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Abstract

We study a robust single-machine scheduling problem with uncertain processing times on a serial-batch processing
machine to minimize maximum lateness. The problem can model many practical production and logistics applications
which involve uncertain factors such as defect rates. A solution to a batch scheduling problem can be represented as
a combination of a job-processing sequence and a partition of this sequence (batch sizing). To solve the problem,
we prove that the job ordering rule for the earliest due date is optimal for any uncertainty set. For the batch sizing
problem, we propose an exact algorithm based on dynamic programming with the same time complexity as solving
the nominal problem.

Keywords: scheduling, batch scheduling, robust optimization, dynamic programming, heuristic algorithm

1. Introduction

In a serial-batch scheduling problem (SSP), the processing time of a batch is equal to the sum of the setup time s
and the total processing time of all jobs in that batch, and the completion time of each job is equal to the completion
time of the corresponding batch (Potts and Kovalyov, 2000). A solution to an SSP can be represented as a combination
of a job-processing sequence and a partition of this sequence (batch sizing). A classical single-machine scheduling
problem (without batch decision making) can be regarded as a special case of SSP in which s = 0. For the SSP to
minimize the maximum lateness, Webster and Baker (1995) proposed a dynamic programming (DP) method with a
time complexity of O(n?), where n is the number of jobs.

In many practical applications, robust services that take into account uncertain processing times are required due
to factors such as defective products, unexpected machine interruptions, and a lack of labor. In this paper, we consider
robust SSPs (RSSPs) under uncertain processing times modeled as a budgeted uncertainty set with budget parameter
I' (£ n). This is because in many practical cases, the upper limit of the defect rate is given as part of the manufacturing
requirements, and the on-site defect rate usually can be predicted from historical data.

A number of studies using robust optimization have been carried out in the fields of scheduling such as project
scheduling (Balouka and Cohen, 2021; Bruni et al., 2017; Pass-Lanneau et al., 2023), airline crew scheduling (Antunes
et al., 2019; Wen et al., 2020), and flow-shop scheduling (Feng et al., 2016; Goli et al., 2019). Because of numerous
practical applications and the tractability of the theoretical analysis, many robust optimization studies have focused
on single-machine scheduling. Bold and Goerigk (2022) considered recoverable robust single machine scheduling
to minimize the total flow time with uncertain processing times, They provided positive complexity results for some
special cases, and proposed a 2-approximation algorithm to the general case. Yue et al. (2018) investigated robust
scheduling with uncertain release times for minimizing the maximum waiting time. Lu et al. (2015) considered
run-based preventive maintenance decision in scheduling with failure uncertainty.
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For the serial-batch scheduling on a single machine, we report in Table 1 the theoretical results on complexity of
SSPs and RSSPs under different criteria. For the SSP and RSSP with makespan criterion, any single-batch solution

Table 1: Theoretical results on complexity for SSPs and RSSPs under different criteria

Cmax Lmax Z Cj Z WjCj Z Tj Z Uj
SSP O(n) O@>° O(mlogn)’ NP-hard® NP-hard*  On’):
RSSP On) Omn?» OwWr»* NP-hard® NP-hard* NP-hard*
“Webster and Baker (1995). fCoffman et al. (1990). Wu et al. (2023). > Albers and Brucker (1993).
*Du and Leung (1990). Brucker and Kovalyov (1996). ‘jBougcrct etal. (2023).

is optimal, and thus, an optimal solution can be obtained in linear time. Wu et al. (2023) investigated the RSSP
to minimize the total flow time, and they proposed an exact algorithm with a time complexity of O(n*T"?), where
the nominal problem can be solved in O(nlogn) time (Coffman et al., 1990). In contrast, the RSSPs that minimize
the total weighted flow time and the total tardiness belong to the N'P-hard class, because their nominal problems
are known to be N'P-hard (see Albers and Brucker (1993) and Du and Leung (1990), respectively). The RSSP to
minimize the number of late jobs is NP-hard, because the robust single-machine scheduling problem with the same
criterion (Bougeret et al., 2023) is a special case of it, whereas the nominal problem is polynomially solvable (Brucker
and Kovalyov, 1996). Therefore, only the RSSP under the maximum lateness minimization criterion has not been
clarified whether a polynomial-time algorithm for finding an optimal schedule is possible.

