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EXISTENCE OF HETEROCLINIC AND SADDLE TYPE SOLUTIONS FOR
A CLASS OF QUASILINEAR PROBLEMS IN WHOLE R?

CLAUDIANOR O. ALVES, RENAN J. S. ISNERI, AND PIERO MONTECCHIARI

ABSTRACT. In this work, we use variational methods to prove the existence of heteroclinic
and saddle type solutions for a class quasilinear elliptic equations of the form
—Asu+ A(z,y)V'(u) =0 in R?

where ® : R — [0,+00) is a N-function, A : R* — R is a periodic positive function and
V : R — R is modeled on the Ginzburg Landau potential. In particular our main result
includes the case of the potential V() = ®(|t* — 1|), which reduces to the classical double well
Ginzburg-Landau potential when ®(t) = [t|?, that is, when we are working with the Laplacian
operator.

1. INTRODUCTION

The problem of existence and classification of bounded solutions of stationary Allen Cahn

type equations

—Au+ A(x)V'(u)=0 z€R", uekR (EY)
has been widely studied in the last years, providing a rich amount of differently shaped families
of solutions. The Allen-Cahn equation was introduced in 1979 by Allen and Cahn in [12] as a
model for phase transitions in binary alloys. The standard model of V' is the classical double well
Ginzburg-Landau potential V' (u) = (u? — 1)2. The function u is a phase parameter describing
pointwise the state of the material and the global minima of V' represent energetically favorite
pure phases. Different values of v depict mixed configurations and by transition solutions we
mean entire solutions of (F7) which are asymptotic in different directions to the pure phases of
the systems. In the equation (E7) the presence of the (positive) oscillatory factor A(x) models
an inhomogeneous behavior of the system.

When A is a positive constant function (e.g. A(z) = 1), a long standing problem is to
characterize the set of the solutions u € C?(R") of (E}) satisfying |u(z)| < 1 and 8, u(z) > 0.
This problem was pointed out by De Giorgi in [25], where he conjectured that, when n < 8
and V(s) = (s2 —1)2, the whole set of these solutions reduces, modulo space roto-translations,
to the unique solution ¢, € C?(R) of the one dimensional problem:

—j(z) +V'(q(z)) =0, ¢q0)=0 and q(£oo)==*1.

The conjecture has been firstly proved in the planar case by Ghoussoub and Gui in [40] even
for more general double well potential V. In the case n = 3 it has been proved in [15] and,
assuming u(x) — +1 as 1 — oo, the same rigidity result has been obtained in dimension
n < 8 in [53], paper to which we refer also for an extensive bibliography on the argument.
Del Pino, Kowalczyk and Wei showed in [28,29] that the 1-D symmetry of these solutions is
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generally lost when n > 9. We refer also to [17,19, 31], where a weaker version of the De
Giorgi conjecture, known as Gibbons conjecture, has been obtained for all the dimensions n
and in more general settings. These results show that when A is a positive constant and u
is a bounded solution of (E,) satisfying u(x) — £1 as 1 — £oo uniformly with respect to
(12,...,2,) € R"! then u(x) = qy(z1).

This kind of heteroclinic type transition solutions persist when A is not constant. The
heteroclinic type problem was first studied by variational methods for more general elliptic
equations of the type

—Au=g(x,y,u) in z€R, yeQ, ueR, (E2)

by Rabinowitz in [47], when € is a bounded regular domain on R™. Assuming the nonlinearity g
to be even and periodic in the variable z, Rabinowitz showed the existence of solutions of (FEs)
in R x € satisfying Dirichlet or Neumann boundary condition on 9€) and being asymptotic
as x — =00 to different minimal solutions u4, periodic in the variable x. This result was
generalized by Alves in [13] for different conditions on g, including the case in which g is only
asymptotically periodic in the variable . A related variational approach was used to study the
heteroclinic type problem for equation (F7) in the case in which A is periodic in its variable
in [3,48,49], showing the existence of (minimal) solutions u(x) which are periodic in the variable
(z2,...x,) and such that u is asymptotic to different minima of the potential V' as x1 — +oo.
Starting from the existence of this “basic” heteroclinic solutions, these papers show how the
presence of a truly oscillatory factor A(z,y) gives generically the existence of complex classes of
other heteroclinic type transition solutions in contrast with the above described rigidity results
characterizing the autonomous case (see also [11,18,50]).

Another kind of transition solutions for (E;) was introduced by Dang, Fife and Peletier
in [24]. In the planar case n = 2, when V' is an even double well potential and A is a positive
constant, they showed by a sub-supersolution method that (F1) has a unique bounded solution
u € C?(R?) with the same sign as x122, odd in both the variables x1 and x and symmetric with
respect to the diagonals o = £x1. Along any directions not parallel to the coordinate axes the
saddle solution u is asymptotic to the minima of the potential V' representing a phase transition
with cross interface. Note that, even if it is related to minimal transition heteroclinic solutions,
being asymptotic to ¢4 as z9 — +00, it no longer has minimal character (see [44,54]). Many
extensions for Allen-Cahn models have been considered. In the planar case we refer to [8] for
a variational study of saddle type solutions with dihedral symmetries of order k (see also [43]
for a global variational approach to the saddle problem) and to [30,41] for a general study
regarding k-end solutions. In higher dimension we mention [5,6,21,22, 46] for the equations
case and to [2,7,42] for the case of systems of autonomous Allen-Cahn equations.

The analogous for saddle solutions for (E1) in the planar case, when A € C(R?) is positive,
even, periodic and symmetric with respect to the plane diagonal zo = x1, i,e, when A satisfies

(A1) A'is a continuous function and A(z,y) > 0 for each (x,y) € R?

(A2) A(x,y) = A(—x,y) = Az, —y) for all (z,y) € R?,

(A3) Alw.y) = Az + 1.y) = A(z,y + 1) for any (z,y) € B2,

(Ag) A(x,y) = A(y, ) for all (z,y) € R?,
has been introduced in [9] where a variational procedure was introduced to find as in the
autonomous case a solution u of (F7) on R? which is odd with respect to both its variables,
symmetric with respect to the diagonal, strictly positive on the first quadrant and is asymptotic
to the minima of V' along any directions not parallel to the coordinate axes. Moreover in [9]
it is shown that, as y — +oo (uniformly w.r.t. € R), the solution u is asymptotic to the set
of the x-odd minimal heteroclinic type solutions of (E;) which are periodic in the variable y
described above.
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In the recent paper [14], motivated by results found in [8], we tackled the problem of existence
of saddle solutions for the analogous of Allen Cahn model in the autonomous quasilinear setting.
More precisely given an N-function ® : R — [0, 4+00) of the form

I
(1.1) B(t) = /O s6(s)ds

for a ¢ € C1([0, +0), [0, +00)) such that:
(¢1) there exist [,m € R such that 1 <! < m and
- ()
(¢2) ¢(t) > 0 and (¢(t)t)’ > 0 for any ¢t > 0,
(¢3) ¢ is non-decreasing,
(¢4) there exists k > 0 such that
o(t) + ¢'(It)Itl < ro(lt]), VtEeR,
(¢5) there is M > 0 such that (¢(t)t) > M¢(t) for all t > 0,
and a potential V € C?(R,R) verifying:

(Vi) V(t) >0forallt e Rand V(t) =0 & t=—1,1,
(Va) V(—=t) =V (t) for any t € R,
(V3) there are §; € (0,1) and wy,we > 0 such that

wi®([t —1]) < V() <w@(jt —1]), Vte (1—6b1,1+),
(Vi) there exists w > 0 such that
V(1) < —w(l — D1 — tlt, Vi€ [0,1],
(V5) there is 6o > 0 such that V' is increasing on (1 — do, 1),
(Vs) there are v > 0 and € > 0 such that ®(V'(t)) < ~y®(|1 —¢|) for all t € (1 —¢,1)

we considered the related quasilinear Allen Cahn model
~Apu+V'(u)=0 in R2 (E3)

where Agu = div (¢ (|Vu|) Vu). Note that the potential V() = ®(|t? — 1|) satisfies (V1) — (Vi)
and so (F3) reduces to (E1) in the case ®(t) = |t|> and V (t) = (t? — 1)2.

In [14], we refined and adapted the variational procedure introduced in [9] to show that, like
in the Laplacian case, (E3) admits transition heteroclinic type solutions and, for each integer
number k£ > 2, a related saddle-type solution with dihedral symmetries of order k.

In recent years, facing the need of a mathematical description of advanced physical problems
there has been a growing number of works involving the ®-laplacian operator Ag and its theory
is by now rather developed. As a first example we may consider the case

O(t) = |1, teR, pe(l,+00),

<m, Vt>0,

which is related to the celebrated p-Laplacian operator that often appears in physical models,
for example in Newtonian and non-Newtonian fluids (see [26,27] and references therein).
Motivated by concrete examples of equations arising in fluid mechanics and plasticity theory,
Seregin and Fuchs in [34, 35] (see also [33]) were led to the minimization of integrals where
appears the logarithmic model

O(t) = [t In(1 +[t]), teR, pell,+oo),
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which is an N-function of the type (1.1). Other model of N-function of the form (1.1) that
often arises in a lot of fields of physics and related sciences such as biophysics and chemical
reaction design is

1 1
O(t) = —tf + =|t|?, teR, 1<p<q<+oc.
p q

The differential operator associated with this N-function is known as the (p,q)-Laplacian
operator and the prototype for these models can be written in the form

u = —Ag + f(x,u).

In this configuration, the function u generally describes a concentration, Ag corresponds to
the diffusion and f(z,u) is the reaction term that corresponds to source and loss processes.
For a quite comprehensive account, the interested reader might start by referring to [16, 32].
Finally, it is worth mentioning that the N-function of the form (1.1)

d(t)=(1+t*) -1, teR, yv>1,

appears in the works [38,39], where the authors report that studies of quasilinear equations
involving the associated operator Ag are motivated by nonlinear elasticity models. For other
examples of N-functions of the type (1.1) and more applications we refer the reader to [33,36]
and the bibliography therein.

In the present paper we continue the study initiated in [14] studying the existence of
heteroclinic and related saddle-type weak solutions of the non autonomous version of equation
(E3)

—Agu+ A(z,y)V'(u) =0 in R? (PDE)
where A is a symmetric positive periodic function satisfying (A1) — (Ay4).

As a first step in the present study we use variational methods related to the ones introduced
in [9] and [14], to establish the existence of (minimal) heteroclinic type solutions of (PDE), i.e.
weak solutions v € C’llo’CO‘(RQ) which are 1 - periodic in the variable y and such that

v(z,y) = —1 as  — —oo and v(z,y) — 1 as © — +o0o, uniformly in y € R.

Here we borrow some ideas developed in [9] and [47] to look for minima of the action functional

1
1) = [ [ @9 + AtV () dyd
on the class

E = {uEVVli)’C@(RX [0,1]) : 0 <wu(z,y) <1 for z >0 and u is odd inaz},

where VVI})E’(R x [0,1]) denotes the usual Orlicz-Sobolev space. Denoting by K the set of
minima of I on E, we show that K is not empty and constituted by (minimal) heteroclinic
type solutions of (PDE).

