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A B S T R A C T

Based on the time-delay feedback control, the vibration suppression and energy transfer of
suspended cables with three-to-one internal resonances are investigated. Initially, the nonlinear
differential equation of motion for a suspended cable under time-delay feedback control is
considered, and a discrete model is derived using the Galerkin method. Subsequently, the
method of multiple scales is employed to perturbatively solve the discrete time-delay differential
equation, determining the modulation equations around the first primary resonance. Steady-
state and periodic solutions of the modulation equations are detected numerically. Numerical
results indicate that the internal resonance enhances the nonlinear dynamical complexity of
the controlled suspended cable. It is observed that the time delay and control gain affect the
controlled system: in particular, an increase in control gain leads to a reduction in response
amplitude. By adjusting the time delay and control gain, the critical excitation can be altered, an
aspect that could be very useful from a pratical point of view. This research sheds light on the
intricate dynamics of suspended cable and provides a theoretical foundation for designing more
effective control strategies in engineering applications.

1. Introduction
Suspended cables are commonly used structural forms, widely applied in engineering projects such as bridges

and cableways. Due to their high strength, large span, and lightweight advantages, suspended cables are increasingly
gaining attention and application in modern constructions. On one hand, during operation, suspended cable systems
often encounter a range of dynamic problems influenced by their inherent nonlinear characteristics and external
excitation, such as resonance and amplitude magnification [1]. On the other hand, under the action of loads and
in certain conditions, energy is mutually transferred between different structural elements of the suspended cable
systems, involving multiple modes in actual vibrations and thereby inducing significant oscillations [2]. These issues
can adversely affect the stability and safety of the suspended cable [3]. Understanding these dynamics is crucial for
predicting and mitigating potential risks associated with large amplitude vibrations and ensuring the longevity and
reliability of such structures in their service life.

Suspended cable is a complex geometrically nonlinear structure, encompassing both quadratic and cubic terms,
which allows for a variety of phenomena that are not observable in the linear domain. If these nonlinearities and
behaviors are not properly considered, they can pose a serious threat to the safety and stability of engineering
structures [4]. Conversely, if their nonlinear characteristics are appropriately harnessed, not only can potential dangers
be avoided, but new avenues for the application of suspended cable in engineering can also be discovered.

Under external excitation, suspended cable may exhibit modal coupling and energy transfer between different
modes, particularly through the internal resonance phenomena, which holds a significant place in the study of
multimodal dynamics. Because of its importance, numerous scholars have conducted in-depth investigations: Rao
et al. [5] studied the internal and nonlinear response of a cable under periodic excitation, considering both internal and
external resonance, and studied the effect of cable sag on the solutions and their stability through internal resonance.
Lee and Perkins [2] employed a two-degree-of-freedom model to investigate the nonlinear vibration of suspended
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cable with 2:1 internal resonance under planar excitation. Rega et al. [6, 7] studied the nonlinear vibrations of a
four-degree-of-freedom model of a suspended cable under multiple internal resonance conditions, including both
in-plane and out-of-plane components. Zhao et al. [8] analyzed the two-modal nonlinear response of a suspended
cable under primary resonance and further explored three-to-one internal resonance. Srinil et al. [9, 10] conducted
a parametric study on the dynamics of multimode resonances induced by planar 2:1 internal resonance in nonlinear,
finite-amplitude, and free vibrations of horizontal/inclined cable systems. Kang et al. [11] established a nonlinear
dynamic model for the shallow arch and dual cables of a cable-stayed bridge and analyzed the in-plane 1:1:1 internal
resonance under external primary and subharmonic resonances. Hui et al. [12] investigated the internal resonance
phenomena of a suspended bridge structure with inclined main cables based on a six-degree-of-freedom sectional
model. Xu et al. [13] studied the internal resonance and vertical vibrations of the bridge deck of a suspension bridge
composed of spatially inclined main cables and suspenders through a continuum model. Zhao et al. [14] researched
the 2:1 internal resonance nonlinear dynamics of suspended cables in thermal environments under periodic excitation.
Peng et al. [15] explored the time-delay dynamics of the MR damper-cable system with 1:1 internal resonances. Su
et al. [16] modeled and studied the energy transfer in the coupled nonlinear response of a 1:1 internally resonant
cable system with a tuned mass damper. Sun et al. [17] explored the multiple internal resonances and their modal
interaction processes of a cable-stayed bridge physical model through experiments and finite element model. These
comprehensive studies enhance our understanding of the complex behaviors of suspended cables.