In this paper, we focus on the RSSP to minimize the maximum lateness. We first propose two efficient algorithms
to evaluate the worst-case maximum lateness when a solution is provided. We then prove that, for any uncertain set of
processing times, there always exists an optimal solution whose processing sequence of jobs is given by the earliest
due date (EDD) rule. Based on this observation, we propose an approach based on dynamic programming where each
subproblem is still a robust optimization problem. We prove that the proposed approach is an exact algorithm that
runs in O(n?) time. It implies that even after considering the processing time uncertainty, we can obtain the exact
solution of the robust optimization problem in the same time as solving the corresponding nominal problem.

2. Problem Description

Given a setup time s (> 0) and a set of jobs J = {1,2,...,n}, each job j with a processing time p; and a due
date d;, we consider a batch scheduling problem to minimize the maximum lateness by searching for a job-processing
sequence m = (m,7my,...,T,) and a partition of the sequence (batch-size sequence) ¢ = (¢1, ¢, ...) to divide the
sequence into batches. For a solution (¢, r) under processing time p = (p1, p2, - . . , Pn), the completion time C;” 2 of

each job j is equal to the maximum completion time of jobs in the same batch. We use L'?#™ = C?#™ _ d; to denote

the lateness of job j, and the maximum lateness Ly, (p, @, ) of the solution (¢, ) is expressed as Lyax(p, @, T) =
max je; L]Q.'""””) . As an example, Figure 1 shows the Gantt chart of a solution with r = (1,3,2) and ¢ = (2, 1) for an
instance in whichn = 3, s = 2, p = (p1,p2,p3) = 4,3,2), and d = (dy,d>,d3) = (6,12,7). In this example, the
maximum lateness of the solution (g, 7r) is 2 caused by job 1.

Using three-field notation, the single-machine s-batch scheduling problem (SSP) that minimizes the maximum
lateness is presented as 1|s-batch | Lyax. Let IT be the set of all job sequences and @, = {(¢1,¢2,...,¢,) | Yk, ¢ €
Z0; Yp—y ¢k = n} be the set of all feasible partitions of the sequence, where Z.( denotes the set of all positive integers.
For the remainder of this paper, we refer to the SSP with maximum lateness criterion simply as SSP, that is,

(SSP)  min  Lyu(p, ¢, 7). (1)

ped, mell

In many real-world applications, processing cannot be performed as scheduled due to processing delays caused
by defective products, personnel shortages, or poor machine status. For a job j, given a standard processing time p;
and a maximum additional time p; (= 0), the on-site processing time p; = p; + p;y; includes the standard processing
time p; and additional time p;y;, where y; € [0, 1]. Given a budget parameter I, we consider the uncertain processing
times represented by the following uncertainty set proposed by Bertsimas and Sim (2004):

P={(rp2 om0 | Vi€ hpy =Pyt yipp0 <y < 15 vy < T @
jeJ

2



batch 1 , batch 2 |
I B sctup |
> g - |
dy ds : dy :
Ci=C3=8 C,=13

Figure 1: Gantt chart of a batch schedule with 3 jobs

The robust SSP (RSSP) under uncertain processing times can be expressed as

(RSSP) min _max Ly.(p, e, ). 3)
@e®, mell peP

3. Worst-Case Analysis

Before designing an algorithm for solving the RSSP, we first introduce two algorithms to obtain the maximum
lateness under a worst-case scenario when a solution is given. That is, given a solution (¢, ), we consider the
following worst-case evaluation problem (WEP):

— ppm _ ) _ pem _ g _ (ppm) _ 7.
(WEP) r;lealzc Linax(p, @, ) = r};lgg(r?gx{cj dj} rﬁ;gjm})lgg( {Cj dj} nlleajx {I?EE%C]. d]}. (@)

Let J;“”") C J be a set containing all jobs from the first batch to the batch that includes job j. The worst-case
completion time of job j (i.e., maxpep C;p p7) ) is composed of (i) the total setup time, (ii) the total standard processing
time of all jobs in Jj.""’"), and (iii) the total worst-case additional processing time of all jobs in J;.‘p’”), where the sum of
(i) and (ii) can be expressed by C;.ﬁ ™ Thus, we can define (iii) as A_(;p‘”) = MaXpep C;p P _ C;.p #7 By using A;‘a’”),
the WEP (4) becomes

— (p.p.m) (p.7)
r;lgchmax(p, @, ) = n}ng{Cj”“ +AP" —d;}. 5)
Because all values of C'P#™ can be computed in linear time, efficient computation of the value of A(j""‘”) is the key
issue to solve the WEP. From the definition of P in (2), we have

AP — max P _ cPem
J pep J J

=max{ > yip;|Vie J0O<y <1y <Th=max{ > yip;|Vie J¥P0<y <1; Y yi<T} (6)
e ieJ e ‘ €]
J J J
= [The sum of the I largest values of p;, where i € J;.‘a’")] ) @)

For solution (p, ), we use Bff’”) to denote the set of jobs in the k-th batch. Then, for each job j in Bg”’"), the set Jﬁ."””)
§ k (p,7r)
can be represented by J;"’ P = Uk BY™.