The minimality properties of these heteroclinic type solutions allows us, as a second step, to
build up a variational framework inspired to the one introduced in [9] to detect the existence
of saddle type solution of (PDE), characterizing their the asymptotic behavior.

More precisely we have the following results:

Theorem 1.1. Assume (¢1)-(¢2), V € CY{R,R), (V1)-(V3) and (A1)-(A3). There exists
v € C*(R?), a weak solution of (PDE) that verifies the following:

loc
(a) v(z,y) = —v(—xz,y), for all (z,y) € R?
(b) v(z,y) = v(z,y+1), for any (z,y) € R?;
(c) 0 <v(x,y) <1 for each x>0 and y € R.
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Moreover, v is a heteroclinic solution from -1 to 1.

Theorem 1.2. Assume (¢1)-(¢4), V € CHR,R), (V1)-(Va) and (A1)-(A4). There exists
v E C'l’a(]R2), a weak solution of (PDE) that verifies the following:

loc
(a) v(x,y) > 0 on the fist quadrant in R?;
(b) v(z,y) = —v(~x,y) = —v(z, —y) for all (z,y) € R?;
(c) v(z,y) = v(y,x) for any (z,y) € R?;
(d) There is ug € K such that ||[v — Tjuo| foo(rx[jj+1]) — 0 as j — +oo,
where Tjuo(z,y) = uo(z,y — 7) for all (x,y) € R2.

The item (d) of Theorem 1.2 characterizes the asymptotic behavior of v. It guarantees that
along directions parallel to the coordinate axes the saddle solution is asymptotic to (rotated
of) the minimal heteroclinic set K. This implies that along any direction not parallel to the
coordinate axes v is asymptotic at infinity to £1 and so, the saddle solution can be seen as a
phase transition solution with cross interface.

We point out that Theorems 1.1, 1.2, improve the results in [14] not only in the fact that the
function A is allowed to be not constant but also because, unlike in [14], the assumptions (¢s5)
and (V5)-(Vg) are not needed. Moreover we note that even though the variational approach is
inspired by the one used in [9], many tools used in the classical Laplacian context, such as for
example some maximum principles, C? regularity, existence and local uniqueness theorems, are
no more available in the present framework. The proofs of our results require new estimates
based on the Harnack type inequalities found in [55] and on results about C1® regularity for
quasilinear problems as obtained by Liberman in [45].

This paper is organized as follows. In Section 2, we prove Theorem 1.1, while in Section 3
we show some compactness properties. We build up in Section 5 a renormalized minimization
procedure inspired by the one used in [9, 10] (see also [8]) that takes into account refined
properties studied in Sections 3 and 4, and then the proof of Theorem 1.2 is given. Finally, we
write an Appendix A about some facts involving Orlicz—Sobolev spaces for unfamiliar readers
with the topic.

2. EXISTENCE OF HETEROCLINIC SOLUTIONS

In this section, we show the existence of a heteroclinic solution from -1 to 1 for the quasilinear
problem (PDE). To begin with, for Q¢ =R x [0, 1] let us consider the set

E:{UEVVI})‘C@(QO): 0 <wu(z,y) <1forz>0anduisoddinz}.

In the sequel, I : Wﬁf (Qp) — RU {400} designates the functional given by

1) = [ (@(Val) + Alw.9)V () dyd
0
An direct computation shows that

(2.1) Up — w in Wih2(Q0) = I(u) < liminf I(uy,).

loc n—-+00

Hereinafter, the expression u,, — u in VV&’?(QO) means that u, — u in WH?([L, R] x [0, 1]) for
every R, L € R with L < R. Setting

L(u) = (|Vul) + Az, y)V (1), ue W, T (),
it follows from the definitions of ®, V' and A that
L(u) >0, YueE,
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and so, the functional I is bounded from below. Now, it is easy to check that the function
vx : Qo — R defined by

1, if z>1 and y € [0,1],
(2.2) ou(z,y) =< z, f —-1<z<1 and ye€]0,1],
-1, if z<-1 and y € [0,1]
belongs to E with I(p,) < +00. Therefore, the real number
= inf I
¢

is well defined.

From now on, for each z € R fixed and u € E, we will identify u(x, ) as being a real function
in y € [0,1]. For each y € [0,1] fixed, we will also identify u(-,y) as being a real function in
z € R. Employing Fubini’s Theorem, it follows that

u(z,-) € WH?(0,1) ae. in z € R and u(-,y) € Wéf(R) a.e. in y € [0,1].

Finally, since the functions in £ have L®°-norm less than or equal to 1, without loss of

generality, we can make a modification on function V', by assuming that it satisfies the following:

(2.3) V(t)=V(2), for [t|>2.

Hereafter, we will denote this new modification of V' by itself. Moreover, according to (Aj)-

(A4)7
0< n%izn Alz,y) < A(z,y) < rrﬂlng(x,y) < +o0.

In what follows, A = nﬂlén A(z,y) and A = max A(z,y).
Next, we prove an important estimate that will be used often in this paper.

Lemma 2.1. Letu € E. If 1,22 € R with ©1 < x2, then

! B €1 (|21 — 22])
/O & (Ju(wa, ) — u(zr,y))) dy < / / (s dedy,

e

where £ was given in Lemma A.1.

Proof. First of all note that from Lemma A.4, u € W (QO) and hence, by [20, Theorem 8.2],

T2
/ ug(z,y)dx| .

1

(u(z2,y) —u(zL,y)| =

As @ is even,

(2.4 ® (uaz.y) ~ u(er ) =@ ([

Invoking Jensen’s Inequality given in [52, Theorem 3.3],

(2.5) d </=’B2 ux(:c,y)dx> < |5511$2‘ /x2 O((xg — x1)ugz(z,y))de,
then by (2.4) and (2.5),

1 1 pxo
@ty iy < o [0 (= e ) dey

According to Lemma A.1,

1 JE—
/0<1><|u<x2,y>—u<x1,y>|>dy<51 21 — @2)) // (o, y)) dady,

w1 — 2

2

e y)dx) .

1
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and the lemma follows. O
As a consequence of the last lemma, we obtain the following result.

Corollary 2.2. Ifu € E and I(u) < 400, then:

a) The function x € R+ u(z,-) € L®(0,1) is uniformly continuous a.e..
b) The function x € R |lu(z,-) — 1| ) s continuous a.e..

Proof. Let be 1,22 € R such that 21 < x2. Since ® is an increasing function in (0, +o00) and
|0zu| < |Vul, the Lemma 2.1 ensures that

1
/0 ® (|u(z2,y) — u(zr,y)|) dy < & |x1 z2)) / / (|Vu|)dzdy,

wy—wa|

and so,

1
| @ Qutaz)  utorg)l) dy < 1w max {Joy = af L o — ol 1.
0

From this, given € > 0, there is § > 0 such that

1
/ O (|u(ze,y) —u(z1,y)|)dy < e for |xy —xza| <.
0

The last inequality combined with Lemma A.1 gives

&o (Hu(:ng, ) — u(xy, ‘)HL<1>(0,1)) <e for |z —xo| <.
Therefore,
|21 — 23| <8 = fu(za,) — u(@r, )| e, < & (€),
finishing the proof of a). The item b) follows from a), because we have the inequality below
[z, ) = Ulgogo = luer, ) = Ugsn]| < ez, ) = ul@s, )l
This completes the proof. O

Another important consequence of Lemma 2.1 is the following result.

Lemma 2.3. If u € F satisfies
[u(z, ) = Ulwregy =7 ae inx € (z1,22) C [0, +00),

for some r > 0, then there exists u, > 0 independent of x1 and xo satisfying

1
/ /ﬁ dydl’zzgl‘ e )/ O (|u(we,y) — u(z1,y)|) dy + (2p,) 71 2o — a1

(Jz2 — 24
o ([ @ uten) ~ uen ) ay).
where h(t) = min {t%,t%}.

Proof. In what follows, we are going to work with the functional F': W1®(0,1) — R defined
by

Fo = [ (o000 +av)) av

We claim that for any sequence (v,) C WH®(0,1) with 0 < v,(y) < 1 for all y € (0,1) and
F(v,) — 0 as n — 400, we must have

||’Un — 1”W1»‘f’(0,1) —0 as n — 4oo.
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Indeed, the limit F(v,) — 0 gives

1 1
/ ® (|vy,|) dy — 0 and / V(vp)dy — 0, as n — +oo.
0 0

Here we would like point out that by (V) and (V3) that there are w,w > 0 satisfying
(2.6) wd(|t —1|) < V(t) <wd(|t —1|), Vte][0,1].

In fact, by (V1) and the fact that ®(¢) = 0 if, and only if ¢ = 0, we have that the function

@(\‘/t(—t)lD is continuous and strictly positive in [0,1 — d;]. Hence, there are aq, ag > 0 such that

a1 ([t —1|) <V(t) < aa®(|t — 1]), Vte€[0,1—61].

Now (2.6) follows by taking w = min{a;,w;} and w = max{ag,ws}, where w; and wy were
given in (V3). Thus, since 0 < v,(y) <1 for every y € (0, 1), (2.6) ensures that

1 1
1
[ oGu=1hdy< < [ Vo, vaen
0 w Jo
Consequently,
1
/ @ (|vy, —1|)dy — 0, as n — +oo.
0
The limits above together with the fact that ® € Ay yield
|vn = lwre@a) =0 as n— +oo,
which proves the claim. Thereby, if v € WH®(0,1),0 < v < 1in (0,1) and v — Uwrepay =7
then there exists p, € (0,1/2) such that
F(v) > (2p,)m T

Now, if u € E, we know that 0 < w(z,-) < 1 on (0,1) for almost every = > 0, and so, if
[u(z, ) = Uwreg) > ae. in (r1,72), we must have

m

F (u(x,-)) > (2ur)™1 a.e. in z € (z1,22),
which leads to

/ / L(u dydx—/ / (|Vul) + Az, y)V (u)) dydx
> 1 / / (102u]) dydx+/m / < (19yul) + AV (u ))dydaz
22/901 /0 @(!&Cu\)dyd:c—i—/xl F(u(, ) do

1 et _m_
>5[ o0l dyds + 210 o~ ]
T 0

Thanks to Lemma 2.1,
1 |z — x9 /1 _m_
Vdyde > - LT T2 - dy + (240) 7T |2 —
| [ cwante > 3 B u(aa,0) — aten ) dy + @) il
Clw — @]

§1(|w1 — 22

| \/
—_

1 _m_
| / B (Julwa, y) — uer,y)]) dy + 2727 1 oy — ).
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Recalling that & (|Jze —x1]) = max{]xg — x|, |z — xllm}, we will consider the cases
& (lze — 21]) = |v2 — 21|™ and & (|zg — 21]) = |32 — 21 ]! If & (|22 — 21]) = |72 — 71 |™,

m__ ] e
/ /c dydx>2|xl_$2m1/ & (jueay) — u(er, v))) dy + 27T Ty —

W</(] ('“@w)—u(xl,y))dyy

Using Young’s inequality for the conjugate exponents m and ™5, we find

1
1 1 m o
[ [ e dydx>[| = (/ <1><|u<m2,y>—u<x1,y>|>dy> ks — 1|
r1 — T m

that is,

(27) N cntvde > e ([ (utra) - ater ) ao

If & (|z1 — 22|) = |21 — 22|', a similar argument works to prove that

/ / L(u)dydz 2 o [W </01<1>(IU(:rz,y) —U(fm,y)\)dy)

Now, since [ < m and 0 < 2u, < 1, we obtain that 1 < =5 < Ll and (2u,) =1 < (2, ) ™1,
Therefore,

/ / Llu)dydr > [W </01‘1>(IU(:'327y) —U(ﬂfl,y)\)dy)

Employing again Young’s inequality, we derive

_m__

m
m_l m=1\ m—
4+ — (2ur|1:2 —x| ™ ) !

