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Abstract— We introduce and study a family of rate-compatible
Low-Density Parity-Check (LDPC) codes. The design of these
codes starts from simplex codes, defined by parity-check matrices
having a simple form stemming from the coefficients of a
primitive polynomial. For this reason, we call the new codes
Primitive Rate-Compatible LDPC (PRC-LDPC) codes. By apply-
ing puncturing to these codes, we obtain a bit-level granularity
of the code rate. We show that, in order to achieve good LDPC
codes, the underlying polynomials, besides being primitive, must
meet some more stringent conditions with respect to those of
classical punctured simplex codes. We leverage non-modular
Golomb rulers to take these new requirements into account.
We characterize the minimum distance properties of PRC-LDPC
codes, and study and discuss their encoding and decoding
complexity. Finally, we assess the error rate performance of high
rate PRC-LDPC codes under iterative decoding.

Index Terms— Golomb rulers, LDPC codes, minimum dis-
tance, rate-compatible codes, simplex codes.

I. INTRODUCTION

OW-DENSITY Parity-Check (LDPC) codes are a family
of error correcting codes widely employed in modern
communication systems, due to their ability to provide excel-
lent error rate performance with low decoding complexity.
Recently, Rate-Compatible LDPC (RC-LDPC) codes, intro-
duced in [3], have gained increasing attention, since they
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offer the flexibility required by many modern applications.
In fact, these codes can support different code rates by
using a single code design, as for the wider class of general
rate compatible codes [4]. Such a flexibility can represent
a significant advantage, for example, in modern radio and
wireless communications like the fifth generation (5G) or the
sixth generation (6G) of mobile communications, since the
underlying transmission systems need to support a wide range
of data rates and channel conditions to meet the requirements
of the various application scenarios [5]. Another advantage of
RC-LDPC codes is their ability to achieve low encoding and
decoding complexity. In fact, since all the obtainable codes can
be constructed starting from a common structure (e.g., a base
matrix), encoding and decoding can be simplified with respect
to the case of conventional Low-Density Parity-Check (LDPC)
codes. This makes the new family of codes suitable for
real-time communication systems, where low latency is a crit-
ical requirement. The small encoding/decoding complexity of
RC-LDPC codes makes them suitable also for energy-efficient
communications systems, which are characterized by low
power and computational capacity. For all these reasons,
RC-LDPC codes are actually employed in 5G [6] and will
likely remain a critical component of future communication
systems and standards.

A. Our Contribution

The goal of this paper is threefold. First, we introduce a new
family of RC-LDPC codes, called Primitive RC-LDPC (PRC-
LDPC) codes. Secondly, we provide insights on how Golomb
rulers can be employed to design LDPC codes. Finally,
we demonstrate the possibility of using simple encoders for
codes in this family and assess their error-correction perfor-
mance, showing that it is similar to that of LDPC codes
available in the literature and included in the 5G standard.

Our design starts from simplex codes, but we show that the
primitive polynomial representing the parity-check matrix of
the code needs to comply with some additional constraints in
order to be an LDPC code. Namely, first of all, we show
that to satisfy the Row-Column Constraint (RCC) [7], the
support of the coefficients vector of the primitive polynomial
must be a Golomb ruler. We also show that this is a nec-
essary but not sufficient condition to obtain a good LDPC
code. In fact, inaccurate choices of the polynomial can yield
poor Hamming weight distributions and very poor minimum
distance properties for the code. Therefore, we provide several
rules to avoid these inaccurate choices. In order to obtain a
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very fine rate-compatibility, we make use of puncturing [8],
in such a way that both high code rates and low code rates
can be achieved. If needed, also shortening operations can be
performed. The minimum distance profile of the new codes
is then analyzed. Many theoretical results are provided, and
a method to estimate their minimum distance is discussed.
Numerical examples show that the proposed method yields a
good predictability of minimum distance properties. We finally
show that, as mentioned, the PRC-LDPC codes can be encoded
by using a very simple encoder circuit, and have a good
error rate performance even when they are decoded with
the low-complexity versions of Belief Propagation (BP) algo-
rithms typically used for decoding LDPC codes.

The advantages of PRC-LDPC codes over existing LDPC
code designs are underscored by the simultaneous presence of:
low representation cost; low encoding/decoding complexity;
structured parity-check matrices facilitating theoretical analy-
sis; inherent rate compatibility.

B. Related Works

The literature contains many works on rate compatible codes
and codes whose design is based on Golomb rulers. Next we
briefly describe those that are most closely related to our study.

Some methods utilize modular Golomb rulers to con-
struct circulant matrices that form the parity-check matrix of
binary Quasi-Cyclic LDPC (QC-LDPC) codes, as described
in [9], [10], and [11]. Similarly, non-binary LDPC codes that
employ modular Golomb rulers are developed in [12] and [13].
Compared with the other methods, PRC-LDPC codes are:
(i) binary, (ii)) non-QC, and (iii) based on standard (non-
modular) Golomb rulers. The latter issue is particularly impor-
tant as it is indeed the removal of the modular constraint that
leads to the bit-level rate adaptivity of the new family of codes.

In [14], primitive rateless codes are designed. It is recog-
nized that these codes can be realized as punctured simplex
codes. However, differently from our codes, primitive rateless
codes are not necessarily LDPC codes and are not treated
as such. The inclusion of the requirement on the sparsity
of the parity-check matrix deserves a self-standing analysis,
taking into account the peculiarities of LDPC codes and their
decoding algorithms. In the same paper, many results on
the average Hamming weight distribution of these codes are
provided. We instead do not restrict ourselves to studying the
average case, but analyze the minimum distance properties for
any individual code, based on its parity-check polynomial. Fur-
thermore, we show that the satisfaction of the RCC, necessary
for LDPC codes, leads to new results on the code minimum
distance, which do not necessarily hold if length-4 cycles are
present in the code Tanner graph [15], the latter actually being
the setting of most previous works, where punctured simplex
codes are not considered as LDPC codes. Practically speaking,
the satisfaction of the RCC for PRC-LDPC codes translates
into the fact that the support vector of the coefficients vector
of the parity-check polynomial representing any code family
must be a Golomb ruler. Finally, it is worth mentioning that we
deal with relatively large values of the code dimension & and,
if needed, we combine puncturing and shortening operations
to obtain codes with the desired code rate.
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In [16] punctured simplex codes are employed for error
detection rather than for error correction. Also in this case,
the designed codes are not LDPC codes. The provided results
on the weight distribution hold for values of the block length
n > 21 We instead employ values of n that, in most cases,
do not satisfy the above condition, and therefore do not (and
cannot) make use of the above results.

