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A B S T R A C T

The present paper aims at introducing a mathematical model of a spherical robot expressed in the language
of Lie-group theory. Since the main component of motion is rotational, the space SO(3)3 of three-dimensional
rotations plays a prominent role in its formulation. Because of friction to the ground, rotation of the external
shell results in translational motion. Rolling without slipping implies a constraint on the tangential velocity
of the robot at the contact point to the ground which makes it a non-holonomic dynamical system. The
mathematical model is obtained upon writing a Lagrangian function that describes the mechanical system and
by the Hamilton minimal-action principle modified through d’Alembert virtual work principle to account for
non-conservative control actions as well as frictional reactions. The result of the modeling appears as a series
of non-holonomic Euler–Poincaré equations of dynamics plus a series of auxiliary equations of reconstruction
and advection type. A short discussion on the numerical simulation of such mathematical model complements
the main analytic-mechanic development.

1. Introduction

Robots that are designed to operate in difficult terrains are specialized machines that are built to navigate and perform tasks in environments that
are challenging for humans or traditional robots to access [1]. Such types of robots are often employed in search and rescue missions, construction
and mining endeavors, agriculture, and scientific exploration [2]. Such machines might be equipped with a range of sensors and specialized
hardware and software that enable them to sense and respond to their surroundings in order to navigate and perform tasks effectively. Some
examples of robots that can operate in difficult terrains include tracked robots, legged robots and flying robots [3].

Spherical robots are complex mechanisms designed in the shape of a sphere [4–6]. They are typically self-contained, self-powered by an internal
battery, and are able to move around by rolling on their spherical shell and to communicate over a wireless network. The concept of spherical
robots, also known as ‘ballbots,’ dates back to the mid-20th century. The earliest ideas for these robots were primarily theoretical, with researchers
envisioning a spherical shape as an efficient means of locomotion in certain environments. However, the technology to build practical spherical
robots was limited at the time. In the 1980s and 1990s, researchers began to develop and experiment with the first functional spherical robots.
Early prototypes were often large and unwieldy, but they demonstrated the potential of spherical designs.

The 2000s brought significant advances in miniaturization and control systems, enabling the development of smaller and more agile spherical
robots. Researchers started to explore the potential applications of these robots in fields such as search and rescue, planetary exploration, and even
entertainment. One of the pioneering examples was the Sphero robot, introduced as a consumer toy that could be controlled using a smartphone
[7].

Spherical robots are deployed in a number of applications, including entertainment, education and scientific research [8]. One of the main
advantages of spherical robots is their small size and ability to navigate through tight spaces and around obstacles. They are also relatively simple
to manufacture and require fewer moving parts compared to other types of robots, which makes them potentially more reliable and easier to
maintain. Locomotion in a spherical robot is attained through a number of internal actuators, such as a ‘yoke’ and a ‘pendulum’, that exploit the
principle of momentum transfer to attain propulsion [9].

Spherical robots gained attention for their potential applications in planetary exploration. NASA, in particular, explored the concept of spherical
robots for missions to celestial bodies like Mars [10]. As technology continued to advance, spherical robots found applications beyond planetary
exploration and toys. Researchers and engineers began to explore their use in fields including agriculture (for autonomous farming) [11].

E-mail address: s.fiori@staff.univpm.it.
URL: http://web.dii.univpm.it/fiori.
vailable online 23 February 2024
921-8890/© 2024 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

https://doi.org/10.1016/j.robot.2024.104660
Received 9 November 2023; Received in revised form 4 January 2024; Accepted 8 February 2024

https://www.elsevier.com/locate/robot
https://www.elsevier.com/locate/robot
mailto:s.fiori@staff.univpm.it
http://web.dii.univpm.it/fiori
https://doi.org/10.1016/j.robot.2024.104660
https://doi.org/10.1016/j.robot.2024.104660
http://crossmark.crossref.org/dialog/?doi=10.1016/j.robot.2024.104660&domain=pdf
http://creativecommons.org/licenses/by/4.0/


Robotics and Autonomous Systems 175 (2024) 104660S. Fiori

t
t
S
S
t
E
o

a
n
o

C
r
a
a
t

w
o
n

2

r
S
v
s

The main advantages of a spherical design include low rolling resistance, omni-directional movement ability as well as amphibious capability
[12]. In addition, a spherical robot can easily resume stability even after a physical collision. As a counterpart, due to their shape, spherical robots
can be more challenging to control and balance compared to other types of robots, and they may not be suitable for tasks that require precise
movements or manipulation [13].

Spherical robots often require mathematical models to describe their motion, dynamics, and control. Modeling a spherical robot is a challenging
theoretical problem because of the structural complexity of their mechanical design, which entails strongly coupled dynamics among the shell, the
yoke frame and the counter-weight pendulum [14]. The specific mathematical models may vary depending on the robot’s design and purpose.
Mathematical models for spherical robots have been developed according to a number of paradigms.

A first category of models fall in the realms of kinematic ones. In particular, models of direct kinematics relate the robot’s control inputs
(e.g., torques and forces) to its position and orientation in the environment and are essential for understanding how the robot moves in space.
Inverse kinematics models are used to determine the control inputs necessary to achieve a desired position and orientation. For spherical robots,
this can be complex due to their unique shape and mobility.

Mathematical models of spherical robots may be developed according to Newton–Euler equations, which describe the robot’s motion dynamics,
including the relationship between forces and accelerations. They are crucial for understanding how external forces affect the robot’s motion.
Alternatively, models may be developed according to Lagrangian dynamics, which provides a systematic way to derive equations of motion for
complex mechanical systems, including spherical robots with multiple degrees of freedom.

A spherical robot rolling over a surface without slipping experiences friction with the ground and is hence a inherently non-holonomic system,
since the non-slipping condition implies a precise form of constraint on the velocity of the contact point to the surface. In non-holonomic dynamics,
a few drive inputs influence several degrees of freedom. Nonholonomic systems of the type sphere–sphere and sphere–plane have been extensively
investigated in the past decades, being motivated by a number of engineering and physical applications in robotics, vibration absorption, railway
engineering and in several others. For a comprehensive review, readers might consult [15–17].

Sensor fusion models for spherical robots equipped with sensing devices (e.g., cameras, Lidar, Inertial Measurement Units) combine data from
multiple sensors to estimate the robot’s state (e.g., position, orientation, and velocity) [18]. Quite interesting are so-termed ‘terrain interaction
models’, which describe how a spherical robot interacts with different surfaces, considering factors like friction, rolling resistance, and contact
forces [19,20]. Also, ‘energy consumption models’ estimate the energy consumption of a spherical robot based on its motion and control inputs
[21,22]. They are crucial for designing efficient on-board power systems.

Proportional–Integral–Derivative (PID) control modeling produces mathematical models for PID controllers, which relate the error (difference
between desired and actual states) to control signals (e.g., motor commands). Alternatively, Model Predictive Control (MPC) models include
predictions of the robot’s future states and are used in MPC-based control algorithms [23].

The choice of mathematical model depends on the specific design, sensors, and control algorithms employed by a spherical robot. Often
simplifications and approximations are made to make convoluted mathematical models tractable for control and simulation. These models play a
crucial role in designing, simulating, and controlling spherical robots for specific applications.

The present paper aims at presenting in details, and in a self-contained manner, two interlaced topics, namely:
Formulation of a model of a spherical robot : From a mechanical standpoint, a spherical robot may be regarded as a compound of rigid parts

hat are rotating one about another. The relative rotation of its constituents causes an overall rotation of the external shell of the robot. Friction
o the ground, modeled as a non-holonomic constraint, then causes the translation of the robot with respect to a ground-fixed reference system.
ince relative rotation of parts is the main component of motion, it appears appropriate to deploy a modeling technique based on the Lie group
O(3) of 3D rotations, which will be recalled and applied in Section 2, where the Lagrangian function of the robot will be derived. In Section 3,
he equations of motion will be sketched on the basis of the (non-holonomic) Lagrange–d’Alembert principle, which leads to the non-holonomic
uler–Poincaré equations for the studied robot. In Section 4, detailed calculations will be laid out in order to presents a complete set of equations
f motion.
Numerical simulation: Given the specific formulation of the equations of motion based on Lie group theory, a specific Lie-group integration

lgorithm will be recalled and deployed to simulate numerically the behavior of the studied spherical robot in Section 5. A number of simple
umerical simulations will be illustrated and commented, although more detailed numerical experiments, based on appropriate control design, is
ut of scope and will be presented in subsequent documents.

Section 6 will present some final remarks and will conclude this paper.
In summary, the present paper deals with a problem of a complicated nonholonomic dynamic system modeling using Lie-group background.

ontact between a moving part and supporting surface is considered without a slipping possibility. The strategy of invoking a Lie-group
epresentation shows effectiveness of this procedure providing possibility of compact and transparent formulation. A standing point of the present
uthor is that Lie-group theory should be more abundantly used by researchers in works especially dealing with non-holonomic systems. The
dvantages of such approach would particularly stand out when working with non-holonomic bonds with higher time derivatives, e.g. controlled
rajectories with prescribed parameters.

Ultimately, the aim of this paper is to represent a compact study devoted to the problem of modeling a complex robotic structure, which is
orthy to be investigated at the field of the basic rational dynamics of nonholonomic systems. Results achieved in this paper open possibilities
f applications not only in robotics, but also in other fields, such as space dynamics, wind and earthquake engineering, plasma physics,
ano-technology, physiology, in some of which the present author has published contributions in the past.

. Mathematical model of a spherical robot

In the present section, we shall recall some notation and relevant properties of Lie groups in Section 2.1. Section 2.2 presents a short
eview of inertia tensors for rigid objects in connection to Lie algebras. Section 2.3 outlines the mechanical configuration of the studied robot.
ections 2.4 to 2.6 present in a detailed fashion a derivation of the Lagrangian function associated to the studied robot as well as its reduced
ersion. Section 2.7 presents a formulation of the non-holonomic constraint and yet a further instance of the Lagrangian function that incorporates
2

uch constraint. The reduced-constrained Lagrangian indeed constitutes the basis for the subsequent modeling endeavor.
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2.1. Relevant notation and properties of Lie groups

It is instrumental to recall a few elements of notation from the theory of Lie groups:

• Matrix Lie group: A smooth manifold G that is also an algebraic group is termed a Lie group. In this paper we focus on matrix Lie groups,
namely on manifolds G endowed with matrix multiplication, matrix inversion and an identity matrix 𝐼 as neutral element with respect to the
matrix multiplication.

• Tangent bundle and its metrization: Given a configuration 𝑔 ∈ G, the tangent space to G at 𝑔 is denoted as 𝑇𝑔G. The tangent bundle associated
with a manifold-group G is denoted by 𝑇G. The inner product of two tangent vectors 𝑢, 𝑣 ∈ 𝑇𝑔G is denoted by ⟨𝑢, 𝑣⟩𝑔 .

• Lie algebra: The tangent space g ∶= 𝑇𝐼G to a Lie group at the identity is termed Lie algebra. Any Lie algebra is endowed with Lie brackets,
denoted as [⋅, ⋅] ∶ g × g → g, and an adjoint endomorphism ad𝛺𝛹 ∶= [𝛺,𝛹 ]. On a matrix Lie algebra, it holds that [𝛺,𝛹 ] ∶= 𝛺𝛹 − 𝛹𝛺. Given
a smooth function 𝓁 ∶ g → R, for a matrix Lie group one may define the fiber derivative of 𝓁, 𝜕𝓁

𝜕𝛺 ∈ g, at 𝛺 ∈ g as the unique algebra element
such that

⟨

𝜕𝓁
𝜕𝛺 , 𝛹

⟩

𝐼
= tr

(

(J𝛺𝓁)⊤𝛹
)

for any 𝛹 ∈ g, where J𝛺𝓁 denotes the Jacobian matrix of the function 𝓁 with respect to the matrix 𝛺 and
the symbol ⊤ denotes matrix transpose.

The mathematical model of a spherical robot is based on a couple manifolds, namely:

• Rotation group and algebra: The matrix Lie group of 3-dimensional rotations defined as SO(3) ∶= {𝑅 ∈ R3×3 ∣ 𝑅⊤𝑅 = 𝑅𝑅⊤ = 𝐼3, det(𝑅) = +1}.
Its Lie algebra is so(3) ∶= {𝛺 ∈ R3×3 ∣ 𝛺 + 𝛺⊤ = 0}. The symbol 𝐼3 represents a 3 × 3 identity matrix. It is straightforward to see that any
matrix 𝛺 ∈ so(3) is skew symmetric and that the matrix −𝛺2 is non-negative definite. The matrix commutator in so(3) is a skew-symmetric
bilinear form, namely [𝛺,𝛹 ] + [𝛹,𝛺] = 0 for any 𝛺,𝛹 ∈ so(3).

• Two-sphere and tangent bundle: The two-dimensional sphere S2 ∶= {𝜂 ∈ R3 ∣ 𝜂⊤𝜂 = 1}, whose tangent space at a point 𝜂 is 𝑇𝜂S2 = {𝛽 ∈ R3 ∣
𝜂⊤𝛽 = 0}.

For more details on manifolds, Lie groups, coordinate-free representations in system theory and control, interested readers might consult the
tutorial paper [24].

It is convenient to recall that, in R3, it is defined a cross product denoted as × which, given two vectors 𝑥, 𝑧 ∈ R3, returns a vector 𝑥 × 𝑧
orthogonal to the plane spanned by its arguments. A frequently-invoked relationship to compute the norm of a cross-product is

‖𝑥 × 𝑧‖2 = ‖𝑥‖2‖𝑧‖2 − (𝑥⊤𝑧)2. (1)

It is also instrumental to define the operator [[⋅]] ∶ R3 → so(3) as:

[[𝑥]] ∶=
⎡

⎢

⎢

⎣

0 −𝑥3 𝑥2
𝑥3 0 −𝑥1
−𝑥2 𝑥1 0

⎤

⎥

⎥

⎦

. (2)

There exists a noticeable interplay between the operators × and [[⋅]], in fact, it is straightforward to show that 𝑥 × 𝑧 = [[𝑥]]𝑧 (as long as 𝑥 and 𝑧 are
represented as column vectors).

Since any skew-symmetric matrix in so(3) may be written as in the right-hand side of (2), it is convenient to define a basis of this vector space
as so(3) = span(𝛴𝑌 , 𝛴𝑃 , 𝛴𝐶 ), with

𝛴𝑌 ∶=
⎡

⎢

⎢

⎣

0 0 0
0 0 −1
0 1 0

⎤

⎥

⎥

⎦

, 𝛴𝑃 ∶=
⎡

⎢

⎢

⎣

0 0 1
0 0 0
−1 0 0

⎤

⎥

⎥

⎦

, 𝛴𝐶 ∶=
⎡

⎢

⎢

⎣

0 −1 0
1 0 0
0 0 0

⎤

⎥

⎥

⎦

. (3)

The canonical product in the linear space so(3) is denoted as ⟨𝛺,𝛹⟩

so(3) ∶= tr(𝛺⊤𝛹 ) = −tr(𝛺𝛹 ) for any 𝛺,𝛹 ∈ so(3).
An operator that arises naturally in the equations is the adjoint representation, denoted as Ad ∶ SO(3) × so(3) → so(3) and defined as

Ad𝑅(𝛺) ∶= 𝑅𝛺𝑅⊤. (4)

Both the adjoint endomorphism and the adjoint representation operator stem from the ‘inner isomorphism’ of a Lie group as recalled, e.g., in [24].
Moreover, it is convenient to recall a property of the matrix ‘trace’ operator, namely tr(𝐴𝐵𝐶) = tr(𝐵𝐶𝐴) = tr(𝐶𝐴𝐵) for any compatible matrices

𝐴, 𝐵, 𝐶. From this property it follows that, for every vector 𝑥 ∈ R3, it holds that

‖𝑥‖2 = tr(𝑥𝑥⊤). (5)

2.2. Brief review of inertia tensors: definitions and properties

The aim of the present section is to review the notion of inertia tensor (or inertia matrix) from rational mechanics in connection with the kinetic
energy of a rigid body. In particular, we shall recall the notion of standard inertia tensor, non-standard inertia tensor, and Huygens–Steiner theorem
expressed in matrix Lie-algebra form.

Let us consider a continuous rigid body B and let us introduce a body-fixed reference system B whose center coincides to the center of mass of
the body. Let us now consider an infinitesimal volume element, whose position in B is described by the vector 𝑞 ∈ R3 and whose mass is denoted
by d𝑚. We shall assume that the body is rotating with an angular velocity 𝜔 ∈ R3, which describes its rotation speed as well as the orientation of
its instantaneous rotation axis.

The (rotational) kinetic energy of the body is defined through the volume integral

𝐾 ∶= 1
‖𝜔 × 𝑞‖2d𝑚. (6)
3
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By the property (1), the above integral may be rewritten as

𝐾 = 1
2 ∫B

(‖𝜔‖2‖𝑞‖2 − (𝜔⊤𝑞)2)d𝑚 = 1
2
𝜔⊤𝐽𝜔 (7)

where we have defined the 3 × 3 matrix

𝐽 ∶= ∫B
((𝑞⊤𝑞)𝐼3 − 𝑞𝑞⊤)d𝑚, (8)

that is referred to as standard inertia tensor. By splitting the position vector 𝑞 into Cartesian components and by making the calculations explicit, the
tandard expression of the matrix 𝐽 available in textbooks is recovered. We shall not make such expression explicit and we shall merely observe that
he expressions of 𝐽 for most standard three-dimensional and two-dimensional shapes are available in physics and rational mechanics textbooks.

Let us now introduce an inertial reference system E. The kinetic energy of a rigid body may be expressed in a different way by introducing
he matrix 𝑅 ∈ SO(3) that rotates the body-fixed reference system and takes it to coincide to the inertial reference system. In this framework, the
elocity of a volume element reads 𝑅̇𝑞, hence the kinetic energy of the rigid body, by virtue of the property (5), takes the expression

𝐾 = 1
2 ∫B

tr((𝑅̇𝑞)(𝑅̇𝑞)⊤)d𝑚. (9)

By recalling that 𝑅̇ = 𝑅𝛺, with 𝛺 ∈ so(3) denoting the angular velocity matrix of the rigid body expressed in the Lie-algebra framework, it turns
out that

𝐾 = 1
2
tr(𝛺𝐽𝛺⊤), (10)

where we have introduced the matrix

𝐽 = ∫B
𝑞𝑞⊤d𝑚 (11)

which is referred to as non-standard inertia tensor.
The tensors 𝐽 and 𝐽 are closely related. In fact, from the definition (8), it turns out that

𝐽 = 𝐼3tr
(

∫B
𝑞𝑞⊤d𝑚

)

− ∫B
𝑞𝑞⊤d𝑚 = tr(𝐽 )𝐼3 − 𝐽 . (12)

The inverse relationship is more convenient. Let us notice from the above that tr(𝐽 ) = 3tr(𝐽 ) − tr(𝐽 ), hence tr(𝐽 ) = 1
2 tr(𝐽 ), therefore

𝐽 = 1
2 tr(𝐽 )𝐼3 − 𝐽 . (13)

The non-standard inertia tensor may be hence calculated easily whenever the standard one is known for a given object.
Let us recall a further expression of the standard inertia tensor that allows expressing the classical Huygens–Steiner formula in a compact way.