2m

>7
2m

3=

~l=

~|=

1
(2.9 / [ ttte e ([ @ utes) - uternan)
From (2.7) and (
/ / L(u)dydz > poh (/ @ (|u(z2,y) — u(xl,y)l)dy> ,
where h(t) = min {tT , tom }, which is precisely the assertion of the lemma. O

The next result characterizes the asymptotic behavior of functions v € E with I(u) < 4o00.
Lemma 2.4. Ifu € E and I(u) < 400, then
|w(z,-) = 1oy =0 as z—+o0 and |u(z,-)+1gep) =0 as z— —oo.

Proof. To begin with, we claim that

1
(2.9) liminf [ @ (Ju(z,y) —1|)dy = 0.
0

Tr——+00

Indeed, if the limit does not hold, then there are r > 0 and x; > 0 satisfying

1
/ O (Ju(x,y) —1|)dy >r, Vr> .
0
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So, the properties of ® together with Lemma A.1 guarantee that

! u(z,y) —1
r< (lue) ~ o) [ @ (,u(; T 1)) dy

1
< u(z, ) — 1w, / d d
& <H (@) | 1¢(0’1)> 0 (’U(l’a‘) =122, Y

<& (I, ) = Uwraon) -

that is,
|u(z,-) = Ulwreqqy > &M (r) ==y for all z > ;.
The last inequality permits to apply Lemma 2.3 to get p,, > 0 satisfying

x 1 m
1)z [ [ etdyde > @) 75 (@ ).

Taking the limit of z — 400 we infer that I(u) = +o0, which is absurd, and (2.9) is proved.
As ® € Ay, the limit in (2.9) is equivalent to

(2.10) tim i u(, ) ~ 10, = 0.

Next we are going to show that

(2.11) limsup [Ju(z, ) — 1| g2(o,1) = 0.
T—>+00

To see why, assume by contradiction that limsup [lu(x,-) — 1||e(g1) > 0. Then, there exists
T—+00

r > 0 such that

(2.12) limsup [Ju(z, ) — 1| e,y > 2

T—+00

By Corollary 2.2, we can assume that the function € R+ |lu(z,-) — 1 1@ 1) is continuous
in R. So, according to (2.10) and (2.12), there is a sequence of disjoint intervals (o;, ;) with
0<o0; <7 <0ip1 < Tit1, ¢ € N, and 0; — 400 as ¢ — oo such that for each 1,

r < |u(x,-) = 1oy <2r for x€ oy,
and
|u(oi,) = lpeny =r and |u(7m,-) = 1|ge) = 2r
Due to triangular inequality,

(2.13) lu(rs,-) = u(os, ey =7 Vi€ N,

from where it follows that there exists € > 0 such that

(2.14) /OICID(|u(TZ-,-) —u(og,-)|)dy > €, VieN

In fact, arguing by contradiction, let us suppose that there is a sequence (i) C N satisfying
/01 @ (Ju(r,, ) —u(oi,,")])dy -0 as n— +oo.

Since ® € As, the above limit implies that

[u(7i,, ) — w(Tins )o@y — 0 as n — oo,
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which contradicts (2.13). Consequently, by Lemma 2.3 there exists p, > 0 such that

I(u) > f/ /01 L(u)dyds > iom (/01 & (fu(ri, ) — u(o1, ) dy>
i=1 701 i=1

that combined with (2.14) provides

+o0o
W) > 1 3 h(e),
i=1
which is absurd, because I(u) < +o00. Now, the lemma follows from (2.10) and (2.11). O

Our next result is a key point in our approach, because it establishes the existence of
heteroclinic solution for a class of problem defined on the strip Q9 = R x [0, 1], which will
be used to prove the existence of heteroclinic solution in whole R?.

Theorem 2.5. There exists u € E such that I(u) = c. Moreover, u is a weak solution to the
quasilinear elliptic problem

—Agu+ A(z,y)V'(u) =0, in Q

g:;(:v,y) =0, on 0. (P)
Proof. Let (u,) C E be a minimizing sequence for I. It is straightforward to check that (uy)
is bounded in VV&)’C@(QO). Then, by a classical diagonal argument, there are a subsequence of
(un), still denoted by (u,), and u € Wo* () verifying

loc

Up, = u in VVé’f(Qo) and  up(z,y) — u(z,y) a.e. in Q.
By the pointwise convergence, it is plain that
u(z,y) = —u(—x,y) ae. inQy and 0 <wu(z,y) <1 for = >0,

from where it follows that u € E. Therefore, from (2.1) we may conclude I(u) = ¢. To complete
the proof, it is sufficient to show that

| (@ (Vul) VaVe + A, )V 0)0) dyda = 0,

Qo
for all ¢ € X5®(Qp), where
(2.15) X1®(Qy) = {we WL®(Qo) with w(z,y) = 0 for |z| > L for some L > 0}.

Now given ¢ € X®(Qq), we can write ¥(z,y) = ¥o(z,y) + Ve, y), where

Ye(w,y) = vy +2¢(—33,y) and  Yo(z,y) = o) _;ﬁ(_ﬂﬁ,y).

Note that 1, is odd in x and . is even in z. From this, for ¢ > 0 we set

u(z,y) + to(x,y), if x>0and u(z,y)+ ty(z,y) >0
oz, y) = ¢ —ul(z,y) —tho(x,y), if x>0and u(z,y)+ tho(x,y) <0
—p(—z,y) if <0,

from where it follows that ¢ is odd in the variable z and ¢(z,y) > 0 if x > 0. Moreover, from
(Va), I(¢) = I(u + typ,). Next, putting

55('1"7 y) = maX{_l? min{lv 30(337 y)}} for ($, y) S QOa
a direct computation shows that ¢ € E with

IVo(z,y)| < [V(u+to)(z,y)], Y(z,y) € Q.
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Furthermore, from (V7)-(Va2),
V(@) <V ((u+tho)(2,y), Y(z,y) € Qo.
Therefore,
(2.16) Tt tih) = I(p) > 1(§) > e = I(u).
On the other hand, according to (A.2),
O ([V(u+t)]) = 2 (IV(ut4o)]) 2 ¢ (IV(u+ 1)) V(u+ t1ho) V(tte),

SO

/Q (Y (u -+ 1)) BV (u + t46,)])drdy
(2.17) 0
> /Q O(IV (u + 1)) (EVuV Y, + 2V4,V0,) dady.

Since I(u) = ¢ and ¥ € XV®(Qp), we see that I(u + t)), I(u + t1),) < +00, because for |z
sufficiently large we must have u(x,y) + t(x,y) = u(z,y) and u(z,y) + t.(z,y) = u(x,y).
Thus,

I(u+tp) = I(u+ 1) = /Q (@(IV(u + t)]) — @(|V(u + t4o)])) ddy
+ / Alz,y) (V(u+ty) — V(u+ teh,)) dady,
Qo
and by (2.17),
T+ t) — I(u+ t,) > ¢ /Q O(IV (1 + 16, ) VuV i, dady

(2.18) + 12 i (|V (u =+ t1ho)|) Vibo Vipedady

+ A A(z,y) (V(u+t) — V(u+th,)) dedy.

It is easily seen that the functions ¢(|V (u+t1),)|) VuVipe and ¢(|V(u+t1,)|)Vih,Vibe are odd
in the variable z, and so,

(2.19) [ 69+ 1) Y VT idady = /Q S (1 + t90) ) Vo Vibeddy = 0.

Substituting (2.19) into (2.18), we infer that
Iu+ i) = I(u+ 1) > / A(z,y) (V(u+ 1) = V(u+ tih,)) drdy
Qo
that combines with (2.16) to give

T(u+ 1) — I(u) > /Q A, y) (V(u+ ) — V(u+ i) dady,
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and so,
/Q (6(IVul)VuVy + Az, y)V' (w))dzdy = lim, I(u+ twt) — I(u)
> lim [ Az, )V(“ +tY) _t Viu+ w")da:dy
(2.20) =07 Jag ; y § )
> lim [ A(z,y) < (utit) =V(w) V(u+t,)— (u)> sy
T 107t Qo n y

> [ Alw)V' ()@~ vo)dady = | Al )V (u)edady,
Q() Q0
Since the function A(z,y)V'(u). is odd in z, it follows that

(2.21) /Q (¢(|Vu)VuVy + Az, y)V' (w)) dedy > 0,

which completes the proof. O

In what follows, let us consider
K={ueFE:I(u)=c}.

Invoking Theorem 2.5, K # () and it consists of critical points of I. In the sequel, for each
u € K, we will show that there is a function v € K depending on u such that

v(z,0) = v(x, 1) for any = € R.
To prove this, we define
E,={weE:w(z0)=w(z1) ae inzecR}

and
cp = inf I(w).

wek)

The next lemma establishes an important relation between ¢ and c,.

Lemma 2.6. It holds that ¢, = c. Moreover, given u € K there exists v € K, depending on u,
such that v(z,0) = v(x, 1) for all z € R.

Proof. Since £, C E, c < ¢, Now we are going to prove that ¢, < c. To see this, given w € F,
we write I(w) = J1(w) + J2 , where

1/2
// L(w)dydr and Jo(w // L(w)dydzx.
1/2

Let u € K. So, if Ji(u) < J2(u), we consider the function

_ [ulzy), i 0<y<g,

that belongs to E,. From (A3)-(As), J2(v) = Ji(v) = Ji(u), and hence,
[(’U) = J1(1)) + JQ(’U) = 2J1(u) < J1<u) + JQ(U) = I(u),

showing that ¢, < c¢. For that reason, ¢, = ¢ and I(v) = ¢ with v(z,0) = v(z,1) for every
x € R. On the other hand, if Jy(u) < Ji(u), we consider

. Joulz,1-y), if 0<y<3
U(Ly)_{u(:ﬂ,y), if 1<y<Ll
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By a similar argument, v € E, and Ji(0) = J2(0) = J2(u), from where it follows that ¢, = ¢,
proving the desired result. O

The Lemma 2.6 shows that the set
K,={we K: w(,0) =w(z1) for all z € R}

is non empty. We would like point out that if w € K, then it can extend periodicity on R?
with period 1. Hereafter, the elements of K, will be considered extended in whole R2.

