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Abstract: The paper deals with the solvability of the following doubly singular boundary value problem

= eglu) — ()~ ")

z(07) =0, z(17) :OZ, z(u) >0in (0, 1)

naturally arising in the study of the existence and properties of travelling waves for reaction-diffusion-convection equations
governed by the p-Laplacian operator. Here ¢,  are real parameters, with o > 0, and f, g, h are continuous functions in
[0, 1], with

h(0) = h(1), h(x) > 0in (0, 1).
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1. Introduction

One of the most popular topics in the study of diffusion equations, in their various possible variants (reaction-
diffusion, convection-diffusion, aggregation-reaction-diffusion, etc.) is the existence and the properties of travelling
fronts. These particular solutions v, satisfying v(7, x) = u(x — c¢T) for some one-variable function u, have a relevant
role in understanding asymptotic behavior of the other solutions of the PDE (see, e.g., [1-3]).

When searching for travelling fronts, the original PDE reduces to an autonomous ordinary differential equation and
if the fronts are monotone this can be further reduced to a first-order singular ordinary equation or, equivalently, to a
singular integral equation. For instance, the travelling fronts of the general reaction-diffusion-convection equation with
accumulation term
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et gW)ve = (Z2()vi)+p(v)

are solutions of the following autonomous second-order equation

(D(u)u') + (cg(u) = f ()’ +p(u) =0

where c is the wave speed and ' means the derivative with respect to the wave variable ¢. Therefore, the existence of
monotone fronts is equivalent to the solvability of the following first-order equation

Hence, when the reaction term p vanishes at 0 and 1 (and it is positive elsewhere), then the study of the existence
of monotone travelling fronts, connecting the equilibria 0 and 1, involves the following doubly singular boundary value
problem:

= eglu) - ()~ "

(07 =2(17) =0 (1)
z(u) > 0in(0, 1)

where we have put i(u) : = D(u)p (u) (see [4]).
Problem (1) admits an equivalent formulation as a singular Volterra-type integral equation:

<) = ff (st =700 - "2 Y au
Z(17)=0
2(u) >0 in (0, 1)

(see [5] in the case of constant g).
In the last years, diffusion equations governed by the p-Laplacian operator, that is

FOvetgW)ve =A,(v)+p(v)
have been the subject of growing interest (see, e.g. [6—10]). In this case, problem (1) becomes

2= egu) — f )~ "

z(0M)=z(17)=0 2
z(u) > 01n(0, 1).
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for a suitable & > 0 depending on p.

Despite a very extensive literature on the subject, a complete study about the solvability of problem (2) seems not
known, at least in such a general form (see [11] for a recent result without the convection and accumulation terms f, g).

In this paper we provide an existence and non-existence result for problem (2), given in terms of admissible wave
speeds c, related to the value of the parameter o.. More in detail, the main result is the following:

Theorem 1 Let f, g, h € C([0, 1]) be such that

h(0) =h(1) =0 and h(u) >0 forevery u € (0, 1). (3)
Assume that g(0) > 0 and [ g(s)ds > 0 for every u € [0, 1]. Moreover, assume that

h
there exists the limit hq o: = lim hw) € [0, 4-oo]. 4)
’ u—0+ u%

Then, if hg, o = oo problem (2) does not admit solutions for any ¢ € R.
Otherwise, if g, o < oo, there exists a threshold value ¢* such that problem (2) admits solution if and only if ¢ > ¢*.
Moreover, put

U U U /’l(S)
Go:= inf {g(s)ds, Fp:= sup 1 f(s)ds, Hy:= sup ds, ®)
0

ue(0, 1) ue(0, 1)/0 ue(0, 1)70 5

(wheref stands for the mean value) we have

1 1
f(0)+a+l ho, o “+'§c*§@+a+l Hy a+1.
g(0) ~ g(0) \ a“ Go Go \a*

(6)

Finally, for every ¢ > ¢* the solution is unique.

