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Abstract

In this paper, we study the existence of ground state solutions for the following (p, q)-Choquard equation:

−�pu − �qu + |u|p−2u + |u|q−2u = (Iα ∗ F(u))f (u) in RN,

where 2 ≤ p < q < N , �s is the s-Laplacian operator, with s ∈ {p, q}, Iα is the Riesz potential of order 
α ∈ ((N − 2q)+, N), F ∈ C1(R, R) is a general nonlinearity of Berestycki-Lions type and F ′ = f . Fur-
thermore, we analyze the regularity, symmetry and decay properties of these solutions. In particular, we 
extend the results in [33] to the (p, q)-Laplacian setting.
© 2024 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND 
license (http://creativecommons .org /licenses /by -nc -nd /4 .0/).
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1. Introduction

In this paper, we focus on the following (p, q)-Choquard equation:

−�pu − �qu + |u|p−2u + |u|q−2u = (Iα ∗ F(u))f (u) in RN, (1.1)
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where 2 ≤ p < q < N , �su := div(|∇u|s−2∇u) is the s-Laplacian operator, with s ∈ {p, q}, and 
Iα denotes the Riesz potential of order α ∈ ((N − 2q)+, N) defined by

Iα(x) := �
(

N−α
2

)
�
(

α
2

)
π

N
2 2α

1

|x|N−α
for all x ∈RN \ {0}.

We assume that f ∈ C(R, R) fulfills the following conditions:

(f1)

lim sup
|t |→0

|tf (t)|
|t |N+α

N
p
2

< ∞ and lim sup
|t |→∞

|tf (t)|
|t |N+α

N−q
q
2

< ∞,

(f2) the antiderivative F(t) := ´ t

0 f (τ) dτ of f satisfies

lim
t →0

F(t)

|t |N+α
N

p
2

= 0 and lim
t →∞

F(t)

|t |N+α
N−q

q
2

= 0,

(f3) there exists t0 ∈ R \ {0} such that F(t0) 	= 0.

The interest in (1.1) is due to the fact that two phenomena occur in it: the nonhomogeneity of 
the (p, q)-Laplacian operator �p +�q and the nonlocal character of the nonlinear term. In what 
follows, we recall the main motivations and some fundamental works regarding (p, q)-Laplacian 
problems and Choquard equations, respectively.

The study of (p, q)-Laplacian problems stems from the following general reaction-diffusion 
system

ut = div(D(u)∇u) + f (x,u) x ∈RN, t > 0,

where D(u) := |∇u|p−2 + |∇u|q−2. This system finds applications in biophysics, plasma 
physics and chemical reaction design; in these contexts u stands for a concentration, the term 
div(D(u)∇u) corresponds to the diffusion with a diffusion coefficient D(u), and f (x, u) rep-
resents the reaction term which relates to source and loss processes (see [16]). For results 
concerning (p, q)–Laplacian problems in both bounded domains and in the whole of RN , we 
refer to [7,10,19–21,24,36,38] as well as the references therein. In particular, Pomponio and 
Watanabe [38] proved the existence of a positive ground state solution to

−�pu − �qu = g(u) in RN,

where g is a Berestycki-Lions type nonlinearity [12]; see also [7,9] for related results.
We emphasize that the integral functional associated with the (p, q)-Laplacian operator is 

connected to the well-known double-phase functional

Fp,q(u;�) :=
ˆ

(|∇u|p + a(x)|∇u|q) dx,
�
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where � ⊂ RN is an open set and 0 ≤ a(·) ∈ L∞(�), which was first considered by Zhikov 
[47,48] within the context of homogenizing highly anisotropic materials and in order to pro-
vide new examples of the Lavrentiev phenomenon. In elasticity theory, the weight function a(·)
emerges as the modulating coefficient and it dictates the geometry of the composite made of two 
different materials with distinct power hardening exponents p and q . For what concerns the regu-
larity theory, Fp,q belongs to the category of nonuniformly elliptic functionals with nonstandard 
growth conditions of (p, q)-type, according to Marcellini’s terminology; see the recent surveys 
in [29,30] for more details.

When p = q = 2, N = 3, α = 2 and F(t) = t2, equation (1.1) reduces to the so-called 
Choquard-Pekar equation

−�u + u =
(

1

4π |x| ∗ u2
)

u in R3. (1.2)

This equation was introduced in 1954 by Pekar [37] to describe the quantum mechanics of a 
polaron at rest. In 1976, Choquard employed equation (1.2) to investigate stationary states of the 
one-component plasma approximation within Hartree-Fock theory [25]. Later, Penrose proposed 
(1.2) as a model of self-gravitating matter and is known in that context as the Schrödinger-
Newton equation [31]. The early existence and symmetry results can be addressed to the fun-
damental papers by Lieb [25] and Lions [27]. Ma and Zhao [28] demonstrated that all positive 
solutions of (1.2) must be radially symmetric and monotone decreasing about some fixed point. 
Moroz and Van Schaftingen [33] established the existence and qualitative properties of positive 
ground state solutions to

−�u + u = (Iα ∗ F(u))f (u) in RN,

under almost necessary conditions on the nonlinearity F in the spirit of Berestycki and Lions 
[12]. Further interesting results for nonlinear Choquard type equations can be found in [34]. 
When p = q 	= 2, equation (1.1) falls in the realm of the following class of quasilinear Choquard 
equations involving the p-Laplacian operator:

− εp �pu + V (x)|u|p−2u = 1

εN−μ

(
1

|x|μ ∗ F(u)

)
f (u) in RN, (1.3)

where ε > 0, μ ∈ (0, p) and V is a positive continuous potential. For ε > 0 small enough, the 
existence and multiplicity of positive solutions to (1.3) has been object of study by Alves and 
Yang [2–4], whereas a regularity result and a Pohozaev type identity for (1.3) with ε = V (·) = 1
have been recently obtained by the first author in [6].

Concerning nonlinear Choquard equations driven by the (p, q)-Laplacian operator, Zhang et 
al. [46] used Nehari manifold method and Ljusternik-Schnirelmann category theory to investigate 
the multiplicity and concentration phenomena of positive solutions for the equation

− εp �pu − εq �qu + V (x)(|u|p−2u + |u|q−2u) = 1

εN−μ

(
1

|x|μ ∗ G(u)

)
g(u) in RN,

(1.4)
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where ε > 0 is a small parameter, μ ∈ (0, p), g is a C1 subcritical nonlinearity satisfying an 
Ambrosetti-Rabinowitz type condition [5] and V ∈ C(RN, R) fulfills the following condition 
introduced by Rabinowitz [39]:

0 < inf
x∈RN

V (x) < lim inf|x|→∞V (x) < ∞.

Xie et al. [45] applied the mountain pass theorem [5] to show the existence of nontrivial solu-
tions to (1.4) with ε = 1, g is a subcritical continuous nonlinearity satisfying an Ambrosetti-
Rabinowitz type condition, and V ∈ C(RN, R) verifies the following Bartsch-Wang condition 
[11]: there exist constants a, d0 > 0 such that V (x) ≥ a and

lim|y|→∞ meas
{
x ∈RN : |x − y| ≤ d0, V (x) ≤ M

}
= 0 for all M > 0.

We also mention [8] where the author explored the multiplicity and concentration of positive 
solutions for a Choquard equation involving the fractional (p, q)-Laplacian operator.

Motivated by the above papers, in this work we focus on the existence of ground state solutions 
to (1.1) with general nonlinearities, and we examine the qualitative properties of these solutions. 
In particular, we extend the results in [33] to the (p, q)-Laplacian setting. Next we list our main 
theorems. The first one concerns the regularity of weak solutions to (1.1) and a Pohozaev type 
identity. Here we say that u ∈Wp,q is a weak solution to (1.1) if for every ϕ ∈Wp,q we have

ˆ

RN

|∇u|p−2∇u∇ϕ dx +
ˆ

RN

|u|p−2uϕ dx +
ˆ

RN

|∇u|q−2∇u∇ϕ dx +
ˆ

RN

|u|q−2uϕ dx

=
ˆ

RN

(Iα ∗ F(u))f (u)ϕ dx,

(1.5)

where Wp,q is defined in Section 2.

Theorem 1.1. Assume that f fulfills (f1)–(f2). If u ∈ Wp,q is a weak solution to (1.1), then 
u ∈ L∞(RN) ∩ C

1,λ
loc (RN) for some λ ∈ (0, 1). Moreover, u satisfies the following Pohozaev 

identity:

N − p

p

ˆ

RN

|∇u|p dx + N

p

ˆ

RN

|u|p dx + N − q

q

ˆ

RN

|∇u|q dx + N

q

ˆ

RN

|u|q dx

= N + α

2

ˆ

RN

(Iα ∗ F(u))F (u)dx.

(1.6)

The proof of Theorem 1.1 is divided into two main steps. We first obtain the L∞-regularity 
of solutions to (1.1) by combining a suitable Moser iteration [35] and a De Giorgi type argument 
[17]. We stress that the restriction α ∈ ((N − 2q)+, N) is only used to implement these tech-
niques; see Proposition 3.1. In view of Young’s inequality for convolutions, we see that the term 
Iα ∗ F(u) is bounded, and so the C1,λ-regularity is a direct consequence of [21, Theorem 1]. 
loc
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We emphasize that the presence of the nonlocal term Iα ∗ F(u) prevents a direct application of 
the regularity results in [21] for local (p, q)-equations. We recall that when p = q = 2 in (1.1), 
the authors in [33] proved a nonlocal version of the Brezis-Kato regularity result [14, Theorem 
2.3] to deduce that every weak solution u ∈ H 1(RN) is in Lr(RN) for all r ∈ [2, N

α
2N

N−2 ), and 

then they used the Calderon-Zygmund theory to infer that u ∈ W
2,s
loc (RN) for all s ∈ [1, ∞); see 

[33, Theorem 2]. Due to the nonhomogeneity of the (p, q)-Laplacian operator, the previous ar-
guments do not work in our context and thus a different approach is performed in the present 
paper. In light of the above C1,λ

loc -regularity result, we then show that every weak solution to (1.1)
satisfies the Pohozaev identity (1.6) by exploiting a variational identity for locally Lipschitz con-
tinuous solutions of a general class of quasilinear equations found in [18]. Observe that (1.6) can 
be seen as a generalization of [33, formula (1.5)] to the (p, q)-Laplacian case.

Our second result guarantees the existence of a ground state solution to (1.1), that is, a function 
u ∈ Wp,q such that I(u) = m and I ′(u) = 0, where the ground state energy level m is given by

m := inf
{
I(v) : v ∈Wp,q \ {0}, I ′(v) = 0

}
, (1.7)

and I : Wp,q →R is the energy functional associated with (1.1) defined as

I(u) := 1

p

ˆ

RN

(|∇u|p + |u|p) dx + 1

q

ˆ

RN

(|∇u|q + |u|q) dx − 1

2

ˆ

RN

(Iα ∗ F(u))F (u)dx.

Theorem 1.2. Assume that f satisfies (f1)–(f3). Then (1.1) has a ground state solution.

We sketch below the main lines of the proof of Theorem 1.2 which is inspired by [33, Theorem 
1]. Note that the assumptions on f , Sobolev embeddings for Wp,q and the Hardy-Littlewood-
Sobolev inequality [26, Theorem 4.3] show that I has a mountain pass geometry [5], and so we 
can define the mountain pass level

b := inf
γ∈�

max
t∈[0,1]I(γ (t)), (1.8)

where

� := {γ ∈ C([0,1],Wp,q) : γ (0) = 0 and I(γ (1)) < 0
}
.

