity within the frequency band of negative refraction [38].

The present study stems from some recent work, where the ho-
mogenized properties of a stratified material composed of alternating
micropolar thin layers under imperfect contact conditions have been
obtained using the two-scale asymptotic homogenization method [39—
41]. The motivation of the present work is the reconstruction of the
local stress field from the homogenization results, a field that could
possibly enter a homogenized strength criterion of the type proposed
in [42]. Our work represents a proposal for the development of tools
in the framework of homogenization theory useful for the computation
of the local stresses. The evaluation of the latter ones is crucial in the
assessment of the structural integrity of mechanical components.

After reviewing the main results obtained in [39-41], we evaluate
the micropolar strain/curvature and stress/couple-stress concentration
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tensors arising from the local strain and stress field. These tensors
enable to calculate of the (constant) strain/curvature and stress/couple-
stress in the adherent layers given the externally applied (or averaged)
strain and stress field. For the type of composite here studied, a strati-
fied medium composed of alternated layers of micropolar materials in
imperfect contact, the calculation of the stress and strain concentration
tensors in the layers together with the displacement and microrotation
jump concentration tensors at the imperfect interface are all elements
of novelty. The effect of imperfection parameters of the interface on
the concentration tensors is investigated. Another original result of the
present work is that, while strain and curvature concentration tensors
are found to depend on the interface parameters, the stress and couple-
stress concentration tensors are not. This outcome is not a foregone
conclusion. To better understand and validate this result, a simple
example is proposed in the framework of linear elasticity, indicating
that the independence of the stress and couple stress in the adherent
layers may be attributed to the simple nature of the interface law
chosen to model the imperfect contact. Finally, a numerical application
is presented to study the effect of a uniform imperfect interface on
the local values of strain and stress in a bi-laminated composite with
centro-symmetric micropolar isotropic constituents.

2. A micropolar laminated elastic continuum with imperfect con-
tact between the layers

Let us consider a linear elastic micropolar continuum in the three-
dimensional Euclidean physical space, occupying the reference con-
figuration Q. Introduced a Cartesian coordinate system {O;xl,xz, x3},
we assume £ to be described by a parallelepiped of dimensions L;
(i = 1,2,3) generated by repetitions of a periodic cell Y along the
x3-axis. At the microscale, the cell Y is a bi-laminated composite, see
Fig. 1, with two constituent material phases denoted as S, (r = 1,2
such as Y = §; U S,, S| NS, =@. Each layer S, is characterized by the
volume fraction V,, with V; +V, = 1, and /; is the cell length in the
y;-direction. Imperfect contact conditions are assumed at the interface
region I between the layers, following contact laws to be specified
later.

At the macroscale, two independent fields, the displacement u;(x)
and the microrotation w;(x), characterize the degrees of freedom of the
continuum at each material point x, cf. [26].

In the case of small displacements, microrotations, deformations and
curvatures, at equilibrium the linear and angular balance equations
must hold

0 X+ [i(0) =0,  py () + €0, (X) +g(x)=0, inS;uS, (1)

where ¢ 5i(%) [N /m?] is the (non-symmetric) stress tensor, u () [N/m] is
the couple-stress tensor, f;(x) [N /m3] are the body forces, g;(x) [N/m?]
are the body couples functions, ¢;; is the Levi-Civita’s alternator tensor
and a comma indicates partial derivative. Einstein’s summation conven-
tion is used Latin indices take values in the set {1,2,3}, while Greek
indices are in the set {1,2}, cf. also [39-41] for the index notation.
Note also that the addition of the extra microrotation field variables,
w;(x), removes the symmetry of the Cauchy stress tensor, a condition
that is replaced by the second set of equations in (1).

The model of linear micropolar centro-symmetric continuum is
based on the following two constitutive relations

O-ji(x) = Cijmn(x) Cnm> Mji(x) = Dijmn(x) Yam in Sl U SZ’ (2)

linking the stresses, oi(x) and u 5i(%)s with the micropolar strain e,,,(x)
and the torsion-curvature v,,,(x) [m™!] tensors, respectively, defined as

€ (X) = Uy, y(X) + €50 (X), YWy (X) = @, (%) 1IN S} US,. 3

In Egs. (2) and (3), the symmetric part of e,,(x) corresponds to the
classical strain tensor whereas its skew-symmetric part accounts for
the local reorientation of the microstructure. In the context of linear
micropolar elasticity as proposed by Eringen, for the free energy density
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Fig. 1. Laminated micropolar composite with the detail of the unit cell Y composed of two different laminae in contact through a layer of linear springs.

to be invariant, the term coupling e,, and y,, in the constitutive
equations must vanish, see discussion after Eqn. (20.10) in [26]. Also,
the major symmetry conditions C;;,,(x) = C,,;(x) and D;;,,(x) =
D,,,;;(x) are satisfied, cf. [26, Eqns. (20.11)].