As a consequence of the previous theorem, we have that problem (2) admits a solution for some ¢ € R if and only if
the value hg, o is finite. This places an upper bound on the admissible values of a; namely, if h(u) ~ Cu? as u — 07, then
ho, o < 4o ifand only if & < g.

Finally, note that when g is constant, say g(u) = 1, then (6) reduces to

. u I “h(s)  \ "
¢ < sup 1 f(s)ds+(a+1)| —; sup —5-ds .
ue(0, 1)7/0 ue(0,1)/0 S8

IN

F0)+ (a+1) <h((;,aa) @

When, in addition, & = 1 (the standard case) we obtain

- u uh(s)
F(0)4+24/h(0) <c* < sup f(s)ds+2,/ sup ——=ds
ue(0, 140 ue(0,1)70 8

that is the estimate proved in [12].
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2. Preliminary results

In this section we establish some preliminary results concerning the solutions of the equation

t=cgu) = f(u) - —~ @)

for given ¢ € R, a > 0, and continuous functions f, g, i in (0, 1) satisfying (3).

The first Lemma concerns the maximal existence interval for the solutions of (7) and the behavior at the extrema of
the interval (0, 1).

Lemma 1 Let z € C'(a, b) be a positive solution of equation (7), where (a, b) C (0, 1) is its maximal existence
interval. Then, a = 0 and both the limits z(0™) and z(h™) exist and are finite.

Moreover, if (4) holds, then hq, o < +oo, and there exists z(0). Furthermore, z(0) is a zero of the function 1o (z) : =
1%~ (cg(0) = £(0))[t]* + ha 0.

Similarly, if =1 and

—h
there exists the limit hq | := lim (1)

M e €O

then hg, 1 > —oo and there exists z(1). Moreover, z(1) is a zero of the function 11 (¢) : = [¢|/* ™1 + (cg(1) — f(1))|¢|* + h, 1.

Proof. Note that z(u) > cg(u) — f(u) in (a, b), so z is bounded below, hence, we deduce that both the limits z(a™) : =

lim,,_,,+ z(u) and z(b™) : =1im,,_, ;- z(u) exist (finite or infinite). If z(a™t) = +oo, then equation (7) implies that lim_ Z(u)=
u—a

cg(a) — f(a) € R, a contradiction. An analogous reasoning works for z(b~). Therefore, if a > 0, since (a, b) is the

maximal existence interval of z, we infer z(a™) = 0, implying lim_ (cg(u) — f(u))z%(u) — h(u) = —h(a) < 0. Hence,
u—a
h
given areal 0 < € < h(a), we have z(u) = cg(u) — f(u) — a((u)) — () < 0 in a right neighbourhood of a, which is a
2%(u 72%(u
contradiction. This implies a = 0.
Assume now (4) and put
z(u) ) ..
C(u): ===, L:=limsup{(u), £:=liminf{(u). (8)
u u—0+ u—0+t

Suppose, by contradiction, £ < L. So, for every k € (¢, L) there exist decreasing sequences (u, ), (v )n, cOnverging
to 0, such that

C(un) = E(vn) =k, C(Mn) >0, é(vn) <0 foreveryn > 1.

Since & (u) = i(z’(u) £ (u)), we get 2(un) > () = k, 50

. h(un) h(un)
k< = — — = — —
= Z(un) Cg(un) f(un) Za(un) Cg(un) f(un) (kl/tn)a
h
Passing to the limit as n — oo, we have that hg_¢ is finite and k < ¢g(0) — f(0) — Z&O, that is
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KT — (cg(0) — £(0))k* 4 hg, o < 0.