The first algorithm is shown in Algorithm 1. For each k-th batch, in Steps 3—4, we use J’ (C J;‘o’"), jE€ B,(f’")) to
store I jobs with the largest additional processing time p, and compute the largest lateness L caused by the jobs in the
k-th batch in Step 5.

Step 4 is the bottleneck that selects I" jobs from at most I" + IBg”’")I jobs. Using a linear-time selection algorithm
such as the one proposed by Blum et al. (1973), the overall time complexity of Algorithm 1is O(|g| - I + n).

We design another algorithm (Algorithm 2) by using a binary heap, which is a min heap (The value of the parent
node is less than or equal to that of its child nodes), with the following operations:

3



Algorithm 1 Solve the WEP using a selection algorithm
1: SetJ’ « 0 and Ly, < —oo.
2: fork=1,2,...,|¢| do
3 J"« JUB®P.

4: J « {top min{T’,|J”[} jobs in J” in non-increasing order of p;}.
. (7)) _ g D

50 L« jg?i) {Cj dj} + Z,/e]’ Dj-

6:  Lmax < max{Lmax, L}.

7: end for

8: return L.

push: add a new node;

size: obtain the number of nodes stored in the heap;

sum: obtain the sum of node values stored in the heap;

e pop_min: remove the root node.

Algorithm 2 Solve the WEP using a binary heap
1: Initialize heap H, and set Lyx < —oo.
2: for j =my,m,...,m, do
H.push(p;).
4 if H.size() > I then
5 H.pop_min().
6: endif
7
8

(95]

L« Cgf”“””) + H.sum() — d,.
Lmax < max{Lmay, Lj}-

9: end for

10: return L.

The idea is to store in H the value of p involved in A¥™_ Because the number of elements in H is bounded by T,
the push and pop_min operations require O(log I') time, whereas the other two operations can be performed in constant
time. The time complexity of Algorithm 2 is O(nlogI').

4. Optimal Job Sequence

We use 7 to denote the EDD sequence in which jobs are sorted according to non-decreasing due date d;. An
optimal solutions to the SSP given by the EDD sequence 7 exists (see Webster and Baker (1995)). We observe that
this property also holds for the RSSP.

Lemma 4.1. For the RSSP, there exists an optimal solution with a job sequence given by the EDD sequencing rule.

Proof. Consider an arbitrary optimal solution (¢*, ") of the RSSP. We compare job sequences 7" and & from tail
to head, and let job j* = &; of 7" and job j = 7 of & (the kth jobs in both sequences) be the first occurrence of
different jobs, that is, ; = 7r; foreach j = k+1,...,n and 7y # 7 (j # J°). From the definition of &, we have
dz, = max’;:1 dz;, = max‘lﬁ:l d,r7 and thus

k
d; = dy, = max d,r;, > dy =dj
: Jj=



holds. Based on the solution (¢*,7r*) in which j necessarily precedes j*, we consider a solution (@, &) by shifting job
7 to the same batch as job j* and placing it behind job j* in the job-processing sequence. Because we shifted job j
from the original batch to the later (or the same) batch, all jobs except j got a non-increasing completion time under
any scenario p, that is,

Cj"*“"*"” < Cﬁ.”""*"’“ VpePVjelj+],
and thus
LPED < [P VpePVjel j#]. ®)

In solution (@, &), jobs j* and j (j* # j) are assigned in the same batch, so it holds that

CPem = M < CPe ) VpeP.
From d; > dj-, we have
L;,”*‘Z”f” <L VpeP )
Combining (8) and (9), we have
Lnax(p &,7) = max LP#7 < max L™ = L (p. " 7) VpeP

which implies maxpep Limax(P, @, ) < MaXpep Lnax (P, ¢*, 7). Thus, solution (@, ) is also optimal. Iterating this shift
operation leads to an optimal solution with jobs processed in the EDD sequence. O

Note that the proof of Lemma 4.1 does not depend on any property of the uncertainty set P, so Lemma 4.1 also
holds for any uncertainty set other than (2).