The equilibrium problem of the micropolar continuum is described
by the system of Egs. (1)-(3) together with the boundary conditions on
0£. The boundary 09 is assumed to be made of four regular disjoint
surfaces, 0€2;,i = 1,2,3,4, such that 9Q2 = U?=1 0£;, and on which the
displacements, microrotations, surface forces, and surface couples are
assigned. In particular, the domain € is constrained in such a way that
the displacements u; vanish on d<,, the microrotations w; vanish on
0£2,, the tractions o;;n; are assigned on 0023, and the moments 4 ;n;
are assigned on 092, as follows:

(Cijmn(X) €u(X))n; lag, = Fi(x),
(D) W) o, = Gy (), @

where F;(x) and G;(x) are the surface forces and moments. The for-
mulation defined by Egs. (1)-(4) represents the static boundary value
problem associated with the linear theory of micropolar elasticity
whose coefficients are rapidly oscillating. Also, in Eq. (4), n; denotes
the unit outer normal vector to 9.

In addition to Egs. (1)-(4), contact conditions at the interface I’
between the laminae S;,.S, of the cells are prescribed, following the
spring model:

(Cijmn®) @), = K ] . [(Cijmn(®) €0n(®))n;] =0 on T,
(D) Wam(0)1; = Oy [l ] [(Dijun ) WG] =0 o T,

where [p] = p» — p@ is taken to denote the jump of the function
p across the interface I'. The symbols K; ; [N/m?] and Q;; [N/m] are

u;(x) |0!21 =0,

@;(x) |b.(23 =0,

)

K, 0 0
the interface material parameters, such that (Kip =10 K, 0
0 0 K,
0, 0 0
and (Q;) = |0 Q, O [ Here, K, K, Oy, and Q, are the in-

0 0
terface parameters in ththgngential directions, while K; and Q; are
the interface parameters in the normal direction of the interface I'.
The coefficients K; have a clear physical meaning, directly related
to the material (type of material symmetry, elastic constants) and
geometrical (thickness) parameters of the adhesive. For example, for
an isotropic adhesive material, the tangential stiffness components K,
K, are equal to x/h and the normal stiffness component Kj is given
by 2u + 4)/h, where A, u are the Lamé’s moduli of the adhesive and

h is its thickness [20,43,44]. An equivalent form of the imperfect
contact conditions (5), together with a clear physical interpretation of
the coefficients Q;, have been rigorously obtained for soft micropolar
interfaces by applying asymptotic techniques in [28].

3. Summary of results of asymptotic homogenization method and
effective engineering moduli for periodic laminated micropolar
media

In this framework, the applied methodology based on the AHM for
centro-symmetric micropolar laminate composites with perfect contact
conditions [39,41] is implemented in the case of an uniform imperfect
interface. The AHM provides averaged expressions for the rapidly
oscillating elasticity tensors of the original problem and proposes a
homogeneous equivalent medium with the same behavior. Its main
assumptions are that all fields are considered as power series of the
small and positive definite dimensionless parameter ¢ whose coeffi-
cients are dependent on the macro (x) and micro (y) scales, see, for
instance, [3,4,9,45]. Both scales are related as y = x/e, where ¢ =
¢/L < 1 is defined by the ratio between the characteristic size of the
periodicity cell (#) and the diameter of the body (L).

The AHM starts from the substitution of the expansions for the

displacements u,(x) and the microrotations ®?, (x)
(o] [se]

W, (x) = Y e U (x,y), of(x) =Y 0l (x,y), O]
a=0 a=0

into the problem (Egs. (1)-(5)), and following algebraic operations
and differentiation rules. Here, uﬁ,’;)(x, y) and a)E,';)(x, y @i =012..)
are infinitely differentiable and Y-periodic functions with respect to y.
Thus, a sequence of problems given by partial differential equations
is obtained in relation to the power of the ¢ parameter. From them,
the formulation of local problems on Y, the effective moduli, and
the equivalent homogenized problem with its asymptotic solution is
obtained. Details about the AHM methodology related to micropolar
laminated composites are shown in [39,41] and are summarized in the
sequel.

The order zero terms of the asymptotic expansion (Eq. (6)), namely
uf,?) and wf,?), are proved to be independent of the local variable y, so
that uﬁ,?)(x,y) = uf,?)(x) and wf,?)(x,y) = wf,?)(x). Besides, the first order

terms 1" and o can be expressed as follows:

1 0) , ~(
wfn)(x,y) = g Mm wﬁ,‘; +a)£n),

)

1 0 0 ~(
u(m)(x,y) = g Nm <u§,’; + €445 a)(s )) + uE,,),
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where N m and .
microrotations defined in the cell Y, respectively. The terms i "(” and
@y ogNm and | M, only depend
on y; and satisfy the periodicity conditions ,, N, (0) = ,, N, (¢;) and
paMm(0) = pg My (£).

The local functions | N, and , M, can be explicitly characterized
as shown in [39,41] and they verify:

M, are the local pg-displacements and pg-

are constant functions. Functions

pq - Cmaln ( Fipg ~ CiSpq) ’ qu/ = D;m (ﬂipq - DiSpq) ’ ®
with

®ipg = < i3 H) +5 'K <Cmacb3ﬂq> ©)
ﬁwq (<D13;3>+f Q <Di_3c3Db3pq>’

where («)' = d(+)/dy; and the symbol (p) denotes the Voigt’s average of
the property p, i.e., (p) = Zfi , PVV; with N the number of phases in
Yand ¥, V; = 1. In case of a bi-laminated composite, (p) = p’V, +
pPV, where V; = ¢/¢; and V, = 1 — ¢/¢; are the volume fractions
per unit length occupied by the layer 1 and 2, respectively; such as,
Vi 4V, = 1. ¢ represents the thickness of the adhesive contact region
and /5 is the cell length in the thickness direction y;, related to the
small parameter . The consideration /; — oo enables us to derive the
equivalent expression for a micropolar laminated medium with perfect
contact (classical case), where imperfections are absent. However, the
existence of imperfections is crucial for analyzing localization effects in
this study. Notably, the Voigt’s average entering (9) is a result of the
asymptotic analysis.

