
25 June 2026

UNIVERSITÀ POLITECNICA DELLE MARCHE
Repository ISTITUZIONALE

Piecewise integrable neural network: An interpretable chaos identification framework / Novelli, N.,
Belardinelli, P., Lenci, S.. - In: CHAOS. - ISSN 1054-1500. - STAMPA. - 33:2(2023). [10.1063/5.0134984]

Original

Piecewise integrable neural network: An interpretable chaos identification framework

Publisher:

Published
DOI:10.1063/5.0134984

Terms of use:

(Article begins on next page)

The terms and conditions for the reuse of this version of the manuscript are specified in the publishing policy. The use of
copyrighted works requires the consent of the rights’ holder (author or publisher). Works made available under a Creative Commons
license or a Publisher's custom-made license can be used according to the terms and conditions contained therein. See editor’s
website for further information and terms and conditions.
This item was downloaded from IRIS Università Politecnica delle Marche (https://iris.univpm.it). When citing, please refer to the
published version.

Availability:
This version is available at: 11566/311975 since: 2025-11-20T11:16:56Z

This is the peer reviewd version of the followng article:



Piecewise integrable neural network:
an interpretable chaos identification framework

Nico Novelli*,1 Pierpaolo Belardinelli,1 and Stefano Lenci1
Department of Construction, Civil Engineering and Architecture
Polytechnic University of Marche, Ancona 60131, Italy

(*Electronic mail: n.novelli@pm.univpm.it)

(Dated: 28 February 2023)

Artificial Neural Networks (ANNs) are an effective data-driven approach to model chaotic dynamics. Although ANNs
are universal approximators which easily incorporate mathematical structure, physical information and constrains, they
are scarcely interpretable. Here we develop a neural network framework in which the chaotic dynamics is reframed
into piecewise models. The discontinuous formulation defines switching laws representative of the bifurcations mecha-
nisms, providing to recover the system of differential equations and its primitive (or integral) which describe the chaotic
regime.

Interpretation of chaotic dynamics from data is an impor-
tant task in engineering1, meteorology2 and other fields
of science. Among various aspects of measure and de-
scription of chaotic dynamics, much interest is posed in
the integrability3, i.e. “... integrable systems ... a for-
mula could be found for all time describing a system’s fu-
ture state.” as stated by Moore4. Studying and proving
the existence of a chaotic attractor from a data-drive per-
spective is a demanding regression problem in which ma-
chine learning techniques offer a valuable assistance. The
synthesis of a piecewise-smooth modeling through neural
networks gives a valid and rigorous reconstruction of the
dynamical structure and bifurcations with the option of
providing an integrable representation. In this work, a
minimal mathematically biased artificial neural network
is introduced to extract analytically tractable piecewise-
smooth dynamical systems that directly account for the
integrability condition.

NOTATION

• σ : R→ R := a fixed generic continuous function

• d,D ∈ Z+

• NNσ
d,D := the set of all FFNNs from Rd → RD

• PCNNσ
d,D := the set of all PCNNs from Rd → RD

• σsigmoid(x) :=
ex

1+ ex

• #A := the cardinality of a set A

• X ∈ Rd : input space

• Ẋ ∈ RD: output space

• IK := Indicator function of the generic subset K ∈ X
(i.e. IK is a function such that , IK = 1 if x ∈ K, and
IK = 0 otherwise)

• ξi := coordinates transformation representing the
Koopman eigenfunction of the i-th sub-pattern

• ψi := ξ
−1
i

• Integrable system := a formula of the primitive (x(t) =
F(t)) of the studied system of differential equation
(ẋ(t) = f(x, t)) could be found for all time describing
a future state of the system.

I. INTRODUCTION AND BACKGROUND

Machine Learning (ML) techniques are tools for clustering,
classification and regression problems. In this realm, artifi-
cial neural networks (ANNs) become prominent by providing
extreme flexibility for a variety of problems5,6. They easily
incorporate mathematical structure and physical constraints,
outperforming other ML techniques, such as support vector
machine and dynamic mode decomposition, in term of accu-
racy and performance in the field of big data7.

ANNs are universal function approximators8–10. Given suf-
ficient training data, a minimal (wide and/or deep enough)
ANN architecture guarantees the approximation of a function
of choice with a desired precision. ANNs have been proved to
be Turing complete, i.e. they could be used to solve any com-
putation problem11. Yet, an approximation does not suffice to
fathom the underlying physics behind the data. Analysis of
dynamical system demands interpretability even at the cost of
architectural flexibility. A suitable approach is to specify the
architecture by adding regularization terms in the optimization
problem12–14. For instance, a mere ANN is unaware of what
lies behind chaos or strange attractors, in which exponentially
separating trajectories bounded by finite energy repeatedly
stretch and fold into complicated self-similar fractals. Al-
though a structured ANN architecture succeeds to capture the
dynamics, how do we efficiently constrain the framework to
maintain interpretability? Structured approximations include
assimilation of graph structure into the learning model15,16,
manifold-valued neural networks17–19, encoded symmetries
into the trained model20,21, or encode inevitability22–25. When
trying to describe the state of a system and its dynamics26, the
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chimera is a meaningful description with an architecture that
does not lose its generality as approximator while requiring
minimal knowledge of the studied physical system. A fur-
ther, yet useful, request for chaotic systems is integrability,
as it allows to analytically analyze the attractors and predict
the future state of the system without the need of numeri-
cal methods27,28. This is possible by using specific classes
of piecewise models28 to construct an hybrid dynamics com-
posed of multiple manifolds.