The kinetic energy (6) may be recast as

𝐾 = 1
2 ∫B

‖𝑞 × 𝜔‖2d𝑚 = 1
2 ∫B

‖[[𝑞]]𝜔‖2d𝑚 = 1
2 ∫B

𝜔⊤[[𝑞]]⊤[[𝑞]]𝜔 d𝑚, (14)

which coincides with the expression (7) where the inertia tensor takes the expression

𝐽 = −∫B
[[𝑞]]2d𝑚, (15)

which is equivalent to the expression (8).
Now, the matrix 𝐽 represents the inertia tensor of a rigid body with respect to its center of mass. Let us denote by 𝐽𝐿 the inertia tensor with

respect to a point whose position, in the reference system B, is denoted as 𝑝 ∈ R3. It holds that

𝐽𝐿 = −∫B
[[𝑞 + 𝑝]]2d𝑚 = −∫B

([[𝑞]] + [[𝑝]])2d𝑚 = −∫B
([[𝑞]]2 + [[𝑞]][[𝑝]] + [[𝑝]][[𝑞]] + [[𝑝]]2)d𝑚. (16)

The first integral coincides with 𝐽 , while the second and third integral are null because ∫B[[𝑞]]d𝑚 = [[∫B 𝑞 d𝑚]] = 0 by definition of center of mass.
In conclusion, it holds that

𝐽𝐿 = 𝐽 − [[𝑝]]2𝑚B, (17)

where 𝑚B ∶= ∫B d𝑚 denotes the total mass of the body. The obtained expression represents the Huygens–Steiner formula written in matrix
(Lie-algebra) notation, which enables one to express the inertia tensor of an object that is in a state of rotation around an off-central axis.

2.3. Mechanical configuration of the spherical robot

In the present section, we shall revise the mechanical structure of the spherical robot described in [25,26], therein referred to as ‘BYQ-III’
model design. The locomotion mechanism of such robot consists of two separate actuators: a steer motor, which mainly controls the direction of
motion of the robot by tilting a counter-weight pendulum, and a drive motor, which causes forward and/or backward acceleration by swinging the
counter-weight pendulum indirectly through a yoke.

An inertial reference system E serves as a basis to describe the attitude of the robot as well as to develop its mathematical model. A schematic
of the studied spherical robot is displayed in Fig. 1.

The mechanical structure of the studied spherical robot is described succinctly as follows:
4
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Fig. 1. A schematic of a yoke–pendulum actuated spherical robot. The frame on the left-bottom corner represents the inertial reference system E. The axes labeled 𝑥𝑠, 𝑦𝑠 and 𝑧𝑠
denote the shell-fixed reference system S. The semi-circular arrows mark the rotation axes of the yoke and pendulum.

• Spherical hull: The exterior of the spherical robot is made of a thin spherical shell S . A reference system 𝑆 is attached to the shell. The
orientation of the robot with respect to the inertial frame is described by a rotation matrix 𝑅𝑆 ∈ SO(3): the matrix 𝑅𝑆 takes the Cartesian
axes of the reference system 𝑆 to coincide to the Cartesian axes of the reference system E. A thin spherical shell of mass 𝑚𝑆 and radius 𝑟
is characterized by an inertia tensor of the type 𝐽𝑆 ∶= 𝑗𝑆𝐼3, where 𝑗𝑆 ∶= 2

3𝑚𝑆𝑟2. The center of mass of the spherical hull coincides with its
geometric center. For a thin spherical shell, it holds that 𝐽𝑆 = 1

2 tr(𝐽𝑆 )𝐼3 − 𝐽𝑆 = 1
2 𝑗𝑆𝐼3.

• Internal yoke: The spherical robot contains a yoke Y (sometimes also referred to as gimbal). A reference system 𝑌 is attached to the yoke.
The yoke has a fixed axis, say the 𝑥 axis, about which it spins and we assume that the 𝑥 axis of the reference system 𝑌 coincides with the
𝑥 axis of the spherical shell’s reference system 𝑆 . The orientation of the yoke with respect to the shell is described by a rotation matrix
𝑅𝑌 ∈ SO(3). The center of mass of the yoke coincides always with the center of mass of the sphere and its mass is denoted as 𝑚𝑌 . The yoke
is assumed to take the shape of a thin rectangular frame laying on the 𝑥-𝑦 plane of the yoke-fixed reference. The frame is supposed to be
made of four thin rods, two of length 𝑏 and mass 𝑚𝑏, and two of length ℎ and mass 𝑚ℎ. By using the tabulated value of the inertia tensor of a

thin rod and the Huygens–Steiner formula, we got an expression for the standard inertia tensor 𝐽𝑌 of the form
⎡

⎢

⎢

⎣

𝑗𝑥𝑥 0 0
0 𝑗𝑦𝑦 0
0 0 𝑗𝑥𝑥 + 𝑗𝑦𝑦

⎤

⎥

⎥

⎦

, where

𝑗𝑥𝑥 ∶= (𝑚𝑏
6 + 𝑚ℎ

2 )𝑏2 and 𝑗𝑦𝑦 ∶= (𝑚𝑏
2 + 𝑚ℎ

6 )ℎ2. The non-standard inertia tensor 𝐽𝑌 hence takes the diagonal form
⎡

⎢

⎢

⎣

𝑗𝑦𝑦 0 0
0 𝑗𝑥𝑥 0
0 0 0

⎤

⎥

⎥

⎦

. The total mass

of the yoke takes value 𝑚𝑌 = 2(𝑚𝑏 + 𝑚ℎ).
• Counter-weight pendulum: The spherical robot contains a pendulum P, which is made by a slender rod of length 𝑙 attached by one end to

the center of mass of the yoke/sphere. Let us attach a reference system 𝑃 to the pendulum. The pendulum lies along the −𝑧 axis of its own
reference system and swings around its 𝑦 axis, which coincides always with the 𝑦 axis of the yoke. The orientation of the pendulum with
respect to the yoke is described by a rotation matrix 𝑅𝑃 ∈ SO(3). The mass of the pendulum is denoted by 𝑚𝑃 . Assuming such mass to be

uniformly distributed along the rod, its inertia tensor is 𝐽𝑃 ∶=
⎡

⎢

⎢

⎣

𝑗𝑃 0 0
0 𝑗𝑃 0
0 0 0

⎤

⎥

⎥

⎦

with 𝑗𝑃 ∶= 1
3𝑚𝑃 𝑙2. Its non-standard inertia tensor hence reads

𝐽𝑃 = 1
2 tr(𝐽𝑃 )𝐼3 − 𝐽𝑃 =

⎡

⎢

⎢

⎣

0 0 0
0 0 0
0 0 𝑗𝑃

⎤

⎥

⎥

⎦

.

• The coordinate of the center of the spherical robot with respect to the inertial reference system is denoted as 𝑞 ∈ R2 × {𝑟}.
• The center of mass 𝑐𝑃 of the pendulum coincides with the geometric center of the pendulum whose coordinate, in the reference system 𝑃 ,

is − 𝑙
2 𝑒𝑧, where 𝑒𝑧 ∶= [0 0 1]⊤.

The configuration of the spherical robot at a given time is described by the quadruple (𝑅𝑆 , 𝑅𝑌 , 𝑅𝑃 , 𝑞), hence the configuration manifold for this
vehicle is Q ∶= SO(3) × SO(3) × SO(3) × (R2 × {𝑟}). The tangent space at a given state is

𝑇(𝑅𝑆 ,𝑅𝑌 ,𝑅𝑃 ,𝑞)Q = 𝑇𝑅𝑆
SO(3) × 𝑇𝑅𝑌

SO(3) × 𝑇𝑅𝑃
SO(3) × (R2 × {0})

= (𝑅𝑆so(3)) × (𝑅𝑌 so(3)) × (𝑅𝑃 so(3)) × (R2 × {0}), (18)

where a matrix times a Lie algebra denotes a multiplication of the matrix by each element of the algebra.
5
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2.4. Kinetic energy of the shell, yoke and pendulum

Let us denote by 𝑞𝑆 the coordinate of an infinitesimal volume of mass d𝑚 belonging to the spherical shell in the coordinate system 𝑆 . The
oordinate of such volume in the inertial reference system is given by 𝑞+𝑅𝑆𝑞𝑆 , hence the kinetic energy of the shell in the inertial system is given
y the volume integral

𝐾𝑆 ∶= 1
2 ∫S

‖

‖

‖

‖

d
d𝑡
(𝑞 + 𝑅𝑆𝑞𝑆 )

‖

‖

‖

‖

2
d𝑚 = 1

2 ∫S
‖𝑞̇‖2d𝑚 + 1

2 ∫S
‖𝑅̇𝑆𝑞𝑆‖

2d𝑚 + ∫S
𝑞̇⊤𝑅̇𝑆𝑞𝑆 d𝑚. (19)

ecalling the property (5) and introducing the angular velocity matrix 𝛺𝑆 ∶= 𝑅⊤
𝑆 𝑅̇𝑆 ∈ so(3), we get:

𝐾𝑆 = 1
2
𝑚𝑆‖𝑞̇‖

2 + 1
2 ∫S

tr(𝑅𝑠𝛺𝑆𝑞𝑆𝑞
⊤
𝑆𝛺

⊤
𝑆𝑅

⊤
𝑆 )d𝑚 + 𝑞̇⊤𝑅̇𝑆 ∫S

𝑞𝑆 d𝑚,

= 1
2
𝑚𝑆‖𝑞̇‖

2 + 1
2
tr(��𝑅𝑆 𝛺𝑆𝐽𝑆𝛺

⊤
𝑆��𝑅

⊤
𝑆 ) + 𝑚𝑆 𝑞̇

⊤𝑅̇𝑆𝑐𝑆 ,
(20)

where we have used the cyclic commutation property of the matrix trace to cross out the instances of 𝑅𝑆 from the second integral and

𝑚𝑆 ∶= ∫S
d𝑚, 𝐽𝑆 ∶= ∫S

𝑞𝑆𝑞
⊤
𝑆d𝑚, 𝑐𝑆 ∶= 1

𝑚𝑆 ∫S
𝑞𝑆 d𝑚. (21)

he quantity 𝑐𝑆 ∈ R3 represents the coordinate of the center of mass of the shell in the reference system 𝑆 which, by hypothesis, coincides with
ts geometric center, therefore 𝑐𝑆 = 0. In conclusion

𝐾𝑆 = 1
2
𝑚𝑆‖𝑞̇‖

2 + 1
2
tr(𝛺𝑆𝐽𝑆𝛺

⊤
𝑆 ).

As a result, the kinetic energy of the shell appears as the sum of a term that quantifies the translational kinetic energy of its center and of a term
that quantifies the rotational kinetic energy of the shell. It is worth remarking that the variable 𝛺𝑆 represents the rolling speed of the robot as
seen from the rolling reference system 𝑆 .

Let us denote by 𝑞𝑌 the coordinate of an infinitesimal volume of mass d𝑚 belonging to the yoke frame in the coordinate system 𝑌 . The
coordinate of such volume in the inertial reference system is given by 𝑞 + 𝑅𝑆𝑅𝑌 𝑞𝑌 , hence the kinetic energy of the yoke in the inertial reference
system is given by

𝐾𝑌 ∶= 1
2 ∫Y

‖

‖

‖

‖

d
d𝑡
(𝑞 + 𝑅𝑆𝑅𝑌 𝑞𝑌 )

‖

‖

‖

‖

2
d𝑚 = 1

2 ∫Y
‖𝑞̇ + 𝑅̇𝑠𝑅𝑌 𝑞𝑌 + 𝑅𝑆 𝑅̇𝑌 𝑞𝑌 ‖

2d𝑚. (22)

oing through similar calculations as before, we get

𝐾𝑌 = 1
2
𝑚𝑌 ‖𝑞̇‖

2 + 1
2
tr(𝑅̇𝑆𝑅𝑌 𝐽𝑌𝑅

⊤
𝑌 𝑅̇

⊤
𝑆 ) +

1
2
tr(𝑅𝑆 𝑅̇𝑌 𝐽𝑌 𝑅̇

⊤
𝑌𝑅

⊤
𝑆 )

+ 𝑚𝑌 𝑞̇
⊤𝑅̇𝑆𝑅𝑌 𝑐𝑌 + 𝑚𝑌 𝑞̇

⊤𝑅𝑆 𝑅̇𝑌 𝑐𝑌 + tr(𝑅̇𝑆𝑅𝑌 𝐽𝑌 𝑅̇
⊤
𝑌𝑅

⊤
𝑆 ),

(23)

here

𝑚𝑌 ∶= ∫Y
d𝑚, 𝐽𝑌 ∶= ∫Y

𝑞𝑌 𝑞
⊤
𝑌 d𝑚, 𝑐𝑌 ∶= 1

𝑚𝑌 ∫Y
𝑞𝑌 d𝑚. (24)

By hypothesis, the center of mass 𝑐𝑌 ∈ R3 coincides with the geometric center of the yoke which is fixed at the origin of the reference system Y,
therefore 𝑐𝑌 = 0. By introducing the angular speed matrix 𝛺𝑌 ∶= 𝑅⊤

𝑌 𝑅̇𝑌 = 𝑅̇𝑌𝑅⊤
𝑌 ∈ so(3), we ultimately get

𝐾𝑌 = 1
2
𝑚𝑌 ‖𝑞̇‖

2 + 1
2
tr((𝛺𝑌 +𝛺𝑆 )𝑅𝑌 𝐽𝑌𝑅

⊤
𝑌 (𝛺𝑌 +𝛺𝑆 )⊤). (25)

The kinetic energy of the yoke appears to be the sum of two energy contributions. The first term represents the translational kinetic energy of
the yoke concentrated in its center. The second term represents the rotational kinetic energy of the yoke. The rotational speed is the sum of the
rotational speed of the yoke and that of the shell. The inertia is represented by the quantity 𝑅𝑌 𝐽𝑌𝑅⊤

𝑌 that represents the inertia tensor of the yoke
as seen in the reference system of the shell.

Observation: The matrix 𝑅𝑌 represents a rotation about the 𝑥 axis of the reference system 𝑌 , hence it takes the form
⎡

⎢

⎢

⎣

1 0 0
0 cos 𝜃𝑌 − sin 𝜃𝑌
0 sin 𝜃𝑌 cos 𝜃𝑌

⎤

⎥

⎥

⎦

.

It may be readily verified that 𝑅𝑌𝛺𝑌 = 𝛺𝑌𝑅𝑌 . It is perhaps the case to remark here that the equality 𝑅⊤𝑅̇ = 𝑅̇𝑅⊤ holds only under particular
circumstance and is not universal. In fact, while the expression 𝛺 ∶= 𝑅⊤𝑅̇ defines the angular velocity expressed in the body-fixed reference system,
the expression 𝛺⋆ ∶= 𝑅̇𝑅⊤ denotes the angular velocity in the inertial reference system. Such angular velocities do not coincide, in general, and
are related by the transformation 𝛺⋆ = Ad𝑅(𝛺).

Let 𝑞𝑃 denote the coordinate of an infinitesimal volume of mass d𝑚 belonging to the pendulum expressed in the coordinate system 𝑃 . The
coordinate of such volume in the inertial reference system is given by 𝑞 +𝑅𝑆𝑅𝑌𝑅𝑃 𝑞𝑃 , hence the kinetic energy of the pendulum expressed in the
inertial reference system is given by

𝐾𝑃 ∶= 1
2 ∫P

‖

‖

‖

‖

d
d𝑡
(𝑞 + 𝑅𝑆𝑅𝑌𝑅𝑃 𝑞𝑃 )

‖

‖

‖

‖

2
d𝑚 = 1

2 ∫P
‖𝑞̇ + 𝑅̇𝑆𝑅𝑌𝑅𝑃 𝑞𝑃 + 𝑅𝑆 𝑅̇𝑌𝑅𝑃 𝑞𝑃 + 𝑅𝑆𝑅𝑌 𝑅̇𝑃 𝑞𝑃 ‖

2d𝑚. (26)

Expanding the squared vector norm, we get several terms

𝐾𝑃 = 1
2
𝑚𝑃 ‖𝑞̇‖

2 + 1
2
tr(𝑅̇𝑆𝑅𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 𝑅̇

⊤
𝑆 ) +

1
2
tr(𝑅𝑆 𝑅̇𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃 𝑅̇

⊤
𝑌𝑅

⊤
𝑆 )

+ 1
2
tr(𝑅𝑆𝑅𝑌 𝑅̇𝑃 𝐽𝑃 𝑅̇

⊤
𝑃𝑅

⊤
𝑌𝑅

⊤
𝑆 ) + 𝑚𝑃 𝑞̇

⊤𝑅̇𝑆𝑅𝑌𝑅𝑃 𝑐𝑃 + 𝑚𝑃 𝑞̇
⊤𝑅𝑆 𝑅̇𝑌𝑅𝑃 𝑐𝑃 + 𝑚𝑃 𝑞̇

⊤𝑅𝑆𝑅𝑌 𝑅̇𝑃 𝑐𝑃
⊤ ⊤ ⊤ ⊤ ⊤ ⊤ ⊤ ⊤ ⊤

(27)
6

+ tr(𝑅̇𝑆𝑅𝑌𝑅𝑃 𝐽𝑃𝑅𝑃 𝑅̇𝑌𝑅𝑆 ) + tr(𝑅̇𝑆𝑅𝑌𝑅𝑃 𝐽𝑃 𝑅̇𝑃𝑅𝑌𝑅𝑆 ) + tr(𝑅𝑆 𝑅̇𝑌𝑅𝑃 𝐽𝑃 𝑅̇𝑃𝑅𝑌𝑅𝑆 ),
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where we have used the following constants

𝑚𝑃 ∶= ∫P
d𝑚, 𝐽𝑃 ∶= ∫P

𝑞𝑃 𝑞
⊤
𝑃 d𝑚, 𝑐𝑃 ∶= 1

𝑚𝑃 ∫P
𝑞𝑃 d𝑚. (28)

y introducing the angular speed matrix 𝛺𝑃 ∶= 𝑅⊤
𝑃 𝑅̇𝑃 = 𝑅̇𝑃𝑅⊤

𝑃 ∈ so(3), we obtain that the terms related to the rotational kinetic energy sum up
s

1
2
tr(𝛺𝑆 (𝑅𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 )𝛺

⊤
𝑆 ) +

1
2
tr(𝛺𝑌 (𝑅𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 )𝛺

⊤
𝑌 )

+ 1
2
tr((𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 )(𝑅𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 )(𝑅𝑌𝛺

⊤
𝑃𝑅

⊤
𝑌 )) + tr(𝛺𝑆 (𝑅𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 )𝛺

⊤
𝑌 )

+ tr(𝛺𝑆 (𝑅𝑌𝑅𝑃 𝐽𝑃𝑅
⊤
𝑃𝑅

⊤
𝑌 )(𝑅𝑌𝛺

⊤
𝑃𝑅

⊤
𝑌 )) + tr(𝛺𝑌 (𝑅𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 )(𝑅𝑌𝛺

⊤
𝑃𝑅

⊤
𝑌 )) =

1
2
tr((𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 )(𝑅𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 )(𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 )

⊤).

