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Abstract

In this paper, we study the existence of ground state solutions for the following (p, ¢)-Choquard equation:

—Apu— Mg+ |ulP2u + ul97%u = Iy * Fw)) f(w)  inRY,

where 2 < p < g < N, Ay is the s-Laplacian operator, with s € {p, g}, Iy is the Riesz potential of order
ae((N—-2¢9)",N), FeC IR,R)is a general nonlinearity of Berestycki-Lions type and F’ = f. Fur-
thermore, we analyze the regularity, symmetry and decay properties of these solutions. In particular, we
extend the results in [33] to the (p, ¢)-Laplacian setting.

© 2024 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

MSC: 35A15; 35B06; 35B38; 35B65; 35J92; 45K05

Keywords: (p, q)-Laplacian operator; Choquard equation; Pohozaev identity; Variational methods; Regularity;
Qualitative properties of solutions

1. Introduction
In this paper, we focus on the following (p, ¢)-Choquard equation:

—Apu — Agu + |ul”2u + [ul92u = (Iy * F)) f(u) inRY, (1.1)
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where 2 < p < g < N, Agu :=div(|Vu|*~>Vu) is the s-Laplacian operator, with s € {p, ¢}, and
I, denotes the Riesz potential of order a € (N — 2¢)", N) defined by

réze) 1
Iy (x) = K ~ for all x € RV \ {0}.
r(g)ado0 et

We assume that f € C(R, R) fulfills the following conditions:

(f1)
I l1f ()| . l1f ()]
imsup —5 and  limsup —5—— <00,
[t|=0 |t~ 2 |t] = oo mmf
(f2) the antiderivative F () := fot f(z)drt of f satisfies
F(t F(t
lim N(M) —~=0 and lim N(M)q =0,
0N 7 |y N 2

(f3) there exists 7o € R \ {0} such that F(#p) # 0.

The interest in (1.1) is due to the fact that two phenomena occur in it: the nonhomogeneity of
the (p, g)-Laplacian operator A, + A, and the nonlocal character of the nonlinear term. In what
follows, we recall the main motivations and some fundamental works regarding (p, ¢)-Laplacian
problems and Choquard equations, respectively.

The study of (p, g)-Laplacian problems stems from the following general reaction-diffusion
system

uy =div(DW)Vu) + f(x,u) xRN 1>0,

where D(u) := |Vu|P~2 4 |Vu|?972. This system finds applications in biophysics, plasma
physics and chemical reaction design; in these contexts u stands for a concentration, the term
div(D(u)Vu) corresponds to the diffusion with a diffusion coefficient D(u), and f(x, u) rep-
resents the reaction term which relates to source and loss processes (see [16]). For results
concerning (p, g)-Laplacian problems in both bounded domains and in the whole of RY, we
refer to [7,10,19-21,24,36,38] as well as the references therein. In particular, Pomponio and
Watanabe [38] proved the existence of a positive ground state solution to

—Apu—Aju=g(u) in RV,

where g is a Berestycki-Lions type nonlinearity [12]; see also [7,9] for related results.
We emphasize that the integral functional associated with the (p, g)-Laplacian operator is
connected to the well-known double-phase functional

Spgu; Q)= /(IVulera(X)IVqu)dx,
Q
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where © c RY is an open set and 0 < a(-) € L°°(2), which was first considered by Zhikov
[47,48] within the context of homogenizing highly anisotropic materials and in order to pro-
vide new examples of the Lavrentiev phenomenon. In elasticity theory, the weight function a(-)
emerges as the modulating coefficient and it dictates the geometry of the composite made of two
different materials with distinct power hardening exponents p and g. For what concerns the regu-
larity theory, §p,4 belongs to the category of nonuniformly elliptic functionals with nonstandard
growth conditions of (p, g)-type, according to Marcellini’s terminology; see the recent surveys
in [29,30] for more details.

When p=¢qg =2, N=3,a=2and F(t) = 12, equation (1.1) reduces to the so-called
Choquard-Pekar equation

1
47 |x|

—Au~|—u=( *u2>u in R3. (1.2)

This equation was introduced in 1954 by Pekar [37] to describe the quantum mechanics of a
polaron at rest. In 1976, Choquard employed equation (1.2) to investigate stationary states of the
one-component plasma approximation within Hartree-Fock theory [25]. Later, Penrose proposed
(1.2) as a model of self-gravitating matter and is known in that context as the Schrédinger-
Newton equation [31]. The early existence and symmetry results can be addressed to the fun-
damental papers by Lieb [25] and Lions [27]. Ma and Zhao [28] demonstrated that all positive
solutions of (1.2) must be radially symmetric and monotone decreasing about some fixed point.
Moroz and Van Schaftingen [33] established the existence and qualitative properties of positive
ground state solutions to

—Au4u=(yxFu)f@w) inRN,

under almost necessary conditions on the nonlinearity F in the spirit of Berestycki and Lions
[12]. Further interesting results for nonlinear Choquard type equations can be found in [34].
When p = g # 2, equation (1.1) falls in the realm of the following class of quasilinear Choquard
equations involving the p-Laplacian operator:

—gb Apu+V(x)|u|1’_2u= gNl—M (#*F(u)) f@w) inRY, (1.3)

where ¢ > 0, u € (0, p) and V is a positive continuous potential. For ¢ > 0 small enough, the
existence and multiplicity of positive solutions to (1.3) has been object of study by Alves and
Yang [2—4], whereas a regularity result and a Pohozaev type identity for (1.3) withe =V (-) =1
have been recently obtained by the first author in [6].

Concerning nonlinear Choquard equations driven by the (p, g)-Laplacian operator, Zhang et
al. [46] used Nehari manifold method and Ljusternik-Schnirelmann category theory to investigate
the multiplicity and concentration phenomena of positive solutions for the equation

1 1
_ P _ o4 p—2 q=2,\ _ - : N
eP Apu— e Agu+ V() (JulP“u+ |ul?"u) = N (|x|“ *G(u)) gu) inRY,

(1.4)
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where ¢ > 0 is a small parameter, u € (0, p), g is a C! subcritical nonlinearity satisfying an
Ambrosetti-Rabinowitz type condition [5] and V € C(RY,R) fulfills the following condition
introduced by Rabinowitz [39]:

0< inf V(x) <liminfV(x) < o0.
xeRN x| — o0

Xie et al. [45] applied the mountain pass theorem [5] to show the existence of nontrivial solu-
tions to (1.4) with ¢ = 1, g is a subcritical continuous nonlinearity satisfying an Ambrosetti-

Rabinowitz type condition, and V € C(RY,R) verifies the following Bartsch-Wang condition
[11]: there exist constants a, dy > 0 such that V(x) > a and

lim meas{xeRN:Ix—yISdo, V(x)fM}:O for all M > 0.

[y|— o0

We also mention [8] where the author explored the multiplicity and concentration of positive
solutions for a Choquard equation involving the fractional (p, g)-Laplacian operator.

Motivated by the above papers, in this work we focus on the existence of ground state solutions
to (1.1) with general nonlinearities, and we examine the qualitative properties of these solutions.
In particular, we extend the results in [33] to the (p, g)-Laplacian setting. Next we list our main
theorems. The first one concerns the regularity of weak solutions to (1.1) and a Pohozaev type
identity. Here we say that u € W), 4 is a weak solution to (1.1) if for every ¢ € W), ; we have

/|Vu|P*2Vquodx+/Iulpfzugodx+/|Vu|‘1*2Vquodx+/Iuquzugodx
RN RN RN RN

(1.5)
_ / (I % F)) f () 9 dx,
RN

where W, 4 is defined in Section 2.

Theorem 1.1. Assume that f fulfills (f1)—-(f2). If u € W, 4 is a weak solution to (1.1), then

ue LRV N Cl](;j(RN) for some A € (0, 1). Moreover, u satisfies the following Pohozaev
identity:

N— N N— N
—p/|Vu|pdx+—/|u|pdx+—q/|Vu|qu+—/|u|qu
p P q q
RN RN RN RN

N+« (0
= —5— / Iy x F(u)) F(u)dx.
RN

The proof of Theorem 1.1 is divided into two main steps. We first obtain the L°°-regularity
of solutions to (1.1) by combining a suitable Moser iteration [35] and a De Giorgi type argument
[17]. We stress that the restriction o € ((N — 2¢)™, N) is only used to implement these tech-
niques; see Proposition 3.1. In view of Young’s inequality for convolutions, we see that the term
Iy * F(u) is bounded, and so the Cllg’?—regularity is a direct consequence of [21, Theorem 1].
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We emphasize that the presence of the nonlocal term I, * F (1) prevents a direct application of
the regularity results in [21] for local (p, g)-equations. We recall that when p =¢ =2 in (1.1),
the authors in [33] proved a nonlocal version of the Brezis-Kato regularity result [14, Theorem

2.3] to deduce that every weak solution u € H'(R") is in L"(RN) for all r € [2, % 1372), and

then they used the Calderon-Zygmund theory to infer that u € Wli’f, (RY) for all s € [1, 00); see
[33, Theorem 2]. Due to the nonhomogeneity of the (p, g)-Laplacian operator, the previous ar-
guments do not work in our context and thus a different approach is performed in the present
paper. In light of the above C 110’3,‘ -regularity result, we then show that every weak solution to (1.1)
satisfies the Pohozaev identity (1.6) by exploiting a variational identity for locally Lipschitz con-
tinuous solutions of a general class of quasilinear equations found in [18]. Observe that (1.6) can
be seen as a generalization of [33, formula (1.5)] to the (p, ¢)-Laplacian case.