By means of a similar argument, by using the sequence (v,), instead of (u,),, it is possible to show that k*+! —
(cg(0)— £(0))k* + hg o > 0, hence we conclude

KT — (cg(0) — f(0))k* + hg o =0 forall k € (¢, L),

.. .. . zZ(u .
a contradiction. Then, £ = L and the limit A : = 11m+ Q > () exists.
u—0 u

Finally, since

2(u) = cglu) = fu) ——2= ©)

then A < oo, otherwise z(u) — cg(0) — f(0) as u — 07, a contradiction; so A € R.
If A > 0 then by (9) we deduce the existence of the limit z(0") : = 1im+z'(u) too; moreover, its value necessarily
u—0

coincides with A. So, passing again to the limit as u — 0" in (9), we infer

A% = (cg(0) = f(0)A%* — hg, o

that is, z(0) is a zero of the function 1o (¢). Whereas, if A = 0, then ¢, o = 0 too, otherwise z(u) — +oo, a contradiction.
Then, even if A = 0, it is a zero of the function 1 (7).
The local analysis near the point 1 can be made by the same way, putting in (8)

C(u) M, L:=limsup{(u), £: =liminf{(u).

l—u u—s1— u—1-

In whats follows we will make use of the method of lower and upper-solutions.
Recall that a function z € C!(I), with I C (0, 1), is a lower-solution [upper-solution] for equation (7) if

h(u)

< [>] cg(u)—f(u)—z—a forallu el

For the reader’s convenience, we recall a classic comparison result (see e.g. [13, Theorems 9.5-9.6])
Lemma 2 Let z be a solution of (7) in I C (0, 1) and let ug € I be fixed.

Let y be an upper-solution of (7) in the same interval, then

(1) if z(up) < y(uo), we have z(u) < y(u) for all u > ug.

(2) if z(uo) > y(uo), we have z(u) > y(u) for all u < uy.

Whereas, if y is a lower-solution, then

(1) if z(up) > y(up), then z(u) > y(u) for all u > u.
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(2) if z(up) < y(up), then z(u) < y(u) for all u < u.
The following result provides the uniform boundedness by below of the solutions of (7) on the compact subintervals
of (0, 1).

1
Lemma 3 Let us fix ¢o € R and o > 0. Forevery r € | 0, 2> there exists 6 = 8, > 0 such that for every ¢ € R with

|c — co| < & and for positive solution z. of equation (7), defined in (0, 1), we have
zc(u) > 8 foreveryue[r, 1 —r].

1
Proof. Letus fix r € (0, 2) and put m : = min{h(u) : u € [r, 1 —r]} > 0. Let us consider the map (c, u, z) —
(cg(u) — f(u))z* — h(u), which is uniformly continuous in the compact set [co — 1, ¢+ 1] x [0, 1] x [0, m]. Hence, there
exists § = 6, < (mr)v#l, such that if up € [r, 1—r], then we have

o
(cg(u) — f(u))z* — h(u) < —h(uo) + amT1 < *aiﬂ when [u—uol, ||, [c—co| < 8. (10)

For every fixed ug € [r, 1 — ], define the function

1

wu) = (8% —m(u—uo)) " forup < u<uo+8*""/m,

where the extremum u* : = ug +8%+! /m < 1, by the choice of §.
Observe that y(u) < 8 for every u € (ug, u*), so by (10) we can deduce that for every ¢ with |c —co| < & we have

h(u)
v (u)

, for every u € (ug, u")

V(u) > cg(u) — f(u) —

that is y is an upper-solution for equation (7) in such an interval, with y () = 6 and y(u*) = 0.

Therefore, if z. is a solution of problem (2) defined in (0, 1), then z.(up) < 6 = Y(up). Indeed, since y is an
upper-solution for equation (7) in the interval (ug, u*), then necessarily z.(u) < y(u) in the same interval, implying that
z.(u*) = 0, which is a contradiction since z. is defined and positive on the whole interval (0, 1). Therefore, we conclude
that z.(up) > 8.