(29)

Likewise, the terms related to the position of the center of mass of the pendulum sum up to

𝑚𝑃 𝑞̇
⊤𝑅𝑆 (𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 )𝑅𝑌𝑅𝑃 𝑐𝑃 , (30)

where we notice that, as opposed to previous center-of-mass terms, in this instance it holds that 𝑐𝑃 ≠ 0. Therefore, the kinetic energy of the
pendulum reads

𝐾𝑃 = 1
2
𝑚𝑌 ‖𝑞̇‖

2 + 𝑚𝑃 𝑞̇
⊤𝑅𝑆 (𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 )𝑅𝑌𝑅𝑃 𝑐𝑃

+ 1
2
tr((𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 )(𝑅𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 )(𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 )

⊤).
(31)

In this expression, the first term represents the translational kinetic energy of the pendulum concentrated in its center. The third term represents
the rotational kinetic energy of the pendulum in the shell reference system, in fact the inertia matrix of the pendulum is converted to the shell
reference system by the expression 𝑅𝑌𝑅𝑃 𝐽𝑃𝑅⊤

𝑃𝑅
⊤
𝑌 . The second term in the above sum represents a Coriolis-type virtual energy since it represents

the kinetic energy of a moving object observed from the rotating reference system associated to the shell.

2.5. Potential energy of the shell, yoke and pendulum

Since the robot rolls over a horizontal plane, it holds that 𝑞⊤𝑒𝑧 = 𝑟, therefore the center of mass of the shell keeps at a fixed vertical distance
𝑟 from the ground, hence its potential energy 𝑈𝑆 is constant. Such assumption would not be valid for a robot rolling on an inclined plane, for
instance. The potential energy 𝑈𝑌 of the yoke is considered to be constant as well. Such assumption is valid as long as one ignores the differences
of gravity over the four rods of the yoke which may be at different heights from one another.

The center of mass of the pendulum moves over time as the pendulum itself swings, the yoke oscillates and the shell rolls. The coordinate of
the center of mass of the pendulum, expressed in the inertial reference system, is given by 𝑞 + 𝑅𝑆𝑅𝑌𝑅𝑃 𝑐𝑃 . Hence, the potential energy of the
pendulum, in the inertial reference system, reads

𝑈𝑃 ∶= 𝑚𝑃 𝑔𝑒
⊤
𝑧
(

𝑞 + 𝑅𝑆𝑅𝑌𝑅𝑃 𝑐𝑃
)

= 𝑚𝑃 𝑔
(

𝑟 + 𝑒⊤𝑧𝑅𝑆𝑅𝑌𝑅𝑃 𝑐𝑃
)

, (32)

where the constant 𝑔 denotes the gravitational acceleration.

2.6. Lagrangian function of the spherical robot and reduced Lagrangian

The Lagrangian function 𝐿 = 𝐿(𝑅𝑆 , 𝑅𝑌 , 𝑅𝑃 , 𝛺𝑆 , 𝛺𝑌 , 𝛺𝑃 , 𝑞̇) associated to the spherical robot is defined as

𝐿 ∶= 𝐾𝑆 +𝐾𝑌 +𝐾𝑃 − 𝑈𝑆 − 𝑈𝑌 − 𝑈𝑃 (33)

and takes the expression

𝐿 = 1
2
𝑚𝑅‖𝑅

⊤
𝑆 𝑞̇‖

2

+ 1
2
tr(𝛺𝑆𝐽𝑅𝛺

⊤
𝑆 )

+ 1
2
tr((𝛺𝑌 +𝛺𝑆 )𝑅𝑌 𝐽𝑌𝑅

⊤
𝑌 (𝛺𝑌 +𝛺𝑆 )⊤)

+ 𝑚𝑃 𝑞̇
⊤𝑅𝑆 (𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 )𝑅𝑌𝑅𝑃 𝑐𝑃

+ 1
2
tr((𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 )(𝑅𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 )(𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 )

⊤)

− 𝑚𝑃 𝑔(𝑅⊤
𝑆𝑒𝑧)

⊤(𝑅𝑌𝑅𝑃 𝑐𝑃 ) + constant,

(34)

where we have defined the total mass content of the robot

𝑚𝑅 ∶= 𝑚𝑆 + 𝑚𝑌 + 𝑚𝑃 (35)

and we have made use of the identity ‖𝑅⊤
𝑆 𝑞̇‖

2 = ‖𝑞̇‖2.
A closer look at the terms in the Lagrangian reveals the following:

• the expression −𝑔𝑅⊤
𝑆𝑒𝑧 represents the gravitational acceleration in the reference system 𝑆 and depends only the matrix 𝑅𝑆 , hence, the matrix

𝑅 may be represented, in the Lagrangian, by the new variable 𝛾 ∶= 𝑅⊤𝑒 ; notice that 𝛾⊤𝛾 = 1, hence 𝛾 ∈ S2,
7

𝑆 𝑆 𝑧
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• likewise, the linear velocity 𝑞̇ appears only as expressed in the reference system 𝑆 , hence it may be represented by a new variable 𝑣 ∶= 𝑅⊤
𝑆 𝑞̇;

we notice that 𝛾⊤𝑣 = 0, therefore 𝑣 ∈ 𝑇𝛾S2 (namely, in the reference system 𝑆 , the velocity 𝑞̇ is tangent to the robot surface at the contact
point).

he Lagrangian function may hence be written in the new variables. The resulting function is termed reduced Lagrangian and is denoted as
= 𝓁(𝛾, 𝑅𝑌 , 𝑅𝑃 , 𝛺𝑆 , 𝛺𝑌 , 𝛺𝑃 , 𝑣) and its expression is:

𝓁 = 1
2
𝑚𝑅‖𝑣‖

2

+ 1
2
tr(𝛺𝑆𝐽𝑅𝛺

⊤
𝑆 ) +

1
2
tr((𝛺𝑌 +𝛺𝑆 )𝑅𝑌 𝐽𝑌𝑅

⊤
𝑌 (𝛺𝑌 +𝛺𝑆 )⊤)

+ 𝑚𝑃 𝑣
⊤(𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 )𝑅𝑌𝑅𝑃 𝑐𝑃

+ 1
2
tr((𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 )(𝑅𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 )(𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 )

⊤)

− 𝑚𝑃 𝑔𝛾
⊤𝑅𝑌𝑅𝑃 𝑐𝑃 + constant.

(36)

The reduced Lagrangian does not depend explicitly on the orientation of the shell. Such property reflects the fact that the reduced Lagrangian is
expressed in the reference system 𝑆 .

(Some authors would introduce the further secondary variable 𝜉 ∶= 𝑅𝑌𝑅𝑃 𝑐𝑃 ∈ 𝑙
2S

2, which represents the position of the center of mass of the
endulum shaft as seen from the yoke-fixed frame 𝑌 . We do not find such ansatz particularly useful and shall henceforth dispense of it, except
hat in Appendix B.)

.7. Non-holonomic constraint and related distribution, advection equation and reduced-constrained Lagrangian

The spherical robot is assumed to roll over a horizontal plane without slipping. As a consequence, from the viewpoint of the inertial reference
system, the center of mass of the spherical shell rotates instantaneously around the contact point to the ground with angular speed Ad𝑅𝑆

(𝛺𝑆 ). Such
roperty is expressed mathematically through the non-holonomic constraint

𝑞̇ = 𝑟𝑅𝑆𝛺𝑆𝑅
⊤
𝑆𝑒𝑧. (37)

This bound implies that, at a point (𝑅𝑆 , 𝑅𝑌 , 𝑅𝑃 , 𝑞) ∈ Q, the state velocity cannot span the whole space 𝑇(𝑅𝑆 ,𝑅𝑌 ,𝑅𝑃 ,𝑞)Q but its span is
confined to a subspace 𝐷(𝑅𝑆 ,𝑅𝑌 ,𝑅𝑃 ,𝑞)Q, whose union forms a so-called distribution 𝐷Q ⊂ 𝑇Q. Each element of the distribution has coordinate
(𝑅𝑆 , 𝑅𝑌 , 𝑅𝑃 , 𝑞;𝑅𝑆𝛺𝑆 , 𝑅̇𝑌 , 𝑅̇𝑃 , 𝑟𝑅𝑆𝛺𝑆𝑅⊤

𝑆𝑒𝑧).
The non-holonomic constraint may be written in the new set of variables introduced in the previous section by noting that 𝑅⊤

𝑆 𝑞̇ = 𝑟𝛺𝑆 (𝑅⊤
𝑆𝑒𝑧),

hence

𝑣 = 𝑟𝛺𝑆 𝛾. (38)

In addition, it is easy to verify that the dynamics of the robot attitude matrix 𝑅𝑆 implies the dynamics

𝛾̇ +𝛺𝑆𝛾 = 0. (39)

Such relation is called advection equation in the advected parameter 𝛾 ∈ S2.
In the new variables, a configuration of the robot is represented by the tuple (𝛾, 𝑅𝑌 , 𝑅𝑃 , 𝑞) ∈ Q̃, while a velocity is represented by the tuple

(𝛺𝑆 , 𝛺𝑌 , 𝛺𝑃 , 𝑣) ∈ 𝑇(𝛾,𝑅𝑌 ,𝑅𝑃 ,𝑞)Q̃. Imposing the constraint (38) leads to a distribution, whose elements are given by (𝛾, 𝑅𝑌 , 𝑅𝑃 , 𝑞;𝛺𝑆 , 𝛺𝑌 , 𝛺𝑃 , 𝑟𝛺𝑆𝛾) ∈
𝐷Q̃.

It pays to defined a reduced-constrained Lagrangian function as

𝓁𝑐 (𝛾, 𝑅𝑌 , 𝑅𝑃 , 𝛺𝑆 , 𝛺𝑌 , 𝛺𝑃 ) ∶= 𝓁(𝛾, 𝑅𝑌 , 𝑅𝑃 , 𝛺𝑆 , 𝛺𝑌 , 𝛺𝑃 , 𝑟𝛺𝑆𝛾). (40)

In fact, as it will become apparent later, the equations of dynamics for the studied robot are better expressed in terms of the function 𝓁𝑐 . Such
reduced-constrained Lagrangian takes the form

𝓁𝑐 =
1
2
𝑚𝑅𝑟

2tr(𝛺𝑆𝛾𝛾
⊤𝛺⊤

𝑆 ) +
1
2
tr(𝛺𝑆𝐽𝑆𝛺

⊤
𝑆 ) +

1
2
tr((𝛺𝑌 +𝛺𝑆 )𝑅𝑌 𝐽𝑌𝑅

⊤
𝑌 (𝛺𝑌 +𝛺𝑆 )⊤)

+ 𝑚𝑃 𝑟𝛾
⊤𝛺⊤

𝑆 (𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅
⊤
𝑌 )𝑅𝑌𝑅𝑃 𝑐𝑃

+ 1
2
tr((𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 )(𝑅𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 )(𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 )

⊤)

− 𝑚𝑃 𝑔𝛾
⊤𝑅𝑌𝑅𝑃 𝑐𝑃 + constant.

(41)

The unspecified constant term is, of course, of no interest to what will follow.

3. The non-holonomic Lagrange-d’Alembert principle and the non-holonomic Euler-Poincaré equations

The spherical robot, actuated by motors to spin the yoke and the pendulum, is a non-conservative, non-holonomic dynamical system with
configuration manifold Q. The equations of motion for such a complex system should enable one to determine the function of time 𝑅𝑆 = 𝑅𝑆 (𝑡),
which describes the orientation of the spherical shell at any observed time and, ultimately, the trajectory of the center of mass of the spherical
robot through integration of Eq. (37).

The formulation of the equations of motion is made through an Hamiltonian stationary-action principle, modified by the d’Alembert virtual work
principle to accommodate for the non-conservative control inputs as well as energy-dissipative friction, by taking into account the non-holonomic
8
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constraint. The mathematical instruments to achieve such formulation is provided by the calculus of variations on manifolds with variations on
the distribution associated with the constraint. The starting point is the variational formulation

𝛿 ∫ 𝓁(𝛾, 𝑅𝑌 , 𝑅𝑃 , 𝛺𝑆 , 𝛺𝑌 , 𝛺𝑃 , 𝑣)d𝑡
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

From Hamilton’s principle

+

∫ (⟨−𝑘𝑆𝛺𝑆 , 𝛿𝛺𝑆⟩
so(3) + ⟨𝜏𝑌 − 𝑘𝑌𝛺𝑌 , 𝛿𝛺𝑌 ⟩

so(3) + ⟨𝜏𝑃 − 𝑘𝑃𝛺𝑃 , 𝛿𝛺𝑃 ⟩
so(3))d𝑡

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
From d’Alembert virtual work principle

= 0,
(42)

where ⟨⋆,⋆⟩so(3) denotes the inner product in so(3) and 𝜏𝑌 , 𝜏𝑃 ∈ so(3) denote the mechanical torques exerted by the two electrical motors that
handle the yoke and the pendulum, respectively. The constants 𝑘𝑆 > 0, 𝑘𝑌 > 0 and 𝑘𝑃 > 0 denote braking coefficients due to friction. The resulting
equations are termed non-holonomic Euler–Poincaré equations [27]. For a high-standing theoretical view of the underlying mathematical principles,
interested readers might also consult [28].

In the following sections, we shall derive explicitly the variations indicated in (42). In particular, Section 3.1 recalls briefly how to implement the
variational principle, while Sections 3.2 to 3.5 express detailed calculations that lead to an Euler–Poincaré equation for the variable 𝛺𝑆 , Sections 3.6
and 3.7 deliver the same calculations to get an Euler–Poincaré equation for the variable 𝛺𝑌 , while Section 3.8 delivers a similar content for the
angular speed 𝛺𝑃 . Section 3.9 recaps the equations of motion of the studied spherical robot for the convenience of the reader.

3.1. Variational calculus on manifold applied to the spherical robot

The main idea is to define a family of curves in the main variables whose variation induces variations in their dependencies. From the given
definitions, we find the following dependencies:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝛺𝑆 ← 𝑅𝑆 ,
𝛺𝑌 ← 𝑅𝑌 ,
𝛺𝑃 ← 𝑅𝑃 ,
𝛾 ← 𝑅𝑆 ,
𝑣 ← 𝛺𝑆 ← 𝑅𝑆 ,

(43)

hence the main variables are 𝑅𝑆 , 𝑅𝑌 , 𝑅𝑃 , a conclusion that matches one’s intuition. We shall add to these the positional variable 𝑞 that will play
a secondary role, as it will be explained later.

We shall therefore define families of curves 𝑅𝑆 (𝑡, 𝑢), 𝑅𝑌 (𝑡, 𝑢) and 𝑅𝑃 (𝑡, 𝑢), where the variable 𝑡 denotes a point on a curve and the variable 𝑢
denotes a continuous index which individuates a curve of each family. The optimal curve for each variable 𝑅𝑆 , 𝑅𝑌 , 𝑅𝑃 corresponds to the index
𝑢 = 0. The variation of the action corresponds to its derivative with respect to the index 𝑢 at 𝑢 = 0, namely

𝛿 ∫ 𝓁 d𝑡 = ∫

⟨

𝜕𝓁
𝜕𝛺𝑆

,
𝜕𝛺𝑆
𝜕𝑢

⟩so(3)

𝑢=0
d𝑡 + ∫

⟨

𝜕𝓁
𝜕𝑣

, 𝜕𝑣
𝜕𝑢

⟩R3

𝑢=0
d𝑡 + ∫

⟨

𝜕𝓁
𝜕𝛾

,
𝜕𝛾
𝜕𝑢

⟩R3

𝑢=0
d𝑡 +

∫

⟨

𝜕𝓁
𝜕𝑅𝑌

,
𝜕𝑅𝑌
𝜕𝑢

⟩R3×3

𝑢=0
d𝑡 + ∫

⟨

𝜕𝓁
𝜕𝑅𝑃

,
𝜕𝑅𝑃
𝜕𝑢

⟩R3×3

𝑢=0
d𝑡 +

∫

⟨

𝜕𝓁
𝜕𝛺𝑌

,
𝜕𝛺𝑌
𝜕𝑢

⟩so(3)

𝑢=0
d𝑡 + ∫

⟨

𝜕𝓁
𝜕𝛺𝑃

,
𝜕𝛺𝑃
𝜕𝑢

⟩so(3)

𝑢=0
d𝑡,

(44)

where ⟨⋆,⋆⟩R3×3 denotes the Cartesian inner product in the space of 3 × 3 real-valued matrices and ⟨⋆,⋆⟩R3 denotes the Cartesian inner product
n the space of 3D real-valued vectors. In the following, we shall be computing each variation independently.

.2. Expression of the variation 𝛿𝛺𝑆 induced by a variation 𝛿𝑅𝑆 and of the corresponding term in the variation of action

We start off from a family of smooth curves 𝑅𝑆 (𝑡, 𝑢) with 𝑡 ∈ [0, 1] and 𝑢 ∈ [−𝜖, 𝜖] for some 𝜖 > 0. Such family is assumed to be smooth, namely
uch that 𝜕2𝑅𝑆

𝜕𝑡𝜕𝑢 = 𝜕2𝑅𝑆
𝜕𝑢𝜕𝑡 . In addition, each curve must extend from the same starting point to the same arrival point, namely 𝑅𝑆 (0, 𝑢) = constant and

𝑅𝑆 (1, 𝑢) = constant in [−𝜖, 𝜖]. We have

𝛺𝑆 ∶= 𝑅⊤
𝑆
𝜕𝑅𝑆
𝜕𝑡

, 𝛿𝛺𝑆 ∶= 𝑅⊤
𝑆
𝜕𝑅𝑆
𝜕𝑢

, (45)

where the symbol 𝛿𝛺𝑆 (𝑡, 𝑢) denotes a variation of a curve 𝛺𝑆 (⋆, 𝑢) in so(3) induced by a variation of a trajectory 𝑅𝑆 (⋆, 𝑢) in the attitude space
SO(3). Next, we shall observe that

𝜕𝛺𝑆
𝜕𝑢

=
𝜕𝑅⊤

𝑆
𝜕𝑢

𝜕𝑅𝑆
𝜕𝑡

+ 𝑅⊤
𝑆
𝜕2𝑅𝑆
𝜕𝑢𝜕𝑡

=

(

𝜕𝑅⊤
𝑆

𝜕𝑢
𝑅𝑆

)

(

𝑅⊤
𝑆
𝜕𝑅𝑆
𝜕𝑡

)

+ 𝑅⊤
𝑆
𝜕2𝑅𝑆
𝜕𝑢𝜕𝑡

,

𝜕𝛿𝛺𝑆
𝜕𝑡

=
𝜕𝑅⊤

𝑆
𝜕𝑡

𝜕𝑅𝑆
𝜕𝑢

+ 𝑅⊤
𝑆
𝜕2𝑅𝑆
𝜕𝑡𝜕𝑢

=

(

𝜕𝑅⊤
𝑆

𝜕𝑡
𝑅𝑆

)

(

𝑅⊤
𝑆
𝜕𝑅𝑆
𝜕𝑢

)

+ 𝑅⊤
𝑆
𝜕2𝑅𝑆
𝜕𝑡𝜕𝑢

.

