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Fixed-size LS-SVM LPV System Identification for Large Datasets

Luca Cavanini(® , Riccardo Felicetti

, Francesco Ferracuti*

, and Andrea Monteriu

Abstract: In this paper, we propose an efficient method for handling large datasets in Linear Parameter-Varying
(LPV) model identification. The method is based on Least-Squares Support Vector Machine (LS-SVM) identifi-
cation in the primal space. To make the identification computationally feasible, even for very large datasets, we
propose estimating a finite-dimensional feature map. To achieve this, we propose a two-step method to reduce the
computational effort. First, we define the training set as a fixed-size subsample of the entire dataset, considering col-
lision entropy for subset selection. The second step involves approximating the feature map through the eigenvalue
decomposition of the kernel matrices. This paper considers both AutoRegressive with eXogenous input (ARX) and
State-Space (SS) model forms. By comparing the problem formulation in the primal and dual spaces in terms of
accuracy and computational complexity, the main advantage of the proposed technique is the reduction in space
and time complexity during the training stage, making it preferable for handling very large datasets. To validate
our proposed primal approach, we apply it to estimate LPV models using provided inputs, outputs, and schedul-
ing signals for two nonlinear benchmarks: the parallel Wiener-Hammerstein system and the Silverbox system. The
performances of our proposed approach are compared with the dual LS-SVM approach and the Kernel Principal

Component Regression.

Keywords: Linear parameter-varying, support vector machines, system identification, ARX.

1. INTRODUCTION

System identification in general is concerned with the
identification of appropriate models from only the mea-
surements of input/output signals. Black-box modeling-
based approaches try to identify a model when a priori
knowledge is not available. In particular, black-box mod-
els allow gathering nonlinear relationships using differ-
ent approaches including Artificial Intelligence (Al), and,
specifically, machine learning techniques ([1-4]). Linear
Parameter-Varying (LPV) system identification has re-
ceived considerable attention in the last few years from the
control community. LPV system identification is recog-
nized as a powerful tool to handle the complexity of non-
linear systems via its scheduling variable [5-7]. Among
nonparametric approaches, the Least Squares Support
Vector Machines (LS-SVM) framework ([8]) presents a
way to bypass the difficulties associated with the selec-
tion of basis functions in LPV system identification ([9]).
The LS-SVM solves a linear Least Squares (LS) prob-
lem in a computationally efficient way and it is capable
of capturing difficult nonlinear dependencies. A Kernel
method using LS-SVM to identify Auto Regressive eX-
ogenous (ARX) LPV models has been proposed in [10]
and a similar approach is also used to identify LPV State-

Space (SS) models ([11]). These approaches boil down
to solving a linear system in the dual space. It is easier,
in general, to solve a linear system than a quadratic pro-
gram (as it happens in non-LS SVM), but a drawback is
the loss of sparseness in the representation of the estimate
that characterizes conventional (non-LS) SVM. Sparse-
ness in SVMs means that several support vectors are as-
sociated with a zero coefficient, so they do not contribute
in any way to the testing stage and can thus be omitted.
In the context of LPV system identification by LS-SVM
framework, such sparseness can be introduced in differ-
ent ways. The authors of [12] scaled the estimated coef-
ficients by polynomial weights, which are shrunk towards
zero to enforce sparsity in the final LPV model. The au-
thors of [13] introduced a term in the objective function to
enforce sparsity in the estimate of the LPV model and the
problem is solved in the dual space. The authors of [14]
proposed a regularized LS-SVM that shrinks the deriva-
tive of the functions with respect to the scheduling signals
to zero. The authors of [15] introduced sparseness by se-
quentially pruning the support vector spectrum to speed
up the testing stage ([8]). The authors of [16] proposed a
low-rank matrix approximation for efficient online updat-
ing. In [17], the authors presented a block-structured ar-
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chitecture for direct identification of continuous-time LPV
state-space models.

The LPV system identification by LS-SVM framework
is solved in the dual form in the literature ([10, 11]). In
fact, in the dual space, the definition and the computation
of high-dimensional feature maps can be avoided by us-
ing the kernel trick, thus making the identification prob-
lem computationally tractable. However, as highlighted in
[18], solving the dual problem in kernel-based learning is
more convenient in the case the number of observations is
small and the number of predictor variables is large: this
almost always occurs in data mining problems. However,
this does not hold in system identification, especially in
the case of large datasets, where the number of data points
makes the identification problem intractable in the dual
space as well.

The main contribution of this paper is the introduction
of fixed-size LS-SVM ([1, 2]) in the field of LPV sys-
tem identification. Indeed, with the fixed-size solution, it
is possible to compute a sparse approximation by using
only a subsample of selected support vectors from the en-
tire data set. Hence, in this paper, we fill the gap in the lit-
erature by proposing an efficient method for LPV model
identification via LS-SVM in the primal space that can
deal with large datasets. The main advantage of fixed-
size LS-SVM is to reduce the computational complexity
(both temporal and spatial) of the training stage, and also
to introduce sparsity in the weighting vector to decrease
the computational complexity in the prediction stage. We
also compare the estimation of LPV models by LS-SVM
in the primal space with the dual space-based approach
([10]) and the Kernel Principal Component Regression
(KPCR) for LPV system identification ([3]). Two bench-
mark datasets, the so-called parallel Wiener-Hammerstein
system, and the Silverbox system, are considered to test
the estimation of LPV-ARX and LPV-SS systems in the
primal space ([19, 20]).