Utilizing the auxiliary functional I(u(·/eθ )) : R × Wp,q →R introduced in [22], we produce a 
Pohozaev-Palais-Smale sequence at level b, that is, a sequence (un)n∈N ⊂ Wp,q such that, as 
n →∞,

I(un)→b,

I ′(un)→0 in W∗
p,q,

P(un)→0,

(1.9)

where W∗
p,q denotes the dual space of Wp,q and the Pohozaev functional P :Wp,q →R is given 

by
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P(u) := N − p

p

ˆ

RN

|∇u|p dx + N

p

ˆ

RN

|u|p dx + N − q

q

ˆ

RN

|∇u|q dx + N

q

ˆ

RN

|u|q dx

− N + α

2

ˆ

RN

(Iα ∗ F(u))F (u)dx.

In particular, we derive from (1.9) that (un)n∈N is bounded in Wp,q ; see Lemma 4.1. Then 
we develop a concentration-compactness type argument to prove that (un)n∈N converges, up to 
translations and extraction of a subsequence, strongly in Wp,q to a weak solution u to (1.1); 
see Proposition 4.2. Due to the presence of the (p, q)-Laplacian operator, differently from [33], 
we need to establish an almost everywhere convergence of the gradient of the Pohozaev-Palais-
Smale sequence (un)n∈N ; see Lemma 4.2. This result will be also useful to apply the Brezis-Lieb 
Lemma [15, Theorem 1] and deduce the compactness, modulo translations, of the set of ground 
state solutions to (1.1); see Proposition 4.4. In order to show that u is a ground state solution to 
(1.1), we take advantage of Theorem 1.1, which ensures that every weak solution to (1.1) satisfies 
the Pohozaev identity (1.6), to construct an optimal path in the spirit of [23, Lemma 2.1]; see 
Proposition 4.3. Consequently, we can conclude that the mountain pass level b coincides with 
the ground state energy level m. We stress that Theorem 1.2 improves [46, Lemma 3.1] because 
we consider more general nonlinearities. For instance, we cover the case f (t) = |t |r−2t with 
r ∈ (N+α

N
p
2 , N+α

N−q
q
2 ), which has not been investigated in the literature.

Thirdly, by using a polarization argument, we obtain the following version of [33, Theorem 
4] concerning the sign and symmetry of ground state solutions to (1.1).

Theorem 1.3. If f satisfies (f1)–(f2) and, in addition, f is odd and has constant sign on (0, ∞), 
then every ground state solution to (1.1) has constant sign and is radially symmetric with respect 
to some point in RN .

Finally, if the condition near zero in (f1) is replaced by

lim sup
|t |→0

|tf (t)|
|t |p < ∞,

then we are able to demonstrate the exponential decay of positive solutions to (1.1).

Theorem 1.4. If f satisfies (f ′
1)–(f2), where

(f ′
1)

lim sup
|t |→0

|tf (t)|
|t |p < ∞ and lim sup

|t |→∞
|tf (t)|
|t |N+α

N−q
q
2

< ∞,

and u is a positive weak solution to (1.1), then there exist C1, C2 > 0 such that

u(x) ≤ C1e
−C2|x| for all x ∈ RN.

Roughly speaking, the idea of the proof of Theorem 1.4 relies on the facts that (Iα ∗
F(u))(x) →0 as |x| →∞ (by Young’s inequality for convolutions) and u(x) →0 as |x| →∞
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(because u is Lipschitz continuous and belongs to Lp(RN)), and utilizing the new assumption 
near the origin we find that (Iα ∗ F(u))f (u)(x) = o(up−1(x) + uq−1(x)) as |x| →∞. Then we 
can use a comparison argument to achieve the desired exponential estimate.

The paper is organized as follows. In Section 2 we give some preliminary results. In Section 3
we study the regularity of weak solutions to (1.1) and we show that they satisfy a Pohozaev type 
identity. In Section 4 we provide the proof of Theorem 1.2. Section 5 is devoted to the symmetry 
properties of ground state solutions of (1.1). In Section 6 we prove the exponential decay of 
solutions to (1.1).

2. Preliminaries

Let A ⊂ RN be a measurable set and Ac := RN \A its complement. For t ∈ [1, ∞], we denote 
by ‖u‖Lt (A) the Lt(A)-norm of u : RN →R. With Br(x0) we indicate the ball in RN centered at 
x0 ∈RN with radius r > 0. When x0 = 0, we simply write Br instead of Br(0).

Let t ∈ (1, ∞). The Sobolev space W 1,t (RN) is the set of all functions u ∈ Lt(RN) whose 
distributional first-order derivatives belong to Lt(RN). The space W 1,t (RN) is endowed with the 
norm

‖u‖W 1,t (RN) :=
⎛
⎜⎝ ˆ

RN

(|∇u|t + |u|t) dx

⎞
⎟⎠

1
t

.

It is well-known that W 1,t (RN) is a reflexive Banach space [1, Theorems 3.3 and 3.6], and 
that C∞

c (RN) is dense in W 1,t (RN) [1, Corollary 3.23]. We also recall the classical Sobolev 
embeddings.

Theorem 2.1. [1, Theorems 4.12, 4.31 and 6.3] Let t ∈ (1, N). Then there exists a sharp constant 
K∗ = K∗(N, t) > 0 such that

K∗‖u‖t

Lt∗ (RN)
≤ ‖∇u‖t

Lt (RN)
for all u ∈D1,t (RN),

where D1,t (RN) is the closure of C∞
c (RN) with respect to the norm ‖∇u‖Lt (RN). Moreover, 

W 1,t (RN) is continuously embedded in Lr(RN) for all r ∈ [t, t∗], and compactly embedded in 
Lr

loc(R
N) for all r ∈ [1, t∗).

We have the following useful inequality.

Lemma 2.1. Let t ∈ (1, N) and s ∈ [t, t∗). Then there exists C > 0 such that

‖u‖s
Ls(RN)

≤ C

(
sup

x0∈RN

‖u‖s
Ls(B1(x0))

)1− t
s

‖u‖t
W 1,t (RN)

for all u ∈ W 1,t (RN).

Proof. Fix u ∈ W 1,t (RN). If s = t then the proof is obvious. Let s ∈ (t, t∗) and take

r := N(s − t)

t
< s.
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Set β1 := r
s−t

and β2 := t∗
t

, and note that

s = r

β1
+ t∗

β2
.

Using the Hölder inequality and Theorem 2.1, we have

‖u‖s
Ls(B1(x0))

≤
⎛
⎜⎝ ˆ

B1(x0)

|u|r dx

⎞
⎟⎠

1
β1
⎛
⎜⎝ ˆ

B1(x0)

|u|t∗ dx

⎞
⎟⎠

1
β2

≤ C1

[
‖u‖r

Ls(B1(x0))
|B1(x0)| s−r

s

] s−t
r ‖u‖t

W 1,t (B1(x0))

= C2

(
‖u‖s

Ls(B1(x0))

)1− t
s ‖u‖t

W 1,t (B1(x0))

≤ C2

(
sup

x0∈RN

‖u‖s
Ls(B1(x0))

)1− t
s

‖u‖t
W 1,t (B1(x0))

.

Covering RN by balls with radius 1 in such a way that each point of RN is contained in at most 
N + 1 balls, we deduce the conclusion. �

Let 1 < p < q < ∞. In order to examine (1.1), we consider the space

Wp,q := W 1,p(RN) ∩ W 1,q (RN)

equipped with the norm

‖u‖Wp,q
:= ‖u‖W 1,p(RN) + ‖u‖W 1,q (RN).

It is easy to verify that Wp,q is a reflexive Banach space and C∞
c (RN) is dense in Wp,q . When 

q < N , we derive from Theorem 2.1 that Wp,q is continuously embedded in Lr(RN) for all 
r ∈ [p, q∗], and compactly embedded in Lr

loc(R
N) for all r ∈ [1, q∗). We will denote by W∗

p,q

the dual of Wp,q and by ‖ · ‖∗ the dual norm on W∗
p,q .

Finally, we recall the Hardy-Littlewood-Sobolev inequality which will be frequently used 
throughout the paper.

Theorem 2.2. [26, Theorem 4.3] Let r, s ∈ (1, ∞) and μ ∈ (0, N) with 1
r

+ μ
N

+ 1
s

= 2. Let 
f ∈ Lr(RN) and h ∈ Ls(RN). Then there exists a sharp constant C(N, μ, r) > 0, independent 
of f and h, such that

∣∣∣∣∣∣∣
¨

2N

f (x)h(y)

|x − y|μ dxdy

∣∣∣∣∣∣∣≤ C(N,μ, r)‖f ‖Lr(RN)‖h‖Ls(RN).
R
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Remark 2.1. As a consequence of Theorem 2.2, if α ∈ (0, N) and s ∈ (1, N
α

), then the map 

f ∈ Ls(RN) �→ Iα ∗ f ∈ L
Ns

N−αs (RN) is a bounded linear operator.

3. Proof of Theorem 1.1

In this section we analyze the regularity of solutions to (1.1) and we demonstrate the Pohozaev 
identity (1.6).

3.1. Regularity of solutions

We begin by studying the regularity of solutions to (1.1).

Proposition 3.1. Assume that f satisfies (f1)–(f2). If u ∈ Wp,q is a weak solution to (1.1), then 
u ∈ L∞(RN) ∩ C

1,λ
loc (RN) for some λ ∈ (0, 1).

Proof. We first prove that

u ∈ Lν(RN) for all ν ∈ [p,∞). (3.1)

Set z := |u| and zε := √
u2 + ε2 − ε. Note that zε → z in Wp,q as ε →0. We claim that

ˆ

RN

|∇z|p−2∇z∇φ dx +
ˆ

RN

zp−1φ dx +
ˆ

RN

|∇z|q−2∇z∇φ dx +
ˆ

RN

zq−1φ dx

≤
ˆ

RN

|Iα ∗ F(u)||f (u)|φ dx

(3.2)

for all φ ∈ Wp,q such that φ ≥ 0. To confirm this, fix φ ∈ C∞
c (RN) such that φ ≥ 0. Observing 

that for all s ∈ {p, q} it holds

ˆ

RN

|∇z|s−2∇zε∇φ dx =
ˆ

RN

|∇u|s−2∇u
u√

u2 + ε2
∇φ dx

=
ˆ

RN

|∇u|s−2∇u∇
(

u√
u2 + ε2

φ

)
dx −

ˆ

RN

|∇u|s ε2

(u2 + ε2)3/2 φ dx

≤
ˆ

RN

|∇u|s−2∇u∇
(

u√
u2 + ε2

φ

)
dx,

we see that
ˆ

N

|∇z|p−2∇zε∇φ dx +
ˆ

N

|∇z|q−2∇zε∇φ dx
R R
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≤
ˆ

RN

|∇u|p−2∇u∇
(

u√
u2 + ε2

φ

)
dx +

ˆ

RN

|∇u|q−2∇u∇
(

u√
u2 + ε2

φ

)
dx

= −
ˆ

RN

|u|p−2u

(
u√

u2 + ε2
φ

)
dx −

ˆ

RN

|u|q−2u

(
u√

u2 + ε2
φ

)
dx

+
ˆ

RN

(Iα ∗ F(u))f (u)

(
u√

u2 + ε2
φ

)
dx

≤ −
ˆ

RN

|u|p−2u

(
u√

u2 + ε2
φ

)
dx −

ˆ

RN

|u|q−2u

(
u√

u2 + ε2
φ

)
dx

+
ˆ

RN

|(Iα ∗ F(u))||f (u)|φ dx,

that is,

ˆ

RN

|∇z|p−2∇zε∇φ dx +
ˆ

RN

|∇z|q−2∇zε∇φ dx

≤ −
ˆ

RN

|u|p−2u

(
u√

u2 + ε2
φ

)
dx −

ˆ

RN

|u|q−2u

(
u√

u2 + ε2
φ

)
dx

+
ˆ

RN

|(Iα ∗ F(u))||f (u)|φ dx.