In recent years, various methods and control systems have been developed to mitigate the large amplitude
vibrations of suspended cables, and considerable theoretical and experimental research has been conducted in this
field. Generally, these can be categorized into aerodynamic measures [18, 19], auxiliary cable measures [20, 21],
and vibration control methods using dampers (including passive control [22], active control [23], semi-active control
[24], etc.). Among these, the damper control method is the most widely applied in engineering practice. However,
recent studies have shown that the vibration control methods currently employed in engineering are primarily suited
for single-mode control, with a narrow effective frequency range and weak robustness, making it challenging to
suppress the higher-order multimodal nonlinear vibrations of large-span cable structures [25]. To address this issue,
the concept of time-delay feedback control has been introduced [26]. Characterized by its broad frequency band and
efficient damping performance, it effectively enhances the vibration reduction capability and stability of engineering
structures under various dynamic conditions, and thus, has been widely applied [27–29].

Continuing and further developing this important research field, the novelty and the main contribution of this work
is primarily centered on the vibration control of suspended cables experiencing a 3:1 internal resonance, utilizing
time-delay feedback. More specifically, in Section 2 the nonlinear dynamic equations for suspended cables under the
influence of time-delay vibration control are reported and then discretized via the Galerkin method. In Section 3, the
perturbative solution of the derived differential equations is obtained using the method of multiple scales, with steady-
state and periodic solutions being sought through the employment of the Newton-Raphson and shooting methods. In
Section 4, numerical simulations are presented, where the internal resonance response of the controlled suspended
cable is analyzed in depth, and the efficacy and mechanisms of time-delay feedback control in mitigating complex
vibrations and enhancing the structural stability and safety of the cable are verified. Conclusion are summarized in
Section 5.

2. Mathematical model
The considered suspended cable is schematically illustrated in Figure 1a. The origin O of the reference system is

located on left side. Assuming that the cable is homogeneous, has negligible bending stiffness and considering only
the in-plane behaviour, the nonlinear equation of motion is [7]

𝑚𝑣̈ + 2𝑐𝑣̇ −𝐻𝑣′′ − 𝐸𝐴
𝐿

(𝑦′′ + 𝑣′′)
[

𝑢𝑐 + ∫

𝐿

0
(𝑦′𝑣′ + 1

2
𝑣′2)𝑑𝑥

]

= 𝐹 (𝑥, 𝑡), (1)

where 𝑚 is the mass per unit length 𝑐 is the damping coefficient; 𝐸 is the elastic modulus; 𝐴 is the cross-sectional
area; 𝐿 is the span; 𝐻 is the horizontal tension (𝐻 = 𝑚𝑔𝐿2∕8𝑏,𝐻 ≤ 𝐸𝐴); 𝑏 is the sag; 𝑔 is the acceleration due
to gravity; 𝑢𝑐 is the longitudinal displacement applied to the right end support; 𝐹 (𝑥, 𝑡) = 𝑃 (𝑥) cos(Ω𝑡) is the external
excitation; Ω is the frequency of the external excitation; 𝑃 (𝑥) is the distribution function of the external excitation.
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Figure 1: The schematic of the controlled suspended cable and operating system. a) Controlled suspended cable; b)
Schematic diagram of the whole system.

We assume that the sag ratio of the suspended cable is small (𝑏∕𝐿 < 1∕8), so its shape can be described as a
parabola

𝑦(𝑥) = 4𝑏
[

𝑥∕𝐿 − (𝑥∕𝐿)2
]

.

The linear time-delayed feedback strategy is adopted for vibration control, namely

𝑢𝑐(𝑡) = 𝑔𝑙𝑣̇(𝑥𝑐 , 𝑡 − 𝜏),

where 𝑔𝑙 is the control gain, 𝜏 is the time delay, and 𝑥𝑐 = 𝐿∕2 is the position of the monitored point used drive the
control. This latter is schematically illustrated in Figure 1b.

Let us introduce the dimensionless parameters

𝑥∗ = 𝑥∕𝐿, 𝑦∗ = 𝑦∕𝐿, 𝑣∗ = 𝑣∕𝐿, 𝛼 = 𝐸𝐴∕𝐻,

𝑃 ∗ = 𝑃𝐿∕𝐻, 𝑡∗ = 𝑡
√

𝑔∕8𝑏, Ω∗ = Ω
√

8𝑏∕𝑔,

𝑐∗ = (𝑐∕𝑚)
√

8𝑏∕𝑔, 𝑔𝑙
∗ = 𝑔𝑙∕𝐿, 𝜏∗ = 𝜏

√

𝑔∕8𝑏.
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After non-dimensionalization, the Eq. (1) can be expressed as

𝑣̈ + 2𝑐𝑣̇ − 𝑣′′ − 𝛼(𝑦′′ + 𝑣′′)

[

𝑢𝑐 + ∫

1

0
(𝑦′𝑣′ + 1

2
𝑣′2)𝑑𝑥

]