The paper is organized as follows. In Section 2, the
LPV-ARX and the LPV-SS model identification problems
are formulated. Section 3 describes the proposed LPV-
ARX and LPV-SS model identification method in the pri-
mal space, including the techniques employed to reduce
the dimension in the primal space. Section 4 is devoted
to comparing the primal and the dual space identification,
focusing on computational complexity, for both the LPV-
ARX and LPV-SS model identification. Section 5 defines
the case studies and reports the simulation results for two
numerical examples as well as two well-known bench-
marks for model identification, i.e., the parallel Wiener-
Hammerstein system and the Silverbox system. Finally,
Section 6 concludes the paper by discussing the main
advantages of the proposed primal space LS-SVM LPV
identification strategy.

2. PROBLEM DEFINITION

2.1. LPV-ARX model

A SISO discrete-time LPV system in ARX form is rep-
resented as follows:

y(k) +iai(P(k))y(k —i) =
tn:hl (1)
;bi—n (p(k))u(k —i+1)+e(k)

where k € Z is the discrete time index, n, is the output
order, n, is the input order, u(k) : Z — U C R is the in-
put signal, y(k) : Z — Y C R is the output signal, p(k) :
Z — P C R™ is the scheduling parameter vector with P
being compact and e(k) : Z — E C R is a white noise pro-
cess. The time-varying parameters a;(p(k)) : P — R and
bi(p(k)) : P — R have a static dependence on the schedul-
ing parameter vector p(k). Without loss of generality and
to simplify the notation, please note that in the proposed
approach ¢; and b; depend only on the instantaneous value
of the scheduling parameters vector p(k). The number of
parameters to be estimated is

ng = ng +np. 2)

A usual assumption in LPV system identification is that
the coefficients a;(p(k)), b;(p(k)) are linear combinations
of a set of basis functions ([10]):

ny

ai(p(k)) = ; @;v iy (P(k))

=w! ¢i(pk)), i=1,...,n, 3)
bi(p(k)) = Y. 01,0, (p(K)

— I Bp), =1,

where i =n,+1,...,n,, ¢i(p(k)) : R — R™ denotes an
undefined, potentially infinite dimensional (ngy = o) fea-
ture map with static dependence on p(k), and w; € R™ is
a vector of weights. By using (3), the LPV-ARX model
can be rewritten in regression form:

g

$(k) = Zwir¢i(l’(7€))xt(7€) 4

where k is the discrete time index related to the training
dataset and k is related to the testing dataset, and

N k—i ifi=1,...,n,
xf) = 7 E) . )
ulk—i+n,+1) ifi=n,+1,....n,

Equation (4) is the primal model representation of the
LPV-ARX system. As the dimension of w; is large (po-
tentially infinite), the direct estimation of these weights in
primal form becomes feasible only if sparsity is enforced.
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The goal of the identification process in primal
space is to find an approximation of the feature maps
¢; for i = 1,...,n, and subsequently calculate the
weight vectors w; given the identification dataset Dy =
{u(k),p(k),y(k)}%_,, where N is the number of observa-
tions.

2.2. LPV-SS model

A MIMO discrete-time LPV system in a state-space in-
novation noise model can be represented as ([21]):

x(k+1) = A(p(k))x(k) + B(p(k))u(k)
+K(p(k))e(k) ©)
y(k) = C(p(k))x(k) +D(p(k) ju(k) +e(k)

where k € Z is the discrete time index and A(p(k)) :
P — R=*" B(p(k)) : P — R C(p(k)) : P — R™*™,
D(p(k)) : P — R» K(p(k)) : P — R™*™ are smooth
functions of the time-varying scheduling parameter vector
p(k) : Z — P C R™ with P being compact. The vectors
uk):Z—-UCR" yk): Z—-YCRY x(k): Z—XC
R™ represent the inputs, outputs, and states of the sys-
tem at time k, while the vector e(k) : Z — E CR™ is a
white noise process independent of u(k). By substituting
e(k) =y(k)—C(p(k))x(k) —D(p(k))u(k) in (6), the above
set of equations can be rewritten as

x(k+1) = A(p(k))x(k) +B(p(k))u(k)
+K(p(k))y (k)
y(k) = C(p(k))x(k) + D(p(k))u(k) +e(k)  (7)

where A(p(k)) = A(p(k)) — K(p(k))C(p(k)) and

B(p(k)) = B(p(k)) — K(p(k))D(p(K)).
By using (7), the LPV-SS model can be rewritten in re-
gression form:

R(k+ 1) = Wyl (p(k)) (8)
§(k) = Wye! (p(k)) )

where Wy = [Wyx Wy Wyy| € R and Wy =
[Wyx Wy,] € R*2M are weighting matrices. The func-
tions @I (p(k)): P — R " and ! (p(k)): P — R
are defined by

@l (p(k)) = col(¢u(p(k))X(k), Pu(p(k))u(k),
by (p(k))y(k)) (10)
@1 (p(k)) = col (¢py.(p(k))x(k), Py (p(k))u(k))

where ¢, (p(k)), Py (p(k)) : P — R™"*", ¢, (p(k)) : P —
R and ¢y (p(k)), Pyu(p(k)) : P — R™*™ are un-
known feature maps. Equations (8)—(9) are the primal
model representation of the LPV-SS system.

The goal of the identification process in primal space
is to find an approximation of the above mentioned fea-
ture maps and subsequently calculate the weight matrices

Wi, Wi, Wiy, Wy, Wy, given the identification dataset
Dy = {u(k),p(k),y(k)}Y_,, where N is the number of ob-
servations.

3. LS-SVM IDENTIFICATION FOR LPV
SYSTEMS IN PRIMAL SPACE

In this section, we illustrate LPV-ARX and LPV-SS
identification in the primal space. From a computational
point of view, identification in the primal space suffers
from high-dimensionality of the feature maps, as the ker-
nel trick holds in the dual space only: a tractable approx-
imation of the feature map is needed, otherwise the un-
known weights w; € R", for i = 1,...,n,, must be cal-
culated (see (3)). Considering large-scale problems, it has
been motivated by [8] to choose a working set of fixed
size m < N where the value m is related to the Nystrom
subsample and an entropy-based subset selection. The LS-
SVM approaches that make use of such fixed-size working
set are known in the literature as fixed-size LS-SVM ([2]).
Hence, first of all, we introduce two techniques to reduce
the computational effort, namely, subset selection and fea-
ture map approximation. Then, we illustrate ARX and SS
for LPV system identification in the primal space.