In this paper we employ a piecewise continuous structure
(PCNNs hereafter) characterized by a randomized and paral-
lelizable training meta-algorithm29. This PCNN framework
uses integrable ANNs, which permits to interpret each man-
ifold model (as these ANNs can be described by far fewer
parameters), while managing efficiently the switch between
different vector fields. The interpretability constraint is linked
to piecewise nature of the approach, which by subdividing the
dynamics of the system into sub-parts (manifolds) allows to
simplify the description of every recovered manifold. The
architecture is more universal than a common feedforward
neural networks (FFNNs) where continuous activation func-
tions are limited in their interpretability and approximation
capabilities29. A classical FFNNs with continuous function σ

successfully applies to a phenomenon governed by some con-
tinuous target function f , managing the worst-case approxi-
mation of error to arbitrary precision. However, if f is dis-
continuous, as is for instance in many multi-stables systems,
or whenever a bifurcation or an impact dynamics occurs30,
the uniform limit theorem from classical topology31 guaran-
tees that the worst-case approximation error of f by FFNNs is
not secured32–34. In this case there exists a bounded portion
of the (non-empty) input space X ⊆ Rd (where d describes a
general input dimension) where the approximation becomes
arbitrarily poor.

In a general piecewise continuous function f : X → RD

(where D describes a general output dimension), built by N
sub-patterns fn,

f =
N

∑
n=1

IKn fn, fn : Rd → RD continuous function, (1)

the poor esteem is precisely at the boundaries of the re-
gions {Kn}N

n=1, that are some non-empty compact sub-sets
over which the { fn}N

n=1 are smooth. A workaround for uni-
form approximation is deep neural networks35 with discontin-
uous activation functions. However, they do not comply with
common used (stochastic) gradient descent-type algorithms.
Nevertheless, a few methods for training such discontinuous
models have been suggested, e.g. a heuristic approach36,
but its empirical performance and theoretical guarantees, i.e.
guarantees about the convergence of the algorithm, have not
been explored. A linear programming approach to train shal-
low feedforward networks uses threshold activation functions
with fixed hidden weights and biases37. This avoids back-
propagating through the non-differentiable threshold activa-
tion functions, yet it constructs a too specific method for shal-
low architectures. Similarly, an extreme learning machine ap-
proach randomizes all but the final linear network layer38. As

a result, the training task is reduced to that of a classical linear
regression problem. Approximation results are strictly weaker
(i.e. a larger and deeper ANN architecture is require to reach
the same accuracy) than the known guarantees for classical
feedforward networks with a continuous activation function39.

The PCNN framework implemented in this paper follows
the structure of Eq. (1), parameterized by

• the sub-patters { fn}N
n=1 by independent FFNNs

• the parts {Kn}N
n=1 by zero-sets of FFNNs

The two independent parts are combined via a single discon-
tinuous unit. Each FFNN component is independent, they are
only regrouped at their final outputs by the discontinuous unit
as illustrated in Fig. 1 (subplot (a)). This structure decouples
the training of each PCNN model component and re-combine
them at the end to produce predictions. The decoupled train-
ing procedure avoids passing any gradients through the dis-
continuous unit, and it allows scalability via parallelizzation
of the training process. This architecture possess the approx-
imation capabilities of the discontinuous models (guaranteed
by the universal approximation theorems for piecewise con-
tinuous functions29) while being pragmatically trainable.

In what follows, we will make use of PCNNs to regress
integrable chaotic dynamical models from data, to provide a
meaningful and mathematical tractable way (in a close form)
study of chaotic attractors and bifurcations.

II. FORMULATION OF THE PIECEWISE MODEL

The general form of a dynamical system which can exhibit
chaos reads

Ẋ = N (X, t,Θ,Ω) (2)

in which X, Ẋ are the state of the system and its time deriva-
tive, respectively, N is a general nonlinear operator, t is the
time variable, Θ represents all the parameters which describe
the system and Ω represents the stochastic effects. In order
to find a discontinuous representation, the dynamics is to be
split in N manifolds. As a matter of fact, attractors can be
described in terms of bounding tori and be organized around
the fixed points surrounded by the flow40. One possible ap-
proach is to use the fixed points of the system to reference
the clustering of the phase space, it reduces the cardinality
of clusters and it prevents overfitting. Around fixed points the
nonlinear dynamics simplifies, which it means to look for eas-
ier models to reconstruct the behaviour. Moreover, bifurcation
of fixed points, e.g. saddle, could be seen as switching events
(or mechanisms) that separate and link domains of influence
of other fixed points determining when and how the trajectory
passes the transition. The switching can be described by:

• an hypersurface which performs as codimension of the
bifurcation;