(46)

The last two addenda of each identity are equal to one another, therefore
𝜕𝛺𝑆 −

𝜕𝛿𝛺𝑆 = −𝛿𝛺 𝛺 +𝛺 𝛿𝛺 . (47)
9
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In conclusion, it holds that
𝜕𝛺𝑆
𝜕𝑢

=
𝜕𝛿𝛺𝑆
𝜕𝑡

+ ad𝛺𝑆
(𝛿𝛺𝑆 ). (48)

The corresponding term in the variation of action reads

∫

⟨

𝜕𝓁
𝜕𝛺𝑆

,
𝜕𝛺𝑆
𝜕𝑢

⟩so(3)

𝑢=0
d𝑡 = ∫

⟨

𝜕𝓁
𝜕𝛺𝑆

,
d𝛿𝛺𝑆
d𝑡

+ ad𝛺𝑆
(𝛿𝛺𝑆 )

⟩so(3)
d𝑡. (49)

The next step consists in expressing the variation of the integral in terms of the variation of the variable 𝛺𝑆 . By doing so, we get

∫

⟨

𝜕𝓁
𝜕𝛺𝑆

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾
,
𝜕𝛺𝑆
𝜕𝑢

⟩so(3)

𝑢=0

d𝑡 = ∫

⟨

− d
d𝑡

(

𝜕𝓁
𝜕𝛺𝑆

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾

)

+ ad⋆𝛺𝑆

(

𝜕𝓁
𝜕𝛺𝑆

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾

)

, 𝛿𝛺𝑆

⟩so(3)

d𝑡, (50)

here the rule of integration by parts and the dual adjoint operator have been made use of to get to the last expression.
We underline that the sphere is free to roll in virtually every direction, therefore 𝛺𝑆 ∈ so(3) and is otherwise unrestricted.

.3. Expression of the variation 𝛿𝛾 induced by a variation 𝛿𝑅𝑆 and of the corresponding term in the variation of action

We start off again from a family of smooth curves 𝑅𝑆 (𝑡, 𝑢). By definition of the vector-valued function 𝛾, it holds that

𝜕𝛾
𝜕𝑢

=
(

𝜕𝑅𝑆
𝜕𝑢

)⊤
𝑒𝑧 = −𝛿𝛺𝑆 𝛾. (51)

The corresponding term in the variation of action reads

∫

⟨

𝜕𝓁
𝜕𝛾

,
𝜕𝛾
𝜕𝑢

⟩R3

𝑢=0
d𝑡 = −∫

⟨

𝜕𝓁
𝜕𝛾

, 𝛿𝛺𝑆 𝛾
⟩R3

𝑢=0
d𝑡. (52)

In order to match the other terms in the variation of action, it is convenient to rewrite the latter expression in terms of the inner product in
he algebra so(3). To this aim, let us notice that ⟨𝑎, 𝑏⟩R3 = 𝑎⊤𝑏 = tr(𝑏𝑎⊤), hence

∫

⟨

𝜕𝓁
𝜕𝛾

,
𝜕𝛾
𝜕𝑢

⟩R3

𝑢=0
d𝑡 = −∫ tr

{

𝛿𝛺𝑆 𝛾
(

𝜕𝓁
𝜕𝛾

)⊤
}

d𝑡 = −∫

⟨

𝜎
(

𝜕𝓁
𝜕𝛾

𝛾⊤
)

, 𝛿𝛺𝑆

⟩so(3)
d𝑡, (53)

here we have made use of the projection operator 𝜎(𝑀) ∶= 1
2 (𝑀 −𝑀⊤) which returns a matrix in so(3) from any matrix 𝑀 ∈ R3×3.

An alternative way to express the above term is by introducing the diamond operator ⋄, defined by

𝑎 ⋄ 𝑏 ∶= −𝜎(𝑎𝑏⊤) = 𝜎(𝑏𝑎⊤) (54)

for all 𝑎, 𝑏 ∈ R3, which returns a so(3) matrix. The diamond operator may be given an easy interpretation in the so(3) case, since it is related to the
cross product × and to the operator [[⋅]], namely the following equalities hold:

[[𝑎 × 𝑏]] = [[[[𝑎]]𝑏]] = 𝑎𝑏⊤ − 𝑏𝑎⊤ = −2𝜎(𝑎𝑏⊤) = 2 𝑎 ⋄ 𝑏 (55)

for any two vectors 𝑎, 𝑏 ∈ R3. Hence the diamond operator returns half the skew-symmetric matrix corresponding to the cross product of two R3

vectors. (Such observation may be utilized to extend the cross product in spaces of dimension higher than three.)
By such notation, the variation (53) takes the form

∫

⟨

𝜕𝓁
𝜕𝛾

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾
,
𝜕𝛾
𝜕𝑢

⟩R3

𝑢=0
d𝑡 = −∫

⟨

𝛾 ⋄ 𝜕𝓁
𝜕𝛾

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾
, 𝛿𝛺𝑆

⟩so(3)
d𝑡, (56)

hich takes into account the non-holonomic constraint.

.4. Expression of the variation 𝛿𝑣 induced by a variation 𝛿𝑅𝑆 and of the corresponding term in the variation of action

While calculating the variation 𝛿𝑣, special care must be taken because, as explained in [27], the constraint must be applied only after calculating
he variation, while an early application would lead to an inconsistent result.

In this instance, we start from a family of smooth curves 𝑅𝑆 (𝑡, 𝑢) in the attitude space SO(3) and a family of smooth curves 𝑞(𝑡, 𝑢) in the position
pace R3. Such families induce the smooth family of velocities

𝑣 ∶= 𝑅⊤
𝑆
𝜕𝑞
𝜕𝑡

. (57)

The rate of change of the velocity due to a shift to a nearby trajectory reads

𝜕𝑣
𝜕𝑢

=
𝜕𝑅⊤

𝑆
𝜕𝑢

𝜕𝑞
𝜕𝑡

+ 𝑅⊤
𝑆
𝜕2𝑞
𝜕𝑢𝜕𝑡

= −𝛿𝛺𝑆 𝑣 + 𝑅⊤
𝑆
𝜕2𝑞
𝜕𝑢𝜕𝑡

. (58)

In addition, we notice that

𝜕
𝜕𝑡

(

𝑅⊤
𝑆
𝜕𝑞
𝜕𝑢

)

=
𝜕𝑅⊤

𝑆
𝜕𝑡

𝜕𝑞
𝜕𝑢

+ 𝑅⊤
𝑆
𝜕2𝑞
𝜕𝑡𝜕𝑢

= −𝛺𝑆𝑅
⊤
𝑆
𝜕𝑞
𝜕𝑢

+ 𝑅⊤
𝑆
𝜕2𝑞
𝜕𝑡𝜕𝑢

. (59)

The last two addenda in the above two equations are equal to one another, therefore

𝜕𝑣 = −𝛿𝛺𝑆 𝑣 +𝛺𝑆𝑅
⊤ 𝜕𝑞

+ 𝜕
(

𝑅⊤ 𝜕𝑞
)

. (60)
10
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Such expression stems entirely from the definitions of the variables 𝑣, 𝛿𝛺𝑆 and 𝛺𝑆 and is hence derived independently of the underlying non-
holonomic constraint. To ensure that 𝜕𝑣

𝜕𝑢 ∈ 𝐷Q, we shall introduce the constraint in the expression (60). In addition, it is necessary to express
the variation 𝜕𝑞

𝜕𝑢 induced by a variation in the robot’s angular velocity matrix 𝛿𝛺𝑆 . On the basis of the physical meaning of the constraint, such
variation is expressed as

𝜕𝑞
𝜕𝑢

= 𝑟
𝜕𝑅𝑆
𝜕𝑢

𝛾, (61)

as already assumed in [27]. The resulting constrained variation of velocity hence reads
𝜕𝑣
𝜕𝑢

= −𝛿𝛺𝑆 (𝑟𝛺𝑆𝛾) +𝛺𝑆 (𝑟 𝛿𝛺𝑠 𝛾) +
𝜕
𝜕𝑡
(𝑟 𝛿𝛺𝑆 𝛾). (62)

Gluing together the first two addenda on the right-hand side by the help of the adjoint endomorphism, we get the final expression
𝜕𝑣
𝜕𝑢

= 𝑟 𝜕
𝜕𝑡
(𝛿𝛺𝑆𝛾) + 𝑟 ad𝛺𝑆

(𝛿𝛺𝑆 )𝛾. (63)

The corresponding term in the variation of the action, after plugging in the non-holonomic constraint, reads

∫

⟨

𝜕𝓁
𝜕𝑣

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾
, 𝜕𝑣
𝜕𝑢

⟩R3

𝑢=0
d𝑡 = 𝑟∫

⟨

𝜕𝓁
𝜕𝑣

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾
, d
d𝑡
(𝛿𝛺𝑆𝛾) + ad𝛺𝑆

(𝛿𝛺𝑆 )𝛾
⟩R3

d𝑡

= −𝑟∫

⟨

d
d𝑡

(

𝜕𝓁
𝜕𝑣

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾

)

, 𝛿𝛺𝑆𝛾
⟩R3

d𝑡 + 𝑟∫

⟨

𝜕𝓁
𝜕𝑣

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾
, ad𝛺𝑆

(𝛿𝛺𝑆 )𝛾
⟩R3

d𝑡

= −𝑟∫ tr

{

𝛿𝛺𝑆𝛾
(

d
d𝑡

𝜕𝓁
𝜕𝑣

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾

)⊤
}

d𝑡 + 𝑟∫ tr

{

ad𝛺𝑆
(𝛿𝛺𝑆 )𝛾

(

𝜕𝓁
𝜕𝑣

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾

)⊤
}

d𝑡

= −𝑟∫

⟨

𝜎
{(

d
d𝑡

𝜕𝓁
𝜕𝑣

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾

)

𝛾⊤
}

, 𝛿𝛺𝑆

⟩so(3)
d𝑡 + 𝑟∫

⟨

𝜎
(

𝜕𝓁
𝜕𝑣

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾
𝛾⊤

)

, ad𝛺𝑆
(𝛿𝛺𝑆 )

⟩so(3)
d𝑡,

(64)

where we have invoked again the integration-by-part rule and the skew-symmetrizing operator 𝜎. By the help of the diamond operator and of the
ual adjoint operator, the above variation may be recast as:

∫

⟨

𝜕𝑣
𝜕𝑢

, 𝜕𝓁
𝜕𝑣

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾

⟩R3

𝑢=0
d𝑡 = 𝑟∫

⟨(

d
d𝑡

𝜕𝓁
𝜕𝑣

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾

)

⋄ 𝛾 + ad⋆𝛺𝑆

(

𝛾 ⋄ 𝜕𝓁
𝜕𝑣

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾

)

, 𝛿𝛺𝑆

⟩so(3)
d𝑡. (65)

3.5. Constrained Euler-Poincaré equation for the angular velocity matrix 𝛺𝑆

Since the variation 𝛿𝑅𝑆 is arbitrary, it induces an arbitrary variation 𝛿𝛺𝑆 . Taking into account the friction-type term in the master equation (42),
the terms computed so far allow writing the Euler–Poincaré equation for the angular velocity matrix 𝛺𝑆 , that read

d
d𝑡

(

𝜕𝓁
𝜕𝛺𝑆

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾

)

− ad⋆𝛺𝑆

(

𝜕𝓁
𝜕𝛺𝑆

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾

)

=

𝜕𝓁
𝜕𝛾

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾
⋄ 𝛾 + 𝑟

(

d
d𝑡

𝜕𝓁
𝜕𝑣

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾

)

⋄ 𝛾 − 𝑟 ad⋆𝛺𝑆

(

𝜕𝓁
𝜕𝑣

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾
⋄ 𝛾

)

− 𝑘𝑆 𝛺𝑆 .

(66)

The above equation may be expressed more compactly in terms of the constrained Lagrangian 𝓁𝑐 . As a first step, let us express the fiber derivative
𝜕𝓁
𝜕𝛺𝑆

in terms of the fiber derivative 𝜕𝓁𝑐
𝜕𝛺𝑆

. To such aim, let us consider the reduced Lagrangian 𝓁(𝛾, 𝑅𝑌 , 𝑅𝑃 , 𝛺𝑆 , 𝛺𝑌 , 𝛺𝑃 , 𝑣) as a function of seven

ndependent variables, while we consider the reduced-constrained Lagrangian 𝓁𝑐 (𝛾, 𝑅𝑌 , 𝑅𝑃 , 𝛺𝑆 , 𝛺𝑌 , 𝛺𝑃 ), as defined in Section 2.7, as a function of
ix independent variables. Their relationship, to what matters in the present calculations, reads

𝓁𝑐 (𝛾, ⋆, ⋆,𝛺𝑆 , ⋆, ⋆) = 𝓁(𝛾, ⋆, ⋆,𝛺𝑆 , ⋆, ⋆, 𝑣)|𝑣=𝑟𝛺𝑆 𝛾 . (67)

he fiber derivative of such functions with respect to the matrix-variable 𝛺𝑆 arises from their first-order expansion, namely

𝓁𝑐 (𝛾, ⋆, ⋆,𝛺𝑆 + 𝛥𝛺𝑆 , ⋆, ⋆) =
⟨

𝜕𝓁𝑐
𝜕𝛺𝑆

, 𝛥𝛺𝑆

⟩so(3)
+ O(𝛥𝛺𝑆 ), (68)

where O(⋆) denotes the Landau symbol for higher-order infinitesimals. From the relation (67) it follows that

𝓁𝑐 (𝛾, ⋆, ⋆,𝛺𝑆 + 𝛥𝛺𝑆 , ⋆, ⋆) = 𝓁(𝛾, ⋆, ⋆,𝛺𝑆 + 𝛥𝛺𝑆 , ⋆, ⋆, 𝑟𝛺𝑆𝛾 + 𝑟𝛥𝛺𝑆𝛾),

=
⟨

𝜕𝓁
𝜕𝛺𝑆

, 𝛥𝛺𝑆

⟩so(3)

𝑣=𝑟𝛥𝛺𝑆 𝛾
+

⟨

𝜕𝓁
𝜕𝑣

, 𝑟𝛥𝛺𝑆𝛾
⟩R3

𝑣=𝑟𝛥𝛺𝑆 𝛾
+ O(𝛥𝛺𝑆 )

=
⟨

𝜕𝓁
𝜕𝛺𝑆

, 𝛥𝛺𝑆

⟩so(3)

𝑣=𝑟𝛥𝛺𝑆 𝛾
+ 𝑟

⟨

𝜎
(

𝜕𝓁
𝜕𝑣

𝛾⊤
)

, 𝛥𝛺𝑆

⟩so(3)

𝑣=𝑟𝛥𝛺𝑆 𝛾
+ O(𝛥𝛺𝑆 ).

(69)

omparing the relations (68) and (69), it is immediate to find that
𝜕𝓁𝑐
𝜕𝛺𝑆

= 𝜕𝓁
𝜕𝛺𝑆

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾
+ 𝑟𝛾 ⋄ 𝜕𝓁

𝜕𝑣
|

|

|

|𝑣=𝑟𝛺𝑆 𝛾
. (70)
11
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Upon replacing the constrained fiber derivative 𝜕𝓁
𝜕𝛺𝑆

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾
in the constrained Euler–Poincaré equation (66) with 𝜕𝓁𝑐

𝜕𝛺𝑆
+ 𝑟 𝜕𝓁

𝜕𝑣
|

|

|𝑣=𝑟𝛺𝑆 𝛾
⋄ 𝛾, several

terms cancel out and the resulting dynamics turn out to be described by

d
d𝑡

(

𝜕𝓁𝑐
𝜕𝛺𝑆

)

− ad⋆𝛺𝑆

(

𝜕𝓁𝑐
𝜕𝛺𝑆

)

= −𝛾 ⋄ 𝜕𝓁
𝜕𝛾

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾
+ 𝑟 𝛾̇ ⋄ 𝜕𝓁

𝜕𝑣
|

|

|

|𝑣=𝑟𝛺𝑆 𝛾
− 𝑘𝑆 𝛺𝑆 . (71)

Such equation needs to be paired with the so-termed reconstruction equation 𝑅̇𝑆 = 𝑅𝑆𝛺𝑆 , which allows recovering the trajectory of the robot in
the attitude space SO(3) as well as the trajectory of its center of mass, and the advection equation 𝛾̇ = −𝛺𝑆𝛾.

The constrained Euler–Poincaré equation (71) shows, in the left-hand side, the classical terms in the ‘pure’ Euler–Poincaré equation, that are
essentially due to the inertia of the rolling system, expressed in the shell-fixed reference system. The right-hand side presents forcing terms due to
the gravity effects on the pendulum and friction.

3.6. Expression of the variation 𝛿𝛺𝑌 induced by a variation 𝛿𝑅𝑌 and of the corresponding term in the variation of action

We shall start with a smooth family of curves 𝑅𝑌 (𝑡, 𝑢) and let

𝛺𝑌 ∶= 𝑅⊤
𝑌
𝜕𝑅𝑌
𝜕𝑡

, 𝛿𝛺𝑌 ∶= 𝑅⊤
𝑌
𝜕𝑅𝑌
𝜕𝑢

. (72)

Similarly to the case treated in Section 3.2, it is readily found that the rate of change of the angular velocity of the yoke presents the expression
𝜕𝛺𝑌
𝜕𝑢

=
𝜕𝛿𝛺𝑌
𝜕𝑡

+ ad𝛺𝑌
(𝛿𝛺𝑌 ). (73)

The corresponding term in the variation of action reads

∫

⟨

𝜕𝓁
𝜕𝛺𝑌

,
𝜕𝛺𝑌
𝜕𝑢

⟩so(3)

𝑢=0
d𝑡 = ∫

⟨

𝜕𝓁
𝜕𝛺𝑌

,
d𝛿𝛺𝑌
d𝑡

+ ad𝛺𝑌
(𝛿𝛺𝑌 )

⟩so(3)
d𝑡. (74)

y applying the non-holonomic constraint and expressing the variation of the integral in terms of the variation of the variable 𝛺𝑌 , we further get

∫

⟨

𝜕𝓁
𝜕𝛺𝑌

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾
,
𝜕𝛺𝑌
𝜕𝑢

⟩so(3)

𝑢=0

d𝑡 = ∫

⟨

− d
d𝑡

(

𝜕𝓁𝑐
𝜕𝛺𝑌

)

+ ad⋆𝛺𝑌

(

𝜕𝓁𝑐
𝜕𝛺𝑌

)

, 𝛿𝛺𝑌

⟩so(3)
d𝑡, (75)

here the rule of integration by parts and the dual adjoint endomorphism have been made use of to get to the last expression and the observation
hat the fiber derivative of the reduced Lagrangian and of the constrained-reduced Lagrangian, in the present case, coincide with one another.

We underline that the yoke is free to swing only around the 𝑥 axis in its own reference system, therefore 𝛺𝑌 ∈ span{𝛴𝑌 } ⊂ so(3).

.7. Other terms related to the variation 𝛿𝑅𝑌 and corresponding Euler-Poincaré equation

There exist two further terms in the master equation (42) related to the variation 𝛿𝑅𝑌 . The first one may be expressed as

∫

⟨

𝜕𝓁
𝜕𝑅𝑌

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾
,
𝜕𝑅𝑌
𝜕𝑢

⟩R3×3

𝑢=0

d𝑡 = ∫

⟨

𝜕𝓁𝑐
𝜕𝑅𝑌

, 𝑅𝑌 𝛿𝛺𝑌

⟩R3×3

𝑢=0
d𝑡

= ∫ tr

{

(

𝜕𝓁𝑐
𝜕𝑅𝑌

)⊤
𝑅𝑌 𝛿𝛺𝑌

}

d𝑡

= ∫

⟨

𝜎𝑌

{

𝑅⊤
𝑌
𝜕𝓁𝑐
𝜕𝑅𝑌

}

, 𝛿𝛺𝑌

⟩so(3)
d𝑡,

(76)

where 𝜎𝑌 ∶ R3×3 → span{𝛴𝑌 } denotes an orthogonal projector over the subspace of the algebra so(3) spanned by yoke’s angular speeds, namely
𝑌 (𝑀) ∶= 1

2 tr(𝑀
⊤𝛴𝑌 )𝛴𝑌 . (The factor 1

2 arises from the observation that tr(𝛴⊤
𝑌 𝛴𝑌 ) = 2.)

