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In the recent past, the use of autonomous vehicles is becom-
ing of relevant interest in several fields of application. In
many cases, the use of articulated structures is preferred to
single chassis robots for their peculiar modularity. Such ve-
hicles are often built as an active front module and a rear one
that is pulled passively or that can contribute to the vehicle
traction when required. Understanding whether this contri-
bution is convenient or not is the main matter of this paper.
Two different mobile robots of different scale and purpose
are taken into consideration. A dynamic model is presented
and analysed. An experimental validation of the model pa-
rameters is also presented in order to make it exploitable as
a reliable analysis tool. At last, a simple yet effective actua-
tion law is tested for both the considered robots to evaluate
whether the contribution of the back module is beneficial or
not to the whole machine manoeuvrability.

1 Introduction
The use of mobile robots is spreading in many fields

of applications, due to their peculiar ability to relocate ser-
vices and tools within their work environment [1, 2]. This
skill is strongly related to the ability of the robots to engage

∗Address all correspondence to this author.

spaces extremely different one from another. Usually, spe-
cific designs are required to achieve specific needs in par-
ticular work-spaces: soil unevenness, dimension, and pres-
ence of obstacles are just some of the features that need to
be assessed in order to make a mobile autonomous platform
as much as possible effective and self-sufficient in its work-
space. Among the design structures already proposed by the
research community [3, 4], the class of articulated wheeled
mobile robots captured a special interest due to their inher-
ent modularity and versatility. Such machines are composed
of two (or more than two) modules, functionally identical
from the point of view of mobility, and that can be devoted
to different tasks. The literature in the field is rich, and many
interesting prototypes were developed already, or are object
of present studies. The robots Epi.q [5, 6] and Agri.q [7, 8],
developed at Politecnico di Torino, are two examples of ar-
ticulated robots, the former designed for surveillance tasks,
while the latter for precision agriculture tasks. Although the
two robots are built with extremely different scales (Epi.q is a
small scale robot of about 5kg and 30cm length, while Agri.q
weights 100kg and is 2m long), these two machines share a
common kinematic functional architecture. Also at Politec-
nico, Quaglia et al. proposed an innovative low-cost robot
for rescue operations [9, 10]. Kimura and Hirose proposed
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a snake-like articulated robot in [11] able to climb obstacles
higher than the diameter of its wheels. In [12] Tanaka et al.
developed a stair climbing articulated robot, controlled with
a follow-the-leader-method.

The locomotion of articulated robots is usually borne by
the front module, while the other ones are pulled. In some
cases, especially for robots with more than two modules, the
traction effort is distributed among all of the components.
A lot of work has been done in the field of controlling ar-
ticulated robots [13, 14], even if most part of the research
was dedicated at the complex kinematic motion planning is-
sues deriving from backwards motion and obstacle avoid-
ance [15–17]. The interest around snake-like wheeled mo-
bile robots also pushed the study on simulation and con-
trol [18–20].

In parallel to the development of new control strategies,
researchers also proposed several models of increasing com-
plexity in order to describe and predict how a robot, or a
class of robots, should behave and to optimize controllers.
The modelling of such systems is not new, and many works
have focused on the main type of mobile robots composed
of a single module, such as differential drive robots [21].
Fewer studies go into detail about multi-modular vehicles.
Corke and Ridley [22] worked on the steering kinematics of
multi modular robots, Ali addressed the dynamic modelling
of wheeled robots [23], Classens et al. approached the dy-
namics of snake like machines [24]. Therefore, these models
are not suited to describe robots having very fast dynamics
or operating off-road or, more in general, in conditions where
significant longitudinal or lateral wheel slips can occur.

In this scenario, this paper develops a dynamic non-
holonomic model of a generic articulated eight wheels mo-
bile robot, to be employed as a simulated test-bench for
locomotion strategies. After a formal analysis of the trac-
tion forces effects, the model is experimentally validated and
used to depict the behaviour of the Epi.q and the Agri.q pro-
totypes (which are briefly introduced in the following) when
a back actuation is used.

2 The Epi.q and the Agri.q mobile robots
In this section, the two robots main object of the present

work are presented and compared. The two prototypes of
Epi.q and Agri.q are shown in Fig. 1 and Fig. 2 respec-
tively. Although their extremely different appearance, the
functional scheme from which they are derived is very simi-
lar, as widely argued in the remainder of the manuscript.

For the design of the Epi.q robot (Fig. 1-a), a modular
approach was applied to obtain a flexible structure that can be
adapted to different tasks or requirements. The robot is pro-
vided with four driving units, each one carrying three wheels
whose actuation is synchronous and widely described in past
works [5, 6]. In a few words, the robot wheels are connected
with three planetary gears while the motor actuates the so-
lar gear. The carrier of the driving unit acts as the planetary
gears frame and it is free to rotate around its axis, which co-
incides to that of the motor. Then, each locomotion unit owns
two degrees of freedom and it is able to self-reconfigure de-

Fig. 1. (a) Latest version of the Epi.q mobile robot and (b) functional
scheme of its transmission units.

Fig. 2. The Agri.q mobile robot for precision agriculture tasks

pending on the constraint scheme in place, as illustrated in
Fig. 1-b. In particular, during motion on flat surfaces, the
robot weight constrains the wheels carriers to contact the
ground without rotating around their own axes. When the
robot bumps into an obstacle, the carriers revolution starts
automatically. This brings another wheel in contact with the
upper surface of the obstacle, enabling the robot to climb un-
expected obstacles with no external commands or actions.

The main guideline which drove the functional design of
the Agri.q robot (Fig. 2-a) has been locomotion efficiency on
uneven terrains. The Agri.q traction system is conceived to
reach a convenient balance between the efficiency of wheels
and the effectiveness of tracks on uneven terrains, under both
energetic and mobility points of view. To this aim, the rover
is provided with four driving units, each one composed of
two wheels housed on a rocker arm. For further details on the
robot structure, the interested reader is addressed to [7, 8].