• a domain associated to the respective bifurcation point
(in this case the hypersurfaces that define the boundary
of each subsystems play the role of connector mecha-
nisms and not of a real bifurcation event).
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FIG. 1. PCNN architecture showing in (a) a PCNN ˆN approximating the nonlinear map N : X→ Ẋ with N sub-patterns ˆN1, ˆN2, . . . , ˆNN
and N deep zero sets {K̂n}N

n=1 and accordingly, υ is the discontinuous unit. Each i− th sub-pattern is approximate by a FFNN ˆN to identify
Koopman eigenfunctions ξi, which is described in (b) by a deep auto-encoder, able to identify intrinsic coordinates y = ξi(x) and decode these
coordinates to recover x = ξ

−1
i (y). In (a), (c) are described additional loss function terms, relatively to each i− th sub-pattern, to identify a

linear Koopman model Ai that projects the intrinsic variables space Y into Ẏ. In practice, we enforce agreement with the trajectory data. In
(a), the loss function in each sub-pattern is evaluated on the state variable space X and in (c) it is evaluated on Y.

Therefore, the evolution of the system in the phase space is
interpreted as a continuously switching among influence do-
mains of fixed points. Hence, we rewrite the Eq. (2) as

Ẋ =
N

∑
i=1

fi[s(X)]Ni(X) (3)

fi[s(X)] =

{
1 if s(X)≥ 0
0 if s(X)< 0 (4)

in which the explicit dependency of the system from t, Θ and
Ω is omitted. The number of subsystems is related to the num-
ber of fixed points and when building the piecewise model we
additionally require the integrability condition. The problem
reduces in determining:

• fixed points (location and cardinality)

• the #N of integrable subsystem (space partitions)

• dynamic integrable maps Ni that characterize each i−
th manifold

• switching hypersurface s(X)

• fi, i-th Boolean functions designed in order that, at any
time, only one subsystem is active.

In order to comply with the integrability condition, a coor-
dinates transformation is needed. We perform a linear em-
bedding of the dynamics of the i− th manifold following
the Koopman theory41. Equation (3) is recasted by introduc-
ing the ξi and ψi coordinates transformation(see Fig. 1 sub-
plot (b)) , representing respectively the Koopman eigenfunc-
tion of the i-th sub-pattern and its inverse (ψi = ξ

−1
i ∀i ∈

{1,2, . . . N}), so that

Ẋ =
N

∑
i=1

fi[s(X)]
dψi[ξi(X)]

dt
dξi(X)

dt
. (5)

That leads to a transformed state space Y where the dynamics
is linear and described as

Ẏ =
N

∑
i=1

fi[s(X)]Aiξi(X) (6)

in which Ai is a constant matrix (representative of the Jacobian
matrix evaluated at the fixed point pi) defining the linear dy-
namics of the i− th subsystem in the transformed state space,

Y =
N

∑
i=1

fi[s(X)]Yi. (7)

The linear representation (in the space of Y, with Yi = ξi(X))
hides the information of the position of the center of each sub-
model. The integrability condition for the N subsystems is
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guaranteed by the existence of the ψi (given that each mani-
fold is linear in its domain of Y). In this case an exact solution
for Eqs. (5)-(6) is

X(t) =
N

∑
i=1

{
fi[s(X)]ψi[

M

∑
j=1

bi jφi j exp(λi jt)]

}
(8)

Y(t) =
N

∑
i=1

{
fi[s(X)]

M

∑
j=1

bi jφi j exp(λi jt)

}
(9)

in which bi j relates to the initial condition of the initial value
problem and φi j is the j-th eigenmode of the i-th manifold
related to the eigenvalue λi j. We remark that the integrable
piecewise model is valid for fixed parameters, since the de-
pendency from Θ has been dropped in Eq. (3). The switching
surfaces s affect the topological properties of the attractor27.
Both position and geometry of the switching surfaces operate
as bifurcation parameters as those surfaces allow the transition
from different dynamics governed by different fixed points.
By tuning the switching surfaces it is possible to recover any
desired population of periodic orbits and also multimodal at-
tractor. For a generic chaotic system it is of difficult optimiza-
tion and it incentives the use of ANNs. When the switching s
occurs, the nonlinearity is activated in the embedded space Y.
From Eq. 6, the only non linear term is given by the disconti-
nuity fi[s(X)].

III. ALGORITHM ARCHITECTURE AND PROPERTIES:
PIECEWISE CONTINUOUS APPROXIMATOR

The piecewise formulation involves discontinuities that
must be included in a piecewise continuous neural network29.
The main point is to split the learning process among the dif-
ferent manifolds which compose the dynamics of the system.
The implementation requires to approximate Eq. (3) via the
PCNN ˆN : X→ Ẋ, i.e.