3.1. Subset Selection and Sparseness

In order to choose a subsample n < N of the training
set, a straightforward solution is to take a random subset
of n samples among the N available samples. However,
there is no guarantee that it represents the entire dataset in
terms of coverage of the state space. On the other hand, it
is impractical to try all the subsamples of the desired size
n, train the LS-SVM model, and take the best result, due to
the combinatorial explosion of the number of subsamples
and also due to the time complexity of training several LS-
SVM models. To overcome this issues, we propose to limit
the number of subsamples to be tested and we choose the
best subsample in terms of entropy (as proposed in [2, 8])
instead of training an LS-SVM on each subsample. In-
deed, the n support vectors can be selected by maximizing
the collision entropy (also known as quadratic Rényi en-

tropy):
H, = —log / p(x)2dx (11

where p is the density of the selected support vectors. In
fact, the larger the collision entropy, the more the samples
are well spread over the entire data region, thus leading to
an improved identification. Moreover, the quadratic Rényi
entropy can be conveniently approximated ([22]) by using

: I
/ pxfdx = —17K(p)1 (12)
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where 1 = (1,...,1)" and K(p) = Y%, K¢(p). The (k,k)-
th entry of the matrix K¢ (p) € RV*V is

K¢ (p(k),p(k)) = ¢i(p(k))" ¢i(p(k)) (13)

for k,k=1,...,N, where K?(p(k),p(k)) : PxP — R.
Considering the Radial Basis Function (RBF) as kernel
function, therefore the entries of K¢ (p) are

KE (p(k),p(k)) = exp (—”p(k)_p(k)'%> (14)

2
Cfl.
where o; are the kernel function calibration parameters.

3.2.  Approximation of the Feature Map

Approximation to the feature maps ¢; can be obtained
by means of an eigenvalue decomposition of the kernel
matrices K¥(p) ([2]). The Fredholm integral equation of
the first kind defines the eigenvalues and eigenfunctions
of the kernel function, and the Nystrom method ([23, 24])
approximates the integral by means of the sample average.
Based on this approximation, an explicit expression for the
Jj-th entry of the approximated feature maps is

60 = —— Y ukip®).p®) (3
Vit
where ¢/ (p(k)) : P — R, A; ; is the j-th largest eigenvalue
of the kernel matrix K{(p), and u; j is the k-th element
of the j-th eigenvector of the same kernel function. Please
note that A; ; and u; ;. are calculated in the training stage
and saved, and they are used again to calculate (15) in the
prediction stage. Also, note that using n training samples
to compute the approximation of ¢;(p(k)) will yield at
most n components. Choosing a fixed-size m; < n fori =

1,...,ng, the fixed-size approximation of the feature map
is then

y s A7 g T

@i(p(k) = [¢ (p(K))..... 6" (p(k))] (16)

This finite-dimensional approximation can be used in the
primal model representation to finally estimate the weight
vectors w; of dimension m; < ny.

3.3. LPV-ARX system identification in primal space

The discrete-time SISO LPV-ARX system described in
the primal form in Eq. (4) can be rewritten in compact
form:

$(k) = w” o (p(k)) (17)

where w € R"" and ¢(p(k)) = col(¢ (p(k))xi (k),...,
Bn, (003, (B) € R,

Once the feature maps ¢;(p(k)) are estimated by using
an approximation, either using the full sample or using
a sparse approximation based on a subsample, the model
can be estimated in the primal space.

Consider any m;-dimensional approximation based on
the subsample of the feature maps given by (16), where
m; < ny. Defining e = [e(1),...,e(N)]", the solution to
the following optimization problem

1
argmin J (w,e) = EwTuH-geTe (18)

stoe(k) =y(k) = Y w! di(p(k))xi(k), k=1,....N
i=1
can be written as the following linear system
srg 1 &T
<<I> <I>+y>w<I>Y (19)

where 7y is the regularization parameter, Y =
[y(1),...,y(N)]", & is feature matrix of dimension N x m

&1 (p(1))xi (1) b1 (P(N))x1(N)
&7 = : : ,
Gn, (P(1))x, (1) Gn, (P(N)) s, (N)
(20)
m= imi, (21
i=1

and I is the m x m identity matrix. In the primal model
representation, once the approximation feature maps
¢i(p(k)) are estimated, then the weights vector w can
be calculated solving the linear system (19). The approx-
imation solution allows us to estimate a smaller weights
vector w of dimension m < ng - ny.

The output estimation follows from (17) (or, equiva-
lently, (4)), where the feature map ¢ (p(k)) in (17) is cal-
culated by the product between ¢;(p(k)) and x;(k). The
estimation of the model coefficients in the primal form in
(3) can be calculated as:

i=1,....,n (22)
i=1,....m (23)

where i =n,+1,...,n,.

3.4. LPV-SS system identification in primal space

The discrete-time LPV-SS system in the primal form
can be rewritten in a compact form (see Egs. (8),(9))
similar to the LPV system in ARX form (see Egs. (4)
and (17)). So the learning procedure in the primal space
is based on the approximation of five feature maps, i.e.,
See(P(K)), 12 (P(K)), D (B(K)), By (BIK)), by (P(K)) and
the calculation of weights matrices Wy and Wy. Similarly
to the LPV-ARX case, the state-space matrices can be cal-
culated by means of the weight matrices Wy and Wy and
the approximated feature maps:

A (k) =Wy (p(K)) (24)
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B.(k) =Wy (p(k)) (25)
CE(];) =Wyx€?>yx(P(7<)) (26)
D, (k) =Wyu . (p(k)) 27)
K, (k) =Wy by, (p(k)) (28)

4. LS-SVM IDENTIFICATION FOR LPV
SYSTEMS: PRIMAL VERSUS DUAL SPACE

In this section, we briefly resume the identification pro-
cedure of LPV-ARX and LSV-SS models, which is de-
scribed in [10, 11], in order to highlight the advantages
and disadvantages of the primal and dual formulations.

