UNIVERSITA POLITECNICA DELLE MARCHE
Repository ISTITUZIONALE

On the fractional relativistic Schrédinger operator

This is the peer reviewd version of the followng article:

Original
On the fractional relativistic Schrédinger operator / Ambrosio, V.. - In: JOURNAL OF DIFFERENTIAL
EQUATIONS. - ISSN 0022-0396. - 308:(2022), pp. 327-368. [10.1016/j.jde.2021.07.048]

Availability:
This version is available at: 11566/294880 since: 2024-10-04T18:14:24Z7

Publisher:

Published
DOI:10.1016/j.jde.2021.07.048

Terms of use:

The terms and conditions for the reuse of this version of the manuscript are specified in the publishing policy. The use of
copyrighted works requires the consent of the rights’ holder (author or publisher). Works made available under a Creative Commons
license or a Publisher's custom-made license can be used according to the terms and conditions contained therein. See editor’s
website for further information and terms and conditions.

This item was downloaded from IRIS Universita Politecnica delle Marche (https://iris.univpm.it). When citing, please refer to the
published version.

(Article begins on next page)

03 February 2025



ON THE FRACTIONAL RELATIVISTIC SCHRODINGER OPERATOR

VINCENZO AMBROSIO

ABsTrRACT. We collect some interesting results for equations driven by the fractional relativistic Schrédinger
operator (—A + m?2)® with s € (0,1) and m > 0. More precisely, for the linear theory, we prove Holder-
Schauder-Zygmund regularity results and a Kato’s inequality. For the nonlinear theory, we obtain L°°-
regularity, exponential decay, a Pohozaev-type identity, and a symmetry result for solutions of certain non-
linear fractional problems.

1. INTRODUCTION

In this work we deal with the relativistic Schrédinger operator

(=A +m?)*  withm >0 and s € (0,1), (1.1)
which may be defined via Fourier transform (see [29,30]) by
(A +m?)u(z) = F (€7 +m?) Fu(€))(x), = eRY, (1.2)

for any u : RY — R belonging to the Schwartz space S(RY) of rapidly decaying functions, or equivalently
via singular integrals (see [22,36]) as

(—A +m?)*u(z) = m®u(z) + C(N, s)m" 2 P.V./R ”(x);fffy)m# (mlz —y)dy, =eRY, (1.3)

Nz -yl
where P.V. stands for the Cauchy principal value, K, is the modified Bessel function of third kind of order
v (see [6,51]), which satisfies the following well-known asymptotic formulas:

1—‘ —v
K,(r) ~ (21/) (g) as r — 0, for v > 0, (1.4)
K, (r) ~ \/Zréer as r — oo, for v € R, (1.5)

and C(N, s) is a positive constant whose exact value is

_N-25s _ N s(l — S)
C(N,s):=2"""= T
(N,3) T Te s
When s = 1, the operator (1.1) was considered in [52,53] for spectral problems and has a clear meaning
in quantum mechanics. Indeed the Hamiltonian for the motion of a free relativistic particle of mass m and

momentum p is given by

D2c2 + m2ch,
where c is the speed of the light. With the usual quantization rule p — —1V, we get the so called relativistic

Hamiltonian operator
H =/ —c2A +m2ct — mc?.

The point of the subtraction of the constant mc? is to make sure that the spectrum of the operator H is
[0,00) and this explains the terminology of relativistic Schrodinger operators for the operators of the form
ﬁ—l—V(x), where V() is a potential. Equations involving 7{ arise in the study of the following time-dependent
Schrédinger equation

o~
thgr = HO = f(z,|®*®, (x,t) € RN xR,
where @ : RV x R — C is a wave function and f : RY x [0,00) — R is a continuous function, which describes
the behaviour of bosons, spin-0 particles in relativistic fields. Physical models related to H have been widely
studied over the past 30 years and there exists an important literature on the spectral properties of relativistic
Hamiltonians, most of it has been strongly influenced by the works of Lieb on the stability of relativistic

matter; see for instance [36,37,52]. On the other hand, the operator (1.1) is strictly connected to the theory
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2 V. AMBROSIO

of stochastic processes. More precisely, m?® — (—A + m?)® is the infinitesimal generator of a Lévy process
Xt2 ®™M called relativistic 2s-stable process having the following characteristic function

FOEE X ot 4m?) -m®) e o RN,

see [9,15,27,42] for more details.
When m — 0, then (1.1) reduces to the fractional Laplacian operator (—A)® defined, for u € S(RY), via
Fourier transform by
(=8)*u(z) = FH(g* Fu(€))(@), = €RY,

or via singular integrals by

, u(z) —u
(—A) u(x) = Cn. PV. /RN W dy, z€RY. (1.6)
This operator has gained tremendous popularity during the last two decades thanks to its applications in
different fields, such as, among others, phase transition phenomena, crystal dislocation, population dynamics,
anomalous diffusion, flame propagation, chemical reactions of liquids, conservation laws, quasi-geostrophic
flows, water waves. Moreover, from a probabilistic point of view, the fractional Laplacian is the infinitesimal
generator of a (rotationally) symmetric 2s-stable Lévy process. We refer to [5, 8, 18, 21] for a very nice
introduction on this subject. Note that the most important difference between the operators (—A)® and
(—A + m?)® is that the first one is homogeneous in scaling whereas the second one is inhomogeneous as
should be clear from the presence of the Bessel function K, in (1.3).

Our paper is motivated by some recent investigations concerning the following fractional relativistic
Schrédinger equation

(A +m?)*u = g(x,u) in RY, (1.7)

for which many interesting existence and multiplicity results have been established via suitable variational
techniques; see [3,4,19,20,24,33,44]. In this work we focus our attention on the regularity, decay and
symmetry of solutions for (1.7). Such questions have been extensively analyzed for (—A)?®, see for instance
[5,10,18,23,45], so our purpose is to go further in this direction by considering (1.1).

Firstly, we show how (1.1) interacts with Holder-Zygmund spaces. These facts are essentially known
in the theory of Besov spaces [40,43,50] but here we prefer to give an alternative proof by following the
approach in [46]. We recall that Holder estimates for (—A)® were considered in [45] by taking advantage
of the pointwise formula (1.6) and combining a localization trick with Schauder estimates for the classical
Poisson equation. Later, in [13,47] the authors used a semigroup approach to deduce Schauder-Zygmund
and Schauder-Holder-Zygmund estimates for (—A)®. Here we extend these results for (1.1) by following the
treatment of the Lipschitz spaces A, with @ > 0, as in [46,49]. We emphasize that one could follow the
arguments in [45] because (1.3) and asymptotic estimates (1.4) and (1.5) allow us to deduce the corresponding
Propositions 2.8 and 2.9 in [45]. However, this way does not permit the case of Holder-Zygmund spaces; see
Remark 3.3.

Secondly, we provide a nonlocal version of Kato’s inequality [34] for the solutions of a linear problem
involving (1.1), that is, if v € HZ,(RY,C) solves (—A + m?)*u = f € L} . then the inequality (—A +
m?)*|u] < R(sign(a)f) holds in the distributional sense. As pointed out in [12], for the case m = 0, the
distributional Kato inequality for (—A)® is essentially a consequence of the Coérdoba-Coérdoba inequality
(—A)*p(u) < @' (u)(—A)*u, where p € C?(R) is convex, and a standard approximation argument. We stress
that in [12], to prove the Kato inequality for (—A)®  the authors invoked the extension technique [11] and
the Hopf lemma in [10]. When m > 0 and u € S(RY), we can exploit the integral representation formula
for (1.1) (see Theorem 2.2) to infer a Kato’s inequality for (1.1) in the pointwise sense; see Remark 3.4. The
desired distributional inequality deserves more effort. To our knowledge, a distributional Kato’s inequality
has been obtained in [28] for the magnetic relativistic Schrédinger operator (y/(—1V — A(x))2 + m?2 )%, where
a € (0,1] and m > 0, or &« = 1 and m = 0, with A € L? (RN, RY), by following the original approach in [34]
and using some commutator estimates. Anyway, these arguments do not work in our context because some
estimates fail. Therefore we use a different strategy based on the choice of a suitable test function and some
convenient estimates which permit us to pass to the limit in the weak formulation of the linear problem and
achieve our goal. Note that our result is valid for all m > 0 and s € (0, 1).

Next, we study the boundedness of solutions for (1.7) under appropriate growth assumptions on the
nonlinearity g, by combining a Brezis-Kato argument [7] with a Moser-iteration scheme [39]. After that,
we show that the decay of solutions to (1.7) is of exponential type, contrary to the case m = 0 for which
is well-known that the decay of solutions is of power-type; see [23]. In order to achieve our aim, inspired
by [4], we construct a suitable comparison function and we carry out some refined estimates which take
care of an adequate estimate concerning 2s-stable relativistic density with parameter m found in [27], and
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the asymptotic estimate (1.5). We recall that exponential estimates for positive solutions of (1.7) appeared
in [19] in which s = % and g(z,u) = pu+ [uP~%u + o(W * u?)u with g < m, N > 3, p € (2, 2&;),
v,0 > 0 (but not equal 0 booth), W € L"(RN) + L¥*RN), r > ¥ W > 0, W(z) = W(|z|) — 0 as

2
|x| — oo, and in [24] where s € (0,1) and g(z,t) > 0 is continuous, g(z,t) < Cs|t|P for some p € (1, %fgj),

t — @ is increasing for t > 0 and all z € RY, g satisfies the Ambrosetti-Rabinowitz condition, and
0 < g(z,t) — g(t) < C(|¢| + |t|P) for some continuous functions § and a(z) — 0 as |x| — oo such that the
Lebesgue measure of {g(-,t) > g(t) for all ¢ > 0} is positive. Nevertheless, our approach is totally different
from these papers and holds for any s € (0,1) and more general nonlinearities.

The exponential decay plays an important role in the proof of Theorem 4.2 to deduce a Pohozaev-type
identity for (1.1); see [24, 26, 33, 44] for related results on this identity. For completeness, we recall that
Pohozaev-type identities for solutions of fractional elliptic equations of the form (—A)*u = g(u) in RY can
be found in [5,16,26,41].

Finally, when we consider positive solutions and the nonlinearity g in (1.7) does not depend on z, we
prove the radial symmetry and the monotonicity under the assumption ¢'(t) < m?® by using the moving
plane method. For the case m = 0 one can see [5,17,18,23]. When m > 0, in [38] the authors used a
Hardy-Littlewood-Sobolev type inequality for the Bessel potentials to establish the radial symmetry and
mounotonicity results for (1.7) with g(z,u) = wP with p > 1. Their approach does not work with more
general nonlinearities so we develop a different strategy which combines a maximum principle for anti-
symmetric functions and a key boundary estimate as in [17], taking into account the properties of the

function r € (0, 00) — K% (mr)r’%; see Theorem 4.4. We also mention that the radial symmetry has
been considered in [3] in which the author studied (1.7) with g(z,u) = (m?® — p)u + |u[P~2u, with z > 0 and
p € (2,2%), via a variant of the extension procedure [11] given in [19,22,48] and applying the moving plane
method.

We highlight that some of the results established in this work, such as, the L*°-estimate, the Pohozaev
identity and the radial symmetry of positive solutions, could be also proved by using the extension technique
for (1.1). However, we prefer to work directly with (1.1) by making use of fractional Sobolev spaces and
properties of Bessel functions that permit us to underline the nonlocal character of the involved operator.

The paper is organized as follows. In Section 2 we fix the notations and we collect some results of
independent interest. In Section 3 we study linear theory for (1.1). First, we treat with Holder-Schauder-
Zygmund regularity results. Second, we give the proof of Kato’s inequality for (1.1) and we present an
application. In Section 4 we deal with nonlinear theory for (1.1). We start by showing an L*-estimate for
the solutions of (1.7). Then we study the exponential decay of solutions and prove a Pohozaev-type identity.
Finally, we consider the question related to the radial symmetry and monotonicity of positive solutions to
(1.7) in the autonomous case g(x,t) = g(t).

2. NOTATIONS AND FIRST RESULTS

Let p € [1,00] and A C RY be a measurable set. We denote by LP(A) the set of measurable functions
u: RN — R such that

1/p .
HUHLP(A) — (fA |u\p dCC) < oo if p < oo,
esssup,e 4 |u(a)] if p = 0.

Fix s € (0,1) and m > 0. Let HZ, (R"Y) be the fractional Sobolev space defined as the completion of C>°(R™)
with respect to the norm

lollng oy = ( [ (P +m2yiFuce de)

We recall that, when N > 2s, H (RY) is continuously embedded in LP(RY) for all p € [2,2%), where

2% = NQiVQS is the fractional critical exponent, and compactly in LY (R¥) for all p € [1,2}); see [1,6,14,50].

loc

Consider the Bessel kernel in the upper-half space Rf“ = {(x,y) e RN .2 ¢ RN y > 0} (see formula
(110) in [22])

N+2s N

Pym(z,y) = Cy o y™m™ 2 |(z,y)]”

2 K%(m\(x,yﬂ),

where
N+42s -1
2

2
Cs = PNs —NTast
»S F(NJQrQs)

and py,s is the constant for the Poisson kernel in RY ™ (see [11,46,48]), i.e.
2s F(%)

Py(z, ‘= PN,s TN
@) W%F(S)

Y
T ~_Nt2s° PN;si=
(Jof2 +y2) 5 ’



4 V. AMBROSIO

We recall that P, is the Fourier transform of £ — 6,(1/|¢|? + m?) and that

/ Ps o (x,y) de = 05(my), (2.1)
RN

where 0, € H*(R,,y*~2%) solves the following problem
0y + 3520, —0,=0 in (0,00),
0:,(0) =1, limy 0s(y) =0.

Note that 6 is given by (see [22,51])

21—8

I'(s)

(observe that in the case s = £ we have 01(y) = e™Y) and that satisfies the following properties:

0s(y) =

Yy K (y),

e 0, € C°([0,00)) N C*°((0,00)). This fact is obvious in the case s = 3, whereas for s # 5 we use the
smoothness of K,(y) for y > 0 (see [6,51]) and the formula (1.4).

e 0, is decreasing in [0,00). This is evident if s = 1, while in the case s # 1 we use K_,(y) = K, (y)
for v € R (see formula (8) at pag.79 in [51]), (y* K, (y)) = —y*K,_1(y) for v € R (see formula (5) at
pag.79 in [51]), K, (y) > 0 for y > 0 and v > —1 (see formula (4) at pag.172 in [51]) and s € (0,1),
to deduce that

, 2175 . , 2175 . 2175 s
0s(y) = ) (v Ks(y) = T Ksa(y) = T Ki-s(y) <0 forally>0.

Since 65(0) = 1, we also see that 0 < 0,(y) < 1 for all y > 0.
Finally, by using (2.2), an integration by parts, the above expression of ¢, (y) and (1.4), we have

[ v 00F + P dy = - Iy o) =2 T 23)
0 s s y—0 s I'(s) o '
With the previous notations, we can prove the following result motivated by Theorem 7.12 in [36] with s = %
Theorem 2.1. A function u is in H2,(RY) if and only if it is in L>(RY) and
1 A2y

Iﬁ(u) = tQis [(U,U)Lz(RN) — (u,e t(—A+ ) U)Lz(RN)
is uniformly bounded in t > 0, in which case

sup I4(u) = lip 18(u) = 52 [ (€ + m?)’lFu(€) de.

t>0 t—0 2s RN
Here (-,+)2rn) is the inner product in L*(RY), et A (3 ) := Py 2z — y,t) and

Fe" A w)(€) = 0,(tV/[6P +m?) Fu(©). (2.4)

Furthermore,

s N S 2

/ [[(=A +m?)3u)? — m>u?] de = 9) 222 // NH)J K nyos (mle — y|) dedy — (2.5)
R o o :
for all u € HE,(RY). Consequently,
s OW,5) s u(y)P

Juli ey = 2 ooy + e [ OO g e — g oty (20

" R2N Ix - yl :
Proof. The proof of formula (2.5) is contained in Proposition 6 in [22] see (ii¢) and (iv) of Theorem 7.12
in [36] for the case s = 1). Combining (2.5) and the definition of Hj,-norm, we deduce that (2.6) is satisfied.

Now, we focus our attention on the first statement. It is sufficient to show that v € L2(RY) and I%(u) is
uniformly bounded in ¢ if and only if

| U I Fu(©) P de < o

Note that by Plancherel’s theorem

1) = 5 [ 1= 0V ) Fu) de @7)
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Define 95(y) := 17;2‘1(7’) € C*°((0,00)), and we show that v,(y) is decreasing for y > 0. When s = 1, then
W (y) = Y= < 0 for all y > 0 thanks to eV >y + 1 for all y > 0, and the claim is verified. Consider the
2

y2ev

case s # 1. Since (y*K,(y)) = —y *Kq41(y) (see formula (6) at pag.79 in [51]), we have

1 s

Yi(y) =y 27! I oL Y Ko (y)

Now, we observe that the function gs(y) := y*T1K,,1(y) is decreasing for y > 0 because (y~"K,(y)) =
—y " Ky41(y) for v € R (see formula (5) at pag.79 in [51]) and K, (y) > 0 for v > —1 (see formula (4) at
pag.172 in [51]), imply that ¢’ (y) = —y*T1 K,(y) < 0 for all y > 0, and that g, satisfies the following limit

lim gs(y) =T(s+ 1)2° = sT'(s)2°,
y—0

where we exploited (1.4) and the property I'(s + 1) = sI'(s). Therefore, 0 < gs(y) < sI'(s)2° for all y > 0,

and this implies that
1-s

2
Vi(y) =y > |25 + mgs(y) <0 forally>o0.
Hence the desired monotonicity of 1 is proved. On the other hand, by 6,(0) = 1 and (2.3), we get

: _ 1 1—2sp/ _ Ks
;g%ws(y) =3 hg%y 0.(y) = 5,
Then we can see that

1 —05(t\/[€]* +m?)
t2e = (

(€2 +m2)(|¢[* +m?)*

and that it converges monotonically to 5=(|¢|? +m?)® as t — 0. Thus if we suppose u € H3, (RY), Il(u) is
uniformly bounded in ¢t. Conversely, if T t( ) is uniformly bounded in ¢, the monotone convergence theorem
yields

ks 2 2\s 2 g0 TN t
95 Jo IS5+ mO I Ful)[7de = Jim I, (u) = sup I (u) < oo,
that is u € H2, (RY). This concludes the proof of Theorem 2.1. O

Remark 2.1. Since HE,(RY) is a Hilbert space with the inner product
(1 0) b1z, () = / (1€]* +m?)* Fu(§) Fu(€) dS, for all u,v € Hy, (RY),
RN

it follows from (2.6) and

lu = vl Hs @y = lullzrs @vy + 1015 @v) = 2(4,0) 5, @)
that
s C(N,s) 2 v(xr) —v
(u, ) s, @y = M (U, 0) L2 RNy + ——— //M | ))TN(H) (y))KN-ng (m|z — y|) dzdy.
R T—y

Remark 2.2. By (2.6), it is easily seen that if u € HS5(RY) and ¢ : R — R is a Lipschitz function
with Lipschitz constant L > 0 and such that ©(0) = 0, then p(u) € HE(RN). Indeed, we know that
lo(t1) — p(t2)| < Lty — to| for all t1,t2 € R. Choosing t; = u(x) and ta = 0, we deduce that u € L*(RY).
Taking t1 = u(x) and ta = u(y), and using (2.6), we conclude that ||o(u)||gs mny < Lllullgs @y -

As byproduct of Theorem 2.1, we can prove the following Polya-Szego-type inequality which shows that the
norm in HE,(RY) does not increase under rearrangement (see also [2,25] for the case of W*P(R¥)-norm,
with s € (0,1) and p € [1,0)).

Proposition 2.1. (Pdlya-Szegi-type inequality) Let u : RN — R be a measurable function that vanishes
at infinity, that is |[{x € RY : |u(z)| > t}| < oo for allt > 0, and let u* denote its symmetric-decreasing
rearrangement. Assume that

2
M R (ke — ) oy < o
R2N Ix—yl
Then,
|u*(z) — w*(y)[* _ u(y)|?
N+23 K (m|z —y|) dedy < NHS By = Tt AN (m|z — y|) dady. (2.8)
R2N |fE — R2N ‘1; — y|

In particular, if u € an (RN) then

[0 | g, vy < llull g, ) - (2.9)
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The inequality in (2.8) is strict unless u is the translate of a symmetric-decreasing function.

Proof. The proof is inspired by Lemma 7.17 in [36] where (2.9) is stated without proof in the case s = % in
Remark (3). Without loss of generality, we can replace u by |u|, which does not change v* and only decreases
the right hand side of (2.8) because ||u(z)| — |u(y)|| < |u(z) —u(y)| for all z,y € RY. Thus we may suppose

that u > 0. We first show that it suffices to prove (2.8) for functions in L2(R"). Take ¢ € (0,1) and define

Ue(z) = min {max{u(w) —¢,0}, i} .

It follows from the definition of the rearrangement that (u.)* = (u*).. Since u vanishes at infinity, u. €
L*(RY). Now we observe that |u.(z) —u.(y)| < |u(z) —u(y)| for all z,y € RY. By the monotone convergence
theorem we have that

2
i [ O e e gy = [ PO e )
20 Jren fr =y R2N Iw—y\

and the same holds for u*.
Now we assume that u € L2(RY). Since u € HE,(RY), we can see that Theorem 2.1 yields

sty Fs 2
tlg%fs(u) = QS”uHan(]RN)'

F(f)F(g) and using (2.4), it follows from the Parseval identity and (2.7)

I'(u) = t% [/ da:—//RzN Pyl — g, tyuly) dady| . (2.10)

The L?(R™) norm of u does not change under rearrangements and the second term on the right-hand side
in (2.10) increases by Riesz’s rearrangement inequality (see Theorem 3.7 in [36]). Thus, I'(u*) < I(u) and
by using Theorem 2.1 we deduce that I!(u*) converges to 5=||u*[3. () Consequently, (2.9) is true, and

N
2

Recalling that F(f xg) = (2n)
that

using (2.6) and ||[u*|| p2&~) = ||ullL2(ryy, We obtain (2.8). The strict inequality in (2.8) is a consequence of
Lemma A.2 in [25] with J(¢) = ¢* that is a non-negative strictly convex function on R such that J(0) = 0,
and k(z) = K xg2e (mlz|)|z|~ "% which is a L! symmetric strictly-decreasing function. O

Remark 2.3. When m = 1 and u € H;(RY), the proof of the inequality (2.9) is essentially contained in
Proposition 4 in [/4] but we kept it for the sake of completeness.

We also have the following integral representation formula for (1.1) (see Theorem 4.5.2 in [5] for a proof).

Theorem 2.2. Let s € (0,1) and m > 0. Then, for all u € S(RY),

. N C‘]\[7 2s 2 - - -
(-84 m?)ua) = mule) + G [ ““)“ftﬂs“@ D) wsae (mly]) dy
N y 2

Let us observe that one can define (1.1) on spaces of functions with weaker regularity. Indeed, as em-
phasized in [45], the natural space to work with the fractional Laplacian (—A)® (that is m = 0) is given
by

Ly=<u:RY 5 R: Md )
{u /RNle‘I|N+2S T < 00

Concerning the case m > 0, taking into account the asymptotic behaviors (1.4) and (1.5), we can see that

K s (T
¥( ) ~T <N JQF 25) 2*(7N+22572)t*(N+25) ast — 0,

N+42s
pl
KN;'zs (t) T et
7251%25 ~ 57{“?25 as t — oo.

Therefore it is natural to introduce the next space to work with (1.1)

and

||
Lo := {u: RN — R measurable : / % dr < o0
RV 14 |

endowed with the norm

[u(z)le"!
Lixp = /N de
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Equivalently, u € L if and only if u € L'(RY,du) where du(x) := % Then one can check that
el 2
for all u € 1 (RN) N Lo

loc

P.V/ MKm(m|m_y|)dy<oo
RN |z —y| = ’

and hence the definition (1.3) makes sense for this class of functions.
Finally, we introduce the Bessel potentials and Bessel potential spaces; see [1,6,14,46,49] for more details.
The Bessel potential of order v > 0 of u € S(RY) is defined as

Jou() := (=A + 1) Fu(r) = (Go *u)(z) = - Gal(z = y)uly) dy,

where G, given through the Fourier transform

FGa(£) = (2m)"
is the so-called Bessel kernel. If @« € R (or a € C), one can define the Bessel potential of a temperate
distribution u € S'(RY); see [1,14].

We list some interesting formulas and properties of G, with a > 0 (see section 4 in [6], chapter 4 in [49] and
chapter 5 in [46]):
e The kernel G, is given by

N
2

(g +1)7%

1 a—N
ga xr) = - KJ X x|l 2z
()= gy Kape (e

The kernel G, (z) is everywhere positive, decreasing function of |z|, analytic except at © = 0, and for
x € RV \ {0}, G.(z) is an entire function of a.
From (1.4) and (1.5), we obtain

[N]Ie)

Go(z) ~ (N >) lz|*~N as |z| — 0, if 0 < a < N,
2012 T(5)
1 a—N-—1
ga('r) ~ N+a—1 N—-1 ‘xl 2 e_‘ml as |x| — 00.

272 712 I(g)

Go € L*(RY) and [pn Gola)dz = 1.
We have the composition formula G4 = G4 * G for all o, 5 > 0.
The following integral formula holds:

1 1 |22 a—n db
ga X)) = 7]\]7&/ e_ﬁe_ééTi.
D I T3 ;

For p € [1,00] and a € R, we define the Bessel potential space
L8 = Tu(LPRY)) = {u e S'RY) :u=Tuf, f € LP(RY)}

endowed with the norm
lullzz == Ifllze@yy i u=JTaf.

With respect to this norm, .#? is a Banach space. Clearly, .#? is a subspace of LP(RY) for all a > 0. We
summarize some of its properties.

Theorem 2.3. [1,14, /6]
(i) Ifa >0 and 1 < p < oo, then D(RY) is dense in LP.

) If 1 <p<ooandyp its conjugate exponent, then the dual of £LP is isometrically isomorphic to Zf;.
(111) If B < a, then £ is continuously embedded in £ .

) If B < « and if either 1 < p < q < m <ooorp—1 and 1 < ¢ < N_La_w, then P is
continuously embedded in fﬁq.
(w) If0<pu<a— ﬂ < 1, then £P is continuously embedded in C*+(RY).

(vi) LF Wk’p(RN) forallk €N and 1 < p < oo, L2 =W*>2(RYN) for any a.
(vit) If 1 <p< oo ande >0, then for every o we have the following continuous embeddings:

L0, CWONRN) C LD



8 V. AMBROSIO

3. LINEAR THEORY FOR (1.1)

3.1. Regularity results. We collect some regularity results for linear equations involving (1.1). First, we
fix some notations. For k € NU{0}, we denote by CF(R") the set of all C*(RY) functions whose derivatives
up to order k are bounded. Let o € (0,1] and k € NU {0}. We define the Hélder space C**(RY) as

CO*RN) .= u e CYRY): [u]co,arr) = sup M <oop ifk=0,
CFRN) = {ue CFRY) : DYu e CO¥RN) for all [y| =k} if k> 1,
endowed with the norm
lullora@ny == > D ullpe@yy + D [D7u]co.a @)
[vI<k |v|=k

Let us now introduce the Lipschitz spaces (also called Holder-Zygmund spaces) A, with « > 0; see [14, 30,
35,46,49,50,54]. When « € (0,1), we set A, := CO*(RY). If a = 1, we define the Zygmund space (see [54])

)+ ul- — h) = 2u()|| ooz
A= <ue CYRYN): sup Jru )+l ) = 2u0) =) <00 g,
|h]>0 A

equipped with the norm

lu + k) +ul — h) = 2u() e @y)

[ulla, = llull Lo rrvy + sup ;
|nl>0 1
If o > 1, we put
0
Aa = {UGCIE)(RN) : 7“/ GAQ,1 fOr allj:17...,N}7
an

endowed with the norm
o
8xj

k
lullan = llull Lo @ry + :
j=1 Aa—1
Note that Ag C Ay if 0 < a < B, A, is complete, and A, = cled-a=le(RN) if o > 0 and a ¢ N, where
[z] := max{k € Z : k < x} for z € R. Moreover, C}(RY) c C%}(RY) C A; and that these inclusions are
strict; see [35,46,49]. We recall the following useful result (see Theorem 4 at pag.149 in [46], Proposition
8.6.6 in [30] and Theorem 5 in [49]):

Theorem 3.1. [30,46,49] Let « > 0 and B > 0. Then Joo = (—A 4+ 1)~ maps Ag isomorphically onto
Agi2a-

Remark 3.1. For s > 0 and m > 0, set Jasmu(z) := (—A + m?)“5u(x) = (Gasm * u)(z), where Gog  is
defined by FGosm (&) := (27r)*%(\f|2 +m?2)75. Clearly, Jas1 = Jas and Gas1 = Gas. By the scaling property
of the Fourier transform, it follows that Gaog m(x) = m =25Gas(mx). Then, for 8> 0, Jos.m = (—A+m?)~*
maps Ag isomorphically onto Agyas.

As a consequence of Theorem 3.1 and the definition of A, we easily deduce the following Schauder-Zygmund
regularity result (see Proposition 5.1 in [13] and Proposition 2.8 in [45] for the case m = 0).

Corollary 3.1. (Schauder-Zygmund regularity) Let s € (0,1), m > 0 and o € (0,1]. Assume that f €
CO(RYN) and let u = Jas mf. Then u € Ayyas. In particular:

If a+2s < 1, then u € CO+25(RY),

If1 < a+2s<2, thenu € CLhat2s—L(RN),
If2 < a+2s < 3, then u € C+25=2(RN),
Ifa+2s=Fk e {1,2}, then u € Ay.

Next we give a Schauder-Holder-Zygmund regularity result for (—A +m?)* with m > 0 (see Proposition 5.2
in [13] and Proposition 2.9 in [45] for the case m = 0)

Theorem 3.2. (Schauder-Hélder-Zygmund regqularity) Let s € (0,1) and m > 0. Assume that f € L>=(R"Y)
and let u = Josmf. Then u € Ays. In particular:

o If2s <1, then u € C%%(RY).

o [f2s=1, thenu € Ay.

o If2s>1, then u € CH2~L(RN).
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Proof. This result is essentially known in the literature. Indeed the scale of spaces A; = C? = Béo,oo has
been defined for all ¢ € R long ago. It is a case of Besov spaces B}, , (see [43,50]) (denoted by AP in [46]).

The isomorphism property of J, = (1 — A)~"/2 from C* to C**" for all real ¢ and 7 is proved, for instance,
in Proposition 8.6.6 in [30]; see also [|. Since L*° is a subset of C? (recalled e.g. Proposition 2.1 in [43]),
the fact that the solution operator Jo, maps C? into C2° implies immediately that L> is mapped into C2°.
Nevertheless, we prefer to give a proof of this fact by following the approach in Stein’s book [46]. In view of
Remark 3.1, we can take m = 1. We show that u = Go, * f € Ay,. For this purpose, we use the following
characterization for Lipschitz spaces A, with @ > 0, in terms of the Poisson integral given in [46,49|:

k
8@72{(72/ < Cy_k+aa Y > 07

u € Ay == uc L°(R"Y) and H
Lo (RN)

where k := [a] + 1 and U(z,y) := (Py(,y) * u)(z) is the so-called Poisson integral of u. In the above
characterization of A, one can replace k by any integer greater than «. Therefore, using the fact that
s€(0,1),

<Oy, y>o.
Lo (RN)
Since Gys € L'(RYN), with [|Gosll1nyy = 1, and f € L>®(RY), by Young’s inequality we deduce that
u € CHRY) and [Jul| oo (mry < || f]l Lo y). Now, we observe that
Uz, y) = [P(,y) * (Gas * [)(2) = (Gas (-, ) * f) (),

where Gas(z,y) is the Poisson integral of Gos. We recall that for all integer £ greater than « it holds (see
formula (59) at pag. 149 in [46])

u € Agy <= u € L®(RY) and 82—U( )
2s 8y2 ?y

9'G., s
H Vi 7y) < Cy o Y > 0.
9y Li@Y)

On the other hand, we can see that Gy * f € A, because [|Gs(- + h) — Gs ()| L1 rr) < Clh|® (see at pag. 158
in [46]), f € L°°(RY) and Young’s inequality imply

1Gs(- 4+ h) = Gs ()l Lo mry < CAP || fll oo (Y
and that by differentiating the identity Gas(-,y) = Gas(-, y1) * Gas(+, y2), with y = y; + ya, we find

02U 0G, 0
() = TS 2 (G, , with y = )
ayg(ay) 8y1(’y1)*8y2( (y2) x f), withy =y1 +y2
Consequently, by using Young’s inequality, and choosing y1 = y2 = ¥, we get
02U H 0G, 0
a5 Y < Y1 = a. GS Y2 *f =4
8y2( ) Loo(RN) 8y1( ) y1=e L1(RN) 83/2( ( ) ) Y273 Loo (RN)

< Oy~ | fllpe@my, y > 0.

The proof of Theorem 3.2 is now complete.
O

Remark 3.2. If u € L®(RY) is such that f := (—=A +m?)%u € L>®(R"N) (respectively, f € CO*(RYN) for
some o € (0,1]), then we can argue as in [13,/7] to obtain the estimate |[ul|a,, < C(||ul|gee@ny+[|fll Lo @ny)
(respectively, ||ul|a, .. < C([|ullpe@yy + [[fllco.a@mny)) for some constant C > 0. We only give the details
when f € L¥(RY) because the case f € C%(RYN) can be studied in a similar way. Let f € L>(RN) with

. 2
compact support and u = (—A +m?)75f. Set e®u(x) := (W (-, t) * u)(x), where W(z,t) := m 1)ﬂ e~ s
Tt) 2
the Gauss-Weierstrass kernel. Note that the expression below
[wllLoo vy + [U] Ay, = llull poo (mrvy + igg e Hatemu(')HLoo(Rw)
is a norm in Moy equivalent to || - ||a, (see [49]). Using standard estimates for W and its derivatives, it is

easy to check that |0pe'® f(z)| < & fl pe@n) for € RN and t > 0, Now, by the gamma function identity

A — L)/ eI N >0,
0

rl—a’

we have

) = (A 4w f) = s [ ety

rl=s !
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Hence,
1 o0 2 dr
tA _ —mr _tA/ _rA
e u(m) - F(S) /0 e e (6 f)(l‘) ’1"17‘97

and recalling the semigroup property et®e™ f = e(+A £ we get

1-s tA 1—s > —m?2r wA drf

t |6t€ U(-T)’ < Ct € ‘(671)6 f(x))|w:7”+t‘ rl=s
0

67m2r dr

(t—f—?“)k 7«1—5
t o
<Ct1_s||f||Loc(RN) [t‘l/ rel dr—i—e_mzt/ rs_er]
0 t

< O\ fllpoe @y

for x € RN and t > 0, which implies that u € Aoy and the required estimate is true. When f € L=°(RY) ha
son compact support we only give a sketch of the proof: see [}5,47] for more details. Take n € C°(RY) such
that 0 < n < 1, supp(n) C B2(0), n =1 in B1(0), and write f = f1 + f2, where f1 :=nf and fo:= (1 —1n)f,
and set u := uj + ug, where uy is the solution to (—A +m?)%u; = f1 in RN, Since f1 has compact support,
we can apply the above estimate to deduce that [|ui||a,, < C([[u1po@ny + I fillLe@®n)). On the other hand,
ug € L®(RY) solves (—A+m?)%ug = 0 in B1(0), so ug is smooth in B1(0) (by hypoellipticity of (—A+m?)®
(see [29]) or by using Proposition 4 in [22]) and all its derivatives in B1(0) are bounded by

< O fl ) /

Cllusgllpe®yy = Cllu — urll oo @ny < C(llullpoe @y + 1 f | Lo @)
Putting together the estimates for ui; and us, we get the desired estimate for u.

Remark 3.3. In view of (1.3), and the fact that (1.4) and (1.5) imply the following useful estimate:

N+

0<t™ QQSKN;QS (mt) < Ct= 429 for all t > 0, (3.1)

for some C = C(N,m,s) > 0, one could proceed as in [/5] to deduce some of the regularity results above
exposed (more precisely, the corresponding Propositions 2.8 and 2.9 in [/5]). Anyway, here we use a different
approach in order to obtain sharp regularity when a + 2s € N in Corollary 3.1, and 2s = 1 in Theorem 3.2,
which are not included in [}5].

We conclude this subsection by proving a simple L*°-regularity result for a linear problem that will be used
later.

Lemma 3.1. Let u € (0,m?®) and f € L2 RY) N L®(RY). Let u € H2,(RY) be the unique weak solution of

(=A+m*)*u — pu = f in RV, (3.2)
that is u satisfies (u,v) gs ®vy = (f,0) 2@y for allv e HE (RY). Then, u € L>®(RYN) and
1
||l oo () < mT_quHLoc(RNy (3.3)

Proof. We first note that the existence and uniqueness of u is guaranteed by the Lax-Milgram theorem.
Indeed,

lulle == \/lull3y, vy = wlluls )

is a norm in Hj, (RY) equivalent to || - || 7= (~) due to the fact that

2 _ I 2s 2 H 2
pllellze ny = — (> llullzz@n)) < = lullf @)

and thus

1%
(1= 555 Ml oy < Iull? < Nl vy

Now we follow an argument found in the proof of Lemma 3.5 in [32]. Take r > m%fﬂ l|.fll oo vy and consider
the Lipschitz function ¢ : [0,00) — [0, 00) given by
0 ifog<t<r,
(1) = { Br o if >
Note that 0 < ¢ < 1 in [0,00), and t1|p(t1) — p(t2)] < ta2]@(t1) — @(t2)| < [t1 — to| for all 0 < ¢; < ta. By
using these properties and that |u| € HZ (RY) (by Remark 2.2), we see that up(|u|) € HE (RY). Indeed,
up(Jul)|* < [uf?, and

u(@)p(|u(@)]) — u)e(u)DI* < [lu(z) — uy)le(u@)]) + le(lu(@)]) = e(lu(@))]uy)])?
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2|u(z) = u(y)? + |[u(@)] - [u)|’] < 4lu(z) - uly)]?,
which combined with (2.6) implies the claim. Then, testing (3.2) with up(|u|), we have
(u, up(|ul)) s (RN) — (%U%O(\UD)LZ(]RN) = (f, U‘P(|u|))L2(RN)a

m

which can be written as
[, up(|ul)) s, vy — m* (u, up(|u]) L2 @ny ] + (m* = ) (u, up(|ul)) 2 @n) = /RN fup(|ul) dz

Now we observe that the term [...] in the above identity is nonnegative because, by using the fact that ¢ is
nondecreasing,

(u(z) = u(y))(u(@)e(lu(@)]) — w(y)e(|uly)l))

1

= 5 (u@) —u@)*(e(u@)) + e(u@))) + %(W(ﬂc)l2 = [u@)?)(e(lu(@)]) = ¢(luy)]) > 0.

(m? — ) / w(Jul) d / Fup(Juf) d

and recalling that ¢(t) = 0 for 0 < ¢ < r, we obtain

1
fulio(Ju]) (|u| STy ) dz <0
\/{u|>r} m25 — i ( )

Since r > m%_“HfHLw(RN) and ¢(t) > 0 for ¢ > r, we achieve a contradiction unless {|u| > r} is of measure

Therefore,

zero, that is |u| < 7 a.e. in RY. By the arbitrariness of r > m%_quHLoc(RN), we conclude that (3.3) is
true. 0

3.2. A Kato’s inequality. We present a Kato’s inequality [34] for (1.1). Along this subsection, we use the
notation H? (RY,K) with K = R, C, to emphasize when we consider functions u : R — R or u : RN — C.
For z € C, we denote by $(z) its real part and z is its conjugate. The proof of the following useful inequality
is immediate.

Lemma 3.2. (Diamagnetic inequality) Let u € HS, (RN, C). Then |u| € HE, (RY,R) and
ulllezs, mvy < llull s, @y

Proof. This is a direct consequence of the inequality ||z| — |w|| < |z — w| for all z,w € C and the validity of
(2.6). O

We now prove the main result of this subsection.

Theorem 3.3. (Kato’s inequality) Let u € HE,(RY,C) and f € L} (RN ,C) be such that

loc

(N, s u(y)) - N )
< //RZN |.’L‘ — N+25 K% (m|z —y|)(¥(z) —¥(y)) dedy +m x ur da;>

=R ( » fib dx) (3.4)

for all ¢y : RN — C measurable with compact support and such that

2
[ O ke (ke — ) oy < o
R2N Ix -yl ’
Then it holds (—A + m?)%|u| < R(sign(u)f) in the distributional sense, that is

CV,s) [f (@) = D) ~ o) .
2 Kovgo (e = yl) dody +m®* [ Julpdo

|z —y| =
y §}e< /R  sign() f@dx> (3.5)

N

for all o € C°(RN | R) such that ¢ > 0 in RN, where

sign(u)(z) := @ if u(z)
gn(u)(z) : { i) if (o)

II‘H\
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Proof. We follow the approach used in the proof of Theorem 17.3.5 in [5]. Take ¢ € C2°(RY,R) such that
© > 0. For § > 0, we set us(x) := /|u(x)|?> + 42, and we test equation (3.4) by

)
wsla) = ()

Firstly, we show that ws is admissible as test function. It is clear that ws has compact support. On the other
hand, we can observe

sa) = os) = (52 ot~ () o)

us(x) us(y)
) — wen P [e@) ey ]
= lu(x) —u (@) 1 1 2)u ) — u(y)
o) — ()] 254 | = wlaulo) + [ole) - ]

which implies that

|ws (z) — ws (y)[*

1

=0 el lusy) — us@)? + 4lp(@) — ()

us(y)

4
< sz lu@) —u@)Plelze @y +4

4
< s lu@) = u@)PlelLe @y + 5—2|\u(:c)| = [P el L @) + 4le(@) — o),

where we used the following elementary inequalities
|z +w + k> < 4(2)% + |w|® + |k|*)  for all z,w,k € C,
V1212 402 — V]w|]2 + 62| < ||z| — |w|| for all z,w € C,

and that [e""| =1 for all t € R, us >0, [;-| < 1. Since u € H: (RN, C), |u| € HE,(RY,R) (by Lemma 3.2)
and ¢ € C(RM,R), we deduce that

w —w
// lws (@ N‘iZ KN+2 (m|z —y|) dedy < oo.
R2N Ix -y

Then we have

C(N,s T) Wy) B N a )
//RZN |JJ— N+2 <U5(l‘) ( ) ué(y)@(iU)) K%(m\x y|)d.’1,‘dy+m . uu(s@d ]

_ ( fgpdx> . (3.6)

Since R(z) < |z| for all z € C, we see that

(u(x) - uly)) (“(x) o) — ) o) ]

R

us(z) us(y)
Cp[B@R @R u@ul) e
=R ) o) + s () o(y) w3 (3) e(y) s () o( )]
u\xr 2 u 2 u u\xr
> |2 o)+ O )~ a8 oty) — a2 )] .)
Now, we note that

(o) + 2 oty) — ) )~ ) o
= O @) - @) - L u@) - ) et

@ oo @ W@ 1 (e

— | M o)) - fupte) - L e = laeton| + (L - ) (uge) - ot
o — o) — W@ N

= L )~ ot — ot + (292 DY gy — uyots)
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where in the last inequality we used the fact that

u(@)]  |u(y)]
(w(fﬂ) - us(y)) (Ju(@)] = lu(y))e(y) > 0

because h(t) := ﬁ is increasing for t > 0 and ¢ > 0 in RY. Recalling (3.1), we have
|l (u(a)| = July)) (e(x) — o))

‘.’E _ y|N+2 K%(mlx - y‘)
<|m@)f(mf$)@@”KwyOMxM)
Cmunw>uﬁ>|fgnemeyR)
T — T—y

Since |u((wx))‘ — 1l ae. in RY as § — 0, we can use (3.7), (3.8) and the dominated convergence theorem to

deduce that

CN,s v) [ ulz) un(y /
lim inf R - K nias — y|)dxd —pd
imin /Amz_ e Qmme) o) ) Kovger (mle =)oy +m [ e
C(N, — — 2
> liminf — 2 // @)l ‘“(ym&fzs Py >KN+25 (m|z — y|) dedy + lim m** Mg@ dx
6—0 R2N U5 |.’L’ — y| 2 6—0 RN U§
R2N x—y|"z 2 RN

On the other hand, observing that \fu%<p| < |fel € LYRY,R) and fE “p — fsign(u)p ae. in RN as § — 0,
we can apply the dominated convergence theorem to infer that as 6 — O

R ( f Egp da:) — R (/ fsign(a)p d;v) . (3.10)
RN us RN
Combining (3.6), (3.9) and (3.10), we see that (3.5) is valid. O

Remark 3.4. If u € S(RY,R), then we can obtain a pointwise Kato’s inequality. Indeed, if o € C*(R,R)
18 a convex function, by using Theorem 2.2 and the fact that a convex function is above its tangent line, we
deduce the following (pointwise) Cdrdoba-Cérdoba type inequality

[(—A +m2)* — mPJp(u(z)) < ¢ (u@)[(A + m?)* — m*Ju(z) (3.11)
Taking @-(t) := Vt? + &2, with e > 0, in (3.11) and sending € — 0 we find
[(=A +m?)* = m*Ju(x)| < sign(u(2))[(—=A +m?)* —m*Ju(z),

or equivalently

(—A +m?)*[u(2)] < sign(u(@)) (—A + m?)*u(z).
Finally we give a simple application of Theorem 3.3 to nonnegative potentials.
Corollary 3.2. Let V € L} (RN R) be such that V > 0 a.e. in RY. If u € HE (RN, C) satisfies
(=A+m*)*u=—(V(z)+ Du inRY,

in the following sense

(N,s) u(y)) @@ = o)) dedy + m? [ upde
< //]R?N |x_ N+2g KN+2b(m|IC y|)( ( ) 1/)(y))d dy + - Ujd)

=R (/RN(V(x) + 1uyp da:)

for all ¢y : RN — C measurable with compact support and such that

2
// N+2s)‘ KM(WL‘LL' - y|) dxdy < oo,
RN Ix —y| 7= :

then u = 0.
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Proof. Note that f := —(V+1)u € L}, (RY,C) because of V € L? (RY,R) and u € L?(RY,C). Then, using
Theorem 3.3 and V' > 0, we deduce that, in the distributional sense,

(—A +m2)*u| < —(V(z) + 1)|ul <0 in RY.

Since |u| € H2,(RY,R) and C°(RM,R) is dense in HZ,(RY,R), we can find a sequence (¢,) C O (RN, R),
¢n, = 0 for all n € N such that ¢,, — |u| in HE,(RY,R). Hence, (|U/|7()On)an(]RN) < 0, and by passing to the
limit as n — oo we find |||u]||%. ®~) < 0, from which v = 0 in RY. This ends the proof of the corollary. [J

4. NONLINEAR THEORY FOR (1.1)

4.1. An L*-estimate. This subsection is devoted to establish the boundedness of solutions for subcritical
or critical nonlinear problems driven by (1.1). We combine a Brezis-Kato type argument [7] with a Moser
iteration scheme [39].

Lemma 4.1. (L*°-estimate) Let s € (0,1), m > 0 and N > 2s. Letu € HE,(RY) be a weak solution to (1.7),
where g : RN x R — R is a Carathéodory function such that |g(z,t)| < Co([t| + |t|P), for some p € [1,2% — 1]
and Cy > 0. Then, u € LY(RYN) for all q € [2, ).

Proof. We argue as in the proof of Proposition 3.2.14 in [5]. Assume that u # 0 (otherwise, there is nothing
to prove) and that {|u| > 1} has positive measure (otherwise, |u| < 1 a.e. in RY, that is u € L>°(RY), and
using the fact that u € L?(RY) we deduce, by interpolation, that u € LI(RYN) for all ¢ € [2,00]). For any
L > 0 and g > 0, we consider the Lipschitz function ¢t € R — tt , where t;, := min{|¢|, L}. We recall the
following elementary inequality (see Lemma 3.1 in [31]):

26 +1
(B+1)

Taking uuiﬁ € H: (RY) as test function in the weak formulation of (1.7) and using Remark 2.1, we have

A [ () w) — ) K s Ol — ) oy

(a — b)(aaL — beB) — (e a/z - bblZ)2 for all a,b € R. (4.1)

+m? u2u2L’6 dx:/ g(w,u)uuiﬁ dx
RN RN

which combined with (4.1) gives

C N s 2
! s) moe // wr(@ Q;sz(yﬂ K ni2: (m]z — y|) dady + mQS/ w? dx
f+1 rR2N  |x — y| 2 RN
< / g(x, u)uuQLﬁ dx, (4.2)
RN

where wy, := uu[z and Cy; > 0 is a constant independent of L and 8. Now, by using (2.5), the inequality
(a® 4+ b%)* > 2571428 for all a,b > 0, Propositions 3.4 and 6.5 in [21], we see that

C(N, 8 s w 2
moE // we NH(S vl K vios (m|x — y|) dedy +m>S / wi dz
R2N |a: —y| 2 2 RN

= / [(—A+ m2)%wL|2 dx
]RN

= [ ety O de
>t [ |f|28|wa<s)|2df

lwr (x) — wi(y)?
7DNS//RQN |x— |N+25 dzdy

> E(N,s)well7;

. (43)

where D(N,s) and E(N,s) are positive constants depending only on N and s. From (4.2), (4.3), and the
growth assumption on g, we deduce that,

Jwel3e: vy < ColB+1) [ (P + ) do, (14)
R
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where Cy := Co(C1E(N,s))"! > 0. Now, we prove that there exist a constant ¢ > 0 and a function
h e LN/25(RN), h > 0 and independent of L and £, such that

QUiﬁ + |u|p+1u2LB < (c+ h)uzu%ﬁ on RV, (4.5)
Firstly, we notice that
uzuiﬂ + |u|p+1u2ﬁ u2uiﬁ + |u|p*1uZuZLﬁ on RY.

Moreover,
luP~' <14+h onRY,
for some h € LN/25(RY). Indeed,
[ulP ™t = Xgpuj<ay [P~ X qus i [ul? T <L xqusylulPT on RY,
and if (p — 1) < 2 then

N
/ X{uj> 1y lulz @~V da </ X{juf> 1) [ul? dz < oo,
RN RN

while if 2 < (p — 1)L we deduce that 2% (p — 1) € [2,22]. Therefore, h := X {jy>1}|u[P~" satisfies the desired
properties. Taking into account (4.4) and (4.5), we obtain that

o5 oy < Ca(841) [ e+ ha)uu o

and, by Fatou’s lemma and the monotone convergence theorem, we can pass to the limit as L — oo to infer
that

12 oy < Cocl8+1) [ P4 do 4 Cal8+1) [ h@)uP) da (4.6
Fix M > 0 and let Ay := {h < M} and Ay := {h > M}. Then,

/sz h(@) uPHD de < M| a7 Fo @y + el 17 22 (4.7)

where
2s

N
e(M) := (/ hN/gsdx> — 0 as M — oc.
Az
In view of (4.6) and (4.7), we get
1l 25 vy < Ca(B+ 1)(e+ M) Jul” 22 @ry + C2(8 + De(M)[[ul” 17 2: - (4.8)
Choosing M > 0 sufficiently large so that

1
02(6 + 1)€(M) < 57
and using (4.8) we obtain

el 117 22 vy < 2C2(8 + 1) (e + M)[ul ™ I 2 gy - (4.9)

S(RN) S

Then we can start a bootstrap argument: since u € L% (RY) we can apply (4.9) with 8,41 = 5= to deduce
ETENEL

2 k
that u € L RN) = L7 (RN). Applying again (4.9), after k iterations, we find u € LToaF (RY),
and so u € LY(RY) for all q € [2,0).
Now we prove that u € L®(RY). Since u € LI(RN) for all g € [2,00) we have that h € L~ (RY). By the
generalized Holder inequality, we can see that for all A > 0

/h Nl PF da <RI o Il Ly ol 4 ] o e

<Al gy (M By + S o ey )
Then, using (4.6), we deduce that

Co(B+ DAl >
A

LACUNTWERTE
L2 (RN)”

(4.10)

P17 22 vy < Ca(B+1)(e+ AR, x o u el 2y +

5 (RN)

Taking A > 0 such that
CoB+ DBl 3 gy 1
A 2
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we find that

P07 22 vy < 2C2(8+ e+ AllR] o Il e gy =2 Mal[[ul™* |22 gy

5@y ))
and the advantage with respect to (4.9) is that now we control the dependence on 3 of the constant Mg.
Indeed, recalling our choice of A, for some constant M, > 0 independent of 5 it holds

Mpg < (2020+4C22|h”2LN(]RN)) (1+6)% < MZe>VrPHt

which implies that
1 1
[ull 2z a0 @y < My ™ € VPFT [Jul| p2cs+0) vy

Tterating this last relation and choosing Sy = 0 and 2(8,+1 + 1) = 2%(8, + 1), we get
Yo mrT _Tiso ﬁ
||U||L2Zf<ﬁn+1>(RN) < M, € ‘ ||UHL2(60+1)(RN)~

Since 1+ 3, = (N%Qs)”, we have that

and

00 — <
izoﬁi+1 i=0V6i+1

and from this we deduce that
lull e vy = T[] s vy < 0.
This completes the proof of Lemma 4.1. O

4.2. Exponential decay. We focus our attention on the exponential decay of solutions to (1.7). We recall
that in the case m = 0 (see [23]), under the assumption lim; o £ M = 0 uniformly in z € R, every classical
positive solution u to (—A)*u = g(z,u) in RV, has a power-type decay at infinity, more precisely

0 <u(z) < Cle|~ N2 for all |z| >1
Firstly, we recall the following comparison principle for (—A + m?)* established in [4].

Lemma 4.2. (Comparison principle) Let Q C RN be an open set, v < m2®, uy,us € HE, (RYN) be such that
up < ug i RY\ Q and (—A +m?)%u; —yuy < (=A +m?)%uy — yug in Q, that is

(m2s—’y)/RN (2)o(x) do + N s) i h2 //RN uy(z _ul(y))z(w(f)_v(y))K%(mW—y\)dﬂfdﬁJ

|z —y|[ 2
< =) [ el ot S [ LR ‘ﬁ:f”( ) = 00D ey (il — yl) ddy

for all v € HS,(RYN) such that v > 0 in RY and v =0 in RN \ Q. Then u; < up in RY.

Remark 4.1. In the case @ = RN, the previous result reads as follows: if v < m* and ui,uy € H5, (RY)
are such that (—A +m?)%uy — yup < (—A +m?)%uy — yug in RN then uy < up in RV,

Now we prove the following key lemma.

Lemma 4.3. Let 1 € (0,m?®) and ¢ € L2(RYN). Then there exists a unique function w € HE (RYN) which
solves
(~A+m>*0 —pw=¢ inRY. (4.11)
If in addition ¢ € L (RYN), supp(¢) is compact, ¢ > 0 and ¢ # 0, then w € CO*(RYN), w > 0 in RN and w
has exponential decay, that is there exist ¢,C > 0 such that
0<w(x) <Ce™®  forallz e RY. (4.12)

Proof. The existence and uniqueness of w is guaranteed by the Lax-Milgram theorem. Now, taking the
Fourier transform in (4.11), we have @ = Bas m, * ¢, where

Bos.m(z) = 2m) " FF (1€ + m?)* — u] 7).

Assume in addition that ¢ € L>®(RY), supp(¢) is compact, ¢ > 0, and ¢ # 0. By comparison (see
Remark 4.1 with u; = 0, up = w and v = pu), we see that w > 0 in RY. Combining Lemma 3.1 and
Theorem 3.2, we deduce that w € C%*(RY) for some o € (0,1). Since w € C%*(RY) N L2(RY), we get
w(z) — 0 as |z| = co. Note that @ = Gas m * (U + ¢), where Gog , is defined as in Remark 3.1. Clearly,

1G2s,m Lt myy = (QW)%.FQQS,M.(O) = m~2%. Let us show that w > 0 in RY. In fact, if there exists zog € RY
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such that w(zo) = ming~ @, observing that Gas m * ¢ > 0 (since Gas p, is everywhere positive and ¢ > 0 but
# (), we have

w(ao) = [ Gowrn )l =)+ 6l ~ )] dy

>l Gosm(y)w(zo —y)dy
]RN

_ B
2 wio(20)[|Gzs,mll vy = 5 w(zo),
which combined with u € (0,m?%) gives w(zg) > 0 and this is impossible because w(x) — 0 as |z| — oc.
Hence, w does not have any global minimum on R" and thus @ > 0 in RY. Since ¢ has compact support,
the exponential decay of @ at infinity follows if we show the exponential decay of Bas ., (x) for big values of
|z|. After that, due to the fact that w is continuous in R, we can deduce the exponential decay of w in the

whole of RY. Next we prove the exponential decay of Bags () for |z| large. We argue as in the proof of
Theorem 1.1 in [4]. Then we have

1
B2s,m( )

et
m>AN OW+W)AM§

(2 (/Oo —t[(€]+m2) ] dt) i

0 0

:/ et <(2)/ et t[(lfl +m?)*—m?® df) dt
0 Q0 RN

_ / e py (@, t) dt (4.13)
0

where v := m2® — y > 0, and

m2st * 1 _ Lz —m?z
Ps,m(x,t) =€ ~e e Ds(t, 2) dz
0o (4mz)=
is the transition density function of the relativistic 2s-stable process with parameter m (see formula (7)
in [42], and formula (2.12) and Lemma 2.2 in [9]), and ¥s(¢,2) is the density function of the strictly s-
stable process whose Laplace transform is e~ (see pag.3 in [42]). Using the scaling property ps m(z,t) =
mYpg 1(mx, m?3t) (see formula (2.15) in [9]) and Lemma 2.2 in [27], we can see that that for some constant
C > 0 depending only on N, s, m,

mx mx
ps.m(x,t) < C <gm25t ( +tt [ —= for all z € RNt > 0, (4.14)
’ V2 V2

(@) = e ¥

gi(x) := ————e” 3t |

' (4mt) ¥

and v™ is the density function of the Lévy measure of the relativistic 2s-stable process with parameter m > 0
(see Lemma 2 in [42] and formula (2.17) in [9]) given by

where

N+42s
2

= T () Ko

Therefore, (4.13) and (4.14) yield

Basm(z) < C Vg2 m)dt C/OO Wﬂ(””)dt—;] L(z). 4.15
» / p tQ@ o [Temw (T2 (@) + L. (415)

We start with the estimate of I;(x) for |z| > 2. Observing that

m2-2s m2-2s
Yt ——— x> >yt + o7 for all |z]| > 2,¢ > 0,
and that ab < ea? + ﬁb2 for all a, b > 0 and € > 0 gives
2—2s 1—s
7t+m8t | |2/m\/§ 2|y forall z € RN ¢ > 0,

we deduce that for all |z| > 2 and ¢ > 0

2—2s m2—25

1-s
25 m
2] /72+ W, AGE

m
vyt +
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Thus, using the definition of ¢;, we can see that for all |z| > 2

oo e*V% m2—2s mlfs‘ |
_m=- 7 _m ___ |z
Il(x)gCl/ —e e v VT gy
0 2

c o0 e—’Y% m2—2s c

= Cre” @] / 5 e dt < Cze” 21l (4.16)
0

where we used the fact that

e 7 dt < oo forall a,8,p>0.
0

Now we estimate I5(z) for large values of |x|. Recalling formula (1.5) concerning the asymptotic behavior of
K, at infinity, we deduce that there exists rog > 0 such that

K, -
(r) <Cy €+1 for all > ro,
rv rv+z3
and then
Ko (Zlal) % V3
(m2| |)\{V§+2S < 4| |N+25+1 for all |z| > T =i
Vs T 2 €T 2
Consequently, using the definition of v/, for all || > r{, we get
e~ valel o e—Crlal|
x 2 0 x 2
Gathering (4.13), (4.15), (4.16), (4.17), we find that for any |z| > max{r(, 2}
—Crlz|
e
Basm () < Cse=C217l 4 Cﬁww < Cge~@0lel,
€T 2
This completes the proof of Lemma 4.3. g

Remark 4.2. When s = 3, p%’m(x,t) can be calculated explicitly (see pag.185 in [36]) and is given by
N+1

p%ALﬂ:2<%)2 tem (o[ +12) " K (/a2 + ),

Remark 4.3. By the definitions of Bas m and ps m, it follows that Bas m is radial, positive, decreasing in |z|,
and smooth on RN \ {0}.

With the help of Lemma 4.3, we establish the exponential decay of solutions to (1.7).

Theorem 4.1. (ezponential decay) Let s € (0,1), m > 0 and N > 2. Let u € HS, (RY) be a weak solution
o (1.7), where g € CO°(RN x R) is such that

lg(z, )| < Co(t] + t|=7Y)  for all (z,t) e RN x R, (4.18)

for some constant Cy > 0, and

g(z, 1)
l

limsup sup € (—oo,m*). (4.19)

t—0 zeRN
Then there exist Cyc > 0 such that |u(x)| < Ce=®l for all x € RN.
Proof. From (4.18) and Lemma 4.1, we have that u € L4(RY) for all q € [2,¢]. Hence, g(z,u) € L>®(RY)

and applying Theorem 3.2 we deduce that u € C%®(RY) for some « € (0,1). Since u € L2(RN) N C%«(RY),
we get [u(x)| — 0 as |z| — oo. From (4.19), we can find ¢ € (0,m?*) and to > 0 such that

t
9(? ) 2y

Since |u(x)] — 0 as |z| — oo, there exists Ry > 0 such that |u(z)| < ¢ for all |x| > R; and so

g(x,u(x)) < m25 7
u(x)

By using Theorem 3.3 and (4.20), we can see that
(—A +m?)%|ul < (m* —0)Ju| in RN\ Bg, (0).

On the other hand, by the proof of Lemma 4.3, we know that there exist Rs > 0 and a positive continuous

function w € HE, (RY) satisfying (—A + m?)%w = (m?® — £)w in RY \ Bg,(0) and w has exponential decay.

Let R := max{Ri, Ro}. Define o := |u|poc rr)(ming w)~1 > 0 and note that |u(z)| < ow(zx) for all

for all z € RN, 0 < |t| < to.

for all |z| > Ry : u(x) # 0. (4.20)
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|z| < R. Since z := |u| — 0w solves (—A +m?)%z < (m?* —£)z in RN \ Bg(0), by Lemma 4.2 we deduce that
2 < 0in RY which implies the thesis. O

Remark 4.4. Under the assumptions of Theorem 4.1 in [33] the author proved that u decays faster than any
polynomial. Here we improve this result by using Lemma 4.5.

4.3. Pohozaev identity for (1.1). Thanks to Lemma 4.3, we prove a Pohozaev-type identity for (1.7).
When m = 0, in [16] the authors used the Caffarelli-Silvestre extension method [11] to prove that any weak
u solution to

(=A)*u = h(u) in RY,

where N > 2, s € (0,1), h € CY(R) fulfills h(0) = 0, —co < liminf,o ¥ < limsup, o 2 < 0,
limyy) 00 lt“hz(itl‘l =0, H(tp) > 0 for some ¢ty > 0, with H(¢t) := fot h(7) dr, satlsﬁes the following Pohozaev
identity:
N —2s
2

Due to the lack of scaling of (1.1), we will see that an identity of different structure holds in the case
m > 0; see [24,33,44] for related results in RY, and [26] for the case of bounded domains. We start by
proving a simple useful technical lemma.

[ iFu@Pde =N [ Hue) ds

RN

Lemma 4.4. Let pe(z) := Zrp(£), with € > 0, be a sequence of mollifiers such that supp(p.) C B.(0) and
1pell L1 ey = 1. If [u(z)| < Cre=elel for all 2 € RN, with Cy,cy > 0, then |(pe * u)(z)| < Coe=2I"l for all
x € RN and e € (0,1), for some constants Co,ca > 0 independent of .

Proof. By using the Young inequality and ||p|[z1r~v) = 1, we see that
e * ull oo vy < lpellr @y llullpoe @yy = ||ull oo may < Ci (4.21)
Fix e € (0,1) and |z| > 2. Note that
] >222>2e>2|z] forall |z] <e (4.22)
and
|z
2

| + 2] = |z| — |2| = for all |z| < % (4.23)

Then, using supp(p:) C B:(0), the exponential decay of u, (4.22) and (4.23), we obtain that
/ pe(2)u(z + 2) dz

< C’l/ pe(z)e=crlztzl g
|z

|(pe * u)(@)| =

< Cl/ pe(z)ecrlet=l gy
lzI<
< Cl/ pg(z)e_%‘””| dz
< Cre= 7l / pe(z)dz = Cre= 717, (4.24)

Combining (4.21) with (4.24), we get the thesis. O

Theorem 4.2. (Pohozaev identity) Let s € (0,1), m >0 and N > 2. Assume that g € C°(RN x R) satisfies
(4.18) and (4.19). When s € (0, 3], we also assume that g € CL(RY x R). Let u € HE (RY) be a weak

)
solution to (1.7). Then u satisfies the following Pohozaev-type identity:

S [ R 4wy devsm® [ FuOP (6 +m)e g
RN RN
=N G(z,u(x)) dm+/ (x - VzG)(x,u) d
RN RN

where G(z,t) fo x,T)dT.
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Proof. By Theorem 4.1, we know that u has exponential decay. Moreover, in the light of Corollary 3.1 and
Theorem 3.2, we can apply a standard bootstrap argument (see for instance Lemma 4.4 in [10]) to obtain
that u € C}(RY). Now we follow an argument given in the proof of Theorem 1.3 in [24] (see also [33,44])
with some appropriate modifications. Using the exponential decay of u, we have that u. := p. * u € S(RY).
Note that

(A +m?)%u. = (A +m?)*(pe *u) = p. * (A +m?)%u = p. * g(x,u), (4.25)
and since z - Vu. € S(RY) we have
/ (—=A +m?)*u(z) (z - Vue(x)) dr = / g(z,u(z))(x - Vue(x)) d. (4.26)
RN RN

Arguing as in the proof Proposition 5.1 in [24], we see that
(=A 4+ m?)%u(z) (z - Vue(z)) = 2 - V[(—=A 4+ m?)uc(z))
+25(—A +m?) u.(x) — 2sm?(—A + m?)* tu ()
which combined with (4.25) yields
[ Carmtru) @ Ve de = [ a5+ m?) (@ Vao (o) de
RN

RN

- / w(@)z - V(pe g w)(z) do + 2 / w(@)(pe * g w) () da
RN

RN

— 2sm? uw(z)(—A 4+ m?)* Lu(z) do
RN
= I +1I. +1III.. (4.27)

We start by considering the term I.. Since g satisfies (4.18) and u has exponential decay, we have that
lg(z,u(x))| < Cre= 21! for all z € RN, Therefore, g(-,u) € L"(RYN) for all 7 € [1, 0c] and we get p.*g(-, u) —
g(+,u) in LP(RY) as e — 0 for all p € [1,00). Then, by u € L*(RY), we find

lim u(z)(pe * g(-,u))(z) de = /RN u(z)g(z, u(x)) de. (4.28)

e—0 RN

Now, by Lemma 4.4, we see that p. * g(z,u) has exponential decay. This combined with |Vu| € L>(RY)
implies that for all x € RY and ¢ € (0,1)

[ Vu(z) (pe * g(-u) ()| < Clafe " € LYRY).

By invoking the dominated convergence theorem we have

lim (z - Vu(z))(pe * g(-,u))(z) de = /RN (x - Vu(x))g(z,u(x)) dz. (4.29)

e—0 RN

Hence, using u € C}(RY), integration by parts, p. * g(z,u) has exponential decay, (4.28), (4.29), we deduce
that

lim 1, —hm[ N [ u@)oe s gt@ o= [ o Vute)pox gt (@)da

e—0

=—-N u(x)g(z,u(x)) de — /]RN (z - Vu(zx))g(z,u(x)) dz

RN

=N [ u@) (A +m2)u)de /RN (& - Vu(@))g(x, u(z)) d

]RN
- N / (P + m?)° | Ful) P de / (- V() g(w, u(w)) do (4.30)

where in the first integral in the last identity we used the fact that u solves (1.7). Clearly, by (4.28), we
obtain

lim II, = 23/ u(z)g(z,u(z))dx = 25/ (|€1* + m?)®| Fu(€)|? de, (4.31)
e—0 RN ]RN
Since u. — u in L?(RY) as ¢ — 0 and s € (0, 1), we see that

lim 71, = —2sm? lim/ (17 +m?)* Fu(&) Fue(€) dé
e—0 e—0 RN

=2 [ (P m?) T Fu(O e (432)
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Combining (4.27), (4.30), (4.31) and (4.32), we get

lim [ (=A+m?)*u(z) (z - Vue(z)) de = (25 — N) /RN(|5\2 +m?)*| Fu(€)]* de

e—0 RN
- [ @ Vgl u) de = 2sm? [ (€2 +md)FuO de. (4.33)
RN RN

On the other hand, from u € C,} (RM), g(z,u) has exponential decay and the Young inequality, we have

l9(z, u(z))z - Vue ()] < [[Vue|| oo @y [g(z, u())]|2]
< lpellLr @y [ Vul| poo (rvy g (2, u(z))
<

Cs|z|e= =l ¢ LYRY),

||

and observing that Vu. — Vu uniformly on compact sets of RY as ¢ — 0, we can use the dominated
convergence theorem to see that

lim o g(z,u(z)) (z - Vue(z)) dz = /RN g(z,u(z)) (z - Vu(z)) dz.
Now, noting that
g(z,u(z)) (x - Vu(z)) = (- Vi)G(z,u) — (- V.G)(z,u),

and using the exponential decay of G(x,u), an integration by parts yields

/ g(z,u(z)) (x - Vu(z))de = =N G(z,u(x))dr — / (x-V.G)(x,u)dr. (4.34)
RN RN RN
Consequently,
ii_l)% g(z,u(x)) (- Vue(x))de = =N G(z,u(z)) dr — / (x - ViG)(x,u) dx. (4.35)
RN RN RN
Gathering (4.26), (4.33), (4.34) and (4.35), we get the thesis. O

4.4. Radial symmetry. In this subsection we use the method of moving planes to study the radial symmetry
of positive solutions to

(—A +m?)*u = g(u) in RY. (4.36)
In what follows, we take inspiration by the approaches in [17,18]|. Put
K, (mt) N +2s

Hl,’m(t) =

(t >0), where v :=

tv 2

and observe that H,, ,,(t) is positive and decreasing for ¢t > 0 (since K, (t) > Oand (t VK, (t)) = —t " K,11(t) <
0 for all ¢ > 0). In order to use the definition (1.3), we will work with regular functions belonging to the
space L¢*P defined as in Section 2. Firstly, we introduce some notations. Let

Ty :={zx € RY : 2y = \, for some \ € R}
be the moving planes,
Yy i={z e RY 12 < A}
be the region to the left of the plane, and
= 2\ — x1,29,...,TN)

be the reflection of z about the plane T\. We set uy(z) := u(z?) and wy(x) := uy(x) — u(z). Obviously,
wy is an anti-symmetric function, namely wy(z) = —wx(2}). Next we establish a maximum principle for
anti-symmetric functions.

2s

Theorem 4.3. (Maximum principle for anti-symmetric functions) Let 6 < m?® and Q be a bounded domain

in Lx. Assume that wy € CUN(RN) N LeP, If

loc
{ (—A+m?)5wy —dwy =0 inQ,

then wy(x) > 0 in Q. Furthermore, if wy = 0 at some point in Q, then wy = 0 a.e. in RYN. These conclusions
hold for unbounded region 2 if we further assume that

lim inf wy (z) > 0. (4.38)

|z|—o00
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Proof. We modify in a suitable way the proof of Theorem 2.2 in [17]. Suppose by contradiction that there
exists a point 2% €  such that

wy(z%) = minwy < 0. (4.39)

Then, using (1.3) and that wy(y*) = —w(y) for y € Xy, we see that
(—A 4+ m?)*wy (z°) — dwy ()

= (2 = 8)n (@) + CV. o) FPV. [ (wr(a) = wn(0) H® = o) dy

= (m* — §)wx(z°) + C(N, s)m

P
+mwﬂ/’mwm“w| }
3

=: (m* — §)wy(z°) + C(N, s)m i I + I} (4.40)

Note that I» < 0 because of H,,, > 0 and (4.39). On the other hand, I; < 0 due to the facts that
|z — y*| > |z —y| for all 2,y € ¥y, H,,n(t) is decreasing for ¢ > 0, and

wyx(2°) — wx(y) <0 but Z0.

{/Z Hym(|2” = yl) = Hym(|2° = )] (wa(2°) — wa(y)) dy

Consequently, I; + I, < 0. This fact combined with § < m?® and (4.39) gives
(—A 4+ m?)*wy (2%) — swy(zY) < 0,

which contradicts (4.37). Hence, we must have wy > 0 in . If there is some point z° € Q such that
wy (2°) = 0, then z° is a minimum point of wy in €, hence (4.40) holds with I = (m?® —§)wy(z°) = 0. From
(4.37), we deduce that I; > 0 and thus 0 < wy(2%) — wx(y) = —wx(y) for almost every y € ¥. Therefore,
we must have wy = 0 a.e. in ¥ and from the antisymmetry of wy we get wy = 0 a.e. in RY. When  is
unbounded, under assumption (4.38), if it is not true that wy > 0 in Xy, then a negative minimum of wy is
achieved at some point 2° € ¥). Repeating the above argument, we derive a contradiction. O

Finally, we present the main result of this subsection.

Theorem 4.4. (Radial symmetry and monotonicity) Let u € CLH(RN)YNLSP be a positive solution of (4.36)

lor'

with imy, o u(z) = 0. Assume that g € C}L (R) and g'(t) < m? fort > 0 sufficiently small. Then u must
be radially symmetric and monotone decreasing about some point in RN,

Proof. We follow some ideas found in the proof of Theorem 4.1 in [17] combined with Theorem 4.3.
Step 1 We start by showing that for A sufficiently negative, it holds

wy(z) =0 forall z € Xy. (4.41)
In the light of (4.36), we deduce that
(A +m?)*wx(x) = ¢'(éx(2))wa(x) (4.42)

where &\ (x) is between uy(x) and u(z). Suppose by contradiction that (4.41) is false. Since u(z) — 0 as
|z| — oo, there exists 2 € X such that

wy(z%) = minwy < 0. (4.43)
A

Consequently,
ux (2°) < & (2%) < u(z?). (4.44)

For sufficiently negative A, u(x®) is small, hence &, (2°) is small, and using the assumption on g’ we have
g'(x(20)) < m?s. Thus, by (4.42) and (4.43), we get

(—A + m?)%wy (z°) = m?wy (z°). (4.45)
On the other hand, arguing as in the proof of Theorem 4.3, we obtain that
(—A +m?)wy (z°)

=m*wy(z°) + C(N, s)m 7

{/E [Hu,m(|x0 - yl) - Hu,m(|x0 - y>‘|)] (w)\(xo) —wx(y)) dy
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+2wx($0)/ Hu,m(xoyA|)dy}
P3N

N+2s

= m*wy(2°) + C(N,s)m™ 2 {I + I3} < m**wy(z°)

which is contrast with (4.45). Therefore, (4.41) is valid for A sufficiently negative.

Step 2 Inequality (4.41) provides a starting point, from which we move the plane Ty toward the right as long
as (4.41) holds to its limiting position to show that u is symmetric about the limiting plane. More precisely,
let

Ao =sup{A:w,(x) 20,z €X,, n <A}
we show that u is symmetric about the limiting plane T}, or
wy,(2) =0, x € Xy,. (4.46)

Assume by contradiction that (4.46) is not true. Then, the strong maximum principle (second part of
Theorem 4.3) yields

Wy (x) >0 forall x € 3,

On the other hand, by the definition of g, there exist (\y), with Az \, A\g as k — oo, and (2*) C ¥, such
that

wy, (%) = rélinwAk <0, and Vwy, (z¥) = 0. (4.47)

Ak

Now we prove that the assumption on g’ guarantees that there exists a subsequence of (z*) that converges
to some point z°. As before, we can write

(A +m?)*wy, (%) = g'(Ex, (a°))ws, (") (4.48)

If |z*| is sufficiently large, u(x*) is small, and thus &y, (2*) is small, which implies g(&y, (z%)) < m2®. Hence,
by (4.47) and (4.48), we infer that

(=A +m?) wy, (zF) = m*wy, (z5).
This contradicts the fact that z* is a negative minimum of w), since, arguing as in Step 1, we should have
(=A 4+ m?)swy, (zF) < m>wy, (z").

Therefore, (z¥) is bounded, and there exists a subsequence of (z*) (still denoted by (2*)) such that z* — z°
as k — oo. From (4.47) and the continuity of wy(z) and its derivative with respect to both  and A, we find

wy, (%) < 0, hence 2° € 9%y,; and Vwy, (z°) = 0.
Consequently,

k
w“&i(x) 0 as k— oo, (4.49)
k

where
Sy, = dist(2¥,08;) = |N\F — 2F|.
Now, we prove that
1
limsup — [(—A + m?)%wy, (z¥)] < 0. (4.50)
5r—0 Ok

Arguing as in Step 1, we deduce that

%[(_A + m2)sw>\k (xk)]
k
wiy, (* sym
= el ) O p.v.{ / [l =) = H (o =] 0*) = 0, )

+ 20y, (@) [

Hym (2" — 37 |) dy

k
=: m%w/\gi(x) + C(N, S)WN;QS {Lig + Lo}
k
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Clearly, by (4.47) and H, ,,, > 0, we know that I5; < 0. On the other hand, from the mean value theorem,

’
Hu,m

(t) = —t VK, 1(mt) <0 for t > 0, |[x — y*| > |x — y| for all 2,y € ¥y, and observing that, as k — oo,

wAk_(xk) —wy, (y) = wAO(xO) —wy,(y) <0 forall y € £y,

we have

limsup I < 0.
5k‘>0

Then, by using this fact, Io;, < 0 and (4.49), we obtain that (4.50) holds. Combining (4.48), |¢’(éx, (2%))| < C
for all k € N, (4.49), and (4.50), we get a contradiction.
Since the z;-direction can be chosen arbitrarily, we conclude that the solution v must be radially symmetric

and monotone decreasing about some point in RY. O
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