This work extends and improves on our previous prelimi-
nary works [1], [2]. In those papers, we introduced the problem
and provided a preliminary theoretical analysis, but many
results are partial, or valid only for specific values of the code
rate. Moreover, only loose empirical estimates of the minimum
distance are given, which may not hold in general. In this
paper we generalize, enrich and make both the theoretical
and the numerical treatment more robust, by providing a
comprehensive overview of PRC-LDPC codes. Specifically,
the differences between this paper and [1], [2] involve:

o Theoretical Perspective: Neither [1] nor [2] delve into
the evolution of the minimum distance profile for differ-
ent values of n, which is dealt with in Section IV-B.

e Code Design: Absent in [I1] and [2] are guidelines
regarding code design, which is instead addressed in
Section IV-C.

o Error Rate Performance: Differently from [1] and [2],
we apply shortening techniques to PRC-LDPC codes to
match the desired block length and rate. We also provide
many new numerical results, proving the advantages of
our rate-compatible design.

o Complexity: Complexity aspects, treated in Section V,
are not explored in [1] and [2].

C. Outline of the Paper

In Section II we introduce the notation and recall the
necessary background. In Section III we describe our design
and discuss its requirements. In Section IV we give some
rules for the choice of the primitive polynomial and provide
theoretical results and examples. In Section V we discuss
encoding and decoding complexity. In Section VI we assess
the error rate performance of the newly designed codes.
Section VII concludes the paper.

II. PRELIMINARIES

We use the notation [a,b] to represent the set of integers
between a and b, including the endpoints. The symbol €P
denotes modulo-2 sum. A sequence of non-negative integers
where every difference between two integers is distinct is
called a Golomb ruler. The Hamming weight of a vector is the
number of non-zero symbols it contains and in the following
we simply refer to it as its weight. Similarly, the weight of a
polynomial is the number of its non-zero coefficients. To every
polynomial h(z) = ho + hiz + ... + hyx®, we associate
a coefficients vector h = (hg,...,hx). The reciprocal of a
polynomial h(x) is denoted as h*(z) = x*h(xz~!). Since it is
widely employed, the Hamming weight of h is denoted as wy,.
A polynomial of degree k in Fo[z] is said to be primitive if it
is the minimal polynomial of a primitive element of Fyr. It is
well-known that primitive polynomials have an odd weight.
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Given the finite field F, with order ¢, a code C is a
k—dimensional subspace of F, where & < n. The codewords
in C' can be obtained as C = {c € ]Fg|cHT = 0}, where "
denotes transposition, and H € FZX" is a full-rank matrix of
size r X n, where r = n—k, and is known as the parity-check
matrix. The code rate R is defined as R = % For the rest of
this paper, we assume that ¢ = 2. The number of codewords
of weight w is denoted as A(w). The minimum distance of the
code, d, is the smallest positive value of w such that A(w) > 0.

LDPC codes are a special type of code characterized
by parity-check matrices with a relatively small number of
non-zero entries compared to the number of zeros. The RCC in
the parity-check matrix specifies that no closed length-4 cycle
is formed in the corresponding Tanner graph [15], i.e., the
parity-check matrix has no groups of four non-zero entries at
the vertices of a rectangle. It is well known that soft-decision
decoding algorithms commonly used for LDPC codes, such as
the sum-product algorithm [17], encounter convergence issues
when the parity-check matrix contains the aforementioned
length-4 cycles. The girth of a code is the length of the shortest
cycle(s) in the code Tanner graph.

A linear block code is cyclic if the cyclic-shift of each of its
codewords is also a codeword. To obtain the generator poly-
nomial g(x) of a cyclic code from a parity-check polynomial

h(z) = ho + hiz + ... + hpa",

that is a factor of %V + 1 in Fy[z], it is sufficient to divide
2V 41 by h*(x), which is also a factor of 2V +1 [7]. If h(x)
is a primitive polynomial, the code obtained by taking it as the
parity-check polynomial is a cyclic simplex code with a block
length N = 2F — 1 and 7, = N — k. Therefore, this simplex
code is formed by the all-zero codeword and all the cyclic
shifts of any non-zero codeword. The following important
properties hold.

Property 1: Given any non-zero k-tuple z and a non-zero
codeword t of the cyclic simplex code, there is exactly one
set of k consecutive entries of t (including those wrapping
around) which is equal to z.

Property 2: Any non-zero codeword of the cyclic simplex
code is a pseudo-noise sequence of maximum period N =
2% — 1, since h(z) is primitive [18]

We point out that, in the rest of the paper, when looking
for specific k-tuples in the pseudo-noise sequence, the latter
always “wraps around”, i.e., its first entry and its last entry are
considered consecutive. We denote the pseudo-noise sequence
associated to the codeword(s) of the cyclic simplex code as p.

The parity-check matrix H of the simplex code has
2k _ 1 — k rows, where h, i.e., the coefficients vector of h(z),
shifts from left to right by one position for each row. We define
the support of h as a vector e with wy, elements. The vector
e contains all {7 € [0, k]|h; = 1} in ascending order. We also
define a vector s with wjy, — 1 elements, where s; = e;1+1 — €;,
i €{0,...,wp — 2}. It holds that

In the following, we will call separations the entries of s
and distinguish between external separations (sg and s,,, —2)
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ho hi - hi
ho hi --- hs
H-= S
ho hi - hg
he_hy --- h
he -l hy

4
O T

Fig. 1. Effect of puncturing on the parity-check matrix.

and internal separations (s; with i € [1,wp — 3]). It is easy
to observe that the maximum number of distinct separations
between (not necessarily consecutive) pairs of non-zero entries
in his (“’2’) Finally, the largest entry of s is denoted as syax-

III. DESIGN PRINCIPLES OF PRC-LDPC CODES

In this section we describe the main principles and require-
ments of our code design.

A. Parity-Check Matrix of PRC-LDPC Codes

From the parity-check matrix of the original simplex code,
for which n = N = 2% — 1 and therefore R = 5,
puncturing can be used to obtain the parity-check matrix of a
code with larger rate. An example is shown in Fig. 1, where
the last two rows (and columns) have been eliminated. After
performing a certain number of puncturing operations, say z,
the parity-check matrix is reduced to » = ry — x rows and
n =r+k = N —x columns. For a given h(z) of degree k, the
PRC-LDPC code family it defines contains all the PRC-LDPC
codes with block length ranging from k+1 to 2¥ —1. Referring
to Fig. 1, we notice that the non-zero codewords of the
punctured code, whose number is 2 — 1 as in the original
simplex code, can be obtained as the vectors selected by a
sliding window of length n < 2* —1 that circularly spans over
the Pseudo-Noise (PN) sequence introduced in Property 2,
i.e., circularly spans over a non-zero codeword of the parent
simplex code. This unique origin of the codewords enables us
to investigate the generation of low-weight codewords.