Our second result guarantees the existence of a ground state solution to (1.1), that is, a function
u € Wp 4 such that Z(u) = m and Z'(u) = 0, where the ground state energy level m is given by

m:=inf{Z(v) : vEW, 4\ {0}, T'(v) =0}, (1.7)

and 7 : W, 4, — R is the energy functional associated with (1.1) defined as

T(u) :=l/(|Vu|p+|u|p) dx+l/(|Vu|q+|u|q) dx—%/(la*F(u))F(u)dx.
pRN qRN RN

Theorem 1.2. Assume that f satisfies (f1)—(f3). Then (1.1) has a ground state solution.

We sketch below the main lines of the proof of Theorem 1.2 which is inspired by [33, Theorem
1]. Note that the assumptions on f, Sobolev embeddings for W, , and the Hardy-Littlewood-
Sobolev inequality [26, Theorem 4.3] show that Z has a mountain pass geometry [5], and so we
can define the mountain pass level

b:= inf max Z(y()), (1.8)
yelte[0,1]

where
I:={y eC(0,11,W, ) : y(0)=0and Z(y (1)) <0}.
Utilizing the auxiliary functional Z (u (- /69)) :R x W, 4 — R introduced in [22], we produce a

Pohozaev-Palais-Smale sequence at level b, that is, a sequence (u,),eN C W) 4 such that, as
n— 00,

Z(un)— b,
I’(un)—>0in W;q, (1.9)
P(un) — 0,

where Wy . denotes the dual space of W), 4 and the Pohozaev functional P : W), ; — R is given
by
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N — N N — N
Pu) :=—p/|Vu|”dx+—/Iul”dx—i-—q/IVqudx+—/|u|qu
p p q q
RN RN RN RN
N+«
—T/(IQ*F(M))F(u)dx.
RN

In particular, we derive from (1.9) that (u,),cN is bounded in W, ,; see Lemma 4.1. Then
we develop a concentration-compactness type argument to prove that (u,),cN converges, up to
translations and extraction of a subsequence, strongly in W, ; to a weak solution u to (1.1);
see Proposition 4.2. Due to the presence of the (p, ¢)-Laplacian operator, differently from [33],
we need to establish an almost everywhere convergence of the gradient of the Pohozaev-Palais-
Smale sequence (u,),cN; see Lemma 4.2. This result will be also useful to apply the Brezis-Lieb
Lemma [15, Theorem 1] and deduce the compactness, modulo translations, of the set of ground
state solutions to (1.1); see Proposition 4.4. In order to show that u is a ground state solution to
(1.1), we take advantage of Theorem 1.1, which ensures that every weak solution to (1.1) satisfies
the Pohozaev identity (1.6), to construct an optimal path in the spirit of [23, Lemma 2.1]; see
Proposition 4.3. Consequently, we can conclude that the mountain pass level b coincides with
the ground state energy level m. We stress that Theorem 1.2 improves [46, Lemma 3.1] because
we consider more general nonlinearities. For instance, we cover the case f(r) = |t|"~2¢ with
re (% £, %—f‘;‘ %), which has not been investigated in the literature.

Thirdly, by using a polarization argument, we obtain the following version of [33, Theorem
4] concerning the sign and symmetry of ground state solutions to (1.1).

Theorem 1.3. If f satisfies (f1)—(f2) and, in addition, f is odd and has constant sign on (0, 00),
then every ground state solution to (1.1) has constant sign and is radially symmetric with respect
to some point in RN.

Finally, if the condition near zero in (f7) is replaced by

|tf )]

|r|P

lim sup

|t]—>0

< 00,

then we are able to demonstrate the exponential decay of positive solutions to (1.1).

Theorem 1.4. If f satisfies (f{)—(f2), where

W40)
. tf @) : ltf @l
limsup ——— <00 and limsup —F — <00,
t—o 1P jtl =00 |¢|N=q 2

and u is a positive weak solution to (1.1), then there exist C1, Co > 0 such that
u(x) <Cre ¥ forall x e RV.

Roughly speaking, the idea of the proof of Theorem 1.4 relies on the facts that (I, *
F(u))(x) — 0 as |x| — oo (by Young’s inequality for convolutions) and u(x) — 0 as |x| — oo
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(because u is Lipschitz continuous and belongs to L”(R™)), and utilizing the new assumption
near the origin we find that (1, x F(u)) f (u)(x) = owP 1 (x) + u?=1(x)) as |x| = oo. Then we
can use a comparison argument to achieve the desired exponential estimate.

The paper is organized as follows. In Section 2 we give some preliminary results. In Section 3
we study the regularity of weak solutions to (1.1) and we show that they satisfy a Pohozaev type
identity. In Section 4 we provide the proof of Theorem 1.2. Section 5 is devoted to the symmetry
properties of ground state solutions of (1.1). In Section 6 we prove the exponential decay of
solutions to (1.1).

2. Preliminaries

Let A C RN be a measurable set and A€ := R \ A its complement. For € [1, 00], we denote
by llullLr(a) the L' (A)-norm of u : RY — R. With B, (xp) we indicate the ball in RY centered at
xo € RN with radius r > 0. When xo =0, we simply write B, instead of B, (0).

Let ¢ € (1, 00). The Sobolev space W1/ (R") is the set of all functions u € L' (R"Y) whose
distributional first-order derivatives belong to L’ (RN). The space WLHRN) is endowed with the
norm

el wiemny == / (IVul" + [ul") dx
RN

It is well-known that W“(]RN ) is a reflexive Banach space [1, Theorems 3.3 and 3.6], and
that CSO(RN) is dense in WLH(RM) [1, Corollary 3.23]. We also recall the classical Sobolev
embeddings.

Theorem 2.1. [/, Theorems 4.12, 4.31 and 6.3] Let t € (1, N). Then there exists a sharp constant
K, =K.(N,t) > 0 such that

Kilul’ <|IVull’, forallu e DV (R™),

L™ (RN) RN)

where DV1(RN) is the closure of C?O(RN) with respect to the norm ||Vul| .« gny. Moreover,
WLH(RN)Y is continuously embedded in L (RN) for all r € [t, t*], and compactly embedded in
Ly .RN) forall r €[1,1%).

We have the following useful inequality.
Lemma 2.1. Let t € (1, N) and s € [t,t*). Then there exists C > 0 such that
1—1L
leell s vy < € ( sup ||u||2J(Bl<xo))> ety gy Sorallu e WHRY).
xoeRN
Proof. Fix u € WL (RYN). If s = ¢ then the proof is obvious. Let s € (¢, *) and take

N(s—1)
r:=T<s.

434



V. Ambrosio and T. Isernia Journal of Differential Equations 401 (2024) 428—-468
— =
Set B1 := ;=; and B, := -, and note that

r t*

B By
Using the Holder inequality and Theorem 2.1, we have

1

1
B B

Nl 3, e < /de /|M|t dx

Bi(xg) B (xo)

s—t
<Ci I:”u“rLS(B](xg))lBl(xO)'T] ' ||”||tvvl"(B.(xo)>

1-1L
s t
=C (IIMIISLs(Bl(xO))> ||u”W1-f(Bl(xo))

=1
K t
5C2( sup ||“||2S<Bl(xo>>) ety 3, (-
X

oé]RN

Covering RV by balls with radius 1 in such a way that each point of R" is contained in at most
N + 1 balls, we deduce the conclusion. O

Let 1 < p < g < oo. In order to examine (1.1), we consider the space
Wp.q=WHPRY) nWwhRY)

equipped with the norm

lulw,, = lullwir@yy + lullwia@yy-

It is easy to verify that W, , is a reflexive Banach space and C2°(R") is dense in W, ,. When
q < N, we derive from Theorem 2.1 that W, , is continuously embedded in L"(RN) for all
r € [p,q*], and compactly embedded in L}, (RN) for all r € [1, ¢g*). We will denote by W;f’q
the dual of W), ; and by || - [ the dual norm on W} .