Because there exists an optimal solution for the RSSP whose job-processing sequence is given by the EDD se-
quence 7, for the convenience of description, we assume that jobs are sorted and numbered in the EDD order (i.e.,
dy < dy < ... <d,). For a batch-size sequence ¢ under scenario p, notations C(/.p P AE.“"’”), B;:a’"), and Ly (p, @, )

can be simplified as C]L.”’"’), A(j“’), BZ"’), and L« (p, @), respectively. Consequently, by using the observation in (5), the
RSSP in (3) can be reduced to a robust batch-sizing problem:

: — g (pp) @ _ 7.
(RSSP)  min max Luax(p, @) = min r?gx{cj +AY —dj}. (10)

5. Exact Algorithm

In this section, we newly define A; as

J J
A =maX{Z%ﬁi‘% e [0,1],Zyisr} vjed, (11)
i=1 i=1
which is a value independent of solution ¢. For a solution ¢ containing a batch composed of tasks j, j+ 1,...,j — 1,

comparing (6) and (11), it is clear that foreachi = j,j+ 1,...,j — 1, equation Ag“’) = Ajy_; holds. With the EDD
property, we can further obtain

thax A — d}} = A1 — . (12)
i=]

Using this property, we propose a dynamic programming algorithm for the RSSP as follows. let [x,y] denote the
concatenation of two vectors x and y, and we define f(j) as the optimal value for the following subproblem in which
Jj € J is the first job in some batch:

- : 7 @.l¢" "' 1) (D.[¢" ¢ 1) ([¢"¢"D
f(j) = min - max {cpiere — P g Al —-dy}. (13)
-1 1=
@D,y



Letting C(()' ") = 0, we know from (10) that f(1) is the optimal value of the RSSP, where ¢’ is empty. To analyze the
expression in (13), we consider splitting ¢’ into two subsequences: a single-batch sequence containing jobs from j to
Jj — 1, and a sequence ¢’” containing the rest of the jobs. Note that ¢’” can be empty. Thus, (13) becomes

fG) = min  min  max {Cgp,[w i) _ @l i) AU T _ d-}
J=itl @ed;,, i=j i j-1 i i

©ED, iy

il . j-1

min min max q{max
J=j+1 @'ed;y, i=j

1 P 7

{Cl(iz,ltﬁ J i) Cj(i_”{‘p T D A;ltp J =i di}

)

PLE
n I I s
‘a?({cgp,[so J =i —C;ij J =i 1) +Af.[¢ J =i _di}}
=]
-1
nl ~ -1 = A=)
= min min maxmax S+Zp,» + A -d;;,
J=j+l @ ed;y, i=j —
©ED, iy /
Jj -1
n _ 5[0 T — 0" 10— i o
max S+Zpi' +Cl§p[¢ J'=ie”'D —C;f’_[;p J'=ie”' D +Al§[¢ J'=ie”' D —d
i=j' £c—
i'=j

Because the value of s + Zl]:_]] P only depends on j and j’, f(j) can be further expressed as

) n+l il _ ) -1 (&'
f( = Jmin | s + Zpi/ + min max{max {Ai Sl d,-},

= e, i=j
=/ ¢ED, jryy
n e o s
max{csp,[so J =i —C;{]i[f J =i D) +Af.[“’ J =i D —di}}}-
i=j
Using the result in (12), we have
n+1 J-l
. . — . n plo i —io" B Tw 7 —iw" s
f(j) = min s+ Zpi' + min max{Aj;_; —d;,max {Clﬁp,w i) _ C(.‘,"L[‘f J oD AE["" J =i D) _di}
J=j+l — ey, i=j’ J
J PED, iy

This time, the value of A;_; — d; does not depend on either ¢ or ¢, and it holds that

-
n+l I _ L. _ L. L.
) - _ ) n - - -
£(j) = min {s+ Zpi' +max{A;_; —d;, min max {C(p,[sa =i —C(fl[f J=ie"D | AU =i D) _di}
J=j+ £ ped;y, i=j ! J !
= D,

Fori=j,j +1,...,n, the values of CP1¥"/~#"D _ Cﬁf_’;[f/’j/_j""m]) and A¥"77#"D only depends on ¢, so we have

n+l il

. . —- . n
f(j)= min {s+ » py+max{Ay_; —d;, min max
mi i J i na
J=j+1 = ey, i=j
PED, jryy