= 𝑃 (𝑥) cos(Ω𝑡), (2)

where the stars are omitted for simplicity.
Using the Galerkin method to discrete Eq. (2), the dimensionless displacement is assumed as

𝑣(𝑥, 𝑡) =
∞
∑

𝑛=1
𝑞𝑛(𝑡)𝜙𝑛(𝑥), (3)

where 𝜙𝑛(𝑥) are the mode shape function and 𝑞𝑛(𝑡) their amplitudes. Substituting Eq. (3) into Eq. (2), and integrating
on the spatial domain [0, 1], we obtain

𝑞𝑛(𝑡) + 𝜔2
𝑛𝑞𝑛(𝑡) + 2𝜇𝑛𝑞̇𝑛(𝑡) +

∞
∑

𝑖,𝑗=1
Γ𝑛𝑖𝑗𝑞𝑖(𝑡)𝑞𝑗(𝑡) +

∞
∑

𝑖,𝑗.𝑘=1
Λ𝑛𝑖𝑗𝑘𝑞𝑖(𝑡)𝑞𝑗(𝑡)𝑞𝑘(𝑡)

+
∞
∑

𝑖=1
𝑔𝑙𝑐1,𝑛𝑖𝑞̇𝑖(𝑡 − 𝜏) +

∞
∑

𝑖,𝑗=1
𝑔𝑙𝑐2,𝑛𝑖𝑗𝑞𝑖(𝑡)𝑞̇𝑗(𝑡 − 𝜏) = 𝑓𝑛 cos(Ω𝑡),

(4)

where,

Γ𝑛𝑖𝑗 = −𝛼 ∫

1

0

[

𝜙
′′

𝑗 (𝑥)∫

1

0
𝜙′
𝑖(𝑥)𝑦

′ 𝑑𝑥

]

𝜙𝑛(𝑥) 𝑑𝑥 − 1
2
𝛼 ∫

1

0

[

𝑦′′ ∫

1

0
𝜙′
𝑗(𝑥)𝜙

′
𝑖(𝑥) 𝑑𝑥

]

𝜙𝑛(𝑥) 𝑑𝑥,

Λ𝑛𝑖𝑗𝑘 = −1
2
𝛼 ∫

1

0

[

𝜙
′′

𝑗 (𝑥)∫

1

0
𝜙′
𝑘(𝑥)𝜙

′
𝑖(𝑥) 𝑑𝑥

]

𝜙𝑛(𝑥) 𝑑𝑥,

𝑓𝑛 = −∫

1

0
𝑃 (𝑥)𝜙𝑛(𝑥)𝑑𝑥, 𝜇𝑛 = ∫

1

0
𝑐𝜙2

𝑛(𝑥)𝑑𝑥,

𝑐1,𝑛𝑖 = −𝛼𝜙𝑖(𝑥𝑐)∫

1

0
𝑦′′𝜙𝑛(𝑥) 𝑑𝑥, 𝑐2,𝑛𝑖𝑗 = −𝛼𝜙𝑗(𝑥𝑐)∫

1

0
𝜙

′′

𝑖 (𝑥)𝜙𝑛(𝑥) 𝑑𝑥.

Ignoring the effects of damping, external excitation, control and nonlinear terms, we can obtain the symmetric and
anti-symmetric mode shapes and their frequencies for a suspended cable.

The symmetric mode shapes function of the suspended cable are given by [30]:

𝜙𝑛(𝑥) = 𝜉𝑛
[

1 − cos(𝜔𝑛𝑥) − tan
(𝜔𝑛

2

)

sin(𝜔𝑛𝑥)
]

, (𝑛 = 1, 3, 5, ...). (5)

In Eq. (5), the coefficients 𝜉𝑛 can be determined based on the mode normalization condition ∫ 1
0 𝜙2

𝑛(𝑥)𝑑𝑥 = 1. The
symmetric frequencies 𝜔𝑛 (𝑛 = 1,3,5,...) are obtained by solving the following transcendental equation

tan
(𝜔𝑛

2

)

=
𝜔𝑛
2

− 1
2𝜆2

𝜔3
𝑛, (6)

where 𝜆2 = 𝐸𝐴∕𝑚𝑔𝑙(8𝑑)3, 𝑑 = 𝑏∕𝑙 being the sag-to-span ratio, which is small to have that (1) is reliable.
The anti-symmetric mode shapes and frequencies are given by

𝜙𝑛(𝑥) =
√

2 sin(𝑛𝜋𝑥), 𝜔𝑛 = 𝑛𝜋, 𝑛 = 2, 4, 6, ... (7)
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Figure 2: The nondimensional natural frequencies of the suspended cable

3. Perturbation analysis
Figure 2 illustrates the dependence of the natural frequencies 𝜔𝑛 on the elastic-geometric parameter 𝜆. Solid lines

represent symmetric modes (see Eq. (6)), while dashed lines denote antisymmetric modes, which, according to Eq.
(7), are independent of 𝜆. It is evident that different paths of symmetric modes converge to (𝑛 + 2)𝜋 for 𝜆 → ∞.