Letting ε →0 in the above relation, it follows from the dominated convergence theorem that (3.2)
holds for every φ ∈ C∞

c (RN) such that φ ≥ 0. By density, (3.2) is valid for all φ ∈ Wp,q such 
that φ ≥ 0.

Now we proceed as in [6, Theorem 1.2]. Let M > 1 and zM := min{z, M}. Taking φ = z
kq+1
M , 

with k ≥ 0, in (3.2), we find

ˆ

RN

|∇z|p−2∇z∇(z
kq+1
M )dx +

ˆ

RN

zp−1z
kq+1
M dx

+
ˆ

RN

|∇z|q−2∇z∇(z
kq+1
M )dx +

ˆ

RN

zq−1z
kq+1
M dx

≤
ˆ

RN

|(Iα ∗ F(u))||f (u)|zkq+1
M dx.

(3.3)

Note that
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ˆ

RN

|∇z|p−2∇z∇(z
kq+1
M )dx = (kq + 1)

ˆ

RN

|∇zM |pz
kq
M dx ≥ 0, (3.4)

and that the Sobolev inequality in Theorem 2.1 gives

ˆ

RN

|∇z|q−2∇z∇(z
kq+1
M )dx = kq + 1

(k + 1)q

ˆ

RN

|∇(zk+1
M )|q dx

≥ S∗
kq + 1

(k + 1)q

⎡
⎢⎣ ˆ

RN

z
(k+1)q∗
M dx

⎤
⎥⎦

q

q∗

, (3.5)

where S∗ = S∗(N, q) > 0 is the best Sobolev constant of the embedding D1,q(RN) ⊂ Lq∗
(RN). 

On the other hand, because of 0 ≤ zM ≤ z, we have

ˆ

RN

zp−1z
kq+1
M dx +

ˆ

RN

zq−1z
kq+1
M dx ≥

ˆ

{|u|<1}
z
p+kq
M dx. (3.6)

Now, using the continuity of f and (f1), we know that

|F(t)| ≤ C(|t |N+α
N

p
2 + |t |N+α

N−q
q
2 ) for all t ∈ R. (3.7)

Combining Theorem 2.2 and (3.7) yields

∣∣∣∣∣∣∣
ˆ

RN

|(Iα ∗ F(u))||f (u)|zkq+1
M dx

∣∣∣∣∣∣∣
≤ C′‖F(u)‖

L
2N

N+α (RN)
‖f (u)z

kq+1
M ‖

L
2N

N+α (RN)

≤ C′′ (‖u‖p

Lp(RN)
+ ‖u‖q∗

Lq∗
(RN)

)N+α
2N ‖f (u)z

kq+1
M ‖

L
2N

N+α (RN)

=: C̃ ‖f (u)z
kq+1
M ‖

L
2N

N+α (RN)
.

(3.8)

Fix ε > 0. From (f2) and L’Hôpital’s rule, it follows that

lim
t →0

f (t)

|t |N+α
N

p
2 −1

= 0,

and so there exists δ0 > 0 such that

|f (t)| ≤ ε |t |N+α
N

p
2 −1 for all 0 < |t | < δ0. (3.9)

Let 0 < δ < min{δ0, 1}. Thanks to (f1), there are K0 > 0 and C1 > 0 such that
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|f (t)| ≤ C1|t |
N+α
N−q

q
2 −1 for all |t | > K0. (3.10)

Let K > max{K0, 1}. Fix μ > K . Since f is continuous in R, we can find Cδ,μ > 0 such that

|f (t)| ≤ Cδ,μ|t |N+α
N−q

q
2 −1 for all δ ≤ |t | ≤ μ. (3.11)

Then, in view of 0 ≤ zM ≤ |u|, (3.9), (3.10), (3.11), and the inequality

(t1 + t2 + t3)
a ≤ ta1 + ta2 + ta3 for all t1, t2, t3 ≥ 0 and a ∈ (0,1),

we obtain

⎡
⎢⎣ ˆ

RN

|f (u)z
kq+1
M | 2N

N+α dx

⎤
⎥⎦

N+α
2N

=
⎡
⎢⎣ ˆ

{|u|<δ}
|f (u)z

kq+1
M | 2N

N+α dx +
ˆ

{δ<|u|<μ}
|f (u)z

kq+1
M | 2N

N+α dx +
ˆ

{|u|>μ}
|f (u)z

kq+1
M | 2N

N+α dx

⎤
⎥⎦

N+α
2N

≤
⎡
⎢⎣ε

2N
N+α

ˆ

{|u|<δ}
||u|N+α

N
p
2 +kq | 2N

N+α dx + C
2N

N+α

δ,μ

ˆ

{δ<|u|<μ}
||u|N+α

N−q
q
2 +kq | 2N

N+α dx

+C
2N

N+α

1

ˆ

{|u|>μ}
||u|N+α

N−q
q
2 +kq | 2N

N+α dx

⎤
⎥⎦

N+α
2N

≤ ε

⎛
⎜⎝ ˆ

{|u|<δ}
|u|( N+α

N
p
2 +kq) 2N

N+α dx

⎞
⎟⎠

N+α
2N

+ Cδ,μ

⎛
⎜⎝ ˆ

{δ<|u|<μ}
|u|( N+α

N−q
q
2 +kq) 2N

N+α dx

⎞
⎟⎠

N+α
2N

+ C1

⎛
⎜⎝ ˆ

{|u|>μ}
|u|( N+α

N−q
q
2 +kq) 2N

N+α dx

⎞
⎟⎠

N+α
2N

≤ ε

⎛
⎜⎝ ˆ

{|u|<δ}
|u|p|u| 2N

N+α
kq dx

⎞
⎟⎠

N+α
2N

+ Cδ,μ

⎛
⎜⎝ ˆ

{|u|<μ}
|u|( N+α

N−q
q
2 +kq) 2N

N+α dx

⎞
⎟⎠

N+α
2N

+ C1

⎛
⎜⎝ ˆ

{|u|>μ}
|u|( N+α

N−q
q
2 +kq) 2N

N+α dx

⎞
⎟⎠

N+α
2N

.
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Note that if |u| < δ < 1 then |u| 2N
N+α

kq ≤ |u|kq (since 2N
N+α

> 1). Hence, exploiting the inequality 
ta ≤ t + 1 for all t ≥ 0 and a ∈ (0, 1), we get

ε

⎛
⎜⎝ ˆ

{|u|<δ}
|u|p|u| 2N

N+α
kq dx

⎞
⎟⎠

N+α
2N

≤ ε

⎛
⎜⎝ ˆ

{|u|<δ}
|u|p+kq dx

⎞
⎟⎠

N+α
2N

≤ ε

ˆ

{|u|<δ}
|u|p+kq dx + ε .

Consequently,

⎡
⎢⎣ ˆ

RN

|f (u)z
kq+1
M | 2N

N+α dx

⎤
⎥⎦

N+α
2N

≤ ε

ˆ

{|u|<δ}
|u|p+kq dx + ε +Cδ,μ

⎛
⎜⎝ ˆ

{|u|<μ}
|u|( N+α

N−q
q
2 +kq) 2N

N+α dx

⎞
⎟⎠

N+α
2N

+ C1

⎛
⎜⎝ ˆ

{|u|>μ}
|u|( N+α

N−q
q
2 +kq) 2N

N+α dx

⎞
⎟⎠

N+α
2N

.

(3.12)

Let us observe that zM = |u| on {|u| < δ} (because 0 < δ < 1 < M), and thus

ˆ

{|u|<δ}
|u|p+kq dx =

ˆ

{|u|<δ}
z
p+kq
M dx.

Combining (3.3), (3.4), (3.5), (3.6), (3.8), and (3.12), we find

S∗
kq + 1

(k + 1)q

⎡
⎢⎣ ˆ

RN

z
(k+1)q∗
M dx

⎤
⎥⎦

q

q∗

+ (1 − C̃ ε)

ˆ

{|u|<δ}
z
p+kq
M dx

≤ C̃ ε +C̃Cδ,μ

⎛
⎜⎝ ˆ

{|u|<μ}
|u|( N+α

N−q
q
2 +kq) 2N

N+α dx

⎞
⎟⎠

N+α
2N

+ C̃C1

⎛
⎜⎝ ˆ

{|u|>μ}
|u|( N+α

N−q
q
2 +kq) 2N

N+α dx

⎞
⎟⎠

N+α
2N

.

Letting first ε→0 and then M →∞, we obtain
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S∗
kq + 1

(k + 1)q

⎡
⎢⎣ ˆ

RN

|u|(k+1)q∗
dx

⎤
⎥⎦

q

q∗

≤ C̃Cδ,μ

⎛
⎜⎝ ˆ

{|u|<μ}
|u|( N+α

N−q
q
2 +kq) 2N

N+α dx

⎞
⎟⎠

N+α
2N

+ C̃C1

⎛
⎜⎝ ˆ

{|u|>μ}
|u|( N+α

N−q
q
2 +kq) 2N

N+α dx

⎞
⎟⎠

N+α
2N

.

(3.13)

Now, we note that

⎛
⎜⎝ ˆ

{|u|<μ}
|u|( N+α

N−q
q
2 +kq) 2N

N+α dx

⎞
⎟⎠

N+α
2N

=
⎛
⎜⎝ ˆ

{|u|<μ}
|u|( N+α

N−q
q
2 −q+(k+1)q) 2N

N+α dx

⎞
⎟⎠

N+α
2N

≤ μ
N+α
N−q

q
2 −q

⎛
⎜⎝ ˆ

{|u|<μ}
|u|(k+1)

2Nq
N+α dx

⎞
⎟⎠

N+α
2N

≤ μ
N+α
N−q

q
2 −q

⎛
⎜⎝ ˆ

RN

|u|(k+1)
2Nq
N+α dx

⎞
⎟⎠

N+α
2N

.

(3.14)

On the other hand, exploiting Hölder’s inequality, we see that

⎛
⎜⎝ ˆ

{|u|>μ}
|u|( N+α

N−q
q
2 +kq) 2N

N+α dx

⎞
⎟⎠

N+α
2N

=
⎛
⎜⎝ ˆ

{|u|>μ}
|u|( N+α

N−q
q
2 −q+(k+1)q) 2N

N+α dx

⎞
⎟⎠

N+α
2N

=
⎛
⎜⎝ ˆ

{|u|>μ}
|u|( N+α

N−q
q
2 −q) 2N

N+α |u|(k+1)
2Nq
N+α dx

⎞
⎟⎠

N+α
2N

≤
⎛
⎜⎝ ˆ

{|u|>μ}
|u|q∗

dx

⎞
⎟⎠

α+2q−N
2N

⎛
⎜⎝ ˆ

RN

|u|(k+1)q∗
dx

⎞
⎟⎠

q

q∗

=: D(μ)

⎛
⎜⎝ ˆ

RN

|u|(k+1)q∗
dx

⎞
⎟⎠

q

q∗

.

(3.15)

Thanks to (3.13), (3.14), and (3.15), we arrive at
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S∗
kq + 1

(k + 1)q

⎡
⎢⎣ ˆ

RN

|u|(k+1)q∗
dx

⎤
⎥⎦

q

q∗

≤ C̃Cδ,μ μ
N+α
N−q

q
2 −q

⎛
⎜⎝ ˆ

RN

|u|(k+1)
2Nq
N+α dx

⎞
⎟⎠

N+α
2N

+ C̃C1D(μ)

⎛
⎜⎝ ˆ

RN

|u|(k+1)q∗
dx

⎞
⎟⎠

q

q∗

.