Finally, we recall the Hardy-Littlewood-Sobolev inequality which will be frequently used
throughout the paper.

Theorem 2.2. [26, Theorem 4.3] Let r,s € (1,00) and v € (0, N) with 1 + & + 1 =2 Let

feL” (RYY and h € L*(RN). Then there exists a sharp constant C(N, u,r) > 0, independent
of f and h, such that

T =yl

h
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Remark 2.1. As a consequence of Theorem 2.2, if « € (0, N) and s € (1, g), then the map
feL RN I, f e L% (R¥) is a bounded linear operator.

3. Proof of Theorem 1.1

In this section we analyze the regularity of solutions to (1.1) and we demonstrate the Pohozaev
identity (1.6).

3.1. Regularity of solutions
We begin by studying the regularity of solutions to (1.1).

Proposition 3.1. Assume that f satisfies (f1)—(f2). If u € W), 4 is a weak solution to (1.1), then
ue L®°@®RN) N CHHRYN) for some A € (0, 1).

loc
Proof. We first prove that

ueL'RY) forallve[p,oco). (3.1

Set z := |u| and z, := vu? 4+ ¢ — ¢. Note that z, — z in W), , as ¢ — 0. We claim that

/|Vz|!’—2va¢dx+/z”‘1¢dx+/|Vz|q—2va¢dx+/zq—1¢dx
RN RN

N N
R R 32)

< / Lo F )| ()lp dx
RN

for all ¢ € W, , such that ¢ > 0. To confirm this, fix ¢ € C2° (R™) such that ¢ > 0. Observing
that for all s € {p, ¢} it holds

u
IVz~2Vz v¢dx=/|vbt|“2w7v¢dx
{ ’ . Vu? + &2
R R

2
_ s—2 u _ s €
= / [Vul>~=vVuVv (—m¢> dx /|Vu| 4(1424_82)3/2(;5(1)(
RN RN
u
< [ |Vul'2vuv (7 ) dx,
/ v u? +82¢

we see that
/ |Vz|P~2Vz, Vo dx + / V2|92V 2.V dx
RN RN
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< / \Vu|P~2Vuv (qu) dx + / \Vu|9~2VuV (L¢) dx
B Vu? 4 &2 Vu? +¢?
u u
gt - )
Vu? +¢?

+ / (L * F0)) f () dx

(=)

< - / |u|p_2u (L(ﬁ) dx — / |u|q_2u (Lqﬁ) dx
J Gaat) ") Nrrwe

+ / |(Io % F @) f ()¢ dx,

that is,

/IVZIP_2V28V¢>dx+/IVzlq_QVqubdx
RN RN

u u
<— [ uP%u <7¢) dx — / |9 2u (7(15) dx
/ u? 4 ¢2 Vu?+¢e?
RN RN

+ / |(Io 5 F @) f ()] dx.

Letting ¢ — 0 in the above relation, it follows from the dominated convergence theorem that (3.2)
holds for every ¢ € C2° (RN) such that ¢ > 0. By density, (3.2) is valid for all ¢ € Wp 4 such
that ¢ > 0.

Now we proceed as in [0, Theorem 1.2]. Let M > 1 and z); := min{z, M}. Taking ¢ = zﬁf}“,
with k > 0, in (3.2), we find

/ V2?7202V (e T dx + / AR
]RN

/|Vzlq ZVzV(z"q“)der/Zq*11153+1dx (3.3)
RN

/ (I % FO)I|f @) 1250 dx.

Note that
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/ V2|2V (it dx = (kg + 1) / IVzu 254 dx > 0, (3.4)

and that the Sobolev inequality in Theorem 2.1 gives

kg +1
/ VeIT VeV dx = (T / V(& DI dx

4
o~

kg +1 (k+1)g*
>S 7 d , 3.5
=5t JE (3.5)
RN

where S, = S, (N, g) > 0 is the best Sobolev constant of the embedding D4 (RY) L7 (RN).
On the other hand, because of 0 < z; < z, we have

/z”_lzl,(g+ldx+/zq_lzﬁ3+ldxz / 2P (3.6)
RV RV {ll<1)

Now, using the continuity of f and (f1), we know that

N+a g
2

IF()| < C(t| V% 4 t|742) forall7 €R. 3.7)

Combining Theorem 2.2 and (3.7) yields

/ (I % F @) f )|z dx

<CF kg+1
SCNF@I, g, o PRI G8
N+ot kg1

" H

<C (“u”Lp(RN) + ”””Lq (RN)) 17 Gz ||LN+ RN)
kq+
= C|f(u ‘
LF@27 0, o

Fix ¢ > 0. From ( f») and L’Hopital’s rule, it follows that

lim 2O f@o
=0 |t| N+oc !7 ’
and so there exists §p > 0 such that
Nta p_q
[f()]<elt] ¥ 2 for all 0 < |¢| < &p. 3.9

Let 0 < § < min{§p, 1}. Thanks to (f1), there are Ko > 0 and C; > 0 such that
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Lf(O)] < Cilt|™427" forall || > Ko. (3.10)

Let K > max{Ky, 1}. Fix u > K. Since f is continuous in R, we can find Cs , > 0 such that

o g
e g

£ (O)] < Csplt] ¥ forall § < |f| < . (3.11)

Then, in view of 0 < zp < |ul, (3.9), (3.10), (3.11), and the inequality
1 +0+n) <tf+t5+1t7 foralls,t,13>0anda € (0,1),

we obtain

/ @K g

N+a

- / |f )k ¥ dx + / |f @)k Ve dx + / |f )2k ¥ dx

| {lul<é} {o<lul<u} {lu|>p}
2N Nta Nta g 4po 2N
< | gNta / [lu| v +k’1|N+a dx+cN+u / [|u| N4 2+ 9\ v+ dx
{lu <4} {8<lul<p}
N+o
2N
2N N+a g 2N
+Cve || V=0 2K W5
{lu|>pu}
N+a N+o
2N 2N
N+a p 2N k
<e / lu| N 2RO NG gx + Cs. / u] (V55 3D e i
{lul<s} {8<lul<p}
N+a
2N
Nta g oy 2N
el |u| V=g 2HRD VT gy
{lu|>u}
N+ta N+4a
2N 2N
2N N+a g k 2N
<e / julPlul ¥ dx |+ Coe / HRSEML
{lul<d} {lul<p}
N+a
2N
N+4a g k 2N
+Ci |u| V=0 7RO WG gy
{lu|>p}
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2N

2N
Note that if |u| < § < 1 then |u|N_+akq < |u|*4 (since Mt
o

t*<t+1forallt>0anda € (0, 1), we get

> 1). Hence, exploiting the inequality

2N
P |u| P |u| ¥+ak9 dx <e /|u|1’+"qu <e / lulPt*a dx +¢.

{lu<s} {lul<8} {lul<8}

Consequently,

N+a
2N

2N
/ @K e
RN

N+a
2N
<e [ |ulP*dxtetcCs, / u| (V55 3O g
{lul<d} {lul<p}
N+a
2N
N+a 2N
+Cy u| V0 DN gy
{lul>p}
Let us observe that z; = |u| on {|u| < 8} (because 0 <& < 1 < M), and thus
/ lu|PH*e dx = / z,’;rkq dx.
{lul<8} {lu| <8}
Combining (3.3), (3.4), (3.5), (3.6), (3.8), and (3.12), we find
i*
q
kg +1 (k+1)g* = pkg
S*m /ZM dx +(1—-Ce¢) / Iy dx
RN {lu| <8}
N+a
2N
~ ~ N+a 2N ~ N+o 2N
<Ce+CCs, | (Wa 3RO TG g Ealel || (Wq 3RO TG g
{lul<p} {lu|>u}

Letting first ¢ — 0 and then M — oo, we obtain

440

(3.12)




V. Ambrosio and T. Isernia

/| [CRI

C’C(;,M / |u|(N4 §ka) ig dx

a9
7F

kq+1
(k+1)‘f

=<

{lul<p}

Now, we note that

/ |M|(N q%+kq)N+o( dx

{lul<p}

Journal of Differential Equations 401 (2024) 428—-468

N+a

=
m
i~

On the other hand, exploiting Holder’s inequality, we see that

N+ta
2N

|u|(N —q 2 +kq)N+oc dx

{lul>pu}

IA

2N 2N
+CC ju| (W2 30T g
{Juf>p)
(3.13)
N+o
2N
_ |u|<x+‘;‘5 —q+k+DD) G 4,
{luf <)
N+o
2N
< Vit || KFDTEE g (3.14)
{luj <)
N+o
2N
N+«a 2N
< it /|u|<"+1>NTi dx
N+«a
2N
/ ) F57 OO g
{Juf> 1)
N+ta
2N
|u|(%%*‘1)%|ul(k+l)% dx
{Juf>p)
a+2g—N q
TN aF
lul? dx /|u|<k+l)q*dx
{luf>p) RV
49
q*
: D(u) / Jul® D" gx
]RN
(3.15)

Thanks to (3.13), (3.14), and (3.15), we arrive at
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q
q*

kq+1 | |(k+1)q dx
(k+ 1)4

N+ta q
IN pe

e /|u|<’<+1>~+a dx +CC1D(w) /|u|<k+1)q*dx

=< éCa [L/'L

Since o +2g — N > 0 implies that D(u) — 0 as u — oo, we can select 4 > K sufficiently large
such that

S, kqg+1
0<D(u) <9— T Giho e ).
cCy (k+ 1)1
Therefore,
a9 N+«
q* 2N
k - q
(-5, /I D0 gy | < ECy Vi 2 /|u|<"“>w+a x|,
k + 1)a
and thus
T
1 k+1 +
llzell ;e vg* m ¥ <CHT| ——— [l | (3.16)
B (kg +1)9 LE R RNy’

for some constant C > 0 depending on k. Put 7 := %. Note that g* > 7 due to @ > N — 2gq.