The last term involving the variation 𝛿𝛺𝑌 corresponds to the virtual work of the mechanical torque 𝜏𝑌 and to the friction, namely

∫ ⟨𝜏𝑌 − 𝑘𝑌𝛺𝑌 , 𝛿𝛺𝑌 ⟩
so(3)d𝑡, (77)

where, by the physical construction of the spherical robot, it holds that 𝜏𝑌 ∈ span{𝛴𝑌 }.
It pays to notice now that, since both 𝛺𝑌 and 𝜕𝓁𝑐

𝜕𝛺𝑌
are parallel to 𝛴𝑌 , it turns out that ad𝛺𝑌

(

𝜕𝓁𝑐
𝜕𝛺𝑌

)

= 0. Therefore, the dynamics of the yoke is
described by the constrained Euler–Poincaré equation

d
d𝑡

(

𝜕𝓁𝑐
𝜕𝛺𝑌

)

− 𝜎𝑌

(

𝑅⊤
𝑌
𝜕𝓁𝑐
𝜕𝑅𝑌

)

= 𝜏𝑌 − 𝑘𝑌 𝛺𝑌 . (78)

Such relation may be paired with the reconstruction equation 𝑅̇𝑌 = 𝑅𝑌𝛺𝑌 , which allows recovering the trajectory of the yoke in the attitude space
SO(3). (The absolute attitude of the yoke in the inertial reference system is represented by the product 𝑅𝑆𝑅𝑌 .)

3.8. Expression of the variation 𝛿𝛺𝑃 induced by a variation 𝛿𝑅𝑃 , corresponding terms in the master equation and corresponding Euler-Poincaré equation

In this instance of the current variational analysis, we shall start with a smooth family of curves 𝑅𝑃 (𝑡, 𝑢) and let

𝛺 ∶= 𝑅⊤ 𝜕𝑅𝑃 , 𝛿𝛺 ∶= 𝑅⊤ 𝜕𝑅𝑃 . (79)
12
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Similarly to the cases treated in the previous sections, the rate of change of the angular velocity of the pendulum component reads
𝜕𝛺𝑃
𝜕𝑢

=
𝜕𝛿𝛺𝑃
𝜕𝑡

+ ad𝛺𝑃
(𝛿𝛺𝑃 ). (80)

Applying the non-holonomic constraint and expressing the variation of the integral in terms of the variation of the matrix variable 𝛺𝑃 , the
corresponding term in the variation of the action is found to take the expression

∫

⟨

𝜕𝓁
𝜕𝛺𝑃

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾
,
𝜕𝛺𝑃
𝜕𝑢

⟩so(3)

𝑢=0

d𝑡 = ∫

⟨

− d
d𝑡

(

𝜕𝓁𝑐
𝜕𝛺𝑃

)

+ ad⋆𝛺𝑃

(

𝜕𝓁𝑐
𝜕𝛺𝑃

)

, 𝛿𝛺𝑃

⟩so(3)
d𝑡. (81)

A further term in the master equation (42) related to the variation 𝛿𝑅𝑃 reads

∫

⟨

𝜕𝓁
𝜕𝑅𝑃

|

|

|

|𝑣=𝑟𝛺𝑃 𝛾
,
𝜕𝑅𝑃
𝜕𝑢

⟩R3×3

𝑢=0

d𝑡 = ∫

⟨

𝜕𝓁𝑐
𝜕𝑅𝑃

, 𝑅𝑃 𝛿𝛺𝑃

⟩R3×3

𝑢=0
d𝑡

= ∫ tr

{

(

𝜕𝓁𝑐
𝜕𝑅𝑃

)⊤
𝑅𝑃 𝛿𝛺𝑃

}

d𝑡

= ∫

⟨

𝜎𝑃

{

𝑅⊤
𝑃
𝜕𝓁𝑐
𝜕𝑅𝑃

}

, 𝛿𝛺𝑃

⟩so(3)
d𝑡,

(82)

where 𝜎𝑃 ∶ R3×3 → span{𝛴𝑃 } denotes an orthogonal projector over the subspace of the algebra so(3) spanned by pendulum’s angular velocity,
namely 𝜎𝑃 (𝑀) ∶= 1

2 tr(𝑀
⊤𝛴𝑃 )𝛴𝑃 . In addition, we take into account the virtual work of the mechanical torque exerted on the pendulum by the

connected motor and of the friction

∫ ⟨𝜏𝑃 − 𝑘𝑃𝛺𝑃 , 𝛿𝛺𝑃 ⟩
so(3)d𝑡, (83)

where 𝜏𝑃 ∈ span{𝛴𝑃 } by mechanical construction.
Even in this case, it pays to notice that ad𝛺𝑃

(

𝜕𝓁𝑐
𝜕𝛺𝑃

)

= 0. Therefore, the dynamics of the pendulum is described by the constrained Euler–Poincaré
equation

d
d𝑡

(

𝜕𝓁𝑐
𝜕𝛺𝑃

)

− 𝜎𝑃

(

𝑅⊤
𝑃
𝜕𝓁𝑐
𝜕𝑅𝑃

)

= 𝜏𝑃 − 𝑘𝑃 𝛺𝑃 . (84)

Such equation, once paired with the reconstruction relation 𝑅̇𝑃 = 𝑅𝑃𝛺𝑃 , allows reconstructing the trajectory of the pendulum in the attitude space
SO(3). (The absolute position of the center of mass of the counter-weight pendulum is given by the expression 𝑅𝑆𝑅𝑌𝑅𝑃 𝑐𝑃 , while the absolute
position of the free tip of the pendulum shaft in the inertial reference system is given by −𝑙𝑅𝑆𝑅𝑌𝑅𝑃 𝑒𝑧.)

We shall notice that it is possible, and sometimes convenient, to represent the pendulum swinging velocity in the yoke frame, hence giving rise
to a special representation of the equations of motion. Such representation is detailed in Appendix B.

3.9. Complete mathematical model of the spherical robot

For the sake of clarity, we gather in the following the six equations in the six independent variables that describe completely the rolling motion
of the studied spherical robot:

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

d
d𝑡

(

𝜕𝓁𝑐
𝜕𝛺𝑆

)

− ad⋆𝛺𝑆

(

𝜕𝓁𝑐
𝜕𝛺𝑆

)

= −𝛾 ⋄ 𝜕𝓁
𝜕𝛾
|

|

|𝑣=𝑟𝛺𝑆 𝛾
+ 𝑟 𝛾̇ ⋄ 𝜕𝓁

𝜕𝑣
|

|

|𝑣=𝑟𝛺𝑆 𝛾
− 𝑘𝑆 𝛺𝑆 ,

d
d𝑡

(

𝜕𝓁𝑐
𝜕𝛺𝑌

)

− 𝜎𝑌
(

𝑅⊤
𝑌

𝜕𝓁𝑐
𝜕𝑅𝑌

)

= 𝜏𝑌 − 𝑘𝑌 𝛺𝑌 ,

d
d𝑡

(

𝜕𝓁𝑐
𝜕𝛺𝑃

)

− 𝜎𝑃
(

𝑅⊤
𝑃

𝜕𝓁𝑐
𝜕𝑅𝑃

)

= 𝜏𝑃 − 𝑘𝑃 𝛺𝑃 ,

𝑅̇𝑌 = 𝑅𝑌𝛺𝑌 ,

𝛾̇ +𝛺𝑆𝛾 = 0,

𝑅̇𝑃 = 𝑅𝑃𝛺𝑃 .

(85)

It should be remarked that each group of equations are referred to a specific reference system (either the one fixed with the shell, the yoke and
the pendulum) and the torques are hence supposed to be expressed with reference to such frames. The Table 1 presents a breakdown of the terms
that appear in the equations of motion (85) together with a short description of their mechanical meaning.

Next to such equations there stand the reconstruction formulas
{

𝑅̇𝑆 = 𝑅𝑆𝛺𝑆 ,
𝑞̇ = 𝑟𝑅̇𝑆𝛾,

(86)

through which it is possible to determine the position of the geometric center of the robot and its orientation at any time.
It is interesting to remark that the control inputs do not influence directly the motion of the shell, that is indirectly determined by the action

of the yoke and of the pendulum which, in turn, respond to the control inputs. It is also worth underlying that the variables 𝛺𝑆 , 𝛺𝑌 , 𝛺𝑃 , 𝛾 and
evolve on vector spaces (so(3) and R3), hence the differential equations governing their evolution over time may be solved numerically through

onventional recipes. Conversely, the variables 𝑅𝑆 , 𝑅𝑌 and 𝑅𝑃 evolve on curved spaces, hence their approximate calculation call for specific
13

umerical recipes [29].
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Table 1
A breakdown of the terms in (85) with a short description of their interpretation.
Term Rational-mechanical interpretation
𝜕𝓁𝑐

𝜕𝛺𝑆
Generalized angular momentum associated to the rotational
motion of the sphere

ad⋆𝛺𝑆

(

𝜕𝓁𝑐

𝜕𝛺𝑆

)

Axicentrifugal torque due to lack of balance of mass distribution
within a body

−𝛾 ⋄ 𝜕𝓁
𝜕𝛾
‖

‖

‖𝑣=𝑟𝛺𝑆 𝛾
Reaction torque on the shell exerted by the motion of the yoke
and the pendulum

𝑟 𝛾̇ ⋄ 𝜕𝓁
𝜕𝑣
‖

‖

‖𝑣=𝑟𝛺𝑆 𝛾
Coriolis-type (apparent) torque due to relative rotation

−𝑘𝑆𝛺𝑆 Braking torque on the spherical shell due to friction
𝜕𝓁𝑐

𝜕𝛺𝑌
Generalized angular momentum associated to the swinging motion
of the yoke

𝜎𝑌
(

𝑅⊤
𝑌

𝜕𝓁𝑐

𝜕𝑅𝑌

)

Reaction torque on the yoke exerted by the shell and the
pendulum

−𝑘𝑌 𝛺𝑌 Braking torque on the yoke frame due to friction
𝜕𝓁𝑐

𝜕𝛺𝑃
Generalized angular momentum associated to the oscillatory
motion of the pendulum

𝜎𝑃
(

𝑅⊤
𝑃

𝜕𝓁𝑐

𝜕𝑅𝑃

)

Reaction torque on the pendulum shaft exerted by the shell and
the yoke

−𝑘𝑃𝛺𝑃 Braking torque on the pendulum shaft due to friction

3.10. An alternative way to approach the modeling problem

Application of the Lagrange–d’Alembert principle together with a Lagrangian function is a widely used and time-proved procedure. Another
principle concerning nonholonomic systems (with conditions in the first and possibly in the higher time derivatives) is the Appell–Gibbs approach.
Such principle is based on velocities rather than displacements and its combination with the virtual work principle seems possible. Such an approach
is potentially able to provide a transparent formulation of the governing systems. For a recent review of this matter, readers might consult [30].

In principle, both approaches lead to the identical analytic results. However, the Appell–Gibbs formulation has a potential to make the analysis
itself easier and to enable some ‘‘side steps’’ often providing physically interesting results, which are rather complicated to be achieved by means
of a conventional way.

4. Detailed calculations

The next step consists in computing explicitly the derivatives of the Lagrangian functions with respect to the independent variables, which is
accomplished in Sections 4.1 and 4.2 below. All derivatives are computed with reference to the inner products defined in the spaces that they
belong to. In addition, Section 4.3 derives the equilibrium points of the robots from purely geometric considerations.

4.1. Calculation of the derivatives of the Lagrangian

The fiber derivative of the reduced-constrained Lagrangian (41) with respect to the angular velocity matrix of the spherical shell reads
𝜕𝓁𝑐
𝜕𝛺𝑆

= 𝜎{(𝑚𝑅𝑟
2𝛾𝛾⊤ + 𝐽𝑆 + 𝑅𝑌 𝐽𝑌𝑅

⊤
𝑌 + 𝑅𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 +

𝑚𝑃 𝑟(𝛾𝑐⊤𝑃𝑅
⊤
𝑃𝑅

⊤
𝑌 + 𝑅𝑌𝑅𝑃 𝑐𝑃 𝛾

⊤))𝛺𝑆+

(𝑅𝑌 𝐽𝑌𝑅
⊤
𝑌 + 𝑅𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 + 𝑚𝑃 𝑟𝛾𝑐

⊤
𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 )𝛺𝑌 +

(𝑅𝑌𝑅𝑃 𝐽𝑃𝑅
⊤
𝑃𝑅

⊤
𝑌 + 𝑚𝑃 𝑟𝛾𝑐

⊤
𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 )𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 }.

(87)

Such fiber derivative takes the form of a linear combination of the angular-velocity matrices 𝛺𝑆 , 𝛺𝑌 and 𝛺𝑃 . The configuration-dependent matrix-
coefficients of such combination possess a well-recognizable rational-mechanical meaning. For example, the symmetric, 3 × 3 matrix-type coefficient
𝑚𝑅𝑟2𝛾𝛾⊤+𝐽𝑆 +𝑅𝑌 𝐽𝑌𝑅⊤

𝑌 +𝑅𝑌𝑅𝑃 𝐽𝑃𝑅⊤
𝑃𝑅

⊤
𝑌 +𝑚𝑃 𝑟(𝛾𝑐⊤𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 +𝑅𝑌𝑅𝑃 𝑐𝑃 𝛾⊤) is readily interpreted as a generalized, inertia tensor that takes into account

all moving constituents of the robot, expressed in the reference system of the spherical shell.
Due to the complex structure of the robot and to the chosen Lie-group/Lie-algebra representation, the inertia of this mechanical system is not

represented by a matrix but as a linear operator, as will be shown in Section 4.2.
The derivative of the reduced Lagrangian with respect to the advected parameter-vector reads

𝜕𝓁
𝜕𝛾

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾
= −𝑚𝑃 𝑔𝑅𝑌𝑅𝑃 𝑐𝑃 . (88)

As a consequence, the term in the relation (71) that involves such derivative presents the expression

− 𝛾 ⋄ 𝜕𝓁 |

|

|

= 𝑚𝑃 𝑔𝜎(𝑅𝑌𝑅𝑃 𝑐𝑃 𝛾
⊤). (89)
14
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t

Table 2
Vanishing conditions of some torques and their rational-mechanical interpretation.
Expression Vanishing condition and interpretation

(89) 𝑅𝑌 𝑅𝑃 𝑐𝑃 ∥ 𝛾, it indicates that the pendulum shaft is
parallel to the direction of gravity as seen from the
shell reference system

(91) 𝛾̇ = 0, it is satisfied when the spherical shell is still
(while other parts may be moving)

(94) 𝛺𝑆 = 𝛺𝑌 = 𝛺𝑃 = 0 and 𝑅𝑃 𝑐𝑃 ∥ 𝑅⊤
𝑌 𝛾, it indicates that

both the three moving parts are still and the pendulum
shaft is parallel to the direction of gravity as seen from
the yoke reference system

(95) 𝛺𝑆 = 𝛺𝑌 = 𝛺𝑃 = 0 and 𝑅⊤
𝑃𝑅

⊤
𝑌 𝛾 ∥ 𝑐𝑃 , it indicates that

both the three moving parts are still and the pendulum
shaft is parallel to the direction of gravity as seen from
the pendulum reference system

The derivative of the reduced Lagrangian with respect to the velocity of the center of the sphere, in the shell-fixed reference system, reads
𝜕𝓁
𝜕𝑣

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾
= 𝛺𝑆 (𝑚𝑅𝑟𝛾 + 𝑚𝑃𝑅𝑌𝑅𝑃 𝑐𝑃 ) +𝛺𝑌 (𝑚𝑃𝑅𝑌𝑅𝑃 𝑐𝑃 ) + 𝑅𝑌𝛺𝑃 (𝑚𝑃𝑅𝑃 𝑐𝑃 ). (90)

We notice that this term is similar to the corresponding one presented in [31], although the coefficient of the shell’s angular velocity 𝛺𝑆 presents
an extra term arising from the non-holonomic constraint. The term in the Euler–Poincaré equation (71) corresponding to the above derivative
presents the expression

𝛾̇ ⋄ 𝜕𝓁
𝜕𝑣

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾
= 𝜎{𝛾̇(𝑚𝑅𝑟𝛾 + 𝑚𝑃𝑅𝑌𝑅𝑃 𝑐𝑃 )⊤𝛺𝑆 + 𝛾̇(𝑚𝑃𝑅𝑌𝑅𝑃 𝑐𝑃 )⊤𝛺𝑌 +

𝛾̇(𝑚𝑃𝑅𝑌𝑅𝑃 𝑐𝑃 )⊤𝑅𝑌𝛺𝑃𝑅
⊤
𝑌 }.

(91)

The fiber derivative of the reduced-constrained Lagrangian with respect to the angular velocity matrix of the yoke takes the expression
𝜕𝓁𝑐
𝜕𝛺𝑌

= 𝜎𝑌 {(𝑅𝑌 𝐽𝑌𝑅
⊤
𝑌 + 𝑅𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 + 𝑚𝑃 𝑟𝑅𝑌𝑅𝑃 𝑐𝑃 𝛾

⊤)𝛺𝑆+

(𝑅𝑌 𝐽𝑌𝑅
⊤
𝑌 + 𝑅𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 )𝛺𝑌 + (𝑅𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 )𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 }.

(92)

Likewise, the fiber derivative of the reduced-constrained Lagrangian with respect to the angular velocity matrix of the counter-weight pendulum
akes the expression

𝜕𝓁𝑐
𝜕𝛺𝑃

= 𝜎𝑃 {𝑅⊤
𝑌 (𝛺𝑆 (𝑅𝑌𝑅𝑃 𝐽𝑃 + 𝑚𝑃 𝑟𝛾𝑐

⊤
𝑃 ) +𝛺𝑌 (𝑅𝑌𝑅𝑃 𝐽𝑃 ) + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 (𝑅𝑌𝑅𝑃 𝐽𝑃 ))𝑅⊤

𝑃 }. (93)

Next, it is necessary to compute the partial derivative of the reduced-constrained Lagrangian with respect to the attitude matrix of the yoke,
which reads

𝜕𝓁𝑐
𝜕𝑅𝑌

= (𝛺𝑆 +𝛺𝑌 )⊤(𝛺𝑆 +𝛺𝑌 )𝑅𝑌 𝐽𝑌 +

(𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅
⊤
𝑌 )𝑅𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃𝛺

⊤
𝑃 +

𝑅𝑌𝑅𝑃 𝐽𝑃𝑅
⊤
𝑃𝑅

⊤
𝑌 (𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 )𝑅𝑌𝛺𝑃 +

(𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅
⊤
𝑌 )

⊤(𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅
⊤
𝑌 )𝑅𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃 +

𝑚𝑃 𝑟𝛺𝑆𝛾𝑐
⊤
𝑃𝑅

⊤
𝑃𝛺

⊤
𝑃 + 𝑚𝑃 𝑟𝑅𝑌𝑅𝑃 𝑐𝑃 𝛾

⊤𝛺⊤
𝑆𝑅𝑌𝛺𝑃+

𝑚𝑃 𝑟(𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅
⊤
𝑌 )

⊤𝛺𝑆𝛾𝑐
⊤
𝑃𝑅

⊤
𝑃 − 𝑚𝑃 𝑔𝛾𝑐

⊤
𝑃𝑅

⊤
𝑃 .