Let us discuss the requirements that h(x) must fulfill in
order to define a PRC-LDPC code.

B. Requirements for the Parity-Check Polynomial

First of all, since the design starts from simplex codes,
h(z) is a primitive polynomial. Differently from previous
works, in this paper we need to tighten the requirements on
h(x). The following result holds.

Theorem 1: A necessary and sufficient condition for the
satisfaction of the RCC in a PRC-LDPC code is that the
support e is a Golomb ruler [1]

Therefore, in the following we choose h(z) in such a way
that Theorem 1 holds. This way, a fundamental condition
required for effective convergence of the iterative decoders
commonly used to decode LDPC codes is satisfied.

Theorem 2: The girth of any PRC-LDPC code with n >
k + so + 1 is upper bounded by 6.
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Proof: Let us consider n = N. By construction, we have
that hoo = hos, = hoxr = 1. Since the parity-check
matrix is formed by shifts of h towards right, we also have
that h0+50’0+50 = h0+50’k+50 =1, as well as h0+k,0+k =
hotk,so+k = 1. Therefore, hos, — hor — hrr —
Riso+k — Nsg.s0+k — MNsg,so — ho,s, 1S an unavoidable
cycle of length 6. This unavoidable cycle involves the first
k+ sg+ 1 columns of H, and thus also exists in all the codes
of the family for which n > k 4 sg + 1. [ |

At this point, we make some considerations on the sparsity
of the code and of h(x). Parity-check matrices of PRC-LDPC
codes are row-regular, since all the rows have Hamming
weight equal to wp, but not column-regular. The average
column weight is

(we) = % — (1 — R)uwy,. (1)
This parameter plays a crucial role in terms of iterative decod-
ing complexity, which increases for increasing values of (w.).
Therefore, in order to keep a low decoding complexity, for
a given value of R, we will choose a relatively small value
of wy,. Complexity issues will be discussed more in depth
in Section V.

We remark that having a small w;, may not be sufficient
to guarantee that e is a Golomb ruler. For example, suppose
that k& = wy, = 5. Then, even though (w,) is small, h(zx) =
1+ax+2%+2*+2°and e = [0,1,3,4,5] is not a Golomb
ruler, leading to a lot of length-4 cycles and thus a potentially
bad performance under iterative decoding. We thus need to
include the condition that wj is relatively small compared
to k. In particular, a necessary, but not sufficient, condition
for the fulfilment of the RCC derives from the following
statement.

Corollary 1: Given a parity-check polynomial h(x),
if (“;h) > k then the RCC does not hold for any PRC-LDPC
code described by h(x).

Proof:  As noted in Section II, a polynomial h(x)
of weight wy, yields (“’2“) positive separations between its
exponents. In order to satisfy the RCC, based on Theorem 1,
we need all of them to be different. If the degree of h(x) is k,
then the separations must take values in [1, k] (which obviously
contains k elements). Therefore, the pigeonhole principle tells
us that if (th) > k, i.e., if there are more separations than
available different values, then at least two separations are
equal and, therefore, the RCC is not satisfied. [ |

We remark that, in order to satisfy all the needed constraints,
i.e., to find a polynomial that is both primitive, sparse and
such that e is a Golomb ruler, the values of w,; are not
necessarily tight to the bound given by Corollary 1. A visual
summary of the concepts discussed in this section is depicted
in Fig. 2, where the searched polynomials live in the gray
region.

C. Shortening Operations: A Further Degree of Freedom

Aiming to gain an even finer rate adaptability, it is possible
to apply code shortening. This operation consists in eliminat-
ing z information symbols. Therefore, the shortened code has
block length n’ =n — z and k' = k — z information symbols.

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 72, NO. 12, DECEMBER 2024

Golomb ruler

Fig. 2. Requirements of the parity-check polynomial.

ho hy -+ hy
Ho hy - hy
H= .o
ho hy --- hy
ho hy - hy
ho hi --- hg

Fig. 3. Effect of shortening on the parity-check matrix.

A simple example is shown in Fig. 3, where the first two
columns have been eliminated.

IV. CODE DESIGN APPROACH

In this section we provide sufficient conditions for the
existence of low-weight codewords in PRC-LDPC codes and
convert them into a practical approach to code design.

A. Low-Weight Codewords

We have mentioned in Section II that any non-zero code-
word of the parent cyclic simplex code corresponds to a shifted
version of the same PN sequence p of length N = 2F — 1.

Remark 1: When puncturing is applied, and a code of
length n < N is obtained, the code is no longer cyclic and
each codeword is a different n-tuple of consecutive symbols
of p. In other words, it is possible to consider a sliding window
of size n spanning over p. Each of the possible N initial
positions of the sliding window covers a different non-zero
codeword.

Remark 1 is fundamental for our theoretical analysis
and its implications will be used many times in the fol-
lowing. Therefore, we provide a toy example to make it
clearer.

Example 1: Consider the (7,3) cyclic symplex code char-
acterized by the parity-check polynomial h(x) = 1+ 22 + 2.
The corresponding PN sequence is given by g(x) =1+ x +
22 + 2 followed by N —r — 1 = 2 zeros, i.e.,

p=[111,0,1,0,0].

Let us suppose that we puncture two code symbols, obtaining
a (5,3) code. The 2% —1 = 7 non-zero codewords of this code
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can be obtained by letting a window of size 5 cyclically slide
over p, for all possible initial positions, that is,

where the codewords of the punctured code are marked in
bold.

Keeping these concepts in mind, we are interested in finding
sub-sequences of p that may cause the existence of low-weight
codewords. We first focus on the following two tuples, called
T; and T in the following, respectively:

o a k-tuple containing k£ — 1 zeros and a single one;

e a (k + 1)-tuple coinciding with h*.
While the existence of T in p is implied by Property 1, next
we prove a sufficient condition for the existence of T5 in p.

Theorem 3: Given a primitive parity-check polynomial
h(zx) defining a cyclic simplex code of length N, if e is a
Golomb ruler, then p contains a (k + 1)-tuple coinciding
with h*.

Proof: Let us evaluate the quantity h*h™ mod 2. If k

is odd we have that

k
h*h" mod 2 = P hihx—; =0, (2)
i=0
since the sum contains an even number of pairs of equal terms.
If k is even, instead, we have that h*hT is

k
€D hih—i = hohs + - + hryohiya + - + hiho,  3)

=0

which is 0 mod 2 only if hy,; = 0. If e is a Golomb
ruler, hy/p is necessarily 0. In fact, hy;, = 1 implies
that ho and hy/p are at the same distance of hy and
hy 2, which contravenes the definition of Golomb ruler
for e. In summary, if e is a Golomb ruler, we have that
h*h" =0 mod 2.