Now we use a bootstrap argument. Because u € L9 (RN ), we can apply (3.16) with k 4+ 1 = =~

. X )2
to deduce that u € L*+Da" (RN) = 1%

have that u € L9 5" (RV) and so u € L” (RN) for all v € [¢*, 00). In hght ofuel’ (]RN) for
all s € [p, g*], we can conclude that (3.1) is valid.
Next we show that

ue L®@RV). (3.17)
Exploiting (3.1) and (3.7), it follows from Young’s inequality for convolutions that
K:=1Iy % Fu) € Co(RY) :={ve CRY): |v(x)| = 0 as |x| = oo}.
Then u solves
—Apu— Agu=1Y(x,u) inRY, (3.18)
where
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Y, ) = —|ul P20 — |9+ K () f ()
satisfies
[Wx,0)|<CA+ "™  for(x,1) e RY x R, (3.19)

for some r € (q, ¢*) and C > 0. Note that (3.19) is a consequence of (f1), p < g, K € L®(RYN),
and @ € (N —2q)™, N). Next we develop a De Giorgi type iteration [17] to prove that (3.17) is
true. Assume that u™ £ 0. Let

—1
IO Z max{l, ”u“L’(RN)}’

and define
vi= (pllull gy u.

Set wy := (v — 1 +27%)F for k € N and wp := v". Evidently, wy € W, 4 and 0 < wyi1 < wy

ae. in RV Let Uy := lwiclly, g, Put

Q= {x e RY : wr(x) > 0).
Observe that Q41 C {wg > 2~% D} v(x) < 26wy (x) for x € Q41 and [Q 11| < 2%V ;.

Testing (3.18) with wi+1, and using pllul| - rwyy > 1 and (3.19), we can see that

19w 1%, g, < Pl ) IV 112, g, + IV 011 g,
= llulpr)' ™ | [ 19UV x4 [ 19UV da
| RV RN

= (ol ) / V(s 1) wes dx
RN

< COpllullrany)'~ / wipr dx + / g dx
Qpp1N{ul<1} Qpp1N{lul>1}

< Clpllullr @) ™ 2751kl + (ollull ) 26DV
<2025V (o ull r @ny)) " Uk, (3.20)
where we have used
wirr () <27 D for x € Qg N {lu| < 1),
and
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0<u(x) < plull g2 wex)  forx € Q.

By virtue of (3.20) and utilizing the Holder and Sobolev inequalities, we arrive at

L
£3

2 ,
1 - [
Urst < et g gy | et |7 < C¥Collull rgeny)) 77U, (321

for some C > 1 independent of k. Let w := cr. Clearly, 0 < w < 1. Select

1

2 B
. -1 7" 1
p = max 1’ ”u“L’(RN)’ <||u||Zr(RN)w ) ’

where

ﬂ r + r 0
=—4r——=>0.
N q
Arguing by induction, we will prove that
Wk
Ur<— forallk e NU{0}. (3.22)
o

If k =0, then Uy = ||v+||’L,(]RN) < ||v||’L,(RN) = p~". Next we assume that (3.22) is true for
some k > 0 and we show that it also holds for k + 1. Using (3.21), the induction hypothesis,
2

r

(C_’w%)k = 1, the definition of 8, and that w > ||u||L7,(71£N)p’ﬂ, we find

- ﬁ_ 1+ L
U1 < C*(ollullrgmy)) 7 U, Y

2 oF 4y
- 2, (b
=C (pllullLr@ny) (,0 >

r

ko2

w r _
=;ww;m%pﬁ

k!

o’

<

This completes the proof of (3.22). In particular, we deduce that Uy — 0 as k— oo. Be-
cause wy — (v — )T a.e. in RN as k— oo and wy < v € L"(RY), it follows from the domi-
nated convergence theorem that ||(v — 1) Lr(@RN) = 0. Therefore, v < 1 a.e. in RY, namely,

lull oo wyy < pllull - ). Hence, (3.17) is valid. Thus, u € Wy, ;N L>®(R") is a weak solution

to (3.18) with ¥ € L®°(R"), and we can invoke [21, Theorem 1] to infer that u € Clléé\ (RV) for
some A€ (0,1). O
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3.2. A Pohozaev type identity

Now we show that every weak solution to (1.1) fulfills the Pohozaev identity (1.6). Firstly, we
recall the following useful result.

Lemma 3.1. [/8, Lemma 1] Let @ C RY be an open set, L : @ x R x RY — R a function of class

Cland g€ ZOL(Q) Assume also that £ — L(x, s, &) is strictly convex for each (x,s) € 2 x R.
Let u : Q2 x R be a locally Lipschitz solution of

—div{VeL(x,u, Vu)} + D;L(x,u, Vu) = g in D'(Q).

Then
/Dh Dg, L(x,u,Vu)D; udx—/[(dlvh)ﬁ(x u,Vu) + hViL(x,u,Vu)] dx
Mela (3.23)
:/(hVu)gdx
Q

forevery h € Cg (S2: RM).

Proposition 3.2. Assume that f satisfies (f1)—(f2). If u € W), 4 is a weak solution to (1.1), then
u obeys (1.6).

Proof. Let us choose L(x,s,&) = %IEI” + élélq and g = —|ul?2u — |u|9%u + (Iy *

F(u)) f(u) in Lemma 3.1. Take ¢ € CJ(RN) such that 0 < ¢ <1 in RV, o) =1for |x| <1
and ¢(x) =0 for |x| > 2. Set

h(x) =@ (%)x e C'(RN. RV).
Note that if /; (x) :=gp(%)xj, for j=1,..., N, then

Dihj(x) =Dy (7)

- ﬁ+‘ﬂ(%>5’7, forallx eRY, j=1,....N,

k
divh(x) =V (%) % + Ng (%) forall x e RV,

where §; ; denotes the Kronecker delta symbol. Moreover,

‘Dl(p( )k‘ forallx eRY, i, j=1,...,N. (3.24)

In light of (3.23), we see that
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Z/ zfﬂ X Déiﬁ(x,u,Vu)Djudx—i—/gp(%) DeL(x,u, Vu)Vudx

ij=lgn RN
/[Vgﬁ(k> —L(x,u, Vu)+N(p(k>£(x,u,Vu)] dx (3.25)
Q
:/(<p (%)xVu)gdx.
RN

From (3.24), ¢ (;c—‘) — land V(7)1 — 0as k— oo, (Vul? + |Vul?) € L'(R"), and applying
the dominated convergence theorem, we obtain that

Z/ l¢ jDEiﬁ(x,u,Vu)Djudx+/<p<%> DeL(x,u, Vu)Vudx

L= IRN RN

—/[W(%) XL, Vu)+N(p( )L(x u, W)] (3.26)
Q

N N
—><1——>/|Vu|pdx+(l——>/qu|qu,
p q
RN RN

as k — oo. On the other hand, an integration by parts and the dominated convergence theorem
show that, for all s € {p, ¢},

—/((p (%)xVu) || ~2u dx

RN

:_Rl w(g)xv('ii) dx 427
= [T we ()51 5 as § [ ras

RN

as k — oo. Finally, an integration by parts yields

/ ((p (%) xVu) (Iy % F()) f () dx

RN
X
= / /(F ou)(y)Iy(x — y)¢ (E)XV(F ou)(x)dxdy
RN RN
1
= / / lux =) ((F o0 (7) ¥V(F o)) + (F o)) (%) yV(F 0u)(v)) dxdy
RN RN
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= [ [ Fatome = [ve (3) +290 (3) | Fuwydxay
RN RN
_ — Xy _ Y
+¥ / / Fu()la(x — y) S y)(ﬁf(—k)ﬁ W("))F(u(x))dxdy,
RN RN Y

and invoking the dominated convergence theorem we deduce that

X v I« F d N+« I s F Fand 308
/(“’(%)x ”)(a* () f () )H—T/(a* W) F@ydx,  (3.28)

RN RN

as k — oco. Combining (3.25), (3.26), (3.27) and (3.28), we arrive at (1.6). This concludes the
proof of Proposition 3.2. O

Proof of Theorem 1.1. This is a direct consequence of Propositions 3.1 and 3.2. O
4. Proof of Theorem 1.2

In this section we focus on the existence of a ground state solution to (1.1). We start by proving
the existence of a Pohozaev-Palais-Smale sequence at the level b defined in (1.8).