The above relations will help to find effective properties of the
laminated composite, which are defined as follows:

* !’
Cupq <Ci/l’f1 + CUW’3 qum> ’

(10$)
* !
Dy, = <D,-m + Dy MMm> .

By replacing the expression Eq. (8) into Eq. (10), the corresponding
stiffness and torque effective properties are obtained as functions of the
constituent properties, the imperfection parameters and the constituent
volume fraction, see for instance, Rodriguez-Ramos et al. [39]:

Cl*/pq <Ciqu - Cij”'3cm3la3 u3pq> + <Cijm3cr;3]a3> ( Ca_31¢23>

+f_1 K_l) <Ca_3c3cc3pq> an
DI*JPLI <D’/l’q D'I"ﬁDmSa} ﬂ*l)q) <Dum3Dm3a3 ((Da3a3
+5107) (D Do) -

Let us consider the case of micropolar centro-symmetric isotropic elas-
tic materials, whose elasticity constitutive tensors are defined as fol-
lows:

Clyjmn = A6; Smn + (" + a’)s;,,6 in + (u" —a’)é;,6 im» 12)
Dzy/mn =p 5!/6mn + (&7 + 67)5”” Jn + (7 = ey)‘sm jm>
where §;; is the Kronecker’s delta tensor and A7, u*, a’, f7, x’ and

¢’ denote the micropolar elastic constants for the materials in the
domains S, with y = 1,2. Among the twelve elastic constants appearing
in Eq. (12), A and u” are the classical Lamé coefficients, with u” the
shear moduli of the two layers’ materials. The other eight constants,
ie. a?, p7, ¢ and k7, are the micropolar elastic constants. The clas-
sical theory of elasticity is recovered for vanishing micropolar elastic
constants.

Substituting the expressions of Eq. (12) into Eq. (11), the 9 x 9-
matrix of (C,.*qu) in Voigt’s notation takes the form

(* )

ijpq
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Crlll CI*IZZ C;lﬂ 0 0 0 0 0 0
C;Zl 1 C;ZZZ C;233 0 0 0 0 0 0
C;,?l 1 CB*?ZZ C;333 0 0 0 0 0 0
0 0 0 C§323 0 0 C;332 0 0
=l o 0 0 0 C,, O 0o Cy, o |
0 0 0 0 0 C,, O 0 Cy,
0 0 0 C;ﬂ3 0 0 C;232 0 0
0 0 0 0 C;‘Hz 0 0 C;131 0
0 0 0 0 0o C, O 0 Gy
13)
where ) |
du(A+ ) y) 1, 1 -
Cc,=Cl, = + — K +
L= 72222 < A+2p A+2u ty 3 A+2pu
-1
. (1 1
C%3%3 - <?Kz +<A+2”>> ’
20 i\ (1, 1 -
1|22 2 Kyt ’
+2/4 A+2pu ‘3 - A+2pu
-1
A 1 1
Clizs = Chsy = C33y = Cligpy = </1+2;4> (ZK3 +</1+2;4>> ’
-1
1 1
co.==K"+ ,
2323 <53 atu 1
. 1 1 N
Cl,.=|—=—K s
o= (285" (45))
Chin =Cp =(u+a), 2 .
. 4ap U= 1o 1 -
Ciyy = + =K'+ ,
3232 <;4+a> <,u+a> <L’3 2 a+pu
2 -1
dau U= 1 _ 1
Ck, = + K+ ,
2 <M+a> <ﬂ+a> <f3 ! <ﬂ+a>>
-1
" H—a 1ot 1
Chy, = —K;'+ ,
2332 <y+a><f3 2 <a+;4
-1
. U—a | 1
C = —K;7' + s
1331 <;4+(x>(f3 1 <;4+a
Ci =Gy =(u—a).
a4

The effective elastic tensor (C,.*qu) is thus characterized by twelve
independent constants, ten of which depend on the stiffness properties
of the interface K;. In the purely elastic case, i.e. for vanishing microp-
olar elastic constants, and for perfect contact between the layer, i.e. for
K; - o, tensor (C,.*qu) reduces to the 6 x 6 effective elasticity matrix,
whose components have been computed by Backus for a horizontally
layered medium in [35, Eqns. (8) and (13)].