Given any codeword t of the cyclic simplex code, since
the rows of the parity-check matrix are formed by cyclic
shifts of the vector [h,0x_j_1], from tH' = 0 it follows
that

k
@ tih; = 0. “
=0

From the comparison with (2) and (3) we notice that, if e
is a Golomb ruler, we can substitute ¢; = h}, for ¢ € [0, k].
Therefore, any codeword of the cyclic simplex code contains
h* and, as codewords are cyclically shifted versions of p, also
p contains h*, proving the thesis. [ |

We now show that, under certain circumstances, the relative
position of T; and T can be predicted.
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Lemma 1: If, for a family of PRC-LDPC codes,

E 55, or

je[1l,wp—2]

S > Swy,—2 >

and e is a Golomb ruler, then T1 and To are consecutive
in p.
Proof: By definition of simplex codes, p is given by

P= [ga 0k—1]7

where g is the coefficients vector of the generator polynomial,
and 0y_; is a (k — 1)-tuple of zeros. Thus, since gg =
gn—k—1 = 1, in order to prove the thesis we just need to
show that, under the above hypotheses, either g begins or ends
with h* (i.e., T2), which is for sure contained in p due to
Theorem 3. Let us suppose that

> s (5)

j€[0,wp,—3]

Sy, —2 >

that is, the first separation between the exponents of h(x)
is larger than the sum of all the others. This implies that
the last separation between the exponents of h*(x) is larger
than the sum of all the others. To study the structure of
g we can perform classical polynomial division between
#N¥ + 1 and h*(x). The first partial remainder of the
division is
wp—2

ro(z) = 2N PR (z) + 2N = Z AR DL
1=0

(in Fy[x]), and the first quotient is obviously go(z) = zV—*.
The largest and the smallest exponents of ro(z) are therefore
V750 and 2N ~F, respectively. Then, we notice that the next
term of the quotient must be 2’¥ ~¥~%0 and that the correspond-
ing h*(x)xN =50 is in the form 2V %0 plus some terms with
degree lower than 2™V —=*, due to (5). The same reasoning holds
for the remaining wy, — 2 terms of the quotient. Summarizing,
the first wy, terms of the quotient (that is g(x)) are

fok N—-2k

xN*k*So,l,kaf(SoJrsl)’..',x ,

)

that is a shifted version of h*(z) (in particular, it is
2N =2 p*(z)). Therefore, the first & + 1 bits of g are h*,
implying that T'5 follows T in p. The specular case, in which

d. s

je[l,wh—Z]

Sog >

is perfectly equivalent, but it is convenient to perform the
polynomial division from right to left. In this case, the last
k + 1 symbols of g are h* and T precedes T; in p. [ ]

Lemma 1 has important implications on the minimum
distance of some codes.

Corollary 2: Given any PRC-LDPC code of rate R > %
if
So > Z S5, or Swy—2 > Z S,
JE[l,wp—2] j€[0,wp—3]

and satisfying the RCC, then d < wp,
Proof: 1t follows from Lemma 1 that, under its hypothe-
ses, p contains a 2k-tuple of weight wy, formed by the
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concatenation of the k—1 zeros in T; and T (of size k+1 and
weight wy,). Therefore, since the codewords of PRC-LDPC
codes can be covered by a window of size n sliding over p,
all the PRC-LDPC codes of block length n < 2k satisfying
the hypotheses of Lemma 1 contain at least one codeword of
weight < wy,. [ |

In order to better understand the role of large external
separations, we deepen the analysis for the case of R = % and
define a sufficient condition for the existence of codewords of
weight wy, when an external separation is larger than the sum
of the internal ones.

Lemma 2: In a PRC-LDPC code with R = % satisfying the
RCC, if for either i =0 or i = wy, — 2,

> %

J€[Lwr—3]

S; >

then there are at least s; — Zje[l wn—3] 5 codewords of

weight wy,.
Proof: The proof is the same as in [2, Lemma 2], and
is thus omitted. u

Following the above reasoning, we can also analyze the
case in which sg + sy, —2 exceeds the sum of the internal
separations, and also the case in which an internal separation
exceeds the sum of all the others. These two conditions
cannot be simultaneously true. The following two lemmas
can be proved using similar arguments as those used in the
proof of Lemma 2, and their proofs are hence omitted for
brevity.

Lemma 3: In a PRC-LDPC code with R = % satisfying the

RCC, if
> s

JE[1,wp—3]

(6)

S0 + Swy—2 >

then there are at least 5o+ Sy, —2 — Zje[l,whffi] 55 codewords
of weight wy,.

Lemma 4: In a PRC-LDPC code with R = % satisfying the
RCC, if there exists i € [1,wp, — 3] such that

S; > Z S5,
J#i
then there are at least s; — Z#j sj codewords of weight wp,.

It should be noted that Lemmas 2, 3 and 4 remain applicable
even for R > % Specifically, if a particular code satisfies
d > wp at R = % and is subsequently punctured to attain
d = wy, then the methodologies outlined in Lemmas 3 and 4
can be utilized to determine the multiplicity of low-weight
codewords.

We remark that the hypotheses of Lemmas 1 to 4 may imply
each other. For example, the hypotheses of Lemma 1 imply
those of Lemma 2. In Fig. 4 we provide an illustrative scheme
for the cases in which d < wy, = 5, and thus |s| = 4. The
gray region contains all the sufficient conditions causing the
minimum distance to be upper bounded by wy,.

Based on the above considerations, some further good
practices, besides the strict rules provided in Section III, are

given in the following remark.
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S3 > 81 + Sg

So > $1+ S2

S0+ 83 > 81 + 52

Fig. 4. Summary of conditions causing d < wp, when wy, = 5.

Remark 2: When designing PRC-LDPC codes, h(x) should
be chosen such that:

o for either i =0 or i = wy — 2,

Si S Z sJ?
jE[l,U’h—3]
o forie[l,w, — 3|,
Si S Z 553

JE[0,wp—2],57#1

o it holds that

SO + swh72 S

T s

JjE[1,wp—3]

At this point, it is interesting to study the structure of
p when none of the sufficient conditions causing d < wy,
are satisfied. By computing g(x) as the polynomial division
of ¥ + 1 by h*(x), with the same arguments used in the
proof of Lemma 1, it is straightforward to prove that the
region around Ty appears as shown in Fig. 5, if the RCC
is satisfied, along with some further requirements discussed in
the following. Specifically, on either side of h*, there exist two
regions containing only zeros, of size Zy and Z;, respectively.
The size of these two regions is computed in the following
theorem.