Proposition 4.1. Assume that f satisfies (f1) and (f3). Then there exists a sequence (up),eN C
Wp.q satisfying (1.9).

Proof. First we show that I # (. In view of the definition of I, it is sufficient to construct
u €W, 4 such that Z(u) < 0. Let F : W, ;, — R be defined as

Fu) := / Iy F(u)) F(u)dx.
RN

From ( f1), we know that F is continuous in L” (RV) N L7 (RN). Put

w(x) ;=19 xB, (x),

where f is given by ( f3). Note that

F(w) = F(ty)? / / Io(x — y)dxdy > 0. (4.1)

By B

Exploiting the fact that W, , is dense in LP?(R™Y) N L9"(RN) and (4.1), we can find v € W, ,
such that F(v) > 0. Now, forall Tt > 0 and x € RY, we set

ve(x):=v (;) .
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Since N—qg <N — p <N < N +«, we have

.[pr » ‘L'N »
L(ve) = ——IIVvlly, gyy T — VI, g,
p p
.L,qu q ‘L’N 4 N+a
+ Tnvvlqu(RN) + ?HUHU,(RN) - Tf(v)—> —00  as T —> 00.

Then, taking t large enough, we arrive at Z(v;) < 0. Hence, I" # . In particular we deduce that
b < 0.
Next we prove that b > 0. Using Theorem 2.2, (3.7), the inequality

(a1 +ap) < 2r_1(af +aj) forallaj,ap>0,r > 1, 4.2)
and Theorem 2.1, we see that, forallu e W, 4,
Fu) < CollF@)|* 5

L N+a (RN)
=3 (1 gy + Ml )
< Ca [l ) +
<G [||u||’;v‘fj(§k) + ||u||‘j§f§§w} .

Consequently, for all u € W, 4,

S - I
(ll) = ;”uuwlp(RN) + ;”M”u/l,q(]RN) - E]:(u)

1 1 Cs 1+2 Cy g5
> —lul? + = ful P+ ) -
p q

Wip(RN) wha@®RNy ~ 7||u||wl,p(RN) - 7||u||W1’q(RN)'
Pick p > 0 such that

1 1
l b
(pC3)er

0<p<minq 1, v (-
(qC3)7ero

Let u € W), 4 be such that lullw,, < p. Then we obtain

| 1

Letus observe that 1 < p < g and |[u||y1.p g~y < 1 imply that [|u|| This

fact together with (4.2) yields

p q
Wl,p(RN) Z ”M ”Wl,p(]RN)'
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T 2 o (1l gy + 16010 e )

v

Ll- B[~

(”MHZVL;;(RN) + ””‘”lévl.q(RN))

=

Q

4 (el vy + Nl o))

Il
Q

q
alulfy, .
Note that, if y € T, then
ly Wlw,, > p-
Indeed, if by contradiction |y (1) ||WP~fI < p, then
q

I = Cally DIy, =0,

which is in contrast with y € I'. Hence,

ly ©lw,, =0<p <y Dlw,,.

and applying the intermediate value theorem we can find 7 € (0, 1) such that ||y (D)llw,, = p.
Thus,

C4p? <I(y (7)) < max I(y(1)).
tel0,1]
Due to the arbitrariness of y € I', we can deduce that

b > Cy4p? >0.

Now we prove that there exists a sequence (u,),eN C Wy 4 satisfying (1.9). As in [22], we
consider the map ® : R x W), ;, — W, 4 given by

®@,u)(x):=ulex) for (B, u) eR x W, ,.
Here R x W, , is equipped with the norm
160, WlrRxW,, =101+ lullw,,-

Set Z := 7 o ®. For every (0,u) € R x W, ,, we have

- (N=p)o eNO
Z(6,u) = IValLp oy + == 1Ly ey
(N—q)6 eNo
+ IVl gn, + Tllulliqm)
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e (N+)0

2

/ Iy * F(u)) F(u)dx.

RN

It is easy to check that ZeC'R x Wp 4, R). In view of the previous arguments, 7 has a moun-
tain pass geometry and so we can define the mountain pass level of 7 by setting

b:= inf max Z(y(1)),
jertel0,1]

where

F= [;7 € C(0, 1R x Wp) : 7(0) = (0,0) and Z(7(1)) < o} .

One readily verifies that b = b. Invoking the general minimax principle [43, Theorem 2.8], we
can produce a sequence ((0, vy))peN C R x W) 4 such that, as n — oo,

(i) Z(6n.vn)— b,
(i) Z'(On, va) > 0in (R x W o)*,
(iii) 6, — 0.

In fact, thanks to (1.8), there exists (¥,),eN C I such that
Iyn@®) <b+ :
max —.
refoy . Y =0T 0
Define y,,(t) :== (0, y,,(t)) € [". Therefore,
Z(7a(0)) Ton) <b+ -
max = max —.
retony Y oy ) =010

From [43, Theorem 2.8], we can find ((8,, vp))neNn CR x W, 4 such that (i) and (ii) are ful-
filled, and

distr ., (G- va), {0} X ¥ ([0, 11)) =0,
which yields (iii). Here we have used the notation
distrxw, , (6, u), A) := (t’ivr;iA (10 =t 4 flu — v”Wp,q) foral ACR x W 4.
Now, for all (7, w) € R x W, 4, it holds

(Z' (O vn), (B, w)) = (T (DO, V), PO, w)) + P(P(6n, v))h. (4.3)

Put u,, := ®(6,, v,). Owing to (i), we obtain that Z(u,) — b. Taking h =1 and w =0 in (4.3),
and utilizing (i), we get
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P(u,)— 0.

Fix ¢ € W 4. Applying (4.3) with & =0 and w(x) = ¢(e9"x), and using (i) and (iii), we
deduce that

(T (un). ) = 0u(DII$ ™)l , = 0u (DBl -

and thus Z’(u,) — 0 in W;’ q- Accordingly, the sequence (un)neN has the required proper-
ties. O

Lemma 4.1. Let (uy),eN C Wy 4 be a sequence such that, as n — oo,

(Z(up))neN is bounded,
L) > 0in Wy . (4.4)
Pun)— 0.

Then, (up)neN is bounded in W), 4. Moreover, there exists u € W), 4 such that, up to a subse-
quence, as n — 0o,

up—u inWpy,
RN forall r €[1,q*), 4.5)

u,—u ae inRV.

up—>u inlj,

Proof. Since, for all n € N, it holds

1 a+p » o p
L(un) — mp(un) = m”vun ”LP(RN) + mﬂunﬂu(Rw)
o +61 q

o
I — - q
q ol * gy Ml

it follows from (4.4) that (u,,),eN is bounded in W, ,. Hence, employing the reflexivity of W, ,
and that W), ;4 is compactly embedded in L{OC(RN) for all r € [1, g*), we can infer that (4.5) is
true. 0O

The next result guarantees the almost everywhere convergence of the gradients of Pohozaev-
Palais-Smale sequences.

Lemma 4.2. Let (u,),eN be a bounded sequence in W, , such that I (uy)—0 in W;q as
n— 00. Up to a subsequence, we assume that (4.5) is valid for some u € Wy, 4. Then, up to a
subsequence, as n — 00,

Vu,—Vu a.e.in RN,
2 2 s N\WN (4.6)
[Vun|* " *Vu, = |Vul*""Vu  in (L5-T(RY))Y forall s € {p,q}.
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Proof. The proof is inspired by [7, Proposition 4.1] (see also [13, Theorem 2.1]). Fix ¢ > 0 and
define the truncation function 7 : R — R at height € by setting

t if || <e,
T.():={ |,

L 1 >
€1 if [t]| >¢.