(94)

Likewise, it is necessary to calculate the partial derivative of the reduced-constrained Lagrangian with respect to the attitude matrix of the
pendulum, which reads

𝜕𝓁𝑐
𝜕𝑅𝑃

= 𝑅⊤
𝑌 (𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 )

⊤(𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅
⊤
𝑌 )𝑅𝑌𝑅𝑃 𝐽𝑃+

𝑚𝑃 𝑟𝑅
⊤
𝑌 (𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 )

⊤𝛺𝑆𝛾𝑐
⊤
𝑃 − 𝑚𝑃 𝑔𝑅

⊤
𝑌 𝛾𝑐

⊤
𝑃 .

(95)

It is perhaps instructive to check in which configuration of the robot the above-calculated quantities vanish to zero, as this exercise helps getting
a glimpse of the mechanical meaning of such terms. Such exercise is conducted in the Table 2.

4.2. Time-derivatives of the fiber derivatives

Each fiber derivative of the reduced-constrained Lagrangian in (85) may be interpreted as a generalized angular momentum in so(3), namely

𝛬𝑆 ∶=
𝜕𝓁𝑐
𝜕𝛺𝑆

, 𝛬𝑌 ∶=
𝜕𝓁𝑐
𝜕𝛺𝑌

, 𝛬𝑃 ∶=
𝜕𝓁𝑐
𝜕𝛺𝑃

. (96)

It is important to keep in mind that, even though such angular momenta belong formally to the same space, the Lie algebra associated to the group
of three-dimensional rotations, they may not be compared directly, because each of them is referred to a different reference system.
15
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The generalized angular momenta are related to the angular velocities and to the instantaneous internal state of the robot by the relationship

⎡

⎢

⎢

⎣

𝛬𝑆
𝛬𝑌
𝛬𝑃

⎤

⎥

⎥

⎦

= J
⎡

⎢

⎢

⎣

𝛺𝑆
𝛺𝑌
𝛺𝑃

⎤

⎥

⎥

⎦

, (97)

where J ∶ (so(3))3 → (so(3))3 denotes a generalized inertia operator that depends on the attitude of the yoke and of the pendulum as well as on the
attitude of the shell via the ‘rotated gravity’ direction 𝛾. Complex mechanical systems, which include several components that moves with respect
to each others, are described by generalized, state-dependent inertia tensors (or mass tensors) [32]. The generalized inertia operator reads

J ∶=
⎡

⎢

⎢

⎣

𝜎(𝐽𝑆𝑆 ∙) 𝜎(𝐽𝑆𝑌 ∙) 𝜎(𝐽𝑆𝑃 ∙ 𝑅⊤
𝑌 )

𝜎𝑌 (𝐽𝑌 𝑆 ∙) 𝜎𝑌 (𝐽𝑌 𝑌 ∙) 𝜎𝑌 (𝐽𝑌 𝑃 ∙ 𝑅⊤
𝑌 )

𝜎𝑃 (𝐽𝑃𝑆 ∙ 𝑅𝑌 ) 𝜎𝑃 (𝐽𝑃𝑌 ∙ 𝑅𝑌 ) 𝜎𝑃 (𝐽𝑃𝑃 ∙)

⎤

⎥

⎥

⎦

, (98)

where the bullet ∙ denotes a placeholder for the corresponding angular velocity. The state-dependent inertia matrices in (98) take the expressions

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝐽𝑆𝑆 ∶= 𝑚𝑅𝑟2𝛾𝛾⊤ + 𝐽𝑆 + 𝑅𝑌 𝐽𝑌𝑅⊤
𝑌 + 𝑅𝑌𝑅𝑃 𝐽𝑃𝑅⊤

𝑃𝑅
⊤
𝑌 + 𝑚𝑃 𝑟(𝛾𝑐⊤𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 + 𝑅𝑌𝑅𝑃 𝑐𝑃 𝛾⊤),

𝐽𝑆𝑌 ∶= 𝑅𝑌 𝐽𝑌𝑅⊤
𝑌 + 𝑅𝑌𝑅𝑃 𝐽𝑃𝑅⊤

𝑃𝑅
⊤
𝑌 + 𝑚𝑃 𝑟𝛾𝑐⊤𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 ,

𝐽𝑆𝑃 ∶= (𝑅𝑌𝑅𝑃 𝐽𝑃 + 𝑚𝑃 𝑟𝛾𝑐⊤𝑃 )𝑅
⊤
𝑃 ,

𝐽𝑌 𝑆 ∶= 𝐽⊤
𝑆𝑌 ,

𝐽𝑌 𝑌 ∶= 𝑅𝑌 (𝐽𝑌 + 𝑅𝑃 𝐽𝑃𝑅⊤
𝑃 )𝑅

⊤
𝑌 ,

𝐽𝑌 𝑃 ∶= 𝑅𝑌𝑅𝑃 𝐽𝑃𝑅⊤
𝑃 ,

𝐽𝑃𝑆 ∶= 𝐽⊤
𝑆𝑃 ,

𝐽𝑃𝑌 ∶= 𝐽⊤
𝑌 𝑃 ,

𝐽𝑃𝑃 ∶= 𝑅𝑃 𝐽𝑃𝑅⊤
𝑃 .

(99)

The above inertia matrices present a number of repeated terms: such redundancy may be exploited to simplify their expressions and their calculation
on a computing platform.

The generalized inertia operator J enjoys an important property, as shown in the following.

Lemma 1. The generalized inertia operator J is positive-definite over the space so(3).

Proof. The reduced-constrained kinetic energy of the spherical robot reads

𝑘𝑐 ∶= 1
2
𝑚𝑅𝑟

2tr(𝛺𝑆𝛾𝛾
⊤𝛺⊤

𝑆 ) +
1
2
tr(𝛺𝑆𝐽𝑆𝛺

⊤
𝑆 ) +

1
2
tr((𝛺𝑌 +𝛺𝑆 )𝑅𝑌 𝐽𝑌𝑅

⊤
𝑌 (𝛺𝑌 +𝛺𝑆 )⊤)

+ 𝑚𝑃 𝑟𝛾
⊤𝛺⊤

𝑆 (𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅
⊤
𝑌 )𝑅𝑌𝑅𝑃 𝑐𝑃

+ 1
2
tr((𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 )(𝑅𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 )(𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 )

⊤).

(100)

ince it is defined as a sum of three non-negative quadratic forms, it is a positive function except when 𝛺𝑆 = 𝛺𝑌 = 𝛺𝑃 = 0. On the other side, it
s easy to verify directly that

𝑘𝑐 =
1
2 tr(𝛺

⊤J𝛺), (101)

hence the assertion follows. □

The Euler–Poincaré equations in (85) are based on the time-derivative of such generalized momenta, namely d𝛬𝑆
d𝑡 , d𝛬𝑌

d𝑡 and d𝛬𝑃
d𝑡 . On the basis

of the expressions (97), we can make use of the compact expression

⎡

⎢

⎢

⎣

𝛬̇𝑆
𝛬̇𝑌
𝛬̇𝑃

⎤

⎥

⎥

⎦

= J
⎡

⎢

⎢

⎣

𝛺̇𝑆
𝛺̇𝑌
𝛺̇𝑃

⎤

⎥

⎥

⎦

+ J̇
⎡

⎢

⎢

⎣

𝛺𝑆
𝛺𝑌
𝛺𝑃

⎤

⎥

⎥

⎦

, (102)

which resembles the second equation of dynamics of newton that relates the rate of change of the angular momentum to the applied torque in the
case of a multi-body object with variable inertia. The time-derivative of the generalized inertia operator reads

J̇ =
⎡

⎢

⎢

⎣

𝜎(𝐽̇𝑆𝑆 ∙) 𝜎(𝐽̇𝑆𝑌 ∙) 𝜎(𝐽̇𝑆𝑃 ∙ 𝑅⊤
𝑌 + 𝐽𝑆𝑃 ∙ 𝑅̇⊤

𝑌 )
𝜎𝑌 (𝐽̇𝑌 𝑆 ∙) 𝜎𝑌 (𝐽̇𝑌 𝑌 ∙) 𝜎𝑌 (𝐽̇𝑌 𝑃 ∙ 𝑅⊤

𝑌 + 𝐽𝑌 𝑃 ∙ 𝑅̇⊤
𝑌 )

𝜎𝑃 (𝐽̇𝑃𝑆 ∙ 𝑅𝑌 + 𝐽𝑃𝑆 ∙ 𝑅̇𝑌 ) 𝜎𝑃 (𝐽̇𝑃𝑌 ∙ 𝑅𝑌 + 𝐽𝑃𝑌 ∙ 𝑅̇𝑌 ) 𝜎𝑃 (𝐽̇𝑃𝑃 ∙)

⎤

⎥

⎥

⎦

. (103)

The time-derivative of the variable inertia coefficients are evaluated on the basis of their definitions (99). For example, we have

𝐽̇𝑃𝑃 = 𝑅̇𝑃 𝐽𝑃𝑅
⊤
𝑃 + 𝑅𝑃 𝐽𝑃 𝑅̇

⊤
𝑃 = 𝑅𝑃 (𝛺𝑃 𝐽𝑃 − 𝐽𝑃𝛺𝑃 )𝑅⊤

𝑃 . (104)

As opposed to the inertia operator J, its time derivative J̇ is not linear in the angular velocity matrices.
By virtue of Lemma 1, the generalized inertia operator is invertible. From the expression (102), by inversion it is possible to determine the

angular accelerations 𝛺̇𝑆 , 𝛺̇𝑌 and 𝛺̇𝑃 as

⎡

⎢

⎢

⎣

𝛺̇𝑆
𝛺̇𝑌
𝛺̇𝑃

⎤

⎥

⎥

⎦

= J−1

⎧

⎪

⎪

⎨

⎪

⎪

⎩

⎡

⎢

⎢

⎢

⎢

⎢

⎣

ad⋆𝛺𝑆

(

𝜕𝓁𝑐
𝜕𝛺𝑆

)

− 𝛾 ⋄ 𝜕𝓁
𝜕𝛾
|

|

|𝑣=𝑟𝛺𝑆 𝛾
+ 𝑟 𝛾̇ ⋄ 𝜕𝓁

𝜕𝑣
|

|

|𝑣=𝑟𝛺𝑆 𝛾
− 𝑘𝑆 𝛺𝑆

𝜎𝑌
(

𝑅⊤
𝑌

𝜕𝓁𝑐
𝜕𝑅𝑌

)

+ 𝜏𝑌 − 𝑘𝑌 𝛺𝑌

𝜎𝑃
(

𝑅⊤
𝑃

𝜕𝓁𝑐
𝜕𝑅𝑃

)

+ 𝜏𝑃 − 𝑘𝑃 𝛺𝑃

⎤

⎥

⎥

⎥

⎥

⎥

⎦

− J̇
⎡

⎢

⎢

⎣

𝛺𝑆
𝛺𝑌
𝛺𝑃

⎤

⎥

⎥

⎦

⎫

⎪

⎪

⎬

⎪

⎪

⎭

, (105)

from which the values of the angular velocities may be determined by numerical integration. Since the operator J is linear in its three so(3)-valued
arguments, the inverse operator J−1 may be computed by linear algebra tools, as detailed in Appendix C.
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4.3. Configurations of equilibrium

Any configuration at equilibrium is characterized by null angular velocities, namely 𝛺𝑆 = 𝛺𝑌 = 𝛺𝑃 = 0, and angular accelerations
𝛺̇𝑆 = 𝛺̇𝑌 = 𝛺̇𝑃 = 0 and constant holding torques 𝜏𝑌 , 𝜏𝑃 . Under these conditions, the equations of motion (85) become

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝛾 ⋄ 𝜕𝓁
𝜕𝛾
|

|

|𝑣=𝑟𝛺𝑆 𝛾
= 0,

𝜎𝑌
(

𝑅⊤
𝑌

𝜕𝓁𝑐
𝜕𝑅𝑌

)

+ 𝜏𝑌 = 0,

𝜎𝑃
(

𝑅⊤
𝑃

𝜕𝓁𝑐
𝜕𝑅𝑃

)

+ 𝜏𝑃 = 0.

(106)

In particular, the first equation takes the explicit form

𝜎(𝑅⊤
𝑆𝑒𝑧𝑒

⊤
𝑧𝑅

⊤
𝑃𝑅

⊤
𝑌 ) = 0. (107)

Such equations admit two solutions, namely

𝑅𝑆𝑅𝑌𝑅𝑃 𝑒𝑧 = ±𝑒𝑧. (108)

The left-hand side of the above relation represents the direction of the pendulum shaft as seen from the inertial reference system, therefore the
interpretation of the above equation is that there exist two points of equilibrium, one corresponding to the pendulum pointing downward in the
direction of gravity, and one parallel to gravity albeit pointing upward.

The first equation in (106) implies the latter two and from the second and third expressions of such system it follows that equilibrium requires
zero holding torques.

5. Numerical simulations

In order to be able to perform numerical simulations on the devised mathematical model, it is necessary to put into effect a numerical scheme
suitable to keep unaltered the structure of the involved variables, with special reference to the attitude-indicator matrices 𝑅𝑆 , 𝑅𝑌 and 𝑅𝑃 .

A large number of scientific problems are most naturally described by systems of first-order differential and algebraic equations. Numerical
ethods for solving initial value problems are extremely important, because analytic solutions exist only in very special cases (e.g., for linear

quations, exact equations, non-exact equations with integrating factors, and equations that are homogeneous of degree 0). Any first-order initial
alue problem can be solved (or ‘‘integrated’’) numerically by discretizing the interval of integration into a number of sub-intervals, either with
qually or non-equally distributed grid points. As the integration advances, the numerical solutions at the grid points are approximated.

In recent years, it has come to the attention of researchers in applied sciences and engineering how classical numerical methods, designed
o solve initial value problems on R𝑛 are unsuitable to solve differential equations formulated on differentiable manifolds. These differential

equations compactly represent large systems of mixed non-linear differential/algebraic equations, where the algebraic sub-equations carry on mutual
constraints among the variables.

Section 5.1 provides some details on numerical integration schemes suitable for the present endeavor. Section 5.2 summarizes the values of the
parameters employed in the numerical simulations whose results are illustrated in Section 5.3. In particular, the present section displays results of
simple numerical simulations that were carried out without a specific goal and a specific guidance algorithm, namely, regardless of a controller
design that would be out of scope in the context of the present endeavor.

5.1. Numerical schemes to integrate the differential equations of the mathematical model

For numerical simulation purposes, it is convenient to cast the equations of motion, as derived in Sections 3 and 4, in the following form

⎧

⎪

⎨

⎪

⎩

𝛺̇𝑆 = 𝐸𝑆 , 𝛺̇𝑌 = 𝐸𝑌 , 𝛺̇𝑃 = 𝐸𝑃 ,
𝑅̇𝑆 = 𝑅𝑆𝛺𝑆 , 𝑅̇𝑌 = 𝑅𝑌𝛺𝑌 , 𝑅̇𝑃 = 𝑅𝑃𝛺𝑃 ,
𝑞̇ = 𝑟𝑅𝑆𝛺𝑆𝑅⊤

𝑆𝑒𝑧,

(109)

where we have defined

⎡

⎢

⎢

⎣

𝐸𝑆
𝐸𝑌
𝐸𝑃

⎤

⎥

⎥

⎦

∶= J−1

⎧

⎪

⎪

⎨

⎪

⎪

⎩

⎡

⎢

⎢

⎢

⎢

⎢

⎣

ad⋆𝛺𝑆

(

𝜕𝓁𝑐
𝜕𝛺𝑆

)

− (𝑅⊤
𝑆𝑒𝑧) ⋄

𝜕𝓁
𝜕𝛾
|

|

|𝑣=𝑟𝛺𝑆𝑅⊤
𝑆 𝑒𝑧

− 𝑟 (𝛺𝑆𝑅⊤
𝑆𝑒𝑧) ⋄

𝜕𝓁
𝜕𝑣
|

|

|𝑣=𝑟𝛺𝑆 𝛾
− 𝑘𝑆 𝛺𝑆

𝜎𝑌
(

𝑅⊤
𝑌

𝜕𝓁𝑐
𝜕𝑅𝑌

)

+ 𝜏𝑌 − 𝑘𝑌 𝛺𝑌

𝜎𝑃
(

𝑅⊤
𝑃

𝜕𝓁𝑐
𝜕𝑅𝑃

)

+ 𝜏𝑃 − 𝑘𝑃 𝛺𝑃

⎤

⎥

⎥

⎥

⎥

⎥

⎦

− J̇
⎡

⎢

⎢

⎣

𝛺𝑆
𝛺𝑌
𝛺𝑃

⎤

⎥

⎥

⎦

⎫

⎪

⎪

⎬

⎪

⎪

⎭

(110)

for convenience. The quantities 𝛺𝑆 (0), 𝛺𝑌 (0), 𝛺𝑃 (0), 𝑅𝑆 (0), 𝑅𝑌 (0), 𝑅𝑃 (0) and 𝑞(0) are supposed to be known from the initial conditions and the
functions 𝜏𝑌 and 𝜏𝑃 are supposed to be either fixed or calculated through a control algorithm. In the latter case, the input variables may be functions
of the state variables, notably the attitude matrices and the position vector.

By solving the above seven Eqs. (109) numerically it is possible to determine the four functions of time 𝑅𝑆 , 𝑞, 𝑅𝑌 and 𝑅𝑃 that afford visualizing
the behavior of the spherical robot both statically and dynamically. The first step to proceed on a numerical simulation is to time-discretize the
seven variables, which are functions of time, by a sampling interval 𝑇 > 0. The second step consists in writing discrete-time counterparts of the
seven equations of motion in (109).

The first, second, third and seventh equations in (109) are based on vector spaces so(3) and R3, therefore the related numerical iteration method
may be chosen in the realm of standard numerical recipes such as Euler or Runge–Kutta. The fourth, fifth and sixth equations, on the other hand,
are based on the curved space SO(3) and cannot be solved through standard recipes. It is rather necessary to invoke special methods as explained,
17
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All in one, we used the following stepping rules

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝛺𝑆 ← 𝛺𝑆 + 𝑇 𝐸𝑆 ,
𝛺𝑌 ← 𝛺𝑌 + 𝑇 𝐸𝑌 ,
𝛺𝑃 ← 𝛺𝑃 + 𝑇 𝐸𝑃 ,
𝑞 ← 𝑞 + 𝑟 𝑇 𝑅𝑆 𝛺𝑆 𝑅⊤

𝑆 𝑒𝑧,
𝑅𝑆 ← 𝑅𝑆 Exp(𝑇 𝛺𝑆 ),
𝑅𝑌 ← 𝑅𝑌 Exp(𝑇 𝛺𝑌 ),
𝑅𝑃 ← 𝑅𝑃 Exp(𝑇 𝛺𝑃 ),

(111)

to be repeated over a number 𝑁 > 0 of iterations. (The total duration of a numerical simulation, in terms of proper robot time, is 𝑁 ⋅𝑇 seconds.) In
the above relations, the symbol ‘Exp’ denotes matrix exponential. Depending on the computing platform/development language of choice, matrix
exponential may be computed by some sort of approximation (see, e.g., the function ‘expm’ in MATLAB) or even by closed-form matrix-type
polynomials [29].

5.2. Values of the parameters involved in the mathematical model of the spherical robot

The mathematical model of the studied spherical robot comprises a number of parameters that quantify its mechanical and geometrical
characteristics. The weight and size of a spherical robot made by a thin spherical shell, a yoke, and a pendulum would depend on several factors,
such as the materials used, the size of the spherical shell, the weight of the yoke and pendulum, and the intended purpose of the robot.