4.1. LPV-ARX system identification in dual space

The dual model representation is proposed and inves-
tigated in [10, 13,25, 26]. The output estimation in dual
space is given by

where a = [(x(l),...,oc(N)]T € R" is the vector of La-
grangian multipliers. Eq. (29) is the dual model repre-
sentation of the LPV system. In the dual form, the goal
of the identification process is to estimate the vector of
Lagrangian multipliers c. Rewriting Eq. (29) in compact
form, the dual space solution can be obtained by ridge re-
gression ([10]).

Once the vector of Lagrangian multipliers o has been
calculated, the model coefficients are obtained as follows

ai(p(k) = Y a(k)x(k)Kf (p(k),p(k)), i=1,...,n,
k=1
(30)
N
bi(p(k)) = kg o (k)x;(k)KE (p(k),p(k)), i=1,....n
) (31)
where [ = n, + L,...,n,.

4.2. LPV-SS system identification in dual space

Similar to the case of LPV-ARX identification via LS-
SVM, minimizing an LS-SVM-based cost function, the
problem can be solved in the dual form by introducing the
Lagrangian multipliers a(k) € R™ and B(k) € R™. The
output estimation in the dual space is given by

K1) — (zawm(p(k») SoE) (2

y(k) = (Z ﬁ(k)%(P(k))> @y (p(k)) (33)

where
N
Wy = (Z a(k)sox(p(k») (34)
k=1
N
W, = (Z ﬁ(k)«m(p(k))) : 35)
k=1

In the dual form, the goal of the identification process is
to estimate the vectors of Lagrangian multipliers « and 3.
Rewriting Equation (32) in compact form, the dual space
solution can be obtained by ridge regression ([21]).

Once the vector of Lagrangian multipliers & and 3 have
been calculated, the state-space matrices are obtained as
follows

Ap0) = X alox®) K (w0 p0) GO
B.(0(E) = X albult) K 00)00) O
C.(0(R)) = i BT KL (B0 pE) (9
D.(00) = Y Sub) K (p0.00) (9
K.(0(0) =Y a0y K5 00 00) @0

where K& (p(k),p(k)) : P x P — R is the (kk)-
th entry of the kernel matrix K& (p). The same
consideration holds for the other kernel matrices

Ks,(p),K$.(p), K8, (p), K&, (p)-

4.3. Computational effort of LPV models in primal
and dual space
4.3.1 Training stage in primal space

If no techniques are employed to reduce space and time
complexity, and so the entire dataset is employed (N =
n = m), the time complexity for the ridge regression (19)
in the primal space is O (N*), where N is the number of
training datapoints, while the space complexity is O (N?).
In the case of a large dataset, it becomes prohibitive due
to the size of the kernel matrix.

As highlighted in the previous sections, the proposed
procedure in primal space involves two steps to reduce
space and time complexity. The first step is the subset se-
lection based on entropy, to obtain a dataset of dimension
n starting from dimension N. Selecting the best n samples
from N datapoints is too demanding for a large dataset,
as an exhaustive search requires to explore C,(k) possi-
ble combinations. So, we employ the subset selection pro-
cedure proposed in [2], that is a non-exhaustive search
that randomly selects a point from the training dataset and
replaces randomly a point in the working set. If the en-
tropy increases, then the point is accepted for the working
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set. Such non-exhaustive search is characterized by O (n)
space complexity, because at most n+ 1 < N samples are
loaded at the same time, while time complexity can be
fixed in advance, as the search is not exhaustive. The time
complexity for calculating each eigenvalue and eigenvec-
tor pair for a square matrix of size n is O (n3) Hence,
given a reduced dataset with n samples, the time complex-
ity for calculating the feature map (16) is O(n?) and the
one for solving the linear system (19) is O (n2N) ([2]), so
the overall time complexity becomes O (nZN ) while the
space complexity is O (nz)

The second step to reduce computational complexity is
the low-dimensional approximation of the feature maps,
to obtain an additional reduction of the number of support
vectors, from n to m. Definitively, the number of support
vectors that are kept for learning is m, where m < n < N.
So, the time complexity to calculate the approximated
feature map becomes O (n3) and the solution of the lin-
ear system (19) is further reduced from O (nzN ) (if only
the first step is performed) to O (n* +mnN) = O (mnN),
while the space complexity is reduced to O (m?). Please
note that the time complexity for calculating the m; largest
eigenvalues (and their respective eigenvectors) can be
lower if dedicated algorithms are employed, such as the
Lanczos algorithm ([27]).

Please note that the subset selection step is strictly nec-
essary in case of large datasets. In fact, calculating the
feature map with a very large dataset of size N is prac-
tically infeasible due to both space complexity and com-
putational complexity. This holds even if we resort to an
approximation of the feature map, i.e., even if only the
largest eigenvalues and the corresponding eigenvectors of
the feature map are to be calculated.

4.3.2 Training stage in dual space

In the dual space, N Lagrangian multipliers must be
estimated by ridge regression. So, the time complexity
for the ridge regression (19) in the dual space is O (N?),
where N is the number of training datapoints, while the
space complexity is O (N 2). The subset selection in Sec-
tion 3.1 could be performed also in the dual space, thus re-
ducing the time complexity to O (n3) and the space com-
plexity to O (n?).