Take R > 0 and let ¥p ECSO(]R{N) be such that 0 < ¥p <1 in RV, Ygr=1in Bg and Yg =0
in B;R. We can write

/ VR [|wn|l’—2wn + |Vun |9 2Vu, — |Vu|P~2Vu — |Vu|q_2Vu] VT, (up — u)dx
RN
- / Te(uy — 1) [|wn|f’—2wn n |wn|q—2wn] Vi dx
RN
= [ v (1912 192V DTy = ) ) YT ) 4)

RN

- / (1?2 4 Jun |72 YR T (uy — u) dx
]RN

+ / (L # F () f ) WR To (it — 1) dix.
RN

Because of (4.5), we see that T (u, —u) = 0in W, 4, and Tg(u, —u) — 0 in LI’UC(RN) for all
r €[1,g*), as n— oo. These facts together with Z’(u,) — 0 in W;’ q imply that the first three
terms of the right-hand side of (4.7) go to zero as n — 0o. On the other hand, using |T: ()| < &
for all r e R, 0 < g < 1, the Holder inequality, and the boundedness of (u,),cN in LP(]RN )n
L?(RN), we get

/|un|s_2unl//RTs(un_u)dx 55/|”n|s_l|wR|dx
RN RN

s—1 1

< /|un|~‘dx /wmr‘dx
RN RN
<Cre forsef{p,ql,

for some constant C, > 0. Finally, exploiting Theorem 2.2, (f1), |T:(?)| < & for all r € R, the
Holder inequality, and the boundedness of (u,),cn in LP(RY) N L7 (R™), we can see that
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/ (o * F(un)) fun)YrTe(un —u)dx
RN

N+a N+a
2N 2N

/|F<un)|N2—fa dx /|f(un)wRTg<un )| d

» S (N+a)p-2N N o
< Ca (Il g,y + len e ) ot g 5 T — )85 dx

RN
N+a
2N
((N+e)g—=2(N—=¢))N.
gl S g [ $55 | T, (1 — )| ¥ dx
(N+a)p—2N 2N
(N+a)p (N+a)p
N
=C3| el |un|? dx lYrl” dx
RN RN
N+a
(N+a)g—2(N—q) 2(N—q) N
(N+a)q (N+a)q
2N x x
+ &Nt |unl? dx lyrl? dx
RN RN

<Cge,

for some constant C }é > (. From the definition of T, the fact that ¥yg > 0 in R¥, and recalling
that for all r > 1 it holds

(61176 — 16 8 (E1 —£2) >0 forall&,& e RY suchthat & # &,  (4.8)

we derive that the integrand of the left-hand side in (4.7) is nonnegative. Then, utilizing that
Yr =11in Bg, we discover that

1imsup/ [(|Vun|1’*2wn —IVulP2Vu) + (Vi |2 Vit — |Vu|‘1*2w>] VT Gty — 1) dx
n— oo
Bg

<Crge, 4.9)

for some constant Cg > 0. Define

en(x) i= (Vi ()P 72V, (x) — [Vu ()P~ 2Vu(x)) (Vitn (x) — Vu(x))
+ (IVitn ()92 Vit (x) — [Vu ()12 Vu(x)) (Vity (x) — Vi (x)).
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Evidently, ¢, > 0 in RV thanks to (4.8). Moreover, (en)neN 1s bounded in LYRY) since
(Vitn)pen is bounded in (L (RV)N and (|Vu,|*~"2Vu,),en is bounded in (L5=T(RV)V, for
all s € {p, q}. Take 6 € (0, 1) and consider the sets

A% :={x € Bg:|upn(x) —u(x)| <&} and By :={x € Bg : [uy(x) —u(x)| > ¢&}.

Applying the Holder inequality, we have

/eﬁdx:/egdx—i—/ezdx

Br Al B},
6 0 (4.10)

< /endx |A"R|179+ /e,,dx |B%|179.
Ak B

Observing that, for & > 0 fixed, |[B%| — 0 as n — oo, and using the boundedness of (e,),cN in
LY(RY), it follows from (4.9) and (4.10) that

limsup/ez dx < (Cre)’|Bg|'"™".
n— oo
Bpr

Letting ¢ — 0, we obtain that eg — 0 in Ll(BR), and so, up to a subsequence, e, — 0 a.e. in
Bg. Since R > 0 is arbitrary, up to a subsequence, e, — 0 a.e. in RV . This fact and (4.8) imply
that Vu, — Vu a.e. in RV. Because (|Vu,|*"?Vu,),en is bounded in (LT (RV)N, for all

s € {p, q}, we deduce that, up to a subsequence, |Vu,|*">Vu, — |Vu|*">Vu in (LT RNV,
for all s € {p, q}. The proof of Lemma 4.2 is now complete. O

Now we study the convergence of Pohozaev-Palais-Smale sequences.

Proposition 4.2. Assume that f fulfills (f1)—(f2). Let (up)peN C Wh 4 be a sequence satisfying
(4.4). Then,

(1) either up to a subsequence, u, — 0 in W), 4 as n — 0o,
(2) or there exist u € Wy 4 \ {0} such that 7' (u) =0 and (x),eN C RY such that, up to a

subsequence, u, (- — x,) — u in Wy 4 as n— oo.

Proof. First we note that, by Lemma 4.1, (u,),eN is bounded in W, 4. Let us assume that (1)
does not hold. Then, without loss of generality, we may suppose that

liminf luy |10 ) > 0. @11

Observe that
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/ (I * F(up)) F(uy)dx

_ 2 [N-p N
“Nta T” un”Lp(RN) + ;HW”LP(RN)

N — N
+T||Vun||Lq(RN) + — ”un”Lq(RN) P(”n) )
and utilizing P(u,) — 0 as n — oo and (4.11), we can see that

hmlnf/(l * F(uy)) F(u,)dx

n—

= liminf  \Vunll? +Ellu 7
n—oo N+« p "L RY) p TILPRY

N — N
+T”V“n”Lq(RN) — lun ”Lq(RN) P(un)

— liminf 2 v N p
= rllg]é‘lo N_'_a T” Mn”Lp ]RN) ;Hun“Lp(RN)

N — N
+T|lvun”Lq(RN) ”Mn ”Lq(RN)
2 N — N
.. N=q o q

Next we claim that, for every r € (¢, g*), we have

liminf sup |luullrr (B, (x)) > O- (4.13)
n— oo
xpeRN

Assume by contradiction that (4.13) is not true, that is, for some r € (¢, ¢*),

liminf sup ||un||Lr(Bl(x0)) =0. (414)
" x0eRN

Since F is continuous and satisfies ( f2), for every ¢ > 0 there exists C, > 0 such that

|F(t)|Vie <¢ (|¢|l’ + |r|q*) LGt forallz eR. (4.15)

Exploiting (4.15), the fact that (u,), N is bounded in W, ,, and applying Lemma 2.1, we obtain

N 1m 1 q* r
11m1nf||F(un)||LN+LY - < lrlll’glglof[é‘ (IIunIILp ®Ny Tl g (RN)) + CS””"”U(RN)]
1-1
=< " limi r . .
= Cre+C, liminf (xos:l]ll{?'v llnllr g, (xo))> (4.16)
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Then, using (4.14), (4.16), and since ¢ > 0 is arbitrary, we get

lrllrglglofHF(un)HL%(RN) =0. 4.17)

Employing (4.12), Theorem 2.2 and (4.17), we arrive at

0< liminf/ (Iy % F(up)) F(uy) dx < Coliminf | F (un)||> 5y =0,
n— oo n— oo LW(RN)
RN

that is a contradiction. Hence, (4.13) is proved. Thus, up to a translation, we may assume that,
for some r € (g, q™),

liminf ||y || 2 (5,) > O.
n— oo

From this and Lemma 4.1, up to a subsequence, we may suppose that (4.5) holds for some
u € Wp 4 \ {0}. Next we verify that u is a weak solution to (1.1). Utilizing the boundedness
of (Un)yen in Wy 4 and Z'(u,) — 0 in W;f,q, we can apply Lemma 4.2 to deduce that (4.6)
is valid. Taking into account that (,),cy is bounded in L?(RY) N L4"(RN), it follows from
(f1) that (F(uy,)),eN 1s bounded in Ll\?_ﬁr (RY). Because F is continuous, F(u,)— F(u) a.e.
in RY. Therefore, F(u,) — F(u) in Li\%x (RN). Recalling that the Riesz potential I, is a linear
continuous map from ng_ﬁa (R in L% (RY) (see Remark 2.1), we have that I, * F(u,) —
I, F(u)in L Ve (RN). On the other hand, thanks to ( f1) and (4.5), we know that f (u,) — f ()

in L;OC(RN) forall r €1, m) Consequently,

N : rmN Nq
Iy * F(un)) f(uy) = Iy *x F(u)) f(u) in L" (R™) forallre[l,iNq_N_f_q).