ˆN =
N

∑
n=1

ˆNn(x)IK̂n
(x), (10)

where the partition {K̂n}N
n=1 is given by the deep zero sets

K̂n := {x ∈ X : 1− I(γ,1] ◦σsigmoid(ĉ(x)n) ̸= 0}. (11)

Here x is the vector defined in the space X describing the state
of the system. Each ˆN1, ˆN2, . . . , ˆNN is a sub-pattern of the
PCNN and it is a FFNN ∈ NNσ

d,D, ĉ ∈ NNσ
d,D is the deep clas-

sifier, 0 < γ ≤ 1, N ∈ N+.
The framework is unbiased, but requires in input the sys-

tem dimension. Since it could be cumbersome to guess the
dimension, the dynamic mode decomposition (DMD) is em-
ployed as it relates to the Koopman theory42 and it aug-
ments the mathematical formulation. Figure 1 illustrates the
PCNN architecture. The deep zero sets are built by feed-
ing the deep classifier ĉ into the discontinuous unit X 7→
X · I(γ,1] ◦ σsigmoid . Each trainable part of the architecture

ˆN1, ˆN2, . . . , ˆNN and the classifier ĉ, processes input data

X independently and it can be therefore parallelizable. The
outputs ˆN1(X), ˆN2(X), . . . , ˆNN(X) and Ĉ := ĉ(X) of each
parallel sub-patterns enter the discontinuous unit υ := I(γ,1] ◦
σsigmoid :

( ˆN1(X), ˆN2(X), . . . , ˆNN(X), Ĉ) 7→
( ˆN1(X)I(γ,1] ◦σsigmoid1 ,

ˆN2(X)I(γ,1] ◦σsigmoid2 ,

. . . , ˆNN(X)I(γ,1] ◦σsigmoidN ).

(12)

The discontinuous unit defines the deep zero sets and decides
which sub-pattern ( ˆNi) is active. To solve the clustering prob-
lem we choose to penalize the cardinality of the manifolds
with respect the cardinality of the switches in time. The penal-
ization acts on the initialization of the training process making
a first inference on the partition of X. This favours meaning-
ful dynamical model spurred by the recurrent jumps of the
chaotic dynamics between manifolds.

1. Identification of the domains of the manifolds

The clustering procedure to determine the different man-
ifolds is approached as a binary classification problem. We
aim at learning which x ∈ X belongs to a fixed subset K ⊆ X.
Thus a classifier ĉ : X → {0,1} is trained to approximate
point-wise with high probability the indicator function IK

43.
However, even if the approximation guarantees and ĉ, deter-
ministically, approximate IK point-wise, some points could be
misclassified, i.e. wrong approximation of K. This occurs if
the points contained in K are limits of some points sequence in
the approximating sets Kk. Therefore we base the convergence
of the sets by qualifying limits of all sub-sequence {xk j}∞

j=1
where xk ∈ Kk ∀k ∈N+. The convergence is satisfied accord-
ing to the Hausdorff distance dH defined for any pair of sub-
sets A,B⊆ X via:

dH|X(A,B) := max{supa∈A∥a−B∥,supb∈B∥A−b∥}, (13)

where ∥a−B∥ := in fb∈B∥a−b∥ (similarly ∥a−B∥). Finally,
we remark that the partition of the input space does not have
to satisfy the condition

int(Kn)
⋂

int(Km) = 0. for n ̸= m (14)

From the physical point of view it slacks the recovery of dif-
ferent manifolds characterized by different dynamical time
scales which work in conjointly.

2. PCNN Algorithm

The set of all PCNNs (PCNNσ
d,D) are implemented via the

algorithm Meta-Algorithm 1. The map I(γ,1] projects each K̂n

into a discontinuous function, by extension ˆN is not differen-
tiable. However, by decoupling the training of { ˆNn}N

n=1 and
{K̂n}N

n=1 we solve the non-differentiability issues as the pass-
ing gradient updates do not enter the indicator function I(γ,1]
in K̂n. The presented data-driven architecture is trainable in a
two-steps procedure with
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Meta-Algorithm 1. PCNN pseudo-code.

1 input : X measurement data , N # of parts , J1,J2 ∈ N+ ANN hyperparameters , GET −FFNN FFNN training subroutine ,
2 GET −PART IT ION Partition subroutine
3 output : ˆN := ∑n≤N

ˆNn(·)IK̂n
(·) Trained PCNN model , boundaries o f the regions {K̂n}N

n=1 discontinuity surfaces
4 begin
5 XT ∈Rm∗n , XV ∈Rv∗n ≪ TrainSeparation ( Y ,m ,v ) #Construct training and validation data set
6 {Xn}N

n=1 ≪ GET −PART IT ION ( XT ) Initializes partitions of X
7 f o r w≤W do #Loop over the interaction index w
8 f o r n≤ N do #For each manifold in the data training set
9 ˆNn ≪ GET −FFNN ( Xn ,L̂tot ,J1 ) #optimize the networks ˆNn, evaluate the loss function (Eq. (15), Eqs. (16))

10 end f o r
11 f o r x ∈ X do #For each training data
12 ln,x := I(L̂tot( ˆNn(x))≤ minm≤NL̂tot( ˆNm(x))) #Identifies which optimized ˆNn best performs on any given input and adjusts the partitions
13 end f o r
14 ĉ ≪ GET −FFNN ( X ,H(·|ln,·) ,J2 )
15 f o r n ∈ N do #For each manifold in the data training set
16 K̂n := {x ∈ Rn : ĉn(x)≤ 2−1} #Define deep zero-sets
17 end f o r
18 end f o r
19 end begin

• the clustering (identification of the domains of mani-
folds);

• the regression (identification of the models that describe
the dynamics of data in every identified manifolds).