4.3.3 Prediction stage in primal space

The prediction stage in primal space is resumed in Al-
gorithm 1. The input signals are available or they are com-
puted in advance (i.e., during the training stage), so they
do not involve additional computation. In particular, let us
compute in advance

“ wjjui.j“k )
Hip=Y — L5 Vi=1,...,n, Vk=1,...,n. (41)
= VAL

The pseudocode for the prediction stage for fixed-size LS-
SVM in primal space is reported in Algorithm 1.

Algorithm 1 Prediction in primal space

IHPUt: p(k)7p(];>7m7naang7xi(];)7_1/6527.ui.k
Vi=1,...,n, Vk=1,...,n
fori=1,...,n,do
if i <n, then > (14),(15),(16),(22),(41)

Gi(p(R) ¥ [pipexp (PO 2O |

else - > (14).(15).(16).(23).(41)
bi-n, (B() ¢ ¥ [pigexp (—ROPOLE)
k=1 !
end if
end for .
$E) < L @)@+ L b, (pE)(E)

The computation of each K¥(p(k),p(k)) from (14)
requires one exponentiation (n, FLoating point Opera-
tions Per Seconds (FLOPs)), one vector subtraction (7,
FLOPs), one scalar product (2n, — 1 FLOPs), and one
multiplication (1 FLOP), for a total of n, + 3n, FLOPs.
The number n, > 1 of FLOPs for each exponentiation de-
pends on the actual CPU. The expressions for d; and b;
are obtained by substituting (14), (15), and (16) in both
(22) and (23). The online computation boils down to cal-
culating K¥ (p(k),p(k)) for k = 1,...,n (i.e., n(n, +3n,)
FLOPs), plus a weighted sum with pre-computed weights
(2n — 1 FLOPs). The final prediction is a scalar product
(2ng — 1 FLOPs). The total number of FLOPs for the pre-
diction in primal stage is then:

Z [n(ne+3n,)+2n—1]+2n, — 1

i=1

=nng(3n,+n,+2)+n,—1 42)
where (21) has been exploited.

4.3.4 Prediction stage in dual space

For comparison, the prediction stage in dual space is
resumed in Algorithm 2. As in the case of primal space,
the computation of each K¢ (p(k),p(k)) from (14) requires
ne +3n, FLOPs. Then, the weighted sum is, essentially, a
scalar product (2N — 1 FLOPs). The computation of the fi-
nal prediction is a scalar product as well (2n, — 1 FLOPs).
The total number of FLOPs for the prediction in primal
space is then:

g
Y [IN(ne+3n,) +2N —1]+2n, — 1

i=1

=Nn,(3n,+n.+2)+n, —1 (43)

As already stated, the subset selection in Section 3.1 could
be performed also in the dual space. In this case, (43) be-
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Algorithm 2 Prediction in dual space
Input: p(k)ap(i()vmvnaangvxi(i()v _I/Gizv a(k)xl(k)
Vi=1,...,n,,Vk=1,....m
fori=1,...,n, do
if i < n, then > (14),(30)

a(ph) « ¥ [(X(k)xi(k)exp (—M)]

k=1 i
else > (14),(31)
. ~ N ;
i, (0(0) ¢ T (k) (Kjexp (— L2
K=1 i
end if
end for .
(k) ; ai(p(k))xi(k) + '—Z+1 bi-n, (P(K))xi (k)
comes

Tl
Z [n(ne+3n,)+2N —1]+2n, — 1
=1

=nng(3n,+n,+2)+n,—1 (44)

Comparing (44) with (42), we highlight that exactly the
same number of FLOPs are needed in the prediction stage
for both the primal and the dual approach.

4.4. Comparison with KPCR for LPV System Identi-
fication

In the following, we compare the proposed primal so-
lution, the solution based on KPCR ([3]), and the solution
based on dual space ([10]). KPCR is a special case of LS-
SVM estimation based on primal space. In particular, in
KPCR based solution only one K (p) kernel matrix is es-
timated (see Eq. (24) in ([3]), where K3 (p) is evaluated as
Hadamard product of two kernel matrices of which one is
a linear kernel), while in the primal or dual space formula-
tion of LS-SVM based solution, one kernel matrix K¢ (p)
can be evaluated differently for each o;. Indeed, in [3], the
parameters, differently from Eq. (4), are estimated as:

v=1
=w! =
—u;,chﬁ(p(k)), i=1,...n 45)
bi(p(k)) = ) @, ¢v(p(k))
v=lI
:wlfqb(p(k))a 1= 17 y b
where [ = n, + L,...,n,.

In [3] the authors considered that the nonlinear func-
tions ¢; are unknown and the output predictor equation is
based on the kernel matrices and the matrix A (see Eq.
(41) in [3]). The A is evaluated similarly to the ridge re-
gression solution in dual space (in KPCR based solution,
the regularization parameter 7 is omitted) and, finally, the

prediction is evaluated in the dual space. Differently from
[3] and [10], in this work, the approximation functions
¢i(p(k)) are evaluated and they can be used directly for

the prediction (i.e., to calculate $(k) in the primal space).

5. SIMULATION RESULTS

In the following, the illustrative examples proposed in
([3, 10, 21]) are reported, as well as the parallel Wiener-
Hammerstein system and the Silverbox system ([19, 20]).

5.1.  Numerical example (LPV-ARX)

In this section, the following simulated SISO system is
considered

y(k) +ai(p(k))y(k—1) = bi(p(k))u(k—1)
+by(p(k))uk—2) +e(k) (46)
with

sin(7?
a(p) =01 H)
—0.5 p(k)<—05
bi(p(k)) = p(k) —05<p(k)<05  (48)
05  p(k)>0.5

by(p(k)) =—0.2p(k)* (49)

(47)

The input and scheduling signals, u(k) and p(k), were zero
mean independent white noise sequences uniformly dis-
tributed in the interval [-1,1] and the equation error, e(k),
was a zero mean Gaussian white noise with a variance de-
termined by the Signal-to-Noise Ratio (SNR) level.