In this paper, the main focus is on the nonlinear behavior of the first symmetric mode and the third symmetric
mode, which exhibit a 3:1 internal resonance (𝜔3 ≈ 3𝜔1) when 𝜆∕𝜋 = 1.503, as shown in Fig. 2. It is further assumed
that the first symmetric mode is in primary resonance (Ω ≈ 𝜔1) with the external excitation.

A small quantity 𝜀 is introduced to rescale the coefficients of each term in Eq. (4) as

𝜇𝑛 ≈ 𝜀2𝜇𝑛, 𝑓𝑛 ≈ 𝜀2𝑓𝑛, Γ𝑛𝑖𝑗 = 𝜀Γ𝑛𝑖𝑗 , Λ𝑛𝑖𝑗𝑘 = 𝜀2Λ𝑛𝑖𝑗𝑘, 𝑔𝑙 = 𝜀2𝑔𝑙.

Then, the solution 𝑞𝑛(𝑡; 𝜀) is sought after in the form

𝑞𝑛(𝑡, 𝜀) =
2
∑

𝑖=0
𝜀𝑖𝑞𝑛𝑖(𝑇0, 𝑇1, 𝑇2), (8)

where 𝑇𝑖 = 𝜀𝑖𝑡. Substituting in Eq. (4), expanding, and setting the coefficients of the same powers of 𝜀 equal to zero,
we obtain the following sequences of linear differential equations:

O(𝜀0)

𝐷2
0𝑞𝑛0 + 𝜔2

𝑛𝑞𝑛0 = 0, (9)

O(𝜀1)

𝐷2
0𝑞𝑛1 + 𝜔2

𝑛𝑞𝑛1 = −2𝐷0𝐷1𝑞𝑛0 −
∞
∑

𝑖=1

∞
∑

𝑗=1
Γ𝑛𝑖𝑗𝑞𝑖0𝑞𝑗0, (10)

O(𝜀2)

𝐷2
0𝑞𝑛2 + 𝜔2

𝑛𝑞𝑛2 = − 2𝐷0𝐷2𝑞𝑛0 −𝐷2
1𝑞𝑛0 − 2𝐷0𝐷1𝑞𝑛1 − 2𝜇𝑛𝐷0𝑞𝑛0 −

∞
∑

𝑖=1

∞
∑

𝑗=1
Γ𝑛𝑖𝑗(𝑞𝑖0𝑞𝑗1 + 𝑞𝑖1𝑞𝑗0)

−
∞
∑

𝑖=1

∞
∑

𝑗=1

∞
∑

𝑘=1
Λ𝑛𝑖𝑗𝑘𝑞𝑖0𝑞𝑗0𝑞𝑘0 − 𝑔𝑙𝑐1𝐷0𝑞𝑛0(𝑡 − 𝜏) − 𝑔𝑙𝑐2𝑞𝑛0𝐷0𝑞𝑛0(𝑡 − 𝜏) + 𝑓𝑛 cos(Ω𝑡).

(11)
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Solving Eq. (9) yields

𝑞𝑛0 = 𝐴𝑛
(

𝑇1, 𝑇2
)

𝑒𝑖𝜔𝑛𝑇0 + 𝑐𝑐, (12)

where 𝑐𝑐 represents the complex conjugate of the preceding terms. By substituting Eq. (12) into Eq. (10) and
eliminating the secular terms, it can be concluded that 𝐴𝑛 is independent of 𝑇1, 𝐷1𝐴𝑛 = 0, which gives us

𝐷2
0𝑞𝑛1 + 𝜔2

𝑛𝑞𝑛1 = −
∞
∑

𝑖=1

∞
∑

𝑗=1
Γ𝑛𝑖𝑗(𝐴𝑖𝐴𝑗𝑒

𝑖(𝜔𝑖+𝜔𝑗 )𝑇0 + 𝐴𝑖𝐴̄𝑗𝑒
𝑖(𝜔𝑖−𝜔𝑗 )𝑇0 ) + 𝑐𝑐. (13)