The Meta-Algorithm 1 is initialized by building a first par-
tition of data domain X (pseudo-code line 6), with the sub-
routine GET − PART IT ION (see pseudo algorithm GET-
PARTITION). This first partition defines the first rough es-
timation of the switching surfaces. The sub-routine GET −
PART IT ION implements a geometric prior so that nearby
points accumulate on the same K̂n. In other words, we pe-
nalize the cardinality N of the manifolds getting {K̂n}N

n=1
partitions X with the smallest boundaries. If X is repre-
sentative of {K̂n}N

n=1, GET −PART IT ION seeks a X com-
posed of N parts {Xn}N

n=1 while minimizing the distance
between every pair of data points in each Xn. The sub-
routine implements a randomized-polynomial time algorithm
which approximately solves the above mentioned min-cut
problem with high probability44 (see in Appendix A). In
the sub-routine GET − PART IT ION, the variable q repre-
sents the minimum portion of the data required in each

partition, ∆(X) := minx,y∈X;x̸=y
1
2
∥x− y∥ and it denotes the

minimum distance between any pair of training data points,

and ∆(X) :=
1

#{(x,y) ∈ X2 : x ̸= y} ∑(x,y)∈X2:x̸=y ∥x− y∥ is

the mean distance between distinct training data. GET −
PART IT ION initializes by defining a random parameter α

(GET−PART IT ION pseudo code line 4) that defines the ran-
dom radius α∆(X) (GET − PART IT ION pseudo code line
9). Line 5 shuffles the training data. The random radius is
then used to form (line 9) and extend to forms parts of the in-
put space (line 10) the partitions of the data. Lines from 12
to 16 ensure each part is not too large relative to the others.
GET −PART IT ION performs a first guess of the number of
manifold N that is not a required input.

A second sub-routine follows (pseudo-code starting from
line 8 to line 10), a FFNN ˆNn ∈ NNσ

d,D is trained on each par-
tition of the input data X in order to get the integrable models
described in Eqs. (8)-(9). The integrability condition guaran-
teed by the existence of the ψi functions is introduce in the
definition of the loss function L̂tot, which is built by three
components

L̂tot = α1L̂recon +α2L̂pred + L̂lin (15)

where L̂recon ensures the condition ψi = ξ
−1
i ∀i ∈

{1,2, . . . N} (see Fig. 1 subplot (b)), L̂pred predicts system
future dynamics (see Fig. 1 subplot (a)) and L̂lin forces the
model identified in Y to be linear (see Fig. 1 subplot (c)).
Their expressions are

L̂recon = ∥Ẋ(t0)−ξi(ψi(X(t0)))∥MSE

L̂pred =
1
Sp

Sp

∑
m=1
∥Ẋ(t0 +(m−1)∆t)−ξi(Am

i ψi(X(t0)))∥MSE

L̂lin =
1

T −1

T−1

∑
m=1
∥ψi(Ẋ(t0 +(m−1)∆t))−Am

i ψi(X(t0))∥MSE,

(16)

where MSE is mean squared error, t0 is the time related to
the first recorded state X, ∆t is the time step characteristic
of the measured data, T is the number of time steps in each
trajectory and Sp = 30 the number of time steps at which
the system is projected forward into the future. The weights
α1 = 0.1 and α2 = 10−7 are hyperparameters. The order
of α1 ≫ α2 is linked to constraints on the loss function.
In particular we aim at determining a suitable coordinates
transformation by penalizing the accuracy of the prediction.

The sub-routine is implemented in two ways: i) by using
a specific Autoencoder architecture14 (used in the Lorentz
example of Sec. IVA); ii) by using the DMD45 (employed
in the Kuramoto example of Sec. IVB). Moreover, despite
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the linear formulation of the DMD, it works excellently
on nonlinear systems and it can be considered a numerical
approximation to Koopman spectral analysis42. Finally,
the Meta-Algorithm 1 from line 14 to line 17 interprets the
{ln,x} ∈ {0,1} as labels, it trains ĉn by defining K̂n as a classi-
fier and predicting when ˆNn offers the best cross-entropy, i.e.
H(y|ln,x) := ln,xln(y)(1− ln,xln(1− y), amongst the { ˆNn}N

n=1.
This interaction between the information get from solving the
regression problem in each identify manifold and the Deep
classifier enable the identification of the switching surfaces.
The most external loop (pseudo-code lines 7 to 18) over the
index w improves the interaction between the training of
the models ˆN and the identification of the domain of each
manifold.

IV. RESULTS

The presented data-driven framework is applied on two
archetypal systems which exhibit chaotic behaviours, with
the objective to recover interpretable and piecewise integrable
dynamical models from data. The two analyzed systems
are the Lorenz system (ODE) and the one-dimensional Ku-
ramoto–Sivashinsky equation (PDE).