Theorem 4: Given a PRC-LDPC code characterized by a
certain h(x) of degree k, for which the conditions in Remark 2
are satisfied, by defining i* as the index for which s;» = Smax,
we have that

wp—2 "

20:2( 3 s,»)—k:—l, Z1:2(Zsi)—k—1.

=0

Proof: The proof follows the same idea of the proof of
Lemma 1. Therefore, for saving space, we omit it. |
It easily follows from Theorem 4 that

ZO + Zl = 2(Smax - 1)7
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So Swp—2
A A
Zo k+1 Z1
Fig. 5. Structure of p around h*.
(1) o - o 0 0 (1) we have that
7 I Z. n—L+1 ifL<n<L+Z,

1+ 2Z, ifL+ 7, <n< L+ 7,

Fig. 6. Portion of p describing a family of codewords. Ai(w) = 4+ Zy+L-n fL+Z <n<L+Z,
0 elsewhere.

which has the very interesting implication that the total width @)

of the all-zero region around h* depends only on the largest
separation between the exponents of h(x).

Then, under the hypotheses of Theorem 4, next to the
all-zero region of size Zj, there are some symbols 1, each at
distance s,,, 2 from the other. Similarly, consecutive to the
all-zero region of size Z;, there are some symbols 1, each at
distance sg from the other.

Let us now convert the above reasoning into conditions on
the minimum distance.

Corollary 3: Given any PRC-LDPC code of block length
n < 28max + k — 1 satisfying the hypotheses of Theorem 4,
then d < wy,

Proof: The proof follows from the equality

wh72

Z si>—k:—1

i=1*

k—1=2sp.x +k—1.

Zo+Z1+k+1=2(ZSi+
i=0
=2k + 2S80x —

All the windows of size n < Zy + Z1 + k + 1 cover at least
one codeword of weight < wy,. [ |

Fig. 5 also provides a further confirmation that the external
separations should not be too large. If this condition is met,
sliding windows of size n slightly larger than Zy+ 2 + k+1
would cover codewords with relatively large weight.

B. Families of Codewords

In this section we make some further considerations on the
minimum distance of PRC-LDPC codes. For a given n, we say
that if two codewords can be obtained from each other by a
non-cyclic shift, then they belong to the same family. A family
of codewords derives from a portion of p, as shown in Fig. 6.
Any window of size n starting in the all-zero region of size
Z; and ending in that of size Z, covers codewords belonging
to the same family.

The family of codewords (say the i-th and composed by
codewords of weight w) defined by the portion within the
rectangle in Fig. 6 exists for n € [L,L + Z;, + Z,]. Tt is
interesting to count A;(w) for each n. Supposing, without
loss of generality, that Z; > Z,., and calling Z,; = Z, + Z;,

We also introduce the quantities 7(d) and n(d) which, given
a parity-check polynomial h(x), are the minimum number of
rows and columns of H such that the corresponding PRC-
LDPC code has distance d. To establish the starting point of
our analysis, let us begin by examining an extreme scenario.
While the codes described in Lemmas 5 and 6 may not be
practical themselves, they play a valuable role in identifying
regions within p where low-weight codewords of codes with
larger block length can potentially originate.

Lemma 5: A PRC-LDPC code satisfying the RCC has
d=1if and only if r < rmin = Smax-

Proof: Let us suppose that the two entries of h separated
by smax are h; and h;. Since the RCC is satisfied, there exists
only one such pair. Then, there are sy,,x — 1 zeros separating
h; and h;. In order to avoid the occurrence of all-zero columns
in the parity-check matrix, » must necessarily be at least equal
t0 Smax. This way, all the columns from the (i + 1)-th to the
(j —1)-th contain at least one symbol one, that is h; shifting to
the right for increasing values of r. If r = 7 < sy ., instead,
due to the diagonal form of the parity-check matrix, syax — 7
columns are zero, i.e., those ranging from the (i + 7 — 1)-th
to the (j — 1)-th. The same reasoning can be applied to
the other smaller separations. Therefore, if r < Spax, the
parity-check matrix contains columns of weight 0, implying
that d = 1; if r > s,,.«, instead, there are no all-zero columns
and d > 2. |
In other words, Lemma 5 states that 7(2) = Spax, i.€., that
n(2) = k + Smax-

Lemma 6: Let i* be the index for which s;» = Smax. In a
PRC-LDPC code of block length n(2), there are two families
of codewords of weight 2:

o one such that the separation between the non-zero sym-

bols is >:_ s;, called Family 1,

e the other such that the separation between the non-zero

symbols is Z;";;z s;, called Family 2.

Proof: Suppose again that the entries of h separated by
Smax are h; and hj;, j > 4. Given that the RCC is fulfilled,
there can be only one pair of this kind. By definition, the
closest non-zero symbol to the left of h; is h;, and it holds that
J — % = Smax. When n = n(2), implying r = Spax, We have
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that hoJ = h17¢+1 =...= hsmax_17i+sn)ax_1 = h; = 1. Since
7 > 1+ Smax — 1, we have that the only non-zero element in the
j-th column is hy ;. Therefore, the O-th and the j-th column of
H are equal, implying the existence of a codeword of weight 2,
where the two symbols 1 are separated by 7 = so+. ..+ Smax
positions, proving the thesis. The second part of the lemma is
proved with identical arguments. [ |

By performing polynomial division between z¥ + 1 and
h*(z), it can be readily noticed that the two families described
in Lemma 6 appear consecutively in p.

The following straightforward result holds for general val-
ues of d.

Lemma 7: Consider any codeword c of weight w of a PRC-
LDPC code C with length n. Also consider the PRC-LDPC
code with length n' = n — 1 obtained by puncturing C,
called C'. Then, the vector obtained by removing the last entry
of ¢ is a codeword for C'.

Proof: It is a straightforward consequence of
Remark 1. |

Lemma 7 implies that, when puncturing a symbol of any
PRC-LDPC code, either the minimum distance is preserved,
or it decreases by at most one unit. Therefore, the minimum
distance follows a step-like behavior with respect to n, and
the height of the steps is always unitary, whereas the width
depends on the given code family (see Fig. 8, introduced later).

In the following we prove some other useful results on the
weight distribution. According to the definition of family of
codewords, we can state that

A(w) = Z Ai(w),

where A;(w) is the number of codewords of weight w belong-
ing to the ¢-th family.

Theorem 5: If the PRC-LDPC code of length n is char-
acterized by a certain A;(w) = A, for any i, then the
PRC-LDPC code of length n' = n+1 has either A;(w) = A,
or A;(w) = max{A — 1,0}, or A;(w)=A+1.