By taking the inverse of the effective elastic tensor, the compliance
effective tensor (SZ,,,,) can be calculated. The 9 x 9 compliance matrix
has the same structure of the effective elastic tensor, presenting vanish-
ing components in the same positions, and it can be expressed in terms
of generalized Young’s moduli and Poisson’s ratios as follows:

( ;pq)

1 Vi V31

I, I TR 0 0 0 0 0
El E2 ES
b 1 Vi

B . ) 0 0 0 0 0
EY E} E3
Mm% L

-2 2 3 0 0 0 0 0 0

0 0 I 0 -2 9 0

s Gy
=l o 0 0 0 ! 0 0 55 0
ar, @
! Vo6
0 0 0 o* 0 = 0 0 =
0 0 0 -2 9 0 L 0 0
@ @,
0 0 0 0 - 0 0 L 0
Gy ) a,
Y69 1
0 0 0 0 0 - 0 0 &

(15)
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The engineering constants are related to the material constants of the
adherents and of the interface by the relations

-1
Er = B} = () u(BA+2u) H(A+p) ,
A+2u A+2u
2 -1\ !
E = iK;1+< 1 >+< A ><;4(3,1+2,4)> ,
‘3 A+2u A+2u A+2u
oo L[ UG\
272\ 1+2u d+2u ’
*:l pA+ )
"373\772 A+2u ’
1 1 —a\*/ 4pa \" -
o= (g < )+ (i) (5e) )
45 u+a u+a u+a (16)
2 -1\ !
1 + u—a dua
</4+a> <;4+a> <;4+a> ) ’

IROEICS

The remaining Poisson’s ratios can be calculated using the relations
vl*J/El* = v;.‘i/E;.‘, ij = 1,2,3, VZ7/G;3 v;‘4/G;‘2, and v;g/GT3
vgs/ G, that guarantee the symmetry of the compliance matrix. Finally,
one finds that v, /G}, = v, /G},, and v},/G%, vgs/ G5, Notably,
the homogenized laminate composite is characterized by ten linearly
independent engineering constants, that can be chosen to be Ef, EJ,

* * * * * *
G, Gi5, Gy, G32,. Vigs Vigs V 74, and v Only three of therr% depend on
the elastic properties of the interface: E. 4» and G7;, which depends
on K3, K,, and K, respectively. The P01sson s ratios v and v,
also depend on K3, K,, and K|, respectively.

As seen above, the effective elastic tensor (C;; ) was characterized
by twelve elastic constants, while its inverse (S, ) turned out to be

ijpq
characterized by ten elastic coefficients, two less. This is due to the

v
13? Var>

fact that, if K| # K,, the components Chfzgz and C;m are different from
each other, as the components C;‘%z and Cl;;,- In contrast, one can find

th*at G, —* 5 implying S5, = S835,, and V3, /G}, = vi, /G5, implying
Shsx = Stz

Since both the effective tensors (C* ) and (D* ) in Egs. (11) have
the same structure, only the analytlcal expresswns for the (C}; g and its
inverse have been shown. The analytical expressions of the components
of (Dl*qu), of its inverscg (S‘,.*qu) and of the effective engineering moduli
related to torque, E}, EJ, ..., can be found by replacing A, 4 and a, with
f, x and ¢, respectlvely

A numerical example illustrating the variation of the effective en-
gineering moduli with the volume fraction of the adherents and the

imperfection parameters has been given in [40].

4. Micropolar strain/curvature and stress/couple-stress concen-
tration tensors

Following the approach proposed in [3] for heterogeneous elastic
materials, local microscopic quantities, such as strains and stresses, cur-
vatures, and couple stresses, can be connected with their macroscopic
counterparts via relations of the form:

€%, ¥) = Ajjp(0egy (%), 0;:(x,¥) = By ()64, (%), a7
Vji(%, ¥) = Ayjpg (D)W (%), u,l(x Y) = ByjpeWiigp(x),
with ¢, 6,,, ¥,, and fi,, denote the average strain, stress, curvature,

and couple stress, respectively (see e.g. [2]). In these expressions,

Aijpg» Bijpg» Aijpg and By, represent the strain concentration tensor,

the stress concentration tensor, the microcurvature concentration, and
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the couple-stress concentration tensor, respectively. In periodic asymp-
totic homogenization, the strain concentration tensor arising from the
displacement field over the cell Y is given by

Aijpa = Lijog + pgNitjs Aijpg 7= Lijpg + peMaj- (18)
where I;;,, = 6;,6;, is the fourth-order identity tensor, and , N;; and
»qM); represent the derivatives with respect to the local coordlnate ¥y

of the local problem solutions. As shown in the previous Section 4,
for laminates whose layered direction is along the y;-axis, the solu-
tions | N; and M depend only on the local variable y;. Thus, the

components of A;;,. simplifies as

i !
14 _ Y — v Y — v
Aippg = lipper Agzpg = Lapa+ (qu ,1> o Aszpy = Daapgt (mN 3) - (19)

where the superscript y = 1,2 indicates the layers of the periodic bi-

laminated composite, and, thus, the top and bottom adherents within

the cell Y, respectively. Clearly, the same properties hold for tensor

A
ibpa” . .

In view of Egs. (8) and (12), the strain concentration tensor takes

the following form:

| 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0o 0
Agf‘»ll A§322 A§333 0 0 0 0 0 0
0 0 0 A;zzz 0 0 Agﬂz 0 0
Y —
(A,qu) 0 0 0 0 AT313 0 0 AT331 0l
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
(20)
with
R . A\ ¥
3311 327 Jryour \ A+ 2u M+ 2ur’
AV — b—3
3333 7 pr 4 our’
b
Yo AT — 2
Ao = A3 = o+’
14 14 by @D
A =A33= 3 Fur’

A7 ol =y by Uu—a
2332 7 Ly y+ Y y ’
al +u al + u o+ u
A7 _ay—/ﬂ+ by H—a
IBU7 qr 4y ot +p \Na+u/’

In the above relations, we have introduced the redundant notation

1 1 -
by = LK) =l
} <</1+2/4> z > 3333
-1
_ 1 1 .
b = <<m> 7% ) = S

to highlight the dependence of the strain concentration tensor on the
interface parameters K;. Analogous relations can be provided for the
curvature concentration tensor Aiy.pq with interface stiffness Q;.