Therefore, we can obtain the solution of Eq. (10) as

𝑞𝑛1 = −
∞
∑

𝑖=1

∞
∑

𝑗=1
Γ𝑛𝑖𝑗

(

𝐴𝑖𝐴𝑗𝑒
𝑖(𝜔𝑖+𝜔𝑗 )𝑇0

𝜔2
𝑛 − (𝜔𝑖 + 𝜔𝑗)2

+
𝐴𝑖𝐴̄𝑗𝑒

𝑖(𝜔𝑖−𝜔𝑗 )𝑇0

𝜔2
𝑛 − (𝜔𝑖 − 𝜔𝑗)2

)

+ 𝑐𝑐. (14)

It is assumed that the denominators do not vanish, i.e. 𝜔2
𝑛 ≠ (𝜔𝑖 + 𝜔𝑗)2 and 𝜔2

𝑛 ≠ (𝜔𝑖 − 𝜔𝑗)2.
By introducing the detuning parameters 𝜎1 and 𝜎2, we can quantitatively describe the closeness between Ω and

𝜔1, as well as the closeness between 𝜔3 and 3𝜔1:

Ω = 𝜔1 + 𝜀2𝜎1 𝜔3 = 3𝜔1 + 𝜀2𝜎2 (15)

By substituting Eq. (12) and Eq. (14) into Eq. (11), in order to eliminate the secular term, the following modulation
equations must be satisfied

2𝑖𝜔1
(

𝐷2𝐴1 + 𝜇1𝐴1
)

= 𝛾11𝐴
2
1𝐴̄1 + 𝛾13𝐴1𝐴3𝐴̄3 + 𝛿1𝐴3𝐴̄

2
1𝑒

𝑖𝜀2𝜎3𝑇0 + 1
2
𝑓1𝑒

𝑖𝜎1𝑇2 + 𝑖𝜔1𝑔𝑙1𝐴1𝑒
−𝑖𝜔1𝜏 = 0, (16)

2𝑖𝜔3
(

𝐷2𝐴3 + 𝜇3𝐴3
)

= 𝛾33𝐴
2
3𝐴̄3 + 𝛾31𝐴3𝐴1𝐴̄1 + 𝛿3𝐴

3
1𝑒

−𝑖𝜎3𝑇2 , (17)

where 𝑇2 = 𝜀2𝑇0 is used and where

𝛾𝑖𝑗 =
∞
∑

𝑛=1

[

(Γ𝑖𝑖𝑛 + Γ𝑖𝑛𝑖)

(

2Γ𝑛𝑖𝑖
𝜔2
𝑛

+
Γ𝑛𝑖𝑖

𝜔2
𝑛 − 4𝜔2

𝑖

)

+ 3Λ𝑖𝑖𝑖𝑖

]

(𝑖 = 𝑗)

𝛾𝑖𝑗 =
∞
∑

𝑛=1

[

(Γ𝑖𝑖𝑛 + Γ𝑖𝑛𝑖)
2Γ𝑛𝑖𝑖
𝜔2
𝑛

+ (Γ𝑖𝑗𝑛 + Γ𝑖𝑛𝑗)(Γ𝑛𝑖𝑗 + Γ𝑛𝑗𝑖)

(

1
𝜔2
𝑛 − (𝜔𝑖 + 𝜔𝑗)2

+ 1
𝜔2
𝑛 − (𝜔𝑖 − 𝜔𝑗)2

)]

+ 2(Λ𝑖𝑗𝑗𝑖 + Λ𝑖𝑗𝑖𝑗 + Λ𝑖𝑖𝑗𝑗) (𝑖 ≠ 𝑗)

𝛿3 =
∞
∑

𝑛=1

[

(Γ31𝑛 + Γ3𝑛1)
Γ𝑛11

𝜔2
𝑛 − 4𝜔2

1

]

+ Λ3111

𝛿1 =
∞
∑

𝑛=1

[

(

Γ13𝑛 + Γ1𝑛3
) Γ𝑛11
𝜔2
𝑛 − 4𝜔2

1

+
(

Γ11𝑛 + Γ1𝑛1
)

(

Γ𝑛13 + Γ𝑛31
)

𝜔2
𝑛 −

(

𝜔3 − 𝜔1
)2

]

+
(

Λ1311 + Λ1131 + Λ1113
)

𝑔𝑙1 = 𝑔𝑙𝑐1.