Proof: As evident from (7), a unitary increase in n cannot
cause the number of codewords in a given family to increase
or decrease by more than one unit. ]

Theorem 6: If, for a certain value of i, the PRC-LDPC code
of length n, called C, exhibits A;(d) = 1, then the PRC-LDPC
code of length n' = n + 1, called C', has A(d+1) > 2.
If we call c the codeword of C belonging to family 1
and having weight d, then C' contains [c,1] and [1,c] as
codewords.

Proof: Under the assumption that we have only one
codeword of weight d left in the i-th family, called c, then
it is very easy to show that the first and the last symbols of ¢
are (’s; furthermore, in p, the two symbols immediately to the
right and left of ¢ must be 1’s. Any other configuration breaks
either the definition of minimum distance or the assumption
that the codeword is unique for the ¢-th family. Given this,
when considering a larger code length n' = n + 1, then the
larger window will cover the symbol 1 on the right, forming a
codeword of weight d 4 1. Similarly, the symbol 1 on the left
will be covered, forming a codeword of weight d+ 1, as well.
Both these codewords belong to different families than c,
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since they include a larger number of symbols one. This proves
the thesis. [ ]

Corollary 4: If, for a certain value of i, the PRC-LDPC
code of block length n shows A;(d) = 1 then the PRC-LDPC
code of length n' = n+ 2 has A(d+ 2) > 1. If we call ¢
the codeword of C, then C' contains [1,c, 1] as a codeword.

Proof: Same as Theorem 6, but the window covers both

the symbols 1 around c. [ ]

All the above results can be used to find the low-weight
codewords of PRC-LDPC codes. In particular, our method
relies on searching low-weight codewords in the portions
of p that we have shown to be sparse. Some examples are
provided next, where we choose parity-check polynomials
with a relatively small degree k. We compute the weight
distribution of the resulting family of PRC-LDPC codes,
validating the theoretical analysis. The reason for the choice
of small values of k is twofold: on the one hand, they lead to a
more comprehensible treatment; on the other hand, we want to
compare our results with the actual minimum distance profile,
which would be uncomputable for large values of k.

Example 2: Let us start from the family of PRC-LDPC
codes obtainable from

h(z) =14z +2° + 't + 213

We have that e = [0,1,5,11,13] is a Golomb ruler, and the
separations vector is s = [1,4,6,2]. We thus notice that the
conditions in Remark 2 are satisfied.

By performing division between x™ +1 and h*(z) we obtain
the following portion of p

... |1111]00000000/10100000100011|00/1010101] . . .,

where we identify h*, marked in bold, surrounded by two
all-zero portions of size 2(1 +4+6) —13 —1 = 8 and
26 +2) — 13 -1 = 2, and two comb-like zones, where
symbols 1 are distant by so = 1 positions on the left and
Sw,—2 = 2 positions on the right. This corroborates the
analysis in Section IV and, in particular, in Fig. 5. The
shown sub-sequence already tells us that n(6) > 24, burt it
is possible to study the distance profile even more in detail.
The analysis of the low-weight codewords by studying the
portion of p described by Lemma 6 can be found in Appendix.
The reasoning in Appendix already shows that the weight
distribution of PRC-LDPC codes, at least for relatively small
values of n, can be characterized starting from a very thin
portion of p. In this particular case, such a portion of p is
that defined by Lemma 6. Let us slightly widen this portion,
Le., let us consider

00001010101010000100011000000000010000000101001011.

It is interesting to notice that all the minimum weight code-
words of all the PRC-LDPC codes with 19 < n < 37, except
for one of them when n = 21, are contained into this portion
of p, whose length is only 0.6% of the total length of the PN
sequence, i.e., 28 — 1.

In Fig. 7 we compare the actual A(d) of the codes in
Example 2, for different values of n, to that obtained using our
method (looking around the small portion of p specified by
Lemma 6) and also to the average value, computed as in [14].
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ples 2 and 3.

We notice that, for all the considered values, our estimate
almost perfectly matches the actual value of A(d). The values
of d, which depend on n, are deducible from Fig. 8, introduced
in Example 3. Namely, d = 3 when n = 19, and then each
increase of A(d) corresponds to a unitary increase of d. For the
codes in Example 2, the average estimator (working for d > 3)
provides estimates that are, in some cases, either significantly
smaller or significantly larger than the actual value.

Example 3: We consider the family of PRC-LDPC codes
obtainable from

h(z) =14 2% + 28 + 212 + 21,

which implies e = [0, 2,8,12,15], and then s = [2,6,4, 3].
For the sake of brevity, in this example we do not list all
the codewords as in Example 2 (and in Appendix), since the
rationale is exactly the same. We only mention that the portion
of p around the families introduced in Lemma 6, which is

...011100001010000000100000000000010110. . .,

contains all the minimum distance codewords of the PRC-
LDPC codes with n = {22,26,27,28,29}. More in general,
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somehow surprisingly, this portion of p consists of 0.1%
of the total length of p and contains 59% of the minimum
distance codewords of all the PRC-LDPC codes derived from
the above h(x), with 21 < n < 33.

We show in Fig. 8 the initial values of n(d) for the codes in
Examples 2 and 3. It is also remarkable that, if the only goal
of the analysis is to estimate the minimum distance (and not
enumerating the number of minimum distance codewords), our
method basically provides exact matching in all the considered
cases, except for a single discrepancy when k£ = 15 and
n = 33, where the estimated distance is 7, instead of 6.

C. Code Design

In this section we describe the method we employ to find
parity-check polynomials fulfilling the properties described in
Section IIT and pictorially summarized in Fig. 2.

Let us suppose that an (n,k) code must be obtained and
the target row-weight of the parity-check matrix is wy,. The
design procedure we adopt is as follows:

1) Pick a Golomb ruler, say G, of order L > wj,, contain-
ing £ among its marks.

2) Remove all the marks larger than &, so obtaining a new
Golomb ruler, say G’, of order L'. If L’ < wy,, go back
to Step 1). Set j = 0.

3) Pick the j-th subset of size wy < wy, of the marks of G,
say S](cj ) If the polynomial associated to these marks
breaks the conditions in Remark 2, set 7 = 5 4+ 1 and
restart this step. Set ¢ = 0. _

4) Let us call S the complementary set of Sl(ﬂ ). Pick the

i-th subset of Sﬁj) of size wy, — wy, called Sﬁj’i).
5) Test whether the polynomial
>,

p (z) =
1e{susy

is primitive and store pU-?) () if it is. If i = (i} __’5)1;) -1,

set 7 = 7+1 and go back to Step 3), else set 2 = ¢+1 and
go back to Step 4).