The aim of this example is to compare the results of
LPV-ARX estimation in the primal space with respect to
LPV-ARX estimation in the dual space ([10]) and LPV-
ARX estimation based on Kernel Principal Component
Regressor ([3]).

To investigate the performance under fairly severe noise
conditions, the SNR is set to 10 dB, and 1500 input-output
data points were generated. The first 750 data points were
the training data, and the other half was used for testing.
To quantify the model quality, the Best Fit Rate (BFR) is
considered to compare the three algorithms:

_ < ly=3I13 >
BFR = 100% - max | 0,1 — — (50)
Iy =713
where y is the output, y is the mean of y, and ¥ is the sim-
ulated output with the estimated models.

Using the gathered data sets, the different approaches
have been applied by using RBF kernels for K§ (p), K5 (p),
K (p) having 61=0,=03=0.7. The regularization parame-
ter, based on trial-and-error, has been tuned to y = 104,

We have performed 100 simulations employing the
same data points, but considering different generations
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of random series u(k), p(k), e(k). The results obtained
in terms of BFR by using the identification in the pri-
mal space are 97.53% =+ 0.172%. Figure 1 displays the
real and estimated values of the parameter a;(p(k)) for
SNR=10 dB. Solid blue line is the real value, dashed red
line is the average of 100 simulations and dash-dotted yel-
low/violet line is the average plus/minus standard devia-
tion.

012p —Reala, (p(K)
01F X - -Primal: AVG
0.08 AN\ Primal: AVG+STD

---Primal: AVG-STD

0.06
0.041
0.02
ok, P
-0.02
-0.04F
-0.06
-1

a,(p(k)

08 06 -04 02 0 0.2 04 0.6 0.8 1
p(k)

Fig. 1. LPV-ARX  numerical

a;(p(k)), SNR=10 dB.

example:  parameter

oQ

-160
0

200 400 600 800 1000 1200
Sorted weights (w)

Fig. 2. LPV-ARX numerical example: amplitude in dB of
sorted weights ().

Figure 2 shows the amplitudes (i.e., absolute value) in
dB of sorted largest weights by using the whole dataset
for identification. We highlight that they are sparse, hence
only a few weights can be kept while keeping a high BFR.

Figure 3 shows the effect of varying the number of se-
lected support vectors m by using the fixed-size procedure
shown in subsection 3.1. Even in this case, we note that
the increase in BFR is large at the beginning, when the
first support vectors are added, while increasing m further
(e.g., from 100 to 200) entails a minor increase in BFR.
The solid blue line is the average of 100 simulations and
solid black lines represent the average plus/minus standard
deviation.

Finally, we compare the proposed primal solution, the
solution based on KPCR ([3]) and the solution based on
dual space ([10]). As we expected, all three solutions give
the same results in terms of BFR since in this particular
case 01=0,=03 and as long as the regularization parameter

PPV SSSEP S LSS
Support vectors (m)

Fig. 3. LPV-ARX numerical example: BFR with respect
to the different numbers of selected support vectors

(m).

7Y is considered in the KPCR formulation. Table 1 displays
the minimum, average and maximum BFR values of the
100 simulations. This table shows that all estimated mod-
els accurately simulated the system, revealing the same
high BFR.

Table 1. BFRs of LPV-ARX numerical example.

BFR [%] BFR [%]
Min-Avg-Max Std
97.08-97.53-97.95 0.17
97.08-97.53-97.95 0.17
97.08-97.53-97.95 0.17

Method
LS-SVM (primal)
LS-SVM (dual)
KPCR

5.2.  Silverbox system

The Silverbox system can be seen as an electronic im-
plementation of the Duffing oscillator. It is built as a
second-order linear time-invariant system with a third-
degree polynomial static nonlinearity around it in feed-
back ([20]).

The dataset consists of 131,072 samples. Since the sys-
tem is a SISO model, in this work, we consider as a
scheduling parameter the previous output, i.e., the output
delayed by a single sampling time interval, such that the
result of the identification is a quasi-LPV (qLPV) model.

The working strategy for using the data in terms of
training, validation and testing is:

* Training and validation samples: data points from
40,001 to end. Models are estimated using this part of
the data. Bayesian optimization algorithm and 10-fold
Cross Validation (CV) is used to set the hyperparam-
eters (i.e., in this specific case, o, 7, n,, np). The BFR
on the validation set is computed for hyperparameter
selection.

 Testing samples: the “head of the arrow”, data points
from 1 to 40,000. After defining the optimal model
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(using the validation BFR), the prediction for the test
set is done.

The hyperparameters to be set by the validation stage are
o, 7V, ng, np. In this work, it was considered o; = o, Vi
and the maximum values of n,, n; equal to 3. The identi-
fication is repeated by changing the number of selected
support vectors m and 20 Monte Carlo simulations are
carried out where the subset selection procedure is re-
peated by changing the random seed. Figure 4 shows the
results of LPV models identified in the primal space and,
in particular, the statistic of BFR with respect to the num-
ber of the support vectors m = 1,...,20. The results for
m = 21,...,200 are comparable and thus omitted. The
BFR is evaluated by means of a one-step prediction and
the LPV models are identified as prediction models. More-
over, the figure shows the comparison between the selec-
tion procedure in subsection 3.1 and a trivial selection so-
lution based on random sample selection. The dashed line
is a baseline, i.e., the BFR obtained by keeping constant
the output value at instant & to predict the value to the in-
stants k + 1, i.e., §(k+ 1) = y(k). The selection procedure
based on entropy gives better results in terms of average
BFR and smaller variance with respect to the trivial ran-
dom selection. It is worth noting that using the entropy-
based subset selection methodology increases the train-
ing time with respect to the random-based subset selection
methodology but improves the BFR. Please note that the
computational complexity to perform a single prediction
remains the same: the additional computational effort is
limited to the training state. Figure 5 shows the identified
parameters considering the support vectors size m = 200.