A. Lorenz System

The Lorenz system is a well-known simplified mathemati-
cal model for atmospheric convection46 , it reads

ẋ(t) = σ(y− x),
ẏ(t) = x(ρ− z)− y,

ż(t) = xy−β z.
(17)

The three-dimensional system (17) in the x, y and z variables
is representative of a dissipative hydrodynamic flow, such
as the Rayleigh–Beńard convection problem in a plane fluid
motion47. Here, σ is the Prandtl number, whereas ρ and β are
the Rayleigh and wave number, respectively. In this model
x is proportional to the intensity of the convective motion, y
to the temperature difference between the ascending and de-
scending currents. Similar sign of x and y denotes warm fluid
rises and cold fluid descends. The variable z is proportional to
the distortion of the vertical temperature profile from linear-
ity, a positive values means that the strongest gradients occur
near the boundaries. The dynamics is characterize by three
fixed points; two unstable foci and one saddle. The dynam-
ics around the fixed points is characterized two merged spirals
composing the attractors. The role of the saddle is to separate
the transition from the domain of influence of one spiral to the
other, the saddle point in the Lorenz system is a switching sur-
face. Thus we are in presence of three mechanisms defining
the dynamics, the saddle is a topological tearing operator, the
attractors fold the flow27.

Data-sets are created numerically sampling time series of
800 time steps for 60 initial conditions X(0), parameters are

kept constants as (σ ,ρ,β ) = (10,28,8/3). Data is divided in
70% training and 30% validation. The PCNN elaborates the
training data, divide them in inputs x and outputs ẋ as shown
in Fig. 2. Ones training data is acquired, the PCNN starts
the training applying classical stochastic gradient descent and
cross-validation, recovering the model from data. The identi-
fied model ẋ

ẏ
ż

= f1[s(x)]

 −9.6046 −2.2987 3.4145
9.6258 3.4156 9.3772
−0.2154 −5.1252 −2.3166

 x
y
z

+ . . .

f1[s(x)]

 55.4811
62.7195
59.0578

+ . . .

f2[s(x)]

 −9.6632 −3.1871 −4.8519
9.6735 2.1216 −9.3355
0.2787 5.2920 −2.6382

 x
y
z

+ . . .

f2[s(x)]

 −27.9902
−122.2507
−80.8086


(18)

is piecewise integrable and the coordinates transformation re-
covered ξi and ψi is equal to the identity transformation (i.e.
the identity matrix). Therefore the piecewise alternative of
the continuous model (17) is piecewise linear and it verifies
the analytical results present in literature27. This framework is
applied using different number epochs for the learning process
of each sub-model: 4 epochs (Fig. 3) and 100 epochs (Fig. 4
and Fig. 5). A few epochs suffice to capture the manifolds
associated to the two foci points as shown in Fig. 3. The out-
come of the algorithm is presented in Fig. 4 for training (sub-
plots (a)) and test data (subplots (b)). In black/coloured lines
we plot the true/reconstructed trajectories. Figure 5 showcases
the phase space with the ability of the framework to recon-
struct and predict the state of the system with 100 epochs.

B. Kuramoto–Sivashinsky equation (Flame equation)

The one dimensional Kuramoto-Sivashinsky equation mod-
els pattern formations on unstable flame fronts and thin hydro-
dynamic films48. It is described by a fourth-order nonlinear
partial differential equation (PDE)

∂u
∂ t

+
∂ 2u
∂ z2 +

∂ 4u
∂ z4 +u

∂u
∂ z

= 0, (19)

and it is characterized by the coexistence of coherent spatial
structures with temporal chaos. In Eq. (19) u represents the
velocity of a flow in fluid dynamics, z is the spatial coordinate,
t is time. Firstly, the system is simulated for 1000 time steps
(∆t = 0.01[s]), with free boundary conditions and a random
standard normal distribution as initial conditions. The states
of the system u= u(z, t) at each position z and time t, compose
the data matrix X shown in Fig. 6(a). The Meta-algorithm 1
labels training and validation samples accordingly to the be-
longing manifold with the imposition of Eq. (14). The clus-
tering problem returns two manifolds, one for the non chaotic
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Sub-routine: GET-PARTITION pseudo-code.

1 input : X measurement training data , q ∈ (0,1) minimum portion of data required in each partition
2 output : {Xn} := {Xn ̸= 0} , N := #{Xn} , {K̂X

n } := {K̂X
n ̸= 0}

3 begin
4 Sample α u n i f o r m l y from ( 2−1,4−1 ] #Introduce randomness
5 Pick a b i j e c t i o n π : {1, . . . ,#X}→ X shuffles the training data
6 Compute ∆(X) and ∆(X)
7 X′← X
8 f o r n≤ N do #For each epochs of training
9 Xn := {z ∈ X′ : ∥z−X′0∥< α∆(X)}

10 K̂X
n := {z ∈ Rd : (∃x ∈ Xn)∥x− z∥ ≤ ∆(X)} #extend the partitions of the data to form parts of the input space

11 X′← X′−Xn

12 i f
#X′

#X
≤ q t h e n this if ensure that each part is not too large relative to the others