This procedure generates all the primitive polynomials,
if any, associated to a certain Golomb ruler G’. It requires
testing at most (5;) ( 5;__’5)1; ) polynomials for primitivity. It is
evident that when the objective is to generate a single family
of PRC-LDPC codes, the algorithm can be halted as soon as
the first parity-check polynomial pU-%) () is found.

G (and thus L) and wy should be regarded as degrees of
freedom in code design, as their selection impacts the trade-off
between search complexity and the probability of finding a
primitive polynomial within the search space.

The described procedure frequently yields many parity-
check polynomials. The analytical insights from preceding
sections are pivotal in distinguishing between better and worse
families. In practical terms, in order to find good families of

'Golomb rulers with up to 65000 marks have been exhaustively designed
and tabulated (see [19]). It is extremely unlikely that there exist practical
values of the code dimension & that are not a mark in any of them. In any
case, it is always possible to start from k' > k and then adjust k¥’ and the
code rate by combining puncturing and shortening operations.
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t(z) = z"i(x) + c(x)
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s

Fig. 9. Encoder circuit for PRC-LDPC codes.

PRC-LDPC codes, we first execute the above algorithm (built
upon the principles in Section III), and then select the code
families exhibiting the best characteristics in the desired block
length range (e.g., largest minimum distance or, in case of
candidates with the same d,i,, smallest A(d)), guided by the
analytical conclusions from Sections IV-A and I'V-B.

V. ENCODING AND DECODING COMPLEXITY

PRC-LDPC codes can be encoded by using an encoder
circuit of the type introduced in [20] and later discussed
in [14]. We report it, with the notation of this paper, in Fig. 9.
The computational complexity of encoding a codeword of a
PRC-LDPC code is thus O(n). Such an encoding complex-
ity is clearly smaller than the usual O(n?) complexity of
general systematic encoding [21], based on multiplication of
the information vector by the code generator matrix (which,
in turn, can be derived from H through Gaussian elimination,
costing O(n3)). In the Richardson-Urbanke (RU) method [22]
encoding is performed without using the generator matrix. The
complexity of the encoding algorithm is O(n+g?), where g is
the number number of rows of H that cannot be brought into
triangular form by using only row and column permutations
and is usually in the order of /n. Also QC-LDPC codes
can be encoded by using shift registers, as reported, for
example, in [23]. Many implementations of encoder design for
QC-LDPC codes have been proposed, starting from [24].
However, these encoders usually require more than one shift
register, due to the fact that, differently from our codes, QC-
LDPC codes are not characterized by a single unidimensional
structure, but rather by a bidimensional one (they are repre-
sented by a base matrix, rather than a polynomial).

Differently from [20], where time varying convolutional
codes are treated, we employ the encoder in Fig. 9 to
encode block codes. However, it is interesting to notice
that PRC-LDPC codes share some structural properties with
LDPC convolutional codes. For example, in both cases the
parity-check matrix has a diagonal-like structure. As a spark
for future works, we mention that a convolutional version of
PRC-LDPC codes can be obtained by applying a different
type of puncturing, called constant-length puncturing [25].
If such operation is applied, the resulting parity-check matrix
has the same number of columns as the initial simplex code,
but a smaller number of rows. Then, an infinite frame has
to be constructed. However, the analysis of convolutional
PRC-LDPC codes requires a self-standing approach and, for
this reason, we do not delve into them in this paper.

CER
=
9

1074

—— AR3A LDPC code n = 128
10-5 | —©— ARJA LDPC code n = 128
—— CCSDS LDPC code n = 128
—— (3,6)-regular LDPC code n = 128
—e— PRC-LDPC code short. n = 128 |
1 1.5 2 2.5 3 3.5 4 4.5 5 5.5
Ey/Ny (dB)

1076

Fig. 10. Codeword Error Rate vs E}/Ng, for various codes in comparison
with PRC-LDPC codes under LLR-SPA decoding running at most 200 iter-
ations.
TABLE 1
PARAMETERS OF THE CONSIDERED CODES WITH k = 512

TYPE ‘ R ‘ n ‘ p ‘ Number of transmitted bits ‘ z ‘

PRC 3/4 | 683 - 683 41
PRC 4/5 | 640 - 640 41
PRC 5/6 | 615 - 615 41
PRC 6/7 | 598 - 598 41
Raptor | 3/4 | 731 | 48 683 16
Raptor | 4/5 | 688 | 48 640 16
Raptor | 5/6 | 663 | 48 615 16
Raptor | 6/7 | 646 | 48 598 16

Regarding decoding complexity, the sparsity of the parity-
check matrix of PRC-LDPC codes enables the use of
low-complexity BP-based decoding algorithms, such as the
Sum-Product Algorithm (SPA) [17], Min-Sum (MS) [26],
Normalized Min-Sum (NMS) [27], and many others. Let
us consider the implementation of the Log-Likelihood Ratio
SPA (LLR-SPA) decoder proposed in [28] (which is also the
one we consider for the Monte Carlo simulations reported
in Section VI) and operations between 8-bit values. The
number of binary operations required to decode a codeword,
by running on average I,,s decoding iteration, is

A = 1l [8(8(we) + 12R — 11) + (w,)). (8)

By substituting (1) into (8), we get that A is O(nwy,).
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TABLE II
SUPPORT VECTOR (PRC) AND BASE GRAPH (RAPTOR) OF THE CONSIDERED CODES

’ TYPE ‘ R ‘ supp(h) (PRC) / Base graph, Z (Raptor) ‘
PRC | 3/4 [0,3,66,97, 142, 220, 221, 295, 330, 354, 382, 402, 486, 546, 553]
PRC 4/5 [0,3,41,95,97,152, 220, 221, 242, 295, 330, 338, 382, 415, 486, 504, 523, 546, 553
PRC 5/6 [0,3,15,41,97,106, 142, 152, 220, 242, 295, 338, 382, 388, 402, 415, 486, 504, 523, 546, 553|
PRC | 6/7 | [0,3,41,66,97,106, 142, 152, 220, 225, 242, 295, 330, 338, 382, 388, 402, 415, 486, 504, 523, 546, 553]
Raptor | 3/4 1,24
Raptor | 4/5 1, 24
Raptor | 6/7 1, 24
Raptor | 7/8 1,24

VI. PERFORMANCE ASSESSMENT

In this section we assess the performance of some
codes in terms of Codeword Error Rate (CER) and Bit Error
Rate (BER), through Monte Carlo simulations of Binary Phase
Shift Keying (BPSK) transmissions over the Additive White
Gaussian Noise (AWGN) channel.