100 -

%l MM?* ;

[—IEntropy
—IRandom

BFR [%]
a2

oW
S S
e
—_——
—o
—m
—co
@
—_—

\ \
2345617282910 15 20
Support vectors (m)

Fig. 4. LPV-ARX system identification of Silverbox sys-
tem in the primal space: BFR with respect to the
different numbers of selected support vectors (m).

To compare the LPV identification by LS-SVM in the
primal space with a conventional linear time-invariant
(LTD) identification, we also report a discrete-time state-
space model identification. The LTI identification is per-
formed using the System Identification toolbox in Matlab,
considering the Prediction-Error Minimization (PEM) al-
gorithm to update the parameters of the initial model. All
training and validation data are used for LTI model iden-

Normalized amplitude
o
o o
%
&
.
° ° °

p(k)

Fig. 5. LPV-ARX system identification of Silverbox sys-
tem in the primal space: identified parame-

ters ai(p(k)), ax(p(k)), as(p(k)), bo(p(k)) and
by (p(k)) with m = 200.

tification. Table 2 shows the testing results for different
model orders. Please note the BFR of LTI identification
is worse in any case with respect to LPV identification
by LS-SVM, even when a few support vectors m are em-
ployed in the latter.

Table 2. State-space model identification of Silverbox sys-
tem: BFR with respect to the different model or-
ders.

Model order BFR [%]

10.01
73.56
73.56
73.66
73.60

DN AW =

5.3. Parallel Wiener-Hammerstein system

A Parallel Wiener-Hammerstein (PWH) system is ob-
tained by connecting multiple Wiener-Hammerstein sys-
tems in parallel. Each parallel branch contains a static non-
linearity that is sandwiched in between two LTI blocks (
[19]).

The dataset consists of a total of 3,473,408 samples.
Since the system is a SISO model, we consider as a
scheduling parameter the previous output (as done in sub-
section 5.2), so we obtain a qLPV model. Signals are sam-
pled at 78 kHz and the measured input and output signals
contain 16,384 measured samples per period. Twenty in-
dependent random phase realizations of the multisines are
used at each input level. The input signal is applied at 5
different RMS values that are linearly distributed between
100 mV and 1 V.

The working strategy for using the data in terms of
training, validation and testing is:
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* Training and validation samples: a total of 3,276,800
data points. Models are estimated using this part of
the data. Bayesian optimization algorithm and 10-fold
CV are used to set the hyperparameters (i.e., in this
specific case, 0, ¥, n,, np). The BFR on the validation
set is computed for hyperparameter selection.

 Testing samples: a total of 196,608 data points. The
dataset presents signals generated by an input signal
that is a filtered Gaussian noise with an envelope that
grows linearly over time. Here, these data are used in
testing to assess the model quality over a broad am-
plitude range of the input in one signal. After defin-
ing the optimal model (using the validation BFR), the
prediction for the test set is done.

The hyperparameters to be set by the validation stage
are 0, ¥, ng, np. In this work, it was considered o; = o, Vi
and the maximum values of n,, n, equal to 3. The iden-
tification is repeated by changing the number of selected
support vectors m and 20 Monte Carlo simulations are car-
ried out where the subset selection procedure is repeated
by changing the random seed. The figure 6 shows the re-
sults of LPV models identified in the primal space and, in
particular, the statistic of BFR with respect to the num-
ber of selected support vectors m = 1,...,20. The results
for m =21, ...,200 are comparable and thus omitted. The
BFR is evaluated by means of a one-step prediction and
the LPV models are identified as prediction models. Fig-
ure 6 shows the comparison between the selection pro-
cedure based on entropy and the trivial selection solution
based on random sample selection. The selection proce-
dure based on entropy gives better results in terms of aver-
age BFR and smaller variance mostly in the case of higher
m values.

- = [ZJEntropy
[—IRandom

——

2345617282910 15 20
Support vectors (m)

Fig. 6. LPV-ARX system identification of PWH system in
the primal space: BFR with respect to the different
numbers of selected support vectors (m).

Figure 7 shows the identified parameters considering
m = 200. As in the previous example, we compare the re-
sults with a LTI discrete-time state-space model, identified
by the System Identification Toolbox from MathWorks®
MATLAB suite. All training and validation data are used
for LTI model identification. Table 3 shows the testing

o a,(p(k))
> a,(p(K)
by(p(K)
o by(p(K)
b,(p(K)

o
o
T

Normalized amplitude
o
o LN r ]
o ° ° ." "7

S
&
T

L L L L L L s
0.1 0.2 0.3 04 0.5 0.6 0.7
p(k)

L
03 02 -0

Fig. 7. LPV-ARX system identification of PWH system in
the primal space: identified parameters a;(p(k)),

ax(p(k)), bo(p(k)), bi(p(k)) and by(p(k)) with
m = 200.

results for different model orders. The highest BFR is
achieved for the fifth order. Again, the results are worse
with respect to LPV identification by LS-SVM.

Table 3. State-space model identification of PWH system:
BFR with respect to the different model orders.