The assertion follows from the arbitrariness of . O

Lemma 4 Let (c,), be a decreasing (not necessarily strictly decreasing) sequence converging to c¢g and let (z,(u)),
be a sequence of positive solutions of equation (7) in (0, 1) for ¢ = ¢,, pointwise convergent to a function zo(u) in (0, 1).
Then we have zo(u) > 0 for every u € (0, 1) and zy is a solution of equation (7) in (0, 1) for ¢ = ¢o.

Proof. As a consequence of Lemma 3, by the arbitrariness of 7 > 0 we have zo(u) > 0 for every u € (0, 1). Moreover,

1
again by Lemma 3, for every r € (O, 2) we have

M
& (u) ~ "

g(u) — fu)— % forevery u € [r, 1—r],

cng(u) — f(u) < cuglu) — f(u) —
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for every n € N. So, by virtue of the Dominated Convergence Theorem we get that, for every u, u* € [r, 1 —r|, we have

u

20(u) = 20(u") = Him (z,(u) =2, (u)) = lim (f(s) —cng(s) — ;2(3) ) ds

n——+oo n—oo u*

= [ (-t - £ as).

for every u € [r, 1 —r]. Since r > 0 is arbitrary, we get that 7o solves equation

. h(u)

Hence, 2o(u) = f (1) — cog(u) — 2 )
(7) in the whole interval (0, 1). O

Remark 1 In light of the proof of the previous Lemma, the assertion holds even if the sequence (z,), is defined in a
subinterval (a, b) C (0, 1).

In the following result a comparison criterium is proved, in order to establish the existence and non-existence of the
solutions of problem (2).

Proposition 1 Suppose (3) and assume that there exists a lower-solution ¢ for equation (7) in the whole interval
(0, 1), such that @(0") = 0 and ¢(u) > 0 for every u € (0, 1).

Then, there exists a C! —function z : (0, 1) — R, solution of the singular boundary value problem (2), such that
0 < z(u) < @(u) for every u € (0, 1).

Proof. Notice that ¢(u) < cg(u) — f(u), so ¢ is bounded above, implying the existence of the limit ¢(17) < 0.

Let us divide the proof into two cases.

Case 1: @(17)>0.

For each n € N let z,, be the solution of equation (7), satisfying the condition z(1) = ¢(17)/n. By applying Lemma 1,

we derive that z, is defined in the whole interval (0, 1]. Furthermore, by virtue of Lemma 2 we get z,,(u) < ¢(u) for every
u € (0, 1]. Since (7) has a unique solution passing through a given point, we have ¢(u) > z,(«) > z,41(u) > 0 for each
neNandeveryu € (0, 1). Put {(u): = linNu,,(u), in force of Lemma 4, we get {(«) > 0in (0, 1) and it is a solution of
ne
equation (7). Moreover, since z,(0") = 0 for every n € N, we have {(0") = 0. Finally, by definition, z,(1) = 0= {(17).
Case2: ¢(17)=0.

For each n € N let z,, be the solution of equation (7), satisfying the condition z, ( _7_1> = (p( &
n

), defined in
n+1

its maximal existence interval (a,, b,). By Lemma 1 we have a, = 0 for every n € N; moreover, by Lemma 2 we have

zn(u) < @(u) for every u € (0, nnﬁ

exists z,(b;, ) and it is finite, we also infer b, = 1 for every n € N.

and z,(u) > ¢@(u) for every u € (_’:_1, bn). Hence, since by Lemma 1 there
n

Furthermore, since z, (n) = (p( n ) 2> Zntl <n>, again by the uniqueness of the solution of equation
n+1 n+1 n+1
(7) passing through a point, we also derive that z, (1) = z,41 () for each u € (0, 1) or z,(u) > z41(u) for each u € (0, 1).
Therefore, the sequence (z,), is decreasing. Set {(u) = nl_iffmz"(u); by applying Lemma 4 (with ¢, = ¢ for every n)
we have §(u) > 0 for all u € (0, 1) and ¢ is a solution of equation (7). Finally, we have §(u) < ¢(u) in (0, 1), hence
£(07) =(0")=0and {(17) = ¢(17) =0. O
Corollary 1 Let (3) be satisfied. Assume that there exists a continuous positive function y : (0, 1) — R such that
w(0%) =0and

h(s)
ye(s)

y(u) < /Ou (cg(s) —f(s)— )ds for every u € (0, 1). (11)