It is easy to verify that, considering a perfect interface by letting
K; tend to 1nf1n1ty, the strain concentration tensors verify V; A, / o ¥
VZA?/M = Lijpy Given Eq. (17), the inspection of the non-vanishing
components of the tensors Al’,'qu indicates that a macroscopic strain
with non-vanishing normal component ¢;; (no sum on i) will induce
concentration only on the local strain normal component e;3, i.e. e3; =
A%“ . Moreover, due to the non-symmetry of the strain concentration
tensor, the shear components ¢;, and ¢,; will induce concentration only
on the local shear strains ey, i.e. e5, = A7, .&;, and e, = A’ . &,3 (no
sum on «a). This is due to the laminated structure of the composite and
the assumed material symmetry assumptions, i.e. the centro-symmetric

isotropy of the adherents and the choice of diagonal matrices K;;(Q;;)-

nosumon g =1,2, (22)
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To better evaluate the local deformation of the laminated compos-
ite, it is interesting to compute the jumps of the displacements and
microrotations fields at the interface between the two adherent laminae
in terms of the macroscopic deformation. Using Egs. (5) and (17), the
jumps are

| 14 14
[[ui]] (x) = C]Imn Am"[’q llﬂ(x)n” (23)
o] ) = Q D ylmn Afnnﬂq"_’qp(x)"l'
One can introduce a displacement jump concentration tensor (F;,,) and

a microrotation jump concentration tensor (F; pq), with n; = 1 and
=0, such that

[[u ]] (X) = Fipg€qp(X), [[w ]] (x) = lpq"’qp(x) (X))

Substituting the expressions of Cj and A,
(20), respectively, one obtains that
0 0 0 0 Fu;3 0 0 Fy 0
0 0 0 Fp, 0 0 Fj 0 0| (25

B Fp By 0 0 0 0 0 0

mnpq 81ven by Egs. (12) and

(Fip) =

with non-vanishing components given by the relations

-1
a1 1 _

Fon=K;' [ =K' + =b; K31,
pp3 =Ky <f3 ) Py s Rp

H—a
Fpy=F 27,
36 /3/33<a+”>

1 1 -
Fy3 = K7 [ =K! = b, K7\,
W <f3 3 +<,1+2;4>> 3

A
Fpp = Fi33 <m>

Analogous form and relations can be obtained for the tensor (F, pq) and
its components by substituting the tensor components C;;,, (i.e. the
material parameters 4, x4 and a) with D;;, (i.e. §, k and ¢), and K;
with Q,. Notably, the limit of [[u;]] ([w,]]) is zero as K; (Q,) approaches
infinity, and one recovers the case of perfect contact between the
adherents.

(26)

Considering the stress and couple stress tensors, using the consti-
tutive relations between the stress and strain, and couple stress and
curvature at the macro- and micro-scale and relation (Eq. (17)), one
can infer that:

%ji = Cijpg®qp Cuqupqhkekh CuqupghkShkm sr 27)

Hji = DijpgWap = Dyjpg ApgniWin = Dijpg ApgnicS s s

giving the following relation for the stress and couple stress concentra-
tion tensors:

Bijrs ::ijPqAthkS;krs’ Bijs = DjjpeA

ijrs ijpq (28)

e
pqhk Shkr: .

Using the Voigt’s notation, the 9 x 9-matrix form of the stress concen-
tration tensor takes the following form:

(B 'yqu)
Brlll BTIZZ 3{133 0 0 0 0 0 0
BZZI 1 82222 B;233 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
=l o 0 0 0 1 0 0 0 o |,
0 0 0 0 o B,, 0 0 B,
0 0 0 B, 0 0 B, 0 0
0 0 0 0o B, 0 0 B, 0
0 0 0 0 0o B, 0 0 B,
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where the non-vanishing components are:

v (a7 u<u+4u>> v <yu+m>>
(/1 < A+2, +4” A2

BY — BJ/ =
1111 2022
pBat+2p)

G i + 20 (120 )

v (g v { #A
B’ =R __2” (A <4+2u>+” </1+2u>)
1122 211 — (W) (A7 +2 y)<u(3/1+2u)> s

H H 2

HBA+2u)
) o ()
B33 = Byyyy = ’

v v 14(3/1+2/4)>
(7 + 2 ( H222

1/ 24
Y Yo
31212 B2121 - <<M> (a))

(= ar) (2

(30)

g
TaH <y+a>

¥ v
By = B35 = , , ’
(@ + ) {2
1 (W a’
y _pr _—L1(H_ _ o
B1221 - 32112_ 2 <<M> (a))’
Yy
¥ yoo_ i
By = Byyyy = N
(u +05)<m>

A long but straightforward calculation shows that the stress concentra-
tion tensor verifies the condition Vlij + VZBUM = I;;,,- Concerning
the concentration tensor of the micropolar couple stress, similar re-
lations can be obtained by substituting the tensor components C;;,
(i.e. the material parameters A, y and a) with Dy (i.e. B, k and
€). Considering the expression of the stress concentration tensor, we
first note that the presence of the unit components follows from the
continuity of the traction vector at the interface between the adherent
laminae, cf. Eq. (5). Next, the application of a macroscopic in-plane
stress &, produces a stress concentration on the corresponding in-plane
microscopic stresses oy, = Ba ﬁUT 6.,- An equivalent concentration can
be induced by applying 633, i.e., o) = oy = 311%3"33' Furthermore,
due to the non-symmetry of the strain concentration tensor, the shear
stress components 63, and &,; will induce concentration only on the
local shear stress o3, i.e. 6,3 = B;u 63, and o,3 = B 6,3 (no sum
on a).