Now, we are ready to prove our main theorem of this section.
Proof of Theorem 1.1.

Let v € Kp. Then i) and 4i) are immediate. According to the proof of Theorem 2.5,

/Q (| V) VoV + A(z,y)V'(v)Y) dyde = 0 ¥ € XHP(Qp).

0

In the sequel, we fix O =R x [1, 2],
E, = {w € Wl"b(Ql) cw(z,y) = —w(—x,y), x € R, and 0 < w(z,y) <1 for x > 0} ,

loc

the functional I* : V[/I});D(Ql) — R U {400} given by
I'(w) = L(w)dydzx,
1951

and the real number ¢! = inﬁg I'(w). Tt is easily seen that ¢ = ¢! and
we L

/ (o(|Vo) VoV + Az, y)V' (v)¢) dydz = 0,

1971

for each ¢ € XH®(Qy), where
(2.22) X2 (Q1) = {u e WH*(Q) with u(z,y) = 0 for |z| > L for some L > 0} .

From this, a straightforward computation ensures that
[ (Ve Vove + AV (o)) dyds =0,
Rx[0,2]

for any ¢ € XV ®(R x [0,2]), where
(2.23) XM PR x[0,2]) = {u € W"P(R x [0,2]) with u(z,y) = 0 for |z| > L for some L > 0} .

A similar argument works to prove that
/ (S(Vo)VoTy + Al )V (0)) dydz = 0,
Rx[1,k]

for all I,k € Z with [ < k e for any 1 € X ®(R x [I, k]) where
(2.24) XVP(R x [1,k]) = {u € WHP(R x [I, k]) with u(z,y) = 0 for |z| > L for some L > 0} .

So, since k and [ are arbitrary, we get
[ @Vl VoVe + A, )V'(0)6) dyds =0,
R2

for any v € WH®(R?) with compact support in R2. By [45, Theorem 1.7] there exist a > 0
and M > 0 such that v € CL%(R2,R) with [jv

e < M. Next, we will show now that v is

ot @) <
a heteroclinic solution from -1 to 1. To do this, given n € N, we set

vn(w,y) = U(x +n,Y), V(:c,y) S [07 1] X [07 1]‘
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Thereby, (v,) is bounded in C1([0,1] x [0,1]), and so there exists vg € C'([0,1] x [0,1])
and a subsequence (vy;) of (vn) such that v,, — v in C1([0,1] x [0,1]). In particular, for
r € [0,1] fixed, vy, (x,-) — vo(z,-) as j — +oo uniformly in y € [0,1]. According to Lemma
2.4, vp;(2,) = 1in L®(0,1) as j — +oo. Passing to a subsequence if necessary, Un, (2, y) — 1
for almost every y € [0,1], and hence, vo(x,y) = 1 in [0,1] x [0,1]. Thus, v,,(z,y) — 1 as
j — +oo uniformly in y € [0,1], and consequently, v(z,y) — 1 as £ — +oo uniformly in
y € [0,1]. Since v is 1-periodic in the variable y and odd in the variable z, we conclude

v(z,y) > —1 as z —- —oco0 and v(x,y) -1 as x — +oo, uniformly in y € R.

Finally, adapting the same arguments explored in reference [14, Lemma 3.9], we conclude that
0 <wv(x,y) <1forall z >0 and y € R, and the proof is complete. O

If w € K, then we can extend u by periodicity on R? with period 2 in y satisfying the
equation (PDE). Indeed, defining the function

" _ [ ulz,y), if (z,y) € Rx[0,1],
s ={ Wt i ) SRk
we have that } )
u(z,0) = u(x,2) and gu(l',()) =0= gu((E,Q).
n n

Now, we extend @ by periodicity to whole R? by setting % : R2 — R by 7 = @ in R x [0, 2] and
u(z,y) = u(x,y — 2k), where y € R and k € Z is the only integer such that 0 < y — 2k < 2.
From now on, without loss of generality, we can assume that u € K is a periodic function with
period 2 in the variable y.

Arguing as in the proof of Theorem 1.1, we have the following result.

Theorem 2.7. Assume (¢1)-(¢2), (V1)-(V3) and (A1)-(As). If u € K, then u is a weak
solution of (PDE) in CI’Q(RQ,R), for some positive o, that verifies the following:

loc
i) w(z,y) = —u(—z,y), for all (z,y) € R?,
i9) u(z,y) = u(z,y + 2), for each (z,y) € R?,
ii1) 0 < u(z,y) <1 for any x >0 and y € R.

Moreover, u is a heteroclinic solution from -1 to 1, i.e.

u(z,y) - =1 as x — —oo0 and u(z,y) =1 as x — +oo, wuniformly in y € R.

_ 1t

Remark 2.1. If ®(t) = %, the operator Ag is the Laplacian operator, and in this case, using
a local unique theorem for elliptic equations it is possible to prove that Theorems 1.1 and 2.7 are
essentially the same, because every 2-periodic solution of (PDE) is exactly 1-periodic solution,
for more details see [9, Lemma 2.4] or [}7, Proposition 2.18]. Here, since we are working with
a large class of operator we were not able to prove that these theorems are equal.

Remark 2.2. Here we would like to point out that Theorems 1.1 and 2.7 are valid for the
p-Laplacian operator with 1 < p < 4o0.
3. COMPACTENESS PROPERTIES OF I

In this section, for our purposes, we need to better characterize the compactness properties
of I. For this to happen, given L € (0, 4o00] we set Qo 1, = (—L, L) x [0,1] and

Ipp(w) = / A L(w)dydz for w € WH*(Qq 1)
0,L



16 CLAUDIANOR O. ALVES, RENAN J. S. ISNERI, AND PIERO MONTECCHIARI

Note that Q¢ o0 = Qo, lo4+00 = I and Iy is also well defined on E being weakly lower
semicontinuous with respect to the WLCI’(QO,L) topology. Moreover, given u € E, we can
identify u|QO’L with wu itself, and so if 0 < L1 < Lo, we have

Inr,(u) < lop,(u) <I(u), Vuek.
From now on, given § € (0, 1), we set
a 1
(3.1) As = omHsl LA max V(s) and I5= Lm’
[s=1<Ad (2p5) -1

where A > 0 and ps > 0 were given in (A.1) and Lemma 2.3 respectively.
The next lemma is crucial to prove a compactness result involving the functional I, see
Lemma 3.6 for more details.

Lemma 3.1. There exists dg € (0, 21) such that, for any § € (0,0¢), ifu € E, L € (Is+1,+00]

and Iy 1 (u) < ¢+ A5, then the following hold:
(1) There ezists x4 € (0,l5) verifying
[u(zs,-) = Ulwre g <0

(ii) For x4 given in (i) we have

3
/ / (|IVul|) + Az, y)V (u)) dydz < 5)\5.
Ty
(iii) For each x € (x4,L),
w(z, ) = 1pe@1) < 01

Proof. First note that A\; — 0 as 6 — 0. Then we can fix dy € (0,01/2) satisfying
2 o\ T
(3.2) As <min{ 1, Zpus (= . Ve (0,8),
372\ 2
61

where §; > 0 was defined in (V3) and s, given in Lemma 2.3 in correspondence to r = .

Let ue E, L € (Is+1,4+00] and § € (0,50) with Iy r(u) < ¢+ As. Assuming that (4) is false,
we deduce

u(z, ) = Uwrepy =6, Vo e (0,l).
According to Lemma 2.3, there exists ps > 0 such that

ls
IOL / / £ dyd.’L'>(2/L5)m Tls=c+1>cH+ s,

which is a contradiction. Therefore, there is x4 € (0,[s) checking item (7).
To prove (ii), let us consider

u(z,y), if 0<az<ay and y € [0, 1],

iz, y) = (x—zy)+ (zy + 1 —2)u(ry,y), if zp<x<zy+1 and ye][0,1],
’ 1, if zp+1<x and y € [0,1],
—u(—z,y), if <0 and y € [0,1]

Thereby, @ € E and ¢ < I(4) = Iy s, +1(@). Moreover,
Optu(z,y) =1 —u(zy,y) and Oyu(z,y) = (v4+ +1—x)0yu(rs,y) in (4,24 +1) x [0,1].
Using Lemma A.1 and the fact that ® is increscing on (0, +00), it is possible to show that
&(IVal) < 27(1 — (s, y)) + 27 0(0yu(ws,)l) in (0, zs+1) x [0,1]
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from where it follows that

i+l gl i+l gl
| [ ety <2 / | @0 = s + 20, 9) )iy

CE++1
/ / A(z,y)V(a)dydz.
Applying again Lemma A.1,

' ! ) — 1]
)] — dy = P N . d
(3.4 Jy ®letesso) == | <|u<x+,~>—1||L¢<o,1>”“(“’) Heewn v

A similar argument works to prove that

1
(3.5) | @0t iy <.
Gathering (3.3) with (3.4) and (3.5), we obtain

ZB++1 .CE++1
/ / L(@)dyds < 2™+ + A / / @) dydz.

la(z,-) = 1[zecoy) S AS Vo € (x4, 24 +1),

(3.3)

By item (i) and (

and hence

wrtort +15l | X
3.6 L(t)dydr <2mTH6 + A V(s) = As.
(3. [ [ ctdnds <25 4T ma V(s) =
Now, since

Top (i) = To.n, (u) + 2 / j / L) dyds = To.n(u) + 2 / i / ' L(a)dyde — 2 / i /0 ' L(w)dydz,

and ¢ < I 1,(a) follows from (3.6) that

/ / L(w)dyda < )\5,
Tt
which proves (7).

Finally, if (#i7) does not hold, we should find 0 € (x4, L) satisfying
[u(0,-) = L2 0,1) > 1.

Recalling that by (4),
01
futes )~ oo < 2.

the Corollary 2.2 together with Intermediate Value Theorem guarantees the existence of
o € (z4,0) such that

) )
[w(€, ) —ul(o,)lLe@1) = 51 and |lu(x,-) — 1f|pe 1) = 517 vz € (0,0).