(18)

To study the stability of the steady-state solution, we also introduce a Cartesian coordinate transformation

𝐴𝑛(𝑇2) =
1
2
[𝑝𝑛(𝑇1) − 𝑖𝑞𝑛(𝑇2)]𝑒𝑖𝜈𝑛𝑇2 , 𝑛 = 1, 3. (19)

By substituting in Eqs. (16) and (17) and separating the real and imaginary parts, we obtain

𝑝′1 = − 𝜈1𝑞1 − 𝜇1𝑝1 −
1

8𝜔1
𝛾11𝑞1(𝑝21 + 𝑞21) −

1
8𝜔1

𝛾13𝑞1(𝑝23 + 𝑞23)

− 1
8𝜔1

𝛿1[𝑞3(𝑝21 − 𝑞21) − 2𝑝1𝑞1𝑝3] −
1
2
𝑔𝑙1𝑝1 cos(𝜔1𝜏) +

1
2
𝑔𝑙1𝑞1 sin(𝜔1𝜏),

(20)
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Table 1
Cable geometry and material properties parameters

Density Elastic modulus Cross-sectional area Span Damping ratio Aspect ratio
𝜌 (kgm−3) 𝐸 (Pa) 𝐴 (m2) 𝐿 (m) 𝜇1 𝜇3 𝑑

7800 2 × 1011 7.069 × 10−2 200 0.005 0.006 0.015

𝑞′1 =𝜈1𝑝1 − 𝜇1𝑞1 +
1

8𝜔1
𝛾11𝑝1(𝑝21 + 𝑞21) +

1
8𝜔1

𝛾13𝑝1(𝑝22 + 𝑞22) −
1
2
𝑔𝑙1𝑝1 sin(𝜔1𝜏)

+ 1
8𝜔1

𝛿1[𝑝3(𝑝21 − 𝑞21) + 2𝑝1𝑞1𝑞3] −
1
2
𝑔𝑙1𝑞1 cos(𝜔1𝜏) +

1
2𝜔1

𝑓1,
(21)

𝑝′3 = − 𝜈3𝑞3 − 𝜇3𝑝3 −
1

8𝜔3
𝛾31𝑞3(𝑝21 + 𝑞21) −

1
8𝜔3

𝛾33𝑞3(𝑝23 + 𝑞23)

− 1
8𝜔3

𝛿3(𝑞31 − 3𝑝21𝑞1) −
1
2
𝑔𝑙1𝑝3 cos(𝜔3𝜏) +

1
2
𝑔𝑙1𝑞3 sin(𝜔3𝜏),

(22)

𝑞′3 =𝜈3𝑝3 − 𝜇3𝑞3 +
1

8𝜔3
𝛾31𝑝3(𝑝21 + 𝑞21) +

1
8𝜔3

𝛾33𝑝3(𝑝23 + 𝑞23)

+ 1
8𝜔3

𝛿3(𝑝31 − 3𝑝1𝑞21) −
1
2
𝑔𝑙1𝑝3 sin(𝜔3𝜏) −

1
2
𝑔𝑙1𝑞3 cos(𝜔3𝜏),

(23)

where 𝜈1 = 𝜎3 and 𝜈2 = 3𝜎3 − 𝜎1, and where prime means derivative with respect to 𝑇2.
The stability is determined by investigating the eigenvalues of the Jacobian matrix of linearized version of Eqs.

(20)-(23) around the considered solutions, that are equilibrium points of (20)-(23), i.e. those satisfying 𝑝′1 = 𝑞′1 =
𝑝′3 = 𝑞′1 = 0, and correspond to periodic solutions in the original system (2). The real parts of the eigenvalues
determine the stability of the system: (a) If the real parts of all the eigenvalues are negative, then the equilibrium point
is asymptotically stable. (b) If at least one eigenvalue has a positive real part, then the equilibrium point is unstable.
(c) If all the real parts of the eigenvalues are non-positive, and at least one eigenvalue has a real part equal to zero,
then the system may exhibit boundary stability and further analysis is required.

4. Equilibrium solutions and stability
With the aim of illustrating the nonlinear dynamics of the considered system, in this section, using the parameters

of Tab. 1, that corresponds to 𝜆 = 1.503𝜋, the Eqs. (20)-(23) are integrated numerically by the Runge-Kutta method
and the Newton-Raphson iteration and the shooting methods are used to detect the equilibrium and periodic points
(including the unstable ones).

4.1. Effect of the control delay
In this section, we are aimed at investigating the effect of the control delay. We fix the control gain 𝑔𝑙1 = 0.248,

the external excitation amplitude 𝑓 = 0.0025 and consider three different time-delays, 𝜏 = 𝜋∕35, 𝜋∕64, 𝜋∕128.
Figure 3 presents the time-history of the first and third modes for 𝜎1 = −0.125, encompassing the uncontrolled

state, the active control state without time delay, and the time-delay control under two different parameter settings. It
is seen that in the uncontrolled state, the system exhibits large amplitude periodic motions. After the application of
the active control, i.e. 𝑢𝑐 = 𝑔𝑙𝑣̇, the system’s vibrations are significantly reduced, demonstrating the effectiveness of
the control strategy. The introduction of time-delay feedback control not only achieves vibration suppression but also
enhances the damping efficiency compared to the active control without time delay, particularly in the control of 𝑎3.
In fact, it is evident that as the time delay increases from 𝜋∕128 to 𝜋∕35, the system’s amplitude gradually reduces,
demonstrating a pronounced effect of the control. It is necessary to underline that this conclusion is valid only for
𝜎1 = −0.125, and cannot be generalized.
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Figure 3: The time-histories of the first and third modes under different time delay

Figure 4: Amplitude-frequency response curves of the suspended cable at different time delay, (a) 𝑎1(𝜎1), (b) 𝑎3(𝜎1)

Subsequently, we extend the previous results to different values of 𝜎1, and see the effect of the external frequency
in a neighborhood of the primary resonance of the first symmetric mode (Ω ≈ 𝜔1).