We shall assume that the robot is designed for general-purpose use. The size of the spherical shell depends on the desired range of motion and
the size of the components that need to be housed inside. The weight of the yoke and pendulum would depend on the size of the spherical shell
and the amount of weight needed to provide the desired level of stability and control. A heavier pendulum would provide greater stability but
would also increase the weight of the robot, while a heavier yoke would increase forward rolling speed by momentum transfer.

We shall break down the set of parameters as follows (all parameters values are expressed in International System units):

• Parameters of the spherical shell. We shall consider a thin shell of radius 𝑟 = 0.3 m. If we assume a very thin spherical shell, then a mass
of around 1 kg for the shell alone could be plausible. However, it is important to note that a very thin shell may not be very durable or
provide much protection to the internal components of the robot, so the specific design and intended use of the robot would need to be taken
into consideration. Therefore, we shall take a value 𝑚𝑆 = 2 kg, which corresponds roughly to a thickness of 5 mm and to the mass density of
expanded polystyrene foam or certain types of low-density polyethylene. To what concerns the coefficient of friction for the shell, we deemed
appropriate to choose the value 𝑘𝑆 = 0.08 N m s/rad.

• Parameters of the yoke. The size and mass of the metal yoke would depend on the specific requirements and constraints of the robot design.
A plausible design is that of a rectangular yoke with a width 𝑏 = 0.2 m, a length ℎ = 0.5 m, which could fit inside the spherical shell with
enough clearance for the pendulum and other components. The yoke is assumed to be quite heavy, to allow for a reasonable speed of the
robot. The single-rod masses are 𝑚𝑏 = 2 kg and 𝑚ℎ = 5 kg. To what concerns the coefficient of friction, in this case we deemed appropriate
to choose the value 𝑘𝑌 = 0.02 N m s/rad.

• Parameters of the pendulum: The length and mass of the pendulum would depend on the specific design requirements of the robot, such
as its overall size and weight. If the pendulum is meant to serve as a stabilization mechanism for the robot, a longer and heavier pendulum
would provide better stabilization. However, a longer pendulum would require more space inside the spherical shell, while a heavier pendulum
would increase the overall weight of the robot. We selected a length 𝑙 = 0.2 m and a mass 𝑚𝑃 = 1 kg. To what concerns the coefficient of
friction for the pendulum, we deemed appropriate to choose the value 𝑘𝑃 = 0.05 N m s/rad.

• Gravitational acceleration. The value of the gravitational acceleration pulling on the robot depends on the location where it is meant to be
deployed. Assuming that its location is on Earth’s surface, we may assume a value 𝑔 = 9.81 m∕s2. If the spherical robot is dispatched to another
location such as the Moon or Mars, the gravitational acceleration acting on the robot would be different than on Earth. (On the Moon, the
gravitational acceleration is much weaker than on Earth, approximately 1.62 m∕s2, which is about 1

6 th of Earth’s gravitational acceleration.
On Mars, the gravitational acceleration is also weaker than on Earth, but not as much as on the Moon, with a value of approximately 3.71
m∕s2.)

These values are sufficient to evaluate all the remaining constant parameters to be plug into the equations of motion.
Other values of interest for consistency check are the maximum torques provided by the electrical direct-current (DC) motors connected to the

yoke and to the pendulum. The maximum torque of a DC motor is typically specified by the manufacturer and depends on factors such as the
design of the motor, the winding characteristics as well as the operating voltage.

For a spherical robot like the one considered in the present research paper, a DC motor connected to the yoke with a maximum torque rating
of around 0.5 to 2 N m could be sufficient for basic locomotion. However, for more demanding tasks, such as climbing inclines or dragging heavy
payloads, a motor with a higher torque rating would be necessary.

A DC motor can be used to provide torque to a pendulum system in different ways, such as to provide an initial displacement, to control the
amplitude of the oscillation, or to control the frequency of the oscillation. Assuming that the pendulum in the spherical robot is not intended to
oscillate and is only used as a passive stabilizing mechanism, the use of a DC motor in this context may not be necessary. However, if a DC motor
is used to control the position or orientation of the pendulum, its maximum torque would depend on the specific requirements of its application. In
particular, if a motor is used to rotate the entire spherical robot, the maximum torque required would depend on the mass and moment of inertia
of the entire system, as well as the desired angular acceleration and speed.

Since the two DC motors need to be mounted inside the robot’s hull, their weight an location would change the overall mass distribution and
hence the overall inertia tensors. The mass of a DC motor depends on various factors such as the motor size, power rating, construction materials,
and manufacturing quality. For small DC motors, such as those used in hobbyist robotics or small-scale industrial applications, the mass can be in
the range of a few tens to a few hundreds of grams. In control design, such extras may be taken into account by introducing additional terms in
the equations representing errors and nuisances.
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Fig. 2. Results of the experiment obtained with motors off, zero initial speeds, yoke initially at rest and pendulum shaft initially inclined: trajectory of the robot. The open circle
denotes the starting point of the trajectory.

Fig. 3. Results of the experiment obtained with motors off, zero initial speeds, yoke initially at rest and pendulum shaft initially inclined: relative inclinations of the internal
elements.

5.3. Results of numerical simulations

In the present section, we shall illustrate a few basic features of the devised model through three simulations whose results coincide to one’s
intuition. In all simulations, the sample interval was set as 𝑇 = 0.01 s and the initial location of the robot was set as 𝑞(0) = [0 0 𝑟]⊤.

5.3.1. Simulation with zero torque, zero initial speeds and initially tilted pendulum shaft
In this simulation, the torques 𝜏𝑃 and 𝜏𝑌 applied by the two DC motors to the pendulum shaft and to the yoke were set to zero. The initial

angular velocities 𝛺𝑆 (0), 𝛺𝑌 (0) and 𝛺𝑃 (0) were set to zero as well. The initial attitude of the yoke 𝑅𝑌 (0) and of the spherical shell 𝑅𝑆 (0) were set
to the identity 𝐼3, while the initial attitude 𝑅𝑃 (0) of the pendulum shaft was set to represent an initial condition where the shaft of the pendulum
forms an angle of 𝜋

3 to the vertical axis −𝑒𝑧.
Given this initial condition, the yoke will stay horizontal (with respect to the equatorial plane of the shell) while the pendulum will swing

sideways, due to the force the gravity exerts on its center of mass, until coming to a rest due to energy dissipation caused by friction. As a reaction,
the spherical robot will roll sideways. The trajectory of the center of mass of the robot – projected on the 𝑧 = 0 plane – is illustrated in Fig. 2. The
simulated dynamics results in no motion along the 𝑦 axis and in a motion of a few centimeters along the 𝑥 axis. No large sideways motion should
be expected since the functions of the counter-weight pendulum are essentially stabilization and steering.

In this experiment, the number of numerical steps was set to 𝑁 = 10,000, hence the total duration of the experiment is 𝑁 ⋅ 𝑇 = 100 s. The
inclination of the yoke and of the pendulum shaft are illustrated in Fig. 3. The yoke stays still, while the pendulum shaft oscillates slightly until
coming to a rest (vertical) position. Due to the difference in inertia between the shell, the yoke and the pendulum, the swinging motion of the
latter eventually results in a net motion of the robot along the 𝑥 axis by way of momentum transfer.
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Fig. 4. Results of the experiment obtained with motors off, zero initial speeds, yoke initially inclined and pendulum shaft initially at rest: trajectory of the robot. The open circle
denotes the starting point of the trajectory.

5.3.2. Simulation with zero torque, zero initial speeds and yoke frame initially tilted
In this simulation, again the mechanical torques 𝜏𝑃 and 𝜏𝑌 applied by the two DC motors to the pendulum shaft and to the yoke frame were

again set to zero and the initial angular velocities 𝛺𝑆 (0), 𝛺𝑌 (0) and 𝛺𝑃 (0) were set to zero as well. The initial attitude of the yoke 𝑅𝑌 (0) was set
to represent an initial condition where the frame of the yoke forms an angle of 𝜋

4 to the horizon, while the initial attitude of the pendulum 𝑅𝑃 (0)
and of the spherical hull were set to the identity 𝐼3, which corresponds to a pendulum initially at rest.

On the basis of such initial conditions, the shaft of the pendulum will not be swinging sideways throughout the whole simulation, while the
yoke–pendulum system will swing forth and back, due to the force the gravity exerts on the pendulum, until coming to a rest due to energy
dissipation caused by friction. As a reaction, the spherical robot will roll about the 𝑥 axis on an oscillatory motion. The trajectory of the robot is
illustrated in Fig. 4. The simulated dynamics results in no motion along the 𝑥 axis and in a motion of a few centimeters along the 𝑦 axis.

In this experiment, the number of numerical steps was set to 𝑁 = 5000. The inclination of the yoke frame and of the pendulum shaft during the
simulated experiment are illustrated in Fig. 5. The pendulum shaft stays still (in its own reference system), while the yoke frame oscillates until
coming to a rest (horizontal) attitude. The swinging motion of the yoke–pendulum system results in a net motion of the robot along the 𝑦 axis.
Even though the motion appears steady, it is in fact slightly oscillatory.

5.3.3. Simulation with zero initial speeds, yoke and pendulum at rest, piece-wise constant torques
In the present last experiment, the yoke as well as the pendulum are initially at rest. From 𝑡 = 0 to 𝑡 = 0.8 s the motor connected to the yoke

exerts a constant torque of magnitude 0.05 N and then the motor goes off. As a result, the robot is supposed to roll along a straight path parallel
to the 𝑦 axis of the inertial reference system E. From 𝑡 = 1.6 s to 𝑡 = 1.8 s, the motor connected to the pendulum is activated to exert a torque
𝜏𝑃 = −0.05𝛴𝑃 N and then goes off. From 𝑡 = 2.5 s to 𝑡 = 3.0 s, the DC motor connected to the yoke is activated again to exert a torque of −0.05 N.
From 𝑡 = 3.4 s to 𝑡 = 4.5 s, the DC motor connected to the pendulum is activated for the last time to exert a torque of 0.05 N.

In this experiment, the number of numerical steps was set again to 𝑁 = 10,000. The expectations on the motion of the robot are confirmed by
the graphs shown in Fig. 6, which show a ‘𝛤 -shaped’ trajectory.

The Fig. 7 illustrates the inclination angles of the pendulum shaft and of the yoke frame as simulated numerically. The chosen overall time-
frame of 100 s is sufficient to observe the whole dynamics. The net effect of the complex swinging motion of the yoke and of the pendulum along
orthogonal axes is to cause locomotion, even though, in normal operations, locomotion is essentially obtained by swinging the yoke, while the
pendulum is used to change direction and to stabilize the motion of the robot by lowering its center of mass.

6. Conclusion

Spherical robots have come a long way from their theoretical beginnings to becoming practical devices with a wide range of potential
applications. Their development continues to be an area of research and innovation in the field of robotics.

In the present paper, we have recalled the formulation of non-conservative system dynamics through the non-holonomic Lagrange–d’Alembert
principle for systems on manifolds and the generalized Euler–Poincaré (non-pure) form of the system equation on Lie groups. Such general
formulation was applied to model a complex spherical robot actuated internally by a yoke frame and by a counter-weight pendulum.

Since the modeled robot was supposed to roll without slipping (on a horizontal surface), the locomotion of the robot is entirely due to its
rolling motion, which casts a non-holonomic constraint on the associated phase space. The existence of such constraint affects the derivation of
the equations of motion in a non-trivial way that was properly accounted for.
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Fig. 5. Results of the experiment obtained with motors off, zero initial speeds, yoke initially inclined and pendulum shaft initially at rest: absolute inclinations (with respect to
the inertial reference system).

Fig. 6. Results of the experiment obtained with zero initial speeds, yoke and pendulum at rest, piece-wise constant torques: trajectory of the robot. The open circle denotes the
starting point of the trajectory.

The outcome of such modeling endeavor is a set of equations, subdivided into Euler–Poincaré-type, reconstruction-type and advection type,
which govern the evolution of the matrix–vector-type variables that describe the dynamics of the spherical robot. A distinguishing feature of the
present endeavor is that no special coordinates were introduced to represent the position nor the attitude of the robot. Coordinates for such kinds
of complex systems are non-universal and may prove quite difficult to get acquainted with [25,26].

In the present endeavor, we dealt with a problem of a complicated nonholonomic dynamic system modeling using Lie-group background.
Contact between a moving body and a supporting surface was considered without a slipping possibility. Numerical experiments were carried out
by a forward Euler method on manifold to integrate the equations of motion. A special integration rule, based on the exponential map, was invoked
to integrate the reconstruction equations for the attitudinal variables of the three rotating components of the robot.

The potential of the recalled theoretical background appears to be large and paves the way to deeper examination about singular cases and
their stability, existence of bifurcations (local and mainly global) and identification of trajectories with low stability.

The next step in the present endeavor will be to design a Lie-group based control algorithm to activate the actuators to either achieve orientation
tracking or contact-point tracking. Such endeavor will require a specific design effort because of two main difficulties. The first one is that the
21
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Fig. 7. Results of the experiment obtained with zero initial speeds, yoke and pendulum at rest, piece-wise constant torques: relative inclination of the internal elements.

studied robot model is underactuated, since the number of degrees of freedom exceeds the number of actuators, and the control torques do not
influence the rotation speed of the shell directly but only indirectly through the oscillation of the yoke and the swinging of the pendulum. The second
major difficulty is that the mathematical model devised in the present study is inherently non-linear, hence traditional linear control strategies do
not apply.
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Appendix A. Angular momentum due to the ground (non-slip) constraints

Let us define two generalized hull-related angular momenta

𝛬𝑆 ∶=
𝜕𝓁𝑐
𝜕𝛺𝑆

, 𝛬f
𝑆 ∶= 𝜕𝓁

𝜕𝛺𝑆

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾
. (112)

The angular momentum 𝛬𝑆 ∈ so(3) denotes the actual angular momentum of the robot expressed in the shell-fixed reference system, while the
quantity 𝛬f

𝑆 ∈ so(3) represents the ‘free’ angular momentum of the robot, namely, the rotational momentum as if all of a sudden the reaction of
the ground that prevents the hull from slipping would vanish.

According to the Eq. (70), such angular momenta are related by the relationship

𝛬𝑆 = 𝛬f
𝑆 + 𝑟

{

𝛾 ⋄ 𝜕𝓁
𝜕𝑣

|

|

|

|𝑣=𝑟𝛺𝑆 𝛾

}

. (113)

The rightmost term in the above equation may hence be given an interesting interpretation as an angular momenta due to the reaction of the
ground that prevents the contact point to the robot’s hull to slip. As a matter of fact, it takes the form of a cross product between a generalized
linear momentum 𝜕𝓁 |

| and an arm 𝑟𝛾.
22

𝜕𝑣
|𝑣=𝑟𝛺𝑆 𝛾



Robotics and Autonomous Systems 175 (2024) 104660S. Fiori

𝓁

h

The discussed angular momentum 𝛤 ∶= 𝛬𝑆 − 𝛬f
𝑆 due to the non-slip reaction of the ground may be expressed explicitly as

𝛤 = 𝑚𝑅𝑟
2𝜎(𝛾𝛾⊤𝛺𝑆 ) + 𝑚𝑃 𝑟𝜎(𝛾𝑐⊤𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 (𝛺𝑆 +𝛺𝑌 + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 ))

= 𝜎((𝑚𝑅𝑟
2𝛾𝛾⊤ + 𝑚𝑃 𝑟𝜎𝛾𝑐

⊤
𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 )𝛺𝑆 ) + 𝜎(𝑚𝑃 𝑟𝜎𝛾𝑐

⊤
𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌𝛺𝑌 ) + 𝜎(𝑚𝑃 𝑟𝜎𝛾𝑐

⊤
𝑃𝑅

⊤
𝑃𝛺𝑃𝑅𝑌 ).

(114)

It appears as a combination of the angular velocities of each constituent of the robot. The movement of each part of the spherical robot, including
the yoke and the pendulum, may cause the robot to skid if such action is not properly countered by the ground through a constrain reaction. The
time-derivative 𝛤̇ is nothing but a mechanical torque exerted by the ground reaction on the robot’s hull.

Appendix B. Representation in yoke frame

It is possible to regard the reduced-constrained Lagrangian 𝓁𝑐 as a function of Ad𝑅𝑌
(𝛺𝑃 ), considered as a new independent variable, rather than

as a function of the angular velocity matrix 𝛺𝑃 , where the operator Ad𝑅 ∶ so(3) → so(3), for every 𝑅 ∈ SO(3), is defined as in (4).
The new Lagrangian function is defined in an implicit manner as

𝓁𝑐 (𝛾, 𝑅𝑌 , 𝑅𝑃 , 𝛺𝑆 , 𝛺𝑌 ,Ad𝑅𝑌
(𝛺𝑃 )) ∶= 𝓁𝑐 (𝛾, 𝑅𝑌 , 𝑅𝑃 , 𝛺𝑆 , 𝛺𝑌 , 𝛺𝑃 ). (115)

As a consequence, it is possible to express the fiber derivative 𝜕𝓁𝑐
𝜕𝛺𝑃

in terms of the fiber derivative 𝜕𝓁𝑐
𝜕Ad𝑅𝑌 (𝛺𝑃 )

. In fact, recalling that 𝓁𝑐 =

𝑐 (𝛾, 𝑅𝑌 , 𝑅𝑃 , 𝛺𝑆 , 𝛺𝑌 , 𝛺𝑃 ), we see that

𝓁𝑐 (⋆,𝑅𝑌 , ⋆, ⋆, ⋆,𝛺𝑃 + 𝛥𝛺𝑃 ) = 𝓁𝑐 (⋆,𝑅𝑌 , ⋆, ⋆, ⋆,𝑅𝑌𝛺𝑃𝑅
⊤
𝑌 + 𝑅𝑌 𝛥𝛺𝑃𝑅

⊤
𝑌 )

= 𝓁𝑐 (⋆,𝑅𝑌 , ⋆, ⋆, ⋆,𝛺𝑃 ) +

⟨

𝜕𝓁𝑐
𝜕Ad𝑅𝑌

(𝛺𝑃 )
, 𝑅𝑌 𝛥𝛺𝑃𝑅

⊤
𝑌

⟩so(3)

+

O(𝛥𝛺𝑃 )

= 𝓁𝑐 (⋆,𝑅𝑌 , ⋆, ⋆, ⋆,𝛺𝑃 ) +

⟨

𝑅⊤
𝑌

𝜕𝓁𝑐
𝜕Ad𝑅𝑌

(𝛺𝑃 )
𝑅𝑌 , 𝛥𝛺𝑃

⟩so(3)

+

O(𝛥𝛺𝑃 ).