Notably, while the components of the strain concentration tensors
are always well-defined with respect to the volume fractions of the
adherents, the components of the stress concentration tensors may be
not, due to the vanishing of the averages

uBA+2u) au
(Mo (o), o

at some values of the volume fraction V,. The first of these aver-
ages enters the engineering moduli E}, EJ, the second one the shear
moduli G;y G;, G;z = G;"l, and the last two ones the shear moduli
G}, = G3,. The vanishing of one or more of these engineering elastic
constants and the analogous engineering micropolar constants signals
the indefiniteness of the compliance tensor. This in turn implies that
the last step in Eq. (27) is no longer valid, and one should be content
with calculating the local stress in terms of the average macroscopic
strain. In the next Section, we provide a numerical example where some
engineering constants vanish at some specific values of V;, and, as a
result, components of the micropolar couple stress tensor (Eiyqu) are
found to diverge at these values of V.

Interestingly enough, the components of the stress concentration
tensor turn out to be independent of the imperfection parameters K;, Q;
implying that a macroscopic stress will induce local stress concentration
independently of the properties of the contact surface. In the next
Section, we provide an example showing that the independence of the
stress concentration tensors of the imperfection parameters K;, Q; is not
unexpected, and it is due to the assumption of the particular imperfect
contact model between the laminae, i.e. the layer of springs.

In the proposed example, we consider a simplified setting, a lam-
inate made of two laminae composed of linear elastic materials and
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in perfect contact. It is known that imperfect contact conditions of
the type (5) can be viewed as arising from the limit behavior of a
weak layer, i.e. a very thin layer made of a soft material, cf. [18-
20]. Thus, using the explicit solution proposed by Gliige and Kalisch
in [46] for an elastic bi-laminated composite, we show that when one
lamina becomes thin and soft, modeling a thin layer of spring, the stress
concentration tensor in the other lamina becomes independent of the
elasticity properties of the weak lamina. The present analysis based on
AHM generalizes the example of the bi-layered laminate to the case of
a micropolar elastic multi-laminate.

Finally, it is noteworthy that the independence of stress concentra-
tion tensors of the properties of the imperfect contact surface impacts
the modeling strategies adopted for the composite laminate. This aspect
will be discussed in the Conclusion section.

5. An example: a bi-laminated elastic composite with a weak layer

In this Section, we restrict ourselves to the simpler case considered
by Gliige and Kalisch in [46] of a bi-layered laminate composed of
linear elastic materials with elasticity tensors C” and volume fractions
V, (r = 1,2), such that V; +V, = 1. Let us denote with n, the unit normal
vector to the interface between the two layers, oriented outward from
the layer with y = 2 to the layer with y = 1, and we take A" (y = 1,2) as
the second-order acoustic tensors associated with the two layers, such
that A} := C/, nn;. In addition, let Z be the second-order tensor
such that Z7! = 1, 4! + 1,42, and Z° be the symmetric part of the
fourth-order tensor defined as Z,,, :=n;Z;,n,.

In [46], it is shown that the effective stiffness C* of the laminate
takes the form

C* = (C) — V,V, AC Z5 AC, (32)
with 4AC := C' — C2. The Eq. (32) shows that the effective stiffness is

given by Voigt’s bound diminished by a negative semi-definite term.
The strain concentration tensors in the two layers are

Al =TS —1,25 AC, A’ =15+, Z5 AC, (33)
where IS is the fourth-order identity tensor on symmetric second-order
tensors and the stress concentration tensors are calculated as

B! =C'Als", B2 = C2A2S*, (34)
where S* = C*~! denotes the effective compliance tensor.

Now, let us suppose that the layer, labeled with y = 2, is a thin, soft
layer, so that

Vo =eVy, GC?=eCy, (35)
with V], a constant and C, a constant elasticity tensor, both independent
of the small parameter £, [18-20]. In the sequel, the index 0 will be

taken to denote quantities independent of e. Substituting the relations
(35) into the expressions of the tensors Az, Z and Z5 gives

A =eAy Z=¢'2, 7°=¢"Z;. (36)

Then, substituting these results into Egs. (32) and (33), we obtain
the following approximations for the effective stiffness and the strain
concentration tensor of layer 1:

C' =V, C (I =¥ Z5 C') + e |V, (C'Z3Cy + CZ3 C') + o(e),  (37)
A =15 -V, Z3 C' + € V) Z3Cy + ofe), (38)

and replacing the latter ones into Eq. (34), we find that
Bl =V '+ V1‘1C0<]IS - (15— z8 cl)“>(cl)—1 +o(e)

Bt e (VoI5 +Go(15- (15 -1 25 €)™ )€) ) +oe), (39

being Vl‘] =1+eV,+o(e).
This shows that at the zero-th order in ¢ the stress concentration
tensor becomes independent of the elasticity properties of the weak
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Table 1
Material parameters of the two micropolar layers constituting the periodic laminate
[471.