Figure 4 illustrates the amplitude-frequency curves for the three considered time-delay values. Solid lines represent
stable solutions and dashed lines unstable ones. The red curves denote the maximum amplitudes of 𝑎1 and 𝑎3 under
an uncontrolled condition, consistent with the scenarios described in [31] and [32]. The blue curves show 𝑎1 and 𝑎3
under active control without delay, while the others corresponds to the three considered values of the delay.

As expected, the first mode, being directly excited, displays a larger response amplitude 𝑎1, whereas the third
mode amplitude 𝑎3 remains smaller, although a portion of energy is transferred to it through 3:1 internal resonance
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and although for the large delay there is a marked peak in the 𝑎3(𝜎1) curve. Looking at the vertical scales of the Figs.
4(a) and 4(b) we see that, on average, 𝑎1 is one order of magnitude larger than 𝑎3.

The second point to be highlighted is the softening behaviour of the first mode, which is clearly visible for the
uncontrolled case, but also for the controlled one without time delay.

Regarding vibration suppression, it is clear that the time delay 𝜏 does not change the peak amplitude of the first
mode, and on the left of the peak the amplitude decreases by increasing 𝜏, while on the right of the peak it very slightly
increases. The conclusion is that 𝜏 has a different effect, depending on the value of the excitation frequency. The peak
frequency is slightly changed, but to a minor extent and not enough to be relevant for applications. For decreasing 𝜏
there is a decrement in the amplitude of the third mode, that is initially relevant although this mode has only small
amplitudes.

Figure 5: Horizontal tension diagrams under different time delay, (a) uncontrolled, (b) 𝜏 = 𝜋∕35, (c) 𝜏 = 𝜋∕128,
𝑔𝑙1 = 0.248, Ω ≈ 𝜔1

Due to the negligibile stiffness in compression, the total tension in the cable must be greater than zero to validate
the proposed approach. The dimensionless horizontal tension 𝐻𝑇 is

𝐻𝑇 = 1 + 𝛼 ∫

1

0
(𝑦′𝑣′ + 1

2
𝑣′2)𝑑𝑥. (24)

Figure 5 depicts the time-history curves of the force for the first mode. As desired, in all cases, the horizontal
tension is consistently positive. According to the expression for Eq. (24), it is evident that the magnitude of
horizontal tension is closely related to the system displacement. Consequently, with the application of time-delay
feedback control and the associated reduction of the displacements, the oscillating part of horizontal tension decreases
accordingly. The variations of the force under different parameters could be exploited and thus beneficial for
design optimization, ensuring that the cable meets the expected mechanical performance requirements under various
operating conditions.

While the previous simulations refer to fixed values of 𝜏, Figs. 6 and 7 illustrate the "continuous" variation of
𝑎1 or 𝑎3 with time delay 𝜏 and 𝜎1, and report only stable solutions. The color variation in the figure represents
the amplitude, with warmer colors typically indicating higher amplitudes. The presence of multiple peaks indicates
complex dynamical changes in the system, suggesting a strong interaction due to variations in time delay. From Fig.
6(b) it can be observed that 𝑎1 exhibits a periodic pattern as a function of 𝜏, and that it is very large only around the
perfect resonance 𝜎1 = 0.

In comparison to 𝑎1, the variation pattern of 𝑎3 with respect to the time delay exhibits a more distinct periodicity,
showing that for certain value of 𝜏 the third mode amplitude 𝑎3 almost vanishes for all values of 𝜎1.

4.2. Effect of the control gain
In this section we fixed the time delay 𝜏 = 𝜋∕35, the external excitation 𝑓 = 0.0025, and consider different control

gains (𝑔𝑙1 = 0.124, 0.198, 0.248), still in the case of primary resonance of the first-order symmetric mode (Ω ≈ 𝜔1).
Figure 8 illustrates the time-history for 𝜎1 = −0.2. It can be seen that the vibration is effectively reduced with the

application of active control. Furthermore, by considering time-delay feedback control, the vibration of the suspended
cable is further mitigated, particularly for 𝑎3.
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(a) The 3-D surface map (b) The 2-D contour map of 𝑎1
Figure 6: The trend of the first order resonance amplitude with the variation of 𝜏 and 𝜎1 (𝑔𝑙1 = 0.248)

(a) The 3-D surface map (b) The 2-D contour of 𝑎3
Figure 7: The trend of the third order resonance amplitude with the variation of 𝜏 and 𝜎1 (𝑔𝑙1 = 0.248)

Figure 9 presents the amplitude-frequency response curves. Again, solid lines indicate stable solutions, dashed
lines indicate unstable solutions, red represents the uncontrolled state and blue indicates the active controlled state.
In these scenarios, 𝑎1 remains significantly larger than 𝑎3. It is observed that, as the control gain increases from
𝑔𝑙1 = 0.124 to 𝑔𝑙1 = 0.248, the amplitude gradually decreases, demonstrating effectiveness in vibration suppression.

Figure 10 depicts the time-histories of the force for the first mode. As the control gains increase, the force always
remains positive, as requested, and also gradually decreases its oscillation amplitude.

Figures 11 and 12 presents the "continuous" variation of the amplitude ratio 𝑎1 or 𝑎3 with control gain 𝑔𝑙1 and
detuning parameter 𝜎1 at a time delay 𝜏 = 𝜋∕35. The figure shows the presence of two peaks for 𝑎1 and a unique
sharp peak for 𝑎3 around the uncontrolled 𝑔𝑙1 = 0 and perfectly resonant 𝜎1 = 0 case. This means that, apart from
a neighborhood of these peaks, the control is always able to reduce the response amplitude, and thus it is overall
effective.

4.3. Effect of the excitation amplitude
Figure 13 presents the amplitudes of 𝑎1 and 𝑎3 for varying excitation amplitude 𝑓 , with the other parameters kept

fixed. When the gain is small (Fig. 13(a)) and when the external excitation amplitude is small, multiple solutions exist.
The system response amplitude increases with the increase of external excitation, with the first-order modal amplitude
being significantly larger than that of the third-order one. The unstable solutions vanish as the control gain increases
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Figure 8: The time-history curves of the first mode under different control gains

Figure 9: Amplitude-frequency response curves of the suspended cable at different control gains, (a) 𝑎1(𝜎1), (b) 𝑎3(𝜎1)

(Fig. 13(b)). Therefore, by precisely adjusting the control gain and the external excitation amplitude, the multivalued
solution situation can be effectively avoided.

5. Conclusions
In this study, we explored vibration suppression suspended cables, considering simultaneous occurrences of

primary resonance and 3:1 internal resonance in the system. Utilizing the method of multiple scales, we obtained
the modulation equations for the primary resonance of the first and third modes and conducted an in-depth numerical
analysis of the internal resonance. Through amplitude-frequency curves, force-frequency curves, displacements time-
history and horizontal tension diagrams, as well as 3-D surface map of 𝜏-𝜎1-𝑎 with a control gain 𝑔𝑙1 = 0.248 and
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Figure 10: Horizontal tension diagrams under different control gains, (a) positive control, (b) 𝑔𝑙1 = 0.124, (c) 𝑔𝑙1 = 0.248,
𝜏 = 𝜋∕35, Ω ≈ 𝜔1

(a) The 3-D surface map (b) The 2-D contour map of 𝑎3
Figure 11: The trend of the 1st-order resonance amplitude with the variation of 𝑔𝑙1 and 𝜎1 (𝜏 = 𝜋∕35)

𝑔𝑙1-𝜎1-𝑎 at a time delay 𝜏 = 𝜋∕35, we thoroughly examined the steady-state response and stability of the controlled
suspended cable, analyzing the control effects under different parameters.

The summarized research findings are as follows:

1. The occurrence of internal resonance between modes made the nonlinear behavior of the controlled suspended
cable more complex;

2. Time delay and control gain had a certain impact on the controlled system. The effect of 𝜏 varies for different
value of 𝑔𝑙1 and for different values of 𝜎1. An increase in control gain within a specific range resulted in a
reduction in response amplitude, indicating a significant control effect;

3. Therefore, the application of time-delay control technology effectively suppressed the nonlinear vibration
characteristics of the suspended cable. By selecting appropriate time delay and control gain, satisfactory control
effects can be achieved.
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(a) The 3-D surface map (b) The 2-D contour map of 𝑎3
Figure 12: The trend of the 3rd-order resonance amplitude with the variation of 𝑔𝑙1 and 𝜎1 (𝜏 = 𝜋∕35)

Figure 13: The curves of amplitude versus amplitude of external excitation, Ω ≈ 𝜔1 (𝜎2 = 0)
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