Model order BFR [%] ‘

1 43.34
2 43.93
3 80.55
4 83.78
5 83.79

5.4. Numerical example (LPV-SS)

The aim of this example is to compare the results
of LPV-SS estimation in the primal space with re-
spect to LPV-SS estimation in the dual space. Consider
the discrete-time state-space data-generating system de-
scribed in [21] by the following matrices

[sat(p(k)) 1 0 0
1 P} 41
Apk) = | 2 SR 1)
10 5 ?
| 0 0 5 3
M p(k)*
0
B(p(k)) = 1] (52)
5
0
_P(k)z 1 0 0
Co®) =5 o | o (53)
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tanh(p(k))
3p0(k) 8

K(pk)) =

(p(k)) 0 sin(2ep(k))+cos(2mp(k))
0 1

(54)

where sat(p(k)) is a saturation function with limits at +
0.5 and unity slope. The data-generating system with ini-
tial condition xo = [0000]” has been simulated with uni-
formly distributed input signal u(k) in the interval [—1,1],
p(k) = sin(0.3k) and a zero mean Gaussian white noise
e(k) with a variance determined by the SNR. The noise
variance has been chosen to guarantee a SNR of 20 dB.
For this purpose, 1,100 input-output data points were gen-
erated. The first 600 data points were the training and val-
idation data, and the remaining 500 were used for testing.
Bayesian optimization algorithm and 10-fold CV are used
to set the hyperparameters. The BFR on the validation set
is computed for hyperparameter selection. The identifica-
tion is repeated by changing the number of selected sup-
port vectors m and 20 Monte Carlo simulations are car-
ried out where the subset selection procedure is repeated
by changing the random seed. Figure 8 shows the results
of LPV-SS models identified in the primal space, and in
particular, the BFR statistics related to the state prediction
with respect to the number of selected support vectors m.
The BFR is evaluated by means of a one-step prediction
and the LPV models are identified as simulation models.

]
AP - R

; 1‘0 1‘5 2‘0 3‘0 4‘0 5‘0 1(‘)0 1;0 2(‘)0
Support vectors (m)

Fig. 8. LPV-SS system identification of numerical exam-
ple in the primal space: BFR related to the state
prediction with respect to the different numbers of
selected support vectors (m).

Figure 9 shows the results of LPV-SS models identified
in the primal space, and in particular, the BFR statistics
related to the output with respect to the number of selected
support vectors m.

Regarding the fitting, the results in terms of BFR are
better than those reported in [21], where the authors con-
sidered 800 datapoints for training and the last 300 data-
points for testing, obtaining the best results with a BFR
of 86.31% % 0.022%. In contrast, in our approach, we
have obtained a BFR up to 90.49% + 0.53% in the pri-
mal space, as reported in Table 4. It is worth highlight-

0

90

%qﬂ%?%**%
af

0

BFR [%]

60

50

40 . . . \ . L L . \ .
5 10 15 20 30 40 50 100 150 200
Support vectors (m)

Fi

e}

. 9. LPV-SS system identification of numerical exam-
ple in the primal space: BFR related to the output
with respect to the different numbers of selected
support vectors (m).

ing that in our case, we have used the measured states,
whereas in [21], the states were estimated. As for the
speed of identification, in the method from [21], the in-
version of two square matrices (see Egs. (31a) and (31b)
in [21]) of dimensions N -ny x N-n, and N -n, X N - n,
is required. This leads to a space complexity of O((N -
n.)?+ (N -ny)?) and a time complexity of O((N - n,)* +
(N -ny)?). As a result, the approach based on the dual
space formulation becomes practically infeasible with a
very large dataset of size N due to both space and com-
putational complexity. On the other hand, our proposed
approach based on the primal space formulation requires
calculating the eigenvalues of 5 kernel matrices, namely
K¢ (p), K&, (p), K, (p), K, (p), K§, (p). The space com-
plexity for this approach is O(5 - n?) and the time com-
plexity is O(5-n?), with n < N, which makes it preferable
for large datasets.

Table 4. LPV-SS numerical example in the primal space:
BFR related to the output with respect to the dif-
ferent numbers of selected support vectors (m).

BFR [%] BFR [%]
Support vectors (1) Avg Std
10 87.27 1.46
20 88.26 0.75
50 88.89 0.76
100 89.43 0.72
200 90.49 0.53

6. CONCLUSIONS

The main contribution of this paper lies in formulating
a LS-SVM-based method for the identification of LPV-
ARX and LPV-SS models in the primal space. Firstly, the
problem formulation of LPV-ARX and LPV-SS identifica-
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tion in the primal and the dual space has been shown and
compared. Secondly, the LPV identification has been de-
signed to handle very large data sets, computing a sparse
approximation of feature maps by using only a subsample
of selected support vectors from the entire data set.

As for the training stage, training a primal or a dual
model with a large dataset is infeasible, as the time com-
plexity is O (N*) and space complexity is O (N?). Train-
ing in the primal space is easier because both subset se-
lection and feature map approximation can be performed,
so that time complexity in primal space can be reduced to
O (mnN), in contrast to O (n*N) of the dual approach. As
for the space complexity, it is O (m?) for the primal ap-
proach, instead of O (n?) of the dual approach. As m < n,
both the time and the space complexity in the primal space
are lower in the training stage.

As for the prediction stage, instead, the primal and
the dual approach are equivalent because they require the
same number of FLOPs. This equivalence holds when the
training subset size is consistent for both the primal and
dual methods, otherwise, the larger the training subset, the
higher the computational effort (i.e., without distinction
between primal and dual).

The advantage of the solution in the primal space is
that one can reduce the computational time and space
in the training stage in nonlinear estimation problems
while keeping comparable performances. This approach
has been extensively tested in numerical examples and
two nonlinear benchmarks, i.e., the parallel Wiener-
Hammerstein system and the Silverbox system.

In future work, the authors will investigate the possi-
bility to consider random feature expansion such as Ran-
dom Kitchen Sinks ([28]) or Fastfood ([29]), which is a
scheme to approximate Gaussian kernels of the kernel re-
gression algorithm for large data set in a computationally
efficient way. Random feature expansion is more practi-
cal for applications that have large training sets. Finally,
the proposed solution will be extended to the case of dis-
continuous scheduling variables where the introduction of
discontinuous kernel functions could be needed.
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