Materials data 4 (MPa) u (MPa) a (MPa) B (N) x (N) e (N)
SyF 2097.0 1033.0 114.8 -2.91 4.364  —0.133
PUF 762.7 104.0 4.333 -26.65 39.98  4.504

layer, but it does depend on them at the first order in e. In [18-20], it
is shown that an imperfect interface of spring-type can be seen as the
limit of a weak layer, in the sense specified by Eq. (35), as £ goes to
zero. In other words, the spring-type interface is the order zero interface
model that better approximates the mechanical behavior of a very thin
soft layer. At higher orders in ¢, the form of the interface law is more
elaborate and can be found in [20].

Thus, the result obtained in Section 4, namely, the stress concentra-
tion tensors of a two-layer micropolar laminate with imperfect contact
conditions are independent of the stiffness parameters of the spring
layer, is not unexpected, and it can be viewed as a generalization to
the case of micropolar elasticity of the particular (pure elastic) case
illustrated in this Section when only the terms at order zero in ¢ are
retained. Based on these results, we also expect that a homogeniza-
tion analysis for a composite incorporating a higher order interface
condition would give stress and couple stress fields dependent on the
imperfect interface parameters.

6. Numerical results

In this Section, we numerically study the effect of a uniform im-
perfect interface on the local values of strain and stress in a centro-
symmetric bi-laminated composite with isotropic constituents employ-
ing the strain and stress concentration tensors defined in Section 4. For
our computations, we assume the layer 1 to be made of SyF (syntactic
foam - hollow glass spheres in epoxy resin) and the layer 2 to be made
of PUF (dense polyurethane foam). The material properties for SyF and
PUF are taken from [47], and they are listed in Table 1.

Figs. 2 and 3 show the variation of the components of the strain
and curvature concentration tensors, respectively, with respect to the
volume fraction of SyF, V;. In view of (17), the components of (4;;,,)
and (4, jpq) Tepresent local strain and curvature components, respec-
tively, normalized with respect to single applied uniform macroscopic
strain and curvature components. Black and gray curves represent
normalized local strains and curvatures in SyF and in PUF, respectively.
Continuous, dashed, dash-dotted, and dotted lines refer to different
values of the imperfection parameters K := K;[N/m’], and Q :=
Q;[N/m],i = 1,2,3, taken to range between 10% and 10'2. Note that,
in view of the results presented in [20,43,44], the values chosen for K
would correspond to a soft thin elastic layer with modulus/thickness
ratio varying from 10~3 MPa/mm to 10> MPa/mm. For the micropolar
coefficients Q, they would correspond to a soft thin layer with micropo-
lar modulus/thickness ratio varying from 10> N/mm to 10° N/mm [28].
For the cell length #;, a fixed value of 10~® m is assumed.

The plots in Fig. 2 indicate that (the absolute value of) the strain
is locally larger in PUF than in SyF. This is consistent with the larger
values of the elasticity constants of SyF compared to PUF (cf. Table 1),
indicating that SyF is more rigid than PUF. The opposite occurs for the
micro-polar constants #, ¥ and e, whose absolute values are larger in
PUF than in SyF, thus causing (the absolute value of) the curvature
to be always larger in SyF, as illustrated in Fig. 3. The effect of the
imperfection parameters is similar in both Figures: larger values of K
and Q are associated with greater absolute values of normalized local
strain and curvature.

Figs. 4 and 5 show the variation of the displacement and micro-
rotation jumps, respectively, with the volume fraction of SyF, V;, for
different values of the interface parameters.
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Concentration on es3 for é33 # 0
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Fig. 2. Effect of the volume fraction of SyF, ¥}, and of interface parameters K := K;,i = 1,2, 3, on the variation of normalized local strain components A;33; = €33/833, As34 = €33/

Agias = €43/843, and A3, = e,3/8,, for single applied uniform macroscopic deformation components 33, é,,, ¢,3, and &, respectively, in SyF (black lines) and PUF (gray lines).

The plots of Figs. 4 and 5 show that smaller values of (the absolute
value of) the jumps are associated with increased values of the interface
parameters. Together, Figs. 2, 3, 4 and 5 indicate that, as expected, the
stiffer the interface, the greater the strain and curvature localization on
the layers and the smaller the displacement and microrotation jumps
at the interface. Interestingly, the normalized strain and curvature
components e§3 /e, and 1//373 /W,, Mmay be positive, indicating that the
layers locally exhibit an auxetic behavior, i.e. they expand along the 3-
axis when the composite is macroscopically uniaxially stretched along
the 1-axis or 2-axis, and vice versa. Similar considerations apply to the
normalized components ¢’ /&3, and y!, /i3,

Figs. 6 and 7 show the variation of the normal and tangential
local stress concentration components, respectively, with respect to the
volume fraction of SyF, V;, while Figs. 8 and 9 show the variation of the
normal and tangential local couple-stress concentration components.
As before, black and gray curves refer to components in SyF and PUF,
respectively.