13 Xn := X′
14 K̂X

n := {z ∈ Rd : (∃x ∈ Xn)∥x− z∥ ≤ ∆(X)}
15 b r e a k
16 end i f
17 end f o r
18 end begin

FIG. 2. Input (a) and output (b) training data, which are the state
of the system x(t) = [x(t),y(t),z(t)] (a) and its time derivative ẋ(t) =
[ẋ(t), ẏ(t), ż(t)] (b) for 42 trajectories of 800 time steps, characterized
by a ∆t = 0.01 and different initial conditions (red dots).

and one for the chaotic regime. We detect the transition to
the chaotic regime in a completely unbiased way as shown
in Figs. 6(b). Each i− th region is govern by a linear map,
represented by a constant matrix Ai such that

U̇(t) =
2

∑
i=1
{ fi[s(U)]AiU(t)}

U(t) =
2

∑
i=1

{
fi[s(U)]

M

∑
j=1

bi jφi j exp(λi jt)

}
,

(20)

and in which bi j, φi j and λi j come from the dynamic mode
decomposition of each i− th linear matrix Ai. Precisely bi j
and φi j are respectively, a constant representative of the sys-
tem initial conditions and the j− th eigen-mode, both asso-
ciated to the j− th eigen-value λi j The hyper-surface s(U)
that divides the domains of the two manifold identified model
acts as a trigger mechanism to ignite chaos (dot-dashed line in
Fig. 6(b)). It defines the onset of a drastic metamorphosis of

the phase portrait. Regarding the computational performance,
by splitting the data set in different manifolds, each model is
fast to train by using simpler architecture (small ANNs). In
turn less epochs for the training of the model. The drawback
is to solve a clustering problem that requires the training of
additional algorithms and ANNs. The algorithm spends 10[s]
to train the deep classifier and 4[s] to train the two manifolds
with the parameters given in Tab. I. The accuracy reported in

PCNN architecture

Network architecture Width of each hidden layer
Lorenz manifolds input layer layer 1 layer 2 layer 3

3 30 30 3
layer 4 layer 5 layer 6 output layer

3 30 30 3
Lorenz deep classifier layer 1 layer 2 layer 3 layer 4

10 10 10 10
Kuramoto S. deep classifier layer 1 layer 2 layer 3 layer 4

10 10 10 10

TABLE I. PCNN architecture for the Lorenz system and the deep
classifier architecture used for Kuramoto Sivashinsky model.

Tab. II is not satisfactory, with consistent deviation in the time
dynamics. Further tuning of hyperparameters is needed. Nev-
ertheless, the algorithm succeeds in capturing the structure of
the attractors.

Accuracy performance of the PCNN framework

MAE MSE SMAPE
Lorez (100 epochs training) training 0.1809 0.1190 0.9748

test 0.2079 0.1059 1.0952
Lorez (4 epochs training) training 12.0606 867.6464 41.8317

test 13.2316 880.7967 51.6065
Kuramoto Sivashinky training 6.1709 65.04075 141.1444

test 10.4402 211.6761 146.42087

TABLE II. The error is evaluated using difference metrics, i.e. MAE
(mean absolute error), MSE (mean squared error) and SMAPE (sym-
metric mean absolute percentage error).
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FIG. 3. Plot of the reconstructed Ẋ state (b) from the X input state (a) obtained from the recovered Lorenz model ˆN of Sec. IVA. With
only four epochs the PCNN is able to capture the cardinality of the manifolds which build the system’s dynamics. The blue and red clusters
reconstruct the two manifolds around the stable foci.

FIG. 4. Comparison between true (black line) and reconstructed (colored dashed line) dynamics for the training (a) and test set (b). The
training and test set are built from trajectories of 800 and 1600 time steps respectively. The recovered model dynamics is characterize by 2
manifolds (blue and red lines) related to the 2 foci points of the Lorenz system. The model is trained with 100 epochs for each manifold and
150 epochs for the deep classifier.

V. SUMMARY AND CONCLUSIONS

This paper presents a new data-driven approach to con-
struct piece-wise integrable models governed by switching
mechanisms, suited for the identification of dynamical sys-
tems which exhibits chaotic behaviours. The method ex-
ploit the flexibility and the powerful approximation capac-
ity of discontinuous ANN architectures (while remains train-
able with (stochastic) gradient-descent algorithms like feed-
forward networks with differentiable activation functions). It
preserves the ability to produce physical interpretable model
from data. In the paper we test two archetypal chaotic sys-
tems, Lorenz and Kuramoto-Sivashinsky systems, described
by a set of ordinary and a partial differentials equation, re-

spectively. The method is purely data-driven and does not re-
quire any physical knowledge about the system. The chaotic
nature of the collected observables is encoded by the discon-
tinuous architecture of the PCNN. The framework recovers
models which are the result of the composition of N distinct
sub-models defined within specific manifolds. They represent
partitions of the state space domain in which the dynamics
can be simplified with a great reduction of the ANNs param-
eters. The manifolds are related to specific fix points and they
are mutually connected by discontinuous hyper-surfaces that
replace the bifurcation mechanisms underlying the chaotic dy-
namics. The presented approach:

• identifies the switching surfaces between manifolds, it
recovers the number and location of fixed points around
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FIG. 5. Phase space with three trajectories from the test set (800
time-steps). In black/red the reconstructed/true data. The model cor-
rectly identify the structure of the attractor.

which the dynamics is organized;

• approximates in general integrable models the dynam-
ics and it obtains the Jacobian matrix of the linear em-
bedded system, at each of the fixed points identifying a
specific domain of influence (manifold).