Invoking Lemma 2.3,

/: /01 L(u)dydz > pusy h </01 O(|u(,y) — u(o, y)l)dy> :



18 CLAUDIANOR O. ALVES, RENAN J. S. ISNERI, AND PIERO MONTECCHIARI

On the other hand, from Lemma A.1,

' ! u(f,y) — u(o,
|| @000, o)y > & (Jut6.) ~ (g0 | cp( [0(6,9) ~ u(o.y)| )dy

[0, ) — ulo, Vo
> & (lu(6. ) - u( Vo) > & (‘2) _ (‘;)m

Hence, by definition of function h we get the inequality below

L 1 (51 %
/ /ﬁ(U)dydwzwl <>
v Jo 1\ 2

that combines with (ii) to give

m
[}

) *
M%Q_

which contradicts (3.2), and the lemma follows. O

N W

s

From Lemma 3.1, we obtain in particular the following result.
Lemma 3.2. For all e > 0 there are Ae >0 and . > 0 such that if u € E and I(u) < ¢+ A,
then u—1€ Wh® ((Ic, +o00) x (0,1)) and

—+o00 1
[ @1+ oqvu dyao <.

Proof. By definition of \s, see (3.1), we know that As — 0 as 6 — 0. Thereby, given € > 0 we
can choose &g € (0,0;/2) satisfying

3

A5 <

2 max{l, }
w

where w was given in (2.6). Denoting A\ = \s, lc = Is and L = +o0, it follows from Lemma
3.1 that

+o0 1
(3.7) /l /0 (@ (V) + Az, y)V () dydas < gA5 <

s Vo € (0,(50),

\D>‘
_

™

max{l,

\b‘H
[
H/—/

According to (2.6),

(3.8)
/:00/01 (<I>(|u—1])+<I>(\Vu]))dydxS/lfoo/()l@(wu])dydx—i—/:oo/oli}V(u)dyda:
< /:oo /01<I>(|Vu\)dyd:c+wlA/lfoo /OlA(a:,y)V(u)dyda;

gmax{LAlw}/:w /01 (@(|Vu|) + A(z, y)V (u)) dyda.

From (3.7) and (3.8), u — 1 € Wh?® ((I¢, +00) x (0,1)) with

—+o00 1
/l /0 (@(ju — 1)) + &(|Vu])) dydz < e,

and this is precisely the assertion of the lemma. (|
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In order to continue our analysis, we will fix the following set
E= {w € VV&)’?(QO) cwis odd in z and w — 1 € WH®([0, +00) x [0, 1])}

and the real number

= inf I(w).
weE

It is very important to point out that E # (}, because the function ¢, given in (2.2) belongs to
E. Moreover, it is easy to check that if w € E, then w + 1 € Wh®((—o0,0] x [0,1]), and that
if wi,we € E, then wy —wy € Wh ‘D(Qo). Have this in mind, we are able to define on E the
metric p : E x E — [0, 400) given by

p(wi, wa) = [[w1 — wallywr.eqq)-

A direct computation guarantees that (E, p) is a complete metric space.
The next lemma shows that the numbers ¢ and ¢ are equal.

Lemma 3.3. It holds that ¢ = c. Moreover, if (u,) C E and I(un) — c, then there exists
no € N such that un, € E for any n > ngy. Therefore, (u,) is a minimizing sequence for I on
E.

Proof. Let (u,) C E be a sequence with I(u,) — c¢. Thus, given ¢ > 0 there is ng € N

verifying I (uy,) < ¢+ e for any n > ng. By Lemma 3.2, there exists lc > 0 such that
n—1€Wh®((I.,+00) x [0,1]) for all n > ng. Hence,

u, — 1€ WH2([0, 400) x [0,1]), Vn > ng.
From this, (u,) C E and
¢ < I(up) =c+on(l), Yn >ng.
Taking the limit of n — 400, we get & < ¢. Now, let us consider (v,) C E with I(v,) — ¢ and

, if vp(z,y)>1
En(xﬁy) = Un x,y), if -1 < vn(m,y) <1
-1, it wvp(z,y) < —1.

—_

=~

From the properties of ®, V' and v, 1(v,) < I(v,) for every n € N. Setting

Un(x,y), if 7,>0andz >0
On(z,y) =< —Up(z,y), if 7, <0andz >0
—Up(—x,y), if z<0,

it is easy to see that (0,) C E and I(vy,) = I(v,) for each n € N. Therefore,
c < I(0y) = I(Uy) < I(vyp) = ¢+ on(1).

Taking the limit of n — +o0o0 we obtain ¢ < ¢, from where it follows that ¢ = ¢. Finally, if
(up) C E and I(u,) — ¢, then we already know that there is ng € N such that w, € E for
n > ng, and as ¢ = ¢, we deduce that (u,) is a minimizing sequence for I on E. O

In the sequel, we say that a sequence (u,) is a (PS)g sequence for I, with d € R, if (u,) C E
such that
I(up) —»d and ||[I'(up)|l« =0 as n— +oo,

where
1 (w) ]l = sup {I'(w)e s 0 € XP(Q0) and [l <1}
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Lemma 3.4. If (u,) C E and I(u,) — ¢, then there exists a sequence (w,) C E such that
(wy) is a (PS). sequence for I and
1
n — Wn > S ) N.
||u w ||W1 ®(0p) " Vn €

Proof. Let (u,) C E with I(u,) — ¢. As (E, p) is a complete metric space, we can employ the
Ekeland’s Variational Principle to find a sequence (w,) C E satisfying:

(a) I(wy) < I(uy) for any n € N,

(b) p(wp,up) < L forall n €N,

() I(wy) — I(w) < ||w, — Wy, for each w € E with w # w,.
Now, given 1) € X1®(Qq) we can write ¥ = 1), + 1, where 1), is odd in the variable z and 1,
is ever in z. It is easily seen that w, + t1), € E for all n € N and ¢ > 0. From (c),

I(wn + ) = I(wn) = I(wn + t) — I(wn + o) + I(wn + t1ho) — I(wy)

1
> I(wn + t¢) - I(wn + Wo) - EHMZJOHWL‘P(QO)’

or equivalently,

IHwy, +t) — Hwy) _ Iwy +t) — I wy, +t),) 1
; > ; — — %ol qy)-
n
Arguing as in the proof of Theorem 2.5, we find
1
(3.9) I'(wn)tp = = [[dollwr=(qy)-

Here we would like point out that the same arguments found in [14, Lemma 4.6] work to show
that

(3.10) [%ollwr.e gy < 1Y llwreq)-
From (3.9)-(3.10) and replacing ¢ by —, we get

T(wn)] < bl )
Thereby,
I (wp) ||« =0 as n — +oo.
Finally, from Lemma 3.3 and (a),
c=¢<I(wy) < I(uy) =c+op(1),
showing that I(w,) — c¢. Therefore, (w,) is a (PS). sequence for I, and the lemma is

proved. O

From now on, we consider (u,) C E and (w,) C E as in the last lemma. So, (w,) is also
bounded in W"*(€). Indeed, for each L > 0 the Lemma 3.4 ensures that

loc
1
|’wnHW1'@(Q07L) S Hwn - unHWLq>(Q()7L) + ||U7LHW17<I>(QO’L) S E + Hunnwl,@(go‘[‘).

Since (uy,) is bounded in W, (), it follows that (w,) also is bounded in W;®(€)). Then,

loc loc
. 1,® e
for some subsequence, there is ug € W (€0) verifying

(3.11) wy —ug in W),

loc

(3.12) wn = ug in L (Qo),
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(3.13) wy, = ug  in L. (Q)
and
(3.14) wy(x,y) = up(z,y) ae. in Q.

Lemma 3.5. There exists a subsequence of (wy,), still denoted by itself, such that
Vwy(x,y) = Vug(z,y) a.e. in Qp.
Proof. Given L > 0, let us consider ¢ € C§°(R?) satisfying
0<y <1, 9=1in Qpr and supp(y) C Qo r11-
From (¢1)-(¢2), it is possible to show that
(3.15) (p(|z1) 21 — B(|22|) 22, 21 — 22) > 0, Vz1, 20 € R?, 21 # 2.
Thereby,
(3.16)

0< /Q (o(|Vwy|)Vwy, — ¢(|Vuo|) Vuo) (Vw, — Vug)dydx
< /Q GOV wal) Vit — (V) Vo) (Vo — Vo) dyd

< /Q ¢¢(|vwn‘)vwn(vwn - VUO)dyd‘T - / ”Lﬁgf)(‘VU()DVUO(VU)n - VUO)dydx'

Qo,L+1

Setting the linear functional f: W1®(Qg 111) — R given by
f0) = [ wo(Vuo) VuoVedyda,
Qo141

we have that it is continuous, because ¢(|Vug|)Vugy € Lé(QO,LH) via Lemma A.3, and so, by
Hoélder’s inequality

< 2|6 Vuol) Vsl g,y 0w @)

/ Yo(|Vug|)VugVodydx
Qo,1+1

for all v € WH®(Qq 4+1). Therefore, (3.11) asserts that f(w, — ug) — 0, or equivalently,

(3.17) / »o(|Vug|) Vug(Vwy, — Vug)dydz — 0.
Qo,n+1

Using again the Lemma A.3 and the boundedness of (w,) in VVI})’C@(QO), there is C' > 0 such
that

/ B(o(|Vw,|)Vwy,)dydr < C, ¥n €N,
Qo,r+1
implying that (¢(|Vw,|)Vw,) is bounded in L® (g 1,41). So, by (3.12) and Hélder’s inequality,
(3.18) / (W, — uo) (| Vwy|) Vw, Vipdydxz — 0.
Qo,r+1

Now, considering the sequence (w,,) we have that (w,) C W1 (), because 1) has compact
support, and by (3.14), passing to a subsequence if necessary, we can assume that

Yw, — Yug in WL@(QQLH) and Yw, — Yug a.e. Q.
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Consequently,

Az, )V (wn(z,9) (2, y)wn(z,y) — (2, y)uo(z,y)) — 0 ae. in Qo 41
From (2.3) and (3.13), there exist h € L'(Q0 +1) and a > 0 such that, along a subsequence,

|A(z, y) V' (wn) (bwy — ug)| < aA|y|(h + |uol) € L' (Qo,041)-

Applying the Lebesgue’s Dominated Convergence Theorem we obtain
(3.19) [ AV @, ~ vu)dyds - o
Qo, 141

Finally, we would like point out that

(3.20) I’ (wy) (Ywy, — hug) — 0.
In fact, just note that

|7’ (wn) (wn = duo)| < 11" (wn) ||+ [ wn — Yuollwre o),

(Ywy,) € X1®(Qy) is a bounded sequence in W1® () and (w,) is a (PS). sequence for I.
Recalling that

I/(wn)(wwn —Yug) = / (|Vwn|)Vw, V (Ywy, — hug)dydz

Qo,L+1
s AV ) @, — vu)dyda,
Q0,141
from where it follows by (3.19) and (3.20) that
(3.21) / o(|Vwp ) Vw, V (Ypwy, — Yug)dydx — 0.
Qo,L+1

Since V(Ywy, — Yug) = YVwy, + w, Vb — pVug — uo Vi, we also have
(3.22)

/Q (V) Vo (Vo — Vug)dyda = /Q (I Vwn]) VeV (Y — uo)dyda

0,L+1
= [ (= w0l V) Y, Vedyde.
Qo,1+1
From (3.18), (3.21) and (3.22),
(3.23) / V(Y| Vion (Vo — Vug)dydz — 0.
Qo,L41
Finally, from (3.17), (3.23) and (3.16),

/Q (o(|Vwy|)Vwy, — ¢(|Vug|)Vug) (Vw, — Vug)dydx — 0.