These plots do not depend on the interface parameters, K and Q,
as shown in the previous Sections. The trends of the plots indicate that
SyF, the more rigid material, absorbs a larger amount of the applied
stress, as expected. The situation is reversed for the couple-stress,

being PUF the stiffer material for the micropolar part. The couple-
stress concentration is also found to exhibit an asymptotic behavior at
specific volume fractions of SyF. In particular, as shown in Figs. 8 and
9, the local couple-stress components B, B 5> and {?Za% exhibit
an asymptotic behavior at V| ~ 0.83331, the component B;om at V) =
0.96722, and the components B, ~and B’ . at V; ~ 0.97132. At these

i afaf affa
three particular values of V;, the averages

K(3ﬂ+2)() €K
< B+ 2k >’ <K+€>’ ©

vanish, thus determining the observed asymptotic behavior of the
couple-stress components. It is interesting to notice that the effective
engineering torsional Young’s modulus E;‘ (and, thus, the twist Pois-
son’s ratio ¥},) is also found to vanish at V; ~ 0.83331, due to the
vanishing of the first average in (40), cf. the first and last plot of
Figure 19.3 in [40]. Similarly, the effective engineering torsional shear
modulus Gfg is found to vanish at V; ~ 0.96722, due to the vanishing of
the second average in (40), cf. the middle plot of Figure 19.3 in [40].
Accordingly, the engineering shear torsional elastic modulus G’I‘z is
expected to vanish at V| ~ 0.97132, due to the vanishing of the third
and last average in Eq. (40). The average (x) is never found to vanish
for V| in [0, 1], thus the asymptotic behavior is not observed in B;’n3a.

(40)
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Fig. 3. Effect of the volume fraction of SyF, V;, and of interface parameter Q := Q,,i = 1,2,3, on the variation of normalized local torsion-curvature components A3 = w33 /33,

Asse = W33/ Vaws Agsas = Wa3/Waz» a0d A 33, = Wos /W, for single applied uniform macroscopic deformation components W3, W, W3, and s, respectively, in SyF (black lines)

and PUF (gray lines).
7. Conclusion

This paper investigates the strain, curvature, stress, and couple-
stress concentration tensors in the adherents materials of a laminate
composed of thin micropolar laminae joined by layers of springs. These
concentration tensors link macroscopic averaged quantities (stress/
couple-stress and strain/curvature) with their microscopic counter-
parts.

As expected, the components of the strain and curvature concen-
tration tensors are found to depend on the elasticity constants of the
two laminae and the stiffness properties of the spring-type interface.
Notably, the components of the stress and couple-stress concentration
tensors turn out to depend only on the elastic constants of the two
laminae, i.e. they are independent of the elastic properties of the spring-
type interface joining the adherents. In Section 5, we show that this
result is not unexpected, as it is also found in the simplified setting of
a composite laminate composed of identical laminae joined by a soft
thin elastic layer.

The independence of the stress concentration tensors of the prop-
erties of the imperfect contact surface impacts the modeling strategies
adopted for a laminated composite. Indeed, one would expect stress

concentrations to arise as a consequence of interfacial defects. Thus,
the results obtained in the present paper could be attributed to the sim-
plicity of the spring-type interface model. In the example proposed in
Section 5, taking higher order terms would give a stress concentration
tensor depending on the elastic properties of the soft thin layer. This
suggests that the modeling design of the laminate can be improved by
the introduction of higher order interface laws of the type proposed
in [20,43,44,48]. On the other hand, it is known that in the presence
of debonding, strain- and stress-driven homogenization approaches lead
to different results, cf. [49,50]. The present investigation was based on
a displacement approach. It can be conjectured that a homogenization
approach based on the expansion of the stress field could lead to
different results for the dependence of the stress concentration tensor
on the interface parameters. These aspects will be the object of future
work.

The primary goal of the paper was to demonstrate how to determine
local stress and deformation components from macroscopic quantities
using tools from asymptotic homogenization theory. We believe that
understanding how material parameters — such as the elastic and
micropolar properties of the adherents and interface — affect local
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Fiq = [u3] /@335 Fues = [1,] /2,3, and F3, = [u,] /2, for single applied uniform macroscopic deformation components &3, &3, &,3, and &,,, respectively, in SyF (black lines) and

PUF (gray lines).
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Fig. 6. Effect of the volume fraction of SyF, V|, on the variation of normalized local stress components o,,/5,,, 6,,/6,,, and o,,/6;3, for applied uniform macroscopic stress
components &), 6,,, 633, respectively, in SyF (black lines) and PUF (gray lines).
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Fig. 7. Effect of the volume fraction of SyF, V;, on the variation
stress components &,, 6,;, 6,3, and 65,, respectively, in SyF (black lines) and PUF (gray lines).

of normalized local stress components o,,/6,,, 0\,/6,,, 63,/6,3, and o3,/53, for applied uniform macroscopic
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Fig. 8. Effect of the volume fraction of SyF, V|, on the variation of normalized local couple-stress components s, /ji,, H;,/f2, and u,, /i3, for applied uniform macroscopic
couple-stress components j,,, ji,,, fi33, respectively, in SyF (black lines) and PUF (gray lines).
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Fig. 9. Effect of the volume fraction of SyF, V,, on the variation of normalized local couple-stress components i, /5, Hi2/ a1 H32/ fias> and ps, / jiz, for applied uniform macroscopic
stress components fi;,, ji»;, jiy;, and jis,, respectively, in SyF (black lines) and PUF (gray lines).

stress and strain components is crucial for developing an effective dam-
age and failure theory, analyzing interlaminar cracks or delamination.
However, these topics lie outside the scope of the present work.
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