Since α + 2q − N > 0 implies that D(μ) →0 as μ →∞, we can select μ > K sufficiently large 
such that

0 ≤ D(μ) < ϑ
S∗

C̃C1

kq + 1

(k + 1)q
with ϑ ∈ (0,1).

Therefore,

(1 − ϑ)S∗
kq + 1

(k + 1)q

⎡
⎢⎣ ˆ

RN

|u|(k+1)q∗
dx

⎤
⎥⎦

q

q∗

≤ C̃Cδ,μ μ
N+α
N−q

q
2 −q

⎛
⎜⎝ ˆ

RN

|u|(k+1)
2Nq
N+α dx

⎞
⎟⎠

N+α
2N

,

and thus

‖u‖L(k+1)q∗
(RN) ≤ C

1
k+1∗

[
k + 1

(kq + 1)
1
q

] 1
k+1

‖u‖
L

(k+1)
2Nq
N+α (RN)

, (3.16)

for some constant C∗ > 0 depending on k. Put τ := 2Nq
N+α

. Note that q∗ > τ due to α > N − 2q . 

Now we use a bootstrap argument. Because u ∈ Lq∗
(RN), we can apply (3.16) with k + 1 = q∗

τ

to deduce that u ∈ L(k+1)q∗
(RN) = L

(q∗)2

τ (RN). Again employing (3.16), after m iterations, we 

have that u ∈ Lq∗( q∗
τ

)m(RN) and so u ∈ Lν(RN) for all ν ∈ [q∗, ∞). In light of u ∈ Ls(RN) for 
all s ∈ [p, q∗], we can conclude that (3.1) is valid.

Next we show that

u ∈ L∞(RN). (3.17)

Exploiting (3.1) and (3.7), it follows from Young’s inequality for convolutions that

K := Iα ∗ F(u) ∈ C0(R
N) := {v ∈ C(RN) : |v(x)|→0 as |x|→∞}.

Then u solves

−�pu − �qu = ψ(x,u) in RN, (3.18)

where
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ψ(x,u) := −|u|p−2u − |u|q−2u +K(x)f (u)

satisfies

|ψ(x, t)| ≤ C(1 + |t |r−1) for (x, t) ∈RN ×R, (3.19)

for some r ∈ (q, q∗) and C > 0. Note that (3.19) is a consequence of (f1), p < q , K ∈ L∞(RN), 
and α ∈ ((N − 2q)+, N). Next we develop a De Giorgi type iteration [17] to prove that (3.17) is 
true. Assume that u+ 	= 0. Let

ρ ≥ max{1,‖u‖−1
Lr(RN)

},

and define

v := (ρ‖u‖Lr(RN))
−1u.

Set wk := (v − 1 + 2−k)+ for k ∈ N and w0 := v+. Evidently, wk ∈ Wp,q and 0 ≤ wk+1 ≤ wk

a.e. in RN . Let Uk := ‖wk‖r
Lr (RN)

. Put

�k := {x ∈RN : wk(x) > 0}.
Observe that �k+1 ⊂ {wk > 2−(k+1)}, v(x) < 2k+1wk(x) for x ∈ �k+1 and |�k+1| ≤ 2(k+1)rUk . 
Testing (3.18) with wk+1, and using ρ‖u‖Lr(RN) ≥ 1 and (3.19), we can see that

‖∇wk+1‖q

Lq(RN)
≤ (ρ‖u‖Lr(RN))

p−q‖∇wk+1‖p

Lp(RN)
+ ‖∇wk+1‖q

Lq(RN)

= (ρ‖u‖Lr(RN))
1−q

⎡
⎢⎣ ˆ

RN

|∇u|p−2∇u∇wk+1 dx +
ˆ

RN

|∇u|q−2∇u∇wk+1 dx

⎤
⎥⎦

= (ρ‖u‖Lr(RN))
1−q

⎡
⎢⎣ ˆ

RN

ψ(x,u)wk+1 dx

⎤
⎥⎦

≤ C(ρ‖u‖Lr(RN))
1−q

⎡
⎢⎣ ˆ

�k+1∩{|u|≤1}
wk+1 dx +

ˆ

�k+1∩{|u|>1}
|u|r−1wk dx

⎤
⎥⎦

≤ C(ρ‖u‖Lr(RN))
1−q

[
2−(k+1)|�k+1| + (ρ‖u‖Lr(RN))

r−12(k+1)(r−1)Uk

]
≤ 2C2(k+1)(r−1)(ρ‖u‖Lr(RN))

r−qUk, (3.20)

where we have used

wk+1(x) ≤ 2−(k+1) for x ∈ �k+1 ∩ {|u| ≤ 1},
and
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0 ≤ u(x) < ρ‖u‖Lr(RN)2
k+1wk(x) for x ∈ �k+1.

By virtue of (3.20) and utilizing the Hölder and Sobolev inequalities, we arrive at

Uk+1 ≤ ‖wk+1‖r

Lq∗
(RN)

|�k+1|1− r
q∗ ≤ C̄k(ρ‖u‖Lr(RN))

r2
q

−r
U

1+ r
N

k , (3.21)

for some C̄ > 1 independent of k. Let ω := C̄− N
r . Clearly, 0 < ω < 1. Select

ρ := max

⎧⎨
⎩1,‖u‖−1

Lr(RN)
,

(
‖u‖

r2
q

−r

Lr (RN)
ω−1

) 1
β

⎫⎬
⎭ ,

where

β := r2

N
+ r − r2

q
> 0.

Arguing by induction, we will prove that

Uk ≤ ωk

ρr
for all k ∈N ∪ {0}. (3.22)

If k = 0, then U0 = ‖v+‖r
Lr (RN)

≤ ‖v‖r
Lr (RN)

= ρ−r . Next we assume that (3.22) is true for 
some k ≥ 0 and we show that it also holds for k + 1. Using (3.21), the induction hypothesis, 

(C̄ω
r
N )k = 1, the definition of β , and that ω ≥ ‖u‖

r2
q

−r

Lr (RN)
ρ−β , we find

Uk+1 ≤ C̄k(ρ‖u‖Lr(RN))
r2
q

−r
U

1+ r
N

k

≤ C̄k(ρ‖u‖Lr(RN))
r2
q

−r

(
ωk

ρr

)1+ r
N

= ωk

ρr
‖u‖

r2
q

−r

Lr (RN)
ρ−β

≤ ωk+1

ρr
.

This completes the proof of (3.22). In particular, we deduce that Uk →0 as k →∞. Be-
cause wk →(v − 1)+ a.e. in RN as k →∞ and wk ≤ v ∈ Lr(RN), it follows from the domi-
nated convergence theorem that ‖(v − 1)+‖Lr(RN) = 0. Therefore, v ≤ 1 a.e. in RN , namely, 
‖u‖L∞(RN) ≤ ρ‖u‖Lr(RN). Hence, (3.17) is valid. Thus, u ∈ Wp,q ∩L∞(RN) is a weak solution 

to (3.18) with ψ ∈ L∞(RN), and we can invoke [21, Theorem 1] to infer that u ∈ C
1,λ
loc (RN) for 

some λ ∈ (0, 1). �
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3.2. A Pohozaev type identity

Now we show that every weak solution to (1.1) fulfills the Pohozaev identity (1.6). Firstly, we 
recall the following useful result.

Lemma 3.1. [18, Lemma 1] Let � ⊂ RN be an open set, L : � ×R ×RN →R a function of class 
C1 and g ∈ L∞

loc(�). Assume also that ξ �→ L(x, s, ξ) is strictly convex for each (x, s) ∈ � ×R. 
Let u : � ×R be a locally Lipschitz solution of

−div{∇ξL(x,u,∇u)} + DsL(x,u,∇u) = g in D′(�).

Then

N∑
i,j=1

ˆ

�

DihjDξi
L(x,u,∇u)Djudx −

ˆ

�

[(divh)L(x,u,∇u) + h∇xL(x,u,∇u)] dx

=
ˆ

�

(h∇u)g dx

(3.23)

for every h ∈ C1
c (�; RN).

Proposition 3.2. Assume that f satisfies (f1)–(f2). If u ∈ Wp,q is a weak solution to (1.1), then 
u obeys (1.6).

Proof. Let us choose L(x, s, ξ) = 1
p
|ξ |p + 1

q
|ξ |q and g = −|u|p−2u − |u|q−2u + (Iα ∗

F(u))f (u) in Lemma 3.1. Take ϕ ∈ C1
c (RN) such that 0 ≤ ϕ ≤ 1 in RN , ϕ(x) = 1 for |x| ≤ 1

and ϕ(x) = 0 for |x| ≥ 2. Set

h(x) := ϕ
(x

k

)
x ∈ C1(RN ;RN).

Note that if hj (x) := ϕ
(

x
k

)
xj , for j = 1, . . . , N , then

Dihj (x) = Diϕ
(x

k

) xj

k
+ ϕ

(x

k

)
δij , for all x ∈RN, j = 1, . . . ,N,

divh(x) = ∇ϕ
(x

k

) x

k
+ Nϕ

(x

k

)
for all x ∈ RN,

where δij denotes the Kronecker delta symbol. Moreover,

∣∣∣Diϕ
(x

k

) xj

k

∣∣∣≤ C for all x ∈RN, i, j = 1, . . . ,N. (3.24)

In light of (3.23), we see that
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R

N∑
i,j=1

ˆ

RN

Diϕ
(x

k

) xj

k
Dξi

L(x,u,∇u)Djudx +
ˆ

RN

ϕ
(x

k

)
DξL(x,u,∇u)∇udx

−
ˆ

�

[
∇ϕ
(x

k

) x

k
L(x,u,∇u) + Nϕ

(x

k

)
L(x,u,∇u)

]
dx

=
ˆ

RN

(
ϕ
(x

k

)
x∇u

)
g dx.

(3.25)

From (3.24), ϕ
(

x
k

)→1 and ∇ϕ(x
k
) x

k
→0 as k →∞, (|∇u|p + |∇u|q) ∈ L1(RN), and applying 

the dominated convergence theorem, we obtain that

N∑
i,j=1

ˆ

RN

Diϕ
(x

k

) xj

k
Dξi

L(x,u,∇u)Djudx +
ˆ

RN

ϕ
(x

k

)
DξL(x,u,∇u)∇udx

−
ˆ

�

[
∇ϕ
(x

k

) x

k
L(x,u,∇u) + Nϕ

(x

k

)
L(x,u,∇u)

]
dx

→
(

1 − N

p

) ˆ

RN

|∇u|p dx +
(

1 − N

q

) ˆ

RN

|∇u|q dx,

(3.26)

as k →∞. On the other hand, an integration by parts and the dominated convergence theorem 
show that, for all s ∈ {p, q},

−
ˆ

RN

(
ϕ
(x

k

)
x∇u

)
|u|s−2udx

= −
ˆ

RN

ϕ
(x

k

)
x∇
( |u|s

s

)
dx

=
ˆ

RN

[
Nϕ

(x

k

)
+ ∇ϕ

(x

k

) x

k

] |u|s
s

dx → N

s

ˆ

RN

|u|s dx,

(3.27)

as k →∞. Finally, an integration by parts yields

ˆ

N

(
ϕ
(x

k

)
x∇u

)
(Iα ∗ F(u))f (u)dx

=
ˆ

RN

ˆ

RN

(F ◦ u)(y)Iα(x − y)ϕ
(x

k

)
x∇(F ◦ u)(x) dxdy

= 1

2

ˆ

N

ˆ

N

Iα(x − y)
(
(F ◦ u)(y)ϕ

(x

k

)
x∇(F ◦ u)(x) + (F ◦ u)(x)ϕ

(y

k

)
y∇(F ◦ u)(y)

)
dxdy
R R
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= −
ˆ

RN

ˆ

RN

F (u(y))Iα(x − y)
[
Nϕ

(x

k

)
+ x∇ϕ

(x

k

)]
F(u(x)) dxdy

+ N − α

2

ˆ

RN

ˆ

RN

F (u(y))Iα(x − y)
(x − y)(xϕ

(
x
k

)− yϕ
( y

k

)
)

|x − y|2 F(u(x)) dxdy,

and invoking the dominated convergence theorem we deduce that

ˆ

RN

(
ϕ
(x

k

)
x∇u

)
(Iα ∗ F(u))f (u)dx →−N + α

2

ˆ

RN

(Iα ∗ F(u))F (u)dx, (3.28)

as k →∞. Combining (3.25), (3.26), (3.27) and (3.28), we arrive at (1.6). This concludes the 
proof of Proposition 3.2. �
Proof of Theorem 1.1. This is a direct consequence of Propositions 3.1 and 3.2. �
4. Proof of Theorem 1.2

In this section we focus on the existence of a ground state solution to (1.1). We start by proving 
the existence of a Pohozaev-Palais-Smale sequence at the level b defined in (1.8).