(4.18)

Combining (4.5), (4.6), and (4.18), we see that, for every ¢ € C° (RM),

/ <|Vu|'"_2VuV<p + ulP%u gp) dx + / (|Vu|q_2VuV¢ + u|9%u <p) dx
RN RN

_ / (L F0) f () p dx

RN

= lim |:/<|Vun|p_2VunV(p+|u,,|p_2u,,(p) dx

n— oo
RN

[ (90172909 4 a0, ¢)
RN
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—/Xm*mefww¢M}=o

RN
Since CZ° (RN) is dense in Wp.q» we conclude that u is a weak solution to (1.1). O

In order to establish the existence of a ground state solution to (1.1), we exploit Proposition 3.2
to construct an optimal path in the spirit of [23, Lemma 2.1].

Proposition 4.3. Assume that f satisfies (f1)—(f2), and let u € W), 4 \ {0} be a weak solution to
(1.1). Then, there exists L > 1 (sufficiently large but fixed) such that the path defined by

u() e,

y()(x) = Lt
ift =0,

satisfies

y(0) =0,

y(/L) =u,

y € C([0, 1], Wp 4),

T(y (1)) <IZ(u) forallt [0, 1]\ {1/L},
Z(y (1) <0,

Proof. Let y : [0, 00) = W, , be the path given by

X .
() :z{u<?) ift >0,
0 ift=0.

Clearly, y € C(|0, 00); W), 4). Note that, using (1.6), we have

. tN=p » N tN—q g N
tN+ot
— /(IQ*F(u)) F(u)dx
RN

N— N N N
(WP TN e (N T e,

p  (N+a) p LPRY =\ p  (N+a) p LPRY)

p (W T g (B Y e

g (N+a) ¢ RN T\ g  (N+a) q LIRY)’

Therefore,
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d .- N+a—1 1 N-—p p ! Noae

1 N — 1 N
+ t‘)‘+q - 1 ”Vu”Lq(RN)+ _01_1 ”M”Lq(]RN)

which combined with N > g > p yields

d d d
—Zy@)=0ifr=1, —Zy@))) >0 ifre(0,1), —Z(y(@))) <0 ifr € (1, 00).
dt dt dt
Hence, Z(y (¢)) achieves its strict global maximum at t = 1. Because
lim Z(y(t)) = —o0
1 —> 00
we can deduce that the path y can be defined by a suitable change of variable. O

Now we are ready to provide the proof of the main result of this section.

Proof of Theorem 1.2. According to Propositions 4.1 and 4.2, we can find a Pohozaev-Palais-
Smale sequence (u;),eN C Wp 4 at the mountain pass level b > 0 such that (4.5) and (4.6) hold
for some u € W, 4, \ {0} which satisfies (1.1). By Proposition 3.2, we know that P(u) = 0. In
light of these facts, and exploiting Z(u,) — b and P (u,) — 0 as n — oo, we see that

1

_ +p o P
= m ” ”L])(RN) m'll't"L[)(RN)
ot+q

<1 f atp \% ol b
imint | v a1+ m”“"”L"<RN>

oa+q

_*Tq q T

= 11m1nf (I(u,,) — ﬁp(ung

=liminfZ(u,) =b. 4.19)
n— oo
Since u is a nontrivial solution to (1.1), it follows from (1.7) and (4.19) that
m=<Zu)=<bh. (4.20)
Now, let v € W, , \ {0} be a weak solution of (1.1) such that Z(v) < Z(u). Applying Propo-
sition 4.3 to v, we can find y € I' such that max;¢[o,1)Z(y (¢)) = Z(v). Thus, thanks to (1.8),
Z(v) > b. This combined with (4.20) gives Z(v) > b > Z(u). Therefore, Z(v) = Z(u) = b = m,

and this concludes the proof of Theorem 1.2. O
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Finally, we prove an interesting result that will be useful to obtain the compactness, modulo
translations, of the set of ground state solutions.

Corollary 4.1. Under the assumptions of Proposition 4.2, if we assume that
liminf |luy, |y, >0,
n— 00 P4

and

limsupZ(u,) <m,
n— oo

then there exist u € Wp 4 \ {0} such that Z'(u) =0 and (x,),eN C RN such that, up to a subse-
quence, u, (- — xp) —>u in Wy 4 as n — oo.

Proof. By Proposition 4.2, up to a subsequence and translations, we may suppose that u,, — u

in W, 4 for some u € W, , \ {0} that solves (1.1). Then, arguing as in the proof of Theorem 1.2,
and using limsup,, _, ., Z(u,) < m, we have

1
m=<Zw)=Zu)— N—_HXP(M)

_a+p p
= e IV, (N e LS
o+
+ =T g,

sV G iy

o a+p P “@ p
< 1}Lni1élof|:m||Vunl|Lp(RN) + p(N +O{) “un”LP(RN)
o+q « q
- IV —
+q(N+ )” un“Lq(RN) ¢(N + o) ”un“Lq(]RN)i|

: a+p P o P
<limsup | ———||Vu +——|lu
< n%oopl:p(N'i‘Ol) IVunlly g, >N + o) lunlly » vy

oa—+q

m”v l‘l||Lq(RN)+

o q
m llutn ”Lq(RN)

= lim sup (I(u,,) - L7)( n))

n— oo

=limsupZ(u,) <m,

n— oo
from which
a—+p p o p
mHVMHLP(RN) + mHMHLP(RN)
o+
+— L |Vul?, o, + @21)

q(N+Ol) L‘I(RN) (N+ )” ”Lq(RN)
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. a+p p o p
no [p(N TV lmn * g 1 L@y

@tyq q o q
+m|lvun o myy + JNta) llutn ||L4(RN)1| :

Since (u,)neN is bounded in W, 4, and utilizing the facts that u, — u a.e. in R and Vu,, — Vu
a.e. in RY, it follows from the Brezis-Lieb Lemma [15, Theorem 1] and (4.21) that u,, — u in
Wpge. O

As a byproduct of Corollary 4.1, we obtain the following result.
Proposition 4.4. Up to translations in RY, the set

Smi={ueWpyq:Z(u)=m,I'(u) =0}

is compact in W), , endowed with the strong topology.
Proof. Let (u,),cN be an arbitrary sequence in S;,. By Theorem 1.1, we know that P(u,) =0
for all n € N. Hence, (u;),cN satisfies the assumptions of Proposition 4.2. We derive from
Z(uy) =m > O foralln € N and the continuity of Z that u,, - 0in W, 4. Thus, by Corollary 4.1,
up to subsequences and translations, u, — u in W, , for some u € W,, ; \ {0} such that Z'(u) =
0. Because 7 is continuous, we deduce that Z(u,,) > Z(u),and sou € S,,. 0O

5. Proof of Theorem 1.3

In this section, we investigate qualitative properties of ground state solutions to (1.1). We start
by showing that optimal paths yield critical points.

Lemma 5.1. Assume that f satisfies (f1). Let y € I" and t, € (0, 1) such that
Iy @) <Z(y ) =b  forallt [0, 1T\ {#:}. (5.1
Then, T'(y (t,)) = 0.

Proof. Suppose by contradiction that Z’(y (¢,)) # 0. By continuity, we can find &, > 0 such
that

. 8¢
inf {IZ' @)l : v =y @llw,,, <8} > =

Applying [43, Lemma 2.3] with X =W, 4, § = {y(#:)} and ¢ = b, there exists n € C([0, 1] x
Wh.q> Wh.q) such that

() nt,u)=uift=0o0rifu ¢ Z='([b—2e, b+2¢e]) N Sas,
(i) n(1,7b* N Ss) c Ib~¢,
(iii) n(t,-) is an homeomorphism of W, 4, for all t € [0, 1],
@) @, u) —ullw,, <9 forallu e Wy 4 and t € [0, 1],
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(v) Z(n(-,u)) is non increasing for all u € W), 4,
(vi) Z(n(t,u)) <bforallu e I N S5 and 1 € (0, 1].

Here we have used the notations Z9(u) := {u € Whpqg :Z(w) <d} and S5 :={u € W), :
lulw,, =6} ford e R and § > 0. Let ¢ : [0, 1] — W, , be defined by

o) :=n(,y@)) fortel0,1].
Let us observe that:
e ¢ €T'; indeed combining y € I" with (i), we see
#(0)=n(1,y(0)) =n(1,0) =0,
whereas (i) and (v) imply that
Z(p() =Z(n(1, y (1)) =<Z(n(0,y (1)) =Z(y(1)) <O0.
e Z(¢p(t)) <bforall t € [0, 1]; in fact, using (v), (i), and (5.1), we obtain
Zn(Ly @) =Z(mO,y@) =Z(y@®) <b forallz € [0, 1]\ {#},
whereas (ii) yields

I(n(l,y))) =b—¢e<b.

Consequently,
Z(o(t b
max, (1)) <D,

which contradicts the definition of b. Hence, Z'(y (t,)) = 0. O

Next we verify that ground state solutions to (1.1) do not change sign whenever f is odd and
has constant sign.