This limit combined with (3.15) leads to, along a subsequence,
(O(|Vwp|) Vw, — ¢(|Vug|)Vug, Vw, — Vug) = 0 ae. in Qor.
Applying a result found in Dal Maso and Murat [23], we infer that
Vwp(x,y) = Vug(z,y) a.e. in Qo r.
As L > 0 is arbitrary, there exists a subsequence of (wy,), still denoted by itself, such that

Vwy(z,y) = Vuo(z,y) almost everywhere in €,
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finishing the proof of the lemma. 4
The next lemma establishes the strong convergence for minimizing sequences of I on F.

Lemma 3.6. Let (u,) C E with I(u,) — c. Then, there exists ug € K such that, along a
subsequence,

Hun — U’O”WL‘I’(Q()) — 0.

Proof. Invoking Lemma 3.4 there is a sequence (w,) C E with I(w,) — ¢ and

1
(3.24) [un — wnllwie ) < - Vn € N.
Hence there exits ug € VV&)’S(QO) satisfying (3.11)-(3.14). Moreover,
1
(325) ”un - /U’OHL@(Q(LL) S E + ||'U)n - UOHLq’(QO’L)? VL > O

Thereby, by (3.12), ug is the punctual limit of (u,), up € E and I(ug) = ¢, that is, up € K.
Now, arguing as in [14, Lemma 4.9],

van - VUOHL‘I’(QO) — 0.
From (3.24),
1
IVun = Vuol o) < - + IVwn = Vol L2 (qy),
implying that

Finally, according to Lemma 3.2, given € > 0, there are [ > 0 and ng € N such that

+o00 1 € +o00 1 €
/ / O (|ug — 1])dydx < om and / / O (|uy, — 1|)dydz < om Vn > ng.
le 0 le 0

So, it is easy to see that
(3.27)

+o00 1 400 1
/ / D(|uy — ug|)dydzr < Zm_l/ / (P(Jup, — 1]) + P(Jug — 1|))dydx <€, Yn > ng.
le 0 le 0

As & € Ay, (3.25) together with (3.27) gives
(3.28) [un — uoll Lo () — O
Now, the lemma follows from (3.26) and (3.28). O

4. THE APPROXIMATING FUNCTIONALS
In the sequel, given j € NU {0}, let us define the sets
Q=Rx[j,j+1] and T; = {(z,y) € Q;: |z| <y}.
Associated with sets above, we consider
Ej={we Wh®(T;) : 0 < w(z,y) < 1 for x > 0 and w is odd in z},
and the functional I; : W1®(T}) — R U {400} given by

L= [f )y
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By a direct computation, we see that I; is lower semicontinuous with respect to the weak
topology of W1®(T}) and bounded from below. Moreover, since I;(0) < +oo the real number

¢j = wlg]gj Ij(w)

is well defined. For each j € NU {0} let us also consider
Kj = {U) S Ej : I](w) = Cj}.
Arguing as in the proof of Lemma 2.5, it is possible to prove the following result.

Lemma 4.1. For every j € NU{0}, K; # 0. Moreover, if uj € K, then u; is a weak solution
in CY(T}), for some a > 0, of
—Agu; + A(z,y)V'(u;) =0 in T},
with 0 < u;(z,y) <1 forz >0,
Oyuj(z,j) =0 for |z| <j and Oyuj(z,j+1)=0 for |z| < j+1.
As immediate consequence of the last lemma is the corollary below.
Corollary 4.2. For all j € NU{0} we have ¢; < ¢j1 < c.
Proof. Invoking Lemma 4.1, for each j > 0 there exists u;;1 € Kj;1. Now, considering the
function
uj(2,y) = ujyr(z,y + 1) for (z,y) € Tj,
we see that u; € E; and
¢j < 1j(uj) < Ijpa(ujpn) = ¢
Finally, from Theorem 1.1, there exists v : R> — R such that v € E with I(v) = ¢ and v is
1-periodic in the variable y. So, v € E; for any j € NU {0} and
¢; <Ij(v) <I(v)=¢, VjeNU{0},
showing the desired result. O
If j > 1 and u; € Kj, then arguing as in the end of Section 3, u; have an extension 2-periodic

vjin (—7,7) X R, i.e., there exists v; : (—7,7) x R — R that is 2-periodic in the variable y such
that

vj=wu; in (—4,7) % (4,5 +1).

Moreover, v; is a weak solution in Cﬁ)’g((— J,7) x R,R), for some positive «, of the equation

—Agv; + A(z,y)V'(vj) =0 in (—j,j) x R.

An direct computation shows that

(4.1) /_‘1 /jj+1£(uj)dyd$:/_jj /Olﬁ(vj)dyd:v.

From now on, given u; € K;, with j > 1, let’s fix v; as above. Then, we have the following
result.

Lemma 4.3. There exists L > 0 such that for j > L + %, if u; € K; we must have

1
uj(z,y) =1 <61, V(z,y) €T with =€ <L,j4)7

where 61 was given in (V3).
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Proof. Arguing by contradiction, assume that there is a sequence of indices (j,) C (0,+00)
with j, — 400 such that for each j, there exists u;, € Kj, and points

. 1 o
(xnayn) € <O7]n - 4> X (]na]n + 1)

with x, — 400 satisfying
(4.2) 1 —01 > uj, (n, yn) > 0.
Given j > 1, we fix the rectangles
o1 1 . . ~ A | .
Qj = (—J+8,J—8> x(—-Lj+2) and Q;= (—J+4,J—4> x (4,7 +1).

Now, taking no € (0, ) and (z,y) € Qj, it is clear that

» 32
B”]o(x7 y) - BQ??O(x7 y) - Qj‘
Defining the operator

B(z,y) = Az, y)V'(vj(z,y)) for (z,y) € Q;,

there exists A; > 0 such that |B(x,y)| < A; for every (z,y) € Qj. So, since v; is a weak
solution of the equation

Agpw+ B(z,y) =0 in Q;
with [|vj L@,y < 1, it follows from [45, Theorem 1.7] that there is C' > 0 such that
(4.3) lvillerg,) <€ VieN,
and so, }

ij“CI(Bno(x7y)) <C, V(z,y) € Q;.

From this, taking n < 1 such that Cn < §1/2 and invoking the Mean Value Theorem, we
arrive at

0
(4.4) [vj, (z,y) — v, (zn,yn)| < Cn < 51, V(z,y) € By(zp,yn) and Vn € N.
Thereby, from (4.2) and (4.4),

) -
|1 - ujn(xvy” > 517 V($,y) € Bn(xnayn) manv

leading to

01

11— an(x, ')||L°°(jn,jn+1) > o Vo € (xn —n/2,20).

As the constant of embedding W% (5, jn + 1) < L*®(jn, jn + 1) are independent of n € N,
because such constants depend only on the length of the intervals (j,, j, + 1), then there exists
r > 0 such that
11— ug, (@, )lwre g, jus1) =7 VT € (X0 —1/2,20).
Now, setting
W, (z,y) = uj, (@, y + jn), for (x,y) € (=jn,jn) x (0,1),
we obtain
11— ag, (z,)lwreyy 2, Vo€ (zn —1/2,2n).
From Lemma 2.3, there exists p, > 0 satisfying

Tn 1
(4.5) / / L(uj,)dydx > (2p,) ™1 =, Vn e N.
Tn—n/2 J0

N3
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On the other hand, for each n € N it is well known that

Jn+1
Iy j, (@j,) / / L(uj,)dydr = / / L(uj,)dydx < I(uj,) = c;, < c.
Jn

Using the fact that j, — 400, it follows from the Lemma 3.1 that there are x4 > 0 and ng € N

satisfying
jn 1 3
/ / L(uj,)dydx < 5)\5, Vn > nyg.
0

Next, we take As arbitrarily small of such way that

Jn .
/ / L(t;,)dydx < (QMT)Tg, Vn > ng.

Therefore, as z,, — 400, increasing ng if necessary, we find

Tn 1 Tn 1l Jn 1l m
[ [ e@odvs < [ etodvde < [T [ 2w, )dyds < )7
xn—n/2J0 zy JO z4+ JO

for any n > ng, which contradicts (4.5), and the proof is over.

1
27

O

In what follows, our goal is to get an estimate from above of the exponential type for ¢ —cy..

In order to do that, we fix the real function

5 cosh (a (az - jfi;L))

-1 bl
-1ir
cosh (a] ‘5 )

() =

where L > 0 was given in the Lemma 4.3 for some constant a > 0 that will chose later.

A

simple computation provides ¢”(x) = a?((x) for all € R, which together with (¢4) permit to

use the same idea found in [14] to show that

(6(I¢"(@))C' ()" < ra®e(|¢'(x)])¢(x), Yz € R.

Since |('(x)] < al(x) for each z € R, taking a < 1 and using (¢3), we get ¢(|¢'(z)]) < ¢({(x))

for every = € R, and so,
— (8(I¢'(@))¢'(2))" + Ka(((2))¢(x) > 0, Yz €R.
Therefore, if we define w(z,y) = ((z) for each (x,y) € R?, then
(4.6) — Apw + ka’p(w)w >0 in R2
Now, fixing u; € K satisfying Lemma 4.3 and setting the function
v(z,y) =1—-vi(z,y), (z,y) € (—4,j) xR,

it follows from Lemma 4.3 that 0 < v;(x,y) < 1 for any x € (0, j), and so, since v; is a periodic

function in the variable y and continuous, there exists b; > 0 verifying

1
0<b; <wvj(z,y) <1, VY(z,y) € [L,j — 4} x R.
According to (Vi),
1
(4.7) V'(vj) < —wbjp(v)(v) in <L,j _ 4> % R.

In what follows, we take a > 0 sufficiently small such that ka? < Abjw.
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Claim 4.4. Let jo € N and 1 € X+ ®(R x (—jo, jo)) with ¢ > 0, where
1
XER x (o, o) = {0 WHOR x (<o) with utep) =0 for ¢t (L7~ ;) b,
then

/ / O(|VV) VvV + ka’p(v)ve) dyde < 0.

In fact, from (4.7) it may be concluded that

// o(|Vv|)\ ViV + ka2 (v)vip)dyde = /]_4/ o(|Vv;|)Vv; Vb + ka?¢(v)vy)dyda

/ a / V' (0)¢ + ka®$(v)vip)dyda
= / i/ V' (0) + wA(z, y)bjd(v)vep)dyda
/ _/ V' (vi)e — A, y)V'(v;))dydz = 0,

proving the Claim 4.4.
On the other hand, the definitions of v and w together with Lemma 4.3 ensure that

(4.8) (@, y) < w(z,y) on {L,j - i} < R.

Lemma 4.5. It holds that v(z,y) < w(x,y) in (L,j —1/4) x R.