Proposition 4.1. Assume that f satisfies (f1) and (f3). Then there exists a sequence (un)n∈N ⊂
Wp,q satisfying (1.9).

Proof. First we show that � 	= ∅. In view of the definition of �, it is sufficient to construct 
u ∈ Wp,q such that I(u) < 0. Let F :Wp,q →R be defined as

F(u) :=
ˆ

RN

(Iα ∗ F(u))F (u)dx.

From (f1), we know that F is continuous in Lp(RN) ∩ Lq∗
(RN). Put

w(x) := t0 χB1(x),

where t0 is given by (f3). Note that

F(w) = F(t0)
2
ˆ

B1

ˆ

B1

Iα(x − y)dxdy > 0. (4.1)

Exploiting the fact that Wp,q is dense in Lp(RN) ∩ Lq∗
(RN) and (4.1), we can find v ∈ Wp,q

such that F(v) > 0. Now, for all τ > 0 and x ∈RN , we set

vτ (x) := v
(x

τ

)
.

447



V. Ambrosio and T. Isernia Journal of Differential Equations 401 (2024) 428–468
Since N − q < N − p < N < N + α, we have

I(vτ ) = τN−p

p
‖∇v‖p

Lp(RN)
+ τN

p
‖v‖p

Lp(RN)

+ τN−q

q
‖∇v‖q

Lq(RN)
+ τN

q
‖v‖q

Lq(RN)
− τN+α

2
F(v)→−∞ as τ →∞.

Then, taking τ large enough, we arrive at I(vτ ) < 0. Hence, � 	= ∅. In particular we deduce that 
b < ∞.

Next we prove that b > 0. Using Theorem 2.2, (3.7), the inequality

(a1 + a2)
r ≤ 2r−1(ar

1 + ar
2) for all a1, a2 ≥ 0, r ≥ 1, (4.2)

and Theorem 2.1, we see that, for all u ∈Wp,q ,

F(u) ≤ C0‖F(u)‖2

L
2N

N+α (RN)

≤ C1

(
‖u‖p

Lp(RN)
+ ‖u‖q∗

Lq∗
(RN)

)1+ α
N

≤ C2

[
‖u‖p(1+ α

N
)

Lp(RN)
+ ‖u‖q∗(1+ α

N
)

Lq∗
(RN)

]

≤ C3

[
‖u‖p(1+ α

N
)

W 1,p(RN)
+ ‖u‖q( N+α

N−q
)

W 1,q (RN)

]
.

Consequently, for all u ∈Wp,q ,

I(u) = 1

p
‖u‖p

W 1,p(RN)
+ 1

q
‖u‖q

W 1,q (RN)
− 1

2
F(u)

≥ 1

p
‖u‖p

W 1,p(RN)
+ 1

q
‖u‖q

W 1,q (RN)
− C3

2
‖u‖p(1+ α

N
)

W 1,p(RN)
− C3

2
‖u‖q( N+α

N−q
)

W 1,q (RN)
.

Pick ρ > 0 such that

0 < ρ < min

{
1,

1

(pC3)
N
αp

,
1

(qC3)
N−q

q(α+q)

}
.

Let u ∈Wp,q be such that ‖u‖Wp,q
≤ ρ. Then we obtain

I(u) ≥ 1

2p
‖u‖p

W 1,p(RN)
+ 1

2q
‖u‖q

W 1,q (RN)
.

Let us observe that 1 < p < q and ‖u‖W 1,p(RN) < 1 imply that ‖u‖p

W 1,p(RN)
≥ ‖u‖q

W 1,p(RN)
. This 

fact together with (4.2) yields
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I(u) ≥ 1

2q

(
‖u‖p

W 1,p(RN)
+ ‖u‖q

W 1,q (RN)

)

≥ 1

2q

(
‖u‖q

W 1,p(RN)
+ ‖u‖q

W 1,q (RN)

)
≥ C4

(‖u‖W 1,p(RN) + ‖u‖W 1,q (RN)

)q
= C4‖u‖q

Wp,q
.

Note that, if γ ∈ �, then

‖γ (1)‖Wp,q
> ρ.

Indeed, if by contradiction ‖γ (1)‖Wp,q
≤ ρ, then

I(γ (1)) ≥ C4‖γ (1)‖q

Wp,q
≥ 0,

which is in contrast with γ ∈ �. Hence,

‖γ (0)‖Wp,q
= 0 < ρ < ‖γ (1)‖Wp,q

,

and applying the intermediate value theorem we can find τ̄ ∈ (0, 1) such that ‖γ (τ̄ )‖Wp,q
= ρ. 

Thus,

C4ρ
q ≤ I(γ (τ̄ )) ≤ max

t∈[0,1]I(γ (t)).

Due to the arbitrariness of γ ∈ �, we can deduce that

b ≥ C4ρ
q > 0.

Now we prove that there exists a sequence (un)n∈N ⊂ Wp,q satisfying (1.9). As in [22], we 
consider the map � :R ×Wp,q →Wp,q given by

�(θ,u)(x) := u(e−θ x) for (θ, u) ∈ R×Wp,q .

Here R ×Wp,q is equipped with the norm

‖(θ, u)‖R×Wp,q
:= |θ | + ‖u‖Wp,q

.

Set Ĩ := I ◦ �. For every (θ, u) ∈R ×Wp,q , we have

Ĩ(θ, u) = e(N−p)θ

p
‖∇u‖p

Lp(RN)
+ eNθ

p
‖u‖p

Lp(RN)

+ e(N−q)θ

‖∇u‖q

Lq(RN)
+ eNθ

‖u‖q

Lq(RN)
q q
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− e(N+α)θ

2

ˆ

RN

(Iα ∗ F(u))F (u)dx.

It is easy to check that Ĩ ∈ C1(R ×Wp,q, R). In view of the previous arguments, Ĩ has a moun-
tain pass geometry and so we can define the mountain pass level of Ĩ by setting

b̃ := inf
γ̃∈�̃

max
t∈[0,1] Ĩ(γ̃ (t)),

where

�̃ :=
{
γ̃ ∈ C([0,1];R×Wp,q) : γ̃ (0) = (0,0) and Ĩ(γ̃ (1)) < 0

}
.

One readily verifies that b = b̃. Invoking the general minimax principle [43, Theorem 2.8], we 
can produce a sequence ((θn, vn))n∈N ⊂ R ×Wp,q such that, as n →∞,

(i) Ĩ(θn, vn) →b,
(ii) Ĩ ′(θn, vn) →0 in (R ×Wp,q)∗,

(iii) θn →0.

In fact, thanks to (1.8), there exists (γn)n∈N ⊂ � such that

max
t∈[0,1]I(γn(t)) ≤ b + 1

n2 .

Define γ̃n(t) := (0, γn(t)) ∈ �̃. Therefore,

max
t∈[0,1] Ĩ(γ̃n(t)) = max

t∈[0,1]I(γn(t)) ≤ b + 1

n2 .

From [43, Theorem 2.8], we can find ((θn, vn))n∈N ⊂ R × Wp,q such that (i) and (ii) are ful-
filled, and

distR×Wp,q
((θn, vn), {0} × γn([0,1]))→0,

which yields (iii). Here we have used the notation

distR×Wp,q
((θ, u),A) := inf

(t,v)∈A

(|θ − t | + ‖u − v‖Wp,q

)
for all A ⊂ R×Wp,q .

Now, for all (h, w) ∈R ×Wp,q , it holds

〈Ĩ ′(θn, vn), (h,w)〉 = 〈I ′(�(θn, vn)),�(θn,w)〉 +P(�(θn, vn))h. (4.3)

Put un := �(θn, vn). Owing to (i), we obtain that I(un) →b. Taking h = 1 and w = 0 in (4.3), 
and utilizing (ii), we get
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P(un)→0.

Fix φ ∈ Wp,q . Applying (4.3) with h = 0 and w(x) = φ(eθnx), and using (ii) and (iii), we 
deduce that

〈I ′(un),φ〉 = on(1)‖φ(eθn ·)‖Wp,q
= on(1)‖φ‖Wp,q

,

and thus I ′(un) →0 in W∗
p,q . Accordingly, the sequence (un)n∈N has the required proper-

ties. �
Lemma 4.1. Let (un)n∈N ⊂ Wp,q be a sequence such that, as n →∞,

(I(un))n∈N is bounded,

I ′(un)→0 in W∗
p,q,

P(un)→0.

(4.4)

Then, (un)n∈N is bounded in Wp,q . Moreover, there exists u ∈ Wp,q such that, up to a subse-
quence, as n →∞,

un ⇀ u in Wp,q,

un →u in Lr
loc(R

N) for all r ∈ [1, q∗),
un →u a.e. in RN.

(4.5)

Proof. Since, for all n ∈N , it holds

I(un) − 1

N + α
P(un) = α + p

p(N + α)
‖∇un‖p

Lp(RN)
+ α

p(N + α)
‖un‖p

Lp(RN)

+ α + q

q(N + α)
‖∇un‖q

Lq(RN)
+ α

q(N + α)
‖un‖q

Lq(RN)
,

it follows from (4.4) that (un)n∈N is bounded in Wp,q . Hence, employing the reflexivity of Wp,q

and that Wp,q is compactly embedded in Lr
loc(R

N) for all r ∈ [1, q∗), we can infer that (4.5) is 
true. �

The next result guarantees the almost everywhere convergence of the gradients of Pohozaev-
Palais-Smale sequences.

Lemma 4.2. Let (un)n∈N be a bounded sequence in Wp,q such that I ′(un) →0 in W∗
p,q as 

n →∞. Up to a subsequence, we assume that (4.5) is valid for some u ∈ Wp,q . Then, up to a 
subsequence, as n →∞,

∇un →∇u a.e. in RN,

|∇u |s−2∇u ⇀ |∇u|s−2∇u in (L
s

s−1 (RN))N for all s ∈ {p,q}.
(4.6)
n n
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Proof. The proof is inspired by [7, Proposition 4.1] (see also [13, Theorem 2.1]). Fix ε > 0 and 
define the truncation function Tε :R →R at height ε by setting

Tε(t) :=
{

t if |t | ≤ ε,

ε t
|t | if |t | ≥ ε .