The connections of each rocker with the robot main
body takes place by means of a passive revolute joint, whose
free rotation allows the wheels to follow the ground slopes
independently from the configurations of the other rockers.
The high number of contact points with the ground ensures a
weight distribution similar to that of a tracked robot, while
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maintaining an efficiency closer to that of a wheeled ma-
chine. The actuators of the modular locomotion systems
have been carefully chosen considering, as the most burden-
ing condition, a slope of about 15◦ to be overcome with only
two front traction motors (namely the two front driving units)
at a maximum speed of about 5km/h. To achieve such goal,
the transmission of each unit is composed of an electric DC
motor, connected to a planetary gearbox. In order to syn-
chronously transmit the rotation to the wheels attached to the
same rocker, a chain system was used (see Fig. 2-b) which
also adds a further velocity reduction and a consequent in-
crease of the available wheel torque. The powertrain layout
is completed by a battery able to feed the adopted locomotion
systems, and by a solar panel whose dimension has been rea-
sonably chosen to ensure the recharge of the battery during
the idle time between missions.

In order to achieve an effective solar tracking, the rover
can take advantage of two expressly conceived degrees of
freedom able to orientate the upper platform around two in-
dependent axes. In particular, the pitch and the roll angles
of the solar panel can be modified in a range of respectively
−5◦/+40◦ and −20◦/+20◦. Aside the optimization of so-
lar energy harvesting, the pitch and roll degrees of rotation of
the upper plane also gives Agri.q a peculiar feature, which is
that of providing a an always flat landing surface for drones.
The rover, in fact, has been conceived for cooperation with
unmanned aerial vehicles, UAV’s, to offer a capillary moni-
toring of vineyards.

Although the relevant scale difference, the two robots
differ for very few functional details:

- position of the central joint: the two robots are charac-
terized by a different aspect ratio l f /(l f + lb), i.e. a dif-
ferent position of the connection joint between the front
and the back module. As it is discussed later, such dif-
ference significantly affects the dynamic behaviour of
the two robots from the actuation strategy point of view;

- wheels number: the Epi.q is a small indoor articulated
robot, specifically thought to overpass obstacles of dif-
ferent dimension and nature; Agri.q is an agricultural
rover, whose traction system has been optimized to as-
sess soil unevenness. For such reason, the small Epi.q
has been equipped with a a total number of twelve ac-
tuated wheels, three for each driving unit to improve its
climbing ability. Nonetheless, during normal use both
the robots can rely on eight wheels contemporary in con-
tact with the ground;

- back module actuation: while the Epi.q back wheels are
able to exert torque in any direction of rotation, many
reasons yield the designers to provide the back module
of the Agri.q with a uni-lateral transmission similar to
that common bicycles are provided with. In first place,
such peculiarity significantly improves the battery du-
ration performance of the whole robot for it avoids the
transmission gearboxes of the back units being pulled by
the rover motion with a consequent efficiency enhance-
ment.

Bearing in mind the peculiarities and the differences of

Table 1. Relevant geometrical parameters of Epi.q and Agri.q

Parameter Epi.q Agri.q

l f 0.132 0.000 [m]

lb 0.139 1.300 [m]

l f /(l f + lb) 0.487 0.000 [−]

ix, f , ix,b 0.104 0.440 [m]

iy, f , iy,b 0.260 0.845 [m]

rw 0.032 0.195 [m]
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Fig. 3. Kinematic scheme and geometrical parameters of a general
eight wheeled articulated mobile robot

Epi.q and Agri.q, the next sections depict a general dynamics
model able to trace the actual behaviour of the two robots
after identification of the respective parameters.

3 Kinematics of the Articulated Mobile Robots
The eight wheeled robots kinematic structure is shown

in Fig. 3 in a planar simplified representation. Each one
of the two modules is characterized by a couple of driving
units. Each driving unit has two wheels in contact with the
ground. Due to the high number of contact points, and to
the non-negligible slips to whom the wheels are subject, a
purely kinematic approach hardly fits the actual behaviour
of these robots. Therefore, with the aim of analysing the
kinematic and dynamic behaviour of this class of machines,
a non-holonomic model is presented in the remainder of the
manuscript. The geometrical parameters that are used for the
modelling process are introduced here, and specialized in the
next sections for the two prototypes Epi.q and Agri.q.

The position of the two modules, front and back, are
described by means of two reference frames (r. f .’s in the
following), called { f} and {b} respectively. The origins of
the frames are both located at the intersection between the
axis of rotation of the driving units carriers with the longi-
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tudinal axis. The r. f .’s are oriented so that the x direction
is aligned to the longitudinal axis of the modules and the z
axis is the ascendant vertical direction (perpendicular to the
plane of motion). Therefore, the y axis coincides with the
transversal direction and is directed towards the left driving
units. The pose of { f} and {b} is determined by a set of six
parameters each, three for position and three for orientation.
The positions of the r. f .’s are indicated by two vectors p∼
composed of:

p∼ =
[
x∼ y∼ z∼

]T (1)

where the symbol∼ stands for f and b for the front and back
module respectively.

The orientation of the two modules must be considered
carefully. The architecture of the articulated robots does not
allow rotations around the longitudinal and transversal axes
(x and y directions of { f} and {b}) during motions on planar
surfaces. Nonetheless, such rotations are responsible of non-
symmetric distributions of wheels loads on the right and left
side of the rover, thus the kinematics model cannot disregard
their effect. To such aim, the orientation is described by a
x-y-z rotation about the axes of the global r. f .{0}:

R∼ = Rz,γ∼Ry,β∼Rx,α∼ (2)

where α∼, β∼ and γ∼ are the roll, pitch and yaw angles re-
spectively of the ∼ module. The resulting rotation matrix is
simplified later by assuming small rotations α∼ and β∼.

In order to provide a reliable and substantially simpli-
fied model, the kinematics of the wheels were simplified as
well. In particular, they were considered always in contact
with ground while the motions of the wheels carriers were
disregarded. As shown later, the inertial contribution of both
wheels and carriers have been taken into consideration, yet
their mobility have been constrained to the respective mod-
ule.