{Cl{p,[so #"D C;?’_[‘lp #"'D +Al([so 2D _ di}

From the definition in (13), we finally obtain the following recursive formula:

n+1 Vil
f = min 35+ ) pr+ max{Ayi = din S} - (14)
i'=j

Formula (14) provides us with another understanding of the subproblem. Let us consider d; — A;_; (j < j') as a
modified due date that involves the additional processing times from job 1 to job j — 1, where job j and job j/ — 1

6



are the first and the last jobs in the same batch, respectively. Then, f(j) can be seen as the optimal value of the
subproblem with standard processing times and modified due dates where the start time is 0, and the job set is limited
to{j,j+ 1,...,n}. In the subproblem, if the first batch consists of jobs j, j+ 1,..., j — 1, then the maximum lateness
of the jobs in the first batch is

71
s+ > i = (dj - Aj), (15)
=
and the maximum lateness of other jobs j’, j/ + 1,...,n can be represented by
j-1
s+ i+ 1. (16)

=)

The maximum lateness for all jobs is the larger value between (15) and (16). Thus, f(j) can be obtained by minimizing
the maximum lateness considering all the cases for the first batch, thatis, j/ = j+ 1,...,n+ 1.

By setting the boundary condition to f(n + 1) = —oco, the optimal value f(1) can be obtained by backward com-
putation for j = n,n —1,...,1 according to (14). By preprocessing all values of Z’ ! pi and Aj_y, surprisingly, we

achieved the same time and space complexity O(n?) as solving the nominal problem SSP
To better illustrate the DP method, consider the following example with four jobs.

n=4, I'=2, s=1; (dy,dar,ds,dy) = (1,6,7,9);
(P1, P2, P3, p4) = (1,2,2,2); (P1, P2, P3, P4) = (1,2,2, 1).
According to (11), we can obtain
Ar=pr=1, Ay =p1+p2 =3, Az =pr+p3 =4, Ay =pr+p3 =4
From the boundary condition f(5) = —co, we apply the recursive formulation (14) to compute each f(j) as follows:

f@) = S+ pg + max{Ay —dy, f(5)} = -2 < optimal batch-size solution: (1)
f(3) = min{s + p3 + max{As; — ds, f(4)} =1, « optimal batch-size solution: (1, 1)

s+ Y Py +max{Ay - ds, f(5)) = 2)
=3

=1
f(2) = min{s + py + max{A, — d,, f(3)} =4

s+ Z py +max{Az —dy, f(H} =3, « optimal batch-size solution: (2, 1)
=

4
s+ Z Py +max{Ay — s, f(5)} = 5)
j=2

=3
f(1) = min{s + pl + max{A; - di, f(2)} = « optimal batch-size solution: (1,2, 1)

s+ ij + max{A; — di, f(3)} =
=1

3
Z + max{As — dy, f(4)) =
j=1



batch, 1 batch 2 , batch 3

- - v = -

BN L Mumm 2 [ o+ [ 3 [ 3+ fumm o4 |

- | oo o I I

d1 : dz d3 d4 : :
Ci =2 Cr=C3=11 Cy4=14

Figure 2: The optimal solution obtained by the DP method

4
s+ ij, +max{As — dy, f(5)} = 11}
=1
=5

From the backward computation, we obtain the optimal value of 5 for this example, and the corresponding optimal
solution of batch sizing is (1,2, 1). A visualization of the optimal solution is shown in Figure 2. In this solution, the
worst-case scenario, where additional time occurs in jobs 2 and 3 (marked as ‘24’ and ‘3+’), results in the maximum
lateness of 5 (caused by jobs 2 and 4).

Note that by slightly extending the definition of A; in (11), the proposed method can also be applied to cases
where I is a positive non-integer.

6. Conclusion

We studied the robust serial-batch scheduling problem (RSSP) to minimize the maximum lateness, and we pro-
posed an exact polynomial-time algorithm with the same time complexity as solving the nominal problem. In design-
ing the algorithm, we showed that the job sequence by the earliest due date rule is optimal not only for the budgeted
uncertainty set, but also for any other uncertainty set. We hope that such a property can contribute to the study of
RSSPs under other uncertainty sets. Finally, the problem considering parallel-batch would be another interesting
research direction.
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