Proof. Suppose by contradiction that the lemma is false. Then, we can find
(x1,11) € (L,j —1/4) x R such that v(z1,y1) > w(z1,y1). Let jo € N such that (z1,y1) €
(L,j —1/4) x (=jo,jo). Now, from (4.8) the function 1, : R x (—jo, jo) — R given by

(v—w)t(z,y), if ze(L,j—-1/4
@D*(x,y):{(]’ @y if a:gZ(L,;—1§4§

is well defined. Moreover, v, € Xi’q)(R x (—Jjo,Jjo)) and ), is a nonnegative continuous.
Therefore, according to Claim 4.4 and (4.6),

/ /]0 (o(|Vw|)VwVe, + ka*p(w)uwip,) dydz > 0
R J—jo
and
/ / o(|Vv|) VvV, + ka (ﬁ(l/)mp*) dydxz <0,
which leads to
// o(|V) Vv — ¢(|Vw|) Vu) V(v — w) + ka®(¢(v)v — ¢p(w)w)(v — w)) dydz < 0,

where P = {(z,y) € R x (—Jjo,j0) : v(z,y) > w(x,y)}. From (3.15), v(z,y) < w(x,y) for all
(x,y) € (L,j —1/4) x (—=jo, jo), which is impossible. O

Now, we are ready to prove an exponential estimate from above to ¢ — ¢;.
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Lemma 4.6. There are 61,65 > 0 such that
0<c—c;<Ore ™ VvjeNuU{0}.
In particular, c; — ¢ as j — +00.

Proof. First of all, we note that by Lemma 4.5,

o
5(eg) — 1] < 1 ( <$_J42+)>, Y(r,y) € (L,j— 1) <R.

1
_1l
cosh (a%)
j—3i+L

5—, we have that

Choosing z4 =

‘Uj(x-‘ray) - 1‘ <

which implies
(49)  [v(as,y) — 1] < 201673050 = o and @(Juy(w1,y) — 1) < B(p,) ¥y € R.
In the sequel, we fix j sufficiently large such that x4 + p; < j and

vj(z,y), it 0<z<uay and yeR
5z, y) = Uj($+ay)+p%(iv—fﬁﬂ(l—vj(ffhy))v if zp <z<zy+p; and yeR
I 1, if xy+pj <z and yeR
—0j(—z,v), if <0 and yeR.

Hereafter, let us identify v;|q, with the ¥; itself, and consequently o € E and ¢ < I(?). Now
let us take a look at some important estimates for the end of the proof.

Claim 4.7. |0,0;| <1 in (4,24 + pj) x R.
Indeed, note that 0,7;(x,y) = p%_ (1 —-wvj(zy,y)) in (x4, 24+ + p;j) x R. From (4.9),

- 1
lamvj(.’ﬂ,y)‘ < ;‘1 —Uj(.%'_;,_,y)‘ <1, V(x7y) € ($+,.’13+ +Pj) X R.
J

Claim 4.8. |0,0;] <2C in (x4, x4 + p;j) X R, where C > 0 was given in (4.3).

By definition of 9;, |0,0;(z, y)| < 2|0yvj(z4,y)| in (24,24 + p;) x R. Now, the definition of
vj combined with (4.3) leads to

10,55(2.9)| <2C W(a.y) € (@24 +pj) X R
Claim 4.9. A(z,y)V(9;) < Aw®(p;) in (4,24 + pj) X R,
From (2.6),
Az, )V (05(z,y)) < Aw®(|0;(z,y) —1]) ¥(z,y) € (24,24 + pj) x R.
Now, the definition of ¥; together with (4.9) yields
Az, )V (0(z,y)) < AwP(|vj(z+,y) — 1]) < Aw®(p;) V(z,y) € (24,24 +pj) X R,

proving the Claim 4.9.
According to Claims 4.7, 4.8 and 4.9,

Tytp; 1 Ty+p; 1
/ /0 £(5;)dyde < / /0 (270 (10,5]) + 27 D(18,5]) + A(z, )V (1)) dyd
$+ £L'+

< 2M®(1)p; + 2" P(2C) p; + AwW(p;)p;-
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Now, since p; — 0 as j — —+00, there is a constant M > 0, independent of J and ?; such that

zytpj 1 -
/ / L(v;)dydx < Mpj,
T4 0

and so, by (4.1),
zi+p; ol J ol Ti+p; 1
c < I(v;) = / L(v;)dydx < / / L(vj)dydz + 2/ / L(v;)dydx
—z4+—p; JO -jJ0 T4 0
J - - -
< / L(uj)dyde +2Mpj < I;(uj) + 2Mpj = ¢j + 2Mpj,
-7 /j+1
that is,
0<c— Cj < 4M(516_%(j_i_L),

for j sufficiently large. Therefore, it is possible to find real numbers 61,605 > 0 satisfying
precisely the assertion of the lemma. O

Next, we establish further compactness property concerning the functionals Ij,.

Lemma 4.10. Let j, — +oo and u;, € Ej, such that I;, (u;,) — c¢j, — 0 as n — +o00. Then,
there exists ug € K verifying

||an - TjnUOHWLfI’(Tjn) — 0 as n — +o0,
where Tjug(z,y) = uo(x,y — j) for all j € N.
Proof. Setting

wjn(x,y) = uy, (-ﬁ,y +jn)> for ($,y) € (_]m]n) X [O’ 1]7
it is easily seen that Iy j, (w;,) < Ij,(uj,). Since ¢;, < cfor alln € Nand I, (uj,) = ¢;j, +on(1),

(4.10) Ioj, (wj,) < c+op(l), ¥neN.
We claim that for each n € N there exists x1 ,, € (%", Jn) satisfying
an = |wj, (T40,) — 1”W1v‘1>(0,1) — 0 as n — +oo.
Indeed, if the claim is not true, then there is r > 0 such that, for some subsequence,
lw, (@,-) = Ulyrey =7, Vo € (%‘,jn) and Vn € N.

Invoking Lemma 2.3, there exists p, > 0 verifying
Jn 1l .
_m_J
To g, (wj,) = /J / L(wy, )dyde > (2p1y) =1 5
2 Jo
2

Taking j,, sufficiently large we have Iy ;, (w;,) > ¢+ 0,(1), contrary to (4.10), and the claim is
proved. Without loss of generality, we can assume that «,, > 0 for any n € N, and so we define
the function w;, : Q9 — R by

wjn(x7y)7 if ngS.’E.hn
wj (.CU, y> — Wiy, (er,nvy) + $($ - $+,n)(1 - Wy, (:L‘+’n,y)), lf Tton <z < Ty + Qp
' 1, if zintap,<z
_ﬁ)jn<_x7y)7 if x<O.
Thus, w;, € E and
T ntan 1
(4.11) c < I(wj,) = los, ,(wj,) + 2/ /0 L(w;, )dydz.
Tion
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On the other hand, from (A.1),
(4.12) |0, W5, | < Ain (24 0,240+ apn) x (0,1), VneN.
Indeed, using (A.1), for each (x,y) € (x4 pn, T+ n + an) X (0,1) we have

5 1 1
|0xwj, (2, y)| = —[1 = wj, (240, 9)| < — |11 —wj, (4,0, )lLo1) <A, VneEN
Qp Qp

Moreover, an easy computation shows that
(413) ‘8@/@%(% y)‘ < 2‘8ywjn($+,nay)’a V(J},y) € (x-i-,n?x-l-,n + an) X (07 1)

Now, since a;, — 0 we can take n sufficiently large such that «,, < 1, and for such values of n,
the convexity of ® ensures that

' ' a w‘n € T'L?y
/0 (10,5, (04 ) )y = /0 <1>(naywjnm,n,~>||L¢(U,1>Ha' b Win (T4 ) v

Wy, (T-n5 )l L2 (0,1

! |Oywj, (T4n, )|
< ||aywjn(93+,m‘)”L<I>(0,1)/O q;( Lot L : dy < ay,

10y wip (24n5 )| Lo 0,1

that is,

1
(4.14) / (10, w;, (240, y))dy < .

A similar argument works to prove that A(z,y)V(w;,) < Aw®(|]l — wj, (z4,,y)]) in
(T4n, T4m + an) x (0,1) and

1
(1.15) | 21wy )y < o
0
Therefore, we conclude from (4.12)-(4.15) that
T4 ntan
(4.16) / / L(wj, )dydxr — 0 as n — +oo.
£E+’n 0

According to (4.10), (4.11) and (4.16), I(w;,) — c¢. From Lemma 3.6, there exists ug € K such
that, along a subsequence,
|05, — uollwr.e @y — 0
As w;, (x,y) = uj,(x,y + jn) for |z] < x4, and y € [0,1], we deduce
(4.17) Hu]‘n — Tjnuo”Wl"b([—ac+,n,:t+,n}X[jn,jn-i-l}) — 0 asn — 4o0.
By definition of wj,,,
T+ .n ]n+1 x+,n+an 1
rw) = [ swagdevz [ [, )y
—ZTtn jn —T4,n 0
that combines with (4.16) to provide
T .n ]n+1
(4.18) / / L(uj,)dydx — c.
—Z4.n jn

Setting Ry », =T}, \ (=40, T+n] X [Jn,jn + 1]), we have

Jn+1
// L(uj,)dydx = I;, (u;,) / / L(uj,)dydx.
R+7n —Z+4+n Y JIn
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Now, the estimate I;, (u;,) = ¢j, + on(1) together with (4.18) ensures that

(4.19) / /R L(u;, )dydz — 0.

On the other hand, by (2.6),
(4.20)

1
J[ @V + (s, ~ 1y < [ / ( (V. ) + A(:c,y>v<ujn>) dyda
Ry wA

< max {1, wA} / - L(uj,)dydx.
This combined with (4.19) leads to

(4.21) luj, — Uwrer, ) — 0

Finally, by Lemma 3.2, we also have that ®(|Vug|), ®(|ug — 1|) € L*(Q), and so,
// O(|VTj,up|)dydx — 0 and (|75, u0 — 1|)dydxz — 0.
R+ n R+ n
As ® € Ao, these limits guarantee that
(4.22) ||Tjnu0 — 1HW1"I>(R+77L) — 0.
Now the lemma follows from (4.21), (4.22) and (4.17). O

5. SADDLE-TYPE SOLUTIONS

In this last section we collect the results obtained above to prove Theorem 1.2. To this aim,
let us consider

o0
I'= UTJ and I'y =T N{y <k} for each k € N.
§=0
Setting
Ey = {w € VVli’Cq)(F) : 0 <w(z,y) <1for x>0 and w is odd in x},
we infer that if w € Ey then w|r, € Ej for every j € NU {0}. Hereafter, let us identify w|r;
with w itself. With everything, we may define the functional J : W," <I>( I') - RU {400} by

loc
9]

J(w) =Y (Ii(w) = ¢5).
j=0
Clearly, J is bounded from below on E.,. Here, we would like point out that there exists

u € Ey such that J(u) < +oco. Indeed, from Theorem 1.1, there exists a function u, : R? — R
such that u, € Es with I(u,) = ¢. Invoking Lemma 4.6,

Li(uy) —¢j < I(uy) —cj=c—c¢; < 916_92j, Vj e NU{0}.