When accounting for stochastic effects and the possibility to
introducing parametrization, during the learning process, this
tool will support study and synthesize of chaotic systems in
applications as weather and emergency events forecasting.
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Appendix A: Meta-algorithm’s 1 properties

Supplementary definitions

• P := fixed Borel probability measure on X

• C(Rd ,RD) := the space of continuous functions from
X ∈Rd to RD

• B(X,RD) := Banach space of all bounded functions
from X to RD equipped with the L∞-norm

• DPC( f |g) is the piecewise divergence between any cou-
ple of functions f and g ∈B(X,RD)29

1. Subroutine: GET −PART IT ION

Proposition With high probability P, two nearby data
points in X are mapped to the same manifold. Here Let X, q=
1 and {K̂X

n }N
n=1 be as in the sub-routine GET −PART IT ION,

and fix ˆN1(X), ˆN2(X), . . . , ˆNN(X) ∈ NNσ
n=1. Let ˆN =

∑
N
n=1

ˆNnIK̂X
n

. Then the following hold:

• For x1,x2 ∈ X, P(minn=1,...,Nmaxi=1,2∥ ˆN (xi) −
ˆNn(xi)∥= 0)≥ 1− 8[ln(#X)+1]

∆(X)
,

where
∆(X) :=

1
#{(x1,x2) ∈ X2 : x1 ̸= x2}

∑(x1,x2)∈X2:x1 ̸=x2
|x1−

x2|,

• Sub-routine GET −PART IT ION terminates in polyno-
mial time,

• For n≤ N, int(K̂X
n ) ̸= 0

• If n ̸= m⇒ int(K̂X
n )

⋂
int(K̂X

m ) = 0

2. Effect of the initial partition on the performance of PCNN

The effect of the size of the minimal ball radius
min(α∆(X)) and of the FFNNs neural networks on the num-
ber of identified manifolds is showcased in Fig. 7. The analy-
ses is performed on the Lorenz system of Sec. IVA. On the top
corner of the figure, a large yellow region shows the conver-
gence of the algorithm to only one manifold. By increasing
the # of neurons the algorithm tends to use a smaller num-
ber of manifolds for describing the dynamics. Moreover, in
this analysed region of parameters space in Fig. 7 most of the
regions point to descriptions with 2 and 3 manifolds. This
is inline with concept that the description of the dynamics of
the nonlinear system could be simplified around fixed points.
When 2 manifolds are identified, these relate with the 2 stable
fixed points typical of the Lorenz system and the switching
surface links to the saddle. In the case of 3 manifolds the so-
lution of the approximation problem describes the dynamics
in the neighborhood of the saddle by employing a third mani-
fold.

3. Existence: Performance Optimizing Partition29

Theorem 1 Fix { ˆNn}N
n=1 ∈NNσ

d,D and L̂tot ∈C(RD, [0,∞))

for which L̂tot(0) = 0. There exists a compact subset Xδ ,P ⊆
X and a partition of Xδ ,P satisfying:

• P(Xδ ,P)≥ 1−δ
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FIG. 6. One dimensional Kuramoto Sivashinsky model discovery. Here, u represent the state of the system, whereas z and t are the continuous
space and time domain, respectively. In the subplot (b) the white dash lines describes the hyper-surface dividing the space domain of the
system in two manifolds. The dynamics unrolls before and after that the chaos onset. In subplot (a) it is reported the training and validation
data (sequentially stored), (b) shows the reconstruction of both training and validation sets. The data is decomposed into 90% for training and
10% for test (free boundary conditions).

FIG. 7. The effect of the minimal ball radius min(α∆(X)), related
to the number of initial manifolds (clusters), and NN-width on the
estimated manifolds.

• For n≤ N and every x ∈ K̂n,L̂tot( ˆNn(x)) =
minm≤NL̂tot( ˆNm(x))

Moreover, if X ⊆ Xδ ,P and L( ˆNn(x)) <

minn̸=ñ,ñ≤NL̂tot( ˆNñ(x)) ∀n≤ N,x ∈ Xn then, Xn ⊆ K̂n

From the Theorem 1 exposed above is possible to conclude
that ∀ε > 0 ∃ a PCNN ˆN \DPC(∑

N
n=1

ˆNnIK̂n
| ˆN ) < ε , where

ˆN1(X), ˆN2(X), . . . , ˆNN(X) are from Meta-Algorithm 1.
Theorem 1 guarantees that given trained models { ˆNn}
there exists {K̂n} ⊂ Comp(X) which optimizes the PCNN
performance with a arbitrarily high-probability.
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