(116)

Therefore, we have that

𝜕𝓁𝑐
𝜕𝛺𝑃

= 𝜎𝑃

{

𝑅⊤
𝑌

𝜕𝓁𝑐
𝜕Ad𝑅𝑌

(𝛺𝑃 )
𝑅𝑌

}

= 𝜎𝑃

{

Ad⋆𝑅𝑌

(

𝜕𝓁𝑐
𝜕Ad𝑅𝑌

(𝛺𝑃 )

)}

, (117)

where Ad⋆ denotes the dual of the operator Ad with respect to the metric ⟨⋆,⋆⟩so(3). We notice at this point that, while 𝛺𝑃 ∈ span{𝛴𝑃 } ⊂ so(3), it
olds

𝜕𝓁𝑐
𝜕Ad𝑅𝑌

(𝛺𝑃 )
∈ span{𝛴𝑃 , 𝛴𝐶} ⊂ so(3). (118)

The explicit expression of the new reduced-constrained Lagrangian in the yoke reference system reads

𝓁𝑐 (𝛾, 𝑅𝑌 , 𝑅𝑃 , 𝛺𝑆 , 𝛺𝑌 , 𝛺̄𝑃 ) =
1
2
𝑚𝑅𝑟

2tr(𝛺𝑆𝛾𝛾
⊤𝛺⊤

𝑆 ) +
1
2
tr(𝛺𝑆𝐽𝑅𝛺

⊤
𝑆 )

+ 1
2
tr((𝛺𝑌 +𝛺𝑆 )𝑅𝑌 𝐽𝑌𝑅

⊤
𝑌 (𝛺𝑌 +𝛺𝑆 )⊤)

+ 𝑚𝑃 𝑟𝛾
⊤𝛺⊤

𝑆 (𝛺𝑆 +𝛺𝑌 + 𝛺̄𝑃 )𝑅𝑌𝑅𝑃 𝑐𝑃

+ 1
2
tr{(𝛺𝑆 +𝛺𝑌 + 𝛺̄𝑃 )(𝑅𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 )(𝛺𝑆 +𝛺𝑌 + 𝛺̄𝑃 )⊤}

− 𝑚𝑃 𝑔𝛾
⊤𝑅𝑌𝑅𝑃 𝑐𝑃 + constant,

(119)

where the last addendum denotes again an unessential constant term.
In this representation, the linear combination of the matrices 𝛺𝑆 , 𝛺𝑌 and Ad𝑅𝑌

(𝛺𝑃 ) is more involved than in the previous expressions. For this
reason, it might be convenient to compute the fiber derivative 𝜕𝓁𝑐

𝜕Ad𝑅𝑌 (𝛺𝑃 )
.

The term Ad𝑅𝑌
(𝛺𝑃 ) is an element of the algebra so(3) and belongs to a subspace spanned by the generators 𝛴𝑃 and 𝛴𝐶 . Let us introduce the

operator 𝜎̄𝑃 that projects any 3 × 3 matrix into span{𝛴𝑃 , 𝛴𝐶}. The fiber derivative of the Lagrangian (119) takes the form

𝜕𝓁𝑐
𝜕Ad𝑅𝑌 (𝛺𝑃 )

= 𝜎̄𝑃 {(𝑅𝑌𝑅𝑃 𝐽𝑃𝑅
⊤
𝑃𝑅

⊤
𝑌 + 𝑚𝑃 𝑟𝑅𝑌𝑅𝑃 𝑐𝑃 𝛾

⊤)𝛺𝑆+

(𝑅𝑌𝑅𝑃 𝐽𝑃𝑅
⊤
𝑃𝑅

⊤
𝑌 )𝛺𝑌 + (𝑅𝑌𝑅𝑃 𝐽𝑃𝑅

⊤
𝑃𝑅

⊤
𝑌 )Ad𝑅𝑌

(𝛺𝑃 )}.
(120)

The terms involved in the fiber derivatives recast as

⎧

⎪

⎪

⎨

⎪

⎪

𝜕𝓁𝑐
𝜕𝛺𝑆

= 𝜎(𝑀𝑆𝑆𝛺𝑆 +𝑀𝑆𝑌𝛺𝑌 +𝑀𝑆𝑃 𝛺̄𝑃 ),
𝜕𝓁𝑐
𝜕𝛺𝑌

= 𝜎𝑌 (𝑀𝑌 𝑆𝛺𝑆 +𝑀𝑌 𝑌𝛺𝑌 +𝑀𝑌 𝑃 𝛺̄𝑃 ),

𝜕𝓁𝑐 = 𝜎̄ (𝑀 𝛺 +𝑀 𝛺 +𝑀 𝛺̄ ),

(121)
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where we have defined matrices
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝛺̄𝑃 ∶= Ad𝑅𝑌
(𝛺𝑃 ),

𝑀𝑆𝑆 ∶= 𝑚𝑅𝑟2𝛾𝛾⊤ + 𝐽𝑆 + 𝑅𝑌 𝐽𝑌𝑅⊤
𝑌 + 𝑅𝑌𝑅𝑃 𝐽𝑃𝑅⊤

𝑃𝑅
⊤
𝑌 + 𝑚𝑃 𝑟(𝛾𝜉⊤ + 𝜉𝛾⊤),

𝑀𝑆𝑌 ∶= 𝑅𝑌 𝐽𝑌𝑅⊤
𝑌 + 𝑅𝑌𝑅𝑃 𝐽𝑃𝑅⊤

𝑃𝑅
⊤
𝑌 + 𝑚𝑃 𝑟𝛾𝜉⊤ =∶ 𝑀⊤

𝑌 𝑆 ,
𝑀𝑆𝑃 ∶= 𝑅𝑌𝑅𝑃 𝐽𝑃𝑅⊤

𝑃𝑅
⊤
𝑌 + 𝑚𝑃 𝑟𝛾𝜉⊤ =∶ 𝑀⊤

𝑃𝑆 ,
𝑀𝑌 𝑌 ∶= 𝑅𝑌 𝐽𝑌𝑅⊤

𝑌 + 𝑅𝑌𝑅𝑃 𝐽𝑃𝑅⊤
𝑃𝑅

⊤
𝑌 ,

𝑀𝑌 𝑃 ∶= 𝑅𝑌𝑅𝑃 𝐽𝑃𝑅⊤
𝑃𝑅

⊤
𝑌 =∶ 𝑀𝑃𝑌 =∶ 𝑀𝑃𝑃 ,

(122)

which denote generalized, attitude-dependent, coefficients of inertia.
As a side note, the Lagrangian 𝓁𝑐 is in fact a quadratic form in the variables 𝛺𝑆 , 𝛺𝑌 and 𝛺̄𝑃 , and the above matrices represent the coefficients

of such quadratic form, that may be cast as

𝓁𝑐 =
1
2
tr

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

[

𝛺⊤
𝑆 𝛺⊤

𝑌 𝛺̄⊤
𝑃
]

⎡

⎢

⎢

⎣

𝑀𝑆𝑆 𝑀𝑆𝑌 𝑀𝑆𝑃
𝑀𝑌 𝑆 𝑀𝑌 𝑌 𝑀𝑌 𝑃
𝑀𝑃𝑆 𝑀𝑃𝑌 𝑀𝑃𝑃

⎤

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶𝑆

⎡

⎢

⎢

⎣

𝛺𝑆
𝛺𝑌
𝛺̄𝑃

⎤

⎥

⎥

⎦

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

− 𝑚𝑃 𝑔 tr(𝜉𝛾⊤), (123)

where 𝑆 ∈ R9×9 denotes a generalized inertia matrix and the placeholder 𝜉 was defined in Section 2.6. Analogously, the fiber derivatives in (121)
may be written compactly by introducing a generalized inertia operator M ∶ (so(3))3 → (so(3))3 as

⎡

⎢

⎢

⎢

⎢

⎣

𝜕𝓁𝑐
𝜕𝛺𝑆
𝜕𝓁𝑐
𝜕𝛺𝑌

𝜕𝓁𝑐
𝜕𝛺̄𝑃

⎤

⎥

⎥

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

𝜎(𝑀𝑆𝑆 ∙) 𝜎(𝑀𝑆𝑌 ∙) 𝜎(𝑀𝑆𝑃 ∙)
𝜎𝑌 (𝑀𝑌 𝑆 ∙) 𝜎𝑌 (𝑀𝑌 𝑌 ∙) 𝜎𝑌 (𝑀𝑌 𝑃 ∙)
𝜎̄𝑃 (𝑀𝑃𝑆 ∙) 𝜎̄𝑃 (𝑀𝑃𝑌 ∙) 𝜎̄𝑃 (𝑀𝑃𝑃 ∙)

⎤

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶M

⎡

⎢

⎢

⎣

𝛺𝑆
𝛺𝑌
𝛺̄𝑃

⎤

⎥

⎥

⎦

. (124)

From the expression of ̇̄𝛺𝑃 , it is desirable to infer the angular acceleration 𝛺̇𝑃 from which the value of the angular velocity 𝛺𝑃 may be estimated
numerically as well. To determine such relation, let us recall that 𝛺̄𝑃 = 𝑅𝑌𝛺𝑃𝑅⊤

𝑌 , therefore

̇̄𝛺𝑃 = 𝑅̇𝑌𝛺𝑃𝑅
⊤
𝑌 + 𝑅𝑌 𝛺̇𝑃𝑅

⊤
𝑌 + 𝑅𝑌𝛺𝑃𝑅

⊤
𝑌 ,

= 𝑅𝑌 (𝛺𝑌𝛺𝑃 −𝛺𝑃𝛺𝑌 )𝑅⊤
𝑌 + 𝑅𝑌 𝛺̇𝑃𝑅

⊤
𝑌

=Ad𝑅𝑌
(ad𝛺𝑌

(𝛺𝑃 ) + 𝛺̇𝑃 ).

(125)

The inverse relationship that we were seeking therefore reads

𝛺̇𝑃 = Ad⋆𝑅𝑌
( ̇̄𝛺𝑃 ) + ad⋆𝛺𝑌

(𝛺𝑃 ). (126)

To conclude this appendix, we notice that it is also necessary to express the quantity d
d𝑡

𝜕𝓁𝑐
𝜕𝛺̄𝑃

as a function of d
d𝑡Ad

⋆
𝑅𝑌

(

𝜕𝓁𝑐
𝜕𝛺̄𝑃

)

because the
nstantaneous value of the latter is known from the fifth equation of the system (85). From the given definitions, it holds that

d
d𝑡

(

𝑅⊤
𝑌
𝜕𝓁𝑐
𝜕𝛺̄𝑃

𝑅𝑌

)

= 𝑅̇⊤
𝑌
𝜕𝓁𝑐
𝜕𝛺̄𝑃

𝑅𝑌 + 𝑅⊤
𝑌

(

d
d𝑡

𝜕𝓁𝑐
𝜕𝛺̄𝑃

)

𝑅𝑌 + 𝑅⊤
𝑌

(

𝜕𝓁𝑐
𝜕𝛺̄𝑃

)

𝑅̇𝑌 . (127)

Henceforth,

d
d𝑡
Ad⋆𝑅𝑌

(

𝜕𝓁𝑐
𝜕𝛺̄𝑃

)

= Ad⋆𝑅𝑌

(

d
d𝑡

𝜕𝓁𝑐
𝜕𝛺̄𝑃

+ ad⋆𝛺𝑌

(

𝜕𝓁𝑐
𝜕𝛺̄𝑃

))

. (128)

By inverting such expression, it turns out that

d
d𝑡

𝜕𝓁𝑐
𝜕𝛺̄𝑃

= Ad𝑅𝑌

(

d
d𝑡
Ad⋆𝑅𝑌

(

𝜕𝓁𝑐
𝜕𝛺̄𝑃

)

+ ad𝛺𝑌

(

𝜕𝓁𝑐
𝜕𝛺̄𝑃

))

. (129)

As a result,

d
d𝑡

𝜕𝓁𝑐
𝜕𝛺̄𝑃

= Ad𝑅𝑌

(

ad𝛺𝑌

(

𝜕𝓁𝑐
𝜕𝛺̄𝑃

)

+ 𝜎𝑃

(

𝑅⊤
𝑃
𝜕𝓁𝑐
𝜕𝑅𝑃

)

+ 𝜏𝑃

)

, (130)

which may be plugged into the third relation of (105) to complete the calculation.

Appendix C. Inverse of the generalized inertia operator J

The projection operators involved in the expressions of the fiber derivatives are given explicitly as

⎧

⎪

⎨

⎪

⎩

𝜎(𝑀) = 1
2 tr(𝛴

⊤
𝑌 𝑀)𝛴𝑌 + 1

2 tr(𝛴
⊤
𝑃𝑀)𝛴𝑃 + 1

2 tr(𝛴
⊤
𝐶𝑀)𝛴𝐶 ,

𝜎𝑌 (𝑀) = 1
2 tr(𝛴

⊤
𝑌 𝑀)𝛴𝑌 ,

𝜎𝑃 (𝑀) = 1
2 tr(𝛴

⊤
𝑃𝑀)𝛴𝑃

(131)

for any matrix 𝑀 ∈ R3×3.
24
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Let us consider the following equation

⎡

⎢

⎢

⎣

𝐻
𝐾
𝑊

⎤

⎥

⎥

⎦

= J
⎡

⎢

⎢

⎣

𝑋
𝑌
𝑍

⎤

⎥

⎥

⎦

, (132)

with 𝐻 ∈ so(3), 𝐾 ∈ span{𝛴𝑌 } and 𝑊 ∈ span{𝛴𝑃 } known matrices and 𝑋 ∈ so(3), 𝑌 ∈ span{𝛴𝑌 } and 𝑍 ∈ span{𝛴𝑃 } unknown matrices to be
determined by inversion. The solution to such equation provides a mean to compute the inverse J−1 of the generalized inertia operator.

The linear-algebra approach to such inversion problem hinges in writing down the three unknowns in components, as

⎧

⎪

⎨

⎪

⎩

𝑋 = 𝑋𝑌𝛴𝑌 +𝑋𝑃𝛴𝑃 +𝑋𝐶𝛴𝐶 ,
𝑌 = 𝑌𝑌𝛴𝑌 ,
𝑍 = 𝑍𝑃𝛴𝑃

(133)

where now the unknown are the five scalars 𝑋𝑌 , 𝑋𝑃 , 𝑋𝐶 , 𝑌𝑌 , 𝑍𝑃 ∈ R. Plugging such relations into the system (132) yields the three matrix identities

⎧

⎪

⎨

⎪

⎩

𝐻 = 𝜎(𝐽𝑆𝑆𝛴𝑌 )𝑋𝑌 + 𝜎(𝐽𝑆𝑆𝛴𝑃 )𝑋𝑃 + 𝜎(𝐽𝑆𝑆𝛴𝐶 )𝑋𝐶 + 𝜎(𝐽𝑆𝑌𝛴𝑌 )𝑌𝑌 + 𝜎(𝐽𝑆𝑃𝛴𝑃𝑅⊤
𝑌 )𝑍𝑃 ,

𝐾 = 𝜎𝑌 (𝐽𝑌 𝑆𝛴𝑌 )𝑋𝑌 + 𝜎𝑌 (𝐽𝑌 𝑆𝛴𝑃 )𝑋𝑃 + 𝜎𝑌 (𝐽𝑌 𝑆𝛴𝐶 )𝑋𝐶 + 𝜎𝑌 (𝐽𝑌 𝑌𝛴𝑌 )𝑌𝑌 + 𝜎𝑌 (𝐽𝑌 𝑃𝛴𝑃𝑅⊤
𝑌 )𝑍𝑃 ,

𝑊 = 𝜎𝑃 (𝐽𝑃𝑆𝛴𝑌𝑅𝑌 )𝑋𝑌 + 𝜎𝑃 (𝐽𝑃𝑆𝛴𝑃𝑅𝑌 )𝑋𝑃 + 𝜎𝑃 (𝐽𝑃𝑆𝛴𝐶𝑅𝑌 )𝑋𝐶 + 𝜎𝑃 (𝐽𝑃𝑌𝛴𝑌𝑅𝑌 )𝑌𝑌 + 𝜎𝑃 (𝐽𝑃𝑃𝛴𝑃 )𝑍𝑃 .

(134)

Even the three known matrices 𝐻,𝐾,𝑊 may be expanded through the orthogonal basis {𝛴𝑌 , 𝛴𝑃 , 𝛴𝐶} to be represented by five scalar coefficients
1
2 tr(𝐻

⊤𝛴𝑌 ),
1
2 tr(𝐻

⊤𝛴𝑃 ),
1
2 tr(𝐻

⊤𝛴𝐶 ),
1
2 tr(𝐾

⊤𝛴𝑌 ),
1
2 tr(𝑊

⊤𝛴𝑃 ). The linear system to solve hence looks like

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

tr(𝛴⊤
𝑌 𝐽𝑆𝑆𝛴𝑌 ) tr(𝛴⊤

𝑃 𝐽𝑆𝑆𝛴𝑌 ) tr(𝛴⊤
𝐶𝐽𝑆𝑆𝛴𝑌 ) tr(𝛴⊤

𝑌 𝐽
⊤
𝑆𝑌𝛴𝑌 ) tr(𝑅𝑌𝛴⊤

𝑃 𝐽
⊤
𝑆𝑃𝛴𝑌 )

tr(𝛴⊤
𝑌 𝐽𝑆𝑆𝛴𝑃 ) tr(𝛴⊤

𝑃 𝐽𝑆𝑆𝛴𝑃 ) tr(𝛴⊤
𝐶𝐽𝑆𝑆𝛴𝑃 ) tr(𝛴⊤

𝑌 𝐽
⊤
𝑆𝑌𝛴𝑃 ) tr(𝑅𝑌𝛴⊤

𝑃 𝐽
⊤
𝑆𝑃𝛴𝑃 )

tr(𝛴⊤
𝑌 𝐽𝑆𝑆𝛴𝐶 ) tr(𝛴⊤

𝑃 𝐽𝑆𝑆𝛴𝐶 ) tr(𝛴⊤
𝐶𝐽𝑆𝑆𝛴𝐶 ) tr(𝛴⊤

𝑌 𝐽
⊤
𝑆𝑌𝛴𝐶 ) tr(𝑅𝑌𝛴⊤

𝑃 𝐽
⊤
𝑆𝑃𝛴𝐶 )

tr(𝛴⊤
𝑌 𝐽

⊤
𝑌 𝑆𝛴𝑌 ) tr(𝛴⊤

𝑃 𝐽
⊤
𝑌 𝑆𝛴𝑌 ) tr(𝛴⊤

𝐶𝐽
⊤
𝑌 𝑆𝛴𝑌 ) tr(𝛴⊤

𝑌 𝐽𝑌 𝑌𝛴𝑌 ) tr(𝑅𝑌𝛴⊤
𝑃 𝐽

⊤
𝑌 𝑃𝛴𝑌 )

tr(𝑅⊤
𝑌𝛴

⊤
𝑌 𝐽

⊤
𝑃𝑆𝛴𝑃 ) tr(𝑅⊤

𝑌𝛴
⊤
𝑃 𝐽

⊤
𝑃𝑆𝛴𝑃 ) tr(𝑅⊤

𝑌𝛴
⊤
𝐶𝐽

⊤
𝑃𝑆𝛴𝑃 ) tr(𝑅⊤

𝑌𝛴
⊤
𝑌 𝐽

⊤
𝑃𝑌𝛴𝑃 ) tr(𝛴⊤

𝑃 𝐽𝑃𝑃𝛴𝑃 )

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑋𝑌
𝑋𝑃
𝑋𝐶
𝑌𝑌
𝑍𝑃

⎤

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

tr(𝐻⊤𝛴𝑌 )
tr(𝐻⊤𝛴𝑃 )
tr(𝐻⊤𝛴𝐶 )
tr(𝐾⊤𝛴𝑌 )
tr(𝑊 ⊤𝛴𝑃 )

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

Once the coefficients 𝑋𝑌 , 𝑋𝑃 , 𝑋𝐶 , 𝑌𝑌 , 𝑍𝑃 are recovered by the solution of the above linear system, the sought unknown are calculated by the
relations (133).
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