Thus,
T(u) = D) — ) <013 e < o,
Jj=0 j=0

and the real number

is well defined.



32 CLAUDIANOR O. ALVES, RENAN J. S. ISNERI, AND PIERO MONTECCHIARI

In what follows, if (uy) C VVl(l)’f)( ) and u € W,2® ('), we write u, — u in Wli’f)(F) to denote

loc
that u, — u in WH®(Q) for any € relatively compact in I'. Here we would like point out that

the same arguments found in [14, Lemma 6.2] work to show that

Up, — u in I/Vloc (T) = J(u) Slﬁgli{.lf‘](“n)

From this, we are ready to show the following result.
Lemma 5.1. There exists U € Ex such that J(U) = doo.

Proof. Let (w,) C Es be a minimizing sequence for J. Then there is M > 0 satisfying
J(wy) < M for every n € N. Thereby, for each k € N fixed,

k
// (IVwy)) dydx<// L(wy,) dydac<ZI wy) < J(wy) + ch§M+(k+1)c
Tk 7=0 7=0

that together with |lwy||fer) < 1 ensures that (wy) is bounded in VVllf (T'). By a classical

diagonal argument, for some subsequence, there exists u € I/Vlif) (T") such that

wy, — T in VV&)’C@(F) and  wy(z,y) = u(zr,y) a.e inT.

Next, by pointwise convergence, u(z,y) = —u(—z,y) for almost every (z,y) € I' and

0 <u(x,y) <1 for almost every (z,y) € I' with > 0, that is, u € Es. Moreover, J(@) = duo,

which completes the proof. O
Setting

Ko ={w€ Ex: J(w) =dx},
we have by the previous lemma that K., # (). Repeating the arguments used in the proof of
Theorem 2.5, it is possible to prove the following result.

Lemma 5.2. If 1 € K, then for any 1 € WH®(R2) with ¢ compact support in R? we have
J[ v vave + A v @w) dyde =o.
r

As a consequence of Lemma 5.2, if w € K, then @ is weak solution of
—Agw + A(z,y)V'(w) =0 in T.

Elliptic regularity theory yields that w is a solution in CL’?(F), for some o > 0. Furthermore,
arguing as in the proof of Theorem 1.1 we also have that

0 <u(x,y) <1for (xz,y) € I' with z > 0.

Finally, we can now prove our main result.
Proof of Theorem 1.2.
The existence of saddle-type solution v will be done via a recursive reflection of the function
w: ' — R given by Lemma 5.1. First of all, let us consider the rotation matrix

0 1
=(40)

that is, T'(z,y) = (y, —z) for any (z,y) € R2. Setting T° = T, we designate I'" = T%(T") for
i=0,1,2,3, ie., I'" is the iF-rotated de I'. Consequently,

Urz WYy =T, and nt(T) Nint(T7) =0 for i # j.
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Finally, we define the function v : R? — R by
v(z,y) = (1T (T (z,y)), V(,y)eT".
Note that v|p: is the reflection of v|pi—1 with respect to the axis separating I''~! from I', for

any ¢ = 1,2,3. From the properties of the reflection operator, v € VVlif) (R?%). Now, we note

that if v € WH®(R?) with compact support in R2, then ¢ o T? € WH®(R?) and has compact
support in R?, because T" is a linear operator. Moreover, from (4,),

A (Ti(m, y)) = A(z,y), V(z,y) € R

Thus, invoking Lemma 5.2,

/Fi(gb(VU|)VUV¢+A($7y)V/('U)T[))dydl‘

= (1) [ (V) VAV o T') + e )V (@) (00 T) dyde = .
Therefore, for any ¢ € WH®(R?) with compact support in R?,

/Rz(gb(W“'W“VWA(%y)V’(v)w)dydx

3
= [ UV VeT + A, V@) dyde =0
i=0 /T

Furthermore, by regularity arguments, v is a weak solution of equation (PDE) in Cllo’g (R2), for
some o > 0. A direct computation shows that v checks the conditions (a)-(c) of Theorem 1.2.
To complete the proof, we are going to prove that v satisfies item (d). Since J(v) = doo < 400,
we must have Ij(v) —c¢; — 0 as j — +o0o. By Lemma 4.10, there is ug € K such that

(5.1) v = Tjuollwrer,) = 0 as j — +oo.
Now, we claim that
(5.2) [v = mjuol|pos(1;) = 0 as j — +o0.

In fact, assume by contradiction that there exits ¢y > 0 such that for each n € N there are
Jn > n and (2, yn) € T}, satisfying

[0(Zn, Yn) — TjUO(xnvyn)’ > 3€o.
From Mean Value Theorem, there is 8 > 0 sufficiently small such that
|Tjnto(z,y) — 7j,u0(Tn, yn)| < €0, V(z,y) € Bo(n,yn) N T}
and
[v(2,y) = v(xn, yn)| < €0, V(z,y) € Bo(n,yn) N Tj,.
Consequently,

[ @0 =, u0ldde > @(co) [Botan ) 0T > 0, e,
Tjn
for some Gy > 0. As & € Ay, there is r > 0 such that
v =7, uoll e,y =1 VneN,
which contradicts (5.1). Thereby, from (5.2), given € > 0 there is jo > 0 such that

€ . .
lv(x,y) — Tjuo(z,y)| < 3 V(z,y) € T and Vj > jo.



34 CLAUDIANOR O. ALVES, RENAN J. S. ISNERI, AND PIERO MONTECCHIARI

On the other hand, since up(x,y) — 1 as * — 400 uniformly in y € [0,1] we may take jo
sufficiently large satisfying

|Tjuo(z,y) — 1] < %, V(z,y) € T; with z > jo and j > 0.
Therefore,
lv(z,y) — 1| <€, V> joand y > jo.
A similar argument works to prove that
lv(z,y) + 1| <€, Vo< —joandy > jo.

Gathering these estimates together with (5.2) we conclude the proof the theorem. O
The above proof suggests the following behavior of the solution v.

Corollary 5.3. Let v be given as in Theorem 1.2. Then, the following hold:

(a) v(z,y) = 1 as x — 400 and y — +o0,
(b) v(:z:,y) — —1 asx — —o0 and y — 400,
(c) v(z,y) = —1 as x — +o0 and y — —o0,
(d) v(z,y) > 1 as x — —o0 and y — —oo.

APPENDIX A. BAasic RESULTS ABOUT ORLICZ-SOBOLEV SPACES

Here we give a brief review of Orlicz-Sobolev spaces. The reader can find more details
n [1,51]. We recall that a continuous function ® : R — [0, +00) is a N-function if:

i) ® is convex,
i) O(t) =0t =0,
iii) @ is even,
D(t P(1
iv) lim 2() =0and lim 2®) = 400
t—0 ¢ t—+o00 ¢

Moreover, we say that a N-function ® verifies the Aj-condition (® € Ay for short) if there
are constants K > 0 and tg > 0 such that

B(2t) < KD(t), Wt >t (As)

Below are some examples of N-functions that satisfy (Az) with o = 0:

(a) ®1(t) = L ‘ with 1 < p < 400,

o) \t\p fte

) @ .
(c) ®3(t) = (1 + \t\)ln +t) = [t
(d) q>4(t) (1+t2)7—1 w1th7> 1,
(e) ®5(t) =[5 s'7(sinh~! )5dsvv1th0<7<1and5>0

An N-function that does not satisfy (Ag) is ®(t) = (e t _ 1)/2.
If Q is an open set of RY (N > 1) and ® is a N-function, the Orlicz space associated with
® is defined by

L*Q) = {u € L (Q): / <|>\|> dx < +o0 for some A\ > O}
Q

The space L®(f2) is a Banach space endowed with the Luxemburg norm given by

||U||L¢>(Q)=inf{>\>0:/<I><‘)\|>d:c<1}
Q

(b for 1l <p<g<+oo,
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When @ € Ay,

@ =3 U 1 : u X (0. ¢] an ﬂ xr =
L (Q)_{ e Ll (Q): /Qq>(| dz < + } d /Qq)<HuHm<m>d 1.

The corresponding Orlicz-Sobolev space is defined as the Banach space

whe(Q) = {u c L*(Q): “A = u,, € L%(Q), i =1, N}

endowed with the norm
[ullwre @) = [[Vull Lo @) + [[ull Lo @)
The complementary function ® associated with @ is defined by Legendre’s transformation
d(s) = I;lgg({st —®(t)} for s > 0.
Moreover, @ is an N-function and the functions ® and ® are complementary each other. From
inequality,
st < ®(t)+ D(s), Vs, t >0, (Young type inequality)

an immediate consequence is the Holder type inequality
/ |uv|dx < 2HuHLq>(Q)HvHL5)(Q), for all u € L*(Q) and v e L‘i’(Q).
Q

If & and ® satisfy the Ap-condition, then the spaces L®(2) and WH®(Q) are reflexive and
separable. Under the As-condition,

4y = in L¢(Q)<:>/<D(\un—u|)dx—>0
Q
and
Up — U in W1’¢(Q)<:>/<I>(|un—u|)d:1:—>0 and /<I>(|Vun—Vu|)dac—>0.
Q Q

As is mentioned in [14,37,38], we have the next four lemmas.
Lemma A.1. Let ® be a N-function of the form (1.1) satisfying (¢1)-(¢2). Set
£o(t) = min {t’,tm} and & (t) = max {t’,tm} , Vt>0.

Then ® satisfies
() P(s) < D(st) <& (E)P(s), Vs, t>0

and

& (lulz@) < [ @i <& (lula) . Ve L@,

Lemma A.2. If ® is a N-function of the form (1.1) satisfying (¢1)-(d2), then ®,® € A,.
Lemma A.3. If ® is a N-function of the form (1.1) satisfying (¢1)-(¢2), then
D (p(t)t) < ®(2t), Wt > 0.

Lemma A.4. Let ® be a N-function of the form (1.1) satisfying (¢1)-(¢2). If Q is a bounded
domain in RN, then

a) L*(Q) — L(Q),

b) Whe(Q) — Whi(Q).



36 CLAUDIANOR O. ALVES, RENAN J. S. ISNERI, AND PIERO MONTECCHIARI

It is well known that W'!(0,1) < L%(0,1) (see for instance [20, Corollary 9.14]). By
Lemma A.4 -b),

Wh®(0,1) — L>(0,1).

From now on, A > 0 is a constant satisfying

(A1) [ull Lo 0,1y < Allullpray Yu € WH(0,1).
To end this section, assuming that the N-function ® is C'! we get
(A.2) O(|lw|) — ®(]z]) > @'(!z\)ﬁ.(w —2), Yw,zeRN z+#0,

where z.w denotes the usual inner product in RV.
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