4 General Non-Holonomic Dynamics Model
The dynamics of the articulated mobile robots was tack-

led through a Lagrangian approach. To keep the kinematics
formulation as simple as possible, the model was build using
Lagrangian multipliers to constraint the front and the back
modules by a universal joint. However, given the non negli-
gible slipping of the wheels, the soil-tyre contact was mod-
elled only by means of the exerted forces. In other words,
the implemented model is:

d
dt

(
∂L
∂ẋ

)
− ∂L

∂x
+ΦΦΦxλλλ = ∑Q? (3)

where:

- L is the Lagrangian function of the system, computed as
the difference among kinetic and potential energy;

- x is the vector fo generalized coordinates defining the
space of the configurations of the mechanical system
whose punctual definition is provided later;

- ΦΦΦx is the Jacobian of the homogeneous constrain equa-
tions deriving from the kinematic joints in the mechani-
cal system;

- λλλ is the vector of the Lagrangian multipliers
- Q? is the vector of the generalized forces exchanged by

the ? wheel on each coordinate; the meaning and the
values of Q? are discussed later, as the wheel contact
model is introduced.

4.1 Kinetic and Potential Energies
In this section, the Lagrangian function L is calculated

as:

L = ∑
∼= f ,b

T∼−V (4)

where T∼ is the kinetic energy of the front and back modules,
and V is gravity potential forces acting on the system bodies.

The kinetic energy of the front and back modules are
obtained as:

T∼ =
1
2

ṗT
∼m∼ṗ∼+

1
2

ωωω
T
∼J∼ωωω∼ (5)

where m∼ is mass of the ∼ module and J∼ is the inertia ma-
trix with respect to the fixed r. f .{0}, i.e J∼ = R∼{∼}J∼RT

∼
with {∼}J∼ being the diagonal principal inertia matrix of the
module. For the sake of simplicity, given the smallness of
rotations α∼ and β∼, the inertia matrix can be modified by
using only the yaw rotation γ∼, thus:

J∼ = Rz,γ∼diag
(
Jx,∼,Jy,∼,Jz,∼

)
RT

z,γ∼ (6)

Also for simplification purpose, the modules centres of mass
are supposed located at the origin of the respective r. f .{∼}.
The two velocity vectors ṗ∼ and ω̇ωω∼ can be worked out easily
by differentiation:

ṗ∼ =

ẋ∼
ẏ∼
ż∼

 ωωω∼ =

α̇∼ cosβ∼ cosγ∼− β̇∼ sinγ∼
α̇∼ cosβ∼ sinγ∼+ β̇∼ cosγ∼

γ̇∼− α̇∼ sinβ∼

 (7)

If small pitch and roll rotations are considered, the angular
velocity ωωω∼ simplifies as:

ωωω∼ =

α̇∼ cosγ∼− β̇∼ sinγ∼
α̇∼ sinγ∼+ β̇∼ cosγ∼

γ̇∼

 (8)

The contributions to the kinetic energy provided by the
wheels attached to the module is worth a little discussion.
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Table 2. Relevant inertial parameters of Epi.q and Agri.q

Parameter Epi.q Agri.q

m∗f 1.98 59.0 [kg]

m∗b 1.98 28.0 [kg]

J f ,x 0.7×10−2 5.729
[
kgm2

]
J f ,y 1.7×10−2 5.729

[
kgm2

]
J f ,z 0.2×10−2 9.167

[
kgm2

]
Jb,x 0.7×10−2 2.604

[
kgm2

]
Jb,y 1.7×10−2 2.604

[
kgm2

]
Jb,z 0.2×10−2 4.167

[
kgm2

]
Jw,x = Jw,z 2.94×10−4 0.155

[
kgm2

]
Jw,y 0.72×10−4 0.038

[
kgm2

]

Part of their contribution, in fact, is related to the kinematics
of the module itself for they share the same velocity if the
motion of the carrier is disregarded. Then, it is possible to
consider modified values for the inertial parameters of the
front and back chassis so that:

m∗∼ = m∼+4mw
J∗x,∼ = Jx,∼+4Jw,x +2mwi2y,∼
J∗z,∼ = Jz,∼+4Jw,z +2mw

(
i2x,∼+ i2y,∼

) (9)

where mw is the wheels mass, Jw,x and Jw,z are the compo-
nents of the inertia matrix calculated with respect to a r. f
centered at the wheel centre of mass, and oriented as {∼};
the geometry parameters ix,∼ and iy,∼ respectively represent
the transverse and longitudinal dimension of the robot foot-
print, as shown in Fig. 3. All the wheels have been consid-
ered identical to this aim. It is worth remarking that, given
the simplified kinematics assumed for the wheels carriers,
the model actually disregards the possibility that the wheels
attached to a carrier might move differently. This is an ac-
ceptable assumption from the point of view of kinetic energy,
although it may become relevant in terms of the vertical force
exerted by each wheel on the ground. This aspect is presently
under investigation, even if the results that are shown later
prove that such simplification do not prevent the model to
precisely follow the experimental data.

The rotation of the wheels around their own axes is dis-
cussed later, for they are relevant for the transmission model
that has been implemented. In the specific case of eight
wheeled mobile robots, the soil-tyre contact model plays a
crucial role in the forces exerted by the machine. Such forces
affect the actual actuation burden and the whole robots be-
haviour along curved trajectories. Therefore, it is interest-
ing to estimate as precisely as possible the motors-to-wheels
power flow to analyse the wheels slipping and their actual
contribution to the robot dynamics.

Given the definition of T∼, and the need of modelling
the transmission dynamics, the following generalized coor-
dinates vector is considered:

x =

[
x f
xb

]
(10)

where:

x∼ =
[
x∼ y∼ z∼ α∼ β∼ γ∼ ϑ∼,r ϑ∼,l

]T (11)

All of the coordinates contained in (11) have been defined al-
ready, with exception of ϑ∼,r and ϑ∼,l which are the rotation
angles of the right and left motors respectively. The influ-
ence of such coordinates on the robot dynamics is described
later as the transmission model is defined.

The potential energy V in (4) only considers the grav-
itational potential, since the vertical stiffness of the wheels
is considered within the contact force model with ground.
Considering as a reference the origin of the r. f .{0}, it is:

V = ∑
∼

m∗∼gT p∼ (12)

with g=
[
gx gy gz

]T , and ‖g‖= 9.81ms−2. Varying properly
the components of g, it is possible to simulate differently
sloped surfaces.