Then, the singular boundary value problem (2) admits a solution z € C'(0, 1).
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Proof. Put ¢(u) := [ (cg(s) —f(s)—
differentiable, with

) ds. Since y is positive, by (11) also ¢ is positive. Moreover, ¢ is

) ch(u)—f(u)—M for every u € (0, 1).

Finally, since ¢(0™) = 0, then ¢ satisfies all the assumptions of Proposition 1. So, there exists a solution z of problem
(2) satisfying 0 < z(u) < @(u) for every u € (0, 1). O

We conclude the section by stating a result concerning the behavior of a suitable function, which will be used in the
proof of Theorem 1. We omit the proof since it is trivial.

Lemma 5 Let 3, v be fixed with ¥ > 0, and let

Mg (1) == 1N —B1% +y,1>0.

1
Then, Mg, has minimum g, g which has the same sign of the value (a+1) (l> o B.

(XOC

3. Proof of Theorem 1 and some examples

Proof of Theorem .I.

First of all, let us prove that if problem (2) admits a solution for some c, then it is unique. To this aim, assume
by contradiction that for a fixed ¢, problem (2) admits two different solutions z;, z». Since the differential equation in
(2) admits a unique solution passing through a given point, we get z; (4) # z2(u) for every u € (0, 1). So, we have
z1(u) < z2(u) for every u € (0, 1) (or vice versa) and then

ozzl(r)—zl(m):/ol (f(u)—cg(u)—;l;((u:)>du</ol (f(u)—cg(u)— hw) )duzzz(l)—@(m):o,

a contradiction.

Let us now assume (4). Notice that if /19, o = 4o then by Lemma 1 problem (2) does not admit solutions for any
¢ € R. So, from now on we assume hy_q < +o°.

Let us fix a value

1

K a+1 [ Hy\ T
SH  etlH
Gy Gy o

(see (5)). Then, if we consider the function Mg ,, defined in Lemma 5, for B := cGy— Fp and y := Hp, we have that
the minimum of the function Mg , is negative. Let L > 0 be such that Mg _,(L) < 0. Hence L**! < (¢Go — Fy)L* — Ho,
implying

u
L<LG07F07—§L][g dsf][f dsf][ ())ads for every u € (0, 1].
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Therefore, put y(u) : = Lu we have

h(s)
v (s)

y(u) < /Ou <cg(s) —fls)+ ) for every u € (0, 1]

and from Corollary 1 we deduce that problem (2) admits a solution.
Let us consider now a value c satisfying

c<

F0) @+l [ho o\ &1
20) " 4(0) (a) '

Put B : =cg(0) — f(0) and y: = ho, ¢, in this case by Lemma 5 we have that Mg ,(t) > 0 for every t > 0. On the other
hand, if a solution z of problem (2) exists, then by Lemma 1 7(0) should be a zero of the function Mg ,, a contradiction.
So, in this case problem (2) does not admit solutions.

Finally, put I": = {c : problem (2) admits solution} and let ¢* : = infT". In view of what we have just observed, the
value c* satisfies estimate (6).