Take R > 0 and let ψR ∈ C∞
c (RN) be such that 0 ≤ ψR ≤ 1 in RN , ψR = 1 in BR and ψR = 0

in Bc
2R . We can write

ˆ

RN

ψR

[
|∇un|p−2∇un + |∇un|q−2∇un − |∇u|p−2∇u − |∇u|q−2∇u

]
∇Tε(un − u)dx

= −
ˆ

RN

Tε(un − u)
[
|∇un|p−2∇un + |∇un|q−2∇un

]
∇ψR dx

−
ˆ

RN

ψR

[
|∇u|p−2∇u + |∇u|q−2∇u

]
∇Tε(un − u)dx + 〈I ′(un),ψRTε(un − u)〉 (4.7)

−
ˆ

RN

(|un|p−2 + |un|q−2)unψRTε(un − u)dx

+
ˆ

RN

(Iα ∗ F(un))f (un)ψRTε(un − u)dx.

Because of (4.5), we see that Tε(un − u) ⇀ 0 in Wp,q and Tε(un − u) →0 in Lr
loc(R

N) for all 
r ∈ [1, q∗), as n →∞. These facts together with I ′(un) →0 in W∗

p,q imply that the first three 
terms of the right-hand side of (4.7) go to zero as n →∞. On the other hand, using |Tε(t)| ≤ ε

for all t ∈ R, 0 ≤ ψR ≤ 1, the Hölder inequality, and the boundedness of (un)n∈N in Lp(RN) ∩
Lq(RN), we get

∣∣∣∣∣∣∣
ˆ

RN

|un|s−2unψRTε(un − u)dx

∣∣∣∣∣∣∣≤ ε

ˆ

RN

|un|s−1|ψR|dx

≤ ε

⎛
⎜⎝ ˆ

RN

|un|s dx

⎞
⎟⎠

s−1
s
⎛
⎜⎝ ˆ

RN

|ψR|s dx

⎞
⎟⎠

1
s

≤ C′
R ε for s ∈ {p,q},

for some constant C′
R > 0. Finally, exploiting Theorem 2.2, (f1), |Tε(t)| ≤ ε for all t ∈ R, the 

Hölder inequality, and the boundedness of (un)n∈N in Lp(RN) ∩ Lq∗
(RN), we can see that
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∣∣∣∣∣∣∣
ˆ

RN

(Iα ∗ F(un)) f (un)ψRTε(un − u)dx

∣∣∣∣∣∣∣

≤ C1

⎛
⎜⎝ ˆ

RN

|F(un)| 2N
N+α dx

⎞
⎟⎠

N+α
2N
⎛
⎜⎝ ˆ

RN

|f (un)ψRTε(un − u)| 2N
N+α dx

⎞
⎟⎠

N+α
2N

≤ C2

(
‖un‖p

Lp(RN)
+ ‖un‖q∗

Lq∗
(RN)

)N+α
2N

⎡
⎢⎣ ˆ

RN

|un|
(N+α)p−2N

N+α |ψR| 2N
N+α |Tε(un − u)| 2N

N+α dx

+
ˆ

RN

|un|
((N+α)q−2(N−q))N

(N−q)(N+α) |ψR| 2N
N+α |Tε(un − u)| 2N

N+α dx

⎤
⎥⎦

N+α
2N

≤ C3

⎡
⎢⎢⎣ε

2N
N+α

⎛
⎜⎝ ˆ

RN

|un|p dx

⎞
⎟⎠

(N+α)p−2N
(N+α)p

⎛
⎜⎝ ˆ

RN

|ψR|p dx

⎞
⎟⎠

2N
(N+α)p

+ ε
2N

N+α

⎛
⎜⎝ ˆ

RN

|un|q∗
dx

⎞
⎟⎠

(N+α)q−2(N−q)
(N+α)q

⎛
⎜⎝ ˆ

RN

|ψR|q∗
dx

⎞
⎟⎠

2(N−q)
(N+α)q

⎤
⎥⎥⎦

N+α
2N

≤ C′′
R ε,

for some constant C′′
R > 0. From the definition of Tε, the fact that ψR ≥ 0 in RN , and recalling 

that for all r > 1 it holds

(|ξ1|r−2ξ1 − |ξ2|r−2ξ2)(ξ1 − ξ2) > 0 for all ξ1, ξ2 ∈RN such that ξ1 	= ξ2, (4.8)

we derive that the integrand of the left-hand side in (4.7) is nonnegative. Then, utilizing that 
ψR = 1 in BR , we discover that

lim sup
n→∞

ˆ

BR

[
(|∇un|p−2∇un − |∇u|p−2∇u) + (|∇un|q−2∇un − |∇u|q−2∇u)

]
∇Tε(un − u)dx

≤ CR ε, (4.9)

for some constant CR > 0. Define

en(x) := (|∇un(x)|p−2∇un(x) − |∇u(x)|p−2∇u(x))(∇un(x) − ∇u(x))

+ (|∇un(x)|q−2∇un(x) − |∇u(x)|q−2∇u(x))(∇un(x) − ∇u(x)).
453



V. Ambrosio and T. Isernia Journal of Differential Equations 401 (2024) 428–468
Evidently, en ≥ 0 in RN thanks to (4.8). Moreover, (en)n∈N is bounded in L1(RN) since 
(∇un)n∈N is bounded in (Ls(RN))N and (|∇un|s−2∇un)n∈N is bounded in (L

s
s−1 (RN))N , for 

all s ∈ {p, q}. Take θ ∈ (0, 1) and consider the sets

Aε
R := {x ∈ BR : |un(x) − u(x)| ≤ ε} and Bε

R := {x ∈ BR : |un(x) − u(x)| ≥ ε}.

Applying the Hölder inequality, we have

ˆ

BR

eθ
n dx =

ˆ

Aη
R

eθ
n dx +

ˆ

Bη
R

eθ
n dx

≤
⎛
⎜⎝ ˆ

Aη
R

en dx

⎞
⎟⎠

θ

|Aη
R|1−θ +

⎛
⎜⎝ ˆ

Bη
R

en dx

⎞
⎟⎠

θ

|Bη
R|1−θ .

(4.10)

Observing that, for ε > 0 fixed, |Bε
R| →0 as n →∞, and using the boundedness of (en)n∈N in 

L1(RN), it follows from (4.9) and (4.10) that

lim sup
n→∞

ˆ

BR

eθ
n dx ≤ (CR ε)θ |BR|1−θ .

Letting ε→0, we obtain that eθ
n →0 in L1(BR), and so, up to a subsequence, en →0 a.e. in 

BR . Since R > 0 is arbitrary, up to a subsequence, en →0 a.e. in RN . This fact and (4.8) imply 
that ∇un →∇u a.e. in RN . Because (|∇un|s−2∇un)n∈N is bounded in (L

s
s−1 (RN))N , for all 

s ∈ {p, q}, we deduce that, up to a subsequence, |∇un|s−2∇un ⇀ |∇u|s−2∇u in (L
s

s−1 (RN))N , 
for all s ∈ {p, q}. The proof of Lemma 4.2 is now complete. �

Now we study the convergence of Pohozaev-Palais-Smale sequences.

Proposition 4.2. Assume that f fulfills (f1)–(f2). Let (un)n∈N ⊂ Wp,q be a sequence satisfying 
(4.4). Then,

(1) either up to a subsequence, un →0 in Wp,q as n →∞,
(2) or there exist u ∈ Wp,q \ {0} such that I ′(u) = 0 and (xn)n∈N ⊂ RN such that, up to a 

subsequence, un(· − xn) ⇀ u in Wp,q as n →∞.

Proof. First we note that, by Lemma 4.1, (un)n∈N is bounded in Wp,q . Let us assume that (1)

does not hold. Then, without loss of generality, we may suppose that

lim inf
n→∞ ‖un‖W 1,q (RN) > 0. (4.11)

Observe that
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ˆ

RN

(Iα ∗ F(un))F (un) dx

= 2

N + α

[
N − p

p
‖∇un‖p

Lp(RN)
+ N

p
‖un‖p

Lp(RN)

+N − q

q
‖∇un‖q

Lq(RN)
+ N

q
‖un‖q

Lq(RN)
−P(un)

]
,

and utilizing P(un) →0 as n →∞ and (4.11), we can see that

lim inf
n→∞

ˆ

RN

(Iα ∗ F(un))F (un) dx

= lim inf
n→∞

2

N + α

{
N − p

p
‖∇un‖p

Lp(RN)
+ N

p
‖un‖p

Lp(RN)

+N − q

q
‖∇un‖q

Lq(RN)
+ N

q
‖un‖q

Lq(RN)
−P(un)

}

= lim inf
n→∞

2

N + α

{
N − p

p
‖∇un‖p

Lp(RN)
+ N

p
‖un‖p

Lp(RN)

+N − q

q
‖∇un‖q

Lq(RN)
+ N

q
‖un‖q

Lq(RN)

}

≥ lim inf
n→∞

2

N + α

[
N − q

q
‖∇un‖q

Lq(RN)
+ N

q
‖un‖q

Lq(RN)

]
> 0. (4.12)

Next we claim that, for every r ∈ (q, q∗), we have

lim inf
n→∞ sup

x0∈RN

‖un‖Lr(B1(x0)) > 0. (4.13)

Assume by contradiction that (4.13) is not true, that is, for some r ∈ (q, q∗),

lim inf
n→∞ sup

x0∈RN

‖un‖Lr(B1(x0)) = 0. (4.14)

Since F is continuous and satisfies (f2), for every ε > 0 there exists Cε > 0 such that

|F(t)| 2N
N+α ≤ ε

(
|t |p + |t |q∗)+ Cε|t |r for all t ∈ R. (4.15)

Exploiting (4.15), the fact that (un)n∈N is bounded in Wp,q , and applying Lemma 2.1, we obtain

lim inf
n→∞ ‖F(un)‖

2N
N+α

L
2N

N+α (RN)

≤ lim inf
n→∞

[
ε
(
‖un‖p

Lp(RN)
+ ‖un‖q∗

Lq∗
(RN)

)
+ Cε‖un‖r

Lr (RN)

]

≤ C1 ε +C′
ε lim inf

n→∞

(
sup

x0∈RN

‖un‖r
Lr (B1(x0))

)1− q
r

. (4.16)
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Then, using (4.14), (4.16), and since ε > 0 is arbitrary, we get

lim inf
n→∞ ‖F(un)‖

L
2N

N+α (RN)
= 0. (4.17)

Employing (4.12), Theorem 2.2 and (4.17), we arrive at

0 < lim inf
n→∞

ˆ

RN

(Iα ∗ F(un))F (un) dx ≤ C2 lim inf
n→∞ ‖F(un)‖2

L
2N

N+α (RN)
= 0,

that is a contradiction. Hence, (4.13) is proved. Thus, up to a translation, we may assume that, 
for some r ∈ (q, q∗),

lim inf
n→∞ ‖un‖Lr(B1) > 0.

From this and Lemma 4.1, up to a subsequence, we may suppose that (4.5) holds for some 
u ∈ Wp,q \ {0}. Next we verify that u is a weak solution to (1.1). Utilizing the boundedness 
of (un)n∈N in Wp,q and I ′(un) →0 in W∗

p,q , we can apply Lemma 4.2 to deduce that (4.6)

is valid. Taking into account that (un)n∈N is bounded in Lp(RN) ∩ Lq∗
(RN), it follows from 

(f1) that (F (un))n∈N is bounded in L
2N

N+α (RN). Because F is continuous, F(un) →F(u) a.e. 

in RN . Therefore, F(un) ⇀ F(u) in L
2N

N+α (RN). Recalling that the Riesz potential Iα is a linear 

continuous map from L
2N

N+α (RN) in L
2N

N−α (RN) (see Remark 2.1), we have that Iα ∗ F(un) ⇀

Iα ∗F(u) in L
2N

N−α (RN). On the other hand, thanks to (f1) and (4.5), we know that f (un) →f (u)

in Lr
loc(R

N) for all r ∈ [1, 2Nq
(N+α)q−2(N−q)

). Consequently,

(Iα ∗ F(un))f (un) ⇀ (Iα ∗ F(u))f (u) in Lr(RN) for all r ∈
[

1,
Nq

Nq − N + q

)
.