A. Short Codes

Let us compare the performance, in terms of CER, of a
PRC-LDPC code characterized by e = [0, 2, 21, 29, 60, 72, 75]
with state-of-the-art short LDPC codes with R = % and
n = 128 [29], namely: an AR3A LDPC code [30], an ARJA
LDPC code [31], the CCSDS telecommand LDPC code based
on protographs [32] and a conventional (3,6)-regular LDPC
code. The PRC-LDPC code, for which s = [2,19, 8,31, 12, 3],
verifies Remark 2. Moreover, Syax is such that Corollary 3
does not hold. For R = % i.e., n = 150, the estimated
minimum distance of this code (obtained by using the analysis
developed in this paper and confirmed by the tool in [33])
is 11. In order to have the exact same length of the other
codes, we have performed shortening of the PRC-LDPC code,
by considering z = 11 and punctured 11 more symbols,
in such a way that ¥ = k — 2 = 64, and n’ = n —
z — 11 = 128. The estimated minimum distance of the
shortened code is 10. From the simulation results, reported
in Fig. 10, we observe that its performance is comparable
to that of the other codes. Clearly, there is a trade-off
between the encoding/decoding complexity and the error rate
performance, and the slight performance loss observed with
respect to the AR3A and ARJA codes counterbalances the
advantage of allowing extremely simple encoding, as discussed
in Section V.

B. Rate-Compatible Codes

Let us compare the error correction performance of some
high rate RC raptor-like codes, designed following the 5G
standard [34], to that of PRC-LDPC codes. The parameters
of all the considered codes are summarized in Tables I and 11,
where Z denotes the circulant size for 5G codes. The Golomb

ruler employed to generate the parity-check polynomials of
PRC-LDPC codes is

[0, 3, 15, 41, 66, 95, 97, 106, 142, 152, 220, 221, 225, 242,
295, 330, 338, 354, 382, 388, 402, 415, 486,
504, 523, 546, 553].

Remark 3: The reported number of punctured bits, denoted
as p in the table, refers to the actual number of bits which
are not transmitted (i.e., n is the number of transmitted bits
plus the number of punctured bits p), but the corresponding
variable nodes are present in the code Tanner graph. This
is also the reason of the larger value of n for 5G codes,
with respect to PRC-LDPC codes with the same code rate
and k = 512. However, as shown in Table I, the number of
bits transmitted over the channel is the same, for codes with
the same rate.

In Table I we also report z, i.e., the number of symbols that
must be shortened in order to achieve the desired values of &
and R, for both PRC-LDPC codes and 5G codes. To be noticed
that, for PRC-LDPC codes, the shortened symbols have been
chosen randomly, thus some further performance gain could
be achieved by optimizing the shortening pattern. However,
this goes beyond the scope of the present paper.

Simulation results, reported in Fig.s 11 and 12, obtained
by running the LLR-SPA decoder with at most 100 decoding
iterations, show that, for the considered code rates, the perfor-
mance of PRC-LDPC codes is very close to that of 5G codes,
and even better, in terms of BER, for some relatively low
values of J% In general, we notice that the loss of PRC-LDPC
codes in terms of 1%; is always within 0.2 dB, with respect
to 5G LDPC codes. If we consider that PRC-LDPC codes
enable an extremely fast encoding process, and do not exploit
punctured nodes for decoding, the result seems remarkable.

We have also computed the throughput of PRC-LDPC
codes, defined as the number of bits per channel use needed
to achieve reliable transmission and denoted as Rppo, and
compared it to that of the 5G LDPC codes, denoted as
Ri. As a reliability target, we consider BER < ¢, with
e € {1074,107°} and, coherently with Fig. 11, we set
k = 512. The throughput values, reported in Fig. 13, denote
that the performance of PRC-LDPC codes and 5G codes is
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Fig. 11.  Bit Error Rate vs Ej /Ny, for 5G codes in comparison with
PRC-LDPC codes, with k = 512, under LLR-SPA decoding running at most
100 iterations.
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Fig. 13. Throughput of PRC-LDPC and 5G LDPC codes.

closely matched across the evaluated e¢ values, with neither
code consistently outperforming the other. The AWGN chan-
nel capacity is also reported in Fig. 13, as an ultimate bound.

VII. CONCLUSION

A new family of LDPC codes, obtained by punctur-
ing cyclic simplex codes and called PRC-LDPC codes,
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has been proposed. These codes exhibit several advan-
tages, including simple encoders, the possibility to be
decoded with low-complexity algorithms and inherent rate
compatibility. As another advantage, the minimum distance
properties of PRC-LDPC codes can be analyzed and esti-
mated using theoretical methods. The proposed codes seem
particularly suitable in applications where low latency and
complexity are paramount. The inherent rate-compatibility
of PRC-LDPC codes, along with their highly structured
parity-check matrices, provide them with high adaptability.
This adaptability should be particularly beneficial in dynamic
scenarios where latency and complexity requirements might
fluctuate.

APPENDIX
Low-WEIGHT CODEWORDS OF THE PRC-LDPC CODES
FrROM EXAMPLE 2

Given the parity-check polynomial h(z) = 1 + x + 2° +
21 4 213, we have that e = [0,1,5,11,13] is a Golomb
ruler. We study next the portion of p described by Lemma 6,
showing how low-weight codewords arise for increasing values
of n.

For this family of PRC-LDPC codes, we have r(2) =
6 and therefore n(2) = 19. By exhaustive search we find
A(2) = 3, and these three codewords indeed belong to
Families 1 (2 out of 3) and 2 (the remaining 1), as described
in Lemma 6. They are marked in bold in the following
portion of p

...10001/1000000000010000000/101001 . . .,
...100011/0000000000100000001|01001 . . .,
... 1000110/0000000001000000010|1001 . ..

By increasing n to 20, we get A(2) = 1, still belonging to
Family 2

...100011]00000000001000000010|1001 . . .

According to Corollary 1, we have n = 21 = n(3)
and indeed d = 3 and A(d) = 8, where the following
codewords are derived from Families 1 and 2 as described
in Lemma 7

...10001/100000000001000000010|1001 .. .
...100011]000000000010000000101|001 . . .

and the others belong to new families. All the 8 codewords of
weight 3, except for one of them, can be found in the above
portion of p. Finally, when n = 22, the two aforementioned
codewords merge in a single codeword of weight 4

...10001]/1000000000010000000101|001 . . .

which, however it is not a minimum distance codeword, since
A(3) = 4 and, again, all the minimum codewords come
from the shown portion of p. The PRC-LDPC code instead
assumes d = 4 when n = 24, for which A(4) = 10. For the
sake of brevity, we only show the four codewords of weight
4 deriving from the straightforward application of the results
in Section IV to the codewords listed above but, once more,
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all the codewords of weight 4 can be found in the portion of

p shown below
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