In order to show that problem (2) admits a solution for ¢ = ¢*, consider a decreasing sequence (c,), in T, converging
to ¢* and let z,, be the solution of problem (2) for ¢ = ¢,. Put

M:= max cgu)—f(u)), m: = min cg(u)— f(u)). 12
el 1Mc*,c11( g(u) — f(u)) el 1]X[C,‘,q]( g(u) — f(u)) (12)

1
Let (r,), be a decreasing sequence converging to 0, with r; < ok and put [ := [rx, 1 —rg]. Of course, [ C I and

(0, 1) = U1l
By Lemma 3, there exists a value 0, > 0 such that for every n > 1 we have

h(u) .
)~

g(u) = f(u) — h;z) , forevery u € 1.
r1

cng(u) — f(u) > cag(u) — f(u) —

Therefore, by (12) we have

h(u)
o

1

m— <z,(u) <M, foreveryu € I

from which we deduce the equicontinuity of the sequence of functions (z,), in ;. Moreover, since 0 < z,(u) <M in I,
then the sequence (z,), is equibounded in /;. Then, we can apply the Ascoli-Arzela Theorem to derive that there exists a
subsequence (z,S')),, which uniformly converges to a certain function z(()l) in /.

Let us consider now the interval I, D I;. By means of the same reasoning, we infer the existence of a further

(2)(u) (1)

subsequence (zﬁ”)n which uniformly converges to a function z(()z) in . Moreover, we have z; =2z, (u) for every

uel.

Proceeding by this diagonal argument, one shows that for all k € N the sequence (z,(,k) ) admits a subsequence (z,(lkH) n
which uniformly converges to a function z(()kH) in Iy, and z((JkH) = z(()k> (u) for all u € I.
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Finally, let us define {y: (0, 1) —» R, as {o(u) = z(()k) (u) if u € I. By what we have just observed, {p is a well-defined
function. Moreover, in each interval I; the function {y is uniform limit of the sequence of solutions (zg,k)),, of problem (2)
for ¢ = ¢,. So, by applying Lemma 4 we deduce that {; is a solution of problem (2) for ¢ = ¢* in the interval I;. By the
arbitrariness of k we conclude that that ¢ is a positive solution on the whole interval (0, 1).

Observe now that by the monotonicity of the integral function of g we get

() < [ ens(s) £ < [ (ergls) ~ £(5)ds

o

foralln e Nand u € (0, 1). So, also §o(u) < [o'(c1g(s) — f(s))ds, for every u € (0, 1), implying that §o(0T) = 0.
Furthermore, by virtue of Lemma 1, we deduce that there exists the limit {o(17) € [0, +o0). So, all the assumptions
of Proposition 1 are satisfied by the function {y and we can conclude that problem (2) admis a solution for ¢ = ¢*.
Finally, let us now show that problem (2) admits solution for every ¢ > ¢*. To this aim, let z, be the solution of
problem (2) for ¢ = ¢*. Again by by the monotonicity of the integral function of g, for every ¢ > ¢*, we have

aw= (c*g(s> —f(s) - g&) we [ <cg<s) —f(s) - Z’;((SJ)) s

So, z* satisfies condition (11) of Corollary 1 and we can infer that problem (2) admits solution also for every ¢ > ¢*.(0
Example 1 Let us consider equation (7) with

fu)=0, gu)=u+1, h(u) =u*(1—u).

In this case we have hg, o < 4o if and only if o0 < 2, so equation (7) admits solution if and only if & < 2. Moreover,
1 1
since Fy = 0 and g(0) = Go = 1, when o = 2 we have hy o = Hp = 1, so estimate (6) becomes 3§/; <c* < 3\3/;, that

fo X

IS¢ = —=

3
4

Example 2 Let us consider equation (7) with

fu)=u, glu)=1—u, h(u) =u(l —u).

In this case we have hg, o < 4o if and only if o < 1, so equation (7) admits solution if and only if & < 1. Moreover,

1
we have Fy = Gg = 3 and g(0) = 1. Furthermore, when o = 1 we have ho, o = Ho = 1, so estimate (6) for o = 1 becomes
2<c* <5,

4. Conclusions

In this paper we have established ad existence result for problem (2), stating that there exist a solution if and only if
the value Ay, ¢ is finite (see (4)). In this case, there are infinitely many admissible wave speeds, whose minimum value
satisfies estimate (6).

The present result can be used in the study of travelling waves for reaction-diffusion-advection equations governed
by the p-Laplacian operator.
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