(4.18)

Combining (4.5), (4.6), and (4.18), we see that, for every ϕ ∈ C∞
c (RN),

ˆ

RN

(
|∇u|p−2∇u∇ϕ + |u|p−2uϕ

)
dx +

ˆ

RN

(
|∇u|q−2∇u∇ϕ + |u|q−2uϕ

)
dx

−
ˆ

RN

(Iα ∗ F(u))f (u)ϕ dx

= lim
n→∞

[ ˆ

RN

(
|∇un|p−2∇un∇ϕ + |un|p−2un ϕ

)
dx

+
ˆ

N

(
|∇un|q−2∇un∇ϕ + |un|q−2un ϕ

)
dx
R
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−
ˆ

RN

(Iα ∗ F(un)) f (un)ϕ dx

]
= 0.

Since C∞
c (RN) is dense in Wp,q , we conclude that u is a weak solution to (1.1). �

In order to establish the existence of a ground state solution to (1.1), we exploit Proposition 3.2
to construct an optimal path in the spirit of [23, Lemma 2.1].

Proposition 4.3. Assume that f satisfies (f1)–(f2), and let u ∈Wp,q \ {0} be a weak solution to 
(1.1). Then, there exists L > 1 (sufficiently large but fixed) such that the path defined by

γ (t)(x) :=
⎧⎨
⎩ u

( x

Lt

)
if t ∈ (0,1],

0 if t = 0,

satisfies

γ (0) = 0,

γ (1/L) = u,

γ ∈ C([0,1],Wp,q),

I(γ (t)) < I(u) for all t ∈ [0,1] \ {1/L},
I(γ (1)) < 0,

Proof. Let γ̃ : [0, ∞) →Wp,q be the path given by

γ̃ (t)(x) :=
{

u
(x

t

)
if t > 0,

0 if t = 0.

Clearly, γ̃ ∈ C([0, ∞); Wp,q). Note that, using (1.6), we have

I(γ̃ (t)) = tN−p

p
‖∇u‖p

Lp(RN)
+ tN

p
‖u‖p

Lp(RN)
+ tN−q

q
‖∇u‖q

Lq(RN)
+ tN

q
‖u‖q

Lq(RN)

− tN+α

2

ˆ

RN

(Iα ∗ F(u))F (u)dx

=
(

tN−p

p
− (N − p)

(N + α)

tN+α

p

)
‖∇u‖p

Lp(RN)
+
(

tN

p
− N

(N + α)

tN+α

p

)
‖u‖p

Lp(RN)

+
(

tN−q

q
− (N − q)

(N + α)

tN+α

q

)
‖∇u‖q

Lq(RN)
+
(

tN

q
− N

(N + α)

tN+α

q

)
‖u‖q

Lq(RN)
.

Therefore,
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d

dt
(I(γ̃ (t))) = tN+α−1

{[(
1

tα+p
− 1

)
N − p

p
‖∇u‖p

Lp(RN)
+
(

1

tα
− 1

)
N

p
‖u‖p

Lp(RN)

]

+
[(

1

tα+q
− 1

)
N − q

q
‖∇u‖q

Lq(RN)
+
(

1

tα
− 1

)
N

q
‖u‖q

Lq(RN)

]}
,

which combined with N > q > p yields

d

dt
(I(γ̃ (t))) = 0 if t = 1,

d

dt
(I(γ̃ (t))) > 0 if t ∈ (0,1),

d

dt
(I(γ̃ (t))) < 0 if t ∈ (1,∞).

Hence, I(γ̃ (t)) achieves its strict global maximum at t = 1. Because

lim
t →∞I(γ̃ (t)) = −∞,

we can deduce that the path γ can be defined by a suitable change of variable. �
Now we are ready to provide the proof of the main result of this section.

Proof of Theorem 1.2. According to Propositions 4.1 and 4.2, we can find a Pohozaev-Palais-
Smale sequence (un)n∈N ⊂ Wp,q at the mountain pass level b > 0 such that (4.5) and (4.6) hold 
for some u ∈ Wp,q \ {0} which satisfies (1.1). By Proposition 3.2, we know that P(u) = 0. In 
light of these facts, and exploiting I(un) →b and P(un) →0 as n →∞, we see that

I(u) = I(u) − 1

N + α
P(u)

= α + p

p(N + α)
‖∇u‖p

Lp(RN)
+ α

p(N + α)
‖u‖p

Lp(RN)

+ α + q

q(N + α)
‖∇u‖q

Lq(RN)
+ α

q(N + α)
‖u‖q

Lq(RN)

≤ lim inf
n→∞

[
α + p

p(N + α)
‖∇un‖p

Lp(RN)
+ α

p(N + α)
‖un‖p

Lp(RN)

+ α + q

q(N + α)
‖∇un‖q

Lq(RN)
+ α

q(N + α)
‖un‖q

Lq(RN)

]

= lim inf
n→∞

(
I(un) − 1

N + α
P(un)

)

= lim inf
n→∞ I(un) = b. (4.19)

Since u is a nontrivial solution to (1.1), it follows from (1.7) and (4.19) that

m ≤ I(u) ≤ b. (4.20)

Now, let v ∈ Wp,q \ {0} be a weak solution of (1.1) such that I(v) ≤ I(u). Applying Propo-
sition 4.3 to v, we can find γ ∈ � such that maxt∈[0,1] I(γ (t)) = I(v). Thus, thanks to (1.8), 
I(v) ≥ b. This combined with (4.20) gives I(v) ≥ b ≥ I(u). Therefore, I(v) = I(u) = b = m, 
and this concludes the proof of Theorem 1.2. �
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Finally, we prove an interesting result that will be useful to obtain the compactness, modulo 
translations, of the set of ground state solutions.

Corollary 4.1. Under the assumptions of Proposition 4.2, if we assume that

lim inf
n→∞ ‖un‖Wp,q

> 0,

and

lim sup
n→∞

I(un) ≤ m,

then there exist u ∈Wp,q \ {0} such that I ′(u) = 0 and (xn)n∈N ⊂ RN such that, up to a subse-
quence, un(· − xn) →u in Wp,q as n →∞.

Proof. By Proposition 4.2, up to a subsequence and translations, we may suppose that un ⇀ u

in Wp,q for some u ∈ Wp,q \ {0} that solves (1.1). Then, arguing as in the proof of Theorem 1.2, 
and using lim supn→∞ I(un) ≤ m, we have

m ≤ I(u) = I(u) − 1

N + α
P(u)

= α + p

p(N + α)
‖∇u‖p

Lp(RN)
+ α

p(N + α)
‖u‖p

Lp(RN)

+ α + q

q(N + α)
‖∇u‖q

Lq(RN)
+ α

q(N + α)
‖u‖q

Lq(RN)

≤ lim inf
n→∞

[
α + p

p(N + α)
‖∇un‖p

Lp(RN)
+ α

p(N + α)
‖un‖p

Lp(RN)

+ α + q

q(N + α)
‖∇un‖q

Lq(RN)
+ α

q(N + α)
‖un‖q

Lq(RN)

]

≤ lim sup
n→∞

[
α + p

p(N + α)
‖∇un‖p

Lp(RN)
+ α

p(N + α)
‖un‖p

Lp(RN)

+ α + q

q(N + α)
‖∇un‖q

Lq(RN)
+ α

q(N + α)
‖un‖q

Lq(RN)

]

= lim sup
n→∞

(
I(un) − 1

N + α
P(un)

)

= lim sup
n→∞

I(un) ≤ m,

from which

α + p

p(N + α)
‖∇u‖p

Lp(RN)
+ α

p(N + α)
‖u‖p

Lp(RN)

+ α + q ‖∇u‖q

Lq(RN)
+ α ‖u‖q

Lq(RN)
(4.21)
q(N + α) q(N + α)

459



V. Ambrosio and T. Isernia Journal of Differential Equations 401 (2024) 428–468
= lim
n→∞

[
α + p

p(N + α)
‖∇un‖p

Lp(RN)
+ α

p(N + α)
‖un‖p

Lp(RN)

+ α + q

q(N + α)
‖∇un‖q

Lq(RN)
+ α

q(N + α)
‖un‖q

Lq(RN)

]
.

Since (un)n∈N is bounded in Wp,q , and utilizing the facts that un →u a.e. in RN and ∇un →∇u

a.e. in RN , it follows from the Brezis-Lieb Lemma [15, Theorem 1] and (4.21) that un →u in 
Wp,q . �

As a byproduct of Corollary 4.1, we obtain the following result.

Proposition 4.4. Up to translations in RN , the set

Sm := {u ∈Wp,q : I(u) = m, I ′(u) = 0
}

is compact in Wp,q endowed with the strong topology.

Proof. Let (un)n∈N be an arbitrary sequence in Sm. By Theorem 1.1, we know that P(un) = 0
for all n ∈ N . Hence, (un)n∈N satisfies the assumptions of Proposition 4.2. We derive from 
I(un) = m > 0 for all n ∈N and the continuity of I that un � 0 in Wp,q . Thus, by Corollary 4.1, 
up to subsequences and translations, un →u in Wp,q for some u ∈ Wp,q \ {0} such that I ′(u) =
0. Because I is continuous, we deduce that I(un) →I(u), and so u ∈ Sm. �
5. Proof of Theorem 1.3

In this section, we investigate qualitative properties of ground state solutions to (1.1). We start 
by showing that optimal paths yield critical points.

Lemma 5.1. Assume that f satisfies (f1). Let γ ∈ � and t∗ ∈ (0, 1) such that

I(γ (t)) < I(γ (t∗)) = b for all t ∈ [0,1] \ {t∗}. (5.1)

Then, I ′(γ (t∗)) = 0.

Proof. Suppose by contradiction that I ′(γ (t∗)) 	= 0. By continuity, we can find ε, δ > 0 such 
that

inf
{‖I ′(v)‖∗ : ‖v − γ (t∗)‖Wp,q

≤ δ
}

>
8 ε

δ
.

Applying [43, Lemma 2.3] with X = Wp,q , S = {γ (t∗)} and c = b, there exists η ∈ C([0, 1] ×
Wp,q; Wp,q) such that

(i) η(t, u) = u if t = 0 or if u /∈ I−1([b − 2 ε, b + 2 ε]) ∩ S2δ ,
(ii) η(1, Ib+ε ∩ S) ⊂ Ib−ε ,

(iii) η(t, ·) is an homeomorphism of Wp,q , for all t ∈ [0, 1],
(iv) ‖η(t, u) − u‖W ≤ δ for all u ∈Wp,q and t ∈ [0, 1],
p,q
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(v) I(η(·, u)) is non increasing for all u ∈Wp,q ,
(vi) I(η(t, u)) < b for all u ∈ Ib ∩ Sδ and t ∈ (0, 1].

Here we have used the notations Id(u) := {u ∈ Wp,q : I(u) ≤ d} and Sδ := {u ∈ Wp,q :
‖u‖Wp,q

= δ} for d ∈ R and δ > 0. Let φ : [0, 1] →Wp,q be defined by

φ(t) := η(1, γ (t)) for t ∈ [0,1].