4.2 Kinematic Constraints
As aforementioned in the robots description, the class

of articulated robots object of study is composed by a front
and a back distinct parts connected by means of a universal
joint. Such kinematic pair is composed of two revolutes with
perpendicular axes which intersect in the connection point
O. The first revolute is parallel to z axis of { f}; the second
one is parallel to the x axis of {b}.

The resulting four constraint equations are:

ΦΦΦ =

[
p f +R f

{ f}O f −pb−Rb
{b}Ob[

0 0 1
]

RT
f Rb

[
1 0 0

]T ]
(13)

where the first three ensure the coincidence of the points O∼
owned by the two modules, while the fourth constrains the
two axes of the universal joint to remain perpendicular (i.e. z
axis of { f} and x axis of {b}).

Although it is not reported here for the sake of concise-
ness, the consequent Jacobian matrix ΦΦΦx is obtained by dif-
ferentiation of (13) as:

ΦΦΦx,i j =
∂ΦΦΦi

∂x j
(14)

which results in a 4×16 matrix.
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4.3 Wheels-Ground Contact Model
In order to simulate the wheels contact with ground, a

simple model was used here; such model was already pro-
posed and validated by authors in [25] for the Epi.q robot.
The model takes into account the following phenomena:

- the longitudinal force exerted by the tyre on the ground,
as a consequence of the wheel rotation; such force com-
ponent is supposed proportional to the difference of ve-
locity at the center of the contact area;

- a lateral force proportional to the velocity of the wheel
body in the axial direction; this is the slipping force
which is interesting to estimate for eight wheeled articu-
lated robots, for whom this phenomenon is well evident;

- a vertical elastic force, proportional to the tyre deforma-
tion;

- a rolling resistance modelled as a non-symmetric dis-
tribution of the pressure within the contact area; such
phenomenon results in a torque opposite to the rotation
sense and it is formalized as a displacement in the lon-
gitudinal direction of the forces application point.

Referring to Fig. 4, the considered force components are
computed as:

{∼}F? =

Fl,?
Ft,?
Fn,?

=

kl (rwω?− ṗx,?)
−kt ṗy,?

kn (rw− r?)

 (15)

where:

- the symbol ? identifies each wheel of the articulated
robot; a three letters codification is used from now, spec-
ifying which module of the robot (front and back, f and
b), which wheels carrier of the module (right and left,
r and l), and which wheel within the carrier (front and
back, f and b); then, for example, the f lb wheel indi-
cates the wheel attached to the front module, to the left
carrier, in back position;

- kn, kt and kl vertical, transversal and longitudinal stiff-
ness respectively; such parameters must be identified
and strictly depend on the contact condition;

- r? is the actual wheel radius, depending on the load ap-
plied on the ? wheel;

- ṗx,? and ṗy,? are the longitudinal and transversal veloc-
ity components; even though they depend on the wheel
attitude, their values were considered here just equal to
those of the wheel attachment point to the carrier, which
is an acceptable assumption for small roll angles α∼;

- ω? is the wheel rotation rate; such value is directly re-
lated to the respective motor velocity introduced in (11)
and it is specified later as a function of the transmission
itself.

Due to the low velocities of the robots and the absence
of an elastic suspensions system, the vertical dynamics of
the wheels has been neglected. Nonetheless, given the rel-
evance of wheels slipping in the dynamics of motion, the
model was provided with a force saturation effect similar to
the Coulomb classic frictional model. In particular, consid-
ering the horizontal force of each wheel Fh,? =

√
Fl,?+Ft,?,

the actual forces acting on the wheel-ground contact were
modified as:

Fh,? > µsFn,? ⇒

{
F∗l,? = µdFn,?

Fl,?
Fh,?

F∗t,? = µdFn,?
Ft,?
Fh,?

(16)

The eight forces computed by (15) affect through the respec-
tive Q? vector, that can be obtained by the virtual works prin-
ciple as:

δxT Q? = δpT
? F?⇒Q? = ∑

i

∂pT
?

∂xi
F? (17)

where the vectors p? and F? must be expressed in the same
reference frame, thus the actual orientation of each wheel
shall be considered. For simplicity, it is chosen to disregard
the pitch and roll rotations of the modules which marginally
affect the force components. Therefore:

Q? = ∑
i

∂pT
?

∂xi
Rz,γ∼

{∼}F? (18)

The position of the forces application point can be easily
computed as:

p? = p∼+Rz,γ∼Rx,α∼
{∼}p? (19)

It should be noted that, for the wheels orientation, the pitch
angle β∼ is disregarded since the wheels carriers are not sub-
ject to such rotation being connected to the chassis by means
of a revolute joint parallel to y axis of the respective r. f .{∼}.
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Also, the formulation can be further simplified with the as-
sumption of small rotations α∼.

The eight constant vectors {∼}p? are assumed as:

{∼}p∼r f =
[

ix,∼
2 +uw

−iy,∼
2 0

]T

{∼}p∼rb =
[
−ix,∼

2 +uw
−iy,∼

2 0
]T

{∼}p∼l f =
[

ix,∼
2 +uw

iy,∼
2 0

]T

{∼}p∼lb =
[
−ix,∼

2 +uw
iy,∼

2 0
]T

(20)

The parameter uw represents the displacement of the force
application point related to the wheel rolling resistance. As
known, such length is function of the contact parameters, and
in particular of the wheel radius rw and of the rolling resis-
tance coefficient.

It is worth noticing that the four wheels and the origin
of the r. f .{∼} were considered coplanar.

4.4 Transmission Model
As aforementioned, the transmission power flow is im-

portant for the modelling process of mobile robots with high
number of wheels since their dynamic behaviour is strongly
affected by the amount of slipping in the tyre-soil contact. To
such aim, the power flow model schematically represented in
Fig. 5 was adopted.

Mm−Mr
τ

η
=

(
Jm + Jw

τ2

η

)
ϑ̈m (21)

where:

- Mm is the torque exerted by the motor;
- Mr is the torque generated by contact forces of the cor-

responding wheels; for the four motors it is:

M f r = rw
(
Fl, f r f +Fl, f rb

)
+uw

(
Fl, f r f +Fl, f rb

)
M f l = rw

(
Fl, f l f +Fl, f lb

)
+uw

(
Fl, f l f +Fl, f lb

)
Mbr = rw

(
Fl,br f +Fl,brb

)
+uw

(
Fl,br f +Fl,brb

)
Mbl = rw

(
Fl,bl f +Fl,blb

)
+uw

(
Fl,bl f +Fl,blb

) (22)

- τ is the reduction ratio of the transmission;
- Jm and Jw respectively are the inertial parameters of the

motor rotor, and of the attached wheels;

Table 3. Transmissions parameters of Epi.q and Agri.q

Parameter Epi.q Agri.q

τ f 1 : 205.00 1 : 47.64 [−]

τb 1 : 205.00 1 : 28.93 [−]

ηd 0.81 0.60 [−]

ηr 0.77 0.35 [−]

- η is the efficiency (< 1) of the transmission; such param-
eter assumes different meanings for direct and reverse
power flows:

Mmϑ̇m ≥ 0⇒ η = ηd
Mmϑ̇m < 0⇒ η = 1

ηr

(23)

with ηd efficiency of the transmission when the power
flows from the motor to the wheels, and ηr efficiency
when the motor acts as a brake; such distinction is im-
portant because the difference among the values of ηd
and ηr might be significant when the transmission ratio
τ� 1;

- ϑm is the motor angular acceleration.

Using (21), four equations can be found, one per each motor,
to be added to the sixteen non trivial equations coming from
(4). The reduction ratios of the Epi.q and Agri.q are shown
in Tab. 3 and correspond to those actually available on the
robots. The efficiencies ηd and ηr are reasonably assumed
depending on the transmission architectures which are dif-
ferent for the two robots.

5 Model Analysis
To improve the understanding on the articulated robot

dynamics, the model described in the previous section is
analysed in the following. Due to its complexity, some sim-
plifications are introduced by neglecting the less relevant
terms, such as the roll and pitch angles, which are assumed
null.

The effect of the back module on the robot manoeuvra-
bility was evaluated in terms of its capability of affecting the
whole system lateral and yaw accelerations. In particular, it
must be kept in mind that the robot motion is controlled by
means of the front module kinematics. Then, understand-
ing what the effect of the actuation of the back driving units
might be on the whole system means to understand how the
forces exerted by the back wheels modify the dynamic be-
haviour of the front module.

To such aim, the dynamic equations introduced in the
previous section can be solved, and the lateral and yaw ac-
celerations { f}ÿ f and γ̈ f can be considered. The influence
of the contact forces generated by the actuation of the back
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Fig. 6. Representation of the effect of the back driving units actuation on the dynamic behaviour of the articulated mobile robot: the maps
on the right in particular show how the application of an equal torque to the back wheels of an articulated robot affect its ability to perform
lateral and yaw accelerations only for Epi.q type robots, i.e. when l f /(l f + lb)> 0

driving units can be then quantified by considering the terms:

χ? =
∂{ f} ÿ f
∂Fl,?

= f
(
γ∼, iy,∼, l∼,rw,m∗∼,J

∗
z,∼,Jw

)
ψ? =

∂γ̈ f
∂Fl,?

= f
(
γ∼, ix,∼, l∼,m∗∼,J

∗
z,∼,Jw

) (24)

The partial derivatives in (24) depends on almost all the robot
geometrical and inertial parameters and their expression is
too extended for been reported here. Nonetheless, it is possi-
ble to perform a numerical analysis on some relevant param-
eters and assuming reasonable values for the remaining. For
example, the Fig. 6 graphically shows the results obtained
for an articulated robot owning the Agri.q inertial properties.
The values of the influence coefficients (24) have been let
vary for different aspect ratios l f /(l f + lb), and a set of dif-
ferent relative yaw angles γr = γ f − γb were considered.

The maps in Fig. 6 yield some interesting conclusions:

- both right and left wheels provide a non-under steering
contribution to the rover (characterized by χ? with same
sign as γr) only for a small angle range, going from the
line γr = 0 to the iso-curve χ? = 0; the width of such
range is affected by the rover aspect ratio l f /lb and, in
general, is wider for Epi.q-like robots, more than for
Agri.q ones;

- in approximately the same range of configurations, the
actuation of the right and left wheels own a brake effect
on the yaw acceleration, as evidenced by the sign of ψ?

which is opposite to that of γr: in other words, while
the back actuation helps the forward module performing
curved paths by providing centripetal accelerations, it
also hinders the yaw accelerations γ̈ f making necessary
a higher actuation burden on the front module.

As done in automotive practice, it is useful provide the back
wheels with equal torques in order to let them assess their an-
gular velocities to those required by their paths, and letting
the front module drive the whole trajectory. To such aim, it
is interesting to observe what is the effect of an equal longi-
tudinal force on right and left wheels, done here through the
sum of the respective χ? and ψ?. Again from Fig. 6 one can
conclude that:

- an equal longitudinal force on the back module wheels
inevitably yields an under-steering effect on the front
module (being the sign of the sum of χ? opposite to the
sign of γr) at any configuration;

- the sign of the sum of ψ? equals to the sign of γr sug-
gesting that an equal force on the back module always
improve the front module capability to modify its yaw
orientation, lightening the front motors usage; however,
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such effect is evident for robots having l f ∼ lb, while is
identically null when l f = 0, i.e. for the rover Agri.q.

This last point deserves a particular attention since,
as also pointed out later by simulations on the identified
model, the obvious consequence is that the manoeuvrabil-
ity of Agri.q cannot be improved by actuating the robot back
actuators. Nonetheless, the use such motors can enlighten
the burden of the front ones leaving their contribution essen-
tially oriented at providing the front module with yaw accel-
erations (i.e. performing curves).

6 Numerical Implementation and Identification
The implementation of the dynamics equation followed

the classical approach for algebraic systems, through an aug-
mented mass matrix build up to contemporary solve the ac-
celerations problem together with the kinematic constraint
equations:

[
M ΦΦΦ

T
x

ΦΦΦx 04×4

][
ẍ
λλλ

]
=

[
n
−Φ̇ΦΦxẋ

]
(25)

where vector n collects all the terms not dependent on the
coordinates accelerations.

Bearing in mind the final aim of the modelling process,
which is that of simulating the articulated robots while per-
forming different kind of trajectories, the desired velocity
profiles of the front motors where provided in form of con-
straint equations as:

ΦΦΦ
∗ =

[
ϑ f r−ϑ f r,d
ϑ f l−ϑ f l,d

]
(26)

Using a Baumgarten type formulation to ensure the follow-
ing of non-continuous accelerations profiles, the constraint
becomes

Φ̈ΦΦ
∗
+2AΦ̇ΦΦ

∗
+BΦΦΦ

∗ = 0 (27)

where the two parameters A and B where then set up to en-
sure the constraints fulfilment. The resultant differential al-
gebraic system of equations assumes the form:

 M
[

ΦΦΦx
ΦΦΦ
∗
x

]T

[
ΦΦΦx
ΦΦΦ
∗
x

]
06×6




ẍ
λλλ

−M f r
−Mbr

=

 n
−Φ̇ΦΦxẋ

−Φ̇ΦΦ
∗
xẋ−2AΦ̇ΦΦ

∗−BΦΦΦ
∗


(28)

where M f r and M f l are the actuation torques needed to fol-
low the desired path constrained by (27).

The four equations coming from (21) also provide a fur-
ther algebraic loop, for the values of the efficiency parameter
η of each one of the four transmissions depend on the actual
values of motors torques and angular velocities. In this ap-
proach, the model was simplified as shown in Fig. 8 by just

ϑm,fr, ϑm,fl

motion
planner

τb

τf

η

M
m

,fr , M
m

,fl

Mm,br, Mm,bl

ϑm,fr, ϑm,fl

ϑm,fr, ϑm,fl

x

x

x

.

..

.

..

.

..

Fig. 7. Numerical implementation of the articulated robots dynamics
model

considering in the numerical integration process the value of
η at each step given by the power-flow at the previous inte-
gration step.

A similar feedback approach was also used for the mo-
tor torques Mbr and Mbl fed to the back module, whose val-
ues can be determined according to different control laws.
A simple, yet effective, approach can be that of dividing the
whole torque exerted by the robot wheels with a given pro-
portionality among front and back modules:

∑
f

Mw,? = κ∑
∼

Mw,? (29)

where Mw,? is the torque exerted by the single wheel. Given
the transmission parameters described before, then it is:

Mm,br +Mm,bl =
τb

τ f

(
1
κ
−1
)(

Mm, f r +Mm, f l
)

(30)

In other words, when κ = 1 the torque exerted by back mod-
ule wheels is null and all the actuation effort burdens on the
front wheels; when κ= 0.5 the contribution of front and back
modules are equal. Given the transmission reductions and
the motors characteristics, the actual range for of such pa-
rameter for Agri.q is 0.62≤ κ≤ 1, since the lower bound
avoids the back motors exceeding their maximum working
torque. Such constraint is not valid for Epi.q, whose mod-
ules are provided with equal modules and transmissions.

The model proposed and widely discussed in the pre-
vious part of the manuscript was validated through experi-
mental tests for both the two prototypes Epi.q and Agri.q.
Details on the parameters identification involving the Epi.q
were provided by authors in [25]. A similar approach was
also adopted for the Agri.q rover, whose parameters are de-
tailed in Tab. 4. Some details about the experimental cam-
paign that has been carried out to identify the model kine-
matics and dynamics model previously derived are provided
in the following. Given the Agri.q main task, which is that of
monitoring vineyards and crops in general, the rover might
be subject to a variety of use conditions. Soil unevenness and
slopes, ground humidity, and presence of grass are just some
examples of the external factors which can affect the robot
behaviour. To predict an always valid set of parameters is
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Fig. 8. Aerial view of the used test rig: Agri.q moving on a flat grassy surface having its trajectory captured by a Leica MS50 total station

impossible. Nonetheless, the model can still be exploited to
design actuation strategies once it is validated on a signifi-
cant application case.

The experimentation focused for this piece of research
on identifying the Agri.q model in a quite simple condition:
the tests were performed on a flat grassy surface, with limited
unevenness. The rover was controlled to perform a circular
trajectory at constant velocity going through the following
steps:

- a transient acceleration phase with a cubic veloc-
ity profile characterized by a maximum acceleration
amax = 0.5ms−2 in straight direction;

- a straight velocity section at constant cruise velocity vc;
- a circular path with constant radius R and velocity vc.

The values of the wheels rotations where computed by only
considering the rover inverse kinematics, already tackled by
authors in [25]. According to that approach, the wheels rota-
tions where computed disregarding their slipping. As shown
in the following, the actual behaviour of the robot is funda-
mentally different.

A set of experimentations were performed with differ-
ent velocities and curve radius, moving the robot with dif-
ferent values of the division parameter κ. The tests were
performed on a planar grassy field, similar to the expected
rover work environment in terms of soil evenness. Due to
the weather and humidity, the terrain was almost wet, offer-
ing a wide range of working conditions: from slippery spots
with wet grass, to muddy points whith less dense turf. The
robot actuation consisted in a planned reference trajectory
fed to the forward actuation units. The velocity profiles gen-
erated as previously described were directly followed by the
forward motors drivers; the back motors contributions were
computed via (30). The acquired data-set was then used to
identify the wheels contact parameters: the modelled articu-
lated robot where moved by imposing the reference rotations
in (28) equal to those recorded on the rover during the exper-

imentations.

In order to perform a validation in term of position-
ing accuracy, a properly measured reference trajectory is
required. This trajectory, used as ground truth, was cap-
tured by a total station (the Leica MS50 of Leica Geosys-
tems AG, Heerbrugg, Switzerland) located on the vertices of
a small georeferenced topographic network, tracing a mov-
ing 360◦ prism target (Leica GRZ122) mounted on the up-
per platform of the rover. Being the network geo-referenced,
the components of the position of the prism also appear
to be in the same reference frame. The geo-referencing
of this network took place by locating two dual-frequency
multi-constellation geodetic GNSS receivers (Leica GS14),
in static acquisition for about an hour on the materialized
vertices. The observations were subsequently post-processed
with a differential approach and the network compensated in
order to obtain the accurate coordinates of the points (cm-
level accuracy) projected in a cartographic system (WGS84
reference system with the UTM32N projection). The layout
of the test rig is shown in Fig. 8. The markers appearing
in the picture were not used for this piece of research. The
same experimental campaign, in fact, was exploited for cali-
brating a visual positioning system based on the use of UAVs
(unmanned aerial vehicles).

Some comparative results in terms of planned motions,
experimental and simulated paths and torques are shown in
Fig. 9 for two trajectories not used in the identification pro-
cess. The tests (here called Test 1 and Test 2) were performed
at different cruise velocities (namely 0.5ms−1 and 1.0ms−1)
and planned curve radius (2m and 3m respectively). The pa-
rameters obtained by the identification process are collected
in Tab. 4. As visible, the model fits with acceptable accuracy
the actual paths and torques, and can be considered validated
for the particular application scenario object of study, espe-
cially for low range velocities. Nonetheless, a huge deviation
is recorded among the motion planning and the trajectory ac-
tually executed by the robot. This fact is attributable to at
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Fig. 9. Agri.q model validation: comparison among simulated and experimental variables for two trajectories with different radius and cruise
velocity; Test 1 is performed at cruise velocity 0.5ms−1 and curve radius of 2m, Test 2 at 1.0ms−1 and curve radius of 3m

least two evident phenomena: on the one hand, the transver-
sal contact forces acting on the wheels drive the robot far
from a purely holonomic behaviour; on the other, the driv-
ing motors seem not able to follow with accuracy the refer-
ence velocity fed by the motion planner. This is well evident
in both the ϑ̇m, f r, ϑ̇m, f l curves shown in Fig. 9, and finds a
justification in the torques graphs which show in both cases
that the motor at the outer side of the curve reaches its upper
thrust limit, preventing the right wheels to accomplish the
desired motion.

In order to have a dimensionless parameter to compare
the modelled and the experimental behaviours, the deviation
from the desired pose was estimated through the error ac-
cumulated by the yaw angle γ f of the front module while

performing the motion. In particular, it was used eγ, defined
as:

eγ =

∫ t f
0 (γ f − γd)dt∫ t f

0 γddt
(31)

where γd is the planned yaw angle, and t f is the final instant
of the simulated test. A second parameter defined to the aim
of evaluating the performance is ex, which takes into consid-
eration the Cartesian position of the front module:

ex =
‖p f −pd‖

σ
(32)
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Table 4. Relevant wheels contact parameters of Epi.q and Agri.q

Parameter Epi.q Agri.q

kl 200.00 2939.81
[
Nsm−1

]
kt 120.00 2039.05

[
Nsm−1

]
kn 11×103 15×103

[
Nm−1

]
µs 0.90 0.63 [−]

µd 0.60 0.30 [−]

uw 8.00×10−4 8.32×10−3 [m]

Table 5. Positioning error parameters in terms of yaw angle and
Cartesian position of the front module for experimental and simulated
trajectories

Parameter Test 1 Test 2

eγ, experimental −42.20 −48.69 [%]

eγ, simulation −40.39 −43.77 [%]

eγ, odometric −24.76 −30.81 [%]

ex, experimental 24.02 16.45 [%]

ex, simulation 24.30 14.33 [%]

ex, odometric 3.53 5.05 [%]

where pd is the planned position of the front module at the
end of the motion, and σ is the length of the planned path.
The computed values of such parameters are collected in
Tab. 5 for experimental, simulated and odometric results. As
said, the external wheels are not able to perform the desired
motion yielding an odometric estimation of the path very
far from the planned one. The data in Tab. 5 basically con-
firm such behaviour, as demonstrated by the values of eγ and
ex. The difference among odometric estimation and exper-
imental paths shows instead the effect of the wheels lateral
forces on the trajectory: the robot is led to run even larger
curves with postioning and orienting errors which increase
also with cruise velocity and curve radius. Nonetheless, a
pretty promising overlapping is shown by experimental and
simulated data that demonstrate a low mutual deviation.

The behaviour is probably more simply described by the
radius of the circular paths run by the robot. Referring to the
two tests shown in Fig. 9, the two desired planned radius are
Rd = 2m and Rd = 3m. Since the external wheels are not
able to perform the desired velocities, the resulting odomet-
ric estimations of the path turn very far from Rd , in particular
the mean values Ro = 2.63m and Ro = 4.13m are observed.
The captured trajectory is still different from the expected
one, due to the friction transversal forces of the wheels on
the ground: the experimental mean values of Re = 3.34m

and Re = 5.53m are recorded. The dynamic model was iden-
tified to overlap this effect, to approximate as much as pos-
sible the actual dynamics of Agri.q. After identification, the
model offers a mean radius of Rm = 3.34m for the 0.5ms−1

trajectory, and Rm = 5.12m for the 1.0ms−1 trajectory. In
conclusion, for high velocity (it is worth reminding that the
upper velocity limit for Agri.q is about 1.2ms−1) the model
tends to underestimate the actual curvature of the rover tra-
jectory of about 7.4%. Nonetheless, the accuracy shown for
lower motions makes the presented dynamics model a use-
ful tool that will be exploited in the next section to analyse
the effect of a the actuation of the back driving units on the
whole machine manoeuvrability.

7 Simulations
In this section, the dynamics model of articulated mobile

robots which has been carried out and identified in the first
part of the manuscript is used to verify the actual effect of a
back actuation on the robots manoeuvrability. To such aim,
the model was specialized with the parameters till now de-
scribed of the two prototypes Epi.q and Agri.q. Each model
was then integrated on similar yet properly scaled trajecto-
ries, composed as it follows:

- a transient acceleration phase with a cubic velocity pro-
file characterized by a maximum acceleration amax in
straight direction;

- a straight velocity section of length s at constant cruise
velocity vc;

- a constant radius R and velocity vc path for an angular
distance of 3

2 π in counterclockwise direction;
- a constant radius R and velocity vc path for an angular

distance of 3
2 π in clockwise direction;

- a straight velocity section of length s at constant cruise
velocity vc;

- a transient deceleration phase with a cubic velocity pro-
file characterized by a maximum value−amax in straight
direction.

The two trajectories for Epi.q and Agri.q are detailed in
Tab. 6, and the resulting simulations are shown in Fig. 10.
Exactly as it is done with the actual prototypes, the desired
motors velocities are forwarded to the driving units, with-
out any feedback on the robot actual pose. The calculations
were repeated for different values of κ, in particular for κ= 1
(back motors non active), κ = 0.8 (80% of the traction effort
performed by the front module) and κ = 0.6 (60% of the
traction effort performed by the front module). The cruise
velocities chosen for the two robots represent the maximum
performance of the respective prototype. Since the inertial
effects on the robots behaviours increase with such parame-
ter, this choice allows analysing the worst possible working
condition in this sense.

As visible, neither Epi.q nor Agri.q are able to follow
with precision the desired trajectory due to the absence of ex-
ternal feedback compensating the effect of the lateral forces
acting on the wheels. It is worth noticing that, without sim-
ulated torque limits, the front module wheels precisely fol-
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Fig. 10. Simulation performed on Epi.q and Agri.q models for evaluation of back driving effect; quantitative details on the paths are given in
Tab. 6

low the planned velocity profile. The two performance pa-
rameters already introduced in (31) and (32) are used again
to provide a quantitative comparison among the trajectories.
The results, computed among the planned and the executed
trajectories with different κ, are collected in Tab. 7. As vis-
ible from such parameters, and from the representations of
Fig. 10, the actuation of the back module yields an improve-
ment of the capacity of the articulated mobile robots to fol-
low curved trajectories. It is worth remarking that the inertia
of the robots should affect their behaviour as the velocity in-
creases. Actually, due to the low dynamics of both the proto-
types, such effects are negligible with respect to the contact
with ground. Anyhow, the simulations were performed at the

prototypes maximum allowed velocities in order to depict the
worst possible working condition.

The most important improvement is obtained in terms
of traction effort. In fact, it is possible to appreciate for both
Epi.q and Agri.q that the actuation on the back driving units
lightens the front motors from part of their burden. This is
important in particular for the rover Agri.q which experimen-
tally showed a critical behaviour while approaching curves
due to the physical limits of its motors. Thus, the use of
a back actuation can indirectly enhance the manoeuvrabil-
ity for it demands the traction effort (or part of it) to the back
motors while the torque exerted by the front motion units can
be oriented at modifying the front module orientation, i.e. at
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Table 6. Parameters of the simulated trajectories for parameters of
Epi.q and Agri.q

Parameter Epi.q Agri.q

R 0.50 2.00 [m]

s 0.50 2.00 [m]

vc 0.50 1.00
[
ms−1

]
amax 0.25 0.50

[
ms−2

]

Table 7. Positioning error parameters in terms of yaw angle and
Cartesian position of the front module

Parameter Epi.q Agri.q

eγ (κ = 0.6) 1.98 4.36 [%]

eγ (κ = 0.8) 2.13 4.52 [%]

eγ (κ = 1.0) 2.52 5.10 [%]

ex (κ = 0.6) 1.79 5.63 [%]

ex (κ = 0.8) 2.20 6.83 [%]

ex (κ = 1.0) 2.75 6.45 [%]

performing curves. On the other hand, this effect is almost
irrelevant for Epi.q, for whom however the beneficial effect
of the back actuation lies on its improved ability to approach
curves.

8 Conclusions
In the last decade, the use of mobile robots drew the at-

tention of both research community and industry, for their
versatility and breadth of applications. Among them, artic-
ulated robots play a special role for their innate modularity
and scalability. It is the case of the Epi.q and Agri.q mobile
robots, which are the main object of this piece of research.
The main strength of these two robots is given by the high
number of wheels they are provided with, which makes them
particularly able to engage uneven grounds and to overpass
obstacles. Unfortunately, such plus, also yields high para-
sitic contact forces which stray the actual behaviour from the
kinematic one. This paper analyses such phenomenon, with
particular attention to the beneficial effects than can be car-
ried by a distributed locomotion effort. In first place, a reli-
able dynamics model is built and its parameters are experi-
mentally identified. Such validation entitles the model to be
used as a design tools for locomotion strategies of the tackled
class of robots. At last, a simple strategy is tested in simula-
tions for the two prototypes, to verify if the actuation of the
back module wheels is actually beneficial to the robots ma-

noeuvrability. As pointed out by the simulations, the use of
back actuation can be of crucial importance even if the rover
are not approaching sloped surfaces. For the Agri.q rover,
due to the amount of wheels slipping, it was observed that
the motors might not be able to provide the sufficient torque
to run curved paths. The intervention of the back actuation
helps to maintain an acceptable burden of the actuators, ben-
eficially affecting the behaviour in curve although the theo-
retical effect shall be that of reducing the rover capacity to
approach curves. The different geometry of the Epi.q robot
makes such effect even more evident.

It is worth remarking that the proposed approach is valid
for the tested workspaces of the two prototypes, for which the
identified parameters are valid. Due to the extreme variabil-
ity of the contact parameters, the quantitative results obtained
by simulations should be considered valid only for applica-
tions of the same type (soil condition and evenness, mostly).
Nonetheless, the correspondence among the validated model
and the experimental data provide a reasonable level of con-
fidence for considering it as an exploitable tool for testing of
different actuation laws in simulated environment also with
different wheels-ground contact parameters.

In conclusion, the combined use of experimental data
and simulations helped to understand and quantify the ac-
tual advantage of using back actuation on articulated rovers.
In future, the actuation strategies should evolve to enhance
the robot behaviour, and to make the back motors intervene
when required to accomplish the desired trajectories. Such
growth can be prior tested in simulation environment thanks
to the validated model object of this paper, and later on ex-
perimentally tested.
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