Proposition 5.1. Assume that f satisfies (f1)—(f2). If f is odd and does not change sign on
(0, 00), then every ground state solution u € W), 4 of (1.1) has constant sign.

Proof. Without loss of generality, we may assume that f > 0 on (0, 00). Let u € W), 4 be a
ground state solution of (1.1). Note that, because f is odd, F is even. Thus,

Z(lvh=Z(v) forallveW,,. 5.2)
By Proposition 4.3, we know that there exist L > 1 and y € I'" such that
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y(1/L) =u,
T(y(t)) <T@) forallte[0,1]\{1/L}.

(5.3)

Exploiting (5.2) and (5.3), we have
Iy =Z(y(@t)) <Z(m)=m=>b forallt [0, 1]\ {1/L},

which combined with Lemma 5.1 ensures that Z’(|u|) = 0. Therefore, Z(Ju|) = Z(u) = m and
Z'(lu]) =0, that is, |u| is a ground state solution to (1.1). As a result, |u| weakly solves

—Aplul — Aglul + ulP™" + |9 = Iy * F(u) f(Jul)  inRY.

Since |u| € L2 RN) N Cllo’ff(RN) for some A € (0, 1) (by Theorem 1.1), it follows from the
Harnack inequality [41, Theorem 1.2] that || > 0 in RY . In conclusion, u has constant sign, as
desired. O

Finally, we study the symmetry of ground state solutions to (1.1). For this purpose, we recall
some useful facts about the theory of polarization; see [44, Chapter 8] for more details.

Let H C RY be a closed half-space and denote by o' the reflection with respect to the frontier
of H. The polarization (with respect to H) of a function u : RY — R is defined by

Hry e max{u(x),u(ocy(x))} ifxeH,
VT minfuo), u(og (X)) ifx € HE.

The following results will be crucial to accomplish our aim.

Proposition 5.2. [44, Propositions 8.3.7 and 8.3.12] Let t € [1,00) and u € W (RN). Then
ufl e WLERYN) and it holds

|VMH||Lt(]RN) = ||Vu||Lt(]RN) and ||MH||Lt(]RN) = ||M||Lt(RN).

Lemma 5.2. [32, Lemma 5.3] Let « € (O, N), u € L%(RN) and H C RY be a closed half-

space. If u > 0 then
// u(x)u(y) // ufl oyut! (y) dxd
ey ey

with equality if and only ifu =u or u! =uooy.

Lemma 5.3. [32, Lemma 5.4] Let t € [1,00) and u € L'(RY) be such that u > 0. Then there
exist xo € RN and a nonincreasing function v : (0, 00) — R such that u(x) = v(|x — xo|) for a.e.
x € RN ifand only if u™ = u or u = u o oy for every closed half-space H C RV,

The proposition below concerns the sign and symmetry of ground state solutions to (1.1).
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Proposition 5.3. Assume that f satisfies (f1)—(f2). If f is odd and does not change sign on
(0, 00), then every ground state solution u € Wy, 4 to (1.1) is radially symmetric about a point.

Proof. Suppose that f >0 on (0, 00). Let u € W), , be a ground state solution to (1.1) and let

H C R" be a closed half-space. In view of Proposition 5.1, we may assume that u > 0. Because
F is nondecreasing, it holds

Fuy=Fuw?". (5.4)
From Proposition 4.3, we can find L > 1 and y € I" such that

y()>0 forallt€]0,1],
y(1/L)=u, (5.5
Z(y(@)) <Z(u) foralltre[0,1]\{1/L}.

Define yH 1[0, 11— W, 4 by setting
y@) =@,

Thanks to [42, Corollary 2.40], y e C([0, 1]; Wh.4). By Lemma 5.2 and Proposition 5.2, we
obtain that

I(yH(t)) <Z(y(t)) forallte]lO0,1]. (5.6)
Hence, yH e I', and using (1.8), we see that

max Z(y" () > b. (5.7)
t€[0,1]

Taking (5.5) and (5.6) into account, we get
I(yH(t)) <Z(y(@))<Z(u)=>b forallre[0,1]\{1/L}. (5.8)

Therefore, (5.5), (5.7), and (5.8) give

IZyH"/L)=b=T(y(1/L)), (5.9)

that is, Z(u') = Z(u). This fact combined with Proposition 5.2, Lemma 5.2 and (5.4), implies
that either F(u)® = F(u) or Fuf) = F(uoop).

First we consider the case F(u)¥ = F(u). Since F is non decreasing, for every x € H we
have

u(x)

/ f@)dt = Fu(x) — Fu(on(x)) = Fux)™ — Fu(on(x))) = 0.

u(op (x))
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Hence, either u(op(x)) < u(x) or f =0 in [u(x), u(oy (x))]. In particular,
f@y=f@w) onRY. (5.10)
Note that (5.8) and (5.9) yield
Zy™ @) <ZM /L) =b forallz €0, 11\ {1/L},

and so, applying Lemma 5.1, we discover that 7’ (uf'y = 0. This together with (5.4) and (5.10)
ensures that u is a weak solution to

- A,,MH - AquH + P20 4 =2 1

= Iy * Fu™) f™)y =y x Fu) f) inRY,

that is, forall p e W), 4,

[ vttty ds [t g ds

RN RN
+/|VMH|q_2VuHV¢dx+/IuH|q_2uH<ﬂdx .11
RN RN

_ / (I % F)) £ () pdx.
RN

Taking ¢ = u — u™ in (1.5) and (5.11), respectively, by subtracting we obtain

0= / (leﬂvu - |wH|P*2wH) (w — VuH) dx

RN

+ / (Iulpfzu — |uH|p72uH) (u — MH) dx
RN

n / (|Vu|q_2Vu - |wH|’1—2wH) (W - VuH> dx
RN

+ / (Iulq_2u — |uH|q_2uH) (u — uH> dx.
RN

Recalling the well-known inequality (see [40, formula (2.2)])

|’*2y)(x —y)>Cix —y|" forallx,ye RY and 1 € [2, o0),

t—2
(Ix[""x — 1y
we arrive at
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Hp H
Cpllu —u™| + Cyllu —u™||

WLI’(RN) O’

q
wla@RN) =
which implies u = u®.

Secondly, if F(uf') = F(uoop), then we can argue as before to infer that u” = uooy. Since
H is arbitrary, we can invoke Lemma 5.3 to conclude that u is radially symmetric and radially
decreasing. 0O

Proof of Theorem 1.3. The desired assertions follow directly from Propositions 5.1 and
53. O

6. Proof of Theorem 1.4

By Proposition 3.1, we know that u € L°(R") and K = I, * F(u) € Co(R"). Therefore,
u €W, 4NL®MRYN) solves

—Apu—Agu=1y inRY,

with ¥ € L°(RY) given by ¥ (x) := —u? " (x) —u?~ (x) + K(x) f (u(x)), and using [21, The-
orem 1] we deduce that ||Vu| ;«gny < C for some C > 0. Hence, u is Lipschitz continuous
in R and so uniformly continuous in R". This fact and u € L”(R") shows that u(x) — 0 as

|x| — co. From this, limsup;|_, ¢ ‘tﬁf;)l <00, p<gqand |C(x)| — 0 as |x| - 0o, we derive that

K@) fu) = K(x)bﬂ,_{(ifzﬂ_l(ul’—l +ul™ < %(u”_l +u?"") in B,

for some R > 0. Thus u satisfies
1
—Apu—Aqu+§(up_l+uq_l)§0 in B. (6.1)

Let us now define ¢ (x) := Ye*Re¥I*I where «, Y > 0 are such that

K < min < ! >;,< ! >E )
{ 20-1) "\2(¢-D

and ||lullpoornyy < Y. Clearly, u(x) < ¢(x) forall |x| < R. It is readily seen that

1
—Apdp— Ny + 5(451’“ +¢77h)

1 N—1
= g7 (E—K"(p—m w fc”—1> (6.2)

x|

1 ,
+ ¢4 (5—/(@(q—1)+ qu>>0 in B%.

Subtracting (6.2) from (6.1) and choosing ¢ := (u — ¢)* € Wé’p(B;‘}) N Wé’q(B;,) as test func-
tion, we obtain
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0> / (V072U = [Vg17=29¢) + (Vul?=2Vu - [Vg|'2Vg) | Ve
{Ix[>R:u(x)>¢(x)}

o[t =g 4w =g ) ax

@’ —¢" N - ¢)dx >0,

v
SR

{lx|>R:u(x)>¢(x)}

where we have used (4.8). Consequently,
WP =P Hu—¢)=0 ae.in{|x|>R:u(x)>px)}.

Since u and ¢ are continuous in R", we deduce that the set {|x| > R : u(x) > ¢(x)} is empty.
As aresult, u(x) < ¢ (x) for all x € RY. The proof of the theorem is now complete.
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