Let us observe that:

• φ ∈ �; indeed combining γ ∈ � with (i), we see

φ(0) = η(1, γ (0)) = η(1,0) = 0,

whereas (i) and (v) imply that

I(φ(1)) = I(η(1, γ (1))) ≤ I(η(0, γ (1))) = I(γ (1)) < 0.

• I(φ(t)) < b for all t ∈ [0, 1]; in fact, using (v), (i), and (5.1), we obtain

I(η(1, γ (t))) ≤ I(η(0, γ (t))) = I(γ (t)) < b for all t ∈ [0,1] \ {t∗},

whereas (ii) yields

I(η(1, γ (t∗))) ≤ b − ε < b.

Consequently,

max
t∈[0,1]I(φ(t)) < b,

which contradicts the definition of b. Hence, I ′(γ (t∗)) = 0. �
Next we verify that ground state solutions to (1.1) do not change sign whenever f is odd and 

has constant sign.

Proposition 5.1. Assume that f satisfies (f1)–(f2). If f is odd and does not change sign on 
(0, ∞), then every ground state solution u ∈Wp,q of (1.1) has constant sign.

Proof. Without loss of generality, we may assume that f ≥ 0 on (0, ∞). Let u ∈ Wp,q be a 
ground state solution of (1.1). Note that, because f is odd, F is even. Thus,

I(|v|) = I(v) for all v ∈Wp,q . (5.2)

By Proposition 4.3, we know that there exist L > 1 and γ ∈ � such that
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γ (1/L) = u,

I(γ (t)) < I(u) for all t ∈ [0,1] \ {1/L}. (5.3)

Exploiting (5.2) and (5.3), we have

I(|γ (t)|) = I(γ (t)) < I(u) = m = b for all t ∈ [0,1] \ {1/L},

which combined with Lemma 5.1 ensures that I ′(|u|) = 0. Therefore, I(|u|) = I(u) = m and 
I ′(|u|) = 0, that is, |u| is a ground state solution to (1.1). As a result, |u| weakly solves

−�p|u| − �q |u| + |u|p−1 + |u|q−1 = (Iα ∗ F(|u|))f (|u|) in RN.

Since |u| ∈ L∞(RN) ∩ C
1,λ
loc (RN) for some λ ∈ (0, 1) (by Theorem 1.1), it follows from the 

Harnack inequality [41, Theorem 1.2] that |u| > 0 in RN . In conclusion, u has constant sign, as 
desired. �

Finally, we study the symmetry of ground state solutions to (1.1). For this purpose, we recall 
some useful facts about the theory of polarization; see [44, Chapter 8] for more details.

Let H ⊂ RN be a closed half-space and denote by σH the reflection with respect to the frontier 
of H . The polarization (with respect to H ) of a function u :RN →R is defined by

uH (x) :=
{

max{u(x),u(σH (x))} if x ∈ H,

min{u(x),u(σH (x))} if x ∈ Hc.

The following results will be crucial to accomplish our aim.

Proposition 5.2. [44, Propositions 8.3.7 and 8.3.12] Let t ∈ [1, ∞) and u ∈ W 1,t (RN). Then 
uH ∈ W 1,t (RN) and it holds

‖∇uH ‖Lt (RN) = ‖∇u‖Lt (RN) and ‖uH ‖Lt (RN) = ‖u‖Lt (RN).

Lemma 5.2. [32, Lemma 5.3] Let α ∈ (0, N), u ∈ L
2N

N+α (RN) and H ⊂ RN be a closed half-
space. If u ≥ 0 then

ˆ

RN

ˆ

RN

u(x)u(y)

|x − y|N−α
dxdy ≤

ˆ

RN

ˆ

RN

uH (x)uH (y)

|x − y|N−α
dxdy,

with equality if and only if uH = u or uH = u ◦ σH .

Lemma 5.3. [32, Lemma 5.4] Let t ∈ [1, ∞) and u ∈ Lt(RN) be such that u ≥ 0. Then there 
exist x0 ∈RN and a nonincreasing function v : (0, ∞) →R such that u(x) = v(|x − x0|) for a.e. 
x ∈RN if and only if uH = u or uH = u ◦ σH for every closed half-space H ⊂ RN .

The proposition below concerns the sign and symmetry of ground state solutions to (1.1).
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Proposition 5.3. Assume that f satisfies (f1)–(f2). If f is odd and does not change sign on 
(0, ∞), then every ground state solution u ∈Wp,q to (1.1) is radially symmetric about a point.

Proof. Suppose that f ≥ 0 on (0, ∞). Let u ∈ Wp,q be a ground state solution to (1.1) and let 
H ⊂ RN be a closed half-space. In view of Proposition 5.1, we may assume that u > 0. Because 
F is nondecreasing, it holds

F(uH ) = F(u)H . (5.4)

From Proposition 4.3, we can find L > 1 and γ ∈ � such that

γ (t) ≥ 0 for all t ∈ [0,1],
γ (1/L) = u,

I(γ (t)) < I(u) for all t ∈ [0,1] \ {1/L}.
(5.5)

Define γ H : [0, 1] →Wp,q by setting

γ H (t) := (γ (t))H .

Thanks to [42, Corollary 2.40], γ H ∈ C([0, 1]; Wp,q). By Lemma 5.2 and Proposition 5.2, we 
obtain that

I(γ H (t)) ≤ I(γ (t)) for all t ∈ [0,1]. (5.6)

Hence, γ H ∈ �, and using (1.8), we see that

max
t∈[0,1]I(γ H (t)) ≥ b. (5.7)

Taking (5.5) and (5.6) into account, we get

I(γ H (t)) ≤ I(γ (t)) < I(u) = b for all t ∈ [0,1] \ {1/L}. (5.8)

Therefore, (5.5), (5.7), and (5.8) give

I(γ H (1/L)) = b = I(γ (1/L)), (5.9)

that is, I(uH ) = I(u). This fact combined with Proposition 5.2, Lemma 5.2 and (5.4), implies 
that either F(u)H = F(u) or F(uH ) = F(u ◦ σH ).

First we consider the case F(u)H = F(u). Since F is non decreasing, for every x ∈ H we 
have

u(x)ˆ

u(σH (x))

f (τ ) dτ = F(u(x)) − F(u(σH (x))) = F(u(x))H − F(u(σH (x))) ≥ 0.
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Hence, either u(σH (x)) ≤ u(x) or f = 0 in [u(x), u(σH (x))]. In particular,

f (uH ) = f (u) on RN. (5.10)

Note that (5.8) and (5.9) yield

I(γ H (t)) < I(γ H (1/L)) = b for all t ∈ [0,1] \ {1/L},

and so, applying Lemma 5.1, we discover that I ′(uH ) = 0. This together with (5.4) and (5.10)
ensures that uH is a weak solution to

− �puH − �quH + |uH |p−2uH + |uH |q−2uH

= (Iα ∗ F(uH ))f (uH ) = (Iα ∗ F(u))f (u) in RN,

that is, for all ϕ ∈ Wp,q ,

ˆ

RN

|∇uH |p−2∇uH ∇ϕ dx +
ˆ

RN

|uH |p−2uH ϕ dx

+
ˆ

RN

|∇uH |q−2∇uH ∇ϕ dx +
ˆ

RN

|uH |q−2uH ϕ dx

=
ˆ

RN

(Iα ∗ F(u))f (u)ϕ dx.

(5.11)

Taking ϕ = u − uH in (1.5) and (5.11), respectively, by subtracting we obtain

0 =
ˆ

RN

(
|∇u|p−2∇u − |∇uH |p−2∇uH

)(
∇u − ∇uH

)
dx

+
ˆ

RN

(
|u|p−2u − |uH |p−2uH

)(
u − uH

)
dx

+
ˆ

RN

(
|∇u|q−2∇u − |∇uH |q−2∇uH

)(
∇u − ∇uH

)
dx

+
ˆ

RN

(
|u|q−2u − |uH |q−2uH

)(
u − uH

)
dx.

Recalling the well-known inequality (see [40, formula (2.2)])

(|x|t−2x − |y|t−2y)(x − y) ≥ Ct |x − y|t for all x, y ∈ RN and t ∈ [2,∞),

we arrive at
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Cp‖u − uH ‖p

W 1,p(RN)
+ Cq‖u − uH ‖q

W 1,q (RN)
≤ 0,

which implies u = uH .
Secondly, if F(uH ) = F(u ◦σH ), then we can argue as before to infer that uH = u ◦σH . Since 

H is arbitrary, we can invoke Lemma 5.3 to conclude that u is radially symmetric and radially 
decreasing. �
Proof of Theorem 1.3. The desired assertions follow directly from Propositions 5.1 and 
5.3. �
6. Proof of Theorem 1.4

By Proposition 3.1, we know that u ∈ L∞(RN) and K = Iα ∗ F(u) ∈ C0(RN). Therefore, 
u ∈ Wp,q ∩ L∞(RN) solves

−�pu − �qu = ψ̃ in RN,

with ψ̃ ∈ L∞(RN) given by ψ̃(x) := −up−1(x) −uq−1(x) +K(x)f (u(x)), and using [21, The-
orem 1] we deduce that ‖∇u‖L∞(RN) ≤ C for some C > 0. Hence, u is Lipschitz continuous 
in RN and so uniformly continuous in RN . This fact and u ∈ Lp(RN) shows that u(x) →0 as 
|x| →∞. From this, lim sup|t |→0

|tf (t)|
|t |p < ∞, p < q and |K(x)| →0 as |x| →∞, we derive that

K(x)f (u) = K(x)
f (u)

up−1 + uq−1 (up−1 + uq−1) ≤ 1

2
(up−1 + uq−1) in Bc

R,

for some R > 0. Thus u satisfies

−�pu − �qu + 1

2
(up−1 + uq−1) ≤ 0 in Bc

R. (6.1)

Let us now define φ(x) := ϒeκRe−κ|x| where κ, ϒ > 0 are such that

κ < min

{(
1

2(p − 1)

) 1
p

,

(
1

2(q − 1)

) 1
q

}
,

and ‖u‖L∞(RN) ≤ ϒ. Clearly, u(x) ≤ φ(x) for all |x| ≤ R. It is readily seen that

− �pφ − �qφ + 1

2
(φp−1 + φq−1)

= φp−1
(

1

2
− κp(p − 1) + N − 1

|x| κp−1
)

+ φq−1
(

1

2
− κq(q − 1) + N − 1

|x| κq−1
)

> 0 in Bc
R.

(6.2)

Subtracting (6.2) from (6.1) and choosing ζ := (u − φ)+ ∈ W
1,p

0 (Bc
R) ∩ W

1,q

0 (Bc
R) as test func-

tion, we obtain
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0 ≥
ˆ

{|x|>R :u(x)>φ(x)}

([
(|∇u|p−2∇u − |∇φ|p−2∇φ) + (|∇u|q−2∇u − |∇φ|q−2∇φ)

]
∇ζ

+ 1

2

[
(up−1 − φp−1) + (uq−1 − φq−1)

]
ζ

)
dx

≥ 1

2

ˆ

{|x|>R :u(x)>φ(x)}
(up−1 − φp−1)(u − φ)dx ≥ 0,

where we have used (4.8). Consequently,

(up−1 − φp−1)(u − φ) = 0 a.e. in {|x| > R : u(x) > φ(x)}.

Since u and φ are continuous in RN , we deduce that the set {|x| > R : u(x) > φ(x)} is empty. 
As a result, u(x) ≤ φ(x) for all x ∈ RN . The proof